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MOQT SO KY HIEU
= R=(-o0,+00): Tap cac sb thyc.
= R"=[0,+0): Tap cac sb thuc khong am.

= R": Khéng gian véc to tuyén tinh thuc n chiéu véi ky hiéu tich vo huéng
la <.,.>vachuan vécto 1a || . ||.

. C([a,b],R”): tap tat ca cac ham lién tuc trén [a,b]va nhan gia tri trén R".

= C(U)

{u:U—>R:u lién tuc}.

= C(U)={ueC(U):u lién tyc déu}.

= CY(U)={u:U—R:u lalién tuc kha vi k lan}.
» C*(U)={ueC*(U): D"u lalién tyc déu véi moi |o| <k }. Néu

ueC*(U) thi D“u thac trién lién tyc téi U véi moi da chi sb o, o<k

= L,([a,b],R™): tap cac ham kha tich bac hai trén [a,b] va ly gia tri trong
R™.

= C*(U)={u:U—R:ukhavivohan}=,C*(U), C*(U)=N;,C*(U)

= C,(U),C(V),....ky higu cac ham trong C(U), C*(U),...,véi gia
compact.

* LP(U)={u:U—R:u lado duoc Lebesgue, |ul,,, <=}

trong do HUHL,,(U)z(J“u‘pdxjp, (l§p<oo).
U
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» L"(U)={u:U—R:ulado dugc Lebesgue, |u () <o}
Trong d6 HuHLm(U) =esssup|u].
U
= L (U)={u:U>R:uel’(V) véimoi Vcc U},

= H(U),W,(U) (k=123,...) ky hiéu cac khdng gian Sobolev.

S6 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.lrc-tnu.edu.vn6



MO PAU
Nghiém 6n dinh hay tu ddng dang véi tinh thuan nhat phu hop dong mot
vai trd cbt yéu trong Ii thuyét chinh quy cua cac bai toan phi tuyén, ching c6
y nghia vat Ii va hinh hoc thi vi. Biéu nay dugc ching to trong i thuyét chinh
quy cta cac ham diéu hoa va cac mat cuc tiéu. Pinh 1i chinh quy dia phuong
trong [CKN] chi ra rang khdng ton tai nghiém tu déng dang véi ning luong
dia phuong nho (c6 thé xem trong [TX] cho trudng hop tong quat). Sir dung
cac két qua trong [NRS], Tsai da chi ra su ton tai nghiém ty dong dang véi
nang lugng dia phuong hiru han. Tuy nhién, van con mét cau hoi can tra loi
d6 1a liéu rang nghiém cua phuong trinh Navier — Stokes trong khong gian 3
chiéu c6 thé sinh ra nhirng diém ki di trong thai gian hitu han hay khong? Do
doé viéc xay dung nhitng nghiém dac biét cia phuong trinh Navier — Stokes 3
chiéu van dang duoc quan tm. Chinh vi vay, tdi chon dé tai “Nghiém ki d; tai

mét diém cho phwong trinh Navier — Stokes”.

Noi dung Luan van s& trinh bay mot s6 két qua nghién ciru vé nghiém ki di
tai mot diém cho phuong trinh Navier — Stokes ciia Gang Tian va Zhouping
Xin.

Qua day, t6i xin bay té su Kinh trong va long biét on sau sic toi thay gido
PGS.TSKH Nguyén Minh Tri, ngudi di tan tinh hudng dan, tao moi diéu kién
giup d& to6i hoan thanh luan van nay. T6i xin chan thanh cam on Ban Chu
nhiém Khoa Sau dai hoc, Ban Chu nhiém khoa Toan truong Dai hoc
Su pham — Dai hoc Thai Nguyén ciing céc thay co gido da tham gia giang day
khoé hoc; xin cam on gia dinh, ban bé, dong nghiép va cac ban cing 1op cao
hoc Toan K18B d3 ludn quan tim, dong vién va giup d& toi trong sudt thoi
gian hoc tap va lam luan van.

Théi Nguyén, ngay 01 thdng 8 nam 2012

Tac gia

Ly Dirc Van
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Chwong 1. MOT SO KIEN THUC CHUAN BI

Chuong nay s& gidi thiéu so bd vé khodng gian Sobolev, mot sé bat
dang thic co ban, phuong trinh Stokes, toan tir Stokes, phuwong trinh
Navier — Stokes.

1.1. Khong gian Sobolev

Trong phan nay tdi trinh bay mot s6 khai niém va két qua lién quan dén
khong gian Sobolev, phan chiing minh chi tiét c6 thé xem trong [RA].

1.1.1. Pao ham yéu
Pinh nghia 1.1.1.
(U) va o 12 mot da chi sb.

Giasr u,vel!

loc

Ta ndi rang v 1a dao ham yéu cap o. cua u néu

uD“dx = (~1)" [vedx
(1)

dung vai moi ham thtr ¢ Cf(U).
Ky hiéu Du=v.
Bo dé 1.1.2. (Tinh duy nhdt ciia dao ham yéu).

Mot dao ham yéu cdp a ctia u néu ton tai thi duoc xac dinh mot cach duy nhét
(sai khac trén tap c6 do do khong).

1.1.2. Khéng gian Sobolev

Pinh nghia 1.1.3. C6 dinh 1< p <cova cho k Ia s6 nguyén khong am. Khong
gian Sobolev W (U) 1a tap tat ca cac ham kha tong dia phuong u:U — R sao

cho véi mdi da chi s6 a|of <k, dao ham yéu D*u ton tai va thude L°(U).
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Chiy 1.1.4. Néu p=2 tacod
H*(U)=wW;(U) (k=123,..)
la khong gian Hilbert. Cha y rang H°(U)=L*(U).
Pinh nghia 1.1.5. Néu u e Wy (U), ta dinh nghia chuén cua no la

1

Jull ::(ZJ pufdx |, (1=p<w)

laj<k U

D%ul, (p:oo).

Va HuHWk =) ess sup

ok
Pinh nghia 1.1.6. Bao dong cua C7(U)trong H*(U) duoc ky hiéu la
Hg (V).

Nhu vay, ta coi Hg(U)nhu la cac tap cac ham ueH"(U)sao cho D*u=0

trén oU vai moi ‘a‘s k-1.

- ||u||L2(Q)

Chdng ta ky hiéu

Q i=l

Chuan Dirichlet HVUH UZ\D uf dx] s& duoc ky hieu 1 ||u .

1.1.3. Khong gian phu thugc thoi gian

Pinh nghia 1.1.7. Khong gian L(0,T;X) gom tat cd cic ham do dugc
%
U:[0,T] = X Vi [lul g7 UHU )|l dt | <oo véi 1<p<oo,

va =esssup u(t)], <

HuHLw(OTX) 0<t<T
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Pinh nghia 1.1.8. Khong gian L°(0,T;L") gdm tit ca cac ham do duoc

u:[0,T]—>L"
1
T o T B P
V6i HuHLPOTLq = ['[Hu(t,x)Hiq(Q) ) J'[Hu t,x) ‘ dxj <o, 1<p<oo
0 0
va HU L*(0.TL%) = eSSOSl;IpTHU L4(Q) <%

Pinh nghia 1.1.9. Khong gian C([0,T];X) gom tat ca cc ham lién tuc

u:[0,T]—>X véi = max|u

|90 = 02X

I)HX <00,

Pinh ly 1.1.10. Cho u eWS(O,T;X) Voi 1<p <.
Khi d6 ueC([0,T];X) va

t
u(t)=u(s)+ju'(r)dr

véi mdi 0<s<t<T. Hon nita, max
0<t<T

u(t)| < CJufly g7 hdNG 56 C chi phu

OTX

thuoc vao T.
Pinh Iy 1.1.11. Gia sir ue L* (0, T;Hy (U)), voi u' e L*(0,T;H™(U)).
(i) Khidé u e C([O,T];LZ(U)).

(i) Anh xa t i u(t)

Ia lién tuc tuyét doi, voi

guum

0 =2<u'(t),u(t)>, 0<t<T hkn.

(i11) Hon nira, max
0<t<T

u(t)

j vl

L2(V) z C(HUHLZ(O,T H5 (U LoTH? (U)))’
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hang sé C chi phu thudc vao T.
1.2. M@t sé bat ding thirc co ban

1.2.1. Mat dang bién thién caa bat dang thirc Cauchy

2

ab < &a’ L (a,b>0, £>0).
48
1.2.2. Bat dang thirc Holder

Giathiét 1<p, q<oo, =+~ =1. Khi d6 néu uel?(U), vel?(U), taco:
P q

{ Juviebx <[l [Vl

1.2.3. Bat dang thirc ndi suy ddi véi chuan L

Gia thiét 1<s<r<t<oova 1:&?. Gia sir ue P (U)AL (V).
r s

Khidé uel’(U) va HUHU(U) <|u

0 1-0
(V) HU NN

1.2.4. Bat dang thirc Gronwall
Cho n(.) 1a mét ham lién tuc tuyét doi, khdng am trén [0, T] va thoa man hau
khip t bat dang thic vi phan

(1) <o(t)n(t)+w(t).
Trong d6 ¢(t), w(t) la cac ham kha tich, khdng &m trén [0,T].

Khi do

n(t)<er {n(0)+j\y(s)d(s)}, V6i 0<t<T.
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1.2.5. Bat diang thirc Sobolev

Giasir 1<p<n, é:%—%. Khi d6 ton tai hiang sé C chi phu thudc vao p va
n sao cho:
|l SCHDUHLP(Rn)’ u eCﬁ(R”).

1.3. Phuong trinh Stokes
Ky higu W = {@ e(C5 () :div(e) =0}
H 1a bao déng ctia W trong L*(Q)". V 1a bao déng ciia W trong H; (Q)". Ta
co
WcH;(Q)' cl’(Q)' = WcVcH.
1.3.1. Pinh nghia

Cho Q Ia tap mé, bi chan trong R". Cho f eL*(Q)", v>0 la mot hing sé.

Phuong trinh Stokes cho véc to U =(U,,U,,...,u, ) va f cho trudc la

—vAu+grad(p)=f trong Q, (1.1)
divu=0 trong Q, (1.2)
u=0 trén oQ. (1.3)

Néu u, p 1a cac ham tron thi tich phan ting phan ta duoc
v((u,v))=(f,v), weV. (1.4)

Trong d6 ((u,v)) la tich vd hudng

n

((u.v))= (0. DY).

i=1
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Chung ta ndi rang u la nghiém yéu cua phuong trinh Stokes (1.1) — (1.3) néu
ueV va

v((u,v))=(f,v), vveV.

1.3.2. Tinh chét

Nguoi ta di chimg minh duoc céc tinh chat sau (xem [CF]) caa phwong trinh
Stokes:

Pinh Iy 1.3.1. Cho Q la tap m&, bi chan. Khi d6 véi mdi f e L*(Q)", v>0
t6n tai duy nhat nghiém yéu cua phuong trinh Stokes (1.1) — (1.3).

Pinh ly 1.3.2. Cho Q la tap ma, bi chin cua Iop C®. Khi d6 véi moi
fel*(Q)", v>0 ton tai duy nhat nghiém ueH*(Q)NV, peH(Q) cua
phuong trinh Stokes (1.1) — (1.3). Hon ni¥a,

HUHHZ(Q) + HpHHl(Q)/R < CHfHLZ(Q)'

1.4. Toan tir Stokes

1.4.1. Pinh nghia

Cho Q Ia mot tap mé, bi chan trong R, 0Q thuge 16p C2. Cho f e L*(Q)".
Goi P:L*(Q)" — H la phép chiéu Helmholtz - Leray.

Pinh nghia 1.4.1. Toan tr Stokes dugc dinh nghia la
A:D(A)cH—>H, A=-PA, D(A)=H*(Q)NV.

1.4.2. Tinh chat

Ménh d@é 1.4.2. Toan tir Stokes 1a ddi xung, tac 1a

(Au,v)=(u,Av), YuyveD(A).

Ching minh. Truéc hét gia su U,VE(COOO(Q))n va divu=divv=0.Thi tu

Pu=u, Pv=v nén (Au,v)=(u,Av) vatacé
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12

Au; v dx = %—‘dx.
~[(Au,)
o 5 0X; OX;

Bay gio, néu u,veD(A) tuy ¥, ching ta co thé xap xi chiing trong H'(Q)"
bai mot ham trong V. Néu u e D(A) va v eV thi hién nhién

—I (Au; v,dx = —'av' dx dung.
OX; OX;

bac biét,

(Au,v)=(u,Av), YuyveD(A).
Tir ((u,v)) 1a d6i xiing nén ménh dé dugc ching minh. Ching ta chi y rang
(Au,v)=((u,v)) ding véi ueD(A),veV. O
Pinh ly 1.4.3. Toan tr Stokes la tu lién hop.

pinh Iy 1.4.4. Nghich dao cua toan tir Stokes, A™, I1a toan tir compact
trong H.

Ching minh. Cho feH, A =u trong d6 u la nghiém duy nhat thudc
H?(Q)~V=D(A) cua phuong trinh Stokes (xem [CF]). Ta da biét

A':H—>V labichian. Tacé K=A" 1a don anh, compact va tu lién hop vi
<A, g>=<Af,AA g >=<AA T Ag>=<f,Ag>.

Do dé ton tai mot déy cac s6 duong >0, p, <p; Va mot co sé truc giao

cia H la (w;) thoa man Kw; =pw,. Dat A;=p;* taco Aw,=aw; (15

0<i, <<k <A, <. (1.6)
lima, = oo (1.7)
joee

(Wj)j:12 la mdt co s truc giao cua H. O

S6 héa béi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.lrc-tnu.edu.vnil4



13

Ménh @& 1.4.5. Néu Q Ia bj chan thudc 16p C'2,1=0 thi w, e H"?(Q)".

Pinh nghia 1.4.6. Cho o >0 1a mot sb thyc. Ching ta dinh nghia toan tir A®
baoi

A*(u)= ix}‘ujwj, u:iujwj, Ue D(A“).
[l

=

0

D(A“)z{u eH|u=gujwj,Zkf“

L

2
uj‘ < 0, ujeR}

1.5. Phwong trinh Navier — Stokes

Gia st Q= R"la mét tap mo. Phuong trinh Navier — Stokes la mot hé
(n+1) phuong trinh véi cac an u,(t,x),...,u, (t,x) miéu ta mot véc to van toc
va p(t,x) miéu ta ap suat. Bién (t,x)e R, xQ biéu dién thai gian va vi tri.
H¢ phuong trinh ¢6 dang:

M ypuru My P g =12, (1.8)
OX;  OX;
div u= — . (1.9)
OX

Véc to (uj%J i=1,2,...n duoc ki hiéu bsi (UV)u hoge VU, Cac ham
X.
J

f.(t,x) 12 cac luc cho trudc. HE s6 v >0 dugc goi 1a hé s6 nhét dong hoc. He
phuong trinh trén c6 diéu kién bién. D6 1a diéu kién dinh:

u(t,x)=0, xeoQ. (1.10)
Hodc diéu kién bién diéu hoa:
u(t,x+Le;)=u(t,x), L>0, e laco sd chinh tictrong R". (1.10)

Véi diéu kién ban dau: u(0,x)=u,(x) (1.11)
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& day Ug la mot ham véc to cho trudc.

Hé phuong trinh Navier — Stokes ¢6 tinh chat quan trong. Gia st cac ham

Vv(s,y), q(s,y) la nghiém cua hé:

%—uAvinij%nLa—q:gi(s,y), i=1,2,...
J 0s oy, i

M _y,

oy,

.

Voi >0, yeDcR". Khidovdoi L>0,T>0 cac ham:

la nghiém cua hé:
g—l:—vAu +(uV)u+vp=f,
div u=0.

Trong Q=LD véi t>0 va:

f—Lg(l ij va
T2 TL

L2
vV=—-—-I\_U.
=

(1.12)

(1.13)

(1.14)

(1.15)

Tat ca c4c van dé vé hé phuong trinh Navier — Stokes déu phai dya trén
(1.12) va (1.13). Ching ta n6i rang u c6 chiéu L/T, p c6 chiéu L*/T?, f co
chiéu L/T? vav cdchiéu L*/T. Chiéucaabiéntla TvacuaxlaL.

Ap dung phép chiéu Leray P vao (1.8) ta dugc cac ham tron u(t,x), p(t,x)

thoéa mén (1.8), (1.9) va:

S6 héa béi T rung tam Hoc liéu — Pai hoc Thadi Nguyén
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(;—l:+vAu+B(u,u):Pf. (1.16)

Véi A la toan tir Stokes va:
B(u,u)=P(u.Vu). (1.17)
Viéc 4p dung toan tir P dé loai bo &p suat tir hé phuong trinh. Trong
(1.16), dai luong vAu da duoc loai bé. Nghia la nang luong da duoc loai bo

hogc lam tron di. Pai lugng B(u,u) 1a dai luong phi tuyén va Pf 1a dai luong
cuong buac.
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Chuwong 2. NGHIEM KI DI TAI MOT PIEM CHO PHUONG
TRINH NAVIER - STOKES

Trong chuong nay, chiing ta xay dung ho mét tham sé cua cac nghiém
tron twdng minh cua phuong trinh Navier — Stokes 3 chiéu trén R*\p, vai p
1a diém cho trudc bat ki. Nhitng nghiém nay ddi xtng theo truc, thuan nhat
bac -1. Chidng la c4c nghiém 6n dinh va ty déng dang cua cac phuong trinh
Navier — Stokes. Cac nghiém nhu vay 1a duy nhat trong 16p cac dong chay dbi
xung theo truc. Ching cé thé cung cap ansatz ¢ vo cuc cho nghiém ki di cua
phuong trinh Navier — Stokes hoac cac bai toan bén ngoai cho phuong trinh
Navier — Stokes dirng 3 chiéu. Cau tric cua cac nghiém s& duoc chi ra trong
muc tiép theo. Poc gia ¢ thé xem trong [CP], [GK] cho cac bai toan cd lién
quan. Can luu ¥ rang, véi cac tham so dac biét, cac nghiém sé tré thanh céac
nghiém da biét nhu mot phan lyc noi 1én tr mot nguon diém ([LL]). Tuy
nhién, céch tiép can cua ta téng quat hon khi né ciing cho tinh duy nhat
nghiém va c6 thé &p dung cho ca chét long 1i tuong.

Trong phan 2.2, ta s& chi ra rang cac phuong trinh Euler 3 chiéu khong
cd nghiém kiéu nay. Thay the né la I6p nghiém doi xing theo truc thuan nhat
vai bac -1 @o6i vaéi cac bai toan cho hé vo hinh.

2.1. Nghiém twong minh cho dong chay nhét

Trong muc nay, ta sé chi ra cdng thirc tuong minh cho ho 1 tham s6 céc
nghiém Ki di cia cac phuong trinh Navier — Stokes 3 chiéu, ching 6n dinh,
d6i xting quanh truc, thuan nhat bac -1 va chinh quy hau khap noi ngoai trix
tai 1 diém cho trudc (nghiém ki di 1 diém). Hon nira, ta s& chitng minh rang
cong thic nghiém d6 sinh ra tat ca cac nghiém ki di 1 diém c6 thé cd caa mot
dong chay nhét ddi xtiing quanh truc. Chinh xac hon, chung ta s& trinh bay vé
cac dinh i sau:

Pinh Ii 2.1.1. Tdt ca cac nghiém Ki dj I diém ciia cdc phiong trinh
Navier-Stokes 3 chiéu i dj tai (X{,X3,X3)va d@di xing quanh truc x;, dirgc
cho bai cong thuc sau:
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(%)= cr —r(xl—xf)+c(xlz—xf)2’(Xz—Xg)(C(Xl—Xf)z—r)’
r(cr—(xl—xl)) r(cr—(xl—xl)) o
(x3 xg)(c(xl—xf)2 r)
r(cr—(xl—xf))
i) ) ) 22)

. 2 2 2 N N ap L S AW e 1y ,
Vi rz\/(xl—xf) +(x2 —xg) +(x3—xg) , va ¢ la mgt hang so bat ki théa

c[>1. (2.3)
Chitng minh. Dya vao tinh bat bién ddi vaoi phép tinh tién cua cac

phuong trinh Navier — Stokes, ta ¢ thé gia st diém ki di 1a gbc toa do
X° :(xf,xg,xg) =(0,0,0). Ta ki hiéu

. X
r=yx2+x5+x; =[x|, s==L. (2.4)
r

Cong viéc chinh caa chdng ta la tim nghiém ctaa phuong trinh Navier-Stokes
3D dudi dang sau:

U(X)E(ul(i)’UZ(

i
~
c

w
—~
xi
S~
N—
Il
I

1(f (s),%g(s)+ék(s),ﬁg(s)—&k(s)}

r r r

(2.5)
p(X)==h(s), (2.6)

vai f (s), g(s), k(s), h(s) la cac ham kha vi lién tuc cép 2 va bi chan trén doan
[-1,1], dé tix (2.5) — (2.6) ta giai ra nghiém hau khap noi ngoai trir tai r = 0.
Piéu ndy dan dén mot hé phuong trinh vi phan thuwong cip 2 ddi

vai (f (), 9(s), k(s), h(s)).
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Tinh toén truc tiép, ta co:

vu, :(rlz(—sf(s)+(1—sz)f’(3))’_x_32(f (s)+sf’(s)),—x—3~°’(f (s)+sf’(s))),

(2.7)

I Ve (NN (1 2\ (1 <2\ g
uVul_r3( sF?(s)+(1-5%)f(s)F'(s)— (15" )gf —s(1-s*)of ) (2.8)

1 Ner T
Aulzr—?[(l—s )f] (2.9)

1 2 ,, X2 ' _é '
Vp:r—?,([(l—s )h'| —=2(2h+sh'), == (20 +sh )j, (2.10)
Trong do f’ :i(f (S))

ds

Thanh phan dau tién cua dinh luat bao toan dong luong twong duong voi
t((1-57)f") —((1-57)n) +5F7 = (1-57)ff" + (1-57)gf +5(1-57)gf ' =O0.
(2.11)

Tiép theo, tinh toan ta co:

u.vu, :T—j[—ngf +(1—32)g'f +(232 —1)92 —s(l—Sz)gg'— kz] 212
+ 72 [ 25k + (15 )K'f + 25°kg ~s(1-s7)gk'],

r4

14 14

Auzz%[(l—sz)g] +%[(1—sz)k] . (2.13)

T (2.10), (2.12) va (2.13), ta c6 thanh phan tht hai caa dinh luat bao toan
dong lugng trong phuong trinh Navier — Stokes tuong duwong vaoi hé sau:
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14

1-s?)g) +2sfg—(1-s*)g'f —(2s—1)g*>+s(1—s*)gg’+2h +sh’ + k* =0,
(2s-1)

(2.14)

(1-52)K) -+ 25KF — (1-57)KF — 25°Kkg +5(L- 57 ) gk =0, (2.15)

Do tinh d6i xtng, rd rang hé (2.14) — (2.15) twong duong v6i thanh phan thir
3 cua dinh luat bao toan dong lugng trong phuong trinh Navier — Stokes. Cuoi
cling, dé dang kiém tra phuong trinh lién tuc div i =0 tré thanh

(1—32)f’—sf —s(l—sz)g'+232g:0. (2.16)

Do d6, dé chimg minh Pinh Ii 1, ta can nghién ctu tat ca nhitng nghiém
khong chinh quy (f,g,h,k)(s) cia hé phuwong trinh vi phan thuong (2.11) va
(2.14) — (2.16). Bé dat dugc muc dich, ta s& bién d6i hé trén thanh mét hé kha
tich don gian theo céac budc sau:

Buwoc 1. Nhan (2.14) véi s va trir vé véi vé caa (2.11), ta co:

!/

(h—sf—(l—sz)g) =—sk® +g(f —sg), (2.17)
Ta dit

h=H+sF+G, f=F+sG, g=G, k=K (2.18)
Khi d6 (2.17), (2.16) va (2.14) — (2.15) dugc bién doi tuong tng

H' = -sK? +GF, (2.19)

(1-5°)F =sF-G, (2.20)
((1—52)0)"+25(FG)—(1—52)G'F+(32+2G +5G' +2SF +5(SF) +2H +
+sH'+ K? =0,

(2.21)

4

((1-5°)K) +25(KG)~(s*~1)KF=0. (2.22)
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Su dung lap lai phuong trinh (2.19) — (2.20) ta c6 thé gian lugc (2.21) va
(2.22) lan luot thanh

((1-5°)(G—H-sF))
((2-s))

Bay gio chling ta tién hanh giai hé (2.19) — (2.20) va (2.23) — (2.24).

14

+(s(s2 —1)K2)' +(s? +1)K? =0, (2.23)

+((52 -1) KF)' +(sF-G)K =0, (2.24)

Buwéc 2. Ta chi ra rang néu (f, g, h, k)(s) 1a nghiém chinh quy trong
C*([-1, 1]) cua (2.11) va (2.14) — (2.16), khi do:

K(s)=0, vse[-11]. (2.25)

That vay, néu (f, g, h, k) € C*([-1, 1]) la nghiém cua (2.11) va (2.14) — (2.16)
thi(F, G, H, K) € C*([-1, 1]) 1a nghiém cua (2.19) — (2.20) va (2.23) — (2.25).
Tur (2.24) va (2.20), taco

4

(1-5)K) —(((1—52)K)F)' +(1-8?)KF =0. (2.26)
it p(s)=(1-s")K(s). Khi d6 u(s)la nghi¢m cua

p”(S)—u'(S)F(S)zO, p(—l):u(l)zo. (2.27)

Tuy nhién, bai toan (2.27) chi cho ta nghiém tron 1a nghiém tim thuong. Do
do u(s)=0, trdo K(s)=0. Do do ta con phai giai h¢ sau:

H' = GF, (2.28)
(1-s*)F =sF-G, (2.29)
(1-5°)(G-H —sF))" =0. (2.30)

Buwoc 3. Ta tich hop (2.28) — (2.30). Nhan (2.29) véi F va sir dung
(2.28), ta co:
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!’

1

H(s)+=(1-5%)F(s) | =0
HE)+50-5)F )
Do d6, ton tai hang sé C; sao cho:
H(s)+%(l—sz)F2 (s)=C.. (2.31)
Tir (2.30), cho ta thdy con ton tai 2 hing sé C, va C; sao cho:

(1-s°)(G-H-sF)=C,+Cs, se[-11]. (2.32)

Do (G, H, F) € C*[-1, 1]) nén C, = C3 =0, tir d6:
G(s)=H(s)+sF(s), Vvse[-11]. (2.33)

Cubi cuing, tir (2.29), (2.33) va (2.31) suy ra:
(1—52)F’(s):%(1—52)F2(s)—cl, se[-11]. (2.34)

Do F € C*([-1, 1]), nén tir (2.14) ta ¢6 C, = 0, do dé:

H(s)+%(l—sz)F2 (s)=0, ¥se[-11], (2.35)
va
F’(s):%Fz(s), se[-11]. (2.36)

Tich hgp phuong trinh (2.36) ta dugc:
F(s)=—2—, se[-11], (237)
C-s

vé6i C la hang s6 bat ki. Két hop (2.37) véi (2.35), ta co:

2(s*-1)
(C-s)

H(s)=

se[-11] (2.38)
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két hop vai (2.33), ta lai co:

2(Cs-1)
G(s)=—, se|-11]. 2.39
Tré lai cac bién ban dau (f, g, h, k) (2.18), ta co:
2
f(s)= C—-2s+Cs?), 2.40
(s) (C_S)Z( ) (2.40)
2(Cs-1)
S)=——", 2.41
9(s) (C-5 (2.41)
h(S)—4(CS 9 (2.42)
(C-s)
k(S) =0, (2.43)
va nghiém s€ chinh quy khi va chi khi
C|>1. (2.44)

Tur @6, cong thuc (2.1) — (2.3) duoc suy ra tu (2.5) — (2.6) va (2.40) — (2.44).
Dinh 1i 1 duoc chirng minh. |

Chung ta ket thic muc nay véi viéc chi ra rang cac phuong phép trudc
day ciing cho ta tat ca céc nghiém tu ddng dang ki di 1 diém dbi véi céc
phuong trinh Navier — Stokes 3 chiéu, ching d6i xang va thuan nhat bac -1.
That vy, nghiém ty déng dang cta phuong trinh Navier — Stokes c6 dang
(xem [Le], [NRS], [Ts])

(s 6 P ) <] L gl X=X 1 X!
(U(x,t),P(x,t))—L 2 (T-1) { 2a(T—t)J’2a(T—t)p[ 2a(T—t)D’

(2.45)

v6i TeR', X, eR®lamotdiémco dinh,a>0(@<0)néut<T (t>T)va
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U=(u,U,,uy) vapndmtrong R®.Ta dat:

X=——=—2=0_ [3bién ty d6ng dang. (2.46)
2a(T—t)

Khi d6 phuong trinh dan xuat cua (U, p)(X) la:
a(U+(XV)u)+(UV)i+Vp=Au trong R®, (2.47)

divu =0. (2.48)
D& dang kiém tra rang, néu ching ta doi hoi dong chay tw dong dang la
dong nhat bac -1 va doi xang theo truc (vai truc x; la truc doi xing) véi diem
ki di 12 géc toa d¢, khi d6 (U,p)(X)duoc cho bsi cong thic (2.5) — (2.6) Vi
(f, g, h, k) cho boi (2.40) — (2.43). Nhu thé ta da chimg minh dugc Binh Ii sau:

~ binhli212. Nghlem ty d‘ong dang cua phuong trinh Navier — Stokes
doi xing theo truc x| va dong nhat bgc -1 véi diem ki dj

Xo = (X19: X350, X5 ), duro cho bai cong thirc sau:

0(%,1) = cr? —r (x| - )+c(x2;—x10)2 ’(x;—xgo)(c(x;—xgg)—r)
(cr— 1—x10)) r (cr—(x; X)) r

( 'o ) f
4(c(x;—x;0)—r2

r(cr—(x; —x,))

Véi r:\x'—xg\zj(x;—xgo)z +(Xy = X5 ) +(Xy = X4 )", va ¢ la hang sé bt
ky thod méan |c|>1.

p(X't)=

2.2. Nghiém ki di cho dong chay khong nhét

Bay gio chiing ta xét nghiém o6n dinh, doi xtng theo tryc, thuan nhat
bac -1 doi véi phuong trinh Euler 3 chiéu:

OU+(U.V)i+Vp=0 trong R*xR", (2.49)
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div i =0. (2.50)

Chung ta sé€ chi ra rang, trai ngugc voi dong chdy nhét, phuong trinh
Euler khdng nhét khdng co nghiém khong tam thuong on dinh ddi xung theo
tryc, thuan nhat bac -1, chinh quy hau khap noi ngoai trir tai mot diém. Hon
nira, ta chi ra rang, véi phuong trinh Euler khong nhet, (2.49) — (2.50), tat ca
cac nghiem 6n dinh ddi xang theo truc khdng tim thuong, thuan nhat bac -1
la ki di khip noi doc theo truc dbi ximg. Ta c6 dinh |i sau:

Dinh Ii 2.2.1. Xét cac nghiém 6n dinh, thuan nhat bac -1, doi xing qua
truc cua phwong trinh Euler 3 chiéeu (2.49) — (2.50), khi do:

1. Khéng ton tgi nghiém khong tam thurong chinh quy (C?) khap noi trir
tal mot diem, tru khi do la mot nghiém tam thuong;

2. Tdt ca cac nghiém 1a ki di doc theo truc doi xitng, va dwoc cho béi
cong thuc sau:

P | X X. C, X x, C
u(x)=F(F(s)—sG(s),TZG(s)+T31_1SZ,736(3)—721_182), (251)
p(x) =52 Qi (2.52)
r- 1-
véis=%, r=x2+X5+x2,
JC rs?)—(C? +2C, +2C,s) / (1-5%),
, (2.53)
G(s)z—sF(s)—((l—sz)F(s)) ,
Vé6i Cy, Cy, C3 va C, 12 cAc hang sé bat ki théa man:
(C,—C;-2C,)-2C,s-C,s*20,5e(-11], (2.54)

& ddy gid i truc X, 12 truc doi xing.

3. Tat ca cac nghiém khd tich gan truc déi xitng, dwoc cho béi:
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u(x)—(ﬁ,o,o], X e R, (2.55)
p(X)=0. (2.56)

Chitng minh. Nhu trong myc 2.1, tt ca cdc nghiém on dinh cua
phuong trinh Euler (2.49) — (2.50) doi xiing quanh truc X, va thuan nhat bac -
1, ¢6 thé viét duai dang (2.5) — (2.6) voi f, g, h, k xac dinh. Str dung (2.5) —
(2.6) vao (2.49) — (2.50), twong tu nhu cac phuong trinh (2.1), (2.14) — (2.16),
ta co:

((l—sz)h) —(1—sz)ff' —s(l—sz)gf'—(l—sz)fg —sf? =0, (2.57)

(1—32)fg' —s(l—sz)gg' —2sfg +(232 —l)g2 —2h—sh’'—k*=0, (2.58)

(1-57)f" —s(1—5%)g'—sf +25°g =0, (2.59)

—23fk+(1—sz)fk’+232kg—s(l—sz)gk':o. (2.60)
Pé giai (2.57) — (2.60), ta dat:

F(s)=f(s)—sg(s), G(s)=g(s), H(s)=h(s), K(s)=Kk(s). (2.61)
Bién d6i (2.57) — (2.60), ta duoc:

H'=-sK’ +GF, (2.62)
(1-s*)F =sF-G, (2.63)
(1-5?)(FG) =4sFG +2H +(1-5%)K?, (2.64)
((1—52)K)' F=0, (2.65)

Tuong tu (2.19) — (2.22), hé (2.62) — (2.65) c6 thé giai qua cac budc sau:
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Bwoc 1. Tachira:

K@):lf? vse(-11), (2.66)

véi mot hang sé C, bét ki. Bidu nay suy ra tur:
(1-5°)K(s)) =0, vse(-11). (2.67)

(2.67) ¢0 thé Kiém tra nhu sau:

Néu (2.67) sai, khi d6 ton tai doan con [a, b] € (-1, 1) sao cho
(1-2)K(s)) #0, vse[ab] (2.68)

bicu nay két hop véi (2.65), ta co: F(s)=0 véi moi s € [a, b]. Do do,
G(S)EO trén [a, b] theo (2.63). Khi d6, phuong trinh (2.62) va (2.64) tro

thanh
H'(s)=—sK>(s), se[ab], (2.69)
2H(s)+(1-5°)K?(s) =0. (2.70)
Tir (2.69) va (2.70) suy ra:

((l—sz)H(s)), =0, Vselab]

Do d6 (1-s”)H(s)=C, trén [a, b], véi Co 1 hing s6 nao d6. Két hop véi
(2.69) ta co:

(1—52)K(s) =-2C,, Vsela,b],

Tir do ((1—sz)|<(s))' =0, Vse[a,b].

Diéu ndy mau thuin véi (2.68). Do d6 ta co (2.67) ding, tir d6 c¢6 (2.66) dung.
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Buwéc 2. Ton tai 2 hang s C, va Cs sao cho:

_C,+Cps

H(S)_ (1_32)

. se(-11). (2.71)

That vay, ta viét lai (2.64), sir dung (2.62), ta co:

(1-s*)H"(s)—4sH'(s) — 2H(s) = 25(s” 1)K (s)K'(s) + 4s°K>(s) trén (-1,1).
(2.72)

Tir (2.66), taco:  2s(s* —1)K(s)K'(s)+4s°K?(s)=0 trén (-1,1).

Do d6 (2.72) tro thanh: (1—32)H”(s) =0trén (-1,1).Diéu nay dan dén (2.71).

Buwéc 3. Ta chi ra biéu thic tudng minh caa F(s) va G(s). That vay,
nhan (2.63) vai F(s) va st dung (2.62), ta co:

!

(%(1—32)F2(s)+H(s)j =sK?(s) trén (-1,1). (2.73)

Diéu nay két hop voi (2.66) va (2.71), ta co:

(1-s*)F*(s)=C,(1-5*)—(C} +2C,+2Cys) trén (-1,1), véi C, Ia hing so
bat ki. Do d6 néu diéu Kién sau duoc thoa man

C,(1-5*)—(Cl+2C,+2C;s)20 trén [-1,1]. (2.74)

thi ta c6 dugc cong thirc cho F(S) nhu sau:

s :i\/g (1-s?)—(CZ+2C, +2Cs)

e , se(-12). (2.75)
Tur (2.63), ta cd cong thac cho G(s):
G(s)=sF+(s*~1)F =((s’ —1)F(s))' —sF(s) trén (-1,1). (2.76)

Str dung (2.75), ta co:
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_ \/c 1-8%)—(C? +2C, +2Cs)

r= E .
Cs-C, vois € (-1, 1). (2.77)
\/C 1-5%)—(C? +2C, +2C s)
Ta két thic chimg minh Dinh If 3 tir (2.74), (2.76), (2.66), (2.67). O
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KET LUAN

Luin van nay trinh bay vé nghiém tudng minh cho phwong trinh
Navier — Stokes trén R*\p, véi p 1a mot diém bat ky. Qua d6 gi6i thiéu mot
s6 két qua chinh sau:

Trinh bay vé ciu trGc nghiém ki di 1 diém caa phuong trinh
Navier — Stokes;

Trinh bay vé ciu tric cac nghiém ty dong dang cia phuong trinh
Navier — Stokes;

Trinh bay vé cau tric cac nghiém 6n dinh, thuan nhat bac -1, d6i xtng
quanh truc cua phuong trinh Euler.

~ Chac chén rang luan van nay khong tranh khoi nhiing thiéu sét. Vi vay
toi rat mong nhan dugc nhiing y kien dong gop cua cac thay c6 giao, ban
dong nghiép dé luan van duoc hoan thién hon.

Cudi ctng, mot lan nira t6i xin dwoc bay to sw kinh trong va 1ong biét
on sdu sac nhat toi nguoi thdy PGS.TSKH Nguyen Minh Tri, ngudi da tan
tinh hudng dan, tao moi dieu kién gilp d& dé toi hoan thanh luan van nay.
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