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MO DAU

Heé phuong trinh vi phan dai s6 1a 16p phuong trinh c6 ¥ nghia tng
dung thyc té cao, xuat hién trong 1y thuyét diéu khién, mé phéng mach
dién, phan tng héa hoc nhiing van dé trong diéu khién doi héi ching ta
phai quan tam giai quyét nhitng hé phuong trinh dang:

A(t)x' + B(t)x + f(t) = 0 trong d6 A, B 1a nhitng ma tran hing hoic ma
tran ham lién tuc cap n, det A(t) = 0, goi 14 he phuong trinh vi phan dai s6
(cht ¥ réng néu det A(t) # 0 thi dua vé dang: 2’ = —A~'B(x) la phuong
trinh vi phan thuong). Ly thuyét phuong trinh vi phan thuong da duge
Newton-Leibnitz xay dung vao cudi thé ky 17 da dudc nghién cttu, phét
trien mé rong theo nhiéu huéng va thu duge nhiéu két qua hoan chinh.
Heé phuong trinh vi phan dai s6 déng vai tro rat quan trong trong cac linh
vite nhu: Toan hoc, ki thuat, vat 1i, kinh té vd mot s6 nganh khac. Noi
dung ctia luan vian nham gidi quyét hai van dé chinh:

Van dé 1: Nhitng khai niém co ban ctia hé phuong trinh vi phan dai so.
Van dé 2: Dua ra phuong phap Runge-Kutta gidi gan ding phuong trinh
vi phan dai s6 va tng dung ctia phuong phap nay giai bai toan cu thé.
Luan van nay dugc chia lam ba chuong.

Chuong 1: Cac khai niém co ban vé hé phuong trinh vi phan dai s6.

Noi dung chuong 1 trinh bay tém tat mot s6 két qua da biét ctia phuong
trinh vi phan thuong, mot s6 khai niém veé hé phuong trinh vi phan dai
sO: Chi s6, nghiém, phan loai, bai toan co ban dan dén hé phuong trinh vi
phan dai so.

Chuong 2: Phuong phap Runge-Kutta gidi gan ding hé phuong trinh vi
phan dai so.

Noi dung chuong 2 nhic lai phuong phap s6 dé giai gan ding phuong trinh
vi phan thuong, phuong phap s6 cho hé phuong trinh vi phan dai s6 trong
d6 c6 phuong phap Runge-Kutta cho hé phuong trinh vi phan dai sb, cach
tiép can mdi ciia phuong phap Runge-Kutta cho hé phuong trinh vi phan
dai so.
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Chuong 3: Thuc hién v6i vi du cu thé.
Luan van nay duge hoan thanh dudi sy huéng dan khoa hoc ctia TS Nguyén
Van Minh. Tac gid xin dudc t6 long caAm on chan thanh nhat t6i thay vé
su gitp d6 nhiét tinh tir khi xay dung dé cuong, viét va hoan thanh luan
van. Tac gid cling xin chan thanh cdm on cac thay co gido phan bien da
doc va gop ¥ dé tac gia hoan thién luan vin ctia minh. Tac gid xin tran
trong cam on t6i Ban Giam hiéu, cac thay co gido truong Dai hoc Khoa
hoc- Dai hoc Thai Nguyeén. Nhitng thay co6 da tan tinh day bdo cho tac
gia trong sudt thoi gian hoc. Da trang bi cho tac gid va tap thé 16p nhiing
kién thiic va tao moi dieu kién cho 16p hoc tap tai truong.
D da rat c6 gang, nhung chic chan noi dung dude trinh bay trong luan
van khong tranh khoi thiéu sé6t nhat dinh, tac gid rat mong nhan duge su
gép ¥ cla cac thay co gido va cac ban.
Thai Nguyeén, ngay 20 thang 09 nam 2012
Tac gia

Vit Huy Binh
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Chuong 1

CAC KHAI NIEM CO BAN VE
HE PHUONG TRINH VI PHAN
DAI SO

1.1 Mot s6 khai niém ve phuong trinh vi phan thudng
cap 1

1.1.1 Vai m6 hinh don gian

Su roi tuw do: Xét mot vat c6 khoi luong m duge tha roi tir do trong khi
quyén gan mit dat. Theo dinh luat II Newton, chuyén dong ctia vat thé
d6 c6 thé mo ta béi phuong trinh

F=ma (1.1.1)

Trong d6 F 1a hop luc tac dong len vat va a la gia téc chuyén dong. Hop
I F c6 thé gid thiét chi bao gdm lic hap dan (ty 1é véi khoi lugng cta
vat v huéng xudng) va le can (ty 1é v6i van téc chuyén dong va hudng

) . dv .
lén trén). Ngoai ra do gia toc chuyén dong a = p nén (|1.1.1)) c6 the viet

duéi dang

dv (1.1.2)
m— = mg — au. 1.
at Y
Trong d6 g ~ 9,8m /s la gia t6c trong truong, con a 1a he s6 can.
Vay van téc v ctia vat roi ti do théa méan phuong trinh (1.1.2) véi sy xuét
hién ctia dao ham ctia v. Nhitng phuong trinh nhu vay goi la phuong trinh
vi phan.
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Dung dich héa hoc: Gia sit tai thoi diéem ban dau t = t; mot thing
chita z¢ kg mudi hoa tan trong 1000 lit nuée. Ta cho chay vao thiing mot
loai nuéc mudi nong do a (kg/lit) véi luu lugng r (1it/phat) va khudy deéu.
Dong thoi cho hon hop d6 chdy ra khéi thiing cling véi téc do nhu trén.
Goi x = z(t) 1a luong mudi trong thing tai thoi diém bat ky. R6 rang ty
lé thay déi luong mudi trong thiing d—f bang hiéu clia ty lé mudi chay vao

rT
. (kg/phut).

(kg/phtt) trit di ty 1é mudi chay ra tai thoi diém dang xét
Vay ta c¢6 phuong trinh vi phan

dx rT
= ar —

dt 1000

(1.1.3)
véi dit kien ban dau z(ty) = xg

1.1.2 Mot s6 khai niém
Phuong trinh vi phan la phuong trinh c¢6 dang
F(z,y,y,y", .y™) =0. (1.1.4)

Trong d6 y = y(z) 1a an ham can tim va nhat thiét phai c6 sy tham gia
cia dao ham (dén cap nao d6) clia an.

Trong truong hop an ham can tim 14 ham nhiéu bién (xuat hién cac dao
ham riéng) thi phuong trinh vi phan con goi 14 phuong trinh dao ham
rieng. Dé phan biét ngusi ta thudng goi phuong trinh véi an ham la ham
mot bién 1 phuong trinh vi phan thuong 14 déi tugng chinh dudge noéi trong
muc nay.

Thong thuong ta xét cic phuong trinh v6i an ham 1a ham s6 mot bién
thuc y = y(z) xac dinh trén khodng mé I C R, khi d6 ham F trong ding
thiic trén xac dinh trong mot tap mé G cia R x R+

Trong truong hop an ham can tim 1a véc to ham (ham véi gia tri véc to)
y(x) = (y1(x), ..., ym(2))T € R™ F 13 mot anh xa nhan gia tri trong R™
va dugc hiéu 1a hé phuong trinh vi phan.

Ta néi mot phuong trinh vi phan c6 cap n néu n 1a cap 16n nhat cia dao
ham an xuat hién trong phuong trinh.

Phuong trinh vi phan thuong cap I ¢6 dang tong quat F(x,y,y') =0
trong d6 F'(x,y,y’) duge gid thiét 1 lien tuc véi cac dao ham rieéng clia n6
tren mien G C R3. V6i mot sb gia thiét thich hop, phuong trinh vi phan
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thuong cap I c6 thé viét duge dudi dang sau (goi 1a dang giai ra ddi véi
dao ham)

y = f(z,y) (1.1.5)

v6i f lien tuc trong mot mién D C R2.
Vi du: Cac phuong trinh

e¥ + e¥ cosx = 1
(y")? —2xy = Inx
0%*u N Pu 0
ox2  Oy?

lan luot 14 cadc phuong trinh vi phan thuong cap I, cap 111 va phuong
trinh dao ham riéng cap I1.

1.1.3 Bai toan Cauchy

Nghiém ctia mot phuong trinh vi phan néi chung phu thudoc vao mot hay
nhiéu hing s6 tity ¥ ndo dé. Dé xac dinh mot nghiém cu thé, ta can them
mot hay vai dit kién nao d6 vé nghiem (tuy theo cip ctia phuong trinh

vi phan). Chang han, y = % + C' 1a nghiém tong quat clia phuong trinh
3

y' = x2. D& thay y = % + 1 14 nghiém (duy nhét) théa man y(0) = 1.

Ta x6ét bai toan sau day dat ra déi véi phuong trinh F(x,y,y’) = 0, goi la

bai todn Cauchy (hay bai toan gia tri ban dau):

Bai toan y(x) thoéa { Z(;))f fyoy) (1.1.6)

trong do6 (zo,40) € D duge goi la diéu kien ban dau.

Chua y: Khong phai lic nao bai toan Cauchy cling ¢6 nghiém, va khi c6

nghiém cling khong nhat thiét c6 duy nhat nghiem. Chang han phuong
3

trinh ¢’ = 22, y(0) = 0 c6 duy nhat mot nghiem 1a y = % phuong trinh

zy' = y,y(0) = 1 khong c6 nghiém nao, phuong trinh 3’ = 3'/3,y(0) = 0

c6 it nhat hai nghiem la y = 0 va y? = —=2°.

27
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1.1.4 Sy ton tai va duy nhat nghiém

Dinh nghia 1.1.1. Cho ham f(z,y) xac dinh trén mién D C R? ta noéi
ham f thoa man diéu kién Lipschitz theo bién y trén D néu ton tai sb
duong L (goi 1 hang s6 Lipschitz) sao cho:

|f(z,y1) — f(z,y2)| < Llyr — y2| v6i moi (x, 1), (z,12) € D
Nhan xét: Diéu kién Lipschitz 1& yéu hon so véi diéu kién gidi noi ciia dao

0
ham riéng —f trén D. That vay gia st = lién tuc va |=—| < L.

dy Oy Ay
Khi d6 4p dung dinh 1y Lagrange cho ham f(x,y) theo bién y ta dugc

f@wﬁ—f@wﬁ=@u—wﬁ%hun+mw—ym

Dinh 1y 1.1.2 (3). (Dinh ly ton tai va duy nhat nghiém).

Gid st ham so f(x,y) trong lien tuc va théa man dieu kién Lipschitz

theo bién y trén hinh chit nhat

D = {(z,y) € R*/ |z — x| < a,ly —yo| < b}

Khi do nghiém cua bai toan Cauchy la ton tai va duy nhat trong

doan I := [xg — h,xo + h], vdi h := min(a, i) va M := max |f(x,y)|.
M (z,y)eD

Chitng minh. Sy tén tai Chiing minh ring phép lap Picard hoi tu déu

trén I dén mot nghiém ctia bai toan Cauchy.

Trudce tién ta chitng minh quy nap rang

, v6imoix € [

st () — ()| < MLF———2

v6i k=0, bat dang thic trén chinh 1a

J St teit] < Mo~
z0
bat dang thitc nay ding.
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Gia st ta co6 dieu do6 v6i k — 1, khi d6 véi 29 — h <z < 29+ h ta c6
X

enn(e) = (o)l = | [ (6w 0)) = FC6 s (6]
< [ 1rtm(®) = 7ty (el
z0

< L/ i (t) — yr—1(t)|dt

k+1

z0
r k
<k [zl gy pppplr ool
- / Kl (k+1)!
x0

(v6i g — h < x < ¢+ h ta danh gia tuong tu).
Xét day ham trén I, ta co

() = Yr(@)] < |Yrap(2) = Yrap1(2)] + [Yrrp-1(2) = Yrrp2(2)]
ot Yk (z) — yi(2)]

M@l (L )™

- L (k+ p)! (k+ 1)!
M (Lh)’

B J>k+1 j'

(Lh)’
4!
thitc cudi cing) c6 thé lam cho bé tuy ¥ khi k du 16n. Theo tiéu chuan
Cauchy, day {yx(x)} hoi tu déu dén ham y(z). Dé chiing minh y(z) 13

13 hoi tu, nén phan du ctia né (xuat hien trong bicu

o0
Chubi s6 >
J=0

nghiém ta chi can qua giéi han trong ding thic

ymwﬂ=m+/f@w®ﬂt

Vi day ham {yg(x)} hoi tu déu, flién tuc déu trén hinh chit nhat D nen day
ham { f (¢, y(t))} hoi tu déu trén I dén ham f(¢,y(¢)). Do d6 c6 thé chuyén

gi6i han qua dau tich phan dé duge dang thic y(z) = yo + [ f(¢, y(¢))dt.
z0
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10

Vay y(z) chinh 1a nghiém ctia bai toan Cauchy.
Tinh duy nhét Gia sit bai toan Cauchy (1.1.6) con c6 nghiem z(x),

xT

khi d6 ta c6 y(x) — z(z) = / [f(t,y(t) — f(t, 2(t))]dt

Suy 1 |y(z) — 2(z)| = / (6 y(8)) — F(t, 2(t)))dt
< ;?\4 |z — x|

x

y(x) — =(z)| = / (6 y(8)) — £t =(8))dt

0

Tu do

L 2
<L / y(t) — 2(t)]dt < 20 E =20l

z0

Lap lai qua trinh trén, ta dé dang ching minh duge rang véi moi sb tu

nhién & : -
ly(x) — z(x)| < 2ML’“M véi moi x € I
- (k+1)! '
Cho k — 400 ta ¢ |y(z) — z(x)] = 0 trén I. Nhu vy mot cach dia
phuong, nghiem y(z) 1a duy nhét. O

1.1.5 Phan loai nghiém ctia phuong trinh vi phan

Vé mit hinh hoc, bai toan Cauchy cho phuong trinh vi phan cap I c6 the
hiéu 13 tim nghiem y(x) ctia ' = f(z,y) ma do thi ctia ham s6 y = y(z)
(con goi 1a dudng cong tich phan clia phuong trinh vi phan) di qua diém
(x0,90). N6i cach khac, bai toan Cauchy 1a tim duong cong tich phan clia
phuong trinh ¢ = f(z,y) di qua diém (zg,yo) € D cho trude.

Pinh nghia 1.1.3. Gia st D C R? sao cho vé phai ctia phuong trinh
y' = f(x,y) xac dinh va lién tuc tréen D. Ham s6 y = y(x, C') phu thuoc
lien tuc vao hang s6 C' dugc goi 1a nghiém tong quat ctia 3y’ = f(z,y) néu:
a) V6i moi dieu kién ban dau (g, yo) € D ta luon giai duge C dudi dang

C = (o, Y0) (1.1.7)

trong do ¢ la ham lién tuc.
b) Ham y = y(x,C) théa man phuong trinh vy = f(z,y) v6i mdi gia tri
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ctia C' cho béi (1.1.7) khi (29, yo) chay khip D
Khi d6 he thitc p(z,y) = C duge goi la tich phan tong quat ctia phuong
trinh ¢ = f(x,y).

Dinh nghia 1.1.4. Nghiém cua phuong trinh ma tai méi diém
(20, y0) clia n6 tinh duy nhat nghiém ctia bai toan Cauchy duge théa man
dugce goi la nghiém riéng.

Ngugc lai nghiém cia phuong trinh ma tai mdi diém cta né tinh
chat duy nhat nghiém ciia bai toan Cauchy bi vi pham dudgc goi 1a nghiém
ky di.

Nhan xét: Tu dinh nghia nghiém tong qudt, ta suy ra rang vdi moi diéu
kién ban dau (zo,v0) € D, ta luon tim duge Cy = p(x0,y0) la nghiém ciia
bai toan Cauchy tuong wng. N6i cach khdc, bang cach chon cdc gid tri thich
hop cho hdng sb, ta cé thé thu dude cdc nghiem riéng tuy 4 cia phuong
trinh, khong ké cdac nghiem ki di.

Giai (hay con goi la tich phan) mot phuong trinh vi phan 1a tim tat ca cac
nghiém (biéu thitc nghiém tong quét) ctia phuong trinh dé hodc nghiém
ctia bai toan Cauchy véi dieu kien ban dau cho truée.

1.2 Mot s6 khai niém ve hé phuong trinh vi phan
dai sb

Dinh nghia 1.2.1. H¢é phuong trinh vi phan tuyén tinh:
A()x' () + B(t)x(t) = q(t) (1.2.8)

trong do: A, B € C(I,L(R")), q lién tuc trén I,detA(t) = 0 hay A(t) suy
bién (khong khd nghich) véi moit € I, la hé phuong trinh vi phan dai so.

Chu ¥ ring néu A(t) khong suy bién thi (1.2.8) la phuong trinh vi phan
thuong
?(t) =AY ) Bt)x + A f(t),t el

Vi du 1.2.2. Vé hé phuong trinh vi phan dai so

Trong s6 nhiéu phuong phap khac nhau, phuong phap mo hinh héa véi
cadc phuong trinh vi phan dai s6 déng mot vai tro quan trong déi véi cac
hé co hoc c6 rang buoc, cac mach dién va phan tng héa hoc. Trong phan
nay, ching ta sé dua ra vi du vé mo hinh héa phuong trinh vi phan dai
s6 d6i v6i he co hoc co rang buoc dé thay dudc cac phuong trinh vi phan
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dai s6 nay sinh tir linh viyc nay nhu thé ndo. Ching ta sé chi ra cac dic
diém quan trong ctia phuong trinh vi phan dai s6, phan biét chiing vé6i cac
phuong trinh vi phan thuong.

Xét con lic toan hoc trong hinh 1.1. Dat m 1a khéi luong ctia con lac

Hinh 1.1: Con lic toan hoc

duge gin vao mot thanh chiéu dai [. Dé mo ta con lic trong hé toa do
Descarter, chiing ta viét ra thé nang

U(z,y) = mgh = mgl — mgy (1.2.9)

0 day (z(t),y(t)) 1a vi trf cia qud ning tai thoi diém t. Gia tdc trong
truong ctia trai dat 1a g, chiéu cao ctia con lac 14 h. Néu ching ta ki hieu
dao ham cia = va y la £ va y thi dong nang la

T(i,9) = %m(x’Q + %) (1.2.10)

S6 hang ©? + 9> mo ta van toc clia con lic. Rang buoc sé 1a

0=g(z,y) =2 +y* - 1° (1.2.11)

(1.2.9) (1.2.11)) dugc st dung dé tao thanh ham Lagrange

L(q,q) = T(z,9) — U(z,y) — Ag(z,y)

O day ¢ ki hieu cho vector ¢ = (2,4, ) Luu ¢ ring A déng vai trd nhu
mot nhan tit Lagrange. Bay gio, cac phuong trinh chuyén dong dude cho
bdi phuong trinh Euler

dt ﬁqk 8qk
Chiung ta dugc hé
max + 2 x = 0,
my —mg + 2\y = 0, (1.2.12)
g(z,y) =0
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Bing cach dua vao cac bién bo sung u = @ va v = g, ching ta thay rang
1a mot he phuong trinh vi phan dai so.

Khi giai(1.2.12) nhw mot bai toan gid tri ban dau, ching ta thiy ring
mdi gia tri ban dau (z(to), y(to)) = (o, yo) phai thoa man cac rang buoc
|’ (khéi tao phit hgp). Khong c6 diéu kien ban dau nao c6 thé dugc
dat ra cho A, khi A dugc ngam xac dinh béi .

Tat nhien, con lic c6 thé dude mo hinh héa bdi phuong trinh vi phan

thuong bac hai ¢ = —% sin ¢
Khi goc ¢ duge sit dung nhu bién phu thuoc. Tuy nhién déi véi cac bai

toan thuc té, phat bicu theo hé phuong trinh vi phan thuong khong ro
rang, nhié¢u khi 14 khong thé.
Vi du 1.2.3. Hé

1 —11+1=0

2= 0 (1.2.13)

1a mot hé phuong trinh vi phan dai s6 dé thay dude diéu nay ching ta xéc
OF . _ :
dinh Jacobian — ctia F (¢, z,2) = < T -2 +1=0 ) N ( 11 )

8!13 i'le + 2=0 .'I.JQ
OF, OF
oF (95, a5, | _ (-1 0
sao cho rri (9_]*—;; 8_]7; =& 0
011 8%2
. F
chung ta thay rang det <8_> =0
T

Vay Jacobian 14 ma tran suy bién bat ké gia tri clia x5

Nhan xét: Trong vi du nay dao ham o khong zuat hién ching ta tim iy
ti phuong trinh thit nhat v — 21 + 1 = 0 thu dude két qud &1 = x1 + 1
thay @1 vao phuong trinh thit hai ©1x9 + 2 = 0 dé viét ra mot hé phuong
trinh vi phan dai so

.’ifl =21+ 1
(l’1+1)£€2—|—2=0
Trong hé phuong trinh vi phan dai s6 nay:
Phuong trinh 1 = 1 + 1 la phuong trinh vi phan.
Phuong trinh (x1 + 1) x9 + 2 = 0 la phuong trinh dai so.
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1.3 Phan loai hé phuong trinh vi phan dai s6 ([4])

Thong thuong cidc hé phuong trinh vi phan dai s6 c¢6 cau truc toan hoc
noé tiy thudc vao pham vi ting dung nhat dinh do d6 chung ta c6 cac hée
phuong trinh vi phan dai s6 phi tuyén, hé phuong trinh vi phan dai s6
tuyén tinh... Thuc sy kién thic vé cau tric toan hoc clia phuong trinh vi
phan dai s gitp ching ta dé dang chon lia mot giai thuat cu thé cho ting
mo6 hinh véi phan mém thich hop.

1.3.1 Cac hé phuong trinh vi phan dai s6 phi tuyén

Trong hé phuong trinh vi phan dai s6 F(t, z(t),2'(t)) = 0 néu ham F la
phi tuyén so v6i bat k¥ mot trong cac bién ¢,z hosc 2’ thi né duge goi la
mot hé phuong trinh vi phan dai s6 phi tuyén.

1.3.2 Cac hé phuong trinh vi phan dai s6 tuyén tinh

Mot hé phuong trinh vi phan dai s6 ¢6 dang A(t)2/(t) + B(t)z(t) = q(t)
O day A(t) va B(t) 1a ma tran n X n tuyén tinh néu A(t) = Ava B(t) = B
thi ching ta c6 hé phuong trinh vi phan dai s6 tuyén tinh.

1.3.3 Cac hé phuong trinh vi phan dai s6 ban tudng minh

Mot hé phuong trinh vi phan dai s6 c6 dang:

= f(t,x,2)
0=g(tz,z2)

Chi y rang dao ham ctia bién 2 khong xuat hién trong hé phuong trinh
vi phan dai s6, bién 2z nhu thé dugc goi 1a bién dai s6 trong khi dé bién x
ducgc goi 1a bién vi phan.

Phuong trinh 0 = g(¢, z, z) dugce goi 1a phuong trinh dai s6 hodc mot rang
budc.

1.3.4 Hé phuong trinh vi phan dai sé an hoan toan

Hé phuong trinh vi phan dai s6 F(t,z,2") = 0 thuoc dang an hoan toan
F(t,z,2") = Az’ + Bx + b(t) 1a hé phuong trinh vi phan dai s6 an hoan
toan.

_ ! —
Phuong trinh n—n+1=0

rhre+2=0
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La hé phuong trinh vi phan dai s6 an hoan toan.
Bat ky mot hé phuong trinh vi phan dai s6 an hoan toan nao ciing c6 thé
dugce chuyén thanh hé phuong trinh vi phan dai s6 ban tuéng minh.

1.3.5 Vidu

Chuyén doéi hé phuong trinh vi phan dai s6 an hoan toan thanh hé phuong
trinh vi phan dai s6 ban tuong minh.

Bai giai. Xét hé phuong trinh vi phan dai sé tuyén tinh khong bién doi
theo thoi gian tuyén tinh Az’ + Bx + B(t) = 0 ¢6 AA + B khong suy bién
déi véi A vo hudng nao dé thé thi sé co cac ma tran n x n khong suy bién
G va H sao cho.

I, 0O . J 0

0 day I,, la ma tran don vi m hang n c6t m < n liy linh. N la mot ma

tran (n —m) x (n —m) tic 1a ¢6 mot s6 nguyen duong p sao cho N? = 0,

J € R™" va I,_,, 1a ma tran don vi.

Bay gio ching ta c6 the viét Az’ + Bz + b(t) = 0 d6i v6i cong thiic
(GAH)(H Y2’ + (GBH)(H Y)x + Gb(t) = 0

Dung phan tich khoi dé viét

< [(’)” ](\)[ > (H Y2 + ( ‘é In(zm ) (H Hz + Gb(t) = 0
Dimng phép ddi bién u(t) = H tx(t) dé viét
I, 0O / J 0
Phan tich véc to u(t) nhu la u(t) = [ Z;gg ] voi uy (t) € R" va

ug(t) € R"™™ va mot cach tuong tng Gb(t) = [ g;gg ] sao cho:

uy(t) + Juy(t) + b1(t) =0
St dung tinh chat liy linh ctia ma tran N tic 1a nhan tap hop phuong
trinh thit 2 v6i NP~! dé nhan duoc

wy(t) + Jui(t) + by (t) =0

Npul(t) + Np_IUQ(t) + Np_lbg(t) =0
Tu day suy ra rang NPu(t) =0

uy(t) = —Jua(t) — ba(t)
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0 = NP7 luy(t) — NP1y (2)
Do dé6 chiing ta da chuyén hé phuong trinh vi phan dai s6 an hoan toan
Az’ + Bx 4 b(t) = 0 thanh dang ban tudng minh. ]

Tuong tit diing mot sé phép bién déi toan hoc bat ky hé phuong trinh vi
phan dai s6 an hoan toan phi tuyén nao ciing c6 thé chuyén duge thanh
hé ban tuéng minh.

1.4 Chi s6 cta hé phuong trinh vi phan dai sb6
([2],[11])

Ngudi ta c6 thé phan 16p céac hé phuong trinh vi phan dai s6 nho khai
niém chi s6 ctia hé phuong trinh vi phan loai nay néi cach khac thi chi s6
12 s6 do do lech gitta phuong trinh vi phan dai s6 va phuong trinh vi phan
thuong do do phic tap cia phuong trinh vi phan dai s6 khai niém chi s6
duge dua ra dé nghién citu phuong trinh vi phan dai s6. Ta dé cap dén
khai niém chi s6 ctia hé phuong trinh vi phan dai so.

Xét hé phuong trinh vi phan dang:

P(t,x(t), (1) = 0 (1.4.14)

trong d6: x : [ — R™, [ = (a;+00) C D,
F:IxDxR—R"
(t,z,y) = F(t, z,y)

D 1a tap mé trong R", F € C(I x D x R",R"), F', F', € C(I x D x R", L(R™))
KerF', (t,z,2") # 0 v6i moi (t,z,2") € [ x D x R

Gia thiét KerF!(t,x,2’) khong phu thugc vao x va 2’ tic la:
KerF'(t,x,x') = N(t) v6i moi (t,x,2") € I x D x R™.

Dinh nghia 1.4.1. Khong gian hach N(t) dugc goi 1a tron trén I néu c6
ma tran kha vi lien tuc Q € CY(I, L(R")) sao cho (Q(t))? = Q(1),
ImQ(t) = N(t) v6imoi t € [

Khi d6 Q(t) 1a phép chiéu len N(¢). Dat P(t) = I, — Q(t) suy ra P €
CY(I, L(R"))
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Ta co:

F(t,x,y) — F(t,z, P(t)y) = | FL.(t,x, sy + (1 — s)P(t)yQ(t)yds

S —

Qt)y € ImQ(t) = N(t) = KerF'p(t,x,2') suy ra F' o (t,z,y)Q(t)y = 0
T do ta suy ra:

F(t.2.y) = Fltoa, POy) = [ Fulto sy -+ (1= 5)PyQ(0yds
0

hay F(t,x,y) = F(t,z,P(t)y) Suy ra F(t,z,2') = F(t,x, P(t)z') =
F'(t,x, (Px)'(t) — P'(t)x(t)).

Diéu nay cho thay, dé ham z : I — R" l4 nghiém ctia thi can phai
c6 Px € CHI,R"),Qx € C(I,R"). Bay gio ta quan tam t6i khong gian
ham saw: Oy (I,R") = {x € C}(I,R") : Pz € C*(I,R")}

Dat S(t,z,y) =2z € R": F,(t,z,y)z € ImF,(t,z,y)
Gi(t,z,y) = Fy(t,z,y) + Fy(t, z,y)Q(t)
Atz y) o= Gi(t, . y) — Fy(t.z,y) P'(H)Q(1)
Ni(t,z,y) == KerA(t,z,y)

Si(t,x,y) =2z € R": Fi.(t,z,y)P(t)z € ImA;(t,x,y).

Dinh nghia 1.4.2. He phuong trinh vi phan dai s6 (|1.4.14) dudc goi 1a
c6 chi s6 1 trén tap mé G C I x D x R" néu N(t) @ S(t, z,y) = R" vdi
moi (t,z,y) € G.

Dinh nghia 1.4.3. He phuong trinh vi phan dai sb dugce goi 1a
c6 chi s6 2 trén tap mé G C I x D x R" néu:

dimNy(t,z,y) = const > 0 va Ni(t,xz,y) & Si(t,x,y) = R" v6i moi
(t,z,y) € G.

Cu thé, doi véi he phuong trinh vi phan dai s6 tuyén tinh dang:

A(t)a'(t) + B(t)x(t) =0 (1.4.15)
trong d6 x : I - R" A, B € C(I,L(R")),detA(t) =0 véi moi t € I.
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N(t) = KerA(t) tron tren I. Khi d6, c6 phép chiéu Q(¢) len N(t), kha vi lien tuc.

Dat P(t) := 1 — Q(t).

S(t) :={z e R": B(t)zImA(t)}.
Ai(t) == A(t) + (B(t) — A P'(£)Q(1).
Ni(t) := KerAy(t).

S1(t) :={z € R": B(t)P(t)zImA;(t)}.

Goi Q1(t) 1a phép chiéu kha vi lien tuc len Ni(¢) doc theo S;(t)

Pl(t) =1 — Ql(t)
Bi(t) == (B(t) — Ai(t)(PP)) P(1).
Dat AQ(t) = Al(t) + Bl(t)Ql(t)

Heé phuong trinh vi phan dai s6 tuyén tinh c6 chi s6 1 tren I khi
va chi khi N(¢) @ S(t) = R" véi moi t € I tic la detA;(t) # 0 véi moi
tel
Heé phuong trinh vi phan dai s6 tuyén tinh c6 chi s6 2 trén I khi
va chi khi:
dim Ny (t) = const > 0 e T { det A1(t) =0 véimoit e [
Ni(t) ® Si(t) =R" | det Ay(t) A0 véimoit €l
Dac biét, xét heé phuong trinh vi phan dai s6 tuyén tinh véi hé s6 hing:

Ax'(t) + Bxz(t) = 0 (1.4.16)

trong d6: z : I — R", A, B € L(R"),detA = 0. Khi d¢6:
N := KerA
S:=zeR": Bz € ImA.
Goi @ 1a phép chiéu len N, dat P := I — Q(P 1a phép chiéu len ImA).
A=A+ BQ,N; := KerA,,S) ;=2 € R": Biz € ImA.
Goi Q1 1a phép chiéu len Ny doc Sy, dat P, := I — Q.
B, := BP, Ay = A + BlQl = A + BPQl
Heé phuong trinh vi phan dai s6 tuyén tinh c6 chi s6 1 khi va chi
khi N @® S =R" <= detA; # 0.
Hé phuong trinh vi phan dai s6 tuyén tinh c6 chi s6 2 khi va chi

khi:
dim N; = const > 0 tie Tas dim N; = const > 0
Ny S =R ue la: NS =R
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Dinh nghia 1.4.4. Hé phuong trinh vi phan dai s6
ft,z(t),2'(t)) =0
C6 chi s6 1a p néu p 14 s6 lan 1ay vi phan t6i thiéu

F(t (), /(1)) = 0, df(t,z(t),2'(t)) _ ,  d"f(t,2(),2'(t) _ o g6 cho

dt S dtr
cac phuong trinh trén cho phép rit ra mot hé phuong trinh vi phan thudng
z'(t) = p(x(t),1).

Pinh nghia 1.4.5. S6 budc lay vi phan t6i thiéu can thiét dé chuyen
phuong trinh vi phan dai s6 thanh mot phuong trinh vi phan thuong duge
goi 13 chi s6 vi phan ctia phuong trinh vi phan dai so.

Vi du 1.4.6. Xét hée phuong trinh vi phan dai s6

y/ - f(y7 Z)

g-(dao ham riéng 8_9 ) 1a kha nghich bi chin (1.4.17)
4

trong lan can cua nghiém

Lay vi phan g(y, 2z) = 0 ta ¢6

dg(y, 2
0= <dt ) _ 9y(y, 2)y + g:(y, 2)2'

Néu g,(y, z) khong suy bién trong lan can ctia nghiém thi he phuong trinh
da cho dugc chuyén thanh
y =1y, =)
7 =—g:(y,2) " gy(y. 2)y = —g:(y. 2) 9y (v, 2) [y, 2)
Vay chi 1 buéc vi phan la can thiét dé mo ta 2’ vay hé da cho c6 chi s6 1.
Vi du 1.4.7. Xét hé phuong trinh vi phan dai s6
r1=x1+1
(x1+ 1)z +2=0
Lay vi phan g(x1,22) = 0 ta ¢6

d d d

g(f’;‘l_lt@ = g [0 suyra Z (o1 + Dz 42 = 0

suy ra 122 + (21 + 1)i2 =0

oy ra dy = — 172 _ (@t lm
N T B s R

Chi mot budc vi phan 1a can thiét dé mo ta 2 vay hé da cho c6 chi sb 1.
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Vi du 1.4.8. Xét he

y = f(y,2)
=9(y) (1.4.18)
gy f- 1a kha nghich bi chan trong lan can ctia nghiém

Dugce nghién cttu bang cach tuong tu 0 = g(y) cho ta

0= _ 5, (0)/ = ) (0. 2) = i)

So sanh véi vi du ([1.4.6) ching ta thiy rang

y/ - f(y7 Z)
0= h(y, 2)

La hé chi s6 1 néu h.(y, z) van khong suy bién trong mot lan can cla
nghiém néu diéu kién nay dang thi he

y' = f(y,z)
=9(y, 2)

La chi s6 2 vi hai lan lay vi phan tao ra:
y' =1y, z)

2= —h.(y,2) " hy(y, 2) f(y, 2)
= —(g,() f-(y, 2)) "9y (W) (f(y, 2), f(y, 2))+ (95 (W) (f (y, 2) f (9, 2)).
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Chuong 2

PHUONG PHAP RUNGE-KUTTA
GIAI GAN DUNG HE PHUONG

TRINH VI PHAN DAI SO

2.1 Phuong phap sé giai gan diang phuong trinh vi
phan thudng ([1])

2.1.1 Phuong phap Runge - Kutta

Bai toan Cauchy hay con goi 1a bai toan gia tri ban dau: Tim y(z) thoa
man diéu kien:

{ y=fly) nsesz (2.1.1)
y(xo) = Yo
bat y1 = yo + Ayo, trong do6

AyO = prlkl(h) + .. +prrkr(h)

ki(h)=hf(&,G); &= xo+aih; ap=0;1=1,2,...,r

G =yo+ Buki(h) + ... + Bii-1ki-1(h)
Goi p.(h) :=y(xog+ h) —y1 = y(xo + h) — y(xo) — Ayo
Néu o ™(0) # 0 thi |

on(h) = Z;“’Z—('O)h + O
Runge-Kutta chon cac lrllé s6 a;, By, prj tu didukien ©2(0) =0 i =0,1,..., s;
907(~S+1)(0) # 0 v6i s cang 16n cang tot.
Nhu vay ¢i(0) = y — {pT1k§i>(0) ¥ +p,,rk§f>(0)] —0(i = 0,1,...,5),
hay ta c¢6 hé phuong trinh phi tuyén dé x4c dinh céc he s6 oy, By, prj ta
can giai hé phuong trinh phi tuyén
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{ potky”(0) + prki”(0) + .. + prekl” (0) = ) (2.1.2)
1

2.1.2 Phuong phap Euler

Ta xét truong hop riéng cua phuong phap Runge-Kutta khi » = 1. Ta ¢6
Ayo = puki(h); ki(h) = hf(xo, o)

Y1 = Yo + Ayo = Yo + puiki(h) = yo + puihf(zo, yo)
ma 1(h) ;== y(zo + h) — y1 nén

p1(h) == y(zo+h) —yo — puhf(zo, yo); ©1(0) =0;
©1(0) = yo — puf (w0, o) = f(xo,y0) — p11f (w0, y0) = (1 — pu1) f (w0, Yo)-
Dé ©1(0) = 0 v6i moi ham f, ta phai c¢6 p1; = 1. N6i chung »1”(0) =
Yo" # 0 vay Ayo = priki1(h) = hf(xg,yo) Ta nhan duge cong thitc Euler:

y1 = Yo + hf (2o, o) (2.1.3)

No6i chung y,11 = yn + hf(xn, ypn), x, = o + nh
Sai s6 dia phuong: Xét sai s6 mac phai trén mot budc véi gid thiét bude
truée do tinh dang. Tai bude thit ¢ ta xét ham g(x) 1a nghiém cta bai toan
y(@i)=yi
Nghiém dang ciia bai toan nay
i) = ) + LEEIED) |40
Béi §(z;) = yi va yiy1 = yi + hf(zi,y;) nén
J(wiv1) = yi + hf(xi,yi) + 0o(h*) = yir1 + o(h?)
Tu do suy ra

§(wit1) — yir1 = o(h?)

2.1.3 Phuong phap Euler cai tién

Trong phuong phéap Runge -Kutta (RK), ta xét trudsng hop r = 2
Ayo = parki(h) + paka(h)
Phuong trinh ( [2.1.2)) trong trudng hgp nay c6 dang:

y(()l) = p21k§l)(0) +P22k£l)(0) (1=12) (2.1.4)
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Vi kl(h) = hf(xo,yo) neén ]{71(0) = 0; ]{3/1(0) = f(.SC(), yo) va ]ﬁ”(O) =0 tiép
theo kg(h) = hf(gg, CQ) tl"OIlg do fg = Xy + Oégh; CQ = Yo + 621]61( ) ta co

0 0 d 0 |
ké(h) = h/f(£27 CZ)“r‘h [a—iom + 8_?;621]?/1“0] = f(fg, C2)+ _a—iaz + fﬁzlk/( )_
Dé théy kQ(O) = 0 k! (O) = f(xo, y()) Tlép theo

0 0 0 0 0 0 1
i () = | 5L+ S gk )] | L 0o+ L gkt | +h| L+ 2L ki )
nen 0 d ' 0 0
b (0) =2\ oo+ Lanki || =20 pun )
8 0 of 0
O day ching ta dung kg hieu fo := f(0, yo); 8_];0 a—j;ol dao ham ai, 8_];;
tuong tng tinh tai diém (g, yo).
T hé thic ta suy ra
Yo = fo = parfo + paafo Iy y
Yo" = park1”(0) + paks”(0) = 21022(0428—0 + Ba21 o O) (2.1.5)
Tt phuong trinh dau cia Suy ra poi + poo = 1.
Bién do6i phuong trinh thi hai cia hé ta dugce
dfo 0
(1— 20&2p22)—f +(1- 2p22521)f0 Jo =0 (2.1.6)

Ox

Vi cong thitc RK2 (ing v6i r = 2) ding cho moi ham f nén dé (2.1.6)
nghiém diung, can 1 — 2aopes = 1 — 2p22521 = 0.
Nhu vay ag = 21 = 1;p21 = pa2 = 5 va

Ayo = 5h{f (o, yo) + f(xo + h,yo + hf(z0,90))}
Ta nhan dugce cong thic RK2, con goi 1a cong thic Euler cai tién.

Yo :=yo + hf(zo,yo)
{ y1 =0 + 5h [f (20, 90) + f (21, 50)] (2.1.7)

2.1.4 Cong thic RK4
4

Khi 7 =4, 4(h) = y(xo + h) — y(x0) — > paiki(h).
i=1

4 4
D& thay ¢4(0) = 0;¢4(0) =y — > paiki(0) = (1 = 3_ pai) fo = 0.
i=1 i=1
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4
Tu day suy ra > py =1
i=1

Ngoai ra ta con doi hdi p,"(0) = ¢, (0) = gof)(()) =0

Két qué laco 1l phu’dng trinh d6i vé6i 13 én Q9, (3, Oy, 621, 631, 632, 541, 542,
Bagspai (1= 1,4).

Nhu vay sé c6 mot ho cac cong thiic RK4. Cong thitc thong dung nhat c6

dang:
Ayo = ¢(k1 + 2ky + 2ks + k4)
ki = h (o, yo)
ko = hf(SU() + h/2 Yo + k1/2) (2.1.8)
]Cg = hf(ﬂ?() + h/2 Yo + k2/2)
k4 hf(.T() + h > Yo + kg)

2.2 Phuong phap sé cho cac hé phuong trinh vi
phan dai sb

2.2.1 Nhan xét

Céc hé phuong trinh vi phan dai so thuong rat phic tap va khé gidi vé mdt
gidi tich vi khi gidi cdc hé phuong trinh vi phan dai so can phdi chi ¢ dén
hai van dé quan trong.

1. Nghiém ciia cdc hé phuong trinh vi phan dai so chi so thap sé khong
la nghiem ciua hé phuong trinh vi phan dai so6 ban dau.

2. Tivm cdc dieu kién ban dau théa man cd phan vi phan va phan dai
s0 ctia mot hé phuong trinh vi phan dai so la mot cong viéc khé khan, duoc
goi la su phu hop cia diéu kién ban dau. Nén hé phuong trinh vi phan dai
s0 thuong dugc gidi bang phuong phdp so.

Y tudng: C6 gdang chuyén hé phuong trinh vi phan dai sé6 thanh mot
phuong trinh vi phan thuong diéu nay cé thé dat dude qua viéc lay dao
ham ldp di lap lai cdc phuong trinh dai so g(t,x,z) = 0 theo thoi gian t.

Dung cic nguyén tic toan hoc va phép doi bién cic hé phuong trinh vi phan
dai s6 an hoan toan cé thé dugc chuyén thanh hé phuong trinh vi phan dai
s0 ban tuong minh chi 4 rang trong cdc hé phuong trinh vi phan dai so

) 0 )
ban tuong minh néew ma tran Jacobian [a—g] suy bien khong kha nghich thi
z

hé phuong trinh vi phan dai s6 la chi s6 cao, bdi vi nhiéu ing dung cé cdc
mo hinh la cdc hé phuong trinh vi phan dai s6 ban tuong minh.
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Trong hé phuong trinh vi phan dai s6 & trén néu cd f va g khong phu thuoc
tuong minh vao thoi giant tic la f(t,x,z) = f(x,z) va g(t,z, z) = g(x, 2)
thi moé hinh la mot hé phuong trinh vi phan dai s6 tu qudn.

Cdc phuong phip BDF (Backward Differentiation Formula) va phuong
phdp két hop la hai phuong phdp duge st dung pho bién nhat dé tim nghiém
so cua hé phuong trinh vi phan dai so.

2.2.2 Coéng thic lay vi nguge (BDF) cho cac hé phuong trinh
vi phan dai s6

Xét he phuong trinh vi phan dai so gia tri ban dau

&= f(t,z,z)
0=yg(tz,2)

Y tudng ctia BDF: Chon budc thai gian h sao cho tiv1 =tiwn, 0 =0,1,2..
cho trude x; = z(t;) va z; = z(t;) xac dinh gia tri x;01 = x(t;41) bang
cach dung céac gia tri hoac ngoai suy cac gia tri x;, x;—1,. Ti—m4+1 cla cac
truong hop & thoi diém hién tai hosic thoi diem trude do ctia x(t). Dong
thoi tinh toan 2,11 = 2(t;11).

C6 mot da thic bac m duy nhat P noi suy m + 1 diém
(i1, Tiv1), (Lis i), (tim1, Tic1)y ooy (Bit1—ms Tit1—m)-
Da thitc no6i suy nay c6 thé duge viét 1a

P(t) = i Ty Ly (1),

o t— 11
t

V6i da thitc Lagrange L;(t) = ]
1=0,1#5 Lli+1- j_ti—H l

Ching ta thay rang P(tj1-j) = x,,, ;J =01
Dic bigt P(t;41) = xjo1 vi thé 4,1 = P( it1) de thu dugc

],j:(),l,...,m.

P(tin1) = ftis1, zit1) (2.2.10)
nhung P(ti—H) Z Li+1—j ( z+1) = $i+1L6(tz‘+1) + > 33i+1—jL;'(t) dat
j=1
biéu thitc nay vao |b chung ta thu dugc:

L} (t2+1) 1
J
i i + Lit1, Tit1)-
Tit1 = Z$+1 ]L/( H—l) L6(ti+1)f( +1 9U+1)
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Dinhnghiaa-—M —;céc gia tri a;,7 =1 m va
SR 4 = T ) B(tir) g = L

b, ¢6 the thu duge tur cac bang tra ciiu.

Giai thuat BDF m buéc (BDFm) cho hé phuong trinh vi phan dai s6

Cho truée aq, ..., apy, by,

m
Tit1 = — Z a;Tip1—j + b hf(tiv1, Tiv1, 2ig1) (2.2.11)
j=1

0= g(tiﬂ, Li+1, Zri+1>. (2.2.12)
Mbi buéc lip ctia BDF doi hoi mot giai thuat Newton dé tim nghiem ctia
moOt hé phuong trinh phi tuyén. Vi thé Jacobian a—g can phai dugc dat

w

dieu kién tot véi w = (¢, x, 2).
Cho truée xg = x(ty) BDF doi hoi cac diéu kien ban dau phtt hgp thu
dugdc bang cach gidi g(to, zo, 20) = 0 dé xac dinh 29 = z(t).
Giai thuat BDF m bude hoi tu néu m < 6 tic 1a z; — x(t;) < O(h™), z; —
z(t;) < O(h™) ddi véi cac diéu kien ban dau phu hgp. BDF thuong duge
stt dung dé giai cac hé phuong trinh vi phan dai s6 chi s6 1 hodc 2.

2.3 Phuong phap Runge-Kutta cho hé phuong trinh
vi phan dai sb6

2.3.1 Phuong phap Runge-Kutta co ban

Phuong phap Runge-Kutta c6 uu diém 1a phuong phap mot bude, co the
c6 bac cao va tinh chat 6n dinh t6t do d6 chiing (va cac phuong phap lien
quan kha pho bién) Khi giai hé phuong trinh vi phan dai s6 bang cach
dung cac phuong phap Runge-Kutta, van dé két hop cac phuong trinh dai
s6 vio phuong phap da c6 phan nay tap chung vao tim hiéu cac thuat toan
va két qud hoi tu cho phuong phap Runge-Kutta.

0] day chung ta nhic lai mot s6 phuong phap Runge-Kutta quan trong
va trinh bay cach ap dung ching cho cic hé phuong trinh vi phan dai s6
ching ta ciing tom tat cac két qua hoi tu da duge chitng minh.

Ban dau cac phuong phap Runge-Kutta duge ap dung dé tim nghiém s6
clia cdc phuong trinh vi phan thuong ¢y = f(y). Tu gan dang y, cla
nghiém tai x, cdc phuong phap mot budc nay xay dung nén gan dung
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Yni1 tal Tpe1 = T, + h thong qua cong thic

Ynt1 =Yn +h Y bY], (2.3.13)
i=1
O day Y, dugc dinh nghia 1a Y’ = f (Y;;) v6i céc giai doan ben trong
Y, la

S
Vi =yn+hY ayY,;véii=1._.s (2.3.14)
j=1

O day aij, b; 1a céc hé s6 xéc dinh phuong phéap véi s la s6 giai doan néu
a;; = 0 khis < j thi ching ta c6 the tinh céac giai doan bén trong Yy,1, ..., Yy,
lan lugt cai nay theo cai kia tit cong thitc qua viec danh gia cac
ham tuong minh cic phuong phap nhu thé dude goi 1a phuong phap tuong
minh. Ngugc lai hinh thanh nén mot he phi tuyén déi véi cac giai
doan bén trong va phuong phap dugde goi 1a an vi du vé cac phuong phap
Runge-Kutta chang han nhu Euler thuan va ngugc, cac phuong phap hinh
thang, cac phuong phap bac 4 ¢o dién ctia Kutta c6 thé tim thay trong
bat ky tai lieu ndo ve giai tich sob.

M rong cho cac bai toan vi phan dai so.

Chung ta thay riang cong thiic Y. = f(Y,;) 6 trén c6 dang tuong tu nhu
chinh phuong trinh vi phan 3 = f(y) trong khi d6 he thic (2.3.13) va
phu thudc vao cac hé s6 ctia phuong phap va kich thude buée h
nhung khong phu thuoc vao dang dic biét ctia phuong trinh vi phan diéu
nay c6 nghia la ching ta c6 thé mé rong phuong phap Runge-Kutta cho
cac phuong trinh vi phan dai s6 F(y/,y) = 0 Bang cach dinh nghia y,,,1

whit mot ham cita he

F(Y,;,Y) =0. (2.3.15)

ne’

Sé nay sinh mot s6 cau hoi chang han nhu hé cac phuong trinh d2.3.13[),d2.3.14b,
(2.3.15) c6 nghiem duy nhat hay khong viéc tinh toan né thi sé nhu thé
nao no6 bi anh huéng nhu thé ndo do nhiéu loan.

Cac phuong phap Runge-Kutta tuong minh khong thich hop tric tiép cho
cach tiép can (2.3.13),(2.3.14),(2.3.15) béi vi dbi véi cac phuong trinh vi
phan dai s6 mot s6 thanh phan cta Y/, phai duge xac dinh tit he thiic
2.3.14)) chéng han nhu xét he ¢’ = 2,0 = y doi hdi ma tran he s6 A = (ay)
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kha nghich tuy nhién ding mot phuong phap maé rong khéc cé thé ap dung
cac phuong phap Runge-Kutta tuong minh cho cac hé chi s6 1 va chi s6 2

ban tuong minh c¢6 dang va .

2.3.2 Cac phuong phap Runge-Kutta an ([8],[9])

Dé mo ta phuong phap thi ching ta phai dua vé cong thic

ci=y a (i=1,..,5) (2.3.16)
j=1
va cac dieu kién
B(p) : zs:b-c’“ L ik p (2.3.17)
-2 b - 3.

Clg): Y agdl ' = ? v6i k=1,...,q va v6i moi i (2.3.18)

j=1
D(r): > b ey = - VO k=1, va v6i moi | (2.3.19)

=1

Diéu kien B(p) c¢6 nghia la cong thiic cau phuong véi cac trong s6 by, ..., by
va cac nit cq, ..., cs lay tich phan da thic chinh xac dén bac p — 1 trén
khoéang [0, 1] va diéu kieén C'(¢q) ¢6 nghia la da thic it nhat 1a dén bac ¢ — 1
duge 1ay tich phan chinh xac trén khoang [0, ¢;] véi moi i qua cong thiic
cau phuong véi cac trong so aji, ..., ais. Ching ta sé xét cac phuong phap
co dién tiép theo dua trén cau phuong Gauss, Radau va Lobatto cac hé s6
ctia chiing dugc xay dung duy nhat qua céac diéu kien duge liet ké nhu sau

Gauss: B(2s), C(s), D(s)

Radau TA: B(2s—1), C(s—1), D(s), 4 =0

Radau ITA: B(2s—1), C(s), D(s—1), ¢, =1

Lobatto IITA: B(2s —2), C(s), D(s—2), ¢1 =0, ¢s =1,

Lobatto I11C: B(2s—2), C(s—1), D(s—1), c; =0, ¢; =1, b; = ag;.
Diéu kien b; = ay; d6i v6i moi i c6 nghia 1a vy,,41 = Vs va day 1a mot tinh
chat ¢6 1¢i ddi v6i phuong phap Lobatto IITA (dang cha y 1a phuong phap
hinh thang).
Hang thi nhat clia ma tran A = (a;) déu bang 0 vi vay A khong kha
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nghich. Béi vi ma tran (aj;); ,—, kha nghich va b; = ay; d6i v6i moi i.

Cac phuong phap Lobatto IIIB khong thich hop cho cac phuong trinh vi
phan dai s6 béi vi ching khong ¢6 ma tran hé s6 kha nghich ciing khong
thoa man b; = ag. Cac hé s6

Cac phuong phap Radau ITA dugce cho déi véi s = 1,2 va 3 trong bang 2.1
va 2.2 phuong phap doi véi s = 1 chinh 1a phuong phap Euler an.

Céac phuong phap Runge-Kutta an chéo héa don duge dic trung béi tinh
chat a;; = 0 khi ¢ < j v6i tat ca céc yéu t0 dudng chéo a;; bang nhau.
Ching chi théa man C(1). Su ngoai suy ndy sinh thém céac loai phuong
phap Runge-Kutta ching ta xét them cong thic Euler an.

F (y"L};y”,ynH) ~ 0 (2.3.20)

Khi mot sy roi rac héa co ban déi véi ngoai suy h ching ta ky hiéu
yn(x) = y, d6i v6i & = xy + nh cho mot chudi cac s6 nguyén duong
np < ng < ng < ... va dinh nghia kich thuéc buée h; > hy > hg > ... qua
h; = h/n; 6 day H > 0 la kich thudc budce co ban. Bang ngoai suy h dugc
cho béi cong thiic

lezyhj(l‘oJrH)T .

ik — Lj—1k (2.3.21)
Tjpir = Tjp + — ’ :

PRI (i agng ) — 1

Mdi dau vao Ty trong bang c6 thé duge viét lai nhu két qua ctia phuong
phap Runge-Kutta(2.1.1) véi kich thudc busc H Phuong phap nay chi
thoa man C(1).

2.3.3 Tém tat cac két qua hoi tu

Tat nhién bac hoi tu khong phai 1a toan bo van dé trong phuong phap
Runge-Kutta tuy nhién ching rat dé dé tém tat va rat khé dé thu duge
hon céc van dé khac vi vay 6 day tong hop cac két qua hoi tu trong bang
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1] 5 B
Pl

1 A
11

Bang 2.1: Phuong phap Radau ITA bac 1 va 3

4— /B 88 — 76 206 - 1696 -2+ 36
10 360 1800 225
4+ /6 296+ 169v6  884+7v6  -2-3V6
10 1800 360 225

1 16 — 6 16+ v6 1
36 36 9

16 — v6 16 + v6 1

36 36 9

Béng 2.2: Phuong phap Radau IIA bac 5

3286 héa béi Trung tam Hoc liéu — Dai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



31

Chempehae Giai doan Chisé 1(1.14) Chi 56 2(1.15)
B Z v .
= T = B B o |
Radau IA s 2s-1 s s s-1
Radau ITA s 2s-1 2s-1 2s-1 s
Lobatto IIIA & Lé: 28-2 28-2 foikg {s -1
Chan =
LobattoIlIC = 25-2 2s-2 2s-2 s-1
SDIRK ( Alexander) = 3 3 2 1
SDIRK ( N&T) = 3 2 2 1
Extrap. Euler Ti k k k k

Bang 2.3: Bac hoi tu

(2.3) cac dau vao déi v6i bai toan chi s6 1 duge xac nhan trong phan (2.4)
can chi ¥ rang bac hoi tu cao thu dugce trong nhitng bang nay cho thay su
phtic tap trong tinh toan déi vé6i céc bai toan chi sé cao ching han nhu su
hoi tu ciia phép lap Newton ddi véi hé phi tuyén (2.3.13) dén .
Chung ta nhé 1a bac hoi tu 1 p néu sai s6 tiic 1a sy chénh léch gitta nghiém
chinh xac va nghiém s6 bi chin bdi mot hang s6 nhan h? dong déu trén
cac khodng c6 can doi véi kich thuée buée dit nhd h bang cho thay
rang bac hoi tu c6 thé khac nhau déi véi cac thanh phan khac nhau cla
hé.

Bac ciia thanh phan y ddi vé6i bai toan chi s6 1 giong het nhu bac
d6i v6i cac phuong trinh vi phan thudng (chi s6 0).

Béi vi cac phuong phap Runge-kutta bat bién dusi phép bién déi ctia bai
toan B(y)y' = a(y) trong bac hoi tu doi v6i thanh phan y cta
bai toan chi s6 2 (1.4.18)) ciing c6 thé thu dude dbi v6i nghiem sb ciia

B(y)y' = a(y) trong diéu kien B = S ( 6 8 ) T.

2.3.4 Cac phuong phap nhiéu don

Mot loat cac hé phuong trinh vi phan dai s6 ¢6 chi s6 cao tity ¥ ndy sinh
trong cac hé nhiéu loan suy bién:

Ry 2322
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4 day nguoi ta gia sit rang

(g.v,0) < —|lv||* dbi v6i moi véc to v (2.3.23)

Ding déi v6i mot s6 tich vo huéng trong lan can ciia nghiem. O bat k¥
mot khoang xac dinh nao ¢6 can cach xa 0 nghiém duge goi la ¢6 mot khai
trién e

y(z) = yo(x) + eyr(z) + 2y(x) + ... + Nyn(x) + O(eNT)

2(x) = 20(x) + e21(x) + 229(x) + ... + Ny (z) + O(EN )
Cac bai toan nhidu don (2.3.22)), (2.3.23) cho théiy ring sai s6 ctia nghiem
s6 c¢6 khai trién e trong d6 hé sé ciia né luon 16n hon bac €* 1a sai s6 cla
phuong phap ap dung cho phuong trinh vi phan dai s6 sau

(2.3.24)

%659{ 52025)0) (2.3.25)
v = fy(yo, 20)y1 + f=(yo, 20)21 (2.3.26)

Z(/) = gy(yoa zo)y1 + gz(y07 20)21

va n6i chung

ygg = fy(¥0, 20)yr + f=(y0, 20) 21 + ©x (Yo, 20, - Y1, Z5—1) (2.3.27)

20 = 9y(10, 20)¥1 + 9-(Y0, 20)21 + Ok (Yo, 205 -+, Yr—1, 2-1)- o
Dé phat biéu két qua nay ching ta can nhé lai khai niem on dinh A viéc ap
dung phuong phap Runge-Kutta cho cdc phuong trinh vo hudng y' = Ay
mang lai ¥,+1 = R(h\)y, 6 day ham 6n dinh R(w) 1a cong thiic

R(w) =14 wb' (I —wA) 1. (2.3.28)

O day A = (a;) 1a ma tran Runge-Kutta b7 = (by,...,b,) va 1= (1,...,1)T
Phuong phap Runge-Kutta duge goi 1a 6n dinh A néu

|R(w)| <1 déi v6i Rew < 0 (2.3.29)

Dinh 1y 2.3.1. Xét hé nhiéu loan don (2.5.29), (2.5.25) vdi cic gid tri
ban dav y(0), 2(0) c¢6 mot nghiem trén (2.3.24) gid si rang phuong phdp
Runge-Kutta théa man cdic dieu kien B(q + 1) va C(q) zem va
dé la on dinh A va cdc gid tri rieng clia ma tran Runge-Kutta (A)
¢ phan thuc duong va |R(00)| < 1 thé thi nghiém s6 (yn, z,) théa man
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Phvong phap Thanhphény Thanhphénz
Radau 1A B 4 et h
Radau A h?s—l + EZhs th—l it Ehs
Lobatto IIIC BT 4 gl Rt 4 et
SDIRK ( Alexander) B3 W 4eh
SDIRK (N&T) B I

Bang 2.4: Do 16n sai s6 doi v6i bai toan nhiéu loan don ddi véi e < h
doi vdi e < h

yn — y(x) = [Ayol, + £[Ay], + O(°h9) (2.3.30)
zn — 2(,) = [Az], + €[Az], + O(e*h171). (2.3.31)

O day [Ayol.,, [Az0),, [Ayil,,, [Az], la cic sai s6 toan cuc ciia phiong phdp
Runge-Kutta dugc dp dung cho hé vi phan dai s6 da wdc luong ding
mot cach dong déu doi véi h < hy va x, = nh < const

Céc sai 86 [Ayo),, [Azo], thuc su la cac sai s6 toan cuc clia phuong phap
Runge-Kutta ap dung cho hé chi s6 1 bdi vi hé nay khoéng phu
thuoc vao y; va 21 do d6 bac clia sai s6 trong cac thanh phan v, 20, y1, 21
tuong ting chinh xac véi 4 ¢ot trong bang theo cting mot tha tu
Két hop dinh 1y va bang ching ta thu dugc két qua clia bang
e

D61 v6i bai toan nhiéu loan don ky di M (y)y” = f(y,y') — é(%—Z)T(y)
ching ta c6 thé thu dugce khai trién €2 ctia sai s6 trong thanh phan y va

z =y dudi dang
Yn — y(2,) = [Ayo], + O(°h1?) (2.3.32)
2y — 2(x,) = [Az], + O(e*hT7?) (2.3.33)

O day [Ayo,, [Azo],, 1a céc sai s6 clia phuong phap Runge-Kutta 4p dung
cho hé chi s6 3

Y = 20
M (y0)zy = f (0, 20) — g, (40) Mo
0 = g(yo)
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4§ day k tuyén tinh theo w.
2.3.5 Cac phuong phap ban tuéng minh
Cac bai toan c6 dang
y' =1y 2) (2.3.34)

0=y9(y,2)
Phuong phap Runge-Kutta tuong minh c6 thé ap dung nhu sau:

Ym' = yn+h§aijf(Ynj,an),i = 1,...,8 (2335)
=1
Ynt+1 = Yn + h i bzf(Yma Zm); (2337)
i=1
0= g(ynH, Zn_|_1) (2338)

Chung ta xét truong hop hé c6 chi s6 1 (1.4.17) 6 day ¢. kha nghich bat
dau tit Y, =y, gid tri Z,1 c6 thé duge tinh tit (2.3.36) thé Z,; vio
thi chtng ta sé tinh dugc Y, trong mot bude tuong minh thé thi diéu nay
sé cho chung ta Z,9 tit cong thic . Trong truong hgp nay bac hoi
tu doi v6i cd hai thanh phan giéng nhau ddi v6i cac phuong trinh vi phan
thuong dicéu nay duge giai thich ¢ (2.4)

Trong truong hop hé c6 chi s 2 G day g khong phu thudc vao z
va g, f» kha nghich cac cong thitc ¢ trén van con c6 thé ap dung duge mot
lan nita chung ta bat dau véi Y1 = vy, thé cong thic v6i 1 = 2 vao
2.3.36)) cho phép tinh toan Z,; do dé Y,s thu dugc tit budc tuong minh
2.3.35)) theo cach nay ching ta tiép tuc dén Z,, va y,,1 nhung ching ta
khong thé xac dinh z,,; dé thu dugc mot gan ding clia z(x,41) thi viéc
xét cac phuong phap véi ¢, = 1 va chon

Znil = s (2.3.39)
13 dieu hop 1y tuy nhién doi vé6i ca hai thanh phan néi chung bac nhé hon
nhiéu déi v6i cac phuong trinh vi phan thuong mot ngoai lé dugce cho béi
sit m§ rong ciia phuong phap ngoai suy h? tong quat doéi véi phuong phap
nay bac day du dugc gitt nguyén néu [ tuyén tinh theo z.
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2.4 Su hoi tu dbi véi cac bai toan chi sb 1
Chutng ta xét hé phuong trinh vi phan dai s6

g’:gf&(yyj,z Z)) (2.4.40)

O day f va g 1a kha vi day di (2.4.40) 1a bai toan chi s6 1 ching ta gid st
rang

H(gz(y,Z))_lH <M. (2.4.41)

Trong lan can khong chinh xac g.(y, z) ky hiéu dao ham ctia g theo z khi
d6 chiing ta gia st ring cac gia tri ban dau .y, zo phit hgp véi (2.4.40)) tiic
1& g(vo, 20) = 0.

2.4.1 Giai phuong trinh vi phan thudng tuong duong

Chu ¥ rang phuong trinh cho chiing ta biét rang trong lan can ctia
nghiém phuong trinh thit 2 trong vé mit hinh thic c6 thé duge
chuyén thanh 2 = G(y) qua dinh 1y ham an vi thé tré thanh cong
thic

v = fly,G(y)) (2.4.42)
C6 thé ap dung phuong phap Runge-Kutta (tudng minh hosic an) cho
(2.4.42) va xac dinh thanh phan z qua cong thic z, = G(y,) diéu nay
tuong duong véi cong thite

Yn+1 = Yn +h Z blY;n Ym = Un + h Z ain;lj (2443)

i=1 =1

6 day

0= §(Yoir Zog) (2.4.44)

va Zn+1 1a
0= g(Ynt+1, 2n+1)- (2.4.45)

Trong truong hop nay tat ca cac két qua ve bac, sy hoi tu va tiém can mé
rong cua phuong phap Runge-Kutta la ding.
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2.4.2 Phuong phap tiép can truc tiép

Ta c6 va dtung nhung & day dugc thay thé bing

cong thic

S S
i=1 i=1

He thiic thit 2 ctia (2.4.46) dinh nghia Z! . duy nhat néu ma tran Runge-

Kutta A = (a;;) kha nghich va diéu d6 dugc gia sit ké tit bay gio. Néu céc

trong s6 clia phuong phap Runge-Kutta théa man cong thiic

bi = Qg; Vol i=1,...,S (2447)
Thi 2,41 = Z,s va (2.4.45)) dung vi thé hai cach tiép can 1a tuong duong.
Vay xem xét phuong phap truc tiép
Phuong phiap Runge-Kutta 4p dung cho bai todn nhiéu loan suy bién

r_
gz,_:fg(%y’fz)) (2.4.48)
mang lai mot nghiém sé phu thuodc vao € trong d6 € — 0 tré thanh mot
nghiém s6 dude cho bdi phuong phéap tiép can truc tiép.

Hé c6 dang

Bu' = a(u) v6i B=S < 6 8 ) T (2.4.49)

O day S va T 1a cAc ma tran hiing kha nghich c6 thé dude chuyén thanh
bang cach nhan véi S~! va dung phap bién déi Tu = (y, 2)T cach
ap dung truc tiép 4p dung cho hé dugc chuyén ddi tuong duong véi viec
ap dung phuong phap Runge-Kutta cho |D theo cong thiic

S S
un+1:un—|—h2biU;n- Um:un—FhZaljU;j
i=1 j=1
va BU!. = a(U,).
Viéc phan tich B va dbi bién khong can duge tinh 16 rang trong trusng

hgp nay.

3886 héa béi Trung tam Hoc liéu — Dai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



37

2.4.3 Su hai tu

D6i véi ca hai phuong phap thanh phan y cia nghiem sé c¢6 thé duge dién
gial nhu 13 két qué s6 doi v6i phuong trinh vi phan thuong (2.4.42)) do d6
ching ta luon luon cé cong thic

Yn — y(xn) — O(hp) (2'4'50)

o) day p la bac ¢6 dién ciia phuong phap Runge-Kutta két qua hoi tu tuong
t ciing thu duge déi véi thanh phan trong cach tiép can (2.4.45) béi vi
zn — 2(@n) = Gyn) — G(y(xn)) = O(RP).

D6i v6i sit hoi tu ctia thanh phan 2 trong phuong phap truc tiép dieu kien
C'(q) duge dinh nghia trong déu dang nhu mong doi thong thuong
q dugde goi la bac giai doan ctia phuong phap. Gisi han ctia ham 6n dinh
tai oo dong vai tro quyét dinh déi véi cac phuong trinh vi phan dai s6 déi
v6i A khé nghich dé la cong thic

R(oo)=1-0b"A"11 (2.4.51)

Bay gio ching ta c6 cac két qua hoi tu cho phuong phéap truc tiép

Dinh ly 2.4.1. Gid st rang wdc liong (2.4.41) ding trong lan can cia
nghiém (y(z), z(x)) cia (2.4.40) va cdc gia tri ban dav phu hgp ét phuong
phdp Runge-Kutta (2.4.49), (2.4.44), (2.4.46) bac co dién théa man C(q)
rem vdi p > g+ 1 va ¢6 ma tran hé so khd nghich A.

(a) Néu b; = ag vdi moi i thi sai s6 toan cuc doi vdi thanh phan z théa
man doi véi x, = nh < const, z, — z(x,) = O(hP).

(b) Néu —1 < R(c0) < 1 thi 2z, — 2(z,) = O(h?™)

(¢) Néu R(c0) = 41 thi z, — z(x,) = O(h?)

(d) Néu |R(o0)| > 1 thi nghiém so phan ky

Chi yj: Néu A khd nghich thi b; = ag; tic la R(oo) = 0.

Ching minh. Phan (a) La hién nhién vi (2.4.47)) cho ta biét z, = G(y,).
Dé ching minh céc truong hop con lai ching ta thé hé thic thi 2 cla
(2.4.46) vao he thic thi nhat va thu dugc.

Zni1 = 2n + T AN Z, — 12,) = R(00)z, +bTA7YZ, (2.4.52)

O day Z, = (Zp1s ..y Zns)T béi Vi bac cia phuong phap Runge-Kutta 1a p
va C'(q) duge théa man nghiém chinh xéc cua (2.4.40) théa méan cong thitc
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2(xpi1) = 2(xn) + h Z b2 (z, 4 cih) + O(hPHh) (2.4.53)
i=1

2(xy + cih) = z(x,) + h Z ;2 (x, + c;h) + O(hT™). (2.4.54)
j=1

Tinh 2/'(z, + ¢;h) tur (2.4.54)) va thé n6 vao trong (2.4.53)) duge.

2(Tps1) = R(00)z(x,) + BT A" Zn + ORI + O(W*TY)  (2.4.55)

& day Zn = (2(zn + c1h), ..., 2(z, + csh))T Ding ky hieu Az, = 2, —
2(xn), AZ, = Z,, — Zn va triv (2.4.55)) cho (2.4.52)) thu duge

Az = R(00)Az, + 6T AP AZn + O(h*™) + O(hP™Y).  (2.4.56)

Gia tri y trong (2.4.43)), (2.4.44)), (2.4.46) va cac gia tri y ciia phuong phap
Runge-Kutta ap dung trong (2.4.42)) 1a giong nhau vi thé chiung ta da co
Y,i—y(z,+ch) = O(h4t)+O(RhP). Ching ta c6 thé rit ra Z,; tit (2.4.44)
dé thu dugc

= (an+ ) + O(h*) + O) (2497)
Bdivip > q+1véi p= R(c0) ( 3.14) bay gio ¢6 dang
Aan = pAZn + 5n—|—1; 5n—|—1 = O(thrl) (2458)
Lap lai phép thé cong thitc nay cho chiung ta
Azy = p'Dzg+ Y p"'5; (2.4.59)

1=1

Bay gid cac phéat biéu ctia dinh 1y dudce suy ra déi v6i p # —1 béi vi

Azy = 0 két qua dbi v6i p = —1 thu duge bang cach xét khai trien tiem
can ctia sai sb6 toan cuc xem dinh 1y (2.4.2) ben dudi. O

2.4.4 Khai trién tiém can cta sai so0 toan cuc

Bdi vi thanh phan y ctia nghiém s6 chi 1a két qua so6 ddi véi (2.4.42) céac
két qua co dién doéi v6i cac phuong trinh vi phan thudng cho ta su ton tai
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ctia khai trién tiém can
Yo — y(zn) = RPay(x,) + W ay 1 (z,) 4+ ...+ b ay(z,) + OB

Déi v6i 0 < nh < const,h < hg. trong cach tiép can (2.4.45) khai trién
tiém can cung loai ciing thu duge dbi véi thanh phan z béi vi z, = G(yy,).
D6i véi cach tiép can (2.4.46)ching ta c6 két qua sau.

Dinh ly 2.4.2. Vi cdc gid thiét giong nhu dinh lyj (2.4.1) chiing ta c6
(@) Néu b; = ay; doi vdi moi i thi ton tai mot khai trién h tiem can
20 — 2(xn) = WPby(z,) + P Tb, o (2) + .o + Wby () + O(RNT)
(b) Néu —1 < R(o0) < 1 thy ton tai mot khai trién tiém cin nhiéu loan
) = B (g () B 4 Y (b )+ B) 4 OB
vdi cac nhiéu loan phu thuoc h, Bﬁ thoa man
B% =0 déi vdi n > 1 néu R(oo) = 0,
BF = O(a™) véi moi n va bat et o nao nam trong khodng |R(c0)| va 1
néu |R(o0)| < 1
BF = (=1)""b(0) doi vdin > 0 néu R(co) = —1
(c) Néu R(oco) = +1 thi ton tai mot khai trién tiem cin
Zn — 2(xn) = WPy () + ha 0,1 () + .. + Wby () + O(RNTY)
Cidc khai trién ¢ trén ding mot cach dong déu vdi 0 < nh < const, h < hg

Chitng minh. (a) Hién nhién bdi vi trong trusng hop nay z, = G(y,).
D61 v6i cac truong hop khéac ching ta quay lai cong thic (2.4.58)) ddi véi
5, thi ching ta da c6 mot khai trién tiém can

6 = W1 dy 1 (2,) + ... + RN dy (2,) + O(RN T (2.4.60)

Diéu nay suy ra tit khai trién Taylor trong (2.4.54) v bing cach dung khai
trien tiém can ctia thanh phan y trong (2.4.57). Két qua cho R(co) = 0
do d6 ta c6 (|2.4.58)

Két qua cho |R(0c0)| < 1 suy ra tu khai trién taylor ctia d,,(z;)
déi véi m = ¢+ 1, ..., N tai x,, vd ching ta thay rang

din (0) < i (0
hm—i—k k('x ) an Z(TL o Z) hm+k (aj Z JJk; + hm+k
’ 1=1

V6i 7, = O(a™) ddi v6i moi a véi |R(o0)| < a < 1 két qua doi véi
R(00) = +1 suy ra tit (2.4.59) va st dung khai trién tiém can
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T

hd(z1) + .. + hd(z,) = / d(x)dz + hey () + . + BV ey (20) + OBV

(2.4.61)
voi d(x) = d,,(z) cha (2.4.60) ta xét truong hop R(oo) = —1 mot lan nita
quay lai (2.4.59)), (2.4.60) va déi véi d(x) = d,,(v) ching ta nhom lai cac
s6 hang 1a cong thic

D, = (d(z,) — d(xp-1)) + (d(x—2) — d(xp_3)) + ... + (d(z2) — d(x1))
D6i v6i n chan va
Dy, = (d(zn) —d(zn-1)) + (d(zn-2) —d(ry-3)) + ... + (d(23) — d(72)) +d(z1)
D&i v6i n 1€ chiing ta khai trién méi s6 hang d(x;) —d(z;_1) trong D,, thanh
chudi Taylor cong va sit dung hé thic loai 1) ching ta thu dugc mot
khai trién
D, = %(d(:cn)—(—1)”d(:z:0))+h(cl(a:n)—(—1)”(01(afg))+...+hN(cN(:cN)—
(—=1)"(en(x0)) + O(ANT)
Nhoém lai cac s6 hang c6 lity thita h giong nhau ching ta thu dugc két
qua. ]

2.5 Phuong phap Runge-Kutta cho hé phuong trinh
vi phan dai s6 mét cach tiép can méi

2.5.1 Gidi thiéu

Chiting ta xét cac hé co hé sé bién doi

At)2'(t) + B(t)x(t) = f(t) (2.5.62)

V6i A(t) suy bién. Néu chung ta ky hieu A,; = A(t,+cin), Bni = Bt +cin)
va fni = f(tp+cip) viee tim nghiém cta (2.5.62)) bang cach stt dung phuong
phap Runge-Kutta an duge dé xuit trong [13] 1a

=1
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Trong do
Api X+ BuiXpi = faii@ni = w0+ h Y _ay X, i=1,..,5 (25.64)
j=1

Néu chum (A, B) chinh quy va ma tran hé s6 A khong suy bién ton tai
mot hgy sao cho doi véi h < hg hée c6 mot nghiem duy nhat. Véi su
ho trg clia cac gia thuyét don gian hoa B(p), C(q) va Ai(r), cac két qua
hoi tu cho cac so dd nay ¢6 thé duge tim thay trong [9] cho cAc hé phuong
trinh vi phan dai s6 chi s6 1. Trong phan sau day ching ta sé dé cap dén
va nhu mot phuong phap co dién

Khai niém chuan logarit ctia ma tran p [A] 1 mot cong cu hitu ich trong
viéc phan tich nhiéu loan ctia cdc phuong trinh vi phan phi tuyén [8]. Néu
Yn-+1.0n+1 12 cdc nghiém s6 thu duge tit ¥, va §,41 mot cach tuong ting, bang
phuong phap Runge-Kutta, phuong phap dude goi la 6n dinh B néu déi véi
bat ky kich thude bude h > 0 nao chung ta ¢6 ||yni1 — Gnr1ll < |Yn — Ul
Néu chiing ta ky hieu B = diag(by, ..., bs) va M = BA+ A'B —bb' phuong
phap dudc goi 1a on dinh dai s6 néu cac ma tran M va B khong am. Nhu
chiing ta da biét 6n dinh dai s6 1a 6n dinh B va d6i v6i mot 16p cac phuong
phap bat kha quy S, nhitng khai ni¢m nay tuong duong [8] Mot nghien
citu tuong tu c6 thé duge thuc hién cho hé phuong trinh vi phan dai s6
. Khi chuan dude st dung nhu mot tich trong <chu€1n logagrit cua

Ax, — Bx) .

mot chiim (A, B) duge dinh nghia la u,[A, B] = xgg};g W voi V
1a bat ky khong gian con nao sao cho V N Ker(A) = {0} trong [12] dinh
I sau day dugce chiing minh.

Dinh 1y 2.5.1. Gid stV la mot khong gian con sao cho VN Ker(A(t)) =
{0} wa sao cho nghiém x(t) ciia hé phuong trinh vi phan dai s6 thuan nhat

thue V' thi

t

J o[ A(w), B(u)—=A' ()]

JA@)z(t)]| < es” " Alt)(to)]) . (2.5.65)

Va nhu vay néu p, [A(t), B(t) — A'(t)] < 0 ching ta tinh duge su co cia
|A(t)z(t)]]. Tinh chat co nay c6 thé duge sit dung dé rit ra on dinh tiém
can. Chung ta muén duy tri tinh chat co nay cho nghiém sb
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[Anr1zna || < [|An,|] (2.5.66)

D6i véi hé phuong trinh vi phan dai s6 chi s6 1

(5059 w0 n(} 042, )s0=0  @sen

dugce xét phuong trinh vi phan thuong co ban 1a 2/(t) = ((1+¢) /e —u)z(t)
va do d6 nghiém on dinh tiem can déi v6i p > (1 + )/ Déi v6i trudng
hop chi s6 1 ching ta biét rang nghi¢gm nam trong V' = {z|Bz € Img(A)}
va V @ Ker(A) = R" chuan logarit u, [A, B — A’] ¢6 thé dugc tinh
po[A, B = A== —p
va do d6 dbi véi u > (1 + ¢)/e chiing ta c6 su co clia ||A(t)z(t)|| dé duy
tri tinh chat co (2.5.66) véi phuong phap Eule an, ching ta nhan dudc
1 —h((1+¢)/e) -1
14+ hp -

va do d6 ching ta cé thé thu duge rang buoc vé kich thuée buse h cho
phuong phap on dinh dai sé nay. Mot su khac biét quan trong gitta cac
phuong trinh vi phan thudng va cac hé phuong trinh vi phan dai s6 dugc
chi ra trong truong hgp hé phuong trinh vi phan dai s6 chi s6 1 trong [9]
14 cac thanh phan cta 2/(t) chay trong Ker(A(t)) khong &nh hudng dén
sy théa man phuong trinh. Trong thyc té khong gian ham dugce st dung
trong [9] 1a {z(¢) € C| P(t)z(t) € C'}, v6i mot phép chiéu I — P(t) len
Ker(A(t)). Nhung khi mot phuong phép cho phuong trinh vi phan thudng
dugce dé xuat cho hé phuong trinh vi phan dai s6 n6 khong duge tinh dén.
Trong thuc té v6i cach tiép can Runge-Kutta thong thuong cho cac hé

phuong trinh vi phan dai s6 (2.5.63)) va (2.5.64) chtung ta st dung phuong

phéap cho tat cd cac “thanh phan ” cia z:(t) va ching ta tién véi tat ca céc

2.5.66)) dung néu va chi néu

thanh phan diéu nay c6 nghia bang cach nao dé tat ca cac thanh phan dudc
xem nhu lay dao ham va diéu nay khong ding. viéc ap dung cac phuong
phap Runge - Kutta chinh x4c cting cho cac bai toan chi s6 1 ban tuong
minh [10] trong d6 bac hoi tu clia cdc phuong trinh vi phan thuong duge
giit nguyen, dat két qua tét c6 thé 1a do thanh phan vi phan dugc lay tich
phan vé6i phuong phap cho phuong trinh vi phan thuong va thanh phan dai
s6 thu duge tir rang buodc dai s6. Do nhitng khé khan trong viéc tim kiém
cac phuong phap duy tri tinh chat co va cac phat biéu ¢ doan trén.
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2.5.2 Céach tiép can méi

Dé dua ra céch tiép can mdéi cho cac hé phuong trinh vi phan dai s6, ching
ta nhd lai rang nguon goc cluia cong thiic Runge-Kutta 1& cong thiic cau
phuong ching ta xét cac gia tri ¢ # ¢; ddi véi [i # 7, ¢; € [0, 1] va cac cong
thiic cau phuong

bf@( Z bip(ci), fso t~ éaij@(cj) (2.5.68)

Ching ta c6 the 1ay tich phan y/'(t) = f(t,y(t)) trong khodng [t,,t, + Al
Va [tn, t, + ¢;h] st dung va thay thé y(t, + h),y(t,) va y(t, + c;h)
bANE Ypi1, Yn VA Yy MOt cach tuong tng, dé thu duge phuong phap Runge-
Kutta thong thuong. Chung ta sé thuyc hién theo phuong phap cau phuong
duge st dung dé rit ra cac phuong phap Runge-Kutta cho cac phuong
trinh vi phan thusng dé nhan dudc cidc phuong phap s6 méi cho céc hée
phuong trinh vi phan dai s6. Vi vay ching ta lay tich phan hé phuong trinh
vi phan dai s6 trong khoang [t,,,t, + h| va [t,, t, + ¢;h] ching ta
lay tich phan timg phan, va sit dung cong thiic cau phuong (2.5.68) do dé
phuong phap dugce dua ra

S S
Ap1ngs — Apn + 0 Y bi(Byi — Ap)Xpi =hY bifni  (2.5.69)
v6i X,,; 1a nghiém cua
AniXni — Apn + ]’LZ az’j(an — A;Lj)an = hz aijfnj,i =1,..,8 (2570)
Jj=1 2

Biéu thitc A, 117,41 12 gia tri gan ding ctia A(t,,1)2(t,e1) tiy thude vao
hé phuong trinh vi phan dai s6 va phuong phap, gia tri ndy thuc sy ndm
trong ImA(t,.1). Néu chung ta ky hieu D4 = diag(Ap, ..., Ays) tuong
tw Dp_a, X = (X! ,..., XL)va F(T,) = (f(tn)!, ..., f(tns)")! dudi ma

tran he (2.5.70)) c6 thé duge viét 1a

[Da+h(A 1) D —ANX =e® Ay, + h(AQT)F(T,)  (2.5.71)

Dinh ly 2.5.2. Néu ma tran A khong suy bién va chum (A, B— A') chinh
quy thi ton tai mot hg sao cho khi h < hg hé (2.5.71) c6 mot nghiém duy
nhat

4586 héa béi Trung tam Hoc liéu — Dai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



44

Ching minh. Ching ta phai chiing minh tinh chinh quy ctia ma tran
Dao+hARI)Dp_ 6 thé duge viet 1a [,@ A, +h(AR (B, —A.))+v(h)
Tu tinh chinh quy ctia chum (A, B — A’) va ma tran hé s6 A, chung ta c¢6
thé thu duge tinh chinh quy cta Iy ® A, + h(A® (B, — Al)) va do dé dat
dugce két qua mong muon. O

Trong phan sau day ching ta sé gia st rang A khong suy bién va chum
(A, B— A") chinh quy chiing ta thay réing ddi véi phuong phap tiép can co
dién ching ta can sy chinh quy ctia chim(A, B) trong khi d6 déi véi cach
tiép can mdi ching ta can su chinh quy cta chim (A, B — A’) hai vi du
don gian cho ching ta thay ring ching ta c6 thé c6 cac hé phuong trinh
vi phan dai s6 trong do6 chi ¢6 thé 4p dung mot phuong phap va khong thé
ap dung phuong phap kia.

Vi du 1: Trong hé phuong trinh vi phan dai so:

(9 2) w0+ (5 o et =10

Chum (A, B) suy bién (nhé rang hé phuong trinh vi phan dai sd nay c6
nghiém duy nhat mac du chum suy bién) nhung chtim (A, B — A’) chinh

quy.
Vi du 2: Trong hé phuong trinh vi phan dai so:

(01)e0+(])s0=r0

Chum (A, B — A’) chinh quy nhung chum (A, B) suy bién.

Chiing ta biét rang tinh dé xtt 1y v6i chi s6 2 clia chum (A, B), dam bao
su ton tai va tinh duy nhat ctia nghiém vdéi cac diéu kién ban dau phu
hop, tuong duong vé6i tinh chinh quy véi chi s6 2 cia chtim cuc bo hiéu
chinh (A, B— AP’) nhung khong tinh dén tinh chinh quy ctia chtim (A, B)
Truong hop trén khong xdy ra cho chi s6 1, Qua[9] chum (A, B) chinh quy
v6i chi 86 1 néu va chi néu chum (A, B — AP’) chinh quy v6i chi 6 1 mot
tinh toan don gian thiét lap mdi lién hé gitta chim nay véi chum (A, B—A’).

Dinh 1y 2.5.3. Cham (A, B — A’) chinh quy vdi chi s6 1 néu va chi néu
chum (A, B — AP') chinh quy vdi chi s6 1.
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Chitng minh. C6 thé dé dang chiing minh duge ma tran A+ (B — A)Q
chinh quy néu va chi néu ma tran A 4+ (B — AP’)Q chinh quy.

T AQ = 0 vd PQ = 0 chung ta dugec A'Q = —AQ' va P'QQ = —PQ’
vivay A'Q = —AQ' = —APQ = AP'Q

vidods A+ (B— AVQ = A+ (B — AP)Q u

Chung ta thay riang véi (2.5.69) va (2.5.70)) ching ta chi nhan dugc va sit

dung cac xap xi clia mot sé thanh phan cu thé 1a ching ta chi st dung A,,z,,
va chi nhan dudc A, (12,41 vi vay ching ta phai tinh gan dung Z,.; tu
Api1Zns tai cac diém can xét ¢, tiy thuoc vao hé phuong trinh vi phan
dai s6 va vao phuong phap Runge-Kutta c6 nhitng khi nang khac nhau.
Néu phuong phap chinh chinh xac ciing, ching ta c6 A, 17p41 = Apr1X,
do d6 mot sy Ira chon kha di cho 7,1 1a X, trong truong hop nay rat dé
thay méi quan hé giita cach tiép can co dién va cach tiép can mdi doi véi
cac he tuyén tinh véi ma tran hang A.

Dinh ly 2.5.4. Chiing ta hay xét mot hé phuong trinh vi phan dai so vdi

A hing s néu ching ta ky hiéu cdc giai doan bén trong cia so do co dién
va sd do mdi tuong ung la X, va X, tht X = X

Chitng minh. Néu ching ta nhan 4 véi A chung ta dugce he ((2.5.71]) va
do d6 tur tinh duy nhéat cia nghiém cac giai doan bén trong 14 nhu nhau

X,i = X,i. Néu chiing ta ky hieu nghiem s6 ctia phuong phap co dién la
Tn41 ching ta cting thu duge A%, = Az, = AT, O

Hé qua 2.5.5. [13] Chiing ta xét mot hé phuong trinh vi phan dai so véi A
khong doi néu phuong phdp chinh xdc cing nghiém sé thu dudc vdi phuong
phdp tiép can mdi vdi T, = Xs va phuong phdp tiép can co dién la nhu
nhau.

Néu phuong phap khong chinh xac cing chung ta phai tinh dén loai hée
phuong trinh vi phan dai s6. Déi v6i cac hé phuong trinh vi phan dai
s6 hé s6 hing va chi s6 1 mot s6 loai phép chiéu c6 thé dude thuc hien
dé nhan duge gan ding méi tit Az,.q. O day dua ra mot khia canh déi
v6i truong hop chi s6 1. D6i v6i hé phuong trinh vi phan dai s6 chi s6 1,
ching ta c6 R" = S(t) + Ker(A(t)) véi S(t) = {z|B(t)z € Img(A(t))}
néu Qs (t) ky hieu mot s6 phép chiéu chinh tac len Ker(A(t) doc theo S(t)
va Py(t) = I — Q4(t) ching ta c6 Ps(t) = [A(t) + B(t)QS(t)]_lA(t)
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va nghiem cé thé dudgc viét 1a

z(t) = P(t)z(t) + Qs(t)x(t)
= [A(t) + B(1)Qs(1)] " A()z(t) + Qs ()[A(t) + B(H)Qs(1)] ' f (1)
Diéu nay c6 nghia 1a Py(t)z(t) c6 thé duge tinh tit A(t)x(t) va Q4(t)x(t)
c6 thé dugce tinh tit s6 hang khong thuan nhat. Vi thé déi véi nghiem sé
chiing ta c6 thé tinh
Tpt+1 = Upg1 + Upt1 (2.5.72)

vl Up+1 € S(t) tu An+1$n+1 la
Unt1 = (Api1 + Boy1Qsnt1) Aot (2.5.73)
va v € Ker(A(t,41)) 1a

Up+1 = QS(tn+1)[A(tn+1) + B(thrl)QS(thrl)]_1f(tn+1) (2-5-74)

Néu phuong phap chinh xac cting ma ching ta chon giai doan bén trong
thtt s 1a gan dang tai t,.1, Tpr1 = X, mot phan ctia nghiém gidng nhu
(12.5.72))-(2.5.74]).

Dinh 1y 2.5.6. Doi vdi cdc phuong phdp chinh zdc cing u, 1 trong (2.5.75
trung voi Ps 41X

Chitng minh. Déi véi cac phuong phap chinh xac cing, thuc sy
Any1Tp1 = App1s

vi thé Up+1 = (An—l—l + Bn—&-le,n—l—l)_lAn—i—lxn—H

= (An+1 + Bn+1Qs,n+1)_1An+1Xs

= s,n+1Xs
D&i v6i mot he phuong trinh vi phan dai s6 chi 86 1, Q11 Xs VA Vpi1
trong cling trung nhau. []
Dinh 1y 2.5.7. Déi vdi phuong phdp chinh zdc cing va cdic hé phuong
trinh vi phan dai so6 chi s6 1 véi A hdng so thi phép chiéu va
V8 Tpy1 = X, cho cung mot gan ding.
Chitng minh. Vi A 13 hing s6 ching ta c6 thé viét (2.5.71)) 1a

DX =3iDs(A '@ )(e®x, — X)+ F(T,)

ho#ic néu ching ta ky higu A; = (A + BQs)
Do X = —Daipp X = 3 Dyy(A @ I)(e @, — X) + Dy F(T)
Chiing ta nhan vé6i Dg, va sit dung A;'A = P, Q, A{'A = Q, dé thu
duge Do, X = Do, A7 F(T,,) dac biet déi véi giai doan cudi cing diéu d6
muoén noéi dén . ]
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Néu A khong phai 1a hing sd doéi v6i mot hé phuong trinh vi phan dai s6
thuan nhat, thi phép chiéu va 7,1 = X, van cho cling mot gia tri gan
dang.

Dinh 1y 2.5.8. Doi vdi phuong phdp chinh zdc cing va cdic hé phuong
trinh vi phan dai s6 thuan nhat néu Img(A(t)) = R khong phu thudc t va
A ()P(t) =0 tht X € S(tpi1).

Chitng minh. Thuc sy (2.5.71)) cho ta

Dp_4X = %(.A X ])_1(6 & Anl'n — DAX)

Hoac néu chung ta dung

2(t) = A()P() + AQ() = AW)P(E) — A0)Q() va A(W)P(E) =0
DX = —DagX +t(A® ) (e® Ayx, — DaX) €R

va dic biet déi véi giai doan bén trong cudi cing B, 11X, € R va do do
X, € S(thrl)- [

Hé qua 2.5.9. Doi vdi phuong phdp chinh zdc cing va cde hé phuong
trinh vi phan dai so thuan nhat néu Img(A(t)) = R khong phu thudc vao
t va A'(t)P(t) =0 thi phép chiéu va Ty = X cho cung mot gid tri gan
ding.

Ching minh. Tu dinh Iy trén X € S(t,11) vi vay Qsni1Xs =0 O
Tit hé qua (2.5.5) va cong thitc (2.4.53) dbi véi cac phuong phéap chinh xéac

cting, néu ma tran A 14 hang s6, phuong phap tiép can mdéi 7,1 = X,
hoac phép chiéu Vi va phuong phép tiép can cii cho cling
mot gia tri gan dung. D6i v6i phuong phap chinh xac khong ciing, ngay
cd khi A 1a hing s6, phuong phap co dién va phuong phap tiép can méi
cho két qua khac nhau. Néu ching ta st dung (2.5.72) va (2.5.73) dé thu
duge cach tiép can mdéi, dudi dang AZ,.1 = Az, ching ta thu dugc

Py(tpi1)Tns1 = Ps(ty11)Tpe1 mot phan trong S(t,.1) gidng nhau trong ca
hai cach tiép can. Tuy nhién, néi chung.

Qs(tn—kl)xn—kl 7é Qs(tn—kl)jn—kl = Qs(trH-l)[A + B(tn+l)Qs(tn+1)]71f(tn—|—l)
Hay xét vi du, truong hop hé s6 hang chi s6 1 ban tuong minh. Céach tiép
can mdi chi don gidn 1a tiép can gian tiép cho cac hé phuong trinh vi phan
dai s6 chi s6 1 ban tudng minh[8, p. 404]. Céch tiép can co dién tuong ting
v6i phuong phap tiép can truc tiép.

Chu y: D6i v6i cac phuong phap Lobatto ITIA, ma tran A suy bién nhung
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ma tran con A = (a;) i j>o kha nghich va phuong phép chinh xdc cing.
Phuong phéap méi nay ciing c6 thé dude ap dung giéng nhu duge thuec
hién cho cac he phuong trinh vi phan dai s6 [10] bang cach dinh nghia
X1 = xpva tinh X, 11 = X,,, Dbi véi phuong phap tiép can méi, doi véi
giai doan bén trong thit nhat, ching ta c6 A4, X,1 — A,x, = 0 Néu A, suy
bién, c6 vo s6 vecto thda man hé thitc nay va c¢é hai kha niang dé tim X,
chiing ta c6 thé chon X,,; = x,, hoiic ching ta c6 thé chiéu. Bsi vi phuong
phap chinh xéac cting, dé thu dugc Z,,; ching ta c6 thé chon Z,11 = X,
hoiic chiing ta c6 thé chiéu. Vi vay, chiing ta c6 bén kha niang:

(1) Xp1 = oy VA Ty = Xps.

(2) Xp1 =z, vA Tyyq duge chiéu.

(3) X1 duge chiéu va T, 1 = Xps.

(4) X1 dugc chiéu va T, 1 dugc chiéu.
Cac tuy chon (1) va (3) 4p dung cho cac quy tac hinh thang (phuong phap
gan dung hinh thang).
Néu A 1a mot ma tran hing, chon lya X,,; = x,, dan dén so do quy téc
hinh thang duge dua ra trong [9]

2.5.3 Suw hoi tu dbi véi cac hé phuong trinh vi phan dai s ¢6
thé chuyén sang hé sb hing

Déi v6i mot phuong phap BDF k budc nhat dinh
> jmokQkjTy—j = hf, cac phuong phap k budc cai bien duge dinh nghia
cho céc hé phuong trinh vi phan dai s6 hé s6 bién doi tuyén tinh (2.5.62)) 1

k
[k oA, + h(B, — A)] x, + Z apjAn_jTn_j = hf,
j=1
va do d6, phuong phap duge dé xuat cho phuong phap Euler an (BDF1)
trung hgp véi cach tiép can méi cho cac phuong phap Runge-Kutta véi
Tpe1 = Xs. Oy hoi tu duge nghién citu cho cac hé phuong trinh vi phan
dai s6 c6 thé chuyéen sang hé sé hing, ttc 1a déi véi cac hé phuong trinh
vi phan dai s6 ton tai mot L(t) kha vi khong suy bién sao cho phép bién
ddi z = L(t)y chuyén sang mot hé c6 hé s6 hang co thé giai dugc.
Céac hé nhu thé duge dac trung béi dinh 1y sau day.

Pinh 1y 2.5.10. Hé (2.5.69) co thé bién doi sang cic hé so hing khi
va chi khi (1) sA+ B — A" khd nghich tréen I déi véi s nao dé, va (2)
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A(sA+ B — A" khong doi tréen I. Néu (1) va (2) diing, ching ta coé thé
chon L(t) = (sA+ B — AL dé thu dugc he Cy'(t)+ (I —sC)y(t) = f(t)
trong do C' = AL.

Vi vay, néu ching ta ki hieu y, = L, Yn, Yoi = L;ile va tinh dén
B — A" = (I —sC)L™" cho céc hé c¢6 thé chuyén dugce (2.5.69) va (2.5.70)
1a

Coynir = Cgn + 0 Y (1 = sC) Y = h Y bifui (2.5.75)
=1

1=1

v6i Yni la nghiém cua
Cym — Oyn + h Z aij(l — SC)Ym =h Z al-jfnj, 1= 1, ey S (2576)
i=1 j=1

Tuong tng vdi viec lay tich phan ctia hé phuong trinh vi phan dai s6 he
s6 hang tuyén tinh

Cy'(t)+ (I —sC)y(t) = f(t) véi phuong phap mdi. Trong truong hop nay,
ching ta thay rang nghiém thu dugc trong phu hop véi .
D6i v6i truong hop chi sé 1, cac hé phuong trinh vi phan dai s6 hé s6 hang
duge chuyen doi ciing 6 chi s6 1. Néu chiing ta tim gan ding s6 (nghiém
gan ding bing phuong phap s6) Tn41 qua (2.5.73) va (2.5.74) qué thye

$(tn+1) - jn—&—l — (An—l—l + Bn+1Qs,n+1)_1 [An—l—lx(tn—kl) - An—f—lxn—kl]

= (An—l—l + Bn+1Qs,n+1)_1[0y(tn+1) - Cyn+1]-
(2.5.77)

D6i v6i bat ky he phuong trinh vi phan dai s6 nao, néu phuong phap nay
chinh x4c cting va ching ta tim dudc gan dung s6 qua T,.1 = X, ching
ta co

T(tn1) — Tpp1 = Ltny1) [Y(tns1) — Y] (2.5.78)

Chung ta nghién cttu bac hoi tu cho cac phuong phap méi 4p dung cho céc
hé phuong trinh vi phan dai s6 c6 thé chuyen sang hé s6 hang. Déi véi chiim
(A, B) chi 6 v dang chuan tic Kronecker 13 PAQ = diag(I, N),PBQ =
diag(C,I) trong d6 P va @ la cdc ma tran chinh quy, va N la lay linh
v6i bac lity linh 1a v. Néu ching ta nhan véi P va thuc hién phép doi bién
r = Q(y', 2")" ching ta tach hé phuong trinh vi phan dai s6 tuyén tinh
hé s6 hiang. Dang chuan tic Kronecker cho phép chiing ta téch
va dé thu dugc v, 14 nghiem sé cho phuong trinh vi phan thusng
y(t) + Cy(t) = f(t) Vi vay, néu phuong phap c6 bac p déi véi cac phuong
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trinh vi phan thudng, ching ta ¢6 y, — y(t,) = v(h?).

Néu hé phuong trinh vi phan dai s6 c6 chi s6 1 va c¢6 thé chuyén sang hé
s6 hang, he phuong trinh vi phan dai s6 mdéi cling c6 chi s6 1. Trong cac
dinh 1y sau, ching ta dua ra bac sai s6 Cy(t,) — Cy, trong .
Dinh 1y 2.5.11. Xét mot hé phuong trinh vi phan dai s6 hé s6 hang tuyén
tinh vdi chi s6 v = 1 Néu phuong phdp Runge-Kutta cé bac Kd doi cdc
phuong trinh vi phan thuong thi nghiém so thu dudgc véi phuong phdp mdi
théa man Ax(t,) — Az, = v(h*).

Chitng minh. Ddi v6i bai toan chi s6 1, ching ta c6, déi v6i ma tran
chinh quy P cho chiing ta dang chuan tic Kronecker

Aulbn) — Ay = P( I > ( Y(tns1) — Ynt1 ) _p (y(tn+1())*yn+1> = v(h?) ]

0 Z(tn+1) — Zn41
Tt dinh 1y nay va cong thic (2.5.77)), ching ta phat bicu dinh 1y sau day.
Dinh ly 2.5.12. Hday xét mot hé phuong trinh vi phan dai so chi so 1
tuyén tinh co thé chuyén sang hé s6 hang. Néu phuong phdp Runge-Kutta
c6 bac Kd doi véi cic phuong trinh vi phan thuong, thi nghiém so thu
duge vdi phuong phdap mdi qua phép chiéu (2.5.74) va thoa man
x(t,) — T, = v(h*).
D6i v6i cac he phuong trinh vi phan dai s6 chi sé cao c¢6 thé chuyén sang
hé s6 hang, ching ta c6 két qua sau.
Dinh 1y 2.5.13. Ching ta ét mot hé phuong trinh vi phan dai so (2.5.6
o thé chuyén sang hé phuong trinh vi phan dai s6 hé sé hang. Néu phuong

phdp Runge-Kutta chinh zdc cing va cé bac Kd doi véi cdc phuong trinh vi
phan thuong, thi gid tri gan ding tinh bang phuong phdp s6 mdi Ty = X
cho thay ring x(t,,1) — Xs = v(hF) vdi
K, = 211113 (p, Kui — i+ 2) va K, s6 nguyén ldn nhdt sao cho
<i<v
' btA—lCl—i
WA e =22 i—192 .1-1
(=)
VA =i(i —1)...(i—1+2), i=0L1+1,.. ky.

Chitng minh. Hé qua (2.5.5) phat biéu rang phuong phap tiép can mdi

V6i Tp41 = X, va phuong phap tiép can co dién cho cling mot gan ding.
Do d6 x(t,1) — X, = v(h*) v6i K, 1a bac ctia phuong phap Runge-Kutta
cho mot hé phuong trinh vi phan dai s6 hé s6 hang tuyén tinh vé6i chi s6
v [6] Ching ta thay rang K,; = oo ddi véi cac phuong phép chinh xéc
cing. []
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2.5.4 Su co

Muc tiéu ctia chiing ta 1a dua ra nhitng phuong phap tiép can méi dé duy
tri tinh chat co clia nghiém s6, va tuong tu déi véi nghiem chinh xac. Véi
cach tiép can méi duge dua ra, diéu dé cé thé duge ching minh dé dang.

Dinh ly 2.5.14. Ching ta zét hé phuong trinh vi phan dai so thuan nhat
va gid tri gan ding A,i1T,41 thu dude qua va .
Néu phuong phdp Runge-Kutta on dinh dai s6 , va Tp; € Vi la mot khong
gian con sao cho

pwV [Am? B — A;m] <0 Thi HAn—l—lxn—&-lH < HAanH :

Chitng minh. Néu chung ta ki higu W,,; = h(B,; — Al ,) Xni,M = BA +

A'B — bb',m; j 1a céc yéu t6 (i, j) ctia M, va theo [8] ta nhan dugc

Aol = el 2 (A 3 0o )+ 5 bW, £ Wi )
i=1 k=1

1=1
s

- ||Anﬂ?n||2 - Z mij <Wm', an> + 2h E b; <Am'Xm'a —(Bm' - A;u')Xm'>

ij=1 i=1

< HAnfUnH2 - > My (Wi, an> + 20 Y bipry; [Aniy Bri — Ayl HAmme2
ij=1 i=1

< | Ananl|. N

D61 v6i truong hop chi s6 1, néu I'mg(A(t)) 1a hang s6 va A’P = 0, thi
theo hé qua , cac giai doan bén trong X,,; va nghiém chinh xac tai
diém tni nam trong cting mot khong gian con S(t,;). Vi thé, ching ta cé
thé chon Vi,; = S(t,)
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Chuong 3

UNG DUNG PHUGNG PHAP

RUNGE - KUTTA GIAI GAN
PDUNG HE PHUONG TRINH VI

PHAN DAT SO

3.1 Vidu giai gan ding phuong trinh vi phan thudng
(ODE)

Vi du Dung cong thitc Runge-Kutta tim nghiém gan dang ciia bai toan
Cauchy
Yy =y—22+1, 0<x<1
y(0) = 0.5
Tinh sai s6 biét nghiém chinh xac 14 :
y(x) = (x4 1)*—0.5¢"

V6in =5

Bai giai. Ta co h =0.2
xp= 0,x1= 0.2,x9= 0.4,x3= 0.6,x4= 0.8,x5= 1
Cong thitc Runge-Kutta bac 4

Uk+1 = Ui + (k1 + 2ko + 2ks + ky) /6

ki = hf(ze, yr)

ks :hf(xk+}%,yk+?) (3.1.1)
ks =hf(zr + 5,90 + %)

ky =hf(xp+ h,y, + ks)

Ap dung cong thitc Runge-Kutta bac 4 ta c6
kv = hf(or, yk) = 0.2(yx — 27 + 1)
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h k
ky = hf (a, + 5y + 31) ~0.2 [yk +0.1(yp — 22 + 1) — (25 + 0.1)> + 1}
= 0.2(L.1y; — 1122 — 0.224 + 1.09)
h k
k3:hf(xk+§7yk+§2)

=02 |y + 0.1(L1ye — 1123 — 022 + 1.09) — (. + 0.1)" +1]

= 0.2(1.11y; — 1.1122 — 0.2, + 1.099)
= hf(zp + h, yr + k3)

= 0.2 |y +0.2(1 11y, — 11123 - 0.2224 + 1.099) — (2 +0.2)" + 1]
— 0.2(1.222y;, — 1.22242 — 0.444z, + 1.1798)

- yo = (:).5

| Vi1 = Yet0.2(6.642y, - 6.642x, 7 1.284x,+6.5578)/6

Kk Xy Yie y(X) Iy (=) ¥y |
0 0 0.5 0.5 0

1 0.2 | 0.8292033 | 0.8292986 | 0.0000053
2 04 | 12140762 | 12140877 | 0.0000115
3 0.6 1.6489220 1.6489406 0.0000186
4 0.8 | 21272027 | 21272295 | 0.0000269
5 1 2.6408227 | 2.6408591 | 0.0000364

Xay dung ham rk4 trong matlab dé giai phuong trinh vi phan theo phuong phap trén.

function[x, y| = rk4(f, x0, x1, y0, h)
if nargin < 4, error(’Vuilongnhapdudoiso!!’), end;

if nargin < 5,m =

end,

x = [];x(1) = [x0];n = (x1 — x0)/h;
fori=1:n,x(i1+ 1) =x(i) + h;end;

y —.[],yl( ) = [y0l;
K1 = h * f(x(i), y(i
K2 = h «* f(x(i) +
K3 = h* f(x(i) +
K4 = h * f(x(i) +
Y(id+ 1) =y(i)+

input('Nhapsodoanchian ='); ' h =

(K +2*K2—|—2*K3+K4)/6;
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Vi du: Ta giai lai phuong trinh: 4/ =y — 22 +1,0 < 2 < 1,9(0) = 0.5,
véin =95
Dinh nghia tric tiép ham f tit ctia s6 Command Windows:

>> [X, Y] =rkf(inline('y —2z® + 1"/ 2" y),0,1,0.5)

Dinh nghia ham f trong ctia so Editor roi luu thanh file f.m

function[dy] = f(a,b)
dy =b—a®+1;

>> [X, Y] = rk4(@f,0,1,0.5)

Vé do thi tur cac gia tri xk,yk (gia tri tra vé ctia ham rk4):

plot(X, Y, rd—", LineWidth', 3)
xlabel("TrucX’)

ylabel("TrucY’)
title(DOTHICUAHAMDACHOQO')
gridon

Két qua cita so Command Windows:

>> [X,Y] = rkd(inline('y — 2> + 1" 2/ /), 0,1,0.5)
Nhapsodoanchian = 5

n —

5

X —

00.20000.40000.60000.80001.0000

Y —

0.50000.82931.21411.64892.12722.6408

>> ve

>>
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(B e — i

File Edit View Insert Tools Deskicp Window Help ]
D de | | RRARTDEL-S|0E ad

DO THI CUA HAM DA CHO

3

True Y

3.2 Vi du giadi gan dang hé phuong trinh vi phan
dai s6 (DAE) cai dit bang Matlab

= or—2)— oy~ )
a -\ YT
0=y -

Y 14+ (a—1)z

Ma matlab

Trong ctia s6 Editor tao mot tép ¢ tén Vidu.m nhu sau
f = @Q(x)binary flash (x);

xss = fsolve(f,[1 1],[])

df = Q(t, x)binary flash (x);

M =11 0;0 0];

options = odeset('Mass', M);

[t1, y1] = odelbs(df, [0, 10], zss, options);

[t2,y2] = odel5s(df, [0, 10], xss, options);

t1 =1
y1=mu
to = to
Y2 = Y2

Tuong tu tao mot tép thit hai ¢6 tén binary flash.m nhu sau
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functionf = binary flash (x);
H =5; F =10; xf = 0.5; V = 2; alpha = 10;
xv = x(1);
yv = x(2);
f(1) = F/H*(xf-xv)-V/H*(yv-xv);
f(2) = yv-alpha*xv/(1+(alpha-1)*xv);
f—

0.9 ——

0.85 |-

Liguid

0.8
Wapor

0.fo -
0.7 =

0.65 -

Mole Fraclion

0.55 -

0.5

045F _ —

0.4
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Két luan

Luan van nay, duge trinh bay trén co s6 tai licu [4], [10],[11] vé nhiing van
dé co ban trong ly thuyét hé phuong trinh vi phan dai s6 va phuong phap
s6 cho hé phuong trinh vi phan dai s6 trong d6 c6 phuong phap Runge-
Kutta gidi gan dang hé phuong trinh vi phan dai s6 va trén co s6 bai bao
[12] dua ra céch tiép can méi ctia phuong phap Runge-Kutta giai gan ding
hé phuong trinh vi phan dai s6 va da st dung phuong phap Runge-Kutta
thuc hién giai trén vi du cu thé bang cach st dung phan mém matlab diéu
do6 cho phép hiéu sau sic hon vé co sé cia 1y thuyét he phuong trinh vi
phan dai so.
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