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LOI CAM POAN
T6i xin cam doan day 1a cong trinh nghién ctru cua riéng t6i, cac két qua
trinh bay trong luan van la hoan toan trung thuc, dugc cac tac gia cho phép su
dung va luan vin hoan toan khong tring 1ap v6i bat ki tai liéu nao khac.

Tac gia

Pham Hung Khanh
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LOI CAM ON

Trudce khi trinh bay ndi1 dung chinh cta khoa luén, tac gia xin gui 161 cdm
on sau sac téi GS.TSKH. Lé Diing Muu nguoi thiy da ludn tan tinh hudng dan,
chi bao va gitp dd tac gia trong qua trinh 1am khoéa luan dé tac gia hoan thanh
duogc khoéa luan nay.

Tac gia cling xin gui 101 cam on tran thanh va sdu sac t6i cac thay, co
trong khoa Toan — Truong Pai Hoc Su Pham — Pai Hoc Thai Nguyén da giang
day va gitp do tac gia trong sudt qua trinh hoc tap tai truong.

Qua day tac gia xin tran thanh cam on t&i nguoi than trong gia dinh da
ludn dong vién tao dicu kién gitp dd t6i vé moi mat trong sudt qua trinh hoc
tap va thuc hién khoa luan tot nghiép nay.

Mic du d3 c6 nhiéu cb ging, tuy nhién ludn van khé tranh khoi nhimg
thiéu sot. Tac gia rat mong duoc su dong gop ¥ kién cia cac quy thiy, cb dé
luan van duoc hoan thién hon.

Xin tran trong cdm on!
Théai Nguyén, thang 03 nam 2013

Tac gia

Pham Hung Khanh

S6 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.Irc-tnu.edu.vn



MO DAU

Giai tich 13i 14 mdn hoc co ban cua giai tich hién dai, nghién ctru vé tap
161, ham 151 va cac van dé lién quan. B6 mén nay c6 vai trd quan trong trong
nhiéu linh vuc khac cua toan hoc ung dung, dac biét 1a trong tdi wu hoa, bat
dang thtrc bién phan, cac bai toan can bang,..v.v..co thé ndi giai tich 16i 1a mot
trong nhitng bd moén quan trong nhat 1am co sé toan hoc ciia toi uu hoa.

Sau céac két qua dau tién cua H.Minkowski (1910) vé tap 16i va ham 16i, ly
thuyét giai tich 16i da thu hit dugc su quan tim nghién ctru ctia nhiéu nha toan
hoc, 1y thuyét giai tich 16i duoc quan tdm nghién ctru nhiéu trong khoang bbn
muoi nam tré lai diy boi cac cong trinh ndi tiéng cia H.Minkowski,
C.Caratheodory, W.Fenchel, J.J.Moreau, R.T.Rockafellar, L.klee, A.Brondsted,
W.V.Jensen, G.Choquet va nhiéu tac gia khac.

Trong khong gian Hilbert, phép chiéu xuéng mot tap 16i dong co nhiéu
tinh chat quan trong. Viéc ton tai va tinh duy nhat cta hinh chiéu xudng mot
tap 10i dong 1a co sé dé chimg minh su t6n tai va duy nhét ciia nhiéu bai toan
khac nhau trong giai tich tng dung nhu 1y thuyét xap xi, toi uvu hoa, bat dang
thirc bién phan va trong cac van dé khac. Trong toan hoc tinh toan rat nhiéu
phuong phap giai dua trén viée tim hinh chiéu cia mot diém xudng mot tap 16i.
Trong trudng hop tong quat, dy 1a bai toan khé giai. Tuy nhién khi tap 18i co
nhimg cau tric riéng thi bai todn ndy c6 thé dugc giai mot cach hiéu qua bai
nhimg chuong trinh phin mém hién nay da c6 sin. Tham chi trong trudng hop
dic biét, khi tap 16i 12 hinh ciu, siéu hop, don hinh, ntra khong gian..v.v...thi
hinh chiéu xudng cac tap nay c6 thé tinh theo cong thic tudng minh.

Muc dich ctia ludn vin nay la dé nghién ctru vé toan tir chiéu trong khong
gian Hilbert va viéc giai bai toan cin bang dua vao cac phuong phéap chiéu.
Luan van bao g@)m phﬁn mé dau, ba chuong, ph::in két luan va danh muc tai liéu

tham khao.
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Chuong 1: Trinh bay cac khai niém va tinh chit co ban vé khong gian Hilbert,
tap 16i va ham 16i trong khong gian Hilbert, dinh 1i tach, tinh lién tuc, dudi vi
phan. Cac kién thic nay s& dugc sir dung trong cac chuong sau.

Chuong 2: Xét phép chiéu trong khong gian Hilbert vé dinh nghia, vi du, cac
tinh chat co ban va mot s trudng hop cu thé.

Chuong 3: Giéi thiéu bai toan cAn bang va mot sd van dé lién quan dén bai toan
nay nhu: Céc trudng hop riéng quan trong; sy ton tai nghiém; cac dang tuong
duong;..v...v....Cubi cing 1 trinh bay mot thuat toan chiéu duéi gradient xap xi

dé giai mot 16p bai toan can bang.
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Chuwong 1
TAP LOI VA HAM LOI TRONG KHONG GIAN HILBERT
Trong chuong nay, ta s trinh bay lai mdt s6 két qua s€ dugc dung cho cac
chuong sau. D6 1a cac kién thirc co ban vé khong gian Hilbert va giai tich 15i.
Noi dung trong chuong duoc trich din chi yéu tir tai liéu tham khao [1] ; [2] ; [3]

va [4].
1.1. Khong gian Hilbert

1.1.1. Khong gian tién Hilbert

Pinh nghia 1.1. Cho H la khong gian trén truong [ . Tich vo hudng xac dinh
trén H la mot anh xa xac dinh nhw sau:

(,):HxH—> K , théa man cdc diéu kién sau day:
xy) Xy

a, (X, ¥) =(Y,X) véi moi x,y e H.

b, (X+V,2)=(X,2) +{Y,2) vdi moi X,Y,ZeH.

C, (AX,¥) =A(X,y) voi moi X,ye H;1eK.

d, (X,X) >0 vdi moi xe H va (x,X) =0 khi va chi khi x=0.

S6 (X,Y) dwoc goi la tich vé hudng ciia hai vecto x va y. Cdp (H ,(.,.)) dwoc
goi la khéng gian tién Hilbert ( Hay con goi la khong gian Unita ).

Tir dinh nghia ta thay rang tich vo hudng (.,.) chinh 1a mét dang song tuyén
tinh x4c dinh duong trén H. Khi d¢6 H dugc goi la khong gian tién Hilbert thuc.
Pinh li 1.1. Cho H la khéng gian tién Hilbert véi X,y € H | ta luén c6 bdt dang
thire sau

[ < XY, ).
Cha y 1.1. Bat dang thic ¢ dinh 1i 1.1 duoc goi 1a bat dang thuc Schwarz,
trong bat dang thic Schwarz dau bdng xdy ra khi va chi khi x, y phu thugc

tuyén tinh.
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Pinh li 1.2. Cho H la khéng gian tién Hilbert. Khi d6 HXH =(x,X)’?,xe H xac
dinh mét chudn trén H.
1.1.2. Khong gian Hilbert

Mot khong gian tién Hilbert, xem nhu khong gian dinh chuan, c6 thé day
du hoic khong day du.
Pinh nghia 1.2. Néu H la mét khéng gian tién Hilbert va ddy di doi véi chudn
cam sinh ti tich vé huwong thi duoc goi la khong gian Hilbert.

Ciing twong tu nhu truong hop khong gian tién Hibert, voi truong [ thi ta

c6 khong gian Hilbert thyec.

1.1.3. Cac vi du
1) 0" la khéng gian Hilbert thuc vai tich vé hudng (X, y) = in Y,
i=1

trong do:

X= (X0 X000 %0 ) Y = (Vs Yoo Vo ) €0
2) Xét khong gian:

|2 :{x:(xn)n c K\i\xn\z <+oo} .
n=1

Ta da biét 17 1a khong gian Banach véi chuan HXH = / i ‘Xn‘z : (1.1)
n=1

Véi x=(x)._,Y=(Y,).. €l?, nho bat dang thirc Buniakowski ta co:

2
<[yl <+oo.

‘Z X, Yn
n=1

Dé kiém tra rang: (X,y)= 2 X Y, xac dinh mét tich vé hudng trong 1> va no
n=1

cam sinh (1.1). Vay I* 1a mot khong gian Hilbert.
3) Cho (X, A, 1) 1a mot khong gian d6 do va E € A. Xét khong gian

(B, 1) ={ T :E >0 [ |f[ dpr <o
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ta da biét L*(E, 1) 1a mot khong gian Banach véi chuén:

(] £ Fdu)e

Hon nita, v6i f,g e L2(E, ), tir bat dang thirc Holder vé tich phan, ta co:

[ [faldu<([ If \Zdy);(J.E\g\zdy); < o0,
Ta dé dang kiém tra dugc
(f.0)=]_fadu,

xé4c dinh mot tich vo hudng trong L?(E, z2) va L2(E, 1) 1a khong gian Hilbert thyc.
1.1.4. Mot s6 tinh chat co ban
Pinh li 1.3: Cho H la mét khéng gian Hilbert. Khi dé: {.,.y:H xH —0 la m¢t
ham lién tuc.
Chimg minh: Cho {x }{y,} 1a hai day trong khong gian tién Hilbert H lan
lwot hoi tu vé X,, Y, . Khi do, ta co:

%0 Vo) = s Yol <[ V) = Ot Vo) |+ (0 Vo) = (X1 Y|

= (X Yo = Yo |+ [(% = %o, Vo)) (1.2)

< Ixalllya = Yol + %, =%l vol
Theo gia thiét (x ) hoi tu trong H nén no bi chin, nghia 14 t6n tai s6 M>0 sao
cho: [|x,| <M véimoi nell.
Vi vay, ta co:

[0 Y0 = O, Yol < MY, = Yol + %, = %[ yo -
Cho n— oo, theo gia thiét ta co:
lim[(x,, y,) = (%, o) = 0 hay lim(x,, ) =(%,, ¥o)-

Suy ra tich vo hudng 1a mot ham lién tyc. i
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Pinh li 1.4: Vi moi x, y thuéc khéng gian tién Hilbert H ta luén cé dang thire
hinh binh hanh sau day:

[+ v+ Ix =y =20 + D). (1.3)

Chirng minh: Véi x,y € H , ta co:
X + yH2 =(X+Y,X+Y)= HXH2 (X, Y)Y, X) + HyH2 , (1.4)

2
[x=y[" = x=y.x=y)=|X|" = y) =y, )+ |y - (1.5)
Cong (1.4) va (1.5) ta thu duoc dang thire (1.3). Suy ra diéu phai chirng minh. L
Hé qua 1.1: Gid st H la mét khéng gian tién Hilbert va X,y,72€H . Khi dé ta

c6 dang thirc Apollonius:

2

20y +x- 2y =422y

Chirng minh. Ap dung dang thirc hinh binh hanh cho hai vecto X —y va x —z ta
c6 diéu phai chtimg minh.
Pinh li 1.5. Gia sur (H ,||||) la mét khéng gian dinh chudn trén truong [ trong
dé dang thire hinh binh hanh nghiém ding véi moi X,y € H :
2 2 2 2
[x-+ I +lx= I =2(J° + ).
Khi do, voi truong [ ta dat
1 2 2
o) = pxy) = (I v =[x,
thi {.,.) la mot tich vé hudng trén H va ta co
(X, X) = HxH2 VxeH.
Pinh 1i 1.6. Véi moi khéng gian tién Hilbert H déu ton tai mét khéng gian
Hilbert & chira H sao cho H la mét khong gian con tru mdt trong H.

Pinh nghia 1.3. Cho D =0 va y la mét vec to bdt ki, dat:
dp(y)=inf|x—y].
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Tanoi d,(y) la khodng cach tiry téi D. Néu ton tai = € D sao cho

d;(y) :=Hy—7zH, thi ta n6i 7z la hinh chiéu (khodng cdch) cia y trén D va ki
hiéu =B, (y).

Pinh li 1.7. Cho M la mét tdp 16i, dong va khdc réng trong khéng gian Hilbert
H. Khi d6 moi xeH ton tai duy nhdt mét phan tr y thuéc M sao cho
Ix—y|=d(x,M).

Pinh nghia 1.4. Hai phan tir x, y trong khéng gian tién Hilbert H dwoc goi ld
triee giao néu (X,y) =0, ki hiéu X Ly.

Pinh li 1.8. Gid su M la mot khong gian con dong cua khong gian Hilbert H.
Khi @6 méi phin tir X e€H dwge biéu dién mét cich duy nhat dwéi dang
X=Yy+2 trong d6 yeM va ze M* duoc goi la hinh chiéu truc giao cia x
Ién M.

Pinh nghia 1.5. Anh xa P:H —M xdc dinh boi P(x) =Y trong biéu dién ciia
Pinh Ii 1.8 dwoc goi la phép chiéu truc giao tir H 1én M.

Pinh 1i 1.9. Phép chiéu truc giao P ciia khéng gian Hilbert H lén khéng gian
con dong M # {0} la mét todn tir tuyén tinh lién tuc va cé ||P|| =1.

Chirng minh. V61 moi X, X, e H,a € K, theo Dinh li 1.8 ta c6

X =Px +2,X,=PX, + 2,

trong do
2,2, eM™.
Vi vay
X +X, =PxX +Px,+2 +12,
trong do

Px,+Px,eM,z +z,eM".
Tt tinh duy nhét cua su biéu dién trong Dinh 1i 1.8 suy ra
P(X, +X,) =Px +Px,.
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Tuong tu, ta co
P(ax)=aP(x).
Vay P tuyén tinh.
Mait khac, voi xe H , taco
X" =[P+ 2" =P
Hon nira, véi Xe M , ta co
[P =]\
Vi véy: |P||=1. Vay dinh li dugc ching minh. 0
Pinh nghia 1.6. Mot tap hop S = {Xi}ieT trong khéng gian tién Hilbert H duroc
goi la hé truc giao néu cdc phdn tw thuoc S truc giao voi nhau ting doi mot.
Néu moiphci‘n tir ciia S ¢6 chudn bcing 1 thi S dwoc goi la hé truc chudan.
Pinh 1i 1.10. Néu S la mét hé cdc phan tik triee giao trong khéng gian Hilbert H
thi S la déc Idp tuyén tinh.
Pinh li 1.11. Pdng thirc Pythagore) Néu {Xl,XZ,...,Xn} la mot hé truc giao
trong H thi

n 2 n 2
lexi :ZIZHXiH :
i= i=

Pinh li 1.12. Gia su {el,ez,...,en} la mot hé g&m nphdn tw truc chuan trong H.

Khi d6 méi phan tir x € H ¢6 hinh chiéu tryc giao 18n khdng gian con H sinh
n
boi hé {e,e,,...e,} 1a y=>(x.e)e.
i=1

Chirng minh. Vi M 1a khong gian con hitu han chiéu nén M déng trong H.
Theo Pinh 1i 1.8, véi mdi xe H duoc biéu dién dudi dang X =y + z, trong d6
yeM,zeM".

Do yeM , taco:
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y=> ae.
i=1
Véimdij=1,2,..,ntaco:

(x,8,)=(y+2,) :<iaiei> =ajej|=q;.

y:Zn:(x,eQei. N

Dinh li 1.13. Gia su {Xn}neD la hé truc giao trong khong gian Hilbert H. Khi do

e}

2%

n=1

chubi'Y %, hoi tu khi va chi khi chudi S |x,|F hoi tu v

n=1 n=1

2
o0
2
=2 %l
n=1

Chay. Néu {e,}._, 1ahétruc chuén ta ¢

2 8| =2 fle
n=1 n=1

Pinh li 1.14. Gia sw {en}nGﬂ la hé truc chudn trong khéng gian Hilbert H. Khi

d6 véi moi xeH chudi i(x,en>en hoi tu va i\(x,enﬂsttz, chudi
n=1

n=1
Z:(X,en)en dwoc goi la chudi Fourier ciia x doi véi hé {en}ne] va bat ddng
=1

thite trén dwoc goi la bat ddng thire Bessel.

Pinh nghia 1.7. Hé triec chudn {en} trong khong gian Hilbert H duoc goi la

nell
mot co so truc chudan néu khong gian con sinh boi hé nay la tru mdt trong H.

Pinh li 1.15. (PBinh 1li Riesz) Gia suw {en} la mét co s6 tryc chudn trong

nell

khong gian Hilbert H. Néu day s6 (&) théa man diéu kién Z‘rjﬂ‘z <oo thi sé

n=

ton tai duy nhdt x e H nhdn &, lam hé s6 Fourier £ =(X,e.) va
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=3 ce =S
n=1 n=1

Pinh nghia 1.8. Cho H |a mét khong gian Hilbert. Day {Xn} trong H dwoc goi

la hoi tu yéu dén phan tir x trong H néu véi moi y € H ta co lim(x,,y)=(X,y).

Ki hiéu: XHLX.

Pinh li 1.16. Gia su H la khong gian Hilbert

i) Néu day {Xn} héi tu yéu dén x € H va day {yn} héi tu manh dén yeH thi
day 56 {(X,. Yy )} hoi tu dén (x,y).

i) Néu day {Xn} héi tu yéu dén xeH va day {HXnH} héi tu dén ||X|| thi day
{Xn} hoi tu manh dén x e H .

1.2. Tap 16i va ham 16i trong khong gian Hilbert

1.2.1. Tap 19i

Pinh nghia 1.9. Cho hai diém a,beH .
i, Mot dwong thang di qua a,b la tdp hop c¢é dang:
{Xe H:x=ca+pb,a fel,a+p=1}.
ii, Poan thang noi hai diém a,b trong H c6 dang:
{xeH:x=ca+pb,a>0,>0,a+ =1}
Pinh nghia 1.10. Mot tdp D duoc goi la tap affine néu D chita moi duong
thang di qua hai diém bat ki x,y € D, tirc la
vx,yeD,Viel = Ax+(1-A)yeD.
Ménh dé 1.1. Tdgp D=0 la tdp affine khi va chi khi né c6 dang D =M + a véi
M la mot khong gian con cua Hva ae H. Khong gian M duoc xdc dinh duy
nhdt va dwoc goi la khéng gian con song song ciia D.
Pinh nghia 1.11. Thit nguyén (hay chiéu) ciia mét tdp affine D la thir nguyén

cua khong gian con song song voi D va dwoc ki hiéu la dim D.
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Pinh nghia 1.12. Siéu phang trong khéng gian H la mét tip hop cdc diém cé
dang

{XE H :aTx=a},
trong do ae H la mot vecto khac 0 va a €l .
Pinh nghia 1.13. Cho ae H la mgt vecto khac 0 va a€ll. Tap {X ra' x> a}
dwoc goi la nira khong gian dong va tdap {X ‘a’ X > a} goi la nita khéng gian mo.
Pinh nghia 1.14. Mot tap D dwoc goi la tap 16i néu véi moi a,beD va moi
A€[0,1], ta co:

la+(1-A)beD.
Vi du 1.1. Tap rong 1a tap 10i.
+ Toan bo khong gian 1a tap 16i.
+ Cac khong gian con 1a cac tap 16i.
+ C4c tam giéc, hinh tron trong mit phang 13 cac tap 16i.
+Qua cu C ={x||x| <1} 1a tap 16i.
Pinh li 1.17. Tdp 16i dong véi phép giao, phép cong, phép nhin véi mét sé
thuee tire la, néu C va D la hai tdp 16i trong H thi C "D, AC + D ciing ld cdc
tdp 16i.
Pinh nghia 1.15. Ta ndi x la 6 hop 16i ciia cic diém (vecto) Xpyeees X néu

k k
X=X A%, A, 20(j=1..,k), X4, =1.
=1 j=1

17
Ménh dé 1.2. Tdp hop D la 16i khi va chi khi né chita moi t6 hop 16i cia cdc
diém ciia n0O. Tirc la D 16i khi va chi khi
k k
Vkel VA4 24, =LVx,.,x, eD=>24x¢eD.
j=1 j=1

Ménh dé 1.3. Néu A4, B, C la cdc tdp 16i dong trong H, thi cdc tdp sau la 16i
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ANB:={xxeAxeB};
AA+B={Xx=ca+pbacAbeB,a,pecll};
AXCZZ{XE H.H\x:(a,c):aeA,CEC}.
Pinh nghia 1.16. Mot tap duoc goi la tap 16i da dién néu né la giao cua mot 56
hitu han cdc nwa khong gian dong.

Nhu vay, theo dinh nghia tap 16i da dién la tap hop nghiém ctia mdt hé
hitu han cac bat phuong trinh tuyén tinh. Dang tudng minh cua tap 16i da dién
dugc cho nhu sau:

C:={xeH[(@,x)<b;, jel,]l|<+xn}.
Ménh dé 1.4. Giao ciia mét ho bat ki cdc tap 16i la mét tap 16i.
Chirng minh:

Gia st {A,} _ laho cac tap 16i. Can chimg minh A= A, 1a mot tap 16i.

ael

+Voéimoi X, X, e A= X, X, €A (Vael).
+Véimoi ael. Do A 16inén VAe[0;1] taco:
A +@1-A)x, € A
Theo dinh nghia A= A, 1a mot tap 16i. i

acl
Pinh nghia 1.17. Mot tdp C < H dwoc goi la non néu
VxeC,VA>0= AxeC.
Mot non dwoc goi la non 16i néu né la nén va la mét tap 16i.
Pinh nghia 1.18. Cho C = H,x° € C. Nén phdp tuyén (ngoai) ciia tdp C tai X°
la tdp hop
N (x°) ::{W:<W,x— x°) <0, Vx eC}.
Pinh nghia 1.19. Cho D < H La mét tip 16i va x° € D.
Tap
N, (x°) :={We H:(w,x-—x°)<0,Vxe D},
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dwoc goi la noén phap tuyén ngodi ciia D tai X° va tip —N,(x°) duwoc goi la
nén phdp tuyén trong cia D tai X°.
Tap

Ng(xo):z{We H:(w,x—X°<g Vxe D},

dwoc goi la nén phdp tuyén cia € ciia D tai X°.
Hién nhién 0 e N, (x°) va ding dinh nghia ta c6 N_(x°) 1a mot non 16i déng.
Trong chuong 3 ta sé& str dung céac dinh i tach tap 16i, day ciing 1a nhimg dinh li
co ban nhat cua giai tich 16i.
Pinh nghia 1.20. Cho hai tdp C va D, tan6i rang siéu phang
H = {x:(v,x) = 4}.

(i) tdch hai tip C va D néu:

(v,a) <A <({v,b),vaeC,beD.
(ii) tdch chat C va D néu:

(v,a) <A <(v,b),vaeC,beD.
(iii) tdch manh C va D néu:

sup{v, X) < A < inE(v, y).

xeC ye
Pinh Ii 1.18. (Pinh li tach 1). Cho C va D la hai tdp 16i khdc réng trong H sao
cho CND=0. Khi d6 cé mét siéu phang tach C va D.
Pinh 1i 1.19. (Pinh li tach 2). Cho C va D la hai tdp 16i déng khdc réng trong
H sao cho CND=0. Gid sir ¢é it nhdt mét tdp compdc. Khi d6 hai tdp C va
D ¢6 thé tach manh dwoc béi mét siéu phcfng.
Ap dung Pinh 1i tach cho H1a 0 " ta dugc hé qua sau:
Hé qua 1.2. (B6 dé Farkas). Cho acl " va 4 la ma trdn thuc cap mxn. Khi

dé (a,X) >0 véi moi x théa man AX>0, khi va chi khi ton tai y>0,va "

saocho a=A"y.
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Y nghia hinh hoc ciia bé dé Farkas: Siéu phang di qua gdc toa do (a,x)=0
dé non Ax >0, vé mot phia cua no khi va chi khi vecto phap tuyén a cua siéu
phang nam trong nén sinh béi cac hang ctia ma tran A.

1.2.2. Ham 1oi

Pinh nghia 1.21. Cho D |1& mét tdp 16i va f : D —[] u{+oo}. Ham f dwoc goi
la 16i trén D néu
f(AX+Q-D)Y)<AF(X)+(@-2)f(y),vX,yeD,0< A <1;
16i chdt néu
FAX+A-A)y)<AT(X)+(Q1-A)T(y),vx,yeD,0<A<1.
Ham f I6m (16m chat) néu — f 1a 16i (16i chdt).
Vidu 1.2.
1. Ham a-phin. f(x):=a"x+a, trong d6 acH,a €[] . D& dang kiém tra dugc
f 1a mot ham vira 16i vira 16m trén toan khong gian. Khi o« =0, thi ham nay
duoc goi 1a ham tuyén tinh.
Cho C =0 1a mot tap 10i.
2. Ham tya. Ham dudi day dugc goi 1a ham tya cta C.

se(y) = sup(y.x).

xeC

3. Ham khodng cdch. Cho C 18i dong, ham khodng cdch dén tap C duoc dinh

nghia boi
do () = I’;\EICHHX -yl
4. Ham chudn. Gia st X = (X....., X")
F(x):=x], = max|x]
hoac

2 2)1/2 .
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Pinh 1i 1.20. Cho fva g la hai ham 16i trén tdp 16i va D twong vmg. Khi dé cdc
ham s6 af + Bg,(Ve, B =0);max{ f,g} cing l6i trén CND.

Mot ham 16i c6 thé khong lién tuc tai mot diém trén bién mién xac dinh
ctia nd, tuy nhién né lién tuc tai moi diém trong cua tap do theo dinh li sau:
Pinh li 1.21. Mot ham 16i T xdc dinh trén tdp 16i D thi f lién tuc tai moi diém
trong cua D.

Tinh chét sau day dac trung cho mdt ham 161 kha vi, va thuan loi dé kiém tra
tinh 16i cuia mot ham so. Ta ki hiéu f '(a) hoac Vf (a) la dao ham cua f tai a.
Pinh li 1.22. Cho f:D —10 la mdt ham khd vi trén tap 16i mé D. Diéu kién
can va dii dé f16i trén D la

f(x)+({VE(x),y-x)<f(y), VvxyeD.
Néu f kha vi hai lan thi diéu kién can va dit dé f 16i trén D la véi moi xe D ma
tran Hessian H(x) cua f tai x xdc dinh khong am, tic la
y'"H(x)y=0,vxeD,yel".

Nhu vy, mot dang toan phuwong x'Qx 1a mot ham 151 khi va chi khi Q xac
dinh khong am. Mt dang toan phuong 1a mot ham 16i chat khi va chi khi ma
tran cua no xac dinh duong.

Tinh kha vi cia mot ham 16i giit vai tro quan trong trong cic phuong phap
t61 ru hoa. Lép cac ham 161 ¢o nhimng tinh chét kha vi rat dep ma cac 16p khac
khong ¢6. Gid sit f :H —0 U{+o0} 1a ham 16i. Ta c6 cac khéi niém sau:

Pinh nghia 1.22. Cho ham f:H -0 dwoc goi la nira lién tuc dudi déi véi E
tai moét diém x, néu nhwe véi moi day {Xk} cE, x*->x ta co:

liminf f (Xk)z f (X) Ham f duoc goi la nira lién tuc trén, d6i véi E tai x néu —

f nira lién tuc dwdi, doi véi E tai x. Hay la moi ddy {Xk} cE, x* > x, thi
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limsup f (Xk)é f (X) Ham f duwoc goi la lién tuc doi véi E, tai x néu nhw né
vira nira lién tuc trén va nira lién tuc dudi, doi véi E, tai x.
Ham f dugc goi 1a nira lién tuc dudi, dbi voi E trong tap A, néu noé lién tuc duéi
ddi voi E, tai moi diém thudc A. Tuong tu, ta cling néi nhu vay ddi voi ham
ntra lién tuc trén va ham lién tuc. Khi f lién tuc (ntra lién tuc) tai mot diém x,
dbi voi toan khong gian, thi ta noi don gian f lién tuc (ntra lién tuc) tai x.
Pinh nghia 1.23. Cho ¢>0. Mot vecto we H duwoc goi la mot &—duoi
gradient ciia f tai X° € H néu:

(W, X=X < f(X) = F(x")+&,VxeH.
Tap hop tat ca cdc & —dwéi gradient goi la g —dudi vi phdn ciia ham f tai X°,
dwoc ki hiéu la:

88f(XO)Z={We H:(w,x—=x< f(x)= f(X°)+¢,Vxe H}.
Pinh nghia 1.24. Vecto we H duoc goi la dudi gradient ciia ftai X° € H néu:
(w,x =Xy < f(x)— f(x°),vxeH.
Tdp hop tdt cd cdc dwéi gradient cia ftai X° dwoc goi la dwéi vi phdn cia f tai
X, ki hiéu la:
of (x°)::{We H:(w,x—x°y < f(x)- f(x°),v¥xe H}.

Ham f dwoc goi la kha dwdi vi phan tai X° néu of (x°) #0.

Vi du 1.3. Cho D 1a mét tap 16i, khac rdng ctia khong gian H . Xét ham chi trén
tap D

Vé&imoi x° e D ta co:
W e 05, (X°) < 85 (X) — 55 (X°) > (w,x - x°),Vxe D
< (W, x—-x%)<0,vxe D < we N, (x°).

Chung to
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085 (x°) =Ny (x°), vx° e D.
Ciing c6 truong hop ton tai nhitng diém Xx* tai d6 f khong c6 dudi vi phan, nghia
1a tap of (x*) c6 thé 1a tap rdng. Tuy nhién, d6i v6i ham 16i ta c6 dinh li sau:
Pinh 1i 1.23. Cho f'la ham 16i hitu han trén tdp 16i D. Liic d6 f c6 dwdi vi phén
tai moi diém thuéc riD.
Pinh nghia 1.25. Ta goi dao ham theo hwéng d ciia mot ham sé f (khéng nhat

thiét 14 16i) tai diém x la dai lwong

) = lim f(x+ii)— fO)

Néu gi6i han nay ton tai.
Pinh li 1.24. Néu fla mét ham 16i trén tdp 16i D thi véi moi X € D va moi d sao
cho x+d e D, dao ham theo hwdng d ciia f tai x luén ton tai va nghiém ding

frx,d)< f(x+d)—f(x).

Ngoai ra vdi moi diém x ¢o dinh, f'(x,.) 1a mot ham 16i trén tap 161

{d:x+d eDj.
Pinh nghia 1.26. Cho D" ld tdp 16i, f :D -0 la ham l6i va & >0. Xét
bai toan:
rpeiDn f(x).

Mot diém X e D duoc goi la € —nghiém cua bai toan (P) néu:

f(X)<min f(X)+¢.

xeD
Ménh dé 1.6. Vecto X € D 1& & —nghiém ciia bai todn (P) khi va chi khi
0eo, f(X).
Chirng minh.
Gia st X € D la £ —nghiém cua bai toan (P). Khi do:
f(X)< f(x)+¢,VxeD.

Suy ra
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Ox-X)<f(X)-f(X)+¢&,VxeD<=0e0,(f(XO0).

Nguoc lai, néu thi ta co:

O, x=xX)<f(x)—- f(X)+¢,VxeD.
Chung to X la & —nghiém ctia bai toan (P). ]
Ménh dé 1.7. Cho D la tdp 16i déng khdc rong. Khi d6 py & &—chiéu cia x
trén D khi va chi khi

(X=p,. p,—y)=—&,VyeD. (1.6)
Chirng minh:

Gia st px 12 & —chiéu cua x trén D. Ta c0:
min x - y[f < mind S[x— y[ + 5, (y) (1.7)
yeD 2 2 0
Trong d6 6, (y) la ham chi cua y trén tap D. Dat
1 n
f(y) Z=§HX— sz,XED .
Theo Pinh nghia 1.23, p, lag —nghiém cua bai toan (1.7). Tir Ménh dé 1.6 ta dugc
0€9,[f(p)+6p(P)]=0,f(p,)+0,5(p)). (1.8)
Theo vi du 1.2, ta cd: 0,0, (p,) =Ng(p,) nén tir (1.8) ta dugc:

0e{—x+p}+N5(p,)
Suy ra:
(X_ px) = Né(px) <:><X_ px’a)_ px>S81va)€ D.

Nguoc lai, gia str co (1.6). Ta co:

[x=Po ()" =[x = | +2(x = p,, p, = Po () +]|p, = P ()]

> |x— | +2(x— p,, P, — P, (X)).
Suy ra

Ix - PD(X)H2 >|x - pr2 —2¢.

Chug to py 1a 2& —chiéu ciia x trén D. N
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Chuwong 2
PHEP CHIEU TRONG KHONG GIAN HILBERT

Trong chuong nay, ta nhac lai s kién thitc quan trong vé toan tir chiéu
trong khong gian Hilbert, dinh nghia va cac tinh chit co ban vé phép chiéu
trong khdng gian Hilbert, phép chiéu khoang cach xudng tap 16i dong. Trong
toan hoc c6 rat nhiéu phuong phap giai dua trén viéc tim hinh chiéu cua mot
diém xudng mot tap 16i. Trong trudng hop tong quat day 1a mot bai toan kho.
Tuy vay néu tap 16i c6 nhitng cau tric riéng, nhu tap 10i da dién thi bai toan
nay c6 thé dugc giai hidu qua bai nhitng chuong trinh phan mém hién nay da
c6. Bai toan vé tim hinh chiéu xubng tap 16i dong vai trd qua trong trong toi
wu va nhiéu linh vuc khac nhu bat dang thtc tich phan, cin bang, xap xi,
V.V... Cac ndi dung trinh bay dudi day dugc trich chu yéu tir tai liéu tham

khao [1],[2] va [4].
2.1. Dinh nghia va vi du

Dinh nghia 2.1. Gia su H la mot khong gian Hilbert va M la mot khong gian
con déng cia H. Ta biét rang, véi moi X H cé thé biéu dién mét cich duy
nhdt dwéi dang

X=Y+2 trongdé yeM,zeM".
Xét toan tur
P:H — H duwoc dinh nghia bang cdch véi moi, ta ldy Px=y, trong d6: x=y+z
Nhu trén da thiy P 1a mot toan tir tuyén tinh. Ta goi P 12 phép chiéu hay toan
tir chiéu tir khong gian H 1én khong gian con dong M.
Ky hiéu | 12 toan tir dong nhat trén H, ta c6

z=x-y=x-Px=(1-P)x,

nén I-P 1a toan tir chiéu tir khong gian H 1én khong gian con déng M.
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Véi moi xeH taco |xF=|yf+|zF, do yLz. Nhu vay |Px|=]y]|<[x|
nghia 1a P lién tuc va |P|<L1. Néu M #{0} ta liy ye M thi IPy||=]y|| nén
IP[1 tic 1a [P =1.
Ménh @@ 2.1. Toan ur chiéu P tir khéng gian Hilbert H 1én khong gian con
doéng M la tir lién hop va théa man ddng thire P? =P
Chirng minh:
Hién nhién P? =P tir dinh nghia. V&i moi x,x, e H ta viét
X =Y, +2,X=Y,+2, trongdo y,,y,eM;z,z,eM".
Nhu vay
(PX, %) = (Yur Yo + 25) = (Y1 Yo) =%, PX)). U
Ménh d@é 2.2. Cho P:H —H la mét toan tir lién hop trong khong gian
Hilbert théa mén diéu kién P? =P . Khi dé P la mét toan tir chiéu.
Churng minh:
Ki hiéu M=P(H). Ta chitng minh M 1a mdt khong gian con dong ctia H. Gia sir
M>y —vy, thiténtai x, e H dé Px =y . Do P lién tuc va tir gia thiét, ta cd
Py =P?’x =Px =y —Y,,Py. —Py,.
Vay Py, =y, hay y,e M.
Bay gio, voi moi X € H , ta viét x = Px+ (x— Px). Pé y rang

vy e H,(Py,x—Px)=(y,Px—Px)=0.
Nghiala Xx—-PxeM*vaH=M@&M", ]
Dinh li 2.1. Gid su M la m¢ot khong gian con dong cua khong gian Hilbert H.
Khi @6 méi phan tr xe€H dwoc biéu dién mét cich duy nhat dwéi dang
X=Yy+2, trong d6 yeM va ze M™* duoc goi la hinh chiéu truc giao ciia x
Ién M.
Chirng minh.
Néu xe M thitadity=x,z=0.
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Néu x & M thi M 1a 16i déng nén ton tai duy nhat ye M sao cho
X —y||=d(x,M).
batz=x-y,tacox=y+z
Ta phai chirng minh
zeM™*,
That vay, voimoi o e K,ue M taco
|2l =1x=yl<lx=(y+eau)]=|z-aul.
Tu do ta suy ra

Hsz <(z—au,z—au) :HzH2 —a(u,z) —a(z,u) +a2HuH2.

Chon
a =(z,uy;|ul|=1.
Taco
0<—[z,wyl".
Suy ra
(z,uy=0,vueM |ul=1.
Vay

zeM™.

Bay gio ta ching minh sy biéu dién 13 duy nhét.

Gia su:
X=Y,+2,Vy,eM,z,eM™.
Khi do:
y-y,=z-znény-y eMva y-y eM".
Tasuy ra
(Y=Y, Y-y =0.
Vay

Y=V=>1=1.
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Tt tinh duy nhét cua biéu dién ta co thé viét X =M @M *.
Dinh i dugc chitng minh. L
Pinh nghia 2.2. Cho C =0 la tdp 16i dong thudc khéng gian Hilbert thuc H va
yeH, dat
de (y) =inf Ix—y].
Ta n6i d.(y) la khoing cdach tir y dén C. Néu ton tai weC sao cho
d.(y)= HX— yH, thi ta n6i 7 la hinh chiéu (khoang cach) ciia y trén C.
Ta ki hiéu 7 = p.(y), hodc don gian 1a p(y) néu khong can nhan manh dén tap
chiéu C. Chu y rang néu C # 0, thi d.(y) hitu han, vi
0<d.(y)<|jx-y|,wxeC.

Theo dinh nghia, ta thiy hinh chiéu p.(y),cta y trén C s& la nghiém ctia

bai toan t6i uu
mxin{%ux— I [xe c}.

Noi cach khéc, viée tim hinh chiéu ctia y trén C c6 thé dua vé viéc tim cuc
tiéu cua ham toan phuong ||x — yH2 trén C.
Vi dy 2.1. Cho K ={(x,x,) el :x +x] <1}.V¢i bat ki vecto xeH, hinh

chiéu khoang cach p, (x) la nghiém duy nhat ctia bai toan tbi wu sau:

. 1 , 2
Y12+Y§ST)!lQO,y220{E|:(y1 - Xl) + (yz - Xz) ]}

Bang cach cho 4 >0 1a nhan tir ctia rang budc bac hai. Chung ta c6 hinh chiéu

cuaxla p,(x)=(X,X,) voi

- 1 - 1
X, = max(O,mxl), X, = max(O,nxz).

V61 A phu thude vao x.

Bang cach chon x=(0,%,) véi x, >0 tir biéu thirc trén ta c6 dugc:
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X, =0,X, =min(1 x,).
Ménh dé 2.3. Cho CeH 1a mér tdp 16i dong khic réng. Khi d6 véi moi
yeH, 7 eC hai tinh chit sau la twong dwong:
) 7=pc(y),
i) y—meN.(7).
Chirng minh. Gia sir c6 i) tirc 1a 7 = p. (y). Liy xeC,A€(0,1).
Pit
X, =AX+1-A)x.
Do x,7eC va C 18i, nén x, eC. Hon nita do ~ 1 hinh chiéu cua y, nén
7= yl<]y x| Hay
|z —y[ <|A(x—7z)+ (z - y)[ -
Khai trién vé phai, uéc luong va chia hai vé cho 4 >0, ta c6
Ax=z|* +(x=z,z—y)>0.
Diéu nay dung véi moi x € C, 1 € (0,1). Do d6 khi cho A tién t6i 0, ta duoc
(r—Yy,x—m)>0,¥xeC.
Vay
y—7meN(y).

Ta gia st coii)hay y—7eN.(y). Voimoi xeC, taco

(y-m) (x=m)=(y—7m) (x=y+y-7)

=y ==l +(y-=) (x-y)
Tir day va ii), dung bat dang thirc Cauchy-Schwart ta co:

ly ==l <(y-="(y=x<[ly-llly-x].
Suyra ||y —7| <|ly-x|,vxeC, vado do 7 = p(y). i
Ménh dé 2.4. Cho CcH la mét tdp 16i dong khdc rong. Khi d6 véi moi

yeH , hinh chiéu p.(y) ciay trén C luén ton tai va duy nhdt.
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Chirng minh. Do d. (y) =inf

xeC

X— yH, nén theo dinh nghia cta can dudi dung
(infimum), ton tai mot diy x* € C sao cho

lim |x* - y||=d(y) 0.

K—>-+o0

Do C #0 nén d.(y) <+wo
Vay day {Xk} bi chan, do d6 né c6 mot day con {Xk" }h@i tu yéu dén mot diém
7 nao d6. Do C déng suy ra C dong yéu, nén 7 C. Vay

Iz~ yl=tim

joow

ki c ol
X —y|[=lim|x - y| = dc (y).
Chung to 7 12 hinh chiéu cta y trén C.
Bay gio ta chi ra tinh duy nhat ciia hinh chiéu. That vay gia st néu ton tai hai
diém 7 va z* déu 1a hinh chiéu cua y trén C, thi

y—7eN.(7),y—7" eN. (7).

Ttc 1a
(m—y,m—7)>0.
Va
(' —y,m—7")>0.
Cong hai bt dang thtc nay ta c6 H?Z' — 72'1H <0,vadodd 7 =7". i

Mg¢nh dé 2.5. Cho Cc H la mot tap l6i dong khdc rong. Khi dé néu y&C,
thi
(Pc(Y) =¥, x=pc(y)) 20,vxeC,
Va
(Pc(¥) =Y,y = pc(¥)) <0.
Chirng minh. Do y— 7€ N.(7), nén

(r—Yy,x—m)>0,¥xeC.
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Vay (z—Yy,X)=(zr—Yy,7) 1a mot siéu phing twa cia C tai 7. Siéu phang nay
tdch y khoi C vi y = 77, nén
2
(m=y,y—m)==|x-y[ <0. J
Ménh dé 2.6. Cho C e la mét tdp loi dong khic rong. Khi d6 anh xa

Y P (y) c6 cdc tinh chdt sau:
i) pe (X)- pe (¥)|<[x—=y|  ¥xVy.(tinh khong gi&n).

i) (Pe (X) = Pe (¥):x—Y) = pe (X)— P (y)H2 (tinh dong birc).
Chirng minh:
Theo Ménh dé 2.4 anh xa X — p(x) x4c dinh khip noi. Do z— p(z) € N (p(2))
v6i moi z, nén ap dung véi z=Xvaz =y, ta co:
(x=p(x), p(y) — p(x)) <0.
Va
(y=p(y), p(x) - p(y)) <0.
Cong hai bat dang thuc ta s& duoc
(p(Y) = p(x), p(y) — P(X) + x—y) <0.
Két hop véi bat dang thirc Cauchy-Schwarz, ta suy ra
000~ P <[], J
i) Pé chimg minh tinh dong birc, ap dung tinh chét ii) cia Ménh dé 2.3 1an luot
véi p(x) va p(y), ta céd
(P(x) =x,p(x) - p(y)) <0,
(y=p(y), p(x) = p(y) <0.
Cong hai bat ding thirc ta thu duoc
(P(X) = p(Y)+y—=xp(x) - p(y)
=(P() = P(Y),y = %) +[p() = p(Y)[ <0.

Chuyén vé ta co
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(P(x) = P(Y).X=Y) 2] P(¥) = P(Y)"
Pay 1a tinh chat dong buc ta can ching minh. i
Cha y. Phép chiéu vudng goc con mot tinh chit manh hon tinh khong gidn 1a
[0 =PI <[x= Y[ = pC) = p(Y) =X+ y[ ¥, y.
2.2. CAc tinh chat co ban

Pinh li 2.2. Cho B,P, la hai toan tu chiéu tir khéng gian Hilbert H 1én cdc

khong gian con dong M ,M,. Cdc ménh dé sau day la twong dwong

i) M, LM,.

i) BP,=0(hay P,P, =0).

iii) P+ P, la mot todn tir chiéu.

Liic d6 P,+ P, la todn tik chiéu lén khéng gian con M, ® M.

Churng minh.

i)=ii). Lay batki xe H thi pxeM,. Do M, L M, nén P,(Px)=0(P,P,=0).

ii)=1i). Lay x, e M, X, e M, taco x, = Px,X, = P,X,.

Do (X, %,) =(BX,PX,) =(X,PPX,) =0, nén x, L x,.

it)=iii). Taco (R+P,) =R +P, =B +P,. Ngoai ra
(R+R)=(R+P)R+R) =R’ +RP,+PR+P =R +F,

Nhu vay theo Ménh dé 2.2 thi P, + P, 1a mdt toan tir chiéu.

Ta ki hiéu M=M, ® M, va goi P 1a toan tir chiéu tir H Ién M. Véi moi xe H ta

viét x=Px+ (1 —P)x. Do PxeM nén Px=u+V trong 46 ueM,,ve M, nhu

the x=u+v+(l-P)x. Vi M, LM, nén vLM,(I-P)xLM, suy ra

v+ (I —P) L M, nhu thé Px=u .tuong tw P,x=V nén

Px=Px+Px=(P+P,)Xx. Vdy P=P,+P, hay P +P, 1a toan tir chiéu cua H

Ién khong gian con M, @ M,,.
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iii) = ii), Néu P, + P, 14 toan tr chiéu thi viéc khai trién dang thirc
(R+P) =P +P, tacé PP, +P,P,=0. Nhan P, lan lugt vao bén trai va bén
phai dang thirc nay thi duoc

AP, +RPR =0.RRR+PR =0.

Cong hai déng thirc nay lai, vé theo vé ta nhan duoc 2PPR,P, =0.

Suy ra
RP,=PR =0 !
Pinh li 2.3. Cho C c H la mét da dién. Voi méi xeH ,va ldn can U cia x khi
do
() =R () +R(y—-x),vyeU,
VO1i

K=T.(X)N(X-x)",
va T_(X) la non tiép xic cia C tai X . Vi vdy
Pi(x,d) =R (d),Vvd.
Chiwrng minh. Gia str ngugc lai khong tdn tai 1an can cua X. Khi d6 ton tai day
{Xk} héi tu yéu téi x thda man
P.(X) = P.(x) # P (x* = x), Vk. (2.1)
Do X* =P.(x*), tir Pinh ly Kuhn-Tucker, ton tai 1* € H sao cho
X~ X+ jﬁlzjk(Aj)T -0
0<A* Lb—-AX*>0.
Bang cach chon ddy con chiing ta co thé gia thiét tap chi s6 sup(1*)=J véi
moi k. R6 rang J < 1 (X).

Tir phuong trinh tuyén tinh
X< —x* + Z/TJ."(AJ.)T =0.

jed
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AX“=Db,Viel.
Ta c6 thé cho rang vecto
{A\lesup(i" } {JM ¢O}
La doc 1ap tuyén tinh. Cho B 13 ma trin hang cua hé vecto trén. Cho {ﬂ_,, : ‘i e J}
va X* 1a gidi han duy nhét cua x*, ta co
/Tjk =(BB")(Bx* ~b;)
x*=[1-B"(BB")"B |x“+B"(BB") b,
Cho k — 4o ta co
A — 2;=(BB") ™ (Bx—h,)
X=|1-B"(BB")"'B|x+B'(BB") b,
Do (1)< J néntaco

d“=x*-x=[1-B"(BB")'B](X" - X).

Hay

7k _ - k

A/ =(BB")"B(x" - x).
Ta thay

d“ —(x* =x)+ X4 (A)" =0
iel
Va
Ad*=0,Viel

Voiiel(X)\J taco

Ad" =AX" ~AX <0.
Tlr ba phuong trinh cubi dan dén d* = P, (x* —x) mau thun véi (2.1). i
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2.3. Mot s6 truong hop cu thé
Trong mot sd trudng hop thudng gip, tip chiéu 1a hinh hop chir nhat,

hinh cau déng hay khong gian con thi diém chiéu cé thé tinh dwgc mot cach

tuong minh.

2.3.1. Chiéu xudng hinh hdp chir nhat

Khi C Ia mét hinh hop, dinh nghia béi
C:= {x = (X, X,y X, ) €0
a=(a,a,,..a) ,b=(b,b,,..b) eT.

a, <x <b,i :1,2,...,n},

Khi d6, hinh chiéu cua x 1én C dugc xac dinh nhu sau:

a, khi x <a

(P (X)) =1 X, khi xe[a,b] (2.2)
b, khi x>b

2.3.2. Chiéu xuong hinh ciu déng

Khi C 14 hinh cau ban kinh R tim A=(a,,a,,...,a )" €] " dinh nghia béi

C={z=(z,2,,...,2,) €l"

n

Zi(zi —-a)’ < Rz}.

i=

Khi d6, hinh chiéu y = P.(x) ctia X Ién C duoc x4c dinh nhu sau:

Néu xeC thi y=x

Néu x¢C thi hinh chiéu cta x Ién C 1a giao diém ctia duong thang nbi x va
tdm a cua C, ki hiéula A véi mit cau

C ::{z € H\Zn:(zi —a)’ = Rz}.

Taco

A:{z =(z,2,,...,2,) el "|z, =a, +t(x, —&),i=1,...,n,t el }

Thay z, =a, +t(x, —a,) ta duoc
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2> (x ~a)* =R’
i=1

Do do
R

t= :
(Z::l(xi — & )2)1/2

Vi vay, y ¢6 toa do nhu sau

yi=a +t(x —a)=a + i 7 (X — &)

(Xr.x-a)))

2.3.3. Chiéu xuong khong gian con
Khi C <[] " 1a khong gian con k chiéu véi mot co sé
B:{nl,nz,...,nk}.

Giasr xell"va y= Z;yjni e C trong do y; la cac h¢ sd thue sao cho
w=x-y thda mén (w,7,)=0,vj=12,..,k (ta s& tim y thoa min diéu kién nay
sau). Khi d6 y 1a hinh chiéu cua x 1&n C. That vay, Vi W truc giao vi moi vecto
trong co s& cia C nén nod cling tryc giao véi moi vecto cia C. Do d6 voi ze L
ta co :

Ix—2 =(x-y+y-z,x-y+y-2)

=(X=Y,X=Y) (Y =2,y =) + 2AW,y - 2)

=[x=y["+y -2 =[x-y[".
Vi vay y 1a hinh chiéu cta x 1én C.
Bay gio ta tim vecto y nhu vay. Voi moi i=1,2,... k ta ¢

(X=y,17,)=0.

Hay

Z<77i’77j>yj :<X’77j> . (2.3)

Vo1 1<i, <k dat
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a; ={1,,1;)
va
b, =X, ;).
Khi @6, tir (2.3) ta thu duoc mot hé tuyén tinh k phuong trinh k 4n
Ay =vy.
Trong d6 A=(g;) va b= (b,b,,....b,)" . Hon nita, theo dinh nghia A la ma tran
xac dinh duong nghia 1a det(A) =0, do d6 hé nay c6 ding mdt nghiém.
Vi
k
y=2 Y-
=
Vay khi biét y, ta s& xac dinh duoc y.
Néu B duge chon 1a mdt co s& truc chuan caa C nghia la:
<77i,77,->={i’;: (2.4)
Thi A 1a ma trdn don vi. Do d6 ta tinh duoc
Y, =b =Xn)i1=12,.,k
Mgénh dé 2.7. Cho C la khong gian con trong H, p. (X) la hinh chiéu ciia x néu
va chi néu
(X=pc(x),y)=0,vyeC.
Chirng minh. Do C la khong gian conva y e C, p.(x) eC nén p.(X)+yva
p. (X) — y déu thude C véi moi y € C. Tir Ménh dé 2.5 ta 6
(Y, X—=p:(x))=0,Vvy eC,
va
(=Y, X—=p: (X)) 20,vy eC.
Tu trén ta suy ra: (y,x— p.(x))=0,vy eC.

Tir d6 ta suy ra diéu phai chimg minh. il
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Chuong 3
AP DUNG GIAI BAI TOAN CAN BANG

Trong chuong ndy ta xét bai toan can bang, cac truong hop dic biét dua vé
bai toan can bang nhu: Bai toan t6i uu, bat ddng thirc bién phan, diém bat dong
Kakutani, bai toan diém yén ngua, can bang Nash trong trd choi khong hop tac,
cac mo hinh cin bang. Dic biét 1a viéc van dung thudt toan chiéu dudi gradient
xap xi dé giai mot 16p bai toan can bang. Pay 1a mot chuong quan trong cua

luan van. Cac kién thtc trinh bay trong chuong dugc tham khao chua yéu tir cac
tai lisu [1].[2].[3].[5]-
3.1. Bai toan cin bang
3.1.1. Phat bi¢u bai toan can biang
Gia st C 1a tap 16i dong khac rdng trong [1"va f:0"x0" —(—o0;+00] 13
mot song ham sao cho f(X,X)=0,VvxeC. Gia st CxC thudc mién xac
dinh cua f . Ta xét bai toan can bang (EP)(f,C)

Tim x* € C sao cho f (x*,y)>0,VyeC, (EP)
Ta ki hiéu tap nghiém cua bai toan (EP) 1a S(f,C).
Bai toan d6i ngau cua bai toan (EP) la:

Tim x" € C sao cho f(y, x¥) <0, VyeC . (DEP)
Tap nghi¢m cua bai toan (DEP) duoc ki hiéu 1a Sq(f,C).
Pinh nghia 3.1. Gia sir f:0"x0" -0 U{+o0}. Ta noi:
(i) f don diéu manh trén C voi hé sO £ >0, néu

f(x,y)+ f(y,x)<-B|x- yH2 vx,y eC;

(ii) f'don diéu chdt trén C, néu

f(X,y)+ f(y,x)<0VvXx,yeC,x=Yy;
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(iii) f don diéu trén C, néu
f(x,y)+ f(y,x)<0vx,yeC,
(iv) f gid don diéu trén C, néu
f(x,y)>20= f(y,x)<0VX,yeC;

(V) f twa don diéu trén C, néu
f(x,y)>0= f(y,x)<0Vx,yeC.

Dinh nghia 3.2. Gia su A la mot todn tu (da tri) voi domA chira C. Ta noi:
(i) A don dieu manh trén C voi hé s6 £>0, néu véi moi
X,y €C,ue A(x),ve A(y), taco
Ry =
(ii) A don diéu chdt trén C, néu véi moi X,y €C,x # y,ue A(X),ve A(y), ta co
(U=v,x-y)>0;
(iii) A don diéu trén C, néu véi moi X,y € C,u e A(X),v e A(y), ta co
(U=v,x-y)=0;
(iv) A gid don diéu trén C, néu véi moi X,y € C,u e A(X),ve A(y), taco
(U=v,x—Yy)=0=(u,x—y)>0;
(V) A tua don diéu trén C, néu véi moi X,y € C,u e A(x),v e A(y), taco
(U=v,x—Yy)>0=(u,x—y)=>0.
Tur dinh nghia ta ¢6 (i) = (ii) = (iii) = (iv) = (v).
Mot vi du quan trong cua toan tir don di¢u la dudi vi phan cua ham 15i.
Nhan xét 3.1. Gia su F la mot toan tw co mot trong cdc tinh chdt la don diéu
manh, don diéu chat, don diéu, gia don diéu hay tuwa don diéu trén C va F(x)
compact voi moi X € C . Khi do song ham

f(x,y):=max(u,y-x),

ueF (x)
sé twong ung la don diéu manh, don diéu chat, don diéu, gia don diéu hay twa

don diéu trén C.
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Ménh dé 3.1. Cho C la tdp 16i, déng khdc rong va ¢:CxC —>L U{+oo} la
song ham cdn bang. Khi do:
(i) Néu ¢ la don diéu chat trén C, thi bai todn cdn bang (EP) c6 nhiéu nhdt
mot nghiém;
(ii) Néu ¢(.,y) nira lién tuc trén véi moi y € C VA ¢(X,.) 16i, nira lién tuc duéi
véi moi Xx€C VA ¢ don diéu manh trén C, thi bai toan (EP) luén cé va c6 duy
nhat nghiém.
Bai toan can bang (EP) ¢6 mdi lién quan chit ché dén bai toan sau, dugc goi 1a
bai toan d6i ngau cua (EP).

Tim y eC:¢(x,y) <0vxeC . (DEP)
Ta s€ ki hi¢u tap nghiém cua bai toan (EP) Ia S va tap nghiém cua bai toan doi
ngau 1a DS. Méi quan hé giita hai bai toan ndy duoc thé hién theo ménh dé
duoi day.
M¢énh dé 3.2. Gid sir ¢:CxC —L[ U{+0} la song ham cdn bang. Khi do:
(i) Néu ¢(x,.) la 16i trén C véi méi x € C , thi tdp nghiém DS 16i;
(ii) Néu ¢ gid don diéu trén C, ¢(.,y) nika lién tuc trén theo méi tia (ban lién
tuc) véi méi y € C VA ¢(x,.) 16i véi méi x e C , thi DS=S.
Nhén xét 3.2. Néu f gia don diéu trén C (nghia la: néu X,y eCva f(x,y) =0
thi f(y,x)<0 nén S(f,C)=S,(f,C).
Vidu 1.1.
Gia su bai toan EP (f,C) x&c dinh nhu sau

C=[-L1] <0, f(xy)=2y[x|(y=x)+xy|ly-X, xyel.
R6 rang: S(f,C)={0} va f(y,x")="f(y,00=0, vyeC
Sd(f’c):[_Z;l].

Suy ra: S(f,C)c=Sy(f,C).
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Nhung f khong gia don diu trén C vi
f(-0.5,0.5)= f(0.5,-0.5)=0.25>0.
3.1.2. Nhirng truomg hop dic biét ciia bai toan cin bang
1, Bai toan toi wu
Xét bai toan min{g(x):xeC}.
bat: F(x,y)=o(y)—o(x).
Hién nhién
p(X)<p(y), VyeCs f(x,y)>0, VvyeC

Vay bai toan tdi vu trén 1a mot trudng hop riéng cua bai toan (EP).
2, Bat ding thirc bién phan

Ta xét bai toan bat dang thirc bién phan da tri sau:
Cho C 1a mot tap 16i dong khac rdng trong [1 'va F:C — 2" 1a mot 4nh xa da
tri (tirc 12 voi mdi x e C, gid tri F(x) 1a mot tap khac rdng trong [ ).
Xét bai toan

Tim X" €C,v" e F(x")sao cho (V',y—Xx")>0, vyeC  (VI)

Ta c6 thé minh hoa bat dang thirc bién phan (VI) theo mot mé hinh kinh té
nhu sau: Gia st C 1a tap hop cac chién luge (tap rang budc) cac phuong an san
xuét c6 thé Iya chon. V&i mdi phuong an san xuat X € C, tap (anh xa gia) F (X)
1a tap hop cac gia thanh chi phi co thé, img v6i phuong an x. Khi d6 bai toan
(VI) chinh 13 bai toan tim phuong an san xuat X" trong tap chién lugc C va gia
V* g v6i X, sao cho chi phi 1a thdp nhat. Trong trudng hop, anh xa gia 1a
don tri va khong phu thudc vao phuong an san xuét, tic 1a F(X) =c¢, voi moi
x € C bat dang thirc bién phan (VI) tré thanh bai toan quy hoach quen thudc

min{c'x:xeC} (LP)
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Trong bai toan quy hoach nay, vecto gid ¢ khong phu thudc vao phuong an
san xuat.

Vé mat hinh hoc, bat dang thirc bién phan (VI) 1 bai toan tim mot diém
x" € C sao cho trong tap F(X")cé mot phan tir 1a vecto phap tuyén ngoai cua
tap C tai diém X".

Gia str voi mdi xeC, tap F(x) 161, compact khac rong. V&i mdi x,y € C,
dé mo ta bai toan (VI) vé bai toan cén bang, ta dat

$(X,y) =max(Vv,y —Xx).

veF (x)
T day ta suy ra ¢(X,y) >0, véi moi yeCkhi va chi khi x1a nghiém cua
(V1). Mot truong hop riéng quan trong cua bai toan (VI) 1a khi
C=0" vaF don tri. Khi d6 bai toan (VI) tuong duong véi bai toan sau,
duoc goi 1a bai toan bu (CP):
Tim x>0, sao cho F(x)>0,x' F(x)=0 (CP)
Ta chi ra rang bai toan (CP) nay twong duong véi bat dang thirc bién phan
Tim x>0, sao cho
(F(x),y—x)=0,vy>0.
Su twong duong ¢ day duoc hiéu theo nghia 14 tap nghiém cua hai bai toan nay
tring nhau. That vay, néu x1a nghiém ctia bat dang thirc bién phan thi
(F(x),y—x)=0,vy>0.
Lan lugt chon Y =X+ e (vecto don vi thir i) ta co
F(x)=(F(x),x+e' —x)=(F(x),e')>0.
Vay F(x)>0, vaimoii.Suyra F(x)ell".
Ngoai ra néu chon y=0tacd0<—(F(x),x)<0. Suy ra x' F(x)=0. Piéu
nguoc lai moi nghiém cua bai toan bu (CP) déu 1a nghiém cta bat dang thirc

bién phan 1a hién nhién.
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Bai toan quy hoach 16i
min{ f (x):xeC} (CO)
Trong d6 f 1a mot ham 16i kha dudi vi phan trén tap 10i C, c6 thé mo ta dudi
dang bat dang thirc bién phan (VI), voi F =0of .
That vay, khi F =0f , bai toan (VI) la:
Tim X" €C,v" e of (X") sao cho <V*, y— x*> >0, VyeC

Néu X" 1a nghiém cta bt dang thirc bién phan nay, thi do v* € &f (X*), nén theo
dinh nghia cua dudi vi phan, ta co
(Vy=x)+ fF(x)<f(y), wy.
Thé nhung do X" 1a nghiém cta bat dang thirc bién phan, nén
<v*,y—x*>20, vyeC.,
T day suy ra f(x")< f(y), v6i moi yeC. Vay x* 1a mdt nghiém cua bai
toan (CO).
Nguoc lai, néu X' 1a nghiém cua (CO), thi theo diéu kién can va du toi vu cua
quy hoach 16, ta co
0eof (X)) + N (X).

Theo dinh nghia ctia nén phap tuyén ctia C tai X" ta suy ra X*1a nghiém cua bat
dang thirc bién phan (VI) véi F =of .
3, Bai toan diém bat dong Kakutani

Cho F:C—>2° Piém xduoc goi 1a diém bat dong cua F néu
X € F(X). Gia sir v6i moi x € C,F(x) 16i, compact, khac rong. Khi d6 bai toan
tim mot diém bat dong ctia F c6 thé mo ta dudi dang bai toan can bang (EP).
Pé chung to diéu ndy, véi mbi x,y e C ta dit

#(X,y) = max(Xx—v,y —x).

veF (x)
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That vay, hién nhién 13 néu x e F(x), thi theo dinh nghia cua ¢(x,y) ta co
#(X,¥) =0, véi moi yeC . Nguoc lai, gia sit X 1a nghiém cua bai toan (EP),
tic 1a XeC va @(x,y) >0 véi moi yeC . Khi d6 1y y 1a hinh chiéu cia x
1én tap 16i dong F(X), ta co:

(x=y,y=x)= mFaP()(x—v,v—x)_

Do xla nghiém cua (EP), nén
0<h(xy)=(x=y,y—x)=—[x-y[".

Suyra x=yeF(x).

Vay x1a diém bat dong cua F .

Sy ton tai diém bat dong Kakutani dwa vao dinh li diém bat dong
Kakutani. Dinh Ii nay 1a co s¢ dé ching minh su ton tai nghiém cua bai toan
can bang.

4, Bai toan diém yén ngua
Cho AcO"BcO™valL: AxB—[ . Bai toan diém yén ngua 1a bai
toan tim
(x*, y*) e AxB,
sao cho
L(x*, y)g L(x*, y*) < L(x, y*), V(x,y)e AxB
Mot diém (X*, y*) e Ax B thoa man bat d:fmg thirc trén dugc goi la diém yén
ngua cta L trén AxB. Ta s& chi ra rang, bai toan diém yén ngua c6 thé mo ta
dudi dang bai toan can bang.
That vay, véimdi u=(x,y) ,v=(x,y') . ta dat
C=AxB, ¢@u,v)=L(x,y)-L(xY).

Khi d6 néu u” 1a nghiém ctia bai toan cin bang voi C va ¢, tic 13
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u eC,¢p(u’,v)>0 WwveC,
thi
L(x', y*)z L(x*, y'), Vx'e A y'eB
Véi x'=x" vasaudo véi y'=y", taco
L(x*, y')s L(x*, y*)s L(x', y*), V(x'y')e AxB
Vay (X*, y*) la diém yén ngua. Piéu nguoc lai 13 néu (X*, y*) la diém yén
ngua cia Ltrén AxB, thi theo dinh nghta U"=(X",y") 12 1i gii cua bai
toan can bang .
5, Can bang Nash trong tro choi khong hop tic
Xét mot tro choi ¢6 p ngudi choi (dau tha). Gia st C <l " 1a tap phuong an
ma diu thu tha J cb thé lya chon trong do (goi la tap chién lugc). bat
C=CxC,x..xC_  va goi ¢;:C— la ham lgi ich cua dau thu j. Gia st
@, (X, X1, X, ) 12 10 ich ctia dau thu j khi dau thi ndy chon phuong 4n choi
X; € C ;> con cac dau thu k khac chon phuong an choi X, € C, véi moi .
Pinh nghia 3.3. (diém can bang Nash) Ta goi X =(X,,...,X,) la diém cdn bdng
cia ¢=(@,...,,) trén tgp C:=C xC,x..xC, néu voi moi j va moi y; €Cj,
ta co
05 O o0 X1 Y Koo Xp) S0 (X ooty X X X X ).
Pinh nghia nay cho ta thdy rang néu d6i thu j nao d6 roi khoi phuong an can
bang, trong khi cac dbi thu khac van giit phuong an can bang, thi ddi thu j s& bi
thua thiét. D4y chinh 13 Iy do ma khai niém can bang niy dugc chap nhan trong
thue té. Diém can bang nay dugc goi 1a diém can bang Nash vi khai niém nay

do nha kinh té hoc F.Nash dua ra dau tién. Duéi ddy bai toan can bang s& duoc

hiéu 14 bai toan tim mot diém can bang (Nash) ctia ¢ trén C. Ta s& ki hiéu bai
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toan nay 1a N(¢,C). Bai toan can bang Nash c6 thé mo ta duéi dang bai toan

can bang (EP). That vy, hay xdy dung ham ¢:C xC — [ , bang cach dit
p
¢(X’ y) : Z[¢J (X) - ¢J (X11"" Xj_]_’ yJ 1 Xj+11"'l Xp):| b
j-1

Hién nhién X" 1a mot diém can bang Nash, thi ¢(x",y) >0Vy e C. Nguoc lai,
gia st X €C 1a nghiém cta bai toan (EP), tic 12 ¢(X,y)>0VyeC. Ta s&
chimg t0 X = (X, ,..., X;) Vol x’; eC; la mot diém can bang Nash. That vay, néu

trai lai, s& ton tai j va mot y; €C, sao cho

* * *

P (X eeer X0 Y Xagreons X5 ) <05 (XL sees Xy X, X g0e0r X))

Khi d6 véi phuong én y = (XI,...,X’;_l, yj,x;ﬂ,..., X;), theo dinh nghia ham ¢,
ta co:

AKX, Y) = @ (4o X1, ¥ Xy X)) — 0 (X)) <O,
Mau thuan véi viéc X~ 13 nghiém cta (EP).
Nhan xét 3.3. Trong tdt cd cdc truong hop ddc biét trén, song ham ¢ déu co
tinh chat ¢(y,y) =0, VyeC.Nhwvdy ¢ la mét song ham cin bang trén C.
6, Sur ton tai nghiém ciia bai toan cin bang
Nhu trén ta thay, bai toan diém yén ngua (hay 1a minimax) va bai toan diém bat
dong Kakutani c¢6 thé mé ta duéi dang bai toan can bang. Nguoc lai ¢ muc nay
ta s& thdy rang Pinh li minimax ciing nhu Dinh 1i diém bat dong Kakutani, c6
thé dung dé chimg minh sy ton tai nghiém cta bai toan can bang.
Pinh 1i 3.1. (Minimax) Cho Cc0",Dc0™ la cdc tdp 16i, déng khdc rong
vaf:CxD—10.
Gid sir véi moi ye D, ham T(.,Y) twa 16i, nira lién tuc dudi trén C va véi moi
xeC ,ham f(X,.) twa I6m, nia lién tuc trén trén D. Khi d6 néu cé mét trong

hai diéu kién sau:
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(i) Co mot tap hitu han N, < D va mot $6 1. > ¥ sao cho tdp
C(N.) ::{XEC‘m%X f(x,y)sn*},
yeN.

compact.

(ii) Co mot tdp hitu han M, c C va mot $6 7. <1 sao cho tdp

D(M,) :={y € D\mgﬂn f(x,y)= 7/*} :

compact. Khi do
suplnf f(x,y)=infsup f(x,y).

yeD xeC xeC yeD
Cu thé hon, ta co

sup inf f(x,y)= mfsupf(x y).

yeD X€C(N-) XeC yeD
Néu c6 (i) va

'ng syu[E) f(x,y)= rrtl)%()lxng f(x,y),
néu co (ii).
Ménh dé 3.3. Cho C la mét tdp 16i dong khdc rong va song ham cdn bang f cé
cdc tinh chat: §(X,.)la ham twa 16i nika lién tuc dudi trén C. ¢(.,y)la ham tua
0m, nira lién tuc trén trén C. Gia sw

(i) Co mot tdp hitu han N, c C sao cho tdp
C(N.) ::{XEC\an;zﬁ(x, y) 20},
yeN.

compact, hodac

(ii) Co mot tdp hitu han M, — C sao cho tap

D(N.) = {y S C\rpeazqzﬁ(x, y) < O},

compact. Khi do bai toan (EP) co nghiém.
Chirng minh. Bat f(x,y) =-¢(x,y) va D=C. Khi d6 ham ¢ thda man moi
diéu kién cta DPinh 1i 3.1. Theo Pinh 1i 3.1 ta c6

S6 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.Irc-tnu.edu.vn



supmf f(x,y)=infsup f(x,y). (3.1)

yeC xeC xeC yeC
Ta s€ chuing to
infsup f(x,y)=0. (3.2)

xeC yeC
That vay, ta co
mfsup f (X, y)>|nf f(x,x)=0;

xeC yeC
dang thire cudi la do f(x,x)=0.
Mat khac

supmf f(x,y)<supf(y,y)=0. (3.3)

yeC xeC yeC

Tu (3.1), (3.2) va (3.3) tasuy ra
supmf f(x,y)= mfsup f(x,y)=0.

yeC xeC xeC yeC
Gia st diéu kién (i) thoa mén, theo Pinh 1i 3.1 ton tai x e C(N.) = C sao cho

min sup f(x,y)=0.

XEC(N ) yEC
bat s(x):=sup, f(x,y). Do f(,y)nta lién tuc dudi trén C, nén s ciing nira
lién tuc dudi trén C. Do C(N,) 1a tap compact, nén ton tai X € C(N.), sao cho

s(x) = min, .y $(x) =0,

hay s(x)=sup, f(x,y)=0,
suy ra: f(x",y)<0,véimoi yeC.
Vay

#(X,y)=—F(X,y)=0, véimoi yeC.
Chutng to X~ 12 nghiém cia bai toan cin bang (EP).
Trong ménh dé trén, ta doi hoi tinh tya 16m trén C ctia ham ¢(.,y) véi moi
y e C . Trén thuc té diéu nay co thé loai bo. Dé chirng minh sy tdn tai nghi¢m

ctia bai toan can bang, khi song ham can bang khong can tya 16m theo bién thir
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nhit ta can dén cac Dinh 1i diém bat dong quen thudc trong giai tich ham va
Dinh 1i Kakutani va mét truong hop ri€éng quan trong cua n6 1a Pinh li Brower.
Dé tién theo ddi, ta nhic lai cac dinh li nay trong khong gian Euclidean
hitu han chiéu.
Pinh 1i 3.2. (diém bat dong Kakutani). Cho C la mét tdp 16i compact trong
khong gian [ " va F :C — 2° la mét dnh xa da tri nira lién tuc trén va F(x) i,
dong. Khdc rong véi moi xeC . Khi dé F la diém bat dong, tirc la ton tai
X eC,X eF(x).
Mot truong hop riéng quan trong cua dinh 1i ndy 1a dinh 1i diém bat dong
Brower sau:
Pinh li 3.3. (diém bat dong Brower). Cho C la mét tdp nhw Ménh dé 3.1 va F
la mot anh xa (don tri) lién tuc tw C vao C. Khi do ton tai X €C théa man
X eF(X).
Ta ciing s& can toi Pinh li cyc dai Berge (the Berge maximum theorem).
Pinh li 3.4. Cho X,Y la cac khong gian t0-p6, F: X — 2" 1a anh xa nita lién
tuc trén trén X sao cho F(x) compact, hon nwa F(x) compact. Gia s
f: XxY >0,
la ham s6 nira lién tuc trén trén X. Khi dé ham gid tri t6i weu
g(x):=max{f(xy):yeF(x)},
nita lién tuc trén va anh xq tap nghiém 161 uu
S():={y F(): f(x,y)=g(x)}.

nwa lién tuc trén.

Dua vao Dinh li diém bat dong Kakutani va Dinh li cyc dai ciia Berge, ta
c6 Ménh dé sau noi vé su ton tai nghiém cua bai toan can b.'?lng.
Ménh dé 3.4. Cho C la mét tdp 16i, compact khdc rong va song ham cdn bang
@:.CxC —>[] u{+oo} c6 cdc tinh chdt :

(1) ¢(.,y) nita lién tuc trén voi moi y €C ;
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(i) f(x,.) 16i, nika lién tuc dwéi va kha duwdi vi phén trén C véi moi xeC |
Khi do bdi toan (EP) co nghiém.
Heé qua 3.1. Cho C la mét tdp 16i dong (khéng can compact) va song ham cin
bang ¢ nhw & ménh dé trén. Gid sir diéu kién bire (C1) sau ddy théa mén
Ton tai tdp compact B sao cho

CnB=gd,vxeC\B,3yeC:¢(x,Yy)<O0.
Khi do bai toan (EP) co nghiém.
Chirng minh. Theo Ménh dé 3.5, bai toan can bang trén tip compact C N B
v6i ham can bang ¢ c6 nghiém, tirc 1a ton tai X € C N B. Tir diéu kién buc
(C1) va tinh 1i cta tap C, ta d& dang suy ra rang nghiém X~ ciing 4 nghiém bai
toan (EP).
DPinh li 3.5. (Ky Fan). Cho ¢:CxC —[] u{+oo} la m¢t song ham cén bang cé
cdc tinh chdt sau:
(i) ¢(.,y) nita lién tuc trén trén C voi moi Yy €C
(i) ¢(x,.) twa 16i trén C véi moi X eC.
Khi d6 bai todn cdn bang (EP) ¢6 nghiém, néu nhw C compact, hodc diéu kién
burc (C1) thoa man.
Bay gid ta xét dén tinh duy nhét nghiém cua bai toan cin bang. Trudc hét ta
gi6i thiéu cac dinh nghia vé tinh don diéu cta song ham va 4nh xa.
Cic dang twong dwong. Bai toan can bang theo bat dang thirc Ky Fan néu &
trén, c6 thé mé ta dudi cac dang twong duong. Cac dang twong dwong nay, 1a
co sO dé xdy dung cac phuong phép giai.
Thong thuong dé xdy dung phuong phap giai, ta can thém céc gia thiét sau day
d6i véi song ham can bang ¢:CxC — [ :
(i) ¢(., y) ntra lién tuc trén trén tap C;
(ii) @¢(x,.) 161, ntra lién tuc dudi va kha dudi vi phan trén C.

Ménh dé dudi day 1a co so dé xay dung cac phwong phap giai bai toan can bang
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Ménh dé 3.5. Gid sit ¢:CxC —[ la song ham cdn bang. Khi do, véi cdc gid
thiét (i),(ii), thi cac diém sau day la twong dwong:
(@) X" la nghiém ciia bdi todn cdn bang (EP);
(b) min{g(x) Xe C} =0 (dang minimax), trong do ham g (ham danh gia)
duwoc cho boi
g(x):=sup{p(x,y):yeC};

(c) X" =argmin {¢(X*, y):ye C} (dang bién dong).
Chung minh. (a) = (b). Gia st X 12 mot nghiém cta (EP). Do ¢(x,X) =0 véi
moi XeC, nén

inI #(x,y)<0vxeC.

ye
Do d6

sup{ing X, y)} <0,

ye

Trong khi @6, do X" €C, nén

supfinf 4(x,y)| > nf 4(x",y).

xeC

Nhung do X 1a nghiém ctia (EP), nén ¢(X,y) >0 véimoi yeC . Vay
inf ¢(x",y) >0.
yeC

Suy ra

0<inf ¢(x",y) ssup{inf X, y)} <o0.
yeC yeC

xeC
Vay
sup{inf o(X, y)} = max{inf o(X, y)} =inf ¢(x",y) =0.
yeC xeC | yeC yeC
Nguoc lai, gia str c6 (b). Khi d6 theo lap luan o trén ta o

sup{=4(x',y)} = minsup{~(x, )} =0.

S6 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.Irc-tnu.edu.vn



Chimg t0 —¢(X",y) <0 véimoi yeC . Vay X 1a nghiém cta (EP).
Bay gio ta chimg to (a) twong duwong vdi (c). That vy X 13 cuc tiéu cia
#X'.),
trén C khi va chi khi
A(X,y) = d(X,X)=0vyeC . i
Ménh dé 3.6. Gid sit R:CxC —[ la mdt song ham cdn bang, khong dm va
théa man cdc tinh chdt sau déy:
(a) R kha vi trén C va V,R(X,X) =0 véi moi XxeC;
(b) R(x,.) 16i manh trén C, véi méi x€C.
Khi dé véi cac gia thiét (i) va (ii), ta ¢6 X~ la nghiém cia bdi todn cdn
bang (EP) khi va chi khi né la nghiém ciia bai todn sau (dwoc goi la bdi
toan hiéu chinh):
(AEP): Tim x e C sao cho
f (X, )= pg(x,y) +R(X",y)vy €C,

trong dé p >0 (tham so hiéu chinh).
Cac phwong phap gidi. Cac dang tuong duong néu & muc trén goi y hai
phuong phap giai bai toan (EP) thong qua bai toan (AEP). D6 1a phuong phéap
giai theo tiép can diém bat dong va theo ham danh gia.
Cach tiép can diém bat dong. Str dung dang diém bat dong, ta c6 thuat toan lip
téng quat sau:
Tai mdi bude lap k=0,1,...., gia sir di c6 x* eC, ta xdy dung day lip theo
quy tic

X =s(x*):=argmin{ f (x*,y):yeC}, (P)
trong do, nhu da néi,

F(X,y) = pe(x,y) +R(X,Y),
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v6i p >0 1a tham s6 hiéu chinh. Chd y rang cho C 16i, ¢ 10i, nira lién tuc dudi
theo bién thir hai va R 16i manh, kha vi theo bién thr hai, nén bai toan (P,)ludn
¢6 duy nhat nghiém. Vay X" dugc xac dinh.

Nhu trén ta thiy néu co X" = x*, thi x* 1a nghiém cta bai toan (AEP), va do
d6 ciing 14 nghiém cua bai toan (EP). Néu truong hop nay khong bao gid xay
ra, thi qué trinh 1ap s€ kéo dai vd han va né s tao ra mot day vo han {Xk}
thudc tap C. Cau hoi dat ra 1a véi nhung diéu kién nao, thi day vo han nay s€
hoi tu dén 10i giai cua bai toan (AEP) ?

Trong ménh dé dudi day, ta lay R(X,y) = %Hy — XHZ. Hién nhién ham nay thoa

man céc tinh chat cho ham hiéu chinh R, néu ¢ trén.
Ménh dé 3.7. Gia sir @ don diéu manh trén C voi hé s6 T va thoa man diéu
kién kiéu Lipschitz, theo dinh nghia sau:
L, >0,L,>0:vx,y,zeC, ta co
. ){W, )+ 69.2)2 0. 2) - Ly Loy 2]

Khi @6 véi bt ki X’ € C, ddy {x*} dirgc xdic dinh theo cong thic (P,)

Xt = 5(x") :=argmin {p¢<xk,y>+§uy—xu2},
ye
cé tinh chat

2 o2
ka“—x H Sa”xk—x H Wk >0,

( 1 . .
néu nhu 0< p < PTG trong do X la nghiém duy nhdt cua bai toan (EP) va
2

a=1-2p(r-L).

Hé qua 3.2.Cho L <7 va O<p£i.Khido’

2

k+l  *

2 K <12
Hx X Ser - X H ,Vk >0,
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trong do 0< 7= ,\/1—2,0(7— L) <1.

Nhéan xét3.4. Do <L +L, va 0<p£i, néntaco 2p(r—L)<1. Vay r

2

dat gia tri nho nhat tai p= i .
2L,

Dua vao ménh dé va hé qua trén, ta co thudt toan sau gidi bai toan (EP) khi ¢
don diéu manh va thoa man diéu kién Lipschitz (M).

k+1

Nhu di thay, néu x* = x**, thi x* 1a nghiém, do d6 ta goi diém xeC 1a mot

nghiém & —xép xi caa (EP) néu HX - X*H <g, trong d6 X 1a mot nghiém chinh
xac cua (EP).

3.2. Phuwong phap chiéu giai bai toan cin biang

Trong muc ndy, ta xét dén mot fg phép chiéu dudi dao ham xap xi dé
gidi mot 16p bai toan can béng don diéu. No1 dung cac muc nay duogc
lay tir bai bao [5].

Dinh nghia 3.4. Gid sur £>0vaxel", Piem P, €C duoc goi la E- chiéu

ciia XVao C néu Py 1& &-nghiém ciia bai todn

min{ 2 x— y|f
yeC 2 !

1 1
nghia la E”X_ px||2 < E”X_ Pe (X)”2 +&,

trong dé Pe(x) la hinh chiéu khodng cdch ciia x 1én C.

Nhén xét 3.5. Tir dinh nghia ta thay, Py €C 1a £- chiéu ciia X Vao C twong

duong voi <X— Py px—Y>2—¢f, vyeC,
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DPinh nghia 3.5. € - chéo dudi vi phdn 05 (x,X) ciia song ham f tai X€C la
8§f(x,x)::{geD”:f(x,y)+32f(x,x)+(g,y—x),VyeD”}
={gel": f(xy)+e2(g,y—-x),vyel"}.

B a8 3.1. Giasir {Vi}Va {8} la cdc day s6 thue khong am théa man
View SV + 8 voi 2,8 <+ Khi d6 day{Vi | héi tu.
k=1
Cho p,0 la cac tham sb duong va cac day s6 thuc {p }. {8} {a}.{&3

thdéa man cac diéu kién sau

o> p B >0,0 208 20, Vkell ; (3.4)
B _ 2 o

>k = 40, Y B < 400 (3.5)
o

Z—'qu‘ < 400, ng <400 (3.6)
Pk

Chang han c6 thé lay
1 1 1
=—, :1" =—, = .

B K P =4HQ K Sk k(k+1)

Thuit toan chiéu dwéi gradient xap xi. Chon x’eC. Tai mdi budc lap k =

0,1,..co x~.

Budc 1: Gia s X* €C. Léy gk 652“ f(Xk,Xk) . Ta dinh nghia:
B
=2 g a7, =max{o o}
k

Néu g*=0 thi x* 1a G -nghiém cua bai toan (EP) va dimg thuat toan néu
O, <0 . Trai lai chuyén sang Budc 2.
Budc 2: Tinh X e C

(@ 9" + X=X x—xNy>-£, vxeD (3.7)

S6 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.Irc-tnu.edu.vn



X 1a &, -chiéu cua (Xk _akgk) vao C.
Dic biét néu &, =0 thi X = P (Xk —akgk) .

A k+1 k Ny Ao \ A . n A 2
Neéu HX —X H < 0 thi ding va ta duoc mot nghiém xap xi.

Nguoc lai quay vé Buée 1.

B6 dé 3.2. Véi moi k, ta co cac bat dcfng thiee sau:
. K< 12 -
(i) o Hg H—:Blu

(i) A, ka” — ka <PE+E.
Chiurng minh.
(i) Theo dinh nghia ¢, ta co:

(ii) Thay X=X vao (3.7) ta c6:
ka+1_XkH < <akgk,xk _Xk+1>+§k

o Hg : H-HXK+1 — X H +&, (Theo Bét dang thirc Cauchy-Schwarz)

< S ka+1 — X" H +&  (Theo ching minh (i)).

Hay Hx"+1 — X H2 - B Hx"+1 — X H +&£. <0 (3.8)

Xét phuong trinh bac hai f(0)=6°—-B0-Evéi 0=0. Khi d6 f(0)<0

kéo theo

- B+ B +4E |

2
Nhén ca hai vé cta bat dang thirc (3.9) voi B va sir dung bat diang thirc Cauchy

(3.9)

a’+b?
2

cho hai sb duong a va b, ab < ta co:
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ﬂ@sz1(ﬂ2+ﬂ«/ﬂ2+4§)£21[ﬂ2+’8 +ﬂ2 +4§j:ﬂ2+§.
Thay vao (3.8) véi 0 = Xk“—XkH, B =P &=, taduoc:

B[ Xt x| < B2 + &, a

Ménh dé 3.8. Gid sit bai toan (EP) cé tdp nghiém S(f,.C) khdc rong. Khi d6 voi

moi X €S(f,C)va véi moi k, ta cé khcfng dinh sau:

x"”—x*ngx" —x*H2+2akf (x",x*)+5k, (3.10)
trong do
S, = 20,0, + 237 +4&, .
Chimg minh
Ta co:
Hx" - x*H2 =[x —x* H2 —2(X* =X X = XY | X — X*HZ .
Nén

k+1

*12 *12
Xy H :ka_x H _ Xk+1 k+1>

2 *
—x"H + 20X =X X=X

SHXk —x*H2 + 20X =X X=Xy (3.11)
Thay x=X vao (3.7) ta co:
(o, 9" + X=X X =Xy > &
Suy ra
2(X =X X =Xy < e, g€ X XY+ 28 (3.12)
Thay (3.12) vao (3.11) ta dugc:

* 12 ]2 *
X<t —x H st"—x H +2a, g, X =X+ 28,

=[x x|+ 2 g X X+ 2 g XXy 428,
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Ap dung Bat dang thitc Cauchy-Schwarz va B6 dé 3.2 (i) ta co bat dang

thac sau:

%12 *1|12 *
ka”—x H st"—x H +20,(9", X =Xy + 28, ka—x"+1

+2¢,
ng"—x*H2+2ak<gk,x*—x">+2,82+4§k_ (3.13)
Mit khac, 9% € 0% f(x*,Xx*) nén ta co:
(g, X =Xy < F(x,x) +q,
Do ¢, >0 nhan ca hai vé cta bat dang thtic trén véi 2¢, ta duoc:
20,,(9", X —x*) <20, T (X, X)) + 21,9, (3.14)
Thay (3.14) vao (3.13) ta dugc diéu phai ching minh.
Pinh 1i 3.6. Gid sit bdi todn (EP) c6 tdp nghiém S(f,C) khdc rong va
S(f,C)c S, (f,C). Khi dé ta c6:
(i) Day X ~X |} hoi tu véi moi X €S(£,C);
(i) Day {x*} bi chan.
Chirng minh
(i) Do X" eS(f,C) nén X €S,(f,C) suyra f(x*,x")<0 thay vao (3.10)
ta duoc:
Hx"”—x*H2 st" —X*H2 +6,, (3.15)
trong do
S, =20, +27 +4E,.
Theo (3.5), (3.6), (3.7) thi

5, >0va ) 6, <+, (3.16)
k=0

*112
Tir (3.15) va (3.16) ta duoc diy {ka - X } hoi tu.
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kK o*I?
(if) Do day {HX —X } hoi tu suy ra day {x*} bi chan.

Pinh li 3.7. Gid sir tapS(f,C) khdc réng, S(f,C)cS,(f,C) va day {9} b
chan. Khi do
lim sup f (x,x") =0, vx" eS(f,C).

K—>-+o0
Chirng minh
Giasa X €S(f,C).vi S(f,C)cS,(f,C) nén theo Ménh dé 3.8 ta co:

2

*

0< 20 (—f (x*,x")) <[x* - X*HZ — Xt = x|+,
trong do: S, =2a,Q +25 +4& >0 va kzéak <19 theo (3.5),

(3.6),(3.7).

Lay tong cac bat dang thire trén véi k=0,1...m ta co:

2 mi1 P LN o IR .\
—Hx =X + .6, SHX —X H + 6.
k=0 k=0

0< Ziak (— f (x",x*)) < on —X
k=0

Cho m —+oo ta duogc:

+00

0< 2§ak (—f (X, X))+,

k=0
Vi Z5k <+%0 pan OSZZak (—f(Xk,X*))<+oo _ (3.17)
k=0 k=0

Theo gia thiét {9} bi chan, tr (3.4) va (3.7) ta c6 ton tai L>p sao cho
HQKHS L v&i moi k €] . Do d6:

)
Pk

Khi do, theo (3.4) thi:

=max{l,pk‘1Hg"H} >—, vkell.

|-

_BesPB yen

(04
‘ % Lp

(3.18)
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Tu (3.14) va (3.15) ta co:
Z&(—f(x",x*))<+oo.
k=0 Pk
+00 &_ R ‘ )
Do Z = 1% nén tur day suy ra:
k=0 P
lim sup f(x*,x) =0, vx eS(f,C). ]

Nhén xét 3.6. Ta c6 thé thay diéu kién day {g“} bi chin trong Dinh 1i 3.7 boi
diéu kién tap ¢ - chéo dudi vi phan bi chan trong mdt tap bi chan cua C.

Pinh li 3.12. Gid s tdp S ( f ,C) khac rong, S(f,C)c=S,(f,C) va day {g"}
bi chan. Song ham f théa man cac diéu kién sau:

(i) Gia sir X € S(f,C)va xeC.Néu f(xx")=f(x",x)=0thi
xeS(f,C):

(ii) T(.,Y) nita lién tuc trén véi ¥y eC.

Khi do day X} héi tu dén nghiém cua bai toan EP (f,C).

Chung minh

Gia st X €S(f,C). Theo dinh nghia cua limsup tdn tai mot ddy con {x“}
cua {x*} sao cho:

lim sup f (x",x*) = lim f (xk" x)

k—+0 jo+o
ki . ,
Theo Dinh 1i 3.6, day {x"'} bi chdn. Vi vay, khong mat tinh tong quat ta gia su

lim x" =x. (3.19)

j—o+o
Theo gia thiét (ii) song ham f nira lién tuc trén trén tap C va tir Pinh 1y 3.7 ta co:

f(X,x) = limsup f (x9,x") = lim f(x,x")

jotwo jo+oo

= lim sup f (x*,x") =0.

K—+o0
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Do X €S, (f,C) nén f(X,x)<0 cho nén ta co:
£(%,X)=0.
Theo gia thiét (i) thi x e S(f,C).

Khi d6 theo Dinh 1y 3.6 (ii) diy {ka - YHZ} hoi tu, két hop véi (3.19) ta duoc:

lim x“ =X, XeS(f,C). I

K—>-+o0
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KET LUAN

Luan van nghién ctru vé phép chiéu khoang cach xudng mot tap 16i dong
trong khong gian Hilbert va tmg dung cua né trong viéc giai bai toan can bang.
Cu thé luan van dé cap dén cac van dé sau:

1. Chémg minh sy ton tai va tinh duy nhét cta phép chiéu xudng tap 16i dong
trong khong gian Hilbert thyc. Khao sat cac tinh chit co ban cua toan tir
chiéu va xét toan tir chiéu trong céc trudng hop dic biét.

2. Ap dung phép chiéu khoang cach dé ching minh sy ton tai nghiém va
phuong phap giai bai toan can bang trong khong gian hitu han chiéu.

3. Gidi thiéu bai toan can bang, cic truong hop dic biét cia bai toan cin
bang, su ton tai nghiém cua bai toan can bang, cac dang twong duong va
phuong phép giai bai todn can bang,..v..v...

4. Trinh bay va st dung thuat toan chiéu dudi gradient xap xi dé giai mot 16p

bai todn can bang.
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