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Loi cam on

Luan vin duoc hoan thanh dudi sy hudng din va chi bao tan tinh cia
GS. TSKH Ha Huy Khoai. Em xin bay t6 long biét on sau sic dén thiy. Thay
khong chi huéng ddn em nghién ctru khoa hoc ma thay con thong cam tao moi
diéu kién dong vién trong subt qua trinh 1am luan van .

Em xin chan thanh cdm on khoa Toan, khoa Sau Pai hoc trudong Pai hoc Su
pham Thai Nguyén, Vién Toan hoc Viét Nam da giap do va tao diéu kién dé em
hoan thanh luan van nay .

Cubi cung, em xin chan thanh cam on Ban gidm hi¢u truong CDSP Bic Kan,
dic biét 1a cac dong nghiép trong khoa TN, gia dinh va ban bé dd hét siic quan
tam va gitp do em trong thoi gian hoc va hoan thanh luan van.

Trong qua trinh viét ludn vin cling nhu trong viéc xur 1y vin ban chic chin
khong tranh khoi nhitng han ché va thiéu sot. R4t mong nhan duoc su gbp ¥ cla

Quy thﬁy c0, cac ban déng nghi¢p dé luan van dugc hoan thién hon.

Thai Nguyén, thang 11 nam 2009
TAC GIA

Nguyén Thi Phuwong Lan
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MO DAU

Trong toan hoc, 1y thuyét phan b gia tri 14 mot phan nganh cia phan tich toan
hoc. Ly thuyét phan bd gia trj dwgc nha toan hoc R. Nevanlinna dwa ra nim
1926. Chinh vi thé 1y thuyét ndy con dugc goi 1a 1y thuyét Nevanlinna. Muc
dich chinh cua 1y thuyét phan bd gia tri 14 thiét 1ap dinh 1y co ban thi nhat va
dinh 1y co ban thir hai d6i v&i cac anh xa phan hinh. M6t trong nhiing ng
dung quan trong bac nhat cta 1y thuyét Nevanlinna chinh 13 van dé duy nhat,
tic 13 tim diéu kién dé hai 4nh xa phan hinh f va g 13 tring nhau. Nhu da dé
cap ¢ trén, ndm 1926, Nevanlinna da ching minh dugc réng: vo1 hai ham
phan hinh f va g trén mat phang phic [, néu ching c6 cung anh nguoc
(khong tinh boi) cia nim diém phan biét thi f tring g. C6 thé ndi viéc
nghién ctru van dé duy nhat ddi v6i anh xa phan hinh doi hoi ca hai phuong
dién: xay dung Ly thuyét phan bd gia tri (ma cy thé 13 dinh 1y co ban tht hai)
va nghién ctru tmg dung cta nd. Van dé duy nhat ddi véi anh xa phin hinh
con duoc nghién ctru dudi nhiéu sic thai nita nhu da thirc duy nhat, tap duy

nhét.

Ciing nghién ctru vé Gmg dung ctia 1y thuyét Nevanlinna dya theo bai
bao cia dong tac gia nguoi Trung Qudc 1a Ping Li va Chung- Chun Yang noi
vé phan phdi gid tri ctia ham nguyén va dao ham cta no6 trong [16], ludn vin
trinh bay mot s6 két qua co ban cia Iy thuyét Nevanlinna va tung dung ddi
v6i phan phoi gia tri ctia ham nguyén va dao ham cia nd trong truong sb
phirc. Pay 1a mot huéng nghién ciru thoi sy, thu hut sy quan tdm cta nhiéu
nha toan hoc trong nhitng nim gan day.

Noi dung luan vian gdm hai chuong.

Chuong 1: Mot sb kién thirc co ban vé 1y thuyét Nevanlinna, dugc
trinh bay v&i muc dich cung cip cac kién thire can thiét dé cho ngudi doc dé
theo ddi chimg minh cac két qua cta chuong sau. Trong chuong nay, cac
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tinh chit co ban cua 1y thuyét Nevanlinna dugc nhic lai 1a: cong thic
Poisson-Jensen, cic ham dic trung Nevanlinna, hai dinh 1y co ban, dong
nhit thirc Cartan va tinh 16i, quan hé sb khuyét, tap xac dinh duy nhit cac
ham phén hinh.

Chuong 2: Mot sé két qua vé phan phdi gid tri cia ham nguyén va dao
ham cua no.

Két qua chinh dugc trinh bay trong luan van 13 hai dinh 1y sau day ni
vé su xac dinh cta ham nguyén va to hop tuyén tinh cua cac dao ham cia
né dua vao tao anh cua hai diém, sy xac dinh cua ham nguyén va dao ham
cua no dua vao tao anh ctia mot tap gém hai diém.

Pinh 1y.2.1.7. Gid sit f la mét ham nguyén khdc hang sé va

g=L(f)=b,+> bf?,

0
trong do, b (i=-1,0,1,---,n) la cac ham phdn hinh nho cua f. Gia sir a, va a,
la hai hdng sé phdn biét trong £ . Néu f va g=L(f) cung phdn phdi a, CM
va a, IM thi f =g hodc f VA g c6 biéu thirc nhuw sau:

f=a,+(a-a,)1-e"),
va

g=2a,—-a+(a—a,)e",
trong do o la mot ham nguyén.

Pinh ly 2.2.3. Gia sa f la mot ham nguyén khac hing sé va a,,a, 1a
hai s6 phtrc phén biét. Néu f va f' cing phan phdi tap {a,a,} CM thi mot
va chi mét trong céc khang dinh sau 1a dang.

(i f=£".
(i) f+f'=a +a,.

(iii) f=ce®+ce™, voi a +a,=0, trong d6 c,c, va c, la
Loy X , ~ " N 1 _
cac hang so khac khong, thoa man ¢* #1 va cgc, =Zaf(1—c %).
Pé minh hoa két qua néu trén, luan van cling dua ra mdt vai vi du cu
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Chuwong 1. KIEN THUC CHUAN BI

1.1. Cong thirc Poisson-Jensen.

Gia sw f(z) la ham phéan hinh trong {z|£ R} f(0)' 0¥ . Gid sit a,a,.L ,a,
la cac 0-diém ciia f(z) trong {z|£ R} (mdi 0-diém duoc ké mot s6 lan bang béi
ciia nd), b,b, L b, la cdc cwc diém (méi ciee diém dwoc ké mot sé lan bang béi
cuia no). Khi do:

"z=re" (0£ r£ R), ta co:

2

) 1 p . Rz‘ r2
log| f (re")| = — & log|  (Re” a+
g|f (re") 2 © | F( )‘RZ- 2Rrcos( - )+ 12
oM R(Z- am) ON R(Z- b)
+q log|——=|- logl—>—"1 -
?1:1 | 2- m u=1 R?- buZ

Nhén xét: Ham phan hinh f(z) chi ¢6 hitu han 0-diém va cuc diém trong
{z|£ R}

1.1.1. H¢ qua.
Vi cdc gid thiét nhuw trong cong thire Poisson-Jensen, ta co:

17 T U Y
log| f (0)] = ZOlog\f(Re i + 4 Iog?- 3 |ogF .
0 m=1 u=1

eNéu f(0)= 0 hodc ¥ thi f(z) c6 khai triéntai z= 0 dang:
f(z)=¢z +¢,2**+L (1 >0 néu f(0)=0,1 <0 néu f(0)=¥ ).
eXétham y(z)=R' f(2)/Z' =R'(¢c, +¢,,z+L),y(0)"' 0¥ .
1.1.2. Hé qua. Vi cdc gid thiét nhw trong cong thirc Poisson-Jensen, ta co:

17 TR LN - I
| logR+ loglc, |= Eolog‘f(Re )‘dj +3 Iog?- a IogF.
0 m=1 u=1
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1.2.  Cac ham dic trung Nevanlinna.
1.2.1. Pinh nghia. Vi méi s6 thuc a, dit log* a = max{0,loga’} ( tirc la, néu
a£1thilog'a=0,néua 1thilog"a=loga).
Ta c0: loga = log* a- log"* % .
1.2.2. DPinh nghia.
Gia sir f(z) la ham phédn hinh ¢ trong {z|£ R}, c6 cac 0-diém la
a,a,L ,a,, cdc cuc diém b,b,L b, (méi 0-diém, cuc diém dwoc tinh mét sé

lan bang boi cua no). Ham dem cua ham f dwoc dinh nghia boi cong thirc sau:

N
N(f,R)=§ Iog% (N(f,R)? 0).

u=1 u

1.2.3. Pinh nghia. Ham xdp xi m(f,R)
2p
m(f,R)= L

Tur dinh nghia ham xd'p xi m(f,R) ,ta co:
1% T B 1% 1
— log|f(Re)|dj = — ! og” ,
2p O | | 2p € 2p O \f(RJ)\

=m(f,R)- m(%,R).
Ham f c6 0-diém tai a,a,,L ,a, Suy ra ham % c6 cuc diém tai a,,a,,L ,a,.
Tir dinh nghia ham N (f,R), ta c6 N( R)= & Iog‘R‘
m=1 am

Hé qua 1.1.1 c6 thé viét lai dudi dang sau day:

S6 héa béi Trung tam Hoc liéu — Dai hoc Thdi Nguyén 9 http://www.Irc-tnu.edu.vn



log| £ (0)| = m(f,R)- m(%,R)- N(%,R)+ N(f,R)

€ 1 1 U
= m(f,R)+ N(f,R)- gn(?,R)+ N(?,R)g
(] u

1.2.4. Dinh nghia.
Ham dac trung Nevanlinna T(f,R)= m(f,R)+ N(f,R).

Hé qua 1.1.1 duoc viét lai dang: T(f,R)= T(%, R)+ log| f (0)|.

Tur dinh nghia cua cac ham m(f,R), N(f,R), T(f,R), ta cé cac tinh chat
sau.

1.2.5. Pinh ly. Néu f., j=1 pla cac ham phan hinh, r ld mot s6 thuwe dwong
tuy ¥, a la so phirc bdt ky thi ta cé cdc tinh chat sau:

P P

1) m(O f;,r)£ & m(f,,r).
j=1 j=1
p p

2) m(;&zlfj,r)£ J_éi:lm(fj,r).
P P

3) N(O, f,n) € & N(T,.n).
p p

) N@ f0€ a8 N(f,r).
P P

5) T(O, f,,n) £ & T(F,.n).

p p
6) T@ fnt ja:lT(fj,r).

7) [T(f- ar)- T(f,r)£ log*

a|+ log2.

Chtrng minh:
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7) Taco:

p p
log” |q a;|£ Iog+(pmax‘aj‘)£ log” p+ log* max‘aj‘:,ﬁ log® p+§ log” ‘aj‘.

=1 =1
Suy ra

p p

m@ f,r£€3a m(f,r+logp,

j=1 j=1

va

p p
T(@Q f.r)€£3q T(f,r)+logp.

=1 j=1
Xeét f,=f,f,=-a N(f,,r)=0,m(f,,r)=1log"a. Ta co:

T(f- a,r)£T(f,r)+log"a+ log2.

Tuc 1a,

T(f- ar)- T(f,r)£ log* a+ log2. 1)
Mat khac,

T(f,r)=T(f- a+ar)£T(f- ar)+log”a+log2.
Do do,

T(f- a,r)- T(f,r)* - (log* a+ log?2). (2)
Tu (1) va (2) suy ra
[T(f- ar)- T(f,r)|£ log®

a|+ log2. W

1.2.6.Pinh Iy co ban thir nhat.
Gia s f(z) 1a ham phéan hinh trong {z|£ R}.al £ tuy y. Khi do, ta co:

MR, —=)+ N(R——~—)= T(R, f)- log|f(0)- a|+ e(a,R),
f-a f-a

trong do,
le(a,R)|£ log”

a|+ log2.
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2
Y nghia cta dinh 1y co ban thir nhat: m(R,L) = i(‘) log”* ;dj :
f-a 2p% |f(Re")- al

%, trong d6 b 14 cac cyc diém clia ham fi . Nhu vay,
- a

téng trén liy theo cac 0-diém cua ham f- a, tic 13, tong lay theo cac nghiém

N(R,L)= a log
f-a

cua phuong trinh f- a= 0. Do do6, N (R,fia) “do dg lon” cua tap hop nghi€ém
cua phuong trinh f- a=0 (f(z)= a).

m(R,fi) 16n néu f(Re'): a suyra m(R,fi) “do d6 16n” tap hop z tai
- a - a

do f(z): a.Do do, m(R,

f.1 oA N(R’%a) “do d6 16n” tép hop z tai do

f(z)= a hodc f(z): a. Vé phai co thé xem 1a khong phu thudc a nén dinh 1y co
ban tht nhat cho ta thiy ham phan hinh f(z) “nhdn gia tri a va gia tri gdn a mot
s6 1an nhu nhau v&i moi a”. (Tuong tu, dinh Iy co ban cua dai sb noi rzf,mg da
thirc f “nhan moi gia tri a mot sb 1an nhu nhau”).

Trong su tuong tu nay, ham dac trung Nevanlinna dong vai tro nhu bac cua
da thuc .

D¢ thuan tién, néu f la ham co dinh, ta dung cac ki hiéu sau:

m(R,L): m(R,a) .
f-a

N(R,L): N(R,a).
f-a

m(R, f)=m(R,¥ )

N(R, f)= N(R¥ ).
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R
bl

Nhin xét: T(R, f) dugc dinh nghia cho cac ham phan hinh. Tuy nhién trong

N(R,a)= & log—,b la 0-diém cta f- a.

truong hop f chinh hinh thi ham T(R, f) van cho nhiéu thong tin hon ham
max| f|.
1.2.7Pinh ly. Gia sir f(z) la ham chinh hinh trong {z|£ R}. Khi do, voi
"r< R, taco:

R* 1 (R 1),

T(r,f)£ log" M(r, f)£
R-r1

trong do, M(r, f)= M£ax|f(z)|.

af (2)+ b

,ad- bct 0. Khi
cf(z)+d

1.2.8.Ménh d¢: Gid stz f 1a ham phan hinh, g(z) =

do, ta co:
T(r,g)=T(r,f)+0Q).
Chtrng minh: Xét

ec=0.

_a.. b - PR ) -
g—df+db T(r,9) T(r,df+d) T(r,df)+0(1) T(r,f)+0(1).

ec! Q,a' 0.
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Tho)=Tra+ 23 o=,

ac(f + =) ac(f+ —)
c C

bc- ad )+ 0 (1)

ac(f + 9)

=TS+ 0 (1) = T(r f + %)+ o(1)=T(r, )+ O(1).

ec! 0,a=0.

g= ﬁl’ T(r,g)zT(r,Cf;d)+ O(1) =T(r,cf +d)+0O(1)

=T(r,cf)+ O (1)=T(r, f)+ O(1). W
1.2.9. Bat dang thirc co ban. Gid sz f 1a ham phan hinh, q° 2, a,a,L ,a,

la cdc sé phire phdn biét. Khi do, ta c6:
a
m(r,¥ )+ 34 m(r,a,)£ 2T(r, f)- N, (r)+ S(r),
u=1

trong do,

N,(r)= N(r,%)+ 2N(r, f)- N(r,f").

S(r)= m(r L)+ m(r e 0 )+ qlog+3—q+logz+log L d= min
f 47 d 1£(0)

u

a - a

u m| *

C6 thé chirmg minh ring
N,(r)* O.
S(r)=o(T(r, 7).
1.2.9.1. Bd d@. Véi gid thiét nhw trong bat dang thire co bdn, ta co:

q
m(r, f)* § m(r,a,)- qlog*%q- log2.

u=1

1.2.9.2. Bo dé. V&i moi ham phan hinh g, ta ludn co:
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2p

1, 1 1
N(r,g)- N(r,=)= —¢log——=dj + log|g(0)|.
o’ 209 " g(rel)] 90)

1.2.9.3. Ménh d@é. Néu S(r) c¢é dang nhir trong bdt dang thirc co ban thi
S(r)= o(logT(r, f))+ o(logr) .
1.2.9.4. Ménh dé. Néu N,(r) ¢6 dang nhw trong bt dang thirc co bdn thi
N,(r)* 0.
1.2.10. Pinh ly co ban thit hai ciia Nevanlinna. Gia siz f(z) la ham phan

hinhtrén £ ; a,a, L ,a,(q® 2) lacdc s6 phirc phdn biét. Khi do, ta co:

(q- DT(r,f) £ éiq N(r,a,)+ N(r,¥ )- N (r)+ S(r),

u=1

trong do,
N,(r)= N(r,%)+ 2N(r, f)- N(r, ",
S(r)=o(logT(r, f))+ o(logr).
Chirg minh: Theo bat dang thirc co ban:

m(r,¥ )+§1q m(r,a,)£ 2T(r, f)- N,(r)+ S(r).

u=1

/ q
Cong vao hai vé dai lugng N(r, ¥ )+ § N(r,a,)

u=1

{m(r¥ )+ N(r,¥ )}+§1q {m(r,a,)+ N(r,a,)}

£ 2T(r, f)+ N(r,¥ )+g°1q N(r,a,)- Ny (r)+ S(r).

u=1
Theo dinh 1y co ban tht nhét, ta co:
T(r, f)+ éiq {T(r,f)+ O (1)}£ 2T(r, f)+ N(r, ¥ )+ éiq N(r,a,)- N,(r)+ S(r).

u=1 u=1
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Suy ra

(@- DT(r )€ § N(ra)+ N(r¥ )- N(r)+ S(r). (0 (1) Ia dai lugng gidi noi).

u=1
W
1.3. Pong nhit thirc Cartan va tinh 10i.
1.3.1. Bo dé. Vi moi al £, ta co:
1 .
— logla- e“dg= log"|al.
1.3.2. Pinh ly Cartan ( H. Cartan). Gia si f(z) la ham phan hinh trong
{z|£ R}. Khi dé, ta co:
1%
T(R, f)= = N(R,e“)dq+ log* | (0)|.
2p
1.3.3. Hé qua. T(R, f) la ham 16i, ting ciia R.

1.3.4. Hé qua. Vi gid thiét nhw trong dinh 1y 1.3.2, ta c6:
2p

1 :
— A Mm(R,e")dq£ log2.
Zp?

2
% O M(R,e“)dg c6 thé xem nhu “trung binh” cua gid tri m(R,a) khi a chay
0

trén vong tron.

Hé qua 1.3.4 cho thay trung binh cia m(R,a) ndi chung rat nho.

1.4. Quan h¢ s6 khuyét.
1.4.1. DPinh nghia.

r

o N(r,f)= 4 log o trong do, téng Zcfy theo cdc cuc diém cia f trong

{z|£ r}, mbi cuc diém chi ldy mét lan.
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* d(a)= d(a, )= lim @ S6 khuyét ciia ham f tai gid tri a.

— N(r,a)

d(a)=1- !@!}T Tr 6

— N(r,a)

* Q@)= Qla )= 1- fim *o8.

o () _ o N(r.a)- N(r,a)
a(2)=q(a, f) = lim Ten

Y nghia:
m(r,a)+ N(r,a) “ do do 16n” cua tap hop z, tai d6, f(z)= a hoac f(z): a.
Néu d(a) cang 16n thi phuong trinh f(z)= a cang “thiéu” nghiém. Do do6, d(a)
goi 14 “sd khuyét”.
g(a): chi s6 bdi clia ham tai gia tri a. g(a) 16n khi cac nghiém cua f(z)= a
c0o boi cao.
N(r,a): “do d6 16n” tap hop nghiém ctia phuong trinh f(z)= a, mdi nghiém
ké mét sd 1an béng bo1i cua no.
N(r,a): chi tinh theo cdc nghiém phan biét( khong tinh boi).
d(@)+ aq(@) £ Qa).
1.4.2. Pinh ly. Gid sir f(z) la ham phdn hinh khéc hang sé trén £ . Khi do,
ta co:

4 {fo@+d@} § Q£ 2.
al £E4¥ } al B¢ }

Tong trén ching to chi ton tai khong qua dém duogc gia tri a dé Q(a)> 0,
con hau hét 1a 0, déng thoi téng cua chudi § Q(a)£ 2.

1.4.2.1. Bd d@. Véi gid thiét nhw trong dinh Iy 1.4.2, ta c6:
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q a _
4 Na)- Nt d Nera).

i1 u=1

1.4.2.2. Hé qua (dinh ly Picard). Ham phdn hinh khdc hang sé nhdn moi
gid tri triv ra cing lam 1a hai gid tri. [Néu t la ham phdn hinh khéng nhén ba
gidtrithi £ la hang so].

1.4.2.3. Hé qua (b6 dé Borel). Gid sit f,, 1,, f, la cdc ham chinh hinh, khdc
khong va théa man f,+ f,+ f,= 0. Khi d6, 1,1, f, chi sai khdc mét hang sé
nhan.

1.4.3. Ménh @&. Néu u,v la cac ham chinh hinh khéng c6 0- diém Va thod
man u+ve 1 thi u,v la hang so.

Chung minh: u,v 1a cdc ham chinh hinhb u(z),v(z)' ¥ ,"z. Mat khéac,
uz)' o,v(z)' 0,"z va u+ve 1nénu(z),v(z)' 1"z.

Vay, ta ¢6: véi moi z1 £,

u(z),v(z)' 0§
u(z),v(z)' 1 y. Do @6, theo dinh 1y Picard, u,v= const. W
u(z),v(z)! ¥g

1.4.4. Ménh @é. Gid sir f(z) la ham phdn hinh khéc hang sé. Khi do, ton
tai khong qud bon gid tri a sao cho moi nghiém ciia phwong trinh = a déu la
nghiém boi.

Chirmg minh: Gia st moi nghiém ctia phuong trinh f(z) = a déu la nghiém
boi. Khi do,

N(r,a)* 2N(r,a).
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N(ra), , —N(a)
Suy ra Q(a)= 1- lgy T(r.a) 1- |<'@T N(r.a)

3 1- %: % Vay, ton tai khong
qua bén gid tri a dé moi nghiém cta phuong trinh f = a déu 1a nghiém boi.
Nhan xét: Gid st f(z) 1a ham chinh hinh. Khi d6, f(z)=¥ v0 nghiém. Suy

ra Q( )=1, do vay,§ Q(a)£ 1 . Vay, ham chinh hinh khac hing nhan moi gia tri

ai £
, trir ra cung 1am 1a mot gia tri. Ton tai khong qua hai gia tri a sao cho moi
nghiém cuia phuong trinh f(z)= a déu 1a nghiém boi.

1.4.5. Pinh nghia. Piém a duwoc goi la co boi it nhat la m néu moi nghiém
ciia phirong trinh (2)= a déu c6 boi it nhdt la m.

Nhén xét: Gia st a 1a diém boi 16n hon hodc bang mthi mN(r,a)£ N(r,a).

N(r,a) . N(r,a) 1

Khi do T(r.a) N(r,a)£ - nén Q(a)? 1- o

Néu f 1a ham phan hinh, khac hang sd thi ton tai khong qua bbn gia tri

a,a,,a,a, dé f(z)= a gdm toan nghiém boi. Q(a))= ; =14,

1.5. Tap x4c dinh duy nhat cAc ham phan hinh.
1.5.1. Pinh 1y 5 diém ciia Nevanlinna.
Gid sir f,q la hai ham phdn hinh va ton tai nam gid tri a;, j=1L ,5 sao

cho f*(a))= g *(a,). Khidd, f° g hodc f,g la hang so.

Theo dinh ly 5 diem, f *(a,)= g'*(a,),j=L5P f° g.

S={a.a L a}
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Néu khong xét nghich anh timg diém ma xét nghich anh ca tap hop, thi
nhiing tap hop nao xac dinh duy nhat ham phan hinh, tirc 13, khi nao
fi(S)=9g (S)p f=g7?
1.5.2. Pinh nghia. Gid sir S1 £ E{ } f 1a ham phan hinh.
E.(f)= %JS{(z,k)i £ ¥|f(2)=abdi k}.
Es(f)= us{zi £]f(z)=a}=f(9).
al
1.5.3. Pinh nghia. Néu véi moi ham phdn hinh f,g1 F sao cho E(f)= E¢(g),
taco f° gthitap S duoc goi la tap xac dinh duy nhdt ciia ho ham F.

1.5.4. Dinh Iy.

Gid sir m® 2, n>4m+10, (m,n)=1. Gia sit a,bl £ sao cho da thirc
2"+ az" "+ b khong cd nghiém béi. Khi do, tap S={z|2"+ az™ "+ b= 0} la tdp
xdc dinh duy nhat cdc ham phén hinh.

Giasir 5= {r,L ,r,} gdm n diém phan biét. Pa thirc két hop voi S

R(z)= (z- )L (z- ).
1.5.4.1. Bé d@. Gia sir f,g la cdc ham phdn hinh thod man £ *(S)= g *(S),

trong do S={a,L ,a,} Khido, ta co:

T(r, )£ ——T(r,g)+ S(r, f),
n- 2

T(r,g)£ LT(r, f)+ S(r,Q).
n- 2

Chtrng minh: Ttr f *(S)= g *(S), ta co:
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Véimdi a i fa,L ,a}, tdn tai a1 {a,L ,an}dé f (@)= g '(a), tirc la
f(z)=a U g(z)= a,. Hon nita, twvong tng trén la tuong tng 1-1. do do,

L =N, 1a)véé’1 N(r—2—)=§ N(r,

N(r,
f-a g- a; i=1 f- & i=1 g- &

). (*)

Theo bat d:flng thure co ban, ap dung cho a,L ,a,, ta co: (d6i v6i )

N

m(r,¥ )+§i1 m(r,a,)£ 2T (r, f)- iN(r,%ﬁ 2N(r, f)- N(r, f ')§+ S(r, f).

u=1

Cong thém hai vé dai luong N(r,¥ )+ § N(r,a,):

u=1

{m(r,¥ )+ N(r,¥ )}+3°1n {n(r,a,)+ N(r,a,)}

£ 2T (r, f)+§ln N(r,a,)+ N(r,¥)- N(r,%)- 2N(r, f)+ N(r, )+ S(r, ).

u=1

Dung dinh Iy co ban thr nhat:

T(r, f)+nT(r,f)£ 2T(r,f)+én N(r,a,)- N(r,%)‘f‘ N(r, f9- N(r, f)+ S(r, f)

Suy ra
(n- HT(r, f) £ ?ZlN(r,au)- N(r,%)+ N(r, £)- N(r, f)+ S(r, f).
Ta co:
& N(a)- NOpEE Nra,).
va
N(r, f)- N(r, f)£ N(r, f).
Do dé (n- HT(r, )£ § N(r—

)+ N(r, f)+ S(r, )
au

u=1 f-
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LT f)s sty .
- a,

w1 f
£ s N( )+ T(r, f)+ S(r, f)
u=1 - u
Suy ra
(- 2T(r )£ § N(r——)+ S(r. f).
u=1 g- a‘u
Do vay

(n- 2)T(r, f)£ én T(r,

u=1

L yise ).
- a'u

Dan dén,
(n- 2)T(r, f)£ nT(r,g)+ S(r, f).
Vay
T(r, )£ ——T(r,g)+ S(r, f).
n- 2
Chung minh tuong tu, ta co:
T(r,9)£ ﬁT(r,f)vL S(r,qg). W

1.5.4.2. Bo de.
Gid sir S= {t,L ,r.} gom n diém phdn biét, t,q la cdc ham phdn hinh thod

man E,(f)= E\(g), f = 3 g= :—1 trong do,(s,,s,), (1,1,) la cac cap ham chinh
s

2 2
hinh khéng c6 0- diém chung). Khi dé, ta cé:

XGI

, trong do hla ham chinh hinh.
R (9) S

y =
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Sy Sy

(Z- oL (- 1)
Chl'rng mlnh y = Ps(f): (f_ rl)L (f- rn): S S,
7 OR(@) (- L (g- 1) (Ill_ oL (Ill_ 0

— (51' Szrl)l— (31' Szrn)ﬁ_
(I1' Izrl)l— (I1' Izrn) S;

Xét ham
(31' SZrl)L (51' SZrn) — i
(Il' IZrl)L (Il' |2rn) . (Z)

Néu z, 12 0-diém boi k ciia ham j (z) thi s,(z,) = r;s,(z,) voi j nao do. Suy

ra f(z,)=r, boi k. Vi Es(f)= E(9)P g(z,)=r, nao do, boi k. Suy ra (z- z,) bi
gian udc nén j (z) khéng cé 0-diém .

Tuong tu, ham j (z) khong c6 cuc diém nén j (z) chinh hinh, khong c6 0-
diém. Do d0, h(z) = logj (z) chinh hinh, j (z)= e"®

Vay

In

— ah(?) 2
y = "2, w

2

1.5.4.3. B0 dé. Néu g,y la cdc ham phdn hinh c6 dang nhw trén thi
N(r,yl)as N(r,9)£ T(r,9).

1.5.4.4. B6 d. Néu f,y la cdc ham phdn hinh c6 dang nhie trén thi
N(r,y)£ N(r, f).
1.5.4.5. Bo dé. Néu fla ham phan hinh, a,i=0,n la cdc s6 phirc, a, #0
va
Q(f)=a,f"+af" " +L +a,
thi
T(r,Q(f))=nT(r,f)+ S(r, f).
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1.5.4.6. B6 dé.

Néu f,qla cdac ham phdn hinh khéc hang, c,.c,,c, la cdc sé phirc khdc
khéng théa man: ¢ f + c,g=c, thi T(r,f)< N(r,%)+ N(r%ﬁ N(r, f)+ S(r, f).

1.5.4.7. Bo dé.
Néu f, 1, f, la cdc ham phdn hinh khdc hang va théa méan (f,, 1, 1,) doc ldp

, 3 3
tuyen tinhva f + f,+ f,=1thi T(r,f)< 23 N(r,%)+ q N(r, f)+ S(r, f).

i=1 i i=1

o Pat s={z|z"+az""+b= 0}, m* 2,n>4m+10,(n,m)=1.

_R()_f'+af""+b f,, f,, f, dinh nghia nhu sau:
P.(g) g"+ag""+b

1
f=-=2f""(f"+a),
1 b ( )

1 n- m m
f2=5yg (g"+a),
f,=y.

Ta co:

fo+ f,+ f,=1. Giasir y ' const( f,' const). Khi dé ta c6 hai bd dé 1.5.4.8.

va 1.5.4.10. sau day:

1.5.4.8. Bo dé.
Néu f, 1, la cdc ham phén hinh c6 dang trén thi 1,1, ddc Idp tuyén tinh.

1.5.4.9. Ménh d@.
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Giad s f,g la cac ham phén hinh thoda man E.(f)= E,(g),

s={z|z2"+az""+b= 0}, R(2)= Q(z- ¢),y = Ps(f), a,b= const,
cis Ps(g)

f= %yg“‘m(g”‘+ a). Khi do:

— 1

N(rlf_)£ (m+1)T(r’g)l

2
N(r, f,) £ T(r, f).
S I

Chirng minh: Gia st f,g la cac ham phan hinh c6 dang f= =, g= -1, trong
2

o1
s, |

do, (s,,s,), (I,,1,) la cac cap ham chinh hinh khong c6 0- diém chung). Theo bd
d¢ 1.5.4.2, ta co:

y = Ps(f): eh(z)%’
R (9) S
trong do, h 1a ham chinh hinh.
Khi do
— 1 h |2n n- m m
f,= =e"2g""(g"+ a). 1)
b s,

N(r,fi) =3 Iogﬁ, trong 6 b 14 0-diém cta f,, mdi 0-diém tinh mot 1an.
2

Néu z, 1a 0-diémcta y thi z, 1a 0-diémcua I, b L(z,)' 0. T (1), ta co:

h
1€ arvarmmp f,(z) 0.

f=
> bs!

Do d6, moi 0-di€ém cua f, déula 0-diém cua g hoac g"+ a.
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N(r,fi)f, N(r%)+ N(r, ) £ T(r,g)+T(r,g"+ a)+ 0(Q1)

2 9"+ a

£T(r,g)+ mT(r,g)+ OQ £ (m+1T(r,g).

N(r,f,)=§ Iogﬁ , trong d6 b 1a cuc diém cua f,, mdi cuc diém tinh mot lan.

. 1e" P \ X . 1
Taco: f,===("+al"")"). Gid st z, la cuc di€ém cua g. Khi do,
bs,

L,(z)=0,1,(z)" 0.Suyra f,(z2)=¥ U s,(z)=0. Do d6, mdi cuc diém cua f, déu
la 0-diém cta s, , do d6 déu 13 cuc diém ctia ham f .

Vay

N(r, f,) £ N(r, f)£ T(r, f)+ 0Q) . W

1.5.4.10. Bo d@é.

Néu f,1,,f, 1a cdc ham phdn hinh c6 dang trén thi 1, 1,, f, phu thudc tuyén
tinh.

Chimg minh: Gia st f,, f,, f, doc 1ap tuyén tinh, f,' const, f + f,+ f,= 1.

Ap dyung bd dé 1.5.4.7:
T(r, f)< 2N(r,%)+ 2N(r,%)+ Zﬁ(r,fi)+ N(r, f)+ N(r, f,)+ N(r, f,)+ S(r) .
1 2 3
Ta co:
T(r, f,)= nT(r, f)+ O() (theo b d& 1.5.4.5).

1

N(r,Tl)£ N(r,T)+ N(r, Ty a)
TR+ T(r—2 )= T(r, £)+ T(r, " + a)+ O(1)
f f"+ a

= (m+ T (r, )+ S(r).
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l+ a)£ T(r,g)+ mT(r,g)+ S(r)= (m+1)T(r,g)+ S(r).

N(r Ly N(r D)+ N(r—
f, g g

N(r,fi)z N(r,yi);e N(r,g) £ T(r.q).

N(r, f)=N(@r, £)£T(r, f).
N(r, f,)£ N(r,y)= N(r, f) £ T(r, f).
N(r, f,)= N(r,y)= N(r, f) £ T(r, f).
Do d6, nT(r, f)< 2m+ 2)T(r, f)+ (2m+ 2)T(r,g) + 2T(r,g)
+T(r, )+ T(r, £)+ T(r, )+ S(r).

= (2m+ 5)T(r, f)+ (2m+ 4)T(r,g)+ S(r).

£ (2m+ 5+ —@m+ AT(r, 1)+ S(1). 2)
n_
Mat khac,
n>4m+10p n- 2> 4m+8 (3)
Suy ra
(2m+ 5+ n (2m+ 4)= 4m+ 9+ A+ 8_ ame 9+ M8 4y 10< n, Mau
n- 2 n- 2 4m+ 8
thuan véi (2).

Suy ra gia st trén 13 sai. Vay f,, f,, f, phu thudc tuyén tinh.
Nhan xét:
Pé ching minh S 13 mot tap xac dinh duy nhét, ta thuc hién 3 budc:

Pty = EE;;

Chting minh rang y = const.

y =1.
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P(f)=PR(g)p f=g9g.
1.5.5. Dinh nghia.
o Pa thire P(z) dwoc goi la da thire xdc dinh duy nhdt cdc ham phan
hinh néu tir dang thire P(f)= P(g)b f=g.
(f,g phdn hinh, khdc hang s6).
o Pa thire P(z) duwoc goi la da thire xdc dinh duy nhat theo nghia
réng néu tir P(f)= cP(g),c' 0p f=g.
(f,g la cac ham phdn hinh, khéc hdng s6).
Pé chitng minh S xdc dinh duy nhat:
1 P,(2) la da thirc xdc dinh duy nhdt theo nghia réng.
2 Tir Ei(f)= E,(g)P P,(f)= cP.(qg).
1.5.6. Ménh @&. Cho f,j lacac ham nguyén, a' 0, m,n la cdc s6 nguyén
thoa man: m3 2,n>2m,f""(f"+a)=j ". Khi do:
f,j = const.
Chting minh: Gia st z, 12 0-diém cta f.Khido f(z,)=0P j (z,)= 0P z,la

nghi¢m boi it nhidtla n coaj" b z, 1a nghiém boi it nhéat 1a 2 cua f. Do do,
moi nghiém cua phuong trinh f =0 déucd bdi* 2 b Q(0)° % Xét
xj=-a,j=1L,m.Ta thdy phuong trinh f(z) = X; €O cac nghiém déu véi boi 1on

hon hodc bang n. Suy ra Q(x;)* 1- =. Do do,

a Qa)? %+ m(1- %)z m+%- %> m?® 2, mau thuan.

Suy ra f khong cd 0-diém. Do d6, f = const, vi viy j = const. w
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1.5.7. Ménh d@é. Khong ton tai ham phan hinh ' const thod man:
= f(f2-1). 1)

Chung minh: Néu moi nghiém ctia phuong trinh f = a déu la nghiém boi

N(r a) , 1
thi N(r,a)£ = N(r a) £ T(r f). Suyra Q(a)=1- rlgyT(r n 2

1
>
Taco: f khong co cuc diém, vi néu z, 1a cuc diém cap k cta f thi z, la
cuc diém cép 3k cua f(f?-1),va z, lacuc diém cép k+1cua f', nhung
phuong trinh k+ 1= 3k v6 nghiém, tic 13 $ki ¥ dé k+1= 3k.
Do d@o6, f 1a ham chinh hinh.

Tu (1) ta thdy, véi a= 0 hodc a= +1 thi phuong trinh f = a ¢4 moi nghiém

déu 1a nghi¢m bdi . Suy ra Q(0)?3 %, Q@)? —, Q(- )* =.Dodo,3 Q)* 1,5,

al £

mau thuan véi f chinh hinh, tic 14 § Q(a)£ 1.

ai £
Vay $ ham phan hinh f' const thoa man: f'= f(f?- 1), W
1.5.8. Ménh dé. Khong ton tai ham phan hinh f ' const thod man:
fr= f(f2- D(F2+1).
Chirmg minh: Vi mdi a= 0,+1,+i, ta déu c6 tir phwong trinh f(z)= a din
dén f'(z)= 0. Do d6, moi nghiém cua phuong trinh f(z)= a déu 13 nghiém boi.

bo@ 1 ity g

Q(a)* 2,5, mau thuan.
2 2 Gifigy
Vay Khong ton tai ham phan hinh f ' const thoa man:
= F(F2- 1)(F2+1). W
1.5.9. Ménh dé. Néu f va g la cac ham phdn hinh thod man:

fn+afn—m: gn+agn—m
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voi al ¢",mnl ¥",(mn)=1, n>m? 3,n- m3 2 1)

thi f,g= const hodc f° g.

Ching minh: f"+af™"=g"+ag""b f—n+a _n =1+ aim. (2)
g9 g9 g9
Néu 9 g, ta dit:
h=1.
g

Khi do, h' 1,(2) c6é dang h"+ ah - =1+imb g"h"+ah™"=g"+a.

b g"(h"- 1)=- a(h™"- 1).
Goi 1" x;,j=1L ,n- 1lacaccanbac n cual, ticla

X{=1x;' 1P x{"™" 1 j=1L ,n- 1.
Do (n,m)=1p (n,n- m)=1p xI""* 1.
h(zy)=x; P h""(z,)- 1' 0P g(z,)=¥ , z, lacuc diém cép 3 mcua g".
Suy ra

C
g"= Cn -+ L b h(z2)=x;+ (z- 7,)"+ (z- z,)™+ L

(Z' Zo)m (Z' Zo)m+l

"j=1L ,n- 1 nghiém tuy y ctia phuong trinh h(z) = x; ¢6 boi it nhat 13 m.

Suyra Q(x,)* 1- %p § Q) (n- (- %)3 g(déi v&i ham h).
=1

P § Qa)? %, mau thuin véi § Q(a)£ 2.

n-m

.Suyra g= const, dodod f = const. W

Vay h=const! 1,¢g" = - ah

h" -
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Chuwong II: PHAN PHOI GIA TRI CUA HAM NGUYEN VA
PAO HAM CUA NO.

Trong chuong ndy, ta nghién ctru ham nguyén f va to hop tuyén tinh cua
cac dao ham ctia nd L(f) voi hé sb 1a cac ham nho thoa man diéu kién f va
L(f) cung phan ph6i mot gia tri CM va gia tri khac 13 IM . Ta ciing giai quyét
van dé tuong tu khi ham nguyén f va dao ham f' clia n6 cung phan phéi dong
thoi hai gia tri CM . Mot s6 két qua van dang néu f 13 ham phan hinh va thoa
man N(r, f)=o(T(r, f)) khi r >« va nhiing gia tri a,b dugc thay bdi cac ham
nho cua f(z).

Gia st fva g 1a hai ham phan hinh khac hang s6 va b 1a mot s6 phic. Ta
noirang f VA g cung phdn phéi gid tri b CM (IM)néu f(z)-b va g(z)-b ¢6
cung khong diém ké ca boi( khong ké boi). Nam 1929, R.Nevanlinna chig
minh rang:

(i) néu f va g cung phan phdi 5 gid tri IM thi f=g,

(ii) néu f va g cung phan phdi bon gia tri CM thi f 1a mot phép anh xa
Mobius cua g.

Pic biét, néu f va g la cac ham nguyén thi f =g, voi diéu kién f va g
cung phan phdi bbn gia tri hitu han CM .

Sau d6, cac nghién ctru vé phan phdi gia tri dwoc mo rong thanh nghién ctru
vé phan phdi cac ham nhé cua f, xem [2], [3], [4], [5] va [6].

Pinh nghia: Ham phan hinh a(z) dwoc goi la mét ham nhé cua f(z) néu
T(r,a(z))=o(T(r, f)) khi r -, ngoai mot tap hop co do do hiru han cua

re(0,0).
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Vi du trong [7] chi ra ring , ton tai mot tip don S véi 15 phan tir dé
f1(S)=g(S) suy ra f=g.DEé hiéu rd hon, chung ta tham khdo trong Yi [4] va
Mues — Reinders [8]. Nam 1976, trong [10] chi ra ring: néu mdt ham nguyén f
va dao ham f' ctia n6 c6 cung phin phdi hai gia tri a,b CM thi f=f'. Tur do,
linh vyc vé phan phdi gia tri gitra mot ham phan hinh va cac dao ham cta no da
duoc nhiéu nha toan hoc nghién ctru. Vi du: G.Gundersen [10] ching minh rang,
néu f 13 ham nguyén va cung phan phdi hai gia tri hitu han khac khong IM véi
f' thi f=f'. E. Mues va N.Steinmetz [17] ching minh ring, néu f la ham
phan hinh va cing phan phdi ba gia tri hiru han IM voi f' thi f=f'. Két qua
nay duoc Frank va Schwick md rong tdi trudng hop f cung phan phdi ba gia tri
hitu han IM véi £® . Cau hoi tuong ty khi f cUng phan phdi ba gia tri hiru han
IM v6i da thire vi phan L(f) da dugc nghién ctru trong [11] va [12]. Khi mdt
ham phan hinh f cung phan phdi hai gia tri hitu han CM véi da thic vi phan
L(f) ma cac hé sb ciia nd 1a cac da thic, P. Russmann chimg minh rang
f =L(f), ngoai trir sdu truong hgp riéng.

Gan day hon, Bernstein-Chang-Li [13] d4 nghién ctru cac cau hoi tuong tu
vé ham phan hinh cta bién s phirc. Trong truong hop dic biét, ho chimg minh
rang;

Pinh li A: Gid siz f la mét ham nguyén khdc hang sé va

L(f)=b f®+h  fOD4.tbf'+h,f,
trong do b; la nhitng ham phdn hinh nho cua f . Néu f va L(f) cing phan phéi

hai gid tri CM thi f =L(f).
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Trong chuong ndy, ta xét van dé khi diéu kién cua dinh Iy A duoc thay d6i
boi gia thiét rang f (nguyén) va L(f) c6 cung phan phdi mot gia trj a; CM va
mot gia tri khac a, IM. Ching ta ciing giai thich dugc van dé thu vi, do la:
Chuyén gi xay ra néu mot ham nguyén f va dao ham f' ctia nd c6 cing phin
phéi mot tdp gdm hai gia tri hitu han a,a, CM, tic 13 (f(2)-a,)(f(z)-a,)=0 Va
(f'(2)-a)(f'(z2)-a,) =0 co cing khong diém, ké ca boi?

2.1. Sw xac dinh ciia ham nguyén va t6 hop tuyén tinh ciia cic dao ham
ciia né dwa vao tao anh ciia hai diém.

Céac bo dé dudi day dugc dung dé chimg minh dinh 1y. B6 dé 2.1.1 dé dang

suy ra tur b6 dé vé dao ham logarit vi: m(r,fT):S(r, f). B6 dé 2.1.2 va bo dé

2.1.3 d& dang ching minh. B6 dé 2.1.4 ¢ thé dé dang suy ra tir bd dé 2.1.2.
2.1.1. B6 d&. Gia sir f la mot ham phan hinh siéu viét, P,(f) la mét da thirc
bdc kcua f,Va a,i=12,-n la cdc hang s6 hitu han phdn biét trong £ . Gid sir

__ R(OF’
(f-a)(f-a)

Néu k<n thi m(r,g)=S(r, ), trong do, tir nay vé sau, S(r,f) sé dwoc si

g

dung dé chi dai luwong o(T(r, f)), r >, ngoai mot tap co do do hiru han cua
re(0,0).
2.12.Bodé. Giasir P.(f)Vva P(f) lan heotla hai da thire bic k VA 1. Cy thé:
R(f)=2,@)f @) +a @) (@) ++a(2),
va

R(H)=b@f' @) +b@ @)+ +b(2),
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trong do, a,(z),b;(2),i =0,k, j=0,1 la cdc ham nhé cia f sao cho khong co da thurc
bdc I6n hon mét nao cia t c6 thé la nhan tir chung cua P (f) va B(f). Gia si

R(f)=%.

Khi d6
T(r,R(f))=dT(r, f)+5S(r, f),
trong do d =max{k,1}.
2.1.3. B6 dé. Gia sir f la mot ham phdn hinh siéu viét va b,i=0,1,---,n la
cac ham phan hinh nké ciia . Néu
b f"+b f""+---+b =0,
thi b =0,i=0,1---,n.

2.1.4. B6 dé. Gid su:

trong dé o la mét ham nguyén khdc hang sé va b, (i=0,1,---,n) 1a cac ham
phan hinh thoa man T(r,b)=S(r,e*). Khi do
T(r, ) =T(r, f)+5S(r, f).

2.1.5. B6 de. Gia sir f la mét ham nguyén khdc hang sé va

g=L(f)=b1+ibif“>, (1)

trong do b, (i=-10,1---,n) la cdc ham phdn hinh nho cua f. Gia su a, va a, la

hai hang sé phdn biét trong £ . Néu f VA g ciing phdn phoi a,, a, IM , thi

! )+ N(r, !

T(r, f)=N(r,
(r,f) (rf_a1 a

)+S(r, ),

va
T(r, f)<2T(r,g)+S(r, f)
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véi diéu kién la f£g.
Ching minh: Gia st

__f(i-g) )
T Ta)i-a) @

T bd dé 2.1.1, dé dang thdy rang m(r,#)=S(r, ). Do f va g cing
phdi a, va a,, ta cd: N(r,4)=S(r, ), vi vay
T(r,¢)=S(r,f). 3
Néu ¢=0 thi f=g.Giastrrang =0, tacla f=g. T (2) tasuy ra

T(r, f _g) :T(r,¢(f _aif)$f _aZ))

=T(r,

3
(F—a)f-ay ")

= N(r,

(Fa)(f-ay "

Ta co:
1 — 1
N(r,
f—ai)Jr ( f-a,
Tir biéu thirc ctia g, ta cod T(r, f —g) <T(r, f)+S(r, f). Vi vy

T(r, f—g)=N(r,

)+S(r, ).

1
f—a,

N(r,L)+N(r, )<T(r, f)+S(r, f).
f-a

Theo dinh 1y co ban tht hai ctia Nevanlinna va bat dang thuc trén, ta co

T(r, f)=N(r, !

! )+ N(r, )+S(r, f)
a f

f—

2
<T(r,9)+T(r,g)+S(r, f),
boivi f va g cing phan phdi a, va a,.
2.1.6. B0 dé. Gid sir f V& g nhw trong bé dé 2.1.5. Hon nita, néu f va g

1

cung phdn phéi aCM , a,IM va N(r, )=S(r,f). Khi dé f=g.

2
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Chung minh: Gia st rang f #g. Khi d6, ham ¢ trong (2) khong dong nhat vai
khong. Dat

p=9 T (4)

Theo gia thiét cua bd dé 2.1.6, ta cd T(r, B) =S(r, f). Tir (2), ta c6

_1_ g_aZ .
f f-a,

¢f_a'1_

Léy dao ham va st dung (4), ta co6:

¢'“—?1+¢(1—M]sﬁ(¢ff‘—f"l—l)-

f (f"?
Ta co:
fr froo
(¢+ﬂ)q—¢?+¢—ﬂ¢=o- (5)
Do N(r,f_l )=S(r, f), tir b6 d& 2.1.5, ta co:
N(r, ! Y=T(r, f)+S(r, f) = S(r, f).
f-a

Do f,g cung phan phdi a CM , tir (2) ta thdy hau hét cac a - diém cua f
déu 1a don. Va (5) suy ra rang hau hét cac a,-diém don cta f 1a cac 0- diém cia

¢+ . Tudo tacd ¢+ B=0, va nhu vay

LA
f.+¢ £=0.
Taco
¢(f _az) =cf '(g _az) ) (6)

trong d6 ¢ =0 1a mot hing sd. Tt (2) va (6), ta co:

f-g=c(f-a)(g-a,),

S6 héa béi Trung tam Hoc liéu — Dai hoc Thdi Nguyén 36 http://www.Irc-tnu.edu.vn



hay c6 thé dugc viét lai 13

Do f, g cung phan phdi a, CM , nén theo dong nhat thirc & trén co:

1

(r,m):S(r, f) .

Do d6, theo dinh 1y co ban thir hai cua Nevanlinna,

! )+N(r,;)+8(r,g)=8(r,f).

T(r,g) < N(r,
.9 ( g-a, g—-(1+ca,)/c

Nhu vay, theo bo dé 2.1.5,
T(r, f)<2T(r,g)+S(r, f)=S(r, f), mau thuin. W
2.1.7. Pinh Iy. Gid sir f la mét ham nguyén khdc hang sé va
g= L(f):b71+zn:bif(i),
0
trong do, b (i=-1,0,1,---,n) la cac ham phan hinh nho cua f. Gia su a, va a, la
hai hang sé phdn biét trong £ . Néu f va g=L(f) cing phdn phoi a,CM Vva
a, IM thi f=g hodc f VA g ¢6 biéu thirc nhw sau:
f=a,+(a-a)1-e),
va
g=2a,—-a+(a-a)e",
trong do a la mot ham nguyén.
Chirmg minh: Gia st ring f #g. Dat

f g'
y=——— 7
f-a g-a (7)
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Do f va g cung phan phdi a, CM , ta cd T(r,») =S(r, f). T (2)

f-a g-a,
p———==1- .
f f-a

Lay dao ham hai vé dong nhat thirc trén va stir dung n6 1an nira, ta suy ra

g +¢(1——(f L "j=y—g_a1 Ey[1—¢—f ;azj

f ()Y ) "f-a
Taco
f fr o,
(¢—7)f——¢—.+¢+7¢50- (8)
_a2 f
Néu ¢—7/EO th‘l
_£+£+ f _g—l_o_

i ¢ f-a g-a
Tur (2) va phuong trinh trén, ta co:

f-9
(f-2a,)(g-a)

=c ( hang s6 khic khong),

din dén két qua f va g cung phan phdi a,a, CM . Va vi viy, theo dinh Iy A, ta

c6 f =g, mau thuan.

Sau ddy, ta gia thiét ring ¢—y =0. Ki hiéu Nk)(r,fi) 13 ham dém theo céc
-a

.2 ) s R 1As s . 13 RN 1 A L
a- diém cua f ma s6 boi it hon hodc bang k va ki hi¢u N(kﬂ(r,f—) la ham
-a

dém theo cac a- diém cua f ma so6 boi nhiéu hon k.

Gid sur z, 1a mot a,- di€m cua f, c6 sO bdi k>1, nhung khong 1a 0- diém

ciia ¢—y va khong 1a cuc diém ciia ¢'+ 6. Khi do tir cong thire (8) suy ra rang

#(z,) —ky(z,) =0. Néu ¢—ky#0 vi mdi k >1 thi
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1
N, (r,—)=S(r, f).
o f—az) (r.f)
Gia str z, 1a mot a,- diém cua f véi sd boi k=n+2, nhung khong 1a
0- diém cua ¢—» va khong 1a cuc diém cta ¢'+yp Va b (i=-1,0,1--)) . Khi d6 tir

(1), ta c6 b,(z)+b,(z)a, =a,. Néu b, +h,a, £a,, thi ta co N(M(r,i) =5(r, f).
2

Néu b, +b,a, =a,, thi tir (1) co:
g-f=(0,-1)(f —a,)+ > b f?.
i=1
Do d6, z, 1a mét 0- diém boi cua g-—f vavivayla mot 0- diém cua ¢. Do

do N(M(r,ﬁ) =S(r, f) van dung. Trong mdi truong hop, ta c6 thé két luin

2

f 1a )=5(r, f). Do d6 f =g theo b dé 2.1.6.
%

rﬁng N (r,
Bay gio, ta gia sir rang ton tai mot s6 nguyén k >1 sao cho ¢—ky =0 va
##0. Khi do theo (8) co6:
1, f' f" ¢

(1—E)?a2—?+g+7/50 (9)

Lay tich phan, ta thu dugc:

a_ | flg-a)
(f-a,)" 1=C{ } ,

i o(f -a)
trong d6, c=0 1a mot hang sd. Tir ddy va (2), bang cach khir bo ¢, ta co:
i Ea2+%(h—1)k, (10)

. f-a

trong do, h=—1. 11
g o (11)
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RO rang, h'=yh , tir (1) va (10) ta thdy ton tai cac ham nho d, (i=0,1,---k)

cia f dé
g=dh. (12)
=
Tt (10), (11) va (12), ta c6:
d, he +Z{di_1 - HC)H

Tu day va bo dé 2.1.3, ta nhan duoc:

(D"
a-a, ’

d, =a,—k(a,—a,),
d.=(D'C.(a,-8)i=2"k,
d, =0.

Cik}hi +[d0—a1—(—1)k‘1%}h+a1—a2—(_i)k =0 (13)

c

Vi vay, tir (10), (11) va (12) co:
f=a,+(a—a,)1-h)",

RS SR

g

Hai dong nhat thtrc trén c6 thé viét lai 1a:

f-a,=(a-a,)1-h)", (14)

h—1 )
9-a, = (8 -8,)——[1-0-n"]. (15)
Do f va g phan phéi a CM , ta ¢ N(r,h)=S(r, f) va N(r,%)=8(r,f). Mt

khac, tir (10) va bo dé 2.1.2, ta c6:
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T(r,h):%T(r, f)+S(r, f)=S(r, f).

Nhu vay, h c6 thé 1dy mbi gia tri hitu han b=0,1. Vi vdy, khi k > 2, ton tai
mot gid tri b=0,1 d& (1-b)**=1. Pé y rang f va g cing phan phdi a,, tir (14) va
(15) ta c6 thé két luan rang k=2. Vi vdy, g =2a,-a,+(a —a,)h 1a mot ham

nguyén. Nhu vay, h= f-a_ e“, trong d6 o 1a mdt ham nguyén. Cudi cung, tir

9-a
day, (14) va (15), ta thu duoc:
f=a,+(a-a)l-e),
va
g=2a,—a +(a—a,)e".
Dinh ly 2.1.7 dugc chirng minh. w
2.1.8. H¢ qua. Gid siz f la mét ham nguyén va a,a, la hai sé6 phan biét
trong £. Néu f va % phdn phoi a,CM Vva a, IM thi f=f®,
Chtng minh: Néu f =a, +(a, —a,)1—e“)? thi theo bd dé 2.1.4, f® khong thé
c6 dang 2a,—a +(a, —a,)e”. Nhu vay, h¢ qua 2.1.8 c6 dugc tur dinh 1y 2.1.7. W
Chay 1: (i) C6 nhiéu vi du cho thdy tir “ham nguyén” trong dinh 1y 2.1.7
khéng thé dwoc thay doi béi “ham phdn hinh”. (i) Gid thiét “f va L(f) clung
phdn phéi a, CM ” trong dinh 1y 2.1.7 khéng thé dwoc thay déi boi “ fva L(f)
cung phdn phéi a, IM .
Vi du 1: Gia st a,a,€£ ,a,-a,=v2i,w 13 mdt nghiém khac hing cua

phuong trinh Riccati sau:
w'=(w-a)(w-a,).
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Gia su
1
f = (w-a)w-a,)-.
Khi @6 w va f 13 cac ham phan hinh siéu viét va w'=0. Dé dang thir lai
réng:
Frogw'f,  fres—6(f+o).
6 6
Nhu vay, f va f" cing phan phdi 0CM va —% IM . Trong khi, f=f'va f
cling khong c6 dang a, +(a, —a,)(1-e*)>.
Vi du 2: Gia su f=%ez+%a2e‘Z va L(f)=f"+f'=¢’, trong d6 a 1a mot

hang s6 khac khong. Hién nhién 1a
(L(f)= )2 =(f —a)(f +a).
Nhu vay, f va L(f) cung phan phéi —a,alM ma khéng CM . Mot lan nita
f £L(f) va f cling khong c6 dang a, +(a, —a,)(1—e%)*.
Bay giod, ta mo rong dinh 1y 2.1.7. Pau tién, ta mé rong dinh nghia cia CM

va IM thanh cM™ va IM”,

Gia st f va g la hai ham phan hinh. Ky hiéu Nc(r,fi_a) 13 ham dém theo
cac a-diémcua f, maf va g co cung sb bodi, mdi a— diém d6 dugc dém mot
lan duy nhat khong ké sé boi, va N, (r,fi_a) 1 ham dém theo céc a-diém cia f,

ma f va g khong ké bdi, mdi a— diém d6 dugc dém duy nhit mot lan. Ta noi

rang f VA g phdn phoi gid tri aCM™ néu

N(F,~2) =N, (r,——) =S(r. ),
f-a f-a

S6 héa béi Trung tam Hoc liéu — Dai hoc Thdi Nguyén 42 http://www.Irc-tnu.edu.vn



va
N(r—g )— N(r ) S(r, f).
Tuong tw, ta ndi rang f VA g phdn phéi gid tri a M néu
N(r—) N(r ) S(r, f),
va
N(r, g—) N(r ) S(r, f).

Chay 2: T chimg minh cta b dé 2.1.5, bd dé 2.1.6 va dinh 1y 2.1.7, ta c6
thé dé dang suy ra rang: két luan trong dinh 1y 2.1.7 van dting cho mdt ham phan
hinh khac hang s6 f thoa man N(r, f)=S(r, f) va phan phéi a, CM" va a, IM"
voi g=L(f).

Khi a,a, la hai ham nho cua f , ta ¢6 dinh 1y sau:

2.1.9. Pinh ly( mo rong ciia dinh ly 2.1.7). Gia s f la mot ham phan hinh

khéc hang s6 thod mdn N(r, f)=S(r, f), va

g=L(f)=b,+> {0,

=
trong do b (i=-1,0,1---,n) la cac ham phdn hinh nho cua f. Gid sur a, va a, la
hai ham phén hinh nho phdn biét cia f. Néu f Va g ciing phdn phéi a, CM™ va
a, IM" thi f =g hodc

f=a,+(a-a)l-e),
va

g=2a,-a+(a-a,)e",
trong do, a la mot ham nguyén.
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Chiing minh: Gia st

aQ-a a-a .
Khi 6 F va G cing phan phdi 0CM” va 1IM". Hién nhién, G vin c6

dang B, +» BF", trongdo6 B (i=-10,1--,n) 1a caic ham nho cua F. Theo chiy
i=0

2, ta c6 thé két luan ré'mg F =G hoac
F=1-(1-e%)?,
va
G=2-¢%,

trong d6 « 1a mot ham nguyén. Nhu vay, ta c6 f =g hodc

f=a,+(a—a,)1-e"),
va

g=28,-a+(a-a)e". W

2.1.10. HE qua. Gia s f la mot ham phan hinh thoa man N(r, f)=S(r, f)
Va a,,a, la hai ham phéan hinh nhé phéan biét cia f. Néu f va % cing phan
phéi a, CM” va ciing phdn phoi a, IM™, thi f = £®©,

Nhu vdy, ta c6 10i giai diy du cho cau hoi: Piéu gi xay ra khi mot ham
nguyén f va to hop tuyén tinh cta cic dao ham ciia nd L(f) cung phan phdi
mdt ham nho a, CM va mot ham nho khac a, IM ? Tiép theo, ching ta hiy 1y giai
cau hoi tha vi moi, d6 1a: Piéu gi xay ra khi mot ham nguyén f va dao ham
f'cia nd cung phan phdi dong thoi hai gia tri hitu han a,a, CM, tic 1a

f1{a,a,}=(f)"{a,a,) kécaboi?
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2.2. Su xac dinh cia ham nguyén va dao ham cia nd dua vao tao anh
ciia mot tap gom hai diém.

Trudce hét, ta chimg minh hai b6 d& sau can cho chtng minh cta dinh 1y.

2.2.1. B6 d@. Gid sir f la mét ham nguyén khdc hang sé va a,,a, la hai gid tri
hiru han phdn biét khdc khéng. Néu f va f' cung phdn phdi tdp {a,a,} IM va

T(r,h)=S(r, f), trong do

ho(f-a)(f-a) (16)
(f-a)(f-a,)

thi cdc két ludn dwdi day la ding:
()T (r,w)=S(r, f), trong do

_(fh—f)(fhe ) 17
Y (Toa)(T—ay) )

1

(i) T(r, f)=N(r, a

)+S(r, f),i=12.
(iii) m(r,fic):S(r, £, trong dé c+a, a, la mét hang sé.

)+m(r, !

(iv) T(r,h) =m(r, a a

)+S(r, f)=m(r,%)+3(r, f).

(V) 2T(r, f)—-2T(r, f '):m(r,%)+8(r, f).

Chimg minh: (i) Do f, f' cung phan phdi a, (i=12), mdi a - diém cua f 14
don va vi vay h 1a mot ham nguyén. TUr gia thiét T(r,h)=S(r, f), Suy ra y #0.

(16) duoc viét lai 1a:

(f-a)(f'-a,)=(f -a)(f -a,)h, (18)
DPao ham hai vé cua (18), ta co:
2f'-a —-a,)f"=[(2f —a,—a,)f'h+(f —a)(f —-a,)h']. (29)
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Khi z=2z,, (f(z) -a)(f(z) —-a) 0 ,va nhuvay (f(z,)-a,)(f(z,)—-a,)=0,taco:

2f '(Zo)_a1_a2

==1.
Zf(zo)_ai_az

Suy ra
(f (20)h(zo) = £ "(2o))(f '(z5)D(z5) + T *(2,)) =0.

Nhu vy, ta thdy rang cic a - diém don ctia f' khong 1a cuc diém cia v .
Néu z, la mot a- diém cua f' v&isd bdi m>2, vi vay la mét 0- diém cua "
vGi s6 boi m—1, thi tir (16), z, ciing 1a mot 0- diém ciia h voi s6 bdi m—1. Nhu
vay, z, khong la cuc diém cta y . Ta két luan rang v 14 mot ham nguyén. Ngoai
ra, do

fh=f"_ (f)P-af  f°
foa, (f-a)f-a) f-a

, (20)

Theo bd dé 2.1.1, ta cod m(r, f];h'_a: ") =S(r, f). Tuong tu, ta cO

f'h+f"
f'-a,

m(r, y=S(r, f). Tir day m(r,w) =S(r, f), va vi vay T(r,y) =S(r, f).

(i) (17) duoc viét lai 14 :

v f' N f"
fh—f" (f-a)(f-a) (f-a)(f-a)’

va theo b6 dé 2.1.1, ta suy ra m(r,

=S(r, f). Tuong tu, ta cO
f'h—f") (r, f) gt

m(r,

1 , . 1
T -)=S(r, f). Do do, theo (17) c6 m(r, (Fa)t '—az)) =5(r, f). Suy ra

T(r, f")=N(r,

L yiserf)i=12.
f'—q

(iii) Tu (17) va (20), ta co:
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v (f)?—a,f" ! f f'he £
f—c |(f-c)(f-a)f-a,) f-cf'(f-a)| f-a,

Theo b6 dé 2.1.1, ta cO m(r,fic):S(r, f) voic=a,a,.

(iv) Do ham h trong (16) la nguyén va

h: '
f_alf_az (f_al)(f_az) (f_a1)(f_a2)

str dung b6 dé 2.1.1, dé dang nhan duoc:

o f_(ara)f | aa

T(r,h)=m(r, )+S(r, f)

1
(f—a)(f -a,)

)+m(r, !

=m(r,
f-a f-a,

)+S(r, f)

sm(r,%)+8(r, f).

Mit khac, tir (16) va (17) khir bd h, ta co:

v_(P-@+a)(fy _ ((9 aaf’ 1
f7 (f-a)i(f-a)  f(f-a)f-a) (f-a)(f-a)(f-a)f-a,)’

Vi vay, theo bd dé 2.1.1, ta co:

)+m(r, !

1
)<
m(r,f')_m(r,f_al fa

)+S(r, f).

Nhu vay, ta thu duoc:

)+m(r, !

T(r,h)=
(r.h) m(r'f—a1 f-a,

)+S(r, f)=m(r,%)+8(r, f).

(v) Str dung két luan trong (ii), ta c0:

2T(r,f'):N[r, j+S(r,f).

1
(f'-a)(f'-a,)
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T (18) va két luan trong (iv), ta co:

2T(r,f'):N(r j+S(r,f)

1
(f-a)(f -a,)h

1 1
= N(r,(f —a)(f _aZ)J+N(r,H)+S(r, f)

)—m(r, -

= 2T(r, f)—m(r,
(rH-mni23 f-a,

)+ N(r,%)+8(r, f)
=2T(r, f)—T(r,h)+N(r,%)+S(r, f).

Taco 2T(r, f)-2T(r, f) = m(r,%)+8(r, f). B dé 2.2.1 duoc chirmg minh. W

2.2.2. B0 dé. Gia sir f 1& mét ham nguyén khac hang sé va a,,a, 1a hai gia
tri hitu han phén biét. Néu f va f' cung phan phoi tdp {a,,a,} CM thi
T(r,h)=S(r, f), trong dé h nhuw trong bé dé 2.2.1.

Chimg minh: Dé tién loi, ta viét f,=f" f,=f", va f,=f". Vi f va f, cling
phan phéi tap {a,,a,} CM, nén ton tai mot ham nguyén « dé h=e*. Néu aa, =0 thi
tur (16)

h f12 _ (a1+a2)f1
(f-a)(f-a,) (f-a)f-a,)

Tu day, theo bo dé 2.1.1, ta cé T(r,h)=S(r, f). Khong mét tinh téng quét, ta

c6 thé gia thiét rang aa, 0. Gia st T(r,h) =S(r, f).
Tur (17), (18) va (19), bang céch khir bo h, ta co:

[(f —a)+(f _az)] f, — (2f-a-a,)f, — (2f,—a —a)f, _
(f-a)f-a) (f-a)f-a) (fi-a)(f-a)

trong do, va trong doan tiép f=a', va

B, (21)

S6 héa béi Trung tam Hoc liéu — Dai hoc Thdi Nguyén 48 http://www.Irc-tnu.edu.vn



LS N — (22)
(Fay (T-a)  (h-a)(f,—a) ' (h-a)f-a)

Binh phuong hai vé cta (21), ta co:
2 2 2
A R
(f-a)" (f-a)f-a) (f-a)

_(f-a-a)f 2p@2f-a-a)f, g 23)
(f1_a1)2(f1_a2)2 (fl_ai)(fl_aZ)

Bay gid (22) 0 thé dugc viét:

f12 2f12 f12
[ 2 + 2]
(f-a) (f-a)(f-a) (f-a)
_ (& _az)zl//( fi-a)(f,—a,)+(@& _a2)2 1:22 _ (24)

(f1_a1)2(f1_a2)2
Lay hiéu s6 cta (23) va (24), ta co:

417 _ 4t -2p(2f —a —a)f, +ﬂz(fl—ai)(fl—az)—(al—az)zx// -
(f_a1)(f_a2) (fl_ai)(f1_a2) (fl_a1)(f1_a2)

(25)
Khir bo f tir (22) va (25), ta co:

16y N 1(2f22 : E[41‘22—2,8(2f1—a1—a2)f2 CHE,  (26)
(f1_a1)(f1_a2) (f1_a1) (fl_az) f1(f1_ai)(f1_a2)

trong do,

L _P—a)(f-a)—(a-a)’y
fl(f1_a1)( f1_aa)

! )+ m(r, !

fl_ 1~ %

Tu bd d& 2.2.1, m(r, )=5(r, f). Nhu vay, tir (26) va sir

dung b6 dé 2.1.1, ta co:
m(r,H) =S(r, f). (27)
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Xet hai truong hop: aa,f’ - (a -a,)’y #0 Va aa,f’ -(a -a,)’y =0.
Néu aa, B’ —(a,—a,)’w %0 thi tir (27) va bo dé 2.1.2, ta c6 thé suy ra rang

i )+ N(r, i

1 1 2

3T (r, f1)=N(r,fi)+N(r, : )+S(r, )

Theo (ii) ctia bd dé 2.2.1 va cong thirc trén, ta co:

m(r,fi) =S(r, f). (28)

)
Do d6, theo (iv) ctia b dé 2.2.1, ta ¢d T(r,h) =S(r, f).
Bay gio, ta xét truong hop:
2,8, —(a,~a,)"y =0, (29)
va viét lai (17) 1a:
p(f,—a)(f,-a,)=fe" 1. (30)
Lay dao ham hai vé cua (30), ta co:
v'(f,—a)(f,—a,)+y(2f,—-a-a,)f, =2a" ffez”‘ +2flf2e2“ -2f,f;. (31)
Gia st z, 1a mot 0- diém cua f. Tu (17), (18), (19) va (31), ta co thé thay

rang

p(a) =) | gy BrE) ) gy (@) ()
a3, 3,3, a’a;
va
ady '(z,) — (8, + )y (2,) f,(z,) =—21,(2,) f5(2,) -
Vi vay, su dung (29), ta cO:

(ﬂ'(zo) L B@)
pz) 2

Lai tir (17), ta thdy rang mdi 0- diém cua f, va f, phaila 0- diém cta v, Vi

J f,(z5) = f3(2,) = 0.

vay, hiu nhu cac 0- diém cua f, 1a don. Gia st
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yz(ﬁj]i_k_ (32)

ﬂ 2 fl fl
Khi do, tacd T(r,»)=S(r, f). NO ciing dtng khi f, khac khong.
Néu »=0 thi ta c6 thé suy ra rang %E%-F%', va vi thé, 1y tich phan, ta
2

co: f,=cSexp(%), vado dd f =c{exp(¢)+d}, trong dé c=0 va d la cac hang sd.
Tu do suy ra

1 1
m(l’,Tl) = m(r,m) SET(I’,h)—i—S(r, f),

dua dén két qua T(r,h) =S(r, f), theo bd dé 2.2.1.
Sau day, ta gia thiét rang y 0. T (30), (31), khir bo €% ta co:
(v'-2a'w) f,(f,-a)(f,-a,) +w(2f,—a -a,) ff,
=20 £ 2+ 2p(f,—a)(f,—a,)f,+ 25 —2f,f,1,. (33)
Néu y'-2a'y =0 thi ta c6 e =cy, trong d6 ¢ 1a mot hang sb. Tur day
T(r,h) =T(r,e =S(r,f) . Khong mat tinh tong quat, ta cO thé gia thiét ring
w'-2a'y 0. Do mdi a - diém va mdi a,- diém ctia f, 1a don, tir (33) mdi 0 - diém

ciia f, nhung khong 1a 0- diém cta f, phai ciing 1a mot 0- diém cua y'-2a'y .

Nhu vy, ta c6 thé két luan rang T(r,%) =S(r, f). Tu (32), ta cO:
2

(B B_f )\
‘”‘(ﬂ+2 fzjfl'

Vi vay
T(r,%)=8(r, f). (34)

Bay gio, do (29) dung, (26) co thé duogc viét lai 1a:
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b, f>+bf +b,=0. (35)
Trong do,

0, =-16(-2)* +32(-2)° + U6~ 245)(-2)* +8°(2) +16 .
b, =-16(a, +a,) A 2) + 24(a, + ) (2 123, +2,) (D)
+2(a,+a,) 8" —16(a, +a,)y

f f
b, =—4(a, +a,)" 5" ()" +4(a, +8,)" () +16pam, —(a +2,)° B°.
1 1

Hién nhién 14 T(r,b)=5(r, f),i=0,12. Do

1
-a,

T(r, ) < N(r——) + N(r,——) + S(r, f)
f-a f

1 )+N(r,f L

1 1~ %

=N(r,f )+S(r, f)

<2T(r, f)+S(r, 1),
Taco T(r,b)=5(r, f,),i=012. Vi viy, theo b6 dé 2.1.3, ta co:
b=0,i=012. (36)
Tir day, (29) va (36), dé dang thiy rang f,/f, 1a mot hang sd. Do do
fr=c(f-c,), (37)
trong do, ¢, #0, Va ¢, #a,,a, 1a cac hang sb. Tir (30) va (37), ta co:

1

—)=8(r.1). Mit khdc, tir (21), bd d& 2.2.1 va bo dé 2.1.1, ta c6 thé két
)

N(r,

)=S(r, f). Do do,

luan rang m(r, p y=S(r, f). Vi vay, m(r, !
f-c, f-c,

T(r, f)=S(r, f), mau thuln. W
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2.2.3. Pinh 1y. Gid sit f 1& mét ham nguyén khéc hang s6 va a,,a, 1 hai sé
phizc phén biét. Néu t va f' cing phan phoi tdp {a,a,} CM thi mét va chi mot
trong cac khdang dinh sau 1a ding.

(i) f=f".
(i) f+f'=a +a,.
(i) f=ce”+ce ™, voi a+a,=0,

trong dé c,c, va c, la cdc hang sé khdc khdng, thod man c®=1 va

cC, =%af(1—c‘2).

Chimg minh: Theo gia thiét cua dinh Iy 2.2.3, ton tai mot ham nguyén «
thoa man T(r,e”)=S(r,f) d& (f-a)(f'-a,)=(f-a)(f—a,)e*, dicu nay cO thé
dugc biéu thi 1a:

(e2 f _%eu f ~_%x62f _aizaz o2 _f .+a1;a2)

- (%)2 (e” -1). (38)
bat
Gt Bttt (39)
va
Hzezf_%ez_ﬁ%_ (40)

Khi d6, G va H la cac ham nguyén, va néu G.H =0,

1 1
N(r,6)+ N(r,ﬁ):S(r,f). (41)
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Vi vay,
G' H'
T(r,E)+T(r,F):S(r, f). (42)

Tir (38), (39) va (40), ta co:

G+H Ee%(Zf —-a,—a,), (43)
G-H=2f'-a -a,, (44)
G.H E(%)Z(e“ _1). (45)

Ttr ba phuong trinh trén, ta dé dang suy ra
(%+e2—%)G+(%—e2—%)H +(a,+a,)e? =0. (46)

Nhan G vao hai vé cta (46), ta cO:

$G*+¢,G+¢, =0, 47)
trong do,
1 g Gl
¢1E%+e2 G’
¢, E(a1+a2)eza
—a 5 A T
g =Y - et ).
Tir (42), ta thiy

T(r,¢)=S(r, ),i=123. (48)
Khi e* =h=1, tir (16), ta dé dang thay rang:

hodc f=f"hodc f+f'=a +a,.
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Bay gio, ta gia thiét rang e* 1. Néu T(r,G) =S(r, f), thi tir (45) ta cO
T(r,H)=S(r, f). Vi vay, tir (43) suy ra T(r, f)=S(r, ) . Diéu ndy khong thé duoc.

Do d6, T(r,G)=S(r, f). Néu 4 %0 thi tir (47) va (48), ta co:

2T(r,G)=T(r,%G+¢3)sT(r,G)+S(r, f),
Va vi vay, T(r,G) =S(r, f), mau thudn. Do d06, ¢ =0. Tuong tu, ta c6

¢ =0,i=23, tic 1a:

Lrer-S 20, (49)
@ 2 H_ 50
2 C TR (50)
& +a, = (51)
A , \ x ... G H' | ,
Cong thuce (49) va (50) dan to1 FRAT Do do,
(52)

GH =ce”,
trong do, ¢, 1a mot hiang sd khac khdng. Két hop (45), (51) va (52) ta thdy

rang e Va Vi vdy « |a mot hiang s6. Nhu vay, (49) va (50) tuong tng tro thanh

G'=e?G VA H'=—e2H . Tir day va (45) suy dén két qua

G=ce”, H=ce?, (53)
trong do, c=e? =+1, v4i ¢, c, 1a cic hang s6 thoa méan

(54)

6, = () D= (@ D).

Do do, tir (43), (53) va (54), ta co:

o
G 2e +%2e2e

a

—Cz

f
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Biéu thtc trén ciing c6 thé dugc viét lai 1a:

f =cie? +Ce?,

trong do, ¢ = %eZ ,Va c; = %ez thod man
CiC2 = l (M)2 - C_Z) .
4° 2
Dinh ly 2.2.3 duoc chirng minh. w

Chu y 3: chlng ta nghi ngd rang diéu kién “f va f' clng phan phdi tap
{a,,a,} CM ” trong dinh ly 2.2.3 c0 thé duoc thay thé bang “f va f' clng phan
phéi tap {a,,a,} IM ”. Nhung ta co thé chtng to rang d6i véi mot ham phan hinh f
tir “CM” trong dinh 1y 2.2.3 khong thé duoc thay thé boi “IM . Vi du, néu
f = e—i thi f va f' cung Iic phan phéi 0,11M . Dudi day Ia mot vi du phic tap

et +
hon.
Vi du 3: Liy moét hiang s6 aa' 0- % Thé thi phuong trinh
2°- az’- a’z+a’+a®= 0 khong cd nghiém boi. Gia st f la ham elliptic thoa man:
(f)>= f3- af’- a’f + a’+ a°.
Khi do6
(f- a)(f+a)=(f- a)’(f+a),

va f,f' clng luc phan phéi a,- a M.
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KET LUAN

Nhu vay, luan van da trinh bay lai cac khai ni€m, céac tinh chét, cac dinh ly
co ban cia 1y thuyét Nevanlinna cho ham phan hinh va tng dung ddi véi phan
phéi gia tri cia ham nguyén va dao ham clia nd trong trudng sd phirc mot cach hé
théng. Phan tich va ching minh lai ti mi, cu thé cac bd dé va két qua trong bai
bao ctia Ping Li va Chung-Chun Yang [16] vé phan phdi gia tri cia ham nguyén
va dao ham cua nd. Két qua chinh cua luan van 1a hai dinh ly: dinh 11 2.1.7 vé su
xac dinh ctia ham nguyén va té hop tuyén tinh ctia cac dao ham cta né dua vao
tao anh cua hai diém va dinh 1y 2.2.3. no1 vé su xac dinh cua ham nguyén va dao

ham ctia n6 dya vao tao anh cia mot tap gom hai di€ém.
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