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LOI CAM DOAN

To6i xin cam doan nhitng két qua dude trinh bay trong luan an 14 mdi, duge cong bod
trén cac tap chi Toan hoc uy tin trong va ngoai nuée. Cac két qua viét chung da duogc
su dong ¥ cta cdc dong tac gid khi dua vao luan an. Céac két qua néu trong luan an 1a

trung thiyc va chua timg duge cong bo trong bat ky cong trinh ndo khéc.
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LOI CAM ON

Luan an dugce hoan thanh véi sy gitp dd va tng ho ctia nhiéu ngusi. V6i long biét
on chan thanh nhat, t6i mudn gii 10i cAm on sau sic tdi tit ci nhitng ai da tng ho va
gitip dd toi hoan thanh luan an nay.

Trén hét t6i mudn giti nhitng 161 biét on chan thanh nhat t6i hai nguoi Thay hudng
dan ctia minh 1a GS. D3 Ditc Thai va GS. Gerd Dethloff, nhitng ngudi da hét long giap
ds, dong vien va chi bao toi tit nhitng bude dau tien cho dén nhitng cong viéc cudi cuing
ctia luan an. Dic biet GS. D6 Ditc Théi con 1a ngusi dan dat toi nhitng bude di dau
tién trong viéc hoc tap va nghién cttu toan hoc.

To6i mudn gii 16i cdAm on dén Truong Dai hoc Su pham Ha Noi va Truong Dai hoc
Téng hop Brest (Cong hoa Phap) vi sy gitp d6 va tao didu kien thuan lgi ma hai
Truong danh cho t6i. Dac biét 1a Truong Dai hoc Su pham Ha Noi, noi ma t6i da va
dang hoc tap, cong tac.

Toi bay t6 sy biét on chan thanh dén Cuc dao tao véi nude ngoai (Dé dn 322) va
Vién nghién cttu cao cap vé Toan hoc Viet Nam da gitp d6 va ing ho toi hoan thanh
luan an.

T6i mudn gii 16i cdm on téi Ban Chi nhiém Khoa Toan-Tin, cdc dong nghiép trong
Khoa va cdc dong nghiép trong seminar nghién citu Hinh hoc phitc va Hinh hoc dai sd
da gitp do toi rat nhiéu trong sudt qua trinh lam luan 4n.

Toi ciing mudn bay t6 long biét on chan thanh dén Phong Sau dai hoc, Truong Dai
hoc Su pham Ha Noi da gitap toi sdm hoan thanh cac thi tuc can thiét.

Cubi cung toi mudn bay to sy biét on tdi gia dinh toi, nhitng ngudi luon bén toi,
dong vién va chia sé v6i toi nhitng vat va kho khan trong qué trinh hoan thanh luan

z

an.
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A%
MOT SO QUY UGC VA KI HIEU
Trong toan bo luan an, ta théng nhat mot s6 ki hiéu nhu sau.

e PY(C): khong gian xa 4nh phitc N— chiéu.

o Izl = (lar) + -+ |zl?) " v6i 2 = (21,...,2,) €C"

e B(r):={z€ C":|z]]| <r} la hinh cdu mé ban kinh r trong C"

e S(r):={z€C":|z|| =r} 1a mit cau ban kinh r trong C"
ed=0+0,d°:= %(5— J): cac toan tit vi phan.

o v := (dd°||z]|*)"!, o := dlog]|z]|* A (ddlog]|z||*)"~!: cac dang vi phan.
e O(1): ham bi chin d6i véi r.

e O(r): vd cung lén cung bac véi r khi r — +oo.

e o(r): vo cung bé bac cao hon r khi r — +00.

e log"r = max{log r,0},z > 0.

e ”|| P": ¢6 nghia 1a ménh dé P dang v6i moi r € [0, +00) ndm ngoai mot tap con

Borel E ctia [0, +00) thod man [, dr < +oo.

e 1 .5: luc lugng cua tap hgp S.



1
MO DAU
1. Ly do chon dé tai

Ly thuyét phan bd gia tri, hay con goi 1a Ly thuyét Nevanlinna, da dugc R.
Nevanlinna xay dung tit cudi thap ky 20 cta thé ky 20. Sau gan mot thé ky phat
trién, Ly thuyét Nevanlinna da tré thanh mot trong nhitng 1y thuyét dep dé nhat ctia
Toan hoc véi nhiéu tng dung vao nhiing linh vic khac nhau ctia Toan hoc. Luan an
ctia chiing toi tap trung tim hiéu va nghién citu mot vai van dé cu thé trong Ly thuyét
do.

Luan an ndy gom hai phan.

Phan dau tién ciia luan 4n tap trung vao van dé duy nhéat clia anh xa phan hinh véi
diéu kién rang buoc vé nghich anh clia cac divisor. Van dé nay dugc nghién citu dau
tien bsi R. Nevanlinna [69] vao nam 1926. Ong da chi ra ring néu hai ham phan hinh
khac hing f va g trén mit phing phitc C ¢6 cling 4nh nguge ctia 5 gia tri phan biét
thi f =g.

Nam 1975, H. Fujimoto [18] tong quat két qua ctia Nevanlinna cho trudng hgp céc
4nh xa phan hinh tit C" vao PV(C). Ong da chitng minh dugc ring déi véi hai anh xa
phan hinh f va g tit C" vao PV (C), néu mot trong hai anh xa f hodc g la khong suy
bién tuyén tinh va chiing c¢6 ciing 4nh ngugce tinh ci boi ctia (3N + 2) sieu phing & vi
tri tong quat trong PV(C), thi f = g. Hon nita, néu hai anh xa phan hinh f va g tit
C" vao PY(C) khac hing va c¢6 cling 4nh ngugc tinh ca boi ctia (3N 4+ 1) siéu phing &
vi trf tong quét trong PY(C) thi ton tai mot bién ddi xa anh L tit PV (C) vao chinh n6
thda man g = L(f). Ké tit d6, vin dé duy nhat da dugc nghién cttu mot cAch manh
mé, sau sic bdi nhiéu nha toan hoc nhu H. Fujimoto ([18],[28],...), W. Stoll([56]), L.
Smiley(|55]), M. Ru([53]), G. Dethloff - T. V. Tan([12], [13], [14]...), D. D. Thai - S. D.
Quang([61], [62]) va nhiéu ngudi khac nita.

Dé hinh thanh céc két qua, chiing ta dua vao mot s6 khai niem va dinh nghia sau:
Gia st f 14 4nh xa phan hinh khong suy bién tuyén tinh tit C" vao PN (C). V6i moi
sieu phang H trong khong gian xa anh PV (C), ching ta ki higu v(; m)(2), z € C" 1a boi

giao clia anh ctia f v6i H tai f(z).



Véi méi z € C", ta ki hiéu

)
0 néu vy m(z) >k,
s ),<k(2) =
(Vm(2) - méu vm(z) <k

(

v (2)  eu v (2) >k,
V), >k(2) =
0 néu vy my(z) < k.

\
Gia st k,d 1a cac s6 nguyen duong hodc 1a +oo. Xét ¢ sieu phang Hy,--- , H, & vi trf
tong quat trong khong gian PV (C) théa mén:

a) dim{z : vy <k(2) >0 va yypm)<e(z) >0 <n—2v6imoi1<i<j<yq.
Ching ta ki hieu F ({H,}?_,, f, k,d) 1a tap tat cd cac nh xa phan hinh khong suy bién
tuyén tinh g tit C" vao PV (C) thoéa mén hai diéu kien:

b) min{v m,) <k(2), d} = min{vym) <i(2),d}, j€{l,---,q}

(ta noi rang boi duge ngit bdi k, d) va
c)g=f trén qu{z : V(ﬁHj)Sk(z) >0},

Néu k = 400 thl ta dung ki hieu F({H;}?_,, f,d) cho don gién cac ki hieu.

Van dé duy nhat clia cdc 4nh xa phan hinh tit C" vao PV (C) la bai toan ching ta
can phai tim diéu kién cia g va k,d sao cho tap ]—"({H }i—1, f, K, d) chi chita mot dnh
xa (dinh 1§ duy nhét), hodic theo nghia rong hon 1 ching ta nghién ctu lyc lugng clia
tap ]—"({Hj}?:l, f,k,d) va tim ra cdc mo6i quan he gitta cac 4nh xa trong tap hgp nay.
Mot sé cau hoéi tu nhién duge dat ra nhu sau.

Cau héi 1. S6 céc sieu phiang (hay cac myc tiéu ¢ dinh) trong PV (C) can thiét 13
bao nhiéu? N6i cach khéc, sb ¢ cang bé cang tot.

Cau héi 2. Tim cach chan boi d va k cang bé cang tot.

Cau héi 3. Li¢u cic muc tiéu ¢6 dinh (hay cac siéu phing) c6 thé dugec md rong
thanh truong hgp muc tieu di dong (hay siéu phang di dong) hoic cho truong hgp siéu
mat?

Vé cac cau hoi 1 va 2, ching toi liet ke 6 day mot vai két qua tot nhat da duoc biét
dén bao gom:

) Smiley [55] £ F(f, {H}N*,1) = 1,
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+) Thai-Quang [62] # F(f, {H;}N™ 1) =1,N > 2,
+) Dethloff-Tan [15] # F(f, {H:}27M 1) =1 véi N > Ny (8 d6 Ny ¢6 cong thite tinh
cu thé) va

+) Chen-Yan [6] # F(f, {H;}2N, 1) = 1.

Khi ¢ < 2N + 3, ¢c6 mot vai két qua gan day duge dua ra bdi Tan [60] va Quang
[49],]50]. Nhitng két qué nay goi mé dén cau hoi ty nhién 1a.

Chiing ta c6 thé néi gi vé cic dinh Iy duy nhat vdi boi bi chin trong truong hop
q <2N +2%

Muc tiéu dau tién ctia luan 4n 1a nghién ctu van dé vita néu trén. Trude hét ching

toi dua ra nhitng dinh 1y duy nhat cho truong hop g = 2N + 2.

Mat khéc, c¢6 nhiéu két qua thia vi vé van dé duy nhat ctia 4nh xa phan hinh trén
C cho béi diéu kien dao ham ho#c cho bédi diéu kién boi bi chan ré nhanh. Chiing toi
ciing da tong quat vi dua ra mot s6 két qua vé van dé nay cho anh xa phan hinh nhiéu
bién phiic.

Muc dich thit hai ciia luan an 13 dua ra mot sé két qua lien quan dén cau hoi 3. Cac
két qud cta ching toi 1a nhitng cai tién thyc sy clia nhitng két qua truée d6 ctia Ru
[53], Dethloff-Tan [14], Thai-Quang [61].

Song song véi sit phét trién ctia 1y thuyét Nevanlinna, 1y thuyét phan bé gia tri ctia
anh xa Gauss ctia mat ciyc tiéu nhing trong R™ duge nghién citu bdi nhiéu nha toan
hoc nhu R. Osserman [45], S.S. Chern [7], F. Xavier [65], H. Fujimoto [20]-[24], S. J.
Kao [38], M. Ru [51]-[52] va nhiéu nguoi khéac nita.

Ching ta xét M 13 mot mit cyc tiéu khong phing trong R3, cu thé hon 13 mot
mit cuc tiéu lien thong duge dinh huéng trong R3. Theo dinh nghia c6 dién, anh
xa Gauss G clia mat M la anh xa bién moi diém p € M thanh véc to truc giao
G(p) € 8% cia M tai p. Thay cho nghién citu cia G, ching ta nghién cttu dnh xa
g:=m0G: M — C:=CU{oo}(=P(C)) v6i phép chiéu ndi = tit S? len P*(C). Biing
cach diing heé toa do dia phuong chinh hinh z = u + v/—1v déi v6i mdi he toa do ding
nhigt duong (u,v), ta ¢6 thé xem M nhu I3 mot mit Riemann md v6i mot mé-tric bao
gidgc ds?. Do do, tir gia thiét vé tinh cyc tiéu ctia M, ¢ sé la mot anh xa phan hinh

tren M. Bing cach tuong tu, ching ta c6 thé dinh nghia duge anh xa Gauss ctia miit
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cuc tiéu trong R™. Cho dén nay cac nha toan hoc di cong bd nhiéu két qua dep dé
vé anh xa Gauss tuong ty nhu nhing két qua vé anh xa phan hinh trong ly thuyét

Nevanlinna. Mot trong nhitng két qua nhu thé 1a dinh 1y Picard nho.

Nam 1964, R. Osserman [45] chi ra ring phan bu clia anh clia anh xa Gauss clia mét
cie tiéu day khong phang trong R? ¢6 do do 16-ga-rit bing khong trong P'(C). Nam
1981, mot két qua dot pha duge chitng minh boi F. Xavier [65] rang anh xa Gauss clia
mat cyc tiéu day khong phéng trong R3 chi c6 thé bo duge nhidu nhit 6 diém trong
P!(C). Nam 1988, H. Fujimoto [20] gidm s6 diém tit 6 xudng 4. Nhu ching ta da biét,
dnh xa Gauss clia mit cyc tiéu Scherk chi bé duge 4 diém trong P'(C) nén sb 4 1a t6i
wu. Nam 1991, S. J. Kao [38] da ching minh duge ring anh xa Gauss tai tap dang
vanh khuyén (tic 1a tap bdo gidc v6i hinh vanh khuyéen {z] 0 < 1/r < |z| < r}) clia
mit cyc tieu day trong R? ciing nhan moi gia tri trong P!(C) trit di khong qua 4 diém.
Nam 2007, Jin-Ru [37] md rong két qua ctia Kao cho truong hgp m > 3.

Mit khédc, vao nam 1993, M. Ru [52] nghién citu anh xa Gauss ctia mit ciyc tiéu
trong R™ (m > 3) v6i tinh chit ré nhanh. D6 14 mot sy mé rong cia cac két qué via
dé cap & tren.

Mot cau héi tu nhién ndy sinh la lieu ¢é thé ndi gi vé dnh za Gauss clia mat cuc
tiéu tai cdc tap dang vanh khuyén vdi tinh chat ré nhanh?

Muc dich cubi ciing ctia luan an 1a trd 15i cho cau héi nay khi m = 3;4. Chtng toi
ciing gi6i thieu dén két qué ctia Dethloff-Ha-Thoan [10] cho truong hop m > 3. Ching
toi ciing luu ¥ rang cach tiép can cho truong hop ciia chiing t6i khac so véi két qua

ctia Dethloff-Ha-Thoan [10] cho truong hop m = 4.
2. Muc dich nghién ctu

Muc dich chinh cta luan an 1a nghién cttu van dé duy nhat cta cdc anh xa phan
hinh tit C" vao PY(C) déi véi cac trudng hop siéu phang b dinh, sieu phing di dong
va ¢6 boi bi chin. Ngoai ra, luan an cling nghién citu tinh ré nhanh ctia anh xa Gauss

clia mat cyc tiéu trong R™ (m = 3;4)
3. Déi tugng va pham vi nghién ciu

Nhu da trinh bay 6 phan 1y do chon dé tai, d6i tugng nghién citu ctia luan an 1a van

dé duy nhat clia cac anh xa phan hinh tit C" vao PY(C) va tinh ré nhanh ctia 4nh xa
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Gauss ctia mit cyc tiéu day trong R™ (m = 3;4). Trong luan 4n, cac két qua dat dugc
12 mé rong cac két qua da biét gan day.
4. Phuong phap nghién citu

Dé giai quyét nhitng van dé dit ra trong luan an, ching toi st dung cic phuong
phap nghién ctu ctia Ly thuyét phan bd gia tri, Giai tich phtc, Hinh hoc phic dong
thoi ching t6i cling dua ra nhitng ki thuat méi dé giai quyét van dé.
5. Cac két qua dat dugc va ¥ nghia ctia dé tai

Luan an dugc chia thanh ba chuong.

Chuong 1 danh cho viéc nghién cttu cdc dinh 1y duy nhat v6i boi bi chin clia cac
anh xa phan hinh tit khong gian phtic nhiéu chiéu vao khong gian xa anh phtic nhiéu
chidu cho muc tieu ¢ dinh. Cu thé la sau khi gii thiéu lai cac khai niem va két qua
co ban ctia 1y thuyét Nevanlinna, chiing t6i chitng minh dinh 1y duy nhat cho truong
hop ¢ = 2N + 2. Sau d6, ching t6i md rong mot két qua ctia Thai-Quang trong [62]
cho truong hgp boi ré nhanh. Phan cudi ctia chuong trinh bay mot dinh Iy duy nhét

cho a4nh xa phan hinh nhiéu bién phitc véi diéu kien vé dao ham.

Chuong 2 danh cho viéc nghién cttu dinh 1y duy nhat v6i boi bi chan clia 4nh xa
phan hinh cho muc tiéu di dong. Ngoai ra, chiing toi ciing dura ra mot dinh 1y duy nhat
clia 4nh xa phan hinh nhiéu bién phic véi diéu kién dao ham.

Trong chuong 3, chiing t6i gidi thiéu anh xa Gauss (md rong) clia mit cyc tiéu trong
R™ va ching t6i nghién ctu tinh chat ré nhanh ctia 4nh xa Gaus tai cac tap dang vanh
khuyén ctia mat cuc tiéu trong R3 R%. Cu thé ching t6i md rong cac két qua trude do
cia S. J. Kao [38] trong trudng hgp m = 3.

6. Cau tric luan an

B6 cuc clia luan an ngoai phan mdé dau va phan phu luc gom ba chuong duge viét
theo tu tudng ké thita. Ba chuong ciia luan an dugc viét dya trén bon cong trinh trong
d6 hai cong trinh da dugc dang va hai cong trinh da duge gt di cong bo.

Chuong 1: Dinh 1y duy nhat véi boi bi chin clia anh xa phan hinh cho muc tieu c¢o

dinh

Chuong 2: Dinh 1y duy nhét vdi boi bi chan ciia cdc 4nh xa phan hinh cho muc tiéu di



dong

Chuong 3: Syt phan bd gia tri ctia 4nh xa Gauss ctia mat cyc tiéu tai tap dang vanh

khuyén



Chuong 1

Pinh 1y duy nhat véi boi bi chan
cua anh xa phan hinh cho muc tiéu

co dinh

Nhu da trinh bay trong phan Md dau, van dé duy nhat cho anh xa phan hinh ti
C" vao PN(C) véi boi bi chan déi véi mot ho hitu han cic siéu phang trong PV (C) da
duge nghién ctu sau sac bdi nhiéu nha todn hoc nhu H. Fujimoto, L. Smiley, S. Ji,
M. Ru, D.D. Thai, G. Dethloff, T.V. Tan, S.D. Quang, Z. Chen, Q. Yan ... va da tré

thanh mot linh vyc 16n trong Ly thuyét Nevanlinna.

Bay gig, ching t6i mudn gidi thiéu chi tiét hon nhitng két qué chinh trong linh vic

ndy. Bang cich st dung lai cac ki hiéu trong §1.1, ta c6 cac két qua sau.

Dinh 1y A.(Smiley [55]) Néu q > 3N +2 thi § F(f,{H;}’,,1) = 1.
Dinh 1y B.(Thai-Quang [62]) Néu N > 2 thi ¢ F(f, {H;}3N, 1) = 1.

Dinh 1y C.(Dethloff-Tan [15]) Ton tai mot s6 nguyén duong Ny (c6 thé dua ra cong
thic tinh tuong minh) sao cho § F(f,{H;}!_,,1) =1 vdi N > Ny va ¢ = [2.75N].

Dinh Iy D.(Chen-Yan [6]) Néu N > 1 thi t F(f, {H;}*[™ 1) = 1.

Dinh 1y E.(Tan [60]) Cho dnh za phan hinh g € F(f, {H;}X"2 N + 1), khi d6 c6
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mot hing so6 o € C va mot cdp (i,7) vdi 1 <i < j < q, théa man

(Hi, f) a(Hi:g)

(Hy, ) (Hyg)
Trong tat ci cac két qua vé van dé duy nhét tren (Dinh ly A-E) clia cac anh xa
phan hinh vao IPN(C) v6i boi bi chan thi s6 sieu phang khong vuot qua 2N + 3.
Mot cau héi tu nhién duge dat ra la lieu ¢ thé giam so siéu phdang zudng dudi
2N + 37

Gan day S.D. Quang c6 dua ra mot cach tiép can cho van dé nay nhu sau

Dinh 1y F. (Quang [49]) Cho fi va fy la hai anh za phan hinh khong suy bién tuyén
tinh tw C"* vao PN(C) (N > 2) va Hy, ..., Hynyo la cdc siéu phdang d vi tri tong qudt
trong PN(C) sao cho

dim{z € C" : vy, ;) (2) > 0 and vy, ;) (2) > 0} <n —2

cho moi 1 <i < j < 2N +2. Gid su rang cic dieu kién sau théa man.

() min{v(s, 1) <, 1} = min{vg, a1y <y, 13 (1 <5 < 2N +2),

(b) F1(2) = folz) trem tap U7 {2 € C° < vigyy (2) > O},

(¢) min{v(y, iy >n, 1} = min{y g, m)>n, 1} (1 < j <2N +2),

Khi do ta co f1 = fs.
Ngoai ra S. D. Quang ciing da chitng minh duge mot gia thuyét duge dua ra béi Thai
-Quang trong [62], cu thé 1a dinh Iy sau

Dinh ly G. (Quang [50]) Néu N > 2, thi § F({H;}32?, f,1) < 2.

Tiép tuc huéng nghién citu nay, trong phan dau ctia chuong ching toi dua ra mot

vai dinh 1y duy nhét cho truong hgp s6 céac sieu phang ¢ < 2N + 2. Cu thé 1a ching

toi chitng minh dinh 1y sau.

Dinh 1y 1.0.1. (Ha-Quang [35]) Gid st f* va f? la hai agnh za phan hinh khong suy
bién tuyén tinh ti C* vao PN(C) (N > 2) va Hy, ..., Hynyo la cdc siéu phdang J vi tri

tong qudt trong PY(C) théa man

dim{z € C" : y(p1 gy (2) > 0 va v(p1 p;)(2) > 0F <n—2
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vdi moi 1 <i < j < 2N +2. Gid sit m la s6 nguyén duong sao cho
(2]\7-{—2){(2]\[—%2) ]
m > —21.
N +1 N +1
Gid su cac diéu kien sau théa man
(a) min{v(p gy, 1} = min{ygpe g, 1} (1 < j < 2N +2),
(b) f1(z) = f%(2) tren UjiVIFQ{z € C": vy uy(2) > 0},
(¢) min{v( s m,)(2), V2,m,)(2)} > N hodc vip g,y (2) = V(g2 m,)(2) (mod m) cho moi
ze (fYH)H0) (1<j<2N+2).

Khi dé ta c6 f* = f2.

Trong [62], cdc tac gia da ching minh duge cac két qué sau

Dinh ly H. (Thai-Quang [62])
(a) Néu N =1, thit F(f, {H;}>"™ k,2) <2 vdi k > 15.
(b) Néu N >2, thitt F(f, {H;}3N™ k,2) <2 wzk>3N+3+ﬁ
(¢c) Néu N >4, thitt F(f, {H;}3N k, 2)<QUOZI<:>3N+7—I—A
(

N -3

d) NéuN >6, the § F(f {H} 7 k,2) <2 vdi k> 3N +11 + —N60 5

Phan thit hai ctia chuwong danh cho viéc md rong Dinh 1y H bang cach chi ra dinh
Iy duy nhét trong trudong hop boi chan la ré nhanh. Cu thé 1a chiing t6i chitng minh
dinh 1y sau.

Dinh ly 1.0.2. (Ha [31]) Gid s f', f2, f3 : C* — PN(C) la cac anh za phan hinh
va {H;}_, la cdc sieu phing & vi tri tong qudt trong PN (C). Gid st d, k, kg, kai, k3; 1o
cac 56 nguyén théa mdn

1 < kyiykoiy ks < oo (1 <i <gq). Ta dit M = max{k;;}, m = min{k;} (1 <j <
3,1<i<gq), k=max{t{i € {1,2-- ,q} | kji=m} |1 <j <3} va quy wdc d =0
néu M =m vad=min{k;; —m >0|1<j<3;1<i<gq}néuM+#m. Gid si cic
dieu kién sau théa man

(i) dim{z € C" : v m) <k;; > 0 0@ V(s ) <k, > 0} <n—2
(1<j<31<i<i<q)

(i) min(v (s m,),<k;ir 2) = min(u(ft )<k 2) (1 <7<t <3;1<i<q)

(i) f' = f7 tren U2 {z € C" 1 v gy <ma(2) >0} (1 <5 <3).
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Thé thi f' = f2 hodc f* = f2 hodc f2 = f' néu mot trong cic diéu kién sau théa

man.
_UN223N—1§q§3N+Lm>3N+1+aﬁgﬁwd
ZUN:LQZ4MS%ETJ+£$;fl+Aﬂglm+Wﬂf;§Zm<1+%%

Nhu chiing ta da biét, van dé duy nhat cho cdc ham phan hinh trén C v6i diéu kién
dao ham duge quan tam nghién citu tit lau. Tuy nhién, theo ching toi biét, khong c6
két qua ndo nhu thé cho cic anh xa phan hinh nhidu bién phitc. C6 thé thay ngay mot
kho6 khan do6 1a ta khong dinh nghia duge dao ham cia anh xa phan hinh. Vugt qua
nhitng kh6 khian vé mat ki thuat, ching to6i dua ra mot dinh 1y duy nhét cho dnh xa
phan hinh trén C" vé6i diéu kien vé dao ham & phan cudi ctia chuong. Cu thé, ching
toi chitng minh két qua sau.

Dinh ly 1.0.3. (Ha-Quang [33]) Néeu N > 4, 2 < d < N —1 va k >
3dN? — 2N? + 2Nd — 2N d? 1t
2(d— 1)N + d — 242 ’

tG(f, {H YNk d) = 1.

1.1 Cac kién thitc va két qua cd ban cuia ly thuyét Nevanlinna

Ching ta ki hieu |[z]] = (Jz1[* + - + |Zn|2)1/2 voi mdi z = (z1,...,2,) € C" va dinh
nghia
B(r):={z€C":||z]| <r}, Skr)={z€C":||z|]|=r} (0<r <o),
vna(2) = (dd°||z)" ™" wa
o, (2) == dlog||z]* A (ddclog||z||2)n71trén C"™\ {0}.
Gia st F' 1a ham chinh hinh khong dong nhat bang khong trén mién Q trong C". V6i

mdi bo chi s cdc s6 nguyén khong am o = (ay, ..., a,,), ta dit |o| = a3 + ... + a, va
ol

0%1zy...0%z, "

Xét anh xa vp :  — Z xéc dinh bdi cong thic

DF =

vp(z) == max {n : D*F(z) = 0 v6i moi o thod mén |a| < n},z € Q
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Dinh nghia 1.1.1. Mot divisor trén mién € trong C* la mot dnh za v : Q — Z thod
mdn vdi moi a € S, ton tai cdc ham chinh hinh khdc khong F va G zdc dinh trén mot
lan can md lien thong U C 2 cda a sao cho v(z) = vp(z) —vg(z) vdi moi z € U, ngodi

mot tap con gidi tich cé chieu < n — 2.

Hai divisor dugce xem 13 giéng nhau néu ching dong nhat véi nhau bén ngoai mot
tap giai tich ¢6 chiéu < n — 2. V6i méi divisor v trén Q ta dat |v| == {z: v(2) # 0}.
Khi do, |v| la mot tap con gidi tich ¢6 chiéu thuan tuy (n — 1) cia 2 hodc 1a mot tap
rong.

Gia stt 13 ham phan hinh khac khong trén mién Q trong C*. V6i mdi a € €, ching
ta chon cac ham chinh hinh khac khong F' va G xac dinh trén mot lan can U C €2 cia
a sao cho ¢ = g tren U va dim(F~1(0)NG~1(0)) < n—2. Khi d6 ching ta dinh nghia
divisor v, bdi v,(2) 1= vp(2),v°(2) = va(2) v6i moi z € U. Dé thay khai ni¢m trén
khong phu thudc vao viéc chon cac ham F' va G. Do vay, né hoan toan dugce xac dinh

trén toan bo €.
Gia stt v 1a mot divisor trong C" va k, d 1a cac s6 nguyén duong hodc +oo. Dit

v (2) = min {d,v(2)},

(

0 néu v(z) > k
d )
vE(z) = /
v (z)  néuv(z) <k,
\
(
@ v (z)  néuv(z) >k,
vop(2) )
0 néu v(z) < k.
\

Ching ta dinh nghia

v(z)vp_1 mnéun > 2,
n(t) = lvINB(t)

> v(z) néu n = 1.

|2|<t

Tuong ty trén ta ciing dinh nghia duge  n@(2), n'9 (1), n'9(1).

IA

Dinh nghia

T

N(r,z/):/ 2 (4 << o).

t2n—1

1
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Ciing tuong tu ta dinh nghia N(r,v@), N(r, y(<d,2) N(r, 1/(>d,2) va ki hiéu lai ching
lan lugt 1a N@(r, v), Ngg('r, v), NSQ (r,v) .

V6i ham chinh hinh ¢ : C* — C, ta dinh nghia
Nor) = Nlrw), NO) = NO), NZG(r) = NG, N2 =
Ngc) (r,v).

Dé tien cho ki hieu ta sé bd chi s6 tren (D néu d = .

Bay gio ta xét mot anh xa phan hinh f tit C" vao PV (C) khong suy bién tuyén tinh
trén C va ¢ siéu phing H,, ..., H, trong PY(C) & vi trf tong quat théa méan

dim{z € C" : vy, <k(2) > 0va V) <k(2) >0F <n—-2(1<i<j<q).

Ta ki hieu F(f,{H;}]_,, k,d) la tap tat ca cic nh xa phan hinh g : C* — PV(C) thoa
mén cac diéu kién sau

(a) g khong suy bién tuyén tinh tren C,

(b) min (v(s,1),<k, d) = min (Vg,m)).<k, d) (1 <j < q),

(c) f(2) =g(z) tren U?Zl{z € C": v m,),<k(z) > 0}

Khi k& = oo, dé cho tién ki hieu ta thay ki hieu F(f, {H;}

F(f, {Hj}j:D d).
Trong PY(C) ¢6 dinh mot toa do thuan nhat (wg : -+ - : wy). Gid st f : C" — PV (C)

o0, d) béi ki hieu

Jj=01

13 mot 4nh xa phan hinh c6 mot biéu dién rat gon f = (fo : --- : fN) ctua f, tiuc la
cac f; 1a nhiing ham chinh hinh trén C" théa man f(z) ( D fN(z)) bén
ngoai tap giai tich I(f) = {z € C": fo(z) = -+ = fn(z) = 0} ¢6 dbi chieu > 2. Dit
1= (1ol 4+ 1)

Ham dac trung cua f duge dinh nghia nhu sau
7.)= [ 10l fllon ~ [ 1ogl o

S(r) S(1)

Cho H 1a mot siéu phang trong PV (C) cho bdi phuong trinh H = {aqwo+...+aywy =
0}, 6 d6 A := (aqg,...,an) # (0,...,0). Ching ta dat (f, H) = Zﬁ\io a; f;. Thé thi ta c6

thé dinh nghia divisor tuong tng la v(t,i), dudce goi 1a boi giao ctia anh cua f v6i H
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tai f(z). Hon nita ta c6 thé dinh nghia ham xap xi ctia H nhu sau

1711 1) 1711 1)
= [ 10g MR, e I
s (") /sm TN ST /Sm B

1
H|| = (Zi]i() |ai|2)2-

Cho ¢ 13 mot ham phan hinh khic khong trén C”, khi d6 né c¢6 thé duge xem nhu 1a

G do

mot 4nh xa chinh hinh vho P!(C). Thé thi ham xap xi clia ¢ duge dinh nghia bdi
cong thitc sau

m(r, ) == /( )logmax (o], 1)op.
S(r

Tiép dén ching t6i gidi thitu mot s6 két qua dong vai tro quan trong trong 1y thuyét
Nevanlinna (Noguchi-Ochiai [44], Stoll [56],[57]).
Dinh 1y co ban thi nhat cho siéu phing. Cho f : C* — PN(C) la dnh za phan

hinh khong suy bién tuyén tinh va H la mot siéu phang trong PN(C). Thé thi ta cé

Ngn) (r) +mypu(r) =T(r, f) (r>1).

Dinh 1§ cd ban thi hai cho siéu phang. Cho f : C* — PN(C) la mét danh zq
phan hinh khong suy bién tuyén tinh va Hy,...,H, (g > N + 1) la cdc siéu phing J vi
tri tong qudt trong PN (C). Thé thi ta cé

I (=N = DT, f) < 35Ny () +oT( ).

Bo dé 1.1.2. (Thdi-Quang [62]) Cho f: C* — PN(C) la dnh za phan hinh khong suy
bién tuyén tinh va Hy, H, ..., H, la q siéu phdng d vi tri tong quat trong PN (C). Gid
stk >N —1. Khi dé ta co

[(am3r 1= )0 < (- ) it ot

J=1

B6 dé dao ham 16-ga-rit. Cho f la mot ham phan hinh tréen C*. Khi dé ta cé

H m(r, Dajfﬁ): O(log™ T(r. ) (a € Z).

Ching ta ki hieu M*,, nhém nhan giao hoan ctia cac ham phan hinh khéc khong trén

C™. Thé thi nhém nhan M*,/C* 1a mot nhém giao hoan khong xo#n.
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Dinh nghia 1.1.3. Cho G la mot nhém giao hodn khong zoin va A = (ay,ag, ..., a,)
mot g-bo gom cdc phan tii a; trong G. Gid st q > 1 > s > 1. Ta néi g-bo A cé tinh chat
(Prs) néu bat ki r phan i ajqy, ..., iy trong A théa man diéu kien sau: Vdi bat ki bo
chi 86 iy, ....05 (1 <y < ... < i, <71), ton tai bp chi 86 j1,...,5s (1 < j1 < ... < js <7)
v0i {i1, ..., is} 7 {71, -, Js} sa0 cho aygyy...aii) = agy)---aug,)-

Meénh dé 1.1.4. (Fujimoto [18]) Cho G la mot nhém giao hoin khong zodn va
A = (ai,...,a,) la g-bo cdc phan tid a; cia G. Néu A ¢6 tinh chat (P,s) vdi cip r,s nao
dé va g > 1 > s> 1 thi ton tai cac chi 86 i1, ...,igry2 V0 1 <y < ... < ig_pro < q SG0O

cho a;;, = a;, = ... = a;,_, .,

Lay ba anh xa phan hinh f! f2, 3 v6i biéu dién rit gon f* := (fF:...: f¥) va dat
T(r) == So_, T(r, f¥). V6i mdi phan tit ¢ = (co, ..., cy) € CVNFL\ {O}, ta dinh nghia
(Y0 =Tl aff 1<k<3).

Ta ki higu C 1a tap tat cd cac phan tit ¢ € CVN*1\ {0} sao cho

dim{z € C": (f* H;)(2) = (f*,¢)(z) =0} <n —2.

Bo dé 1.1.5. Cho Hy, H,, ..., H, la q siéu phdng ¢ vi tri tong qudt trong PN (C). Gid
st min(v( g p,), d) = min(yp gy, d)(1 < j <3),1 <d < N vaqg> N +2. Khi dé ta co

| T(r, f*) = O(T(r, f1)) (1 <k <3).

Chitng minh. Theo dinh 1y co ban thit hai ta cé

| (- ﬁ7<§jN%z) §:§i(ﬁ, ) +o(T(r. 1))

—Zd mm%ﬁﬂﬁ%é%ﬂwmewm

Dodé || T(r, f*) = O(T(r, f')). Tuong tu ta ciing c6
1T(r, 1) = O(T(r, f*)). O
Bo dé 1.1.6. (Ji [35]) C tru mat trong CN*1,
2 N .. . X X ] (fk7 H)
B6 dé 1.1.7. (Fujimoto [28]) Vi méi phan ti ¢ € C, ching ta dat Fi* = (f’“—;
,C

Khi do ta co
T(r, FI*) < T(r, f*) + o(T(r)).
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Dinh nghia 1.1.8. (Fujimoto [28]) Cho Fy, ..., Fyr la cdc ham phan hinh trén C" vdi
M > 1. Dt a := (a°...,a™~1) vwdi cdic thanh phan of la bo thit ty cia n s6 nguyén

khong am va dit |a| = |°| + ... + |aM~Y|. Ching ta dinh nghia ham bo trg nhu sau

1 1 1
'Dao 1 Dao 1 DOéO 1
P = (DQ(FO, ,FM) = FOFl"'FM (F ) .(F ) (-FJVI>
DY E) DT E) e D)

Meénh dé 1.1.9. (Fujimoto [19]) Cho o = (a°,---,a™) la mot tap thich hgp cho
F = (fo, -+, fn) va cho h la mot ham chinh hinh. Thé th

det (Dao(hF), e D"‘N(hF)> — hWN T det (Da"(F), e DO‘N(F)) .

B6 dé 1.1.10. (Fujimoto [28]) Néu ®*(F,G,H) =0 va ®*(+, %, %) = 0 vdi moi o
ma |a| < 1. Thé thi mot trong cdc khdang dinh sau ding
(1) F=G,G=H hoiac H=F.
(it) £,% va & déu la ham hing.
SR . M(M -1 .
B0 de 1.1.11. Gid st rang ®*(Fy, ..., Far) Z 0 vdi |af < % Néu
V)= min {vg, <py, dy = min {vp, <p,,d} = -+ = min {vp,, <, d}

vdi mot s6 d > |a| thi vga(z0) > min {v1D(2),d — |a|} vdi moi 2y € {2 : vp, <p,(2) >

0}\ A, d dé A la mot tap con gidi tich doi chiéu > 2.

Chitng minh. Dat Hy := {z : vp, <x.(z) > 0}. Thé thi tir gia thiét ta c6 Hy = Hy =
... = Hy := H. Goi A la tap tat ca cac diém ki di cia H. Ta c6 A la tap giai tich c6
chiéu <n —2. Gid sit 29 € H \ A. Ta chon mot ham chinh hinh khac hing h trén mot
lan can U ctia z sao cho dh khong c6 khong diém va HNU = {z € U; h(z) = 0}. Dat
ms = Vg, (20) VA Qs := Fi v6i 0 < s < M. Ta c6 thé viét ¢, = h~™p, trén mot lan

can V(C U) clia zp, 6 d6 @5 khong dau biang khong tren V.

Trude hét chiing ta xét trusng hop vl¥(zy) = d. Khi dé ta c6
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FO Fl FM
oY/ 1 ol 1 af(_1
P = FO'D‘ (%) Fl'D_ ) FM'D. (7 = > (=) Fa,
M- aM- M=
D (&) RD (L) o R D ()

D
6 do ¢, = det( SOk;k =0,..,t—1e+1,...M; 1 =0,1,.... M — 1) la cac ham
Pk
phan hinh.
. . ... D D~
Bing chimg minh quy nap theo | ol | ta c6 thé viét Pk thanh L ;fk’llP
Pk Pk @

do6 1, la mot ham chinh hinh va

Y

Do‘ll Dali . Dali_H i DazM
by = Z e(l) Yo ¥ 1y Pit1 M
o Pi-1 Pi+1 M
6do 1 = (ly,...,ly) chay trén toan bo cac hoan vi cia {0,1,..., M — 1} va €(l) la ki hiéu
dau ctia hoan vi I. Diéu nay suy ra v3° <| a | . Tir gid thiét vp, <k, (20) > v%(2) = d,
ta co vga(z9) > d— | a .

Truong hop con lai 1a 1 < vl9(z) < d. Khi dé, theo gia thiét, ta c6

m*i=mo=my =---=my = ().

Bay gio ta viét

o =

- —det(Dal(gok —¢o);k=1,...,M; 1=0,1,... M — 1>,
QOOSOI . SOM

VA o — o = h™™ (P, — @o) Vi @ — @o 1a ham chinh hinh.

Ap dung Menh dé 1.1.9, ta ¢6

hm*(M+1) 1 L _
P = det(Da (pr—@0);k=1,...M; 1=0,1,... M — 1)

GoP1---PM hm

va do do
o h™ ol ~ ~
Q% = ————=—det( D (gpk—gpo);k‘: 1,...,M; l:O,l,....,M—l .
PoP1---PMm

Vay ta c6 vga(z9) > m*. Bo dé duge ching minh. O
B6 dé 1.1.12. Cang vdi gid thiét nhu trong Bo dé 1.1.11, néu Fy = --- = Fy; £ 0,00

trén mot tap con gidi tich H vdi chieu thuan tiy n — 1, thi vga(20) > M, V 2y € H.
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Chitng minh. St dung cach chitng minh va ki hiéu nhu trong B dé 1.1.11 chiing ta
gid chi can chitng minh ring vge(z) > M cho tit cd cdc diém chinh quy z, cia H
Vi Fi(z9) # 0,00 (0 < k < M). Lay mot ham chinh hinh A trén mot lan can U
clia 2y sao cho dh khong c¢6 khong diém va HNU = {z € U| h(z) = 0}. Ta viét

1 1
Yp = — — — = hz/Jk (1 < k < M) v6i ham chinh hinh khac khong wk trén mot lan

F, Fy
can clia z. Bay gio sit dung Ménh dé 1.1.9 ching ta c6

O = FyFy...Fy det (Dal&k; k=1,.,M;1=0,1,..,M— 1>
= FoFlFMhM det (Dalwk;k = 1, ,M, = O, 1, ,M - 1)

Vay ta suy ra vga(z9) > M. O

Bo6 dé 1.1.13. Cho f : C* — PN(C) la dnh za phan hinh khong suy bién tuyén tinh va
Hy, Hy,...,H, la q siéu phdng J vi tri tong qudt trong PN(C). Gid st k; > N —1 (1 <
J <q). Thé thi ta cé

(x-S ren= 3

Ching minh. St dung dinh 1y co ban thit hai ching ta c6

H (q—N_l Z (fH) (T(r,f))
=>_ Ny +ZN<}V21 r) +o(T(r, f))

q
N
N
] —
q
=2 N Z

: N
32(1—W)N(ﬂ,)<k +Zk+1 r, f) +o(T(r, f)).

( () (1) = Nigmy). <k (7")> +o(T'(r, f))

Do d6 chung ta ¢6 diéu phai chitng minh. O

Bo dé 1.1.14. Gid st ton tai ®* = O(FI0 | FIoM) £ 0 wdi phan ti c € C, |a| <
M(M —1)

5 .2 > |al va gid thiét nhu trong Bo dé 1.1.11 dugc théa man. Thé thi vdi
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moi 0 < i < M, cic khang dinh sau ding:

M(M L)

N (
H 2 | | +MZN((}ZH ) <ki; ) < N(T I/cpa) < T +ZN Jo) >kl]O( )+O<T(T))

UO
J#Jo

Chitng minh. Vé trai ctia bat diing thic can ching minh dudc suy ra truc tiép tit cac
B6 dé 1.1.11 va B6 dé 1.1.12. Mat khéc ta ciing ¢

N(r,vga) < T(r,®*) + O(1) = N(r,vga) +m(r,®*) + O(1). (1.1.1)

Chiing ta d& dang nhan thiy ring cyc ciia ®“ sé 1a khong diém hodc cyc diém clia céc
FJoU nao d6 va ®* chinh hinh tai tat cd cac khong diém véi boi < ki, ctia FJo! theo

Bo dé 1.1.11(1 € {0, ..., M }). Gi& sit 2y la khong diém ctia FJ°! v6i boi > ky;,. Chiing ta
D (1/F)

ciing nhan thiy rang néu 2y 1 cuyc clia thi n6 van c¢6 boi < |ay]. Vay néu

(1/F)
2o 1a cue cta @ thi n6 ¢6 boi < |a| = Efw M| < —). Diéu nay suy ra
M
- (M(M 1)
N(rve) <3 NGt (o +ZN rvSe)  (112)
=0

(.8 <3 m( ey o m(n D) Y on)

i=0 we’

<Y m(r, ) +o(T(r))  (1.1.3),

i=0

3 d6 ok = 1/Fiok Két hop (1.1.1), (1.1.2), (1.1.3) va B dé 1.1.7, ta thu dugc

M M(M 1)) M .
N(r, vge <Z ot g) oty 1)+ DT F2) + 0(T(r))
=0
M
(M(M—l))
ST() + D Ngisd o, (1) + o(T(r)).
=0

1.2 Dinh 1y duy nhéit ctia cac anh xa phan hinh véi 2N +2 siéu
phing va boi bi chin

Trong muc nay ching ta chiing minh dinh 1y sau.
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Dinh ly 1.2.1. (Ha-Quang [33]) Gid si f' va f* la hai énh za phan hinh khong suy
bién tuyén tinh ti C* vao PN(C) (N > 2) va Hy, ..., Hynyo la cdc siéu phang J vi tri

tong quat trong PN (C) théa man
dim{z € C" : y(p1 gy (2) > 0 va v(p1 p;)(2) > 0F <n—2

vdi moi 1 <i < j < 2N +2. Gid sit m la s6 nguyén duong sao cho

2N +2 2N +2
m > —21.

N+1 N+1

Gid st cic dieu kién sau théa man.

(a) min{v(p gy, 1} = min{ygpe g, 1} (1 < j < 2N +2),

(b) f1(z) = f2(2) tren U {2 € C" : vy (2) > 0},

(c) min{v (g1 gy(2), V2,0 (2)} > N hodc vip g,y (2) = vg2,m,)(2) (mod m) vdi moi
ze (fYH)™H0) (1<j<2N+2).

Khi dé ta c6 f1 = f2.
Chitng minh. Giad sit f! # f2. Khi d6 véi mdi chi s6 i € {1,..., ¢}, ta dinh nghia mot
divisor v; nhu sau
1 néu min{yp g, (2), vp2,m(2)} > N,
vi(2) == 91  néu v m(z) = vem(z) < N,
0 cho cac truong hop khéc.
Dé chitng minh dinh 1y chinh ta can mot s6 cac bo dé sau.

Bo dé 1.2.2. Gid st cip chi 56,7 € {1,2,...,2N + 2} théa man
(fY 1) (% Hy)

P = Z 0.
TV H) (2 H))
Khi dé ta co
2 2 2N+2
(N) (1) (1)
D> NGy (1) = NNy () + N () + 3 Y Ny (1)
s=1 v=i,j s=1 v=1

v#L,]
2

<2 T(r,f)+0(1) (1.2.1)

s=1
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Chitng minh. Gid st z € (f', H,)"'(0). Ching ta xét ba truong hop sau.
Truong hop 1: min {vp g,y (2), Vp2,m,)(2)} > N.

Ta co

min{y(fl,Hv)(z), I/(fz’Hu)(Z)} Z N +1
2
- Z min{v(ss m,)(2), N} = N + v,(2).
s=1

Truong hop 2: vy g,y (2) = v(p2,m,)(2) < N.

Ta ¢6
min{v(p m,)(2), v(y2,m,)(2)} = me{y (ro.1)(2)s N} = V511, (2)
> Zmin{l/(fs,Hv)(z), N} — N +v,(2).
s=1

Truong hop 3: z khong théa mén hai truong hgp trén.

Thé thi ta ¢6 v,(z) = 0. Khi d6 ta suy ra
min{v 1 m,)(2), Vp2,m,)(2)} > me{y(feH y(2),N} = N
= Zmin{u(fsﬂv)(z), N} — N + v, ().
s=1
T 3 truong hgp trén ta c6 néu z € (f1 H,)7(0) thi
min{v g g,y(2), V(2,1 }>me{1/szU (2), N} = N + v,(2).

Két hop them véi dinh nghia ctia P;; ta suy ra

IN+2
vp,(2) = min{vp gy (2), vp,m) (2)} + Z v
iy
2 IN+2
ZZV((,][\QH)< ) — Ny my(2) + vi(z Z V(JHH
s=1 =l
Cho s = 1,2 ta suy ra
] 22N+
Z< (7o, (2 Us H)(ZH”")JFQZZV((;ZH)(Z)
-1 s=1 v=1
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Do d6 ta co

2Np,(r) = D (2N (1) = NN g (1) + N(r.a)
+; 3 N () (1.22)
Mat khéc ta cling ¢6
el ULH)N ()
) < )+ (a3 ) 00
(flﬂHi> B r (f17Hj) r (f27H1>
<) V() (e )
/ ’Hf;)+0(1)

(r, f?) — Nmy) (r) = Nyzmy) (r) + O(1)

(F1.Hy) (F2,Hy)

=T(r, fY)Y +T(r, f*) — Nigrm(r) — Nig2m,(r) + O(1)

va

N (r) < N(r, ), vOi p(2) = max {yp gy (2), Y (2) )

1
P;;

Xét z € (f', H;)7'(0), ta dé dang chi ra ring

vir,my) (2) + v (2) — py(2) = min{y g gy (2), v, (2) )
> min{y(ngj)(z), N} + min{y(fzﬂj)(z), N} — N +v;(2).

Do doé
2 2 2N+2
(N) 1) 1)
> @N(ly (7) = NNGR gy (1) + N(rv) + > Y Nt g,
s=1 s=1 ov=1
v#£i,j

< 2Np,(r) < 2T(r, P;j) = 2N _1_(r) + 2m(r, P;;) + O(1).
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<2 T(r, f°) + 2(N(r, 1) = Nigpay) (r) = Nigzany (r) + O(1)
< 2ZT(T7 f7) = Q(N((ﬁ)H )( )+ N((f2)H )( r)— NN((J13 H; )( r)+ N(r,v;))

+O(1)

2
N
<2310 ) -3 (2N ) (1) = NNy () + N (r,)) + O(1)
s=1

s=1

T do6 ta co

2 2 2N+2
DD NGy (1) = NNy (0 NOan))+ 30 > Nijo
s=1 v=i,j s=1 ;}7&2}]
2
<2 T(r, f*)+O().
s=1
Vay Bo dé 1.2.2 duge chiing minh. O

B6 dé 1.2.3. Vdi mdi chi s6 1 <i < 2N +2, ta c6

2
| N(rw) =od>_T(r, f)).
s=1
Chitng minh. Bing cich thay ddi chi s6 néu can thiét ta c6 thé gid si ring
ULH) _ULH) UNH) L U Ha) (L)
£f27H1) (anHQ) (f27Hk1)J \(f27Hk1+1) (f sz)
nh:i,ml nh:”),m2
7—é (f17H/€2+1) =...= (flkas) 7—é . 7—é (f17Hk’s_1+1) = ... = (flaHks)
\(f27Hk:2+1) (f27Hk3>J \(f27Hk’S_1+1) (f27HkS)’
nh:)rm3 nh:’)rms

v6i kg = 2N + 2.
V6i mdi chi s6 1 < i < 2N + 2, ta dit
i+ N néui < N +2,

i—N—2 néui>N-+2.

Do f! # f? nén s6 phan ti ctia mdi nhém nhiéu nhat 1a N. Do d6 2 va
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thuoc hai nhom khac nhau. Vay ta c6 E?; Zz; £ gl " ; (1 <i<2N +2). Suy ra
(N Hywy)  (f2 Hyw) .
Py = (fl,;lz-) — ;Ii) 20 (1 <i<2N+2).

Bay gio stt dung B6 dé 1.2.2, ta lay tong hai vé clia (1.2.1) cho tat ca cac cap (4, x(4)),
ta co
2N42
( ANy (r) + 2N, yl)) <22N+2)> T(r, f)+0(1) (1.2.3)
s=1,2 =1

Thé thi theo dinh 1y co ban thit hai ta thu dugc

2 2N+2

122N +2)> T(r, ) =) Y (4Nsz) ) +2N(r, yz)) +0(1)
s=1 s=1,2 =1
2N+2
AN +1) ) T(r, f°) +4ZN7“V,
s=1,2
+o( Y T(r,f%)) (124).
s=1,2
Diéu nay suy ra
|| N(r,v;) =0 Z T(r
s=1,2
Vay B6 dé 1.2.3 dugc chitng minh. O

Bo6 dé 1.2.4. Vdi méii=1,...,2N + 2 thi cdc khdng dinh sau ding

2 2N+2

. N 1 1
D1 Y @NY ) = NN +Z Z NG g
s=1 v=x(4),s v#x(l) i
2 2
=23 "T(r, £°) + o> _T(r, f%)) (1.2.5)
s=1 s=1
2
N 1
(id) || 2N, (1) = > 2Ny () = NN, ()
s=1
2 2N+2 2
1 s
+3° 3 NPy ) +03 T ) (1.2:6)
s=1 wv=1 s=1
v#EX(1),1

Chaing minh. Do bat dang thitc (1.2.4) xdy ra dau bing nén cic bat ding thic (1.2.1)

a (1.2.2) cang phai xdy ra dau bang v6i moi P,(;;. Hon nita ching ta ciing c6
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s=1

minh. O]

| N(r,vy@) = N(r,v) = o(322_, T(r, £*)). Didu nay suy ra Bé dé 1.2.4 dugc ching

Bo dé 1.2.5. Choi,j € {1,...,2N + 2} sao cho P;j # 0. Thé thi cic khdng dinh sau

ding
2 2N+42
13 S OV ) - NN )3 Y N,
s=1 v=1i,j p—t gﬂb
2 2
=23 T(r, f)+0o(>_T(r f) (1L2.7)
s=1 s=1
y N
(i0) || 2Np, (r) = Y (2N(3)y (1) = NG 1 ()
s=1
2 2N+2 2
! S
+> D Ny () + 00X T %) (1.2.8)
s=1 v=1 s=1
V#iL,J

Chitng minh. Do P;; # 0 va (J{l H)) 8:2 g) thuoc hai nhom phan biét nén ta c6 thé thay

d8i chi s6 dé i = x(j). Ap dung B dé 1.2.4 ta suy ra B8 dé 1.2.5. O

Bay gio ching ta trd lai ching minh dinh 1y chinh. Ta xét hai chi s6 bat ki
i,j € {1,...,2N 4+ 2}. Do f!' # f? néen ton tai chi s6 k sao cho Py, # 0 va P, # 0. Stt
dung (1.2.7), ta c6

2 2N+2
HZZ = NN g (7) +ZZN
s=1 v=ik
2;£2kN+2
—ZZ (V{72 (1) = NI, +ZZN(1)
s=1 v=y4,k U¢Jk

+0(D> T(r, f7)) =2 T(r, f*) +0>_T(r, f*)).

Do dé6

2

1@V (r) = (V4 DN 4 (7)) = SN ()

s=1 s=1

— (N+ DN (1) 403 T(r, ) (1.2.9)
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Két hop v6i (1.2.7) va (1.2.9), ching ta thu duge

2 2N+2

||22 (fs- —(N+1)N, fSH) +ZZN

s=1 v=1
2 2
=2 T(r, f*)+0(>_T(r,f) (1.2.10)
s=1 s=1

(', H;)
(%, Hi)

khong phu thudc vao biéu dién rat gon cia f! va f2

Gia st réng H = {ai0w0+- ot aNwWN = O} Ta d?ult hz =
4 1 2
Thé thi 14 — (fl i) (f2 )
hy (F1 Hj) - (f% Hi)
tuong ng. Ta lai ¢6 Zk:o ik fie — D - Zk:() aipfor =0 (1 < i < 2N + 2), nén suy ra
det(aio, ...,aiN,aiohi, ...,aiNh,-; 1 S 1 S 2N + 2) =0.

(1<i<2N+2).

Bay gio v6i moi tap con I C {1,2,...,2N +2}, ta dat hy = [[,.; hs. Ki hieu Z Ia tap

tat cd cac tap [ = (i1, ..., in41) vOi 1 <4y < ... <iyypp < 2N + 2.

V6i mdi tap con [ = (iy,...,in11) € Z, ta dinh nghia
A] _ (_1)(N+1)2(N+2)+i1+...+iN+1 'det(am;l <r< N + 1’ 0 < l < N)

det(a;;;1<s<N+1,0<I<N),
6 d6 J = (j1,...,Jny1) € Tsao cho TUJ ={1,2,...,2N + 2}.
Thé thi ta c6 ZIGI A]h] = 0.

Lay Iy € Z, ta ¢6

A
A[Ohjo = — Z A[h[, hay hlo = — Z ! h[.

I€T, I+, I€T,I+],

Cha ¢ ring véi mdi I € 7, thi /f; 0.

Goi t 1a s6 nhé nhat théa man cac diéu kién sau:

Ton tai ¢ phan it Iy,...,I; € T\ {Io} va t hiang s6 khac khong b; € C sao cho
hiy = S0 bihy,.

. . 2N + 2
Ta de dang nhan thay ¢t < —1.

N +1
Do hj, #Z 0 va do tinh chit nho nhét clia ¢ nén ho cac ham {hy,, ..., h;,} 1a doc lap
tuyén tinh trén C.
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Gia st phan ching riang t > 2.

Khi dé ta xét 4nh xa phan hinh A : C* — P*Y(C) v6i biéu dién rit gon
h = (dhy, : ... :dhy,), 6 A6 d la &nh xa phan hinh trén C".

Néu z 1a khong diém (tuong tng la cuc diém) cla h; thi v ) (2) # v(s2,m,)(2). Do
dé max{v s ) (2), V2,1 (2)} > N hodc |y my(2) — vip2,my(2)] > m. Vay vi(z) =1
hoiic z 14 khong diém hoiic cuc diém ctia h; v6i boi 16n hon hoac bing m. Ta dé thay
ring néu z la khong diém ctia dh; thi v;(z) = 1 v6i mot chi s6 ¢ € {1,...,2N + 2}
hosic z la khong diém ctia dh; v6i boi 16n hon hodc bing m. Vay ta c6, véi mdi

2 (YN H)N (MY HH)(1<i<j<2N+2). th

2N+2

. 1
min{1, vg,(2)} < Zl vi(z) + El/dhl(z).
Diéu nay suy ra rang
2N+2 ] 1 2
1 s
I N3 (r) < 30 NOw0) 2 Naw (1) < T, ) 03T )

véimoi I € T.

Stt dung dinh 1y co ban thit hai ta c6

t
| T(rh) < Z N, () + Nigo, () + o(T(r, 1)

ZNdh )+ Ny (1)) +o(T(r, 1))

< wT(r, h)+o(T(r,h))+ O(Z T(r, f%)).

m

Suyra || T(r,h) = 0(Z§:1 T(r, f%)).
Ta xét cic sieu phing H, = {wy = 0}, H, = {ws = 0}, Hy = {bjwy + ...+ byw, = 0}
trong P'~1(C). Thé thi

T(r,h) > T(r, EZ g)m(l) - T( ZZ)+O(1) > N?_l +O(),
T(rn) = 7(r, EZ I;T3>+O(1) -7(r, Zz)JrO(l) > N,%%l +0(1),
T(r,h) > T(r, EZ 1;1?;>+O(1) — T( , Zi)+0(1) > Nélli_l(r) +0(1)



Suy ra 3T(r,h) > N (r) + Nflll) (r) + N,(lll) (r) 4+ O(1).
2 0_1

hr
Lai c6 h_ =1 trén tap Uje ((TU\(INJ))e E

G do E = {Z eCn: )( ) > 0} va ((Il U _[2) \ (]1 N IQ))C U ((_[2 U ]0) \ (]2 N I()))C U
(LU L)\ (1o N Il)) = {1, .., 2N + 2}), nén ta suy ra
Ngil(r) +N£71( )+N271 2i2N
3T(r ) > S N K)+0(%=E%17Wfﬂ+d(hfﬂ@zlﬂ)

Suy ra || T(r, f*) =0 (s = 1,2). Diéu nay 1a mau thudn. Vay ¢ = 1.

h . ) .
Do vay h—IO = hdng s6 # 0. Suy ra, v6i moéi I € Z, ¢6 tap J € T\ {I} sao cho
I

h = hiing $6 # 0. Xét nhom aben khong xodn sinh bdi ho cac 16p {[h1], ..., [han2]} clia
J

nhom aben khong xodn M*, /C*. Thé thi ho {[h], ..., [han+2]} ¢6 tinh chdt Poy oy
Diéu nay suy ra rang c6 2N + 2 — 2N = 2 phan ti, ma khong mat tinh tong quat ta
. h
gia sit ching 1a [hq], [he], sao cho [hy] = [hy]. Thé thi h_l =y e€C~
2
Bay gio ta gia st y # 1.
h _ _ _
) 1w mdi = e U ()70 \ () () U (1) (01), e

hQ(Z)

U (Y7 (H;) = 0. St dung dinh 1§ co ban thit hai ta c6

Do

2N+2

N
| @N=N=DT(r ) <> NYy () +o(T(r, 1) = o(T(r, f1)).
i=3
Diéu nay 1a mau thuan. Vay y = 1, hay h; = hs.
Bing cach thay doi biéu dién rat gon ctia f', f? néu can thiét, ching ta c6 thé gia
st rang (f', Hy) = (f?, Hy). Suy ra ta c6 (f', Hy) = (f% Hy) (1.2.11).
Bay gio ta xét

_ o (hH) (A HY)
Bravesovey = Froves) = (f' Hnis) (% His)
_ (f17H1>((f27HN+3> - (f17HN+3>)
(fY, Hny3)(f? Hyys)

o (f1.Hy)(2) = (f% Hy)(2) tren USE (fY) 7 (H) \ ((F) 7 (H) N ()7 (Hy)) voi

£ 0.
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moi 1 <¢<2N + 2 nén

IN+2
1
2NP1(N+3) (T) > 2N, (f1, H1 Z QN(fi Hy)
U¢N+3
2 2 2N+2
> > (@N(ge sy (1) = NN g (1) + Z Z N (1.2.12)
= v;ﬁN+3
Két hop them véi (1.2.8) va (1.2.12), chiing ta suy ra
(1 _
NG a1 (1) = Mgy ZT (1.2.13)

Tir (1.2.9) va (1.2.13), v6i méi i € {1,..., 2N + 2} ta ¢6
2

1D @NG () = (VDN ) (1) = 0 T(r, f) - (1.2.14)

s=1
Mat khéc, v6i mdi z € (f', H;)~(0), néu v;(z) = 0 thi hodic vp1 ) (2) = vz, m,(2) = N

hoac |v(s1 ) (2) — v(s2,m,)(2)| = m. Suy ra

vy m)(2) + V2 m)(2) = 2N.

Do do6
2
N
SN2 SN ) 230
s—1
) 2
1 S
s=1 s=1
Diéu nay suy ra
2
N 1 ;
I Z 2N (r) = (N 4 DN g1y (1) 2 (N = 1) 3 NGy (1)
s=1
2
o(> Tt )
s=1

Két hop bat dang thiic vira thu duge va (1.2.14), ta c6
2 2
1 S .
SN ) =03 T(r, f7) (1<i< 2N +2).
s=1 s=1

Ap dung dinh Iy co ban tht hai, ta ¢6
2 2N+2 2 2

Y N+ DTCr ) <Y Y N, )+ oY T, 1) = o> T(r, 7).

s=1 v=1 s=1 s=1
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Diéu nay mau thudn. Vay f' = f2 Dinh ly dugc chitng minh. O

1.3 Dinh Iy duy nhéit cia cic 4nh xa phan hinh véi muc tiéu

co dinh va chan boéi c6 ré nhanh

Trong muc nay ching toi chiing minh két qua sau.
Dinh 1y 1.3.1. (Ha [31]) Gid si f*, f2, f3: C* — PN(C) la cdc dnh phdn hinh va
{H}_, la cic siéu phing & vi tri tong qudt trong PN(C). Gid st d, k, kyi, kg, ks; la cdc
50 nguyén théa man
1 < kygykoiy ks < oo (1 <i <gq). Ta dit M = max{k;;}, m = min{k;} (1 <j <
3,1<i<gq), k=max{t{i € {1,2--- ,q} | kjy =m} |1 < j <3} vi quy wdc d =0
néu M =m vad=min{k;; —m >0|1<j<3;1<i<gq}néuM+#m. Gid si cic
dieu kién sau théa man
(i) dim{z € C" : v ), <k; > 0 0@ Vigs my,<k, > 0} <n—2
(1<j<31<i<l<ygq)
(i) min(V(gi m,), <k, 2) = min(u(ft H) <k 2) (1 <7<t <3;1<i<q)
(i) f' = f7 tren U2 {z € C" 1 v gy <ia(2) >0} (1 <5 <3).

Khi dé ta c6 fr = f? hodc f? = f3 hodc f2 = f! néu mot trong cic diéu kién sau

thoa man:
1)N22,3N—1§q§3N+1,m>3N+1+% va
YN =Llag=4dw 3(;k:11> nf(j—;f)l i M(qikju nt M(fj;f;i g <tt %

Trudce khi chitng minh Dinh 1y 1.3.1, ching ta dua ra mot s hé qua ctia dinh 1§ nhu
sau.

*) Dinh 1y G 1a hé qué cia Dinh 1y 1.3.1 khi chon M =m va k = q.

*) Khi k =1, M = m+d va hoiic d = 1 hodic d = 2, sit dung trudng hgp 1 ciua Dinh
ly 1.3.1, ching ta c6 két qua sau
Hé qua 1.3.2. Gid st f1, f2, f3: C* — PN(C) la ba dnh za phan hinh va {H;}2N ™

la cdc siéu phang d vi tri tong qudt trong PN (C). Gid st k; la cdc $6 nguyén duong théa
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man 1 <i <3N + 1. Gid st cic diev kién sau théa man

(i) dim{z € C" : vy p,) <k, > 0 va v gy <k, >0} <n—2(1<i <l <3N +1)
(%) min(v g my) <k, 2) = min(vige gy <k, 2) (1<j <t <3;1<i <3N +1)
(iii) f* = 7 tren Nz e C V(i HL,<ka (2) >0} (1 <5 <3).

Thé thi hodc f' = f? hodc f* = f2 hodc f3 = f' néu mot trong cac dieu kién sau

thoa man
14
a) N>2kj=k +1v0i2<j<3N+1vak >3N+2+ .
3(N —1)
16

*) Khi k = 1 va M = m+d, bing cach ap dung chitng minh cta truong hgp 2 trong
Dinh 1y 1.3.1, chiing ta thu dugc két qua sau

Hé qua 1.3.3. Cho f1, f% f3 : C* — PY(C) la ba anh za phan hnh va {H;}}_, la
cic siéu phdng ¢ vi tri tong qudt trong PN (C). Goi k; (1 < i < 4) la cic s6 nguyén
duong théa man cdic diéeu kien sau
(i) dim{z € C" : v(ps g, <k; > 0 va V(g gy <k, >0} <n—2
(1§]§3;1§2<l§4}
(i) min(v i m,),<k;»2) = mm(y(ft H)<kr2) (1<j<t<3;1<i<4)
(iii) f*'= f7 tren U {2 e€eC iy <h,(2) >0} (1<5<3)
Gid si rang mot trong cac dieu kién sau théa man
a) k1 =9, ky = kg = k4 = 66.
b) ki =10, ko = k3 = k4 = 36.
c) ky =11,ky = k3 = ky = 26.
d) by =12,k = ky = ky = 21.
e) ky =13, ko = k3 = kg = 18.
f) ki =14,ky = k3 = ky = 16.

Thé thi chiing ta c¢6 hodc f' = f? hodc f? = f3 hodgc f3 = f*.
Bay gio ta di chiing minh Dinh 1y 1.3.1.

1
Ching minh. Truong hop 1. N > 2 3N —1 §q§3N+1,m>3N+1+m

va
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2Nk 2N(¢g—k) 3N?2+N
m+1 m+d+1 M+1
Truée hét ching ta chitng minh bo dé sau.

(2¢g —5N —3) >

B6 dé 1.3.4. Ki hieu Q la tap tat cd cic chi so jo € {1,2,...,q} théa man diéu kién

sau: Ton tai c € C va a = (ag,a1) vdi || < 1 sao cho ®*(FI0l FIo2 Fiod) £ ().

Khi dé ta c6 Q la mot tap rong.

Chitng minh. Gi st rang O 1a tap khac rong. V6i mdi 1 < i < 3 va jp € Q, ap
dung Bo dé 1.1.14, ching ta c6

(1) (1)
‘ ‘ N(fl l]() + 2 Z N(fl H ) <kzg Z (fl -70) >kl]0 ) + O(T(T>)7

J#Jo

va suy ra

(N) N)
H N(fi’ kijo +2ZN(J“ ),<kij ) =N: T +NZ (fl Hjq), >li0( )+O(T(T))

J#Jo
T do ta co
3 3
(N) (N) (1)
‘ 2 (N( P )i, (72 ; NGu ) <h )) < 3NT(r)+3N Z; Nif 1,0 sy, (1) F0(T(r))
= J7Jo =

3N
kijo +1

<ONT() + 3 () Moo (1) + (T ()

< 3NT(r +Z<

Suy ra

)((ﬁ%@() N(siH,0),< ”Jﬂ)+dTW»ﬂ3l)

3N
3 N
| (2T ¥ 2, 0)) <3870+ 2L (5 ) Ml

3N )
+;(1 " T 11 Ny b, (1) +OT() (132,
< ) 3N X . |
Mat khac, do 1 — Fon 41 > 0 va maX{N(fi’HjO)ékijo( r); Nigia,)(r)} < T(r, f7) +

o(T(r, f*)) véi moi 1 < i < 3 (1.3.3) nén ta c6

H 2 Z Z NG i, (1) < BN +1)T(r) + o(T(r))(1.3.4).

i=1 j=1



Ap dung B4 dé 1.1.13, ta c6

q N .
H(q_N_l_Z;kw+ ) » ) SZ( kw+1)N<(}Y,)Hj>,<kij(7")+0<T(T’fl>)'

= (g N-1- 2 Ty < (145 ) e (T )

m+1 m+d+1 M+1

= (q—N—l— Nk__ Nlg=F) )T(r) < (

m+1 m+d+1

q

Z_:ZN ), <ki; (r)+o(T(r)). (1.3.5)

=1 j=1

Két hop (1.3.4) va (1.3.5), ta ¢6 khang dinh sau
Nk N(qg—k
‘ _ Na=k) )T(r) < (3N +1)(1—

m+1 m+d+1
Cho r tién ra +oo, ching ta thu dugc

N N(q—
‘2(q_N_1_ k (¢ — k)

2<q—N—1—

— < (BN +1)(1 -
m+1 m+d+1>_( + 1)

va do do

2Nk  2N(¢q—k) 3N*+ N
m—+1 m+d+1 M+1
Diéu nay 1a mau thudn. Vay ching ta ¢6 1Q = 0

(2¢ — 5N —3) < (1.3.6).

B6 dé 1.3.5. Néu ﬂ({l,Q,...,q} \ Q)z 3N —1 va N > 2 thi hogc f' = f?, hodc
F2= 13 hoge f3 = f1

Chitng minh. That vay, gia st ring 1,...,3N — 1 ¢ Q. Thé thi theo tinh chat tru
mat cta C ta suy ra

O FINFP FP)=0(1<4,j<3N—1]al <1).

Do d6 ton tai x; # 0 sao cho hodc Fi' = x;;Fj?, hodc Fj* = x; F}°, hodic Fj* = x; Fj'.
Khong mat tinh tong quat ta gia st Fi' = x;; Fi2.

Gia sit phan chimg rang y;; # 1. Thé thi ta c¢6: Néu vp gy <k, (2) > 0 (I #4,7) thi
v, (2) > 0 or v ) (2) > 0.

Do d6 ta c6

1 1 <. ~ > RPN
Diig ((fzzHl)»Sku( ) < v <(f3 ) oy (2) HV ((fzij)»>k1j(z) ngoai hgp hitu han ctia ca tap

con giai tich chiéu < n — 2. Suy ra

) ) 1)
D NG i (1) S N s (1) N 2, (1)
l#i,5
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1 1
N, , .
kli + 1 (flsz):>k17, (T) + klj + 1

1 1 2
< N, ) N, . G ——
Tk +1 (fl’Hl)(T) + kij+1 (fl’H])(T) “m+1

<

N(fl7Hj)’>k1j (T>

T(r, f1).

Ap dung B6 dé 1.1.13 vd kyy > N — 1, ta ¢6

N N
(a3 3 2 0 < 30 (1 g )V e, 0+ T )

1#i,j l#i,j

Do do6 ta suy ra

(=3 3= 225102 3 (1= 2 N 0+ 207

i Iirj
N ) 1
= (1 g 1) > N sy () + 0T 1)

i
N 2N
< (1= 3757 ) s T )+ olT (),

Do do6

N(g—2) N \ 2N
N3 TN (o
(q 3 m—|—1>_( M+1>m+1

o n_s_ Na-2 _ 2N 2N?
1 m+1l —m+1 (m+L(M+1)
Ng 2N?
=q—N-3< — 1.3.7
1 Sotil menaizn 30
N X 16 ) )
Hon nita vi N > 2, 3N—|—12qvam>3N+1+m,chungtaco
(BN-3) _ Ng¢ . Nk  Ng-k _ _Ng Ng 3N? + N
v :
2 ~m+1 m+1 m+4+d+1 - m+d+1 ~ M+1 — 2(M+1)
Vay ta suy ra
5N + 3 Nk N(q—Fk 3N? + N N 2N?
L k) 3NNy gy N .
2 m+1 m+d+1 2(M+1) m+1  (m+1)(M+1)

Két hop véi gia thiét va (1.3.7), ching ta ¢6 diéu mau thudn. Vay ta c6 y;; = 1.
Chuing ta dinh nghia céc tap con Iy, Is va I3 nhu sau
L={i: 1<i<3N-2va Fi, ,=FZ .},
L={i: 1<i<3N-2va F§]2V71:F§?V71 ,

I;={i: 1<i<3N-—2va F3  =F 1
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Khi d6 mot trong cic tap chia it nhat N chi s6. Chang ta gid st 1a #I; > N. Thé
thi ta c6 f' = f2. Diéu nay chitng minh bé dé.

Stt dung B6 dé 1.3.4, B6 dé 1.3.5 va diéu kien ¢ > 3N — 1, truong hop 1 duge chitng

minh.
Truong hgp 2. Gid st N =1 va q = 4.
V6i mdi chi s6 jo € Q, stt dung (1.3.1) chiing ta suy ra

| (22 M, ) 237008 (1

; (1)
m) (N(f’7Hj0) (r)_N(fi’HjO)vgkijo (T))—'—

3
1
- Z N(( 27Hj0),gkij0 (r) +o(T'(r))
i=1

3 ! i .
v N o (1) < Ny (r) < TG, f) +o(T(r) (1 <0 < 3).

0/ ="ijg
Suy ra
1 3 3
qul“’ W—(mmﬁ00;(wﬁﬁume)dW
1 3 3
1
<31+ =T + 2(1 DNy h, (1) + 0T (), (133)

Mt khac, ép dung Bo dé 1.1.13 ching ta c6

H(2 N Z ) £ < 4 (1 N -~1 >N((;27Hj),smj(’"> +o(T(r, f)).

j=1 j=1

Diéu nay suy ra

k 4—k ; 1 ) i
(2 T m+1 m+d+ 1)T(T’f ) < Z(l M+ 1)N((f2,Hj)7§kij(r> +o(T'(r, f*)).
Suy ra
k 4—k > 1
<2_ m+1 m+d+ 1>T(r) =53 Z<1 T M+ 1)N((}B,Hj),Skij<7")+0(T<7")) (1.3.9)
Két hop (1 3.8) va (1.3.9), ching ta ¢6

H( m+1 e >(M]J1)T(r)§3(1+ 41 )T (r)+

m + d + 1 m]o -+ 1
’ 3
_ (1)
+ ;( . ING )i, (1) + 0T (1)



T do ta ¢co

i=1

Suy ra

3

3
Mg, + 1
ZN(JM )<k’030 ) Z <m30 - 2) (2(2_
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k 4—Fk M+1

m—l—l_m+d+1)( M

+o(T'(r)).

M, +1 i
Z (fl Jo) <k130 ) Z (mJO — 2) (2<2

k 4—k M+1

m+1_m+d+1)( M

+o(T(r)) (1.3.10)

Bay gio ta gia st phan ching riang $Q > 3, titc la Q D {Jo, j1, Jo}-

Ap dung (1.3.10), ta c6

>

i=1

i

2

ZN(f ) <k, ()

s=0

m;,

m+1 m+d+1

}:(m%+1>((2— S e ) )Tkttt )

Do ton tai ¢ € C sao cho FJ°t — F7°2 = () nén suy ra

Y N i en () € Npor_pioa(r) < T(r, f1) + T(r, f7) + O(1),

Lap luan tuong tu ta ciing co

2

Z N((;B,Hjs),gkijs (r) < T(r, f2) +T(r, f*) +O(1)

s=0

(1)
ZNW R

(r) <

Két hgp cac két qua vita c6 ta suy ra

(1)
ZNW 1)<y, () <

Z]s

T(r, f3)+T(r, f1) + O(1).

T(r)+0(1) (1 <i<3)

[GCR )

(r) < 2.T(r) + O(1) (1.3.12)
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Tir (1.3.11) va (1.3.12), ta thu duge

zZ(m]SH>((2— R N s ) T (T

mj, — 2 m+1 m+d+1

s=

Cho 7 tién ra +oo, ta suy ra
2
m;, +1 k 4—k M+1 1
: 2 — — —3(1 )
Z<m35—2><( m+1 m+d—|—1)( M ) =3 +mjs+1>
Mat khac ta dé c6 ham sb sau 1 ham tang theo bién ¢t > 2
t+1 k 4—k M+1 1
)=1——=1](22- — -3(14+ ——
/) (t—Q)(( m + 1 m—l—d+1)( M ) (+t+1))

Do d6 ta co

m+ 1 k 4—k  M+1 1
223'<m>(2(2_m+1_m+d+1)< M )_3(1+—>)‘

Diéu nay suy ra

2(m—2)>(2<2_ ko A—k )(M+1)_3(1+ 1 )).

3(m+1) — m+1 m+d+1"" M m+1
Vay ta c6

32k+1)  6(4—k) 6k 24 — 6k 12

+ + + > 1+ —.

m+1 m+d+1 M(m+1) Mm+d+1) M

Didu nay 1a vo 1 (luu ¥ ring dang thitc khong thé xay ra néu max;<j<s{m;} > m.)

Vay 19 < 2.
Bay gio chiing ta sit dung lai cdch l1ap luan nhu trong [62] dé két thic truong hop 2.

Khong mat tinh tong quat, chiing ta c6 thé gid sit 1,2 ¢ Q. Do tinh chat trii mat
ciia C trong C? nén ta suy ra (IDa(F;'O, F;l, F;Z) =0vimdil<i<2,1<75<2vamdi
(f*, H;)

(f% Hj)
Ap dung B4 dé 1.1.10 cho i = 1,j = 2, ching ta ¢6 hai trudng hop sau.

a = (g, ) véi |a| <1, 6d6 FJF =

(i) Ton tai 0 < Iy < Iy < 2 sao cho Fy"" = Fy2 . Thé thi ta c6 f = fb.

(ii) C6 cac hing s6 phan biet «, 8 € C\ {0,1} sao cho F° = aFy! = SF}2
Khong méit tinh tong quat ching ta c6 thé gia sit nhu sau

Hy ={wy =0}, Hy= {w; =0}, H3={wy— cw; =0} (c e C\{0}). Thé thi

o _ o _4lc
==
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1 _ 1 1 0 ol fl)
(f' H3)=0& fy—cfi =0 (fy —cafi){ =5 =0
afy

(2 Ha) = 0 J2 — cf? = 0 (J0 — cBfY) (%)— 0.

Suy ra {z € C" : Yo,y <kos (2) > 0} € UZ, I(f). Do d6 N((}(),ﬂs)ékog(r) =0,

N

v
V(i) (2) = V50_capo(2) VA V(g2 1) (2) = Vyo_gpo(2) VO 2 € T(fO) UT(fY) UI(f?)
Do d6 ta ¢6 V(s my)(2) = Vpo_caro(2) (2 € C") VA (g2 1) (2) = Vyo_5p0(2) (2 € CM).
Dit H, = {wy — caw; = 0}, HY = {wp — ¢fw; = 0}. Thé thi ta co:

e Hz, Hj, HY & vi trf tong quat.

® vpo ) (2) = Vs i, (2), suy ra V((}()),Hé),gkls(z) = V((}Z,Hs),§k13(2> = V(}%,Hg),gk()g(:z)
° V(fo,Hé/)(z) = (2,1, (%), suy ra V((}g’Hé,)ék%(z) = u((};Hg)ék%(z) = V((;%,Hg),gkw('z)

Gio stt dung B6 dé 1.1.13, ta co

2
1 0 1 (1) 1 (1)
H (3_1_1_ kj?, + 1>T(T’ / ) < (1_1 + ]gOS)N(fO,H3),§k03 (T)—i—(l— 14 le)N(fovHé),Skm (T)—i_
=0

1 1
+(1 = )N sy < (1) + 0(T(r, £°))

3 1 (1) (1) (1)
= (1_m + 1)T<T’ fo) = (1_ M + 1> (N(f07H3)7§k03 (T)+N(fO,H§)7Sk13 (T)—i_N(fO,Hé')vSk% <T)
+o(T(r, %))

3 0 1 (1) (1) (1)
- (1_m + 1)T(r’ 7= (1_M + 1) (N(fO,H's)ékos ()N (70, 113), <o ()TN0, 1), <o (7)

Fo(T(r, ) = 31— N o () + olT(r, %)

Do d6 ta ¢o

(1 - L)Tm 1) < olT(r, %)

m—+1

Diéu nay 1a vo li. Vay truong hop 2 ctia Dinh 1y 1.3.1 duge chitng minh. O
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1.4 Dinh 1y duy nhéit cia cic anh xa phan hinh véi muc tiéu

co dinh va dieu kién dao ham

Cho mot anh xa phan hinh f tit C* vao PY(C) khong suy bién tuyén tinh trén C,
d 1a mot s6 nguyen duong, k la sé nguyén duong hodc k = co. Gia st Hy,...., H, la g

siéu phang & vi tri tong quat trong PV (C) théa man
dim{z € C" 1 y(s,my(2) > 0va v (2) >0 <n—-2(1<i<j<q).

Ta xét tap G(f,{H;}I_,,k, d) gom tat cd cac anh xa phan hinh g : C" — PV(C)
thoa méan céc diéu kién sau

(a) g khong suy bién tuyén tinh tren C,

(b) min{v(s,m,) <k, d} = min{vg my) <, d} (1 <35 < q),

(¢)Cho f=(fo:-:fn)vag=_(go:---:gn) tuong tng la biéu dién rat gon cia
f va g. Thé thi, v6i méi 0 < j < N va véi mdi w € UL {z € C" : v <k(2) > 0},

hai diéu kién sau thoa méan:

(i) Néu fj(w) =0 thi g;(w) =0,

(i) Néu f;(w)g;(w) # 0 thi D (j;)( ) =D° (j—]) (w) v6i mdi n-bo a = (ar, ..., o)

clia cac sd nguyen khong am véi |o| = a; + ... + a,, < d va v6i mdi i # j, § do
olel

7 —
0% z,...0% 2z,
Chiing ta c6 thé Ivu ¥ ring diéu kien (c) khong phu thudc vio cach chon biéu dién

rat gon.
Phan cudi clia chuong ndy chiing toi chitng minh két qua sau.

Dinh ly 1.4.1. (Ho-Quang [33]) Néu N > 4, 2 < d < N —1 va k >
3dN? — 2N? + 2Nd — 2N d? AN 42 2d
—1, th H 22 d)y = 1.
2(d—1)N + d — 2d2 18O S )

Chitng minh. Gia sit riing ton tai mot anh xa g € G(f, {H;}22,7*7% k,d) v6i bidu dién

rit gon g = (go : - -+ : gn) sao cho g # f. Thé thi ton tai chiséiva j (0<i<j<N)

(fH)_(g,H) a dinh nghia
(FH,)  (g.y) 7 O T dmhonet

= I(f)UI(g) Ui< tes<ansa—24 12 € C" [vip ), <k (2)V(5,10),<k(2) > 0}

sao cho Pj; =
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Khi d6 I 1a mot tap gii tich v6i doi chiéu 2 hodc 1a mot tap rong.

B6 dé 1.4.2. Khdng dinh sau la ding

3N+2-2d

S N () ST(r, f) + T(r.g) + o(T(r, f) + T(r,g))

Chitng minh. Ching ta ¢ dinh mot diém z ¢ I thoéa man vy m,) <x(2) > 0 (t # j).
Gia st rang fi(2) - gi(2) = 0 (0 < I < N). Thé thi ta ¢6 g(2) =0 (0 < I < N), hay
z € I(g). Diéu nay 1a vo 1i. Do d6 ton tai chi s [ sao cho fi(2) - gi(2) # 0. Diéu nay

dua t6i

pr =2 ({5 ~ o)
ZDQ(Z%]}UG“’ - Zf’voza”)(z) =0, V|a| < d

N f N g
D v=0 7 Qv 2 v=0 9 Qv

Vay vp,(z) > d. T dé ta c6 vp, > SN 2dalmin{l,1/(fﬂt)7<k} ngoai mot tap giai
t#j

tich c6 dbi chiéu 2. Diéu nay suy ra

3N+2-2d

(d)
Z N(frHt)’gk(r)

t#]

Lap luan lai cach ching minh cia Dinh 1y 1.2.1, ta c6

m(r, Py) S T(r, f) + T(r,9) = Ny (r) = N, (r) + O(1)

(F.H;) (9,H;)
va
N (r) < N(r,vj), 6 d6 v; = max{vy.u,,V.nu) }-
Fij TH) @
Do do6 ta suy ra
3N+2-2d
Z NfH)<k r) < Np,(r)
)
< T(r, Py)

= N_(r) +m(r, Py) + O(1)

ij

N

Tr, f) +T(r,g9) + N(r,v5) = Ny (r)

FH)

_N<9H)( )—i—O(T(?”,f)—i—T(?“,g)).
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Vay ta c6
3N+2-2d
N.m + Ng.m,) 7’1/ N
( (f,HZ)(> (ZH)() 7) Z fH)<k
v#]

ST(r f) +T(r,g) +o(T(r, [) + T(r, 9)).
Mat khéc ta cling ¢6

vi(z) —vimy (2) — v, (2) + V((?,)Hj)gk(z) =
(f,H;) (9,H;)

V((]C“l,)Hj),gk(Z) —min{vyu) (2), Ve (2)} <0

(f,H;) (9,H;)

ngoai tap gii tich déi chiéu 2. Do d6 ta thu duge

N(r,v3) = Ny (r) = Ny (r) + NP ) (1) < 0.
(f,Hj;) (gH)
Vay
3N+2-2d
Z Nva T(T’,f)+T(T,g)+O(T(T,f)+T(T,g))
Diéu nay suy ra B6 dé 1.4.2.
Tt Bo dé 1.4.2 ta ¢6
3N+2-2d N
N
Z Niptr),x(r) € (T )+ T(r.9)) + o(T(r. f) + T(r,g)).
Bay gio st dung B6 dé 1.1.2 ta ciing c6
3Ni2dN(N) )= J(2N+1-2d)(k+1) —N(3N+2—2d)T(r P
k+1-—N ’
+o(T(r, [))
va
3N§:2dNN) )= (2N+1—2d)(k+1)—N(3N+2—2d)T( )
(9:H:).<k k+1-N ng
+o(T(r,g)).

Diéu nay suy ra

H— T(r, f) + T(r,g)) > ((2N+1—2d)(/;ii)_—]\if\f(3jv+2—2d))x

(T(r, f) +T(r, 9)) + o((T(r, f) + T(r, 9)))-
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Cho r tién ra oo, ta c6

2N (2N +1-2d)(k+1) — N(3N +2 — 2d)
d — k+1—N ’

va suy ra
3dN? —2N? + 2Nd — 2N d?

2(d—1)N + d — 22

Didu nay mau thudn. Vay, ta c6 # G(f, {H;}>)7* k,d) = 1 hay Dinh 1y 1.4.1 dugc

E+1<

chting minh. O



Chuong 2

Pinh 1y duy nhat véi boi bi chan
cua cac anh xa phan hinh cho muc

tiéu di dong

Ly thuyét Nevanlinna da duge W. Stoll va sau dé 1a Stoll-Ru phét trién cho cac muc
tieu di dong cham. Vi thé, van dé duy nhat vdi boi bi chan clia cdc 4nh xa phan hinh
tit C" vao PV(C) cho muc tieu di dong dudc quan tam va nghién cttu manh mé trong
vai thap k¥ gan day. Vi cac khai niém va ki hieu duge trinh bay trong §2.1, chiing toi
néu ra nhitng két qua t6t nhat cho dén hién nay. Trude hét 1a két qua ctia Dethloff-Tan
[14].

Dinh 1y (Dethloff-Tan [14]) Gid st f,g : C* — PN(C) (N > 2) la hai dnh za phan
hinh khdc hang va {aj}?gfl la cdc muc tiéu di dong "nhdé" (doi vdi f) ¢ vi tri tong
quat théa man (f,a;) Z0, (g,a;) 20 (1 <i <3N +1). Gid st f khong suy bién tuyén
tinh tren R({a; 1351, Dat d = 3N(N +1)| (V)] ; (A2 =1+ NN +4). Gid si
cac dieu kién sau théa man.

(i) dim{z € C": v(4,),<i(2) > 0 va U(f}aj)’gd(Z) >0} <n—2
(I1<i<N+3, 1<j<3N+1).

(i) min{v(fe,,d} = min{ygq,,d} ((1 <i <3N +1).

(iii) f(z) = g(z) tren U,cpiz € C" : v(ya).<m(2) > 0}, d d6 D la mot tap con bat ki

42
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cia tap {1,--- ;3N 4+ 1} vdi D = N + 4.

Khi do ta co f =g.

Ching t6i lutu § & day la véi ky thuat sit dung trong chitng minh cta dinh 1y trén
thi gia thiét D = N + 4 khong thé lam t6t hon dugce

Muc tiéu dau tién ctia chuong nay 1a ching toi dua ra céch tiép can méi nham giam
s6 phan tit ctia D trong dinh 1y trén tit N + 4 xuéng N + 2. Cu thé 1a chiing to6i chitng
minh dinh 1y sau.
Dinh 1y 2.0.1. (Ha-Quang-Thai [34]) Cho k,d la cic s6 nguyén duong hodc oo théa

man

3 n 6 2N + 2 [ 2N +2 2]< N +2 2N +2
d+1 k+1/J\ N+1 N+1 N(N+2)(N(N+2)+1) k+1 )
Xét hai dnh g phan hinh khdc hing f,g : C* — PN(C) (N > 2) va {a;}2N la

3N + 1 dnh za phan hinh "nhé" (déi véi f) ti C* vao PN(C) ¢ vi tri tong qudt sao

cho dim{z € C" : V(54 <k (2)V(fa))<k(2) >0} <n—2 (1 <i<j<3N+1).

Gid stk ring f, g khong suy bién tuyén tinh tréen R({a;}327) va cic diéu kien sau théa
man

(i) min (v(fm,),<k d) = min (Vg m) <k d) (1 <5 <3N +1).

(ii) f(z) =g(z) tren U;cp{z € C": vipa <nvro)(2) > 0}, ¢ d6 D la mot tap con bat
ki cia tap {1,--- ;3N + 1} vdi tD = N + 2.

Khi dé ta c6 f = g. Phan tiép theo ctia chuong danh cho viéc nghién cttu dinh 1y duy
nhat vai boi bi chan clia anh xa phan hinh cho muc tiéu di dong c6 diéu kién dao ham.
Cu thé chiing toi sé chitng minh dinh 1y sau.

Dinh ly 2.0.2. (Ha-Quang-Thdi [34]) Cho f,g: C"* — PN(C) la hai anh za phan hinh
va k la s6 nguyén duong théa man k > 2N3 4+ 12N? +6N — 1. Cho {a,}1? la cdc anh

za phan hinh "nhé" (so véi f) tie C* vao PN(C) ¢ vi tri tong qudt sao cho

dim{z € C" : V(f,0,),<k(2)V(fa)<k(2) >0} <n =2 (1 <s <t <N +2).

Gid st f, g khong suy bién tuyén tinh trén R({a,}1?) va théa man cdc dicu kien sau:

() min (V(fa,),<k, 1) = min (V(ga)<k:1) (1 <t <N +2).
(i) Goi f = (fo: - : fx)vag=(go:--:gn) la cic bicu dién rit gon cia f

va g tuong tng. Gid st vdi moi chi s6 0 < j < N va vdi moi w € U;N:J{Q{z e C:
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V(f.a),<k(2) > 0}, cdc dieu kién sau théa man:

(a) Néu f;(w)=0 thi g;(w) =0,
(b) Néu f;(w)g;(w) # 0 thi D* (ﬁ) (w) =D~ (&) (w) cho moin-bo a = (ay, ..., )
j 9j
clia cdc s6 nguyén khong am vdi o] = a3 + ... + a,, < 2N va i # j, ¢ dé

olel

pr=_ %
0% z1...0% 2,

Khi do ta co f = g.

2.1 Mot sb khai niem va két qua bo trg

Giast f,a : C* — PN (C) 1 hai 4nh xa phan hinh ¢6 cac biéu dién rat gon f = (fo :

o fn),a = (ag - ay). Dat (f,a) = éaifi, nghia 1a (f,a)(z) = éai(z)ﬁ(z)'

Anh xa a ciing duge goi 1a "nhd" so v6i f néu T,(r) = o(Ts(r)) khi r — co. Ngoai ra,
ham xap xi m,(r) duge dinh nghia nhu sau
A1 Hall 111~ llall
Mmya(r) = /log o, — [ log On,
[l R ]

S(r)

0 32 1/2
6 d6 Jlal| = (Jao® + - + lan[?)"*.

Cho ai,...,a, (¢ > N + 1) 1a ¢ &nh xa phan hinh tit C" vho PV (C) véi cdc biéu
dién rat gon a; = (ajo : -+ : a;n) (1 < j < ¢). Chang ta noi rang cic muc tieu di dong
ai,...,a, 6 vi tri tong quat néu det(aj,;) # 0 véi moi 1 < jo < j1 < ... < jy < ¢.

Ki hieu M,, 1a truong cdc ham phan hinh trén C" va R({aj };1.:1) C M, la truong
con nhé nhat chita C va tit cd cac ham %’; v6i aj; # 0. Ki hieu ﬁ({aj}sz c M,
13 truong con nhoé nhat chita tat ca cac harjn h € M,, théa man h* € R({aj}j:1> voi
mot s6 nguyén duong k nao do.

Anh xa phan hinh f tit C* vao PV (C) v6i biéu dién rat gon f = (fo: ---: fn) dugc
goi 1a khong suy bién tuyén tinh trén R({aj };1.:1> (tuong ting la trén ﬁ({aj }j:1> )
néu fo, ..., fn 1a doc lap tuyén tinh trén R({aj}j:1> (tuong tng trén ﬁ({aj ;1.:1> ).
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Cho f va a la hai 4nh xa phan hinh tit C" vao PV (C). Véi mdi z € C", ta dit
0 néu v(sq)(z) > k,
Yo <k(2) = )
(Vra)(2)  méu vpe(2) <k,

(

Upa)(2)  meU Ypa)(2) > K,
V(f.a)>k(2) = S

0 néu v(sq)(z) < k.

\
Dinh 1y cd ban thit nhat. (Ru-Stoll [54]) Gid st f,a : C* — PN(C) la cdc dnh za
phan hinh sao cho (f,a) # 0. Khi dé ta cé

T(r, f)+T(r,a) = myq(r) + Nipa)(r).

Dinh 1y co ban thi@ hai cho muc tiéu di dong. (Thai-Quang [61]) Cho
f € = PN(C) la mot dnh za phan hinh. Goi {a;}I_, (¢ > N +2) la cic dnh
za phan hinh tie C* vao PN(C) ¢ vi tri tong quadt sao cho f la khong suy bién tuyén
tinh trén R({a;}_,). Thé thi ta cé

q N
I 55T 1) < 3 Nipay () + (T, £)) + O(maxi i, T(r, ay).
2.2 Dinh 1y duy nhét véi boi bi chin ctia anh xa phan hinh

cho muc tiéu di dong

Trong muc nay ching téi chiing minh dinh 1y sau
Dinh ly 2.2.1. (Ha-Quang-Thdi [34]) Cho k,d la cic so6 nguyén duong hodc oo théa
man
<i+i)(2N+2>[(2N+2>_Q]<< N +2 _2N+2).
d+1 k+1/\ N+1 N+1 N(N+2)(N(N+2)+1) k+1
Xét hai anh za phan hnh khac hang f,g : C* — PN(C) (N > 2) va {aj};’fl+1 la
3N + 1 dnh za phan hinh "nhé" (doi véi f) ti C* vio PN(C) d vi tri tong qudt sao

cho dim{z € C" : v(s,0,),<k(2)V(fa;),<k(2) > 0} <n —2 (1 <i<j <3N +1).
Gid st rang f, g khong suy bién tuyén tinh trén R({aj};’ff“l) va cac dieu kién sau thoa
man

(i) min (v(sm,).<k,d) = min (Vgm,)<k,d) (1 <j <3N +1).
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(i) f(z)=g(2) tren U,cpiz € C" 1 v(ja;)<nvi2)(2) > 0}, 6 d6 D la mot tap con bat
ki cia tap {1,--+ ,3N + 1} vdi D = N + 2.
Thé thi ta c6 f = g.

Ching minh. Goi biéu dién rat gon ctia f, g, a; nhu sau
f=o: i fn)y, g=1(g90: - :9n), a; = (ajo: ... : a;in).

(i) Ta xét 2N + 2 anh xa phan hinh bt ki ctia ho {ay, ..., asy 11}, dé tien ki hieu,

ta gOl la iy ..., A2N+2-

(fa ai) . h‘ <f7 al) (ga aj)
(g,ai) (1 < ! < 2N+2) The iy hj (gaaz> (fv aj)

biéu dién rit gon cta f va ¢. Lai tit Zg—o aikfk —h; - Z,iv_o airgr =0 (1 <i < 2N +2),
ta suy ra det (ao, ..., a;n, @iohi, ..., a;nhi; 1 < i < 2N 4+ 2) = 0.

Dat h; = khong phu thudc vao

Bay gio v6i moi tap con I C {1,2,...,2N +2}, ta dat by = [[,; hi. Ki hiu Z 1a tap
tat cd cdc bo N+1 thanh phan I = (iy,...,i541) thtaman 1 < iy < ... < iy < 2N+2.

V6i mdi I = (iq,...,ix4+1) € Z, ta dinh nghia
AI _ (_1)(N+1)2(N+2)+i1+...+i1v+1 'det(airl; 1<r< N+ 170 < l < N)

det(a; ;1 <s < N+1,0<I<N),
6d6 J = (j1,...,Jny1) € Zsao cho TUJ ={1,2,...,2N + 2}.
Thé thi ta c6 Y ;.7 Arhy = 0.
(i) Lay Io € Z. Do Aphyy = =Y ez gy Arhrmén hyy = =377 1y j;lfohf.

Hon nita ta ciing c¢6 thé chi ra ngay ring

€ R({a:};21) (1 € T).

A
A 7_é 0 (I EI) va
A,

Ki hiéu ¢ 14 6 tu nhién nhoé nhit sao cho cac dieu kién sau thoéa mén:

Ton tai ¢ phan tit 1, ..., I, € Z\{Io} va t ham phan hinh khac hing b; € R({a;}:2)

sao cho

thl (2.2.1).

Do hj, # 0 va t 1a nho nhat nén ho ham {b,hy,, ..., b;hs, } doc 1ap tuyén tinh tren C.
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Gia st phan ching riang t > 2.

Khong mét tinh tong quat ta dit by = —1, thé thi ta c6 >.'_, bihy, = 0.

Laidat I = (N_,L, L=L\I#0(0<i<t)yval=U_I, I'=N_1I, I =
II\NT'#0 (1 <i<t). Thé thi ta ciing ¢6 Z—j‘? =Y i bbby (22.2).

Xét anh xa phan hinh A : C* — P'~1(C) véi biéu dién riit gon h = (hhyy : ... : hhyy),
& d6 h 1a 4nh xa phan hinh trén C" théa man v; < Zieuﬁv:llj” Vi

Xét anh xa phan hinh b: C* — P!~1(C) véi biéu dién rat gon b= (by : ... 1 b,), &
d6 ¢ la cac anh xa phan hinh trén C". Khi d6 ching ta co

T(r,5) = o(T(r. f)) va Nyn (1) < Nowy (1) + N (r) = o(T(r. £)) (0 < i <)

Néu z la khong diém (tuong tng la cuc diém) cta h; thi via)(2) # Vg (2)-
Do d6 v(se)(2) > d hodc vga,)(z) > d. Vay ching ta c6 min{l,v°(2)} +
min{1, v, (2)} < min{l, ¥4, >a(2)}. Diéu nay suy ra ring N( (r) + N(i)(r) <

h

(1) (1)

Nita=d(T) T Nigay ~a(r)  (2.2.3).
Xét anh xa phan hinh A’ : C* — P!~1(C) véi biéu dién rit gon

1 - Loz
h = <§wblhhli’ T ;Ybbthhﬁ’)'

Tir (2.2.1), anh xa b’ 1a khong suy bién tuyén tinh trén C. Ap dung dinh Iy co ban
thit hai cho sieu phang, ta thu dugc

1
Z NY wb th,/ ) + N(tw ), 1 (7’) +o(T'(r, 1))
h' hp

0
he 50

(t—1) szg};,,r (t=1)- N, (r) +o(T(r, /)

I’

+o(T(r, 1) (2.2.4).

Hon nita ta cing ¢6 N;(Ll) (r) <O(T(r, f)) va N(lzﬂ (r) < O(T(r, f)). Do vay ta suy

ra N " i
| T(r,h') < O(T(r, f))-
Dat I" = U, I/ va W = Uiel,,{z L V(fa0) k(%) > O}. Thé thi ta c¢6
Nigi),{,(r) - N( ) ( )+ N w\ﬂ/ )+ Z )+ N((g)a]) (7))
' jer”
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1 (1 1 1
N (r):N,Ez( AN )+ Y N k() + Nl (7).

(I”UI’)\I jer

V6i méi tap J C {1,2,...,2N + 2}, xét J¢ = {1,2,...,2N + 2} \ J. Khi d6 ta c6
I'cLval"\I'CcIt(1<i<t),

IhCIyva (I"UIN\ Iy =I\I, =1\ (Io\I)={Ul)\1,CI.

Suy ra
N 42
Ni(inf,(T) < N;S)(T) + N}(E)C (r) + Z (N((;,)aj%%( )+ N((g)a o)
| R
v N;io( r) < N (r) +N21})c (r) + 2 (ND )+ ND (),
% F p=

Két hgp véi (2.2.4), ta c6 khang dinh sau

1 T(r ) < <—1>Z(N,§?<>+N<11><>+Z(Nf}a (1)

() |+
oy ( (r)+>_ ND(r 2§2<Né”>>k<r>
() |+

i=0 \jel; jeIs " j=1
2N +2
N+1

2N+2

+ Z( () ok (7) + Nigiy (0 >)>+0<T<r,f>>

1 /2N +2\ | (2N +2 ) "

— - —9 <N N )
)G ](; 26)+ N
2N 42

+2 Z <N(1) (r) + NGL o (7“)))+0(T(r, ) (2.25).

Jj=1

(ga

(ga

z(z@v )

IeT \iel ¢
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Két hop (2.2.3) va (2.2.5) ching ta ¢6
2N+2
1 /2N +2\ | (2N +2 W M
170 1) < =2 ( N+1 ) <N +1 ) B 2] Z <N<f,ai),>d(7”) + Nigay >alr)
=1

1 1
+ QN((f,)ai)’>k(T) + 2N((g’)w)7>k(7“)> +o(T'(r, f)) (2.2.6)

Xét cdc sieu phang Hy = {w; = 0}, Hy = {wy, = 0}, H3 = {w; +... +w; = 0} trong
P=1(C). Ta ¢6

I 7wy =1 EZ g)m( )=

(r, %)—FO(I)

:T@229+mn:TQ§%)m@&J»
> Ny, () +o(T(r, 1),

hI

2

| T k) =7 (r, m)+0(1) =7(r, bz’;‘f)mu)

- T(r, Z—z)+O(T(r, )
> Ny, (r)+o(T(r, f)),
I T(r,h’)2T(,Eh::Zj;)+O(l) T( b?}f;)m(n

h1,
Suy ra
1 1 1
| 8T(r 1) = Ny () + Ny () + NG () +o(T(r, )
hry Frg Py
. hI ~ ~ 2, z n

V(f.a;),<N(N+2)(2) > 0} va
(DN (L UL)\ (1N 1)) U(D\ (LU o)\ (12N o)) UD\ (o UL1) \ (JoN 1)) = D,

ching ta suy ra

1 1 N 1)
Ns”) 1(7”) + Ng") 1(7’) h Z N((f as) <N(N+2)< r)
hry hrg Ry i€D
2N+2

(1)
—Z o)+ Ngia (7))
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Suy ra
2N+2
1 1 1
18T 1) 2 D NGy enivan (1) = D (NG si(r) + Ny (1)
i€D i=1

+o(T(r, f)) (2.2.7).
Mat khéc, ta cling c6

M _ M 1)
H > Nipan v () = DNz () = Nigiy sy (1)

€D €D
N+2 N+2

= N(N+2)T(T’f)_ N(N+2)+1

N+2
S NN TN Lo L) +eTn f).

T(r, f) +o(T(r, )

Bang lap luan tuong tu ta ciing ¢

1 N +2
H ZN((gy)ai)SN(NJr?)(T) = N(N—G—Q)(N(N—}—Q)+1)T(r’g)+0(T(T’g))

€D

Két hop (2.2.6) va (2.2.7) ta suy ra

2N+2
2N +2 2N + 2 (1) (1)
H 3<N+1)[<N+1)_Q}Z(N(f,ai),>()+N( )>d(r)

=1

M 1)
2N 56(7) + 2N 0 sk (7))

N +92
Z NNV o o )+ T(rg)

Z (N )+ NO (1) + o(T(r, f) + T(r,g)) (2:2.8).

Tit (2.2.8) chiing ta khang dinh dugc

H (diHJrkLH) (ngf) [(QJJ\XJ_FE) - 2} (T(r, f) +T(r,9))

N2 IN +2
> (N(N+2)(N(N—|—2)+1) S )(T(r’fHT(r’g))

+o(T(r, f) + T(r, 9))-

Cho r tién ra oo, ching ta suy ra

3 N 6 2N 42\ | (2N +2) | N +2 2N +2
d+1 k+1)\ N+1 N +1 “AN(N+2)(N(N+2)+1) k+1 )
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1o

Diéu nay mau thudn vdi giad thiét ctua dinh ly. Vay ¢t = 1 hay ta suy ra Z—Il =b €

R({a: 2N,

Do d6, v6i mdi tap I € Z, ¢6 tap J € Z \ {I} sao cho Z—j € R({a;}3).

(iii) Chuang ta ki higu M*, 1a nhém nhan aben ctia cdc ham phan hinh khac khong
trén C". Goi J C M*, 1a nhom con nhé nhat chita tat cd cac ham h € M*,, sao cho
h* € R({a;}L ) v6i mot s6 nguyen duong k nao doé. Khi d6 ta ¢c6 nhém nhan M*, /T
14 nhém aben khong xo&n.

Xét nhom con aben tu do sinh bdi cac phan tit {[hq], ..., [hsy41]} cia nhém aben khong

xoin M*, /T, 6 46 h; = g Zi (1 <i <3N +1). Thé thi ho {[h1], ..., [hans1]} ¢6 tinh
chdt Pynyon+1. Diu nay suy ra riang ton tai 3N +1— 2N = N + 1 phan ti, ta sé goi
1a, [h1], ..., [hns1], sao cho [hy] = ... = [Any1]. Do d6 ta c6 Z—j ceJ(1<i<j<N+1),
va suy ra

T(r, Z—;) =o(T(r,f)) (1<i<j<N+1).

Ta c¢6 bon truong hop sau.

Trudng hgp 1. Gia sit ton tai ba chi s6 {4,j,k} (1<i<j<k<N+1)sao cho
hi # hj # hi, # h;.
Thé thi ta c¢6

h;
T(r,——) >Ny (r)+0(1)
hj h_z_l
= Z faz)<NN+2 Z (fa r) + O(1).
leD\{%,5} sefi,j}

1 1 .
Suy 1a Nip) niwven) () < Caegigy Mgy sulr) + 0T 1), YL € D\ {i.j}.
1
Lap luan tuong tu ta cung c6 N((f)al) avvin) (1) < Dseiing N(( )a Dsk(r) Ho(T(r, f))

vi m3i € D\ {j,k} va N\ vivan (1) < Ccqing Mgy on(r) +o(T(r, ) v6i mdi
l € D\ {i,k}. Do d6 ta co

(1)
Niran.env+2)(r) Z N fa ysix(r) +o(T(r, f))

se{z j.k}
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v6i moi [ € D. Diéu nay suy ra rang

170, £) <Y NGO () + o(T(r, )

leD
<Y NG onvany M HNEN+2) Y NG () +o(T(r, f))
leD se{i,jk}
N(N +2) 3N(2N +2)
< (Fonray + DN 10 ) 4ot 1)

Vay ta co || T(r, f) = o(T(r, f)). Diéu nay 1a vo ly.
Truong hgp 2. Gid st ¢6 hai tap con I va J caa tap {1,---,N + 1} v6i
INJ=0, 1yJ={1,--- ,N+1}, I > 2, 4J > 2 sao cho

hz:hJVZ,jE]Vahzzhjv%jEjvahkiéhIVkE], Vi e J

Chon céc phan tit i,k € I va j,t € J ta sé c6

hi
T(r,75) = Np, (1) +0(1)
J h—jfl
=z Z Nfaz)<NN+2 Z (fa r) +0(1).
leD\{i,j} sefi,j}

1 ..
Suy 1a NPy viven (1) S Xacqiy Nipnon(®) +0(T(r, £)), W1 € D\ {i, j}.
1 P x.
Tuong tu ta co N((f)al)<N(N+2)( ) < Dseihn N((f)as) (1) + o(T(r, f)) v6i mbi

l € D\ {k,t}. Ta suy ra

1 1
N((f)dl) <N(N+2 Z N(f)a )>k: +o(T(r, f)) VIl € D.

56{1 j.k,t}
Lap luan tuong tu nhu trong Truong hgp 1 chang ta cang c6 T(r, f) = o(T'(r, f)).
Diéu nay 1a vo ly.
Trudng hgp 3. Gid st rang hy = -+ = hy Z hyi1.

T gid thiét (i) cia Dinh 1y, ta thay rang h; 14 cac ham phan hinh véi moi 1 < i < N.

Khong méat tinh tong quat, ta gid st 1 = hy = --- = hy # hy,1. Mit khac ta ciing ¢6
thé d& rang suy ra rang c6 cdc ham phan hinh ¢;; (N+2<I<3N+1, 1 <i < N+1)
sao cho

N+1

a; = chiai (N+2<I<3N+1)vaN,(r)+ Nﬁ(r) =o(T(r, [)).
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Vay ta c6
N—+1
(f7 al) = Z Cli(f: ai)a
i=1
N C
— ‘ N
(97 al) = ; Cll(f7 al) + Nt (f7 a’N+1)
:(f,al)—l—cli( —1)(f,aN+1) (N+2<l<3N+1).
hns1

Stt dung diéu kién (i) va (ii), ta nhan thay néu V((}?al)jgk(z) =1va (f,ans1)(2) #0
thi (Cli(

—1))(2) = 0. Do d6 ta c6
hn 1

1
N((J},)al),ék(r) — N((f,)aN+1)7>k(r) <N 1+ (r)+o(T(r,f))

hn 1

=o(T(r,f)) (N+2<I<3N+1).
T d6 suy ra

1
Ny er() < Ny o 5i(r) + (T 1)) < =570 1) + 0T, £).

Mat khac ta ciing c6
oN 3N+ )

| T(rf) < N (1) + o(T(r, f))

< —
N+21:N+2

2N? N 1)
< N 12 Z (N(f7al)7<k(r> + N(f7al)7>k(r)> +o(T'(r, f))

I=N+2
. 8N3
S(N+2)(kE+1)

T(r, f) + o(T(r, f))-

Suyra || T(r,f)=o(T(r, f)) . Diéu nay la mau thuin.
Truong hop 4. hy =--- = hy1.

Khi d6 ta c6 f = g. Vay Dinh 1y dugc chitng minh. O]

2.3 Dinh Iy duy nhéat ctia anh xa phan hinh véi diéu kién dao

ham

Trong muc nay ching toi chiing minh két qua sau.
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Dinh 1y 2.3.1. (Ha-Quang-Thdi [34]) Gid si f,g : C* — PN(C) la hai dnh za phan
hinh va k la s6 nguyén duong théa man k > 2N +12N2 +6N — 1. Cho {a,}12 la cdc

anh za phan hinh "nhé" (so vdi f) tit C* vio PN (C) d vi tri tong qudt sao cho
dim{z eC": V(f,as),gk(z)’/(f,at),gk(Z) > O} <n— 2 (1 <s<t < N + 2).

Gid st f,g khong suy bién tuyén tinh tren R({a,}1-5?) va théa man cic diéu kien sau:
() min (v(fa,),<k, 1) = min (V(ga),<k: 1) (1 <t <N +2).

(i) Goi f = (fo: - fx)vag=(go:--:gn) la cic bicu dién rit gon cia f
va g tuong ing. Gid st vdi moi chi s6 0 < j < N va vdi moi w € U;N:f{z c Cr:

V(f.a),<k(2) > 0}, cdc dieu kien sau théa man:
(a) Néu f;(w)=0 thi g;(w) =0,

(b) Néu fi(w)g;(w) #£ 0 thi D (i) (w) = D* (j—) (w) vdi mbi n-bg & = (a1, ..., )

J J

clia cdc s6 nguyén khong am vdi o] = a3 + ... + a,, < 2N wva i # j, ¢ dé

Khi do ta co f=g.

Chiing ta lwu ¥ ring diéu kien (ii) trong Dinh 1§ 2.3.1 khong phu thuoc vao biéu

dién rat gon.
Chitng minh. Gid st f # g va f, g, a; ¢ biéu dién rat gon

f=Uo: i fn), g=1(g90: 1 9gn), a; = (ajo: ... a;in).

B6 dé 2.3.2. Cho f: C* — PN(C) la dnh za phan hinh sao cho f khong suy bién
tuyén tinh trén C. Goi ay, as, ..., anse la N +2 cdc anh za phan hinh "nhé" (so vdi f)
tir C" vao PN(C) ¢ vi tri tong quat. Khi dé vdi k > N — 1, ta cé
N+2
N(N +2) N\ v
(1= F)re ) < (1 5 ) Vi) + o7 ),

k+1 , k+1
7j=1
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Ching minh. Theo dinh 1y co ban thi hai ta c6

N+2

| T ) < DNy () +o(T(r, )
7j=1
N+2 N2
N
< Z N((f’czj):gk‘(r) + Z k + 1N(f7aj)v>k(/r) + O(T(T7 f))
Jj=1 j=1
N+2
N\ N(N +2)
= ; (L= ) Nbapan(r) + =T )+ o(T(r ).
Vay ta co
N(N +2) 2 N o
H ( k+1 )T(r’ )< ; 1= E+1 N(f,aj),gko") +o(T(r, f)).
B6 dé dugc ching minh.
B6 dé 2.3.3. Tu c6 khing dinh sau ding
N+2
AN + 2
N+ SN L) < (1 AR ) (T(r, )+ T(r, 9)
v=1

+o(T(r, [) +T(r,9))

Chitng minh. C6 dinh mot chi s6 j (0 < j < N). Do g # f nén c6 chi s6

i (0 <i< N)sao cho P :E}”Z _ gzz);é
J

Ta dﬁt I = I(f) U ]( )U U1< t<s<N+2{Z S (C ‘ fat)<k( ) V(f7a5)7<k(z) > 0} Thé

thi 7 13 mot tap con gidi tich dbi chiéu 2 hodc 1a tap rong.

Ta dat vy la divisor xac dinh nhu sau

v i= (max{0, (2N + 1) = V(5.a;) = VUgay}) - (min{1, ¥sa) <k })-

Ta sé chi ra rang vp, > SVE2(2N 4 1) min{1, V(fas),<k 0 — (2N +1) ((f)a >k DAL
s#]
mot tap c6 doi chiéu 2.
That vay, ta c¢6 dinh didm z € U1 {w : vja,) <n(w) > 0} \ 1.
Xét truong hop (f,a;)(z) # 0. Gia st rang fi(z) - ¢i(z) = 0 (0 < I < N). Thé thi

g(2) =0 (0 <1< N). Suy ra z € I(g). Diéu ndy vo ly. Vay ton tai chi 6 [ sao cho
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fi(z2)gi(z) # 0. Suy ra

-l
_ a ZUNZO %aiv ZUN:() Z_?aiv B
ST By, S g, 7O (<2

Tit d6 ta 6 vp, (2) > 2N + 1. (2.3.1)
Tuong tu, néu (f,a;)(z) =0 thi

N N
Da((ﬁ a;)(9, aj) — (9, a:)(f, Gi))(z) = Da((flgl)(z %aw g—”ajv
v=0 ! v=0 9
N g N f
- Z TS Fai))(2) =0 (la] <2N).

Do d6 ta ciing ¢ V((f,ai)(gﬂj)—(f,aj)(g,ai))(Z) > 2N + 1. (2.3.2)
Gid st v(s,4,),>k(2) = 0. Ta xét hai truong hop sau.

Truong hop 1. Gid st v(s4,),<k(2) > 0 v6i t nao d6 ma t # j.
Thé thi vsa,)<k(z) = 0 (s # t), ddc biet 1a v, <k(2) = 0. Suy ra y(z) = 0 va
SVP2ON + 1) min{1, yga)<x(2)} = 2N 4 1. Tir (2.3.1), ta c6

s#J
N+2

vp,(2) = Y (2N + D)min{L, vya<s(2)} + 10(2) = N + 1)1y, ) 24(2) (2.3.3)
t=1
t#£]

Truong hgp 2. Gid sit v(s,q,) <k(2) > 0.
Khi do6 ta xét v(4,),<k(2) = 0 v6i moi t # j.
Thé thi 342N + 1) min{1, vy, <x(2)} = 0.

s#£J
< P N _ (f?aixgaaj)_(faaj)<gaai)
Matkbde, 6x By = S )

va (2.3.2), ching ta suy ra

vp,(2) = V(f.a0)(g.ay)~(Fay)g.a)) (2) = V(f.a;)(2) = V(g.a;)(2)
2 (2N + 1) - V(fvaj)(z) - I/(gva‘j)(z)'
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K&t hop them véi vp,(2) > 0, ta co

Vp,; (Z) > maX{Ov (2N + 1) - V(f»aj)(z) - V(g@j)(Z)}

> (max{0, (2N + 1) ~ v(s0)(2) ~ Viga(2)}) - (min{L, vz <4(2)})

= 2N + Dmin{l, Upa <i(2)} +10(2) = 2N + Dy, | (2) (2.3.4)

Néu v/(4,4,)5k(2) > 0 thi 15(z) = 0 va

N+2
> @N + Dmin{1, v a,,<i(2)} < 2N + 1.
=
Diéu nay suy ra
N+2
vp,(2) 2 0= (2N + Dmin{l, vpa, <i(2)} +00(2) = 2N + Dy, (2) (2.3.5)
s=1
S#J

Két hop (2.3.4) va (2.3.5), ta ¢6

vp,(2) > (2N + 1) min{l, vy, <k(2)} + 0(2) = 2N + vy, | 4(2) (23.6)

s=1
s#£]

voi moi 2 € UY 32 {w : v(sa.<x(w) >0} \ L.
Dé thay ring néu z & UY 32 {w : V(s 4,),<x(w) > 0} thi

N+2
> (@N + 1)min{1, vsa,.<x(2)} + vo(2) = 0.
=
Diéu nay suy ra
N+2
vp,(2) > > (2N + Dmin{l, upa, <(2)} +00(2) = 2N + Dy, 4(2) (2.3.7)
s=1

s#]

Két hop (2.3.6) va (2.3.7), v6i mdi z & I ta c6

N+2

vp,(2) > D (2N + 1)min{l,v(sa,,<x(2)} + vo(2) — (2N + 1) ((f>a)>k( ).

s=1
s#£j
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Suy ra

N+-2
Np,(r) = 2N +1) >~ N, () + N(rm) = 2N + DN ().
J#Ft=1

Bay gio ta sé chi ra rang

v (2) = Ve (2) = Veap (2) < = 2N + 1) min{1, v(pq),<k(2)} + v0(2)

Fij (Frap) (9a1)

+ 2N + Dy, ()
v6i moi z & 1.

That vay, ta dé rang chi ra ring

Vpl (Z) — V(f,aj) (Z> — V(g.aj) (Z) < maX{VU’“j) (Z>7 V(g.a)) (Z)}
ij (Fra;) (9.a;) (fra4) (9,a;)

— Vitay (2) = Vigap (2) < 0.
T a0

C6 dinh z ¢ I. Chung ta xét hai truong hgp sau.

Truong hop 1. Gia sit (f,a;)(z) # 0.

Néu v(sq,),<k(2) > 0 thi

v (2) =max{0, V(s,a;) + Viga;) — V((f.00)(9.05)— (fra7)(g:0:)) } (Z)

1
ﬁ.j
(£, (2) + Ugaap)(2) = 2N +1) + 15(2)
:V(f,a]) (Z) + I/(g,aj) (Z) - (2N + 1) mln{l, I/(‘ﬁaj)’gk(z)} —|— ]/0(2,’)

(f,a;) (g9,a;)
1
+ (2N + 1)y(< f}ai)7>,€(z).

Néu v/(s,q,),<k(2) = 0 thi

v (2)=V(rap (2) = Vigay (2) <O
i j (Fra3) (9,a4)

— 2N + 1) min{1, Yga).<k(2)} + 10(2) + 2N + Dyp, i (2):

Do dé6 ta co

V1 (2) = Vg (2) = Vigep (2) < = @N + 1) minfL, g0 4(2)} + 10(2)

Pij (Frap) (9a1)

+ Q2N + Dy, (2).
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Truong hop 2. Gia st rang (f,a;)(z) = 0.

Néu v(sq,),<k(2) > 0 thi v(s,4,),<k(2) = 0. Dieu nay suy ra

o (2) Vs (2) = Vi (2) <0
J (f,a4) (9,a4)

— (2N + D min{1, v(ga)<r(2)} + v0(2) + 2N + Dy, 0 (2).
Néu v(yq,),>k(z) > 0 thi
(2N + 1) min{1, Ypa).<x(2)} < N + D (2).
Vay ta suy ra

1% (Z)_V(f,aj) (Z) — I/(g,aj) (Z) < 0

(£,a7) (9,a4)
— (2N 4+ 1)min{1, vs4,),<k(2)} + 10(2) + (2N + 1) ((f)a) K(2)-

1
Py

Két hgp hai truong hop trén ching ta c6

Vi (2) = Vuep (2) = Viay (2) < = 2N + 1) min{1, vga)),<k(2)} + 10(2)

Pij (Frap) (9a1)

1
+ 2N + )i ()
v6i moi z & I.
Twu do suy ra

N (1) = N5y () = N(g oy () <= @N + DN (1) + N(r,00)

1
Pyj

1
+ 2N+ DN ().
Bay gio ching ta c6

m(r, P;) < m<r, EJ{ Zy;)m (7", (g Z;)))Jro(T(r, £)+T(r,9))

(
— r—(f’aj) — r—(g’aj) o(T(r o(T(r
ST+ T09) = N (1 ) (1 22 ol (1, 1) + ol (r,9)

T(r, f)+T(r,g) = Nuay (r) = Ny (r) + o(T(r, f) + T(r, 9)).

(f,a3) (9,a3)
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Suy ra

N+2
1 1
(2N 41 ZN;{I () + N(rvo) = @N + DN, (r)
v#]

< Npy(r) S T(r, Py) = N o () + m(r, Py) + O(1)

ST ) +T(rg) + N (r) = Ny (r) = Nigay (1) +o(T'(r, f) +T(r,9))

(f,a;) (g9,a;)

ST(rf) + T(r.g) = N + DN(p, ) () + N(r.0)
+ (2N + )N, () +o(T(r, f) + T(r, g)).

<l

Vi thé

N+2
, AN 42
@N+1)) N((f,)au),<k(r) <+ 1

v=1

JT(r, f) +T(r,9) + o(T(r, f) + T(r,g))-

B6 dé 2.3.3 dugc chitng minh.
Bay gio ap dung Bo dé 2.3.3, ta c6

S NGl < Gy ) T00) £ T0.0) + o)+ T0.0)

Tuong tu ta cling co

N+-2 N+-2 N+-2

(N) (1)
Z N(g ay) <k‘ SN Z Ng (g,av), <k =N Z N(J{av),gk(r)
v=1 v=1
N 2N
< .
<2N Tt 1) (T@: 1)+ T(r,9))+o(T(r, f) + T(r,g))
Suy ra
N+2
N N
Z<N((f,a)v),<k( )+ N((g a)u)<k<r))
v=1
2N 4N
(2N 11 + k+ 1) <T(Ta f) + T<7a7 9))+0(T(7“, f) + T(’l“, g))

Mit khéc theo Bb dé 2.3.2, ta suy ra

N+2
(N) (k+1)— N(N+2)
=1

N+2
(V) (k+1)— N(N+2)
HZ g,a;),<k > k—l—l—N
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Suy ra
2N 4N

H(2N+1+k—|—1

U ;)+—1Ji (% 2 (e, ) + T, 9)) + o(T(r, f) + T, 9)).

Cho r tién ra oo, ta c6

J(T(r, f) +T(r,9))

2N N AN >(k:+1)—N(N+2)
N +1 k+1— k+1—N )
2N >(l<:+1)—N(N+6)

2N +1 7~ k+1—-N
6N. Diéu nay ld mau thuin. Vay, f = g va Dinh Iy 2.3.1 da dugc ching minh.

. Vay ta thu dugc k+1 < 2N3+12N?

Do d6 ta suy ra

+
[l



Chuong 3

Suv phan bd gia tri ctia anh xa
Gauss cia mit cuc tieu tai tap

dang vanh khuyén

Gia stt M 1a mot mit cyc tiéu khong phing R3, hay cu thé 1a mot mat cuc tidu lien
thong va duge dinh huéng trong R3. Theo dinh nghia c¢d dién thi 4nh xa Gauss ciia
mat cyc tiéu M 1a anh xa G bién mdi diém p € M thanh mot véc to don vi truc giao
ctia M 1a G(p) € S%. Khi d6 bang cach diing phép chiéu ndi 7 tir S len P1(C) ta c6 thé
thay thé viec nghien citu G bing 4nh xa g == 710G : M — C := C U {oc}(= P'(C)).
Bing cach xét heé toa do chinh hinh dia phuong z = u + /—1v ting v6i hé toa do ding
nhiét duong (u,v), ta c¢6 thé xem M 13 mot mat Riemann md véi mé-tric bao gidc ds?.

Khi d6, vi M 1a mat cuc tiéu nén ta c¢6 ¢ 1a mot anh xa phan hinh tren M.

Viéc nghién citu sy phan bé gid tri cia anh xa Gauss duge nghién citu béi nhiéu
nha todn hoc nhu R. Osserman, F. Xavier, H. Fujimoto, M. Ru, ... Két qua t6t nhat 13
vao nam 1988 khi H. Fujimoto [20] d& chting minh duge gia thuyét clia Nirenberg ring
néu M la mit cuc tiéu day trong R? thi anh xa Gauss ctia n6 c6 thé bé nhiéu nhat 4
diém va day 1 két qui t6i wu. Nam 1991, S. J. Kao [38] ciing dua ra két qud tuong
tu khi xét anh xa Gauss tai cac tap con dang vanh khuyén ctia M, tic la tap con bao
gidc v6i tap vanh khuyen {z| 0 < 1/r < |z| < r}. Céc md rong clia nhitng két qué trén

cho truong hgp R™(m > 3) ciing duge quan tam nghién ctu manh mé va ciing da thu
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dugce nhiéu két qua t6t. Theo mot goc do khéc, nam 1993, M. Ru [52] da dua ra céc
két qua vé tinh ré nhanh ctia anh xa Gauss ctia mat cyc tiéu day trong R™. Muc tiéu
ctia chuong nay la tiép tuc phat trién cac két qua cia M Ru, S. J. Kao dé nghién cittu
tinh ré nhanh ctia anh xa Gauss clia mit cyc tiéu day trong R? R* tai cac tap con
dang vanh khuyén. Truong hop R™(m > 4) ching t0i gidi thieu téi cong viéc tiép theo
cta Dethloff-Ha-Thoan [10].

3.1 Mit cuc tiéu trong R™

Cho M 13 mot da tap vi phan thiuc hai chiéu lien thong va dinh huéng dugdc, xét
x = (x1,...,2,) : M — R™ la mot nhing.
Cho mbi diém p € M, ta lay mot he toa do dia phuong duge dinh huéng duong (uq, us)
quanh diém p. Mat phang tiép xtc ctia M tai p duge xac dinh nhu sau

0 0
T,(M) = {)\_x + ua—xM,/L € R}

(9u1 U2

va khong gian truc giao cua M tai p dugc cho boi

Oz Oz

4 d6 (X,Y) ki hiéu la tich vo hudng ctia hai véc to X va Y.
Goi ds? 1a mé tric tren M dude han ché tit mé tric chinh tic trén R™, ciing dude goi
1& dang co ban thit nhat trén M, xac dinh béi

Oz Oz Oz Oz
dS2 = ‘d.ﬁ(ﬁ‘|2 = (dx, dl’) = <a—u1dU1 + a_WdUQ, a_uldul + a—UQduz)

= gndu% -+ 2g12du1du2 -+ gggdug,

Ox 0

Dang co ban thi hai cia M dng v6i phap véc to don vi N duge cho bdi cong thic
do® == " b(N)dudu;,
1<i,j<2

0%z
8ui (9uj ’

G do bi;(N) := < N) (1 <i,j < 2), khong phu thude vao hé toa do dia phuong
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Cho mot dudng cong chinh quy v : = z(t) (a < t < b) v6i z(0) = p trén
M (a < 0 < b). Xét mot toa do dia phuong u,us quanh p cho béi mot vi phoi ®

tit mot lan can ctia p lén tap con md ciia R?, khi d6 ta c6 thé biéu dién + dudi dang
vruw =w(t) (i =1,2)

Meénh dé 3.1.1. (zem chi tiét trong [25, trang 3]) Cho mot duong cong v : (a,b) — M

chinh quy trén M, v(t) = (u1(t),us(t)). Khi dé ta cé

ky(N) = o\ _dot 25 bt
K dv?’ ds* Y7 g

VN € ny(t) (M)

Ta ¢6 thé chi ra ring k., (N) chi phu thudc vao véc to N va véc to tiép xtc cla v
tai p (xem chi tiét trong [25, trang 2|). Ta chon mot véc to khac khong N € N, (M) va
mot véc to tiép xtc don vi T' € T,(M). Chon mot dudng cong p(v) trong M v6i tham
s6 hoa ty nhién v sao cho p(0) = p va (dp/dv)(0) =T

DPinh nghia 3.1.2. D¢ cong chudn tdc cia M theo hudng T #ng vdi véc to phap tuyén

d*p

Nhin zét: Néu goi o 1a mit phiing qua p chita véc to N, T va + la dudng cong giao

N dugc cho bdi cong thic

clia o v6i M thi bing céc tinh todn thong thudng ching ta c6 thé chi ra ring k(N,T)
12 nghich ddo ctia ban kinh do cong ctia dudng cong v trong mit phang a.

Dat
ki(N) :==min{k(N,T);T € T,(M), |T| = 1},
ko(N) := max{k(N,T);T € T,,(M),|T| = 1},

Dinh nghia 3.1.3. Do cong trung binh cia M dng vdi hudng N tai p duge dinh nghia

bdi
Hy(N) = ki(N) ;‘ k2(N)

Chiing ta ciing c¢6 thé tinh toan do cong trung binh theo cong thitc sau

_ G11022(N) + g22b11(N) — 2g12b12(N)
2(g11922 — 93)

Hy(N)

(xem ching minh trong [25]).
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Dinh nghia 3.1.4. Mot mat M nhing trong R™ dugc goi la mat cuc tiéu néu
H,(N) =0 vdi moi diem p € M va moi véc to N € N,(M).

Dinh nghia 3.1.5. Cho mot mat M cung vdi mé-tric ds®. Mot hé toa do dia phuong
(u1,up) trén mot lan cin md U trong M dugc goi la mot hé toa do dang nhiét trén U

néu ds? ¢é thé duge biéu dién nhu sau
ds* = N (du? + du3),
vdi mot ham C* duong \ tréen U.

Dinh 1y 3.1.6. (Chern [7]). Mdi mat M déu c6 mot hé toa do dang nhiét dia phuong
phi toan bo M.

Ménh dé 3.1.7. Cho mot mat dinh hudng M vdi mé tric ds*>. Néu ching ta lay hai
hé toa do dang nhiét dia phuong (u,v) va (z,y) thi w = u + /—1v la mot ham chinh
hinh theo bién z = v + /—1y trén mién chung.

Chitng mianh: Chi tiét trong [25, trang 8].

Bay gio ching ta xét x : M — R™ la mot mat dinh huéng véi mé tric Riemann
ds*. Cuing véi he toa do dia phuong ding nhiet duong (u,v) ching ta xét ham phiic
lien két 2z = u + /—1v. Theo ménh dé 3.1.7, chiing ta c6 thé xem M nhu la mot miit

Riemann. Khi d6 mé-tric ds? dugc cho béi
ds® = N2 (du® + dv?),

or Ox Or Ox
? P 2_ el — el
§d6 A" = <8u’8u) (81}’(%)'

Ta dinh nghia cac vi phan phic

92 -—§(au _V_1%>’§ = <a>
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Thé thi

NINgE

A=

(%)
) %)

=235 ARG TR
7228:@8@

=

Oy |
0z

%
0z

ox,,
0z

)

Hon ntta ta c6

|dz|? = dz.dZ = du® + dv®.

Do d6 ching ta c6 thé biéu dién

or, > |9xy|? oz, 2 2
ds* =2 — cee | — dz|”. (3.1.1
° < 0z 0z e 0z [da". (31.1)
o? 82
Ta dinh nghia toan tit Laplace A, = W 8 —— trong hé toa do phic dia phuong
u

2 = u++/—1v. Néu chiing ta chon mot hé toa do dia phuong phitc khéc £ thi chiing ta c6
= |dz/d¢]*A,. Do \¢ = \,|dz/d¢] nén toan tif A = (1/A2)A, khong phu thudce vao

cach chon toa do phitc dia phuong z. Toan tit nay dugc goi la toan tit Laplace-Bertrami.

Meénh dé 3.1.8. Ta luon co
(i) (Az, X) =0, cho méi X € T,(M),
(ii) (Az,N) =2H(N), cho moi N € N,(M).

Chiing minh: Xem chi tiét trong [25, trang 9.

Dinh 1y 3.1.9. Cho x = (21, ...,x,) : M — R™ la mot mat nhing trong R™.M dugc
zem nhu la mot mat Riemann. Khi dé6 M la mat cuce tiéu néu va chi néu moi x; la mot

ham diéu hoa trén M, nghia la

vdi moi hé toa do chinh hinh dia phuong z = u + /—1v.
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Chitng manh:
Theo Ménh dé 3.1.8(i), ta ¢6 Ax = 0 khi v chi khi Az truc giao véi khong gian tryc
chuan ctia M. Didu nay tuong duong véi H = 0 do Menh dé 3.1.8(ii), tic 1a M 1a mit

cie tieu. Vay M 1a mat cuc tieu néu va chi néu méi z; 13 mot ham diéu hoa trén M.

Hé qua 3.1.10. Khong ton tai mat cuc tiéu compact khong cé bo trong R™.

Chiing minh:
Cho miit cuc tiéu M nhing trong R™ va c¢6 bd. Néu M 1a mat compact thi mdi z; diit
gia tri cuyc dai tai mot diém p ndo d6 thuoc M. Theo tieu chuan cuc dai ciia ham didu
hoa thi z; 1a ham hing. Ma z 14 mot nhing nén suy ra vo li. Vay khong ton tai mat
cie tiéu compact khong c¢6 bd trong R™.

Cho x : M — R™ la mit cyc tiéu nhing trong R™.

Dinh nghia 3.1.11. Mot duong cong lien tuc y(t) (0 < t < 1) trong M dugc goi
la phan ki trong M néu vdi moi tap compact K, ton tai so duong to (< 1) sao cho
v(t) € K vdi moi t > t.

Dinh nghia 3.1.12. Chiing ta dinh nghia khodng cich d(p) (< +oo) tit mot diém
p € M tdi bién ciia M nhu la gid tri lon nhat cia chan dudi cic do dai clia cic duong

cong lién tuc phan ki trong M zudat phdt ti p.

Dinh nghia 3.1.13. Mot mat cuc tieu M nhing trong R™ duge goi la day néu anh
ctia moi duong cong phan ki trong M vao R™ ¢é do dai vo tan (tic la, d(p) = +oo vdi

moi diem p € M).

Ménh dé 3.1.14. Cho do? la mot meé-tric bio gidc phang trén mot mat Riemann md
M. Khi dé moi diém p € M, c6 mot vi phoi dia phuong ® ti mot dia Ag, := {w; |w| <
Ro} (0 < Ry < o0) lén mot lan can md cia p vdi ®(0) = p sao cho ® la mot ding cu
dia phuong, tic la ®*(do?) la mé-tric chinh tdc trén Ag,, va cé diém ag vdi lag| = 1
sao cho anh Ty, cia duong cong Lo, @ w = aps (0 < s < R) qua ® la duong phan ki
trong M.

Chitng minh: Xem chi tiét |25, trang 36|.
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3.2 Anh xa Gauss clia mit cuc tiéu trong R™

Cho z := (x1,--- ,2,) : M — R™ la mot mat cyc tiéu trong R™.

Chiing ta goi IT 1a tap tat cd cdc phing hai chiéu chita gbc trong R™.

Dé miéu ta 16 hon vé tap II, chiing ta sé xem n6 nhu I3 mot tap con clia khong gian
xa anh phiic m-1 chiéu P™~!(C) nhu sau. V6i mdi P € II, ta 1dy mot co sé dinh hudng
duong {X,Y} cia P nhu sau

| X |=| Y [, (X,Y) = 0. (3.2.1)

Ki hiéu diém ¢(P) = 7(X — v/—1Y) v6i 7 la phép chiéu chinh tic tit C™ — {0} lén
trén P™~1(C). Cu thé, 7 bién m&i diém p = (wy, -+ ,wy,) # (0,---,0) thanh 16p tuong
duong

(wy : -t wy) = {(cwy, -, cwy,);c € C—{0}}.
Néu ta chon mot co s6 khac {X,Y} ctia P thoa man diéu kién (3.2.1) thi ta c6 thé tim

duge mot s6 thue 0 sao cho

X =r(cosh - X + sinf - Y),
Y =r(—sinf - X +cosf-Y),
X
6 dor:= u Khi d6 ta c6

| X |
X -1y = reﬁa(X —V/—1Y).

Diéu nay chi ra ring gid tri ctia ¢(P) khong phu thudc vao viéc chon co s§ duong clia

P théa man (3.2.1) nhung phu thuoc vao P. Mt khéc, tir (3.2.1) suy ra

XI =[] X = S VAY) =06 30X o0
j=1

j=1 j=1
va tlt cach xac dinh ¢(P) ta c6
wi e wn, = ) (X V1Y) =) (XY =0,

J=1 J=1

Do d6 ¢(P) chita trong

Qm_2(C) = {(wy : -t wp)|wi + -+ + w2, =0} Cc P 1(C).
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Chiing ta ciing c¢6 thé chi ra ring ¢ 1a song anh va ta sé dong nhat II véi Q,,_o(C).
Chiing ta xét mat o := (x1,--- ,2,) : M — R™ nhing trong R™. Véi mdi diém
P € M, mat dinh huéng 7,(M) duge dong nhat chinh tic v6i mdi phan tit cia II sau

mot phép tinh tién diém p vé goc toa do.

Dinh nghia 3.2.1. Anh za Gauss (anh za Gauss md rong) cia mat M duge dinh
nghia la dnh wa bién moi diém p € M thanh ¢(T,(M)) trong Qm_o(C).

Ta xét mot hé toa do dia phuong déng nhiét duge dinh huéng duong (u,v). Cac véc

0 0 .
to X = a—m,Y = 8_x cho ta mot co s§ dinh huéng duong ctia 7,(M) thoéa man dieu
u v
kien (3.2). Do d6, 4nh xa Gauss clia M c6 cong thiic biéu dién dia phuong 1a
0, 0T,
(p) = m(X = V=1Y) = (5 =(p) 5, P));

§d6 z=u++—1v. Taviét G = (wy : -+ : wy,) vai dinh nghia toan cyc cla cac dang

Ox;
chinh hinh w; := dz; = 8x dz (1<i<m).

z

Ménh dé 3.2.2. (Fujimoto [25]) Mot mat x : M — R™ la mdt cuc tiéu néu v chi
néu dnh ra Gauss G : M — P™1(C) la chinh hinh.

Ching ta noéi rang mot dang chinh hinh w trén mat Riemann M khong c6 chu ki

Re/wzo
Y

cho moi duong cong déng trong M. Néu w khong c6 chu ki thye thi dai lugng

z(z) :Re/7 w

z
20

thuc néu

chi phu thudc vao z va 2o cho moi dudng cong tron timg khic ~ trong M n6i zg va z.

Khi d6 x 1a mot ham duge dinh nghia t6t theo bién z trén M. Tt gic ta sé ki hieu no

x(z) = Re /Zw.

20

N

1a

Lién quan dén Meénh dé 3.2.2, ching ta chi ra mot cach xay dung mat cuc tiéu bdi dinh

Iy sau.

Dinh ly 3.2.3. Cho M la mot mat Riemann md va wi,ws, ..., Wy, la cdic dang chinh

hanh trén Msao cho ching khong cé khong diém chung, khong chu ki thuc va théa man
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(vé dja phuong) dong nhat thic
fitfot-tfi=0

cho cdc ham chinh hinh f; voi w; = f;dz. Dat

z
T; = 2Re/ w;,
20

vdi diém co dinh bat ki zo trong M. Thé thy, mdt © = (zq,...,2m) : M — R™ la mgt
cuc tiéu nhing trong R™ thdéa man rang dnh za Gauss la dnh za G = (w1 it wy)

M — Q,,—2(C) va meé-tric han ché duge cho bdi cong thiic
ds* = 2(Jwi]* + - + |wm]?). (3.2.2)

Chiing minh: Xem chi tiét trong [25, trang 13].
Dinh nghia 3.2.4. Cho M la mot mat Riemann vdi mé-tric ds®. Meé-tric dé duge goi
la bio gide néu né cé thé biéu dién dudi dang
ds* = \2|dz|?
vdi mot C°° ham nhan gid tri thuc duong X\, trong hé toa do dia phuong z.
Dinh nghia 3.2.5. Vdi mdi diém p € M, ching ta dinh nghia do cong Gauss ciia M
tai p bdi cong thic

A log A\
K=Kye:= —Alog)\z(: —ng).

\2
Cho mot mit cye tiéu M nhiing trong R™, sit dung ( 3.1), chiing ta chi ra ring

K=Ky = _4M — _4Zj<k |9jg§€ - gkg;
) 191° (5t 19;12)?
— 9%

6d6§: (917"'7gm>7gj - 5271 S] <m.

| 2

(3.2.3)

Didu nay chi ra ring do cong ctia mit cyc tiéu luon khong duong.

Néu mot mat cuyc tiéu 1a phang (tic 1a do cong Gauss suy bién moi nai) thi (3.2.3) chi
ra rang ¢;/g;, 12 ham hing (1 <i < n) ddi véi chi $6 ig ndo d6 ma g;, Z 0. Do d6 anh
xa Gauss g l1a 4nh xa hing.

Meénh dé 3.2.6. (Fujimoto [25]) Cho mdt cuc tiéu M nhing trong R™. Khi dé M la

phang, hay tuong duong vdi dnh za Gauss ctia M la dnh za hing, néu va chi néu né

nam trong mot mat phdng.
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Chitng minh. Khi M nim trong mit phing thi d& dang nhan thiy anh xa Gauss clia
n6 la 4nh xa hing.

Ngugc lai, néu anh xa Gauss ctia mat M 1a hiing thi moi mat phang tiép xtic T,(M)
clia M tai diém p triuc giao v6i (m — 2)-phéng sinh bdi m — 2 véc to doc 1ap tuyén tinh
c6 dinh Ny, ..., N,,,_o. Khi d6 ta c6

Ox Ox
— Np)=(=—,N,)=0(1<k<m-—2

(O N = (5o N =0 (1 <k <m—2)
ding cho moi toa do dia phuong (u,v). Do d6 (z, Ni,) 1a hing cho moi k = 1,2, ...,m—2

va vi thé M thuoc mat phang tryc giao v6i (m — 2)-phang < Ny, ..., Ny > . O

Ching ta giéi thieu anh xa Gauss clia mit cuc tiéu trong R3.

Dinh nghia 3.2.7. Cho mat cuc tieu M nhing trong R3. Anh za Gauss c¢o dién
g: M — C ciia M dugc dinh nghia la dnh za bién moi diém p € M thanh diém thuoc
S2=C.

1%

Nhan zét: Ngudi ta chi duge ring Q1(C) song chinh hinh v6i C = P!(C) (xem trong
[25, trang 17-18]).
Gia st v = (w1, 9, 73) : M — R? 1a mot mat cye tiéu khong phang va G : M — Q,(C)
la anh xa Gauss clia n6. Dat f; := 0x;/0z (i = 1,2,3). Thé thi G = (f1 : fo: f3) va
dnh xa g : M — P1(C) dugc cho bdi cong thic

g I8
fi=vV-1fy

chinh 1 anh xa Gauss ¢6 dién ctia M. Do vay trong trudng hop R? ta c6 thé dong nhat
anh xa Gauss va anh xa Gauss o dién.

Nhu mot hé qua ctia Ménh dé 3.2.2 ta ¢6

Ménh dé 3.2.8. Cho mot mat M nhing trong R®. Khi dé M la mat cuc tiéu khi va

> -, 2 - 2 ? 2 1IN 2 A ~ A
chi khi danh za Gauss co dién cia né la dnh ra phan hinh trén M.

3.3 Tinh ré nhanh ctia ham phan hinh

Cho f la anh xa phan hinh khac hing tit dia A := {z € C;|z| < R} vao P}(C), &

d6 0 < R < oo. Lay mot biéu dién rat gon ctia éanh xa f = (fo : f1) trén Ag va dinh
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nghia

1711 = (fol* + 1A% W (fo, f1) = Sof{ = fufs.
Goi a/(1 < j < q) 1a ¢ diém phan biét trong P!(C). Khong gidm tinh tong quét ta co
thé gid sit o/ = (a) : al) véi |ad|? + |a]|?* = 1(1 < j < q). Dat

Fy=alfi —alfo (1<j<q)

Dinh nghia 3.3.1. Ching ta néi rdng ham phan hinh f ré nhdanh tai diém a = (a :
a;) € PY(C) vdi boi nhé nhdt la e néu tat cd cdc khong diém cia ham F = agfi — ay fo
¢6 bac ldn hon hodc bang e. Néu dnh cia f b6 qua diém a, ching ta néi rang f la ré
nhanh tai a vdi boi co.

Meénh dé 3.3.2. (Fujimoto [19]) Vi mdi € > 0, ton tai hing s6 duong Cy va u chi
phu thudc vao a',--- ,a? va € tuong ing sao cho

1£]]¢ ) CH | FIP=4 W (fo, f1) 2
Al
o8 (szl og Ul fIE/TEP) ) = T |, P 1ogal £/ 1 )

Bo6 dé 3.3.3. Gid siq—2—Y7_, = >0 wa f ré nhdnh tai ’ vdi boi nhé nhat la m;

J=1 m;

vdi moi 1 < j < q. Khi dé ton tai cic hing s6 duong C va pu (> 1) chi phu thudc vao
a’ vam; (1 <j<q) théa man ring néu ta dat
254 1
CINFIN> == 75 (W (fo, f1)
-
I_ [Fy ™ log(ul | F112/1F51%)

tren Ap — A va v =0 tréen Ag N A vdi A= {z € Ap;1I]_, Fj(2) = 0}, thi v lién tuc

trén Ag va théa man diéu kién Alogv > v? theo nghia phan bo.
Ching minh. Ta dé dang nhan thay v 1a ham lién tuc trén Ap — A. Xét diém & € A.

Thé thi ton tai i voi Fi(£) = 0. Do @' # a? v6i moi j # i nén F;(§) # 0 v6i moi j # i.
Vi | fo()] +|f1(€)| # 0 nén thay doi chi s6 néu can thiét ta c6 thé gia sit rang fo(&) # 0

v s %%
trong bieu dién rat gon f = (fy: f1). Dat ¢; == %. Ta ¢6
. Lo o
1/}‘ .: W(fo,f1) _ _é (%)l _ _é (f(l) aé)/
v F; ab ho_ o ah ho_a

fo  af fo ad
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Thé thi 1; ¢6 cuc bac mot tai £&. Do d6 ta c6

1
an;:11og(u||f||2/|Fj|2)(Zo) = V%(Zo) + EVFJ-(ZO)

<.

VFi(ZU)

my;

vV

—-1>0.

Vay vlIlf_, log(u|| f||?/|F;]?) bi chan trong mot lan can cta & Do d6 lim,¢ v(z) = 0.

Suy ra v lién tuc tai & va ta ¢6 v lién tuc trén Ag.

Bay gio ta chon cac hing s6 C' va p sao cho C? va u théa man bat ding thiic trong

Menh dé 3.3.2 cho truong hop e = ¢ —2 — Y ¢ . L Khi d6 ta co

J=1 m;
,2,2‘;: %
111l tm
I log (pl[ f112/1F51%)
S o2 1P W (fo, f1)I?
T T [ E P log® (ull £/ F5 1)
2q—4-230_, -
> e A W (fo, )
sl 9_ 2
T_ | Fy™ ™ Tog? (ul| £112/ | F512)

=v* (by |[F[ < |IfI[(1 <5 < q))-

Alogv > Alog

B6 dé 3.3.3 dugce chitng minh. O

Bo dé 3.3.4. (Bo dé Schwarz md rong [1]) Cho v la mot ham diéu hoa dudi lien tuc
nhan gid tri thuc khong am tréen Ag. Néu v théa man bat diang thic Alogv > v? theo

nghia phan bo thi
2R

<
v(z) < R

2
Chitng minh. Dat \.(z) = 2—T‘|2
r?2 —|z

bat dang thitc can chitng minh sé ddng néu ching ta chi ra ring

Thé thi A\,(z) 1a ham lién tuc theo bién 7. Do d6

)

v6i moi z € A, va v6i moi r < R. Do lim,_,ga, 7,(2) = 0 nén ton tai diém zy € A, sao
cho n.(z0) = maxz {n.(2)}. Gia sit 7,(z) > 1. Thé thi ton tai lan can mé U clia z
sao cho n,.(z) > 1 va do d6 v(z) > A(z) v6i moi z thuoc U. Ta dé dang tinh dugc ring

Alog M\ (z) = A2(2). Vi thé, tu gia thiét ta co6

Alogn.(z) = Alogv(z) — Alog A\ (2) > v*(2) — A2(2) > 0



74

theo nghia phan bo trén U. Do d6 7,(z) 1a ham diéu hoa duéi tren U. Mat khac, n6
dat cyc dai tai 2o nén 7, 14 ham hing trén U. Didu nay mau thudn véi bat ding thic

tren. Vay 7,(z9) < 1 hay ta c6 diéu can chiing minh. O

B6 dé 3.3.5. Cho sé duong 6 théa man q — 2 — > q6 > 0 va f ré nhanh ta

J L m;
cic diém a’ vdi boi nhé nhat la m; vdi moi 1 < j < q. Khi dé, ton tai hdang so6 duong

Cy sao cho

~2-Ey a8

A= W ], 2R

me_|Fy TR
g=114"j /

Chitng minh. St dung B6 dé 3.3.3, vé trai ctia bat ding thic bing trén bing 0 nén bat
déng thitc ding trén tap cac diém thoa man {F)...F, = 0} véi moi s6 duong C.
Néu z ¢ {F,...F, = 0} thi theo Bb dé 3.3.3 va B6 dé 3.3.4 ta c6

CUFI =B W o )l 2R

- 2 |.]2°
o, | B log(ul| f12/1F32) ~ B — 14

G d6 C va p 1 cac hing s6 duge cho nhu trong Bo dé 3.3.3.

Mit khéc, cho mot s6 duong 6. Do lim,_,o+ 2° log(p1/2%) = 0 nén ton tai
SUPgp<1 2° log(p/2?)(< +o0). Ta dit

C = sup 2°log(p/x%)(< +00). (3.3.2)

0<z<1

Ta ¢b

2T
111 LW (o, 1)
I 1|F-|17*5

A i3 1mf|w fo 1) |f[ (L)
LET jo1 M

_ Hﬂf2§¥1%HVf@ﬁ II!A
| F ™ log(ul | FI12/1F ) ST

)" log(ullfI*/|F1?).-
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Suy ra

2T, s
A1 W (fo, 1)
me_|m
J=11"2
— ,272:?: mL
o CUAM =2 W (o, i)
= 1— L
Iy F5] ™ log(ullfII2/1F51)
_C 2R
= CR |2

Vay B dé 3.3.5 duge chiing minh. O

Bing cach stt dung Bo dé 3.3.5, chiing ta c6 thé dua ra mot chitng minh truc tiép
cho két qua vé mdi quan hé s khuyét trong 1y thuyét Nevanlinna cb dién. Két qua nay

ta cling sé dung cho chitng minh két qua chinh trong muc sau.

Ménh dé 3.3.6. Gid st f : C — PY(C) la dnh za chinh hinh. Cho cic diém phan biét
al,...,a? € PY(C) va f ré nhanh tai o’ vdi boi nhé nhat la m; vdi moi 1 < j < q sao

cho

Xq:(l—%) > 2.

J=1

Thé thi f la ham hding.

Ching minh. Gid stt f khong la anh xa hiing. Khong méat tinh tdong quat, ta c6 thé gia
st Fj(0) £ 0 (1 <5 <q) va W(fo, f1)(0) #0,5d6 f = (fo: f1) la bidu dién rat gon

) i . 1

ctia f. Theo gid thiét, véi méi R > 0, ton tai § théa man 7 (1 ——)—2>¢d > 0.
m;

Ap dung B6 dé 3.3.5, v6i mdi R > 0, f|a, : Ag — PYC) va 4, ton tai cdc hing sb

duong C chi phu thuoce vao o’ va n; (1 < j < ) sao cho

~2-Xi 0
LA = W o Ol 2R
-1 = Y0 pa 2
H?:1|Fj|1 i R? — |4

Thay z = 0 vao bat phuong trinh trén ching ta suy ra R bi chdn trén béi hing s6 chi
phu thuoc vao a?, u;(0), f(0), F;(0) va W (fo, f1)(0). Diéu nay vo li. Vay Menh dé 3.3.6

duge ching minh. O]
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3.4 Tinh ré nhanh cta anh xa Gauss cuia mat cuc tieu

Dinh nghia 3.4.1. Ching ta néi rang dnh za g tw mat Riemann md A vao P™1(C)
la ré nhdnh doi vdi sieu phing H = {(wy : -+ : wm_1) € P YC) : agwo +
oo + U 1Wy1 = 0} wdi boi nhd nhat la e néu tat cd cdic khong diém cia ham
(9, H) := aogo+ ... + Qm_19m_1 €6 bic ldn hon hodc bing e, § d6 g = (go : ... : Gm_1) &
biéu dién it gon cia g. Néu dnh cia g b6 qua H, ching ta sé noéi g ré nhanh déi vdi
H vdi bor oco.
Dinh 1y 3.4.2. (Ru [52]) Cho mdt cuc tiéu day M nhing trong R™ vd gid st ring
anh xa Gauss g cia M la k-khong suy bién (tic la g(M) duge chita trong khong gian
con tuyén tinh chiéu k cia P™Y(C) nhung khong thuoc khong gian chiéu nhé hon) va
1 <k <m—1 Gid st {H;}I_, la cic sieu phang & vi tri tong quat trong P™1(C).
Néu g ré nhanh doi voi H; vdi boi nhé nhat la m; vdi moi i va
53&—~£y>%+1Wn—E—l%Hn

= m; 2

thi M phdng hay g la dnh za hing.

Trong truong hop m = 3, ta viét lai két qua trén nhu sau.

Dinh 1y 3.4.3. (Ru [52]) Cho M la mot mat cuc tieu day khong phing trong R3. Néu
c6 q (¢ > 4) diém phan biet a', ..., a? € P(C) sao cho dnh za Gauss ciia M ré nhanh
tai o’ vdi boi nhé nhat la my; vdi moi j thy 3 5_ (1 — ) < 4.

J
Hé qua 3.4.4. Anh za Gauss g nhan moi gid tri trén mdat cau don vi trie bo di nhiéu

nhat la 4 diém.

Dinh 1y 3.4.5. (Kao [38]) Anh za Gauss g trén tap dang vanh khuyén cia mat cuc

tiéu day trong R® nhan moi gid tri trén mat cau don vi tric b6 di nhiéu nhat la 4 diém.

Dinh 1y 3.4.6. (Dethloff-Ha [9]) Cho M la mot mdt cuc tiéu day nhing trong
R? va A la mot tap con dang vanh khuyén cia M, tic la A bdo gidc vdi mién
{2/ 0 < 1/r < |2| <1}, 6 dé z la toa do bdo gidgc. Gid st ton tai q (¢ > 4) diem
phan bi¢t a',...,a? € PY(C) sao cho anh za Gauss ciia M ré nhanh doi vdi o’ vdi boi

l6n hon hodc bang m; vdi moi j tren A. Khi dé ta c6 Y 1_ (1 — mi]) < 4.
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Chitng minh. Xét x = (v1,29,73) : M — R3 1a mit cyc tiéu diy khong phing va
g : M — P}C) la 4nh xa Gauss ctia n6. Gia sit A 1a tap con dang vanh khuyén ciia
M. Khong mat tinh tdng quét ta ¢ thé coi A = {z] 0 < 1/r <|z| <r < <}, 6 d6 =z
1a toa do bao gidc. Dat ¢; := 0x;/0z (i = 1,2,3) vi ¢ := ¢1 — /—1¢,. Thé thi 4nh xa
Gauss g : M — P'(C) dugc cho béi cong thiic

fo s
¢1 — V13

va mé-tric tréen M duge han ché tit R? cho bdi cong thic
ds* = |6*(1 + |g]*)?|z|* (Fujimoto [25]).

Goi biéu dién rit gon clia clia g 1a g = (go : g1) trén M va dat ||g|| = (|go|® + |g1|*) 2.
Khi d6 ta viét lai me-tric ds? = |h|?||g||*|dz|?, véi h = ¢/g3.
Bay gio ta xét ¢ diém phan biét a!,...,a? trong P'(C). Gid st ¢ khac hing vh g ré
nhanh tai ciac diém a’ v6i boi it nhat 1a m; véimoi 1 < j < g trén A va

q

1

d(1-—)>4

- m;

j=1 J
Ching toi chii ¥ réing ta c6 thé gia sit réing m; > 1 v6i moi j = 1,...,q.

Do gia thiét trén nén ta c6 thé chon § > 0 sao cho

_ 4 qa 1 A qg 1
q—4 Ej:lmj>6>q 4 Zj:lmj.
q q+2
Dat p=2/(¢ —2— ?Zlmij—qé).Théthitacé
p P
O<p<l —>—"—>1(341
Pl > (3.4.1)

Xét tap con mé
Ay = Int(A) — {z|W (g0, 91)(2).-W (g0, 91)(1/2) = 0}

ciua A va ta dinh nghia mot meé-tric méi

2p

T
L ) |dz|? (3.4.2)

‘W(Qoa 91)|

dr? = \h\ﬁp(

trén A;, § d6 G := a%gl - ajigo'

Ta dé& thay dr 1a phang. Ta ciing nhan thiy dr lién tuc trén A;. That vay
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V6i moi zg € Ay, néu Gj(z9) # 0 v6i moi j = 1, ..., ¢ thé thi dr lién tuc tai z.
Bay gio gia sit 29 € A; sao cho ¢6 chi s6 j ndo d6 dé G;(z) = 0. Khi d6 do céac o’ phan
biet nén G;(z) # 0 v6i moi i # j va ta ciing ¢6 vg, (z) > m;. Thay d6i chi s6 néu can
thiét ta c6 thé gia st ring go(zo) # 0 thé thi a) # 0. Vay ta c¢6
YW (go,g1)(20) = V(Clég—; —dly (20) = V(G /g0 (20) = vg,(20) — 1.
T —aé
Diéu nay mau thuan vé6i zy € A;. Do d6 dr lién tuc trén A;.

Bay gio ta ching minh bd dé sau.

Bo dé 3.4.7. dr? la day tren tap {z||z| = r} U {z|W (g0, 1)(2)}, tiic la tap {z||z| =
r} U {2|W (g0, g1)(2) = 0} ¢6 khodng cich vo han ti mot diém trong bit ki cia A;.

That vay, néu W(go, g1)(20) = 0, thé thi ta c¢6 hai truong hop.
Truong hop 1. G(z0) = 0 v6i mot chi s6 j € {1,2,...,q}.
Khi d6 do cac a’ phan biet G;(zy) # 0 v6i moi i # j va vg,(z0) > my. Lap lai cac ly
luan & trén ta co

YW (goan) (20) = Vg, (70) — 1.

Vay ta c6
var(20) = —2— (1 = — = 8)wg,(20) = V(g g1 (20))
1 _p m] J 90,91
p 1
- P (= e
= o = O )
op
= 1 _p'
Truong hop 2. Gj(z9) # 0 v6i moi chi s6 1 < j <gq.
Khi d6 ta ¢6 v4-(20) < —1L.
—D
Két hop véi (3.4.1), chiing ta c6 thé tim duge hing s6 duong C sao cho
C
dr| = |z — 2o|%7/(1=P) |d2]

trong mot 1an can cla zy va do d6 dr day trén {z|W (go, 91)(z) = 0}.
Bay gio gid st dr khong day tréen tap {z|/z|] = r}. Thé thi ¢6 duong cong
v :0,1) — A; véi y(1) € {z]]z] = r} sao cho |y] < co. Do ta c6 thé cho ~(0)
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tién gan ra bién nén ta c6 thé gia st dist(v(0);{z||z| = 1/r}) > 2|y|. Xét mot dia nhod
A vé6i tam 12 v(0). Do dr phéng nén A ding cy t6i mot dia c6 tam tring véi gbc trong
mit phing phitc. Goi @ : {|w| < n} — A la didng cu. M3 rong ® nhu 1a anh xa ding
cu dia phuong vao trong A; t6i dia 16n nhat {jw| < R} = Ag. Thé thi R < |y| vi ®
khong thé md rong t6i mot dia ma anh nim ngoai bien {z||z| = r} clia A;. Vay ton
tai diém wy v6i |wg| = R sao cho ®(0,wy) = 'y 1 dudng cong phan ki trén A.

Dé thay ®(w) la song chinh hinh dia phuong va mé-tric tréen Ax han ché tit ds* thong

qua ® dugce cho bdi cong thic
0 ds® = [ho®[*||go®|[* ! | |dw* (3.4.3).

Miit khéc, do ® la ddng cu nén ta co

(1--L—&p 1
(W1, |Gy T
Idw|=\dﬂ=( o0 ) dz]

W (g0, 91
)
w6
|W(90791)|p
Ki hieu f := g(®), fo := go(P), f1 := g1(P) va F; := G;(P). Bing tinh toan truc tiép
ta co
W (for f1) = (W (g0, 91)®)
0,J1) = 90,91 )o dw
Suy ra
d w p
£| _ | q(f0>f1(3|15)p (3.4.4).
|h(®) T, [Fy| ™

Két hop (3.4.3) va (3.4.4), ta co
q)*d82 (Hf“ |W(f0af1)| ) |d |2
Byl
q—2— Z] Lmj; —

5
j:1|Fj| m’

Ap dung Bb dé 3.3.5, ta suy ra

2R
R? — |w|?

)| dw|*.

d*ds® < CP(

Lai do 0 < p < 1 nén ta co

d </d / d*d <CP/R( 2k Pldw| < +
< s = s < . _ w 0,
to To 0,w0 0 0 R? — |w|2
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¢ d6 dr, 1a khodng cach ctia duong cong phan ki Ty trong M. Diéu ndy mau thuin véi
tinh day ctia mat M. Bo dé 3.4.7 duge chitng minh.
Bay gio ching ta dinh nghia

2

(1--L-9) 2

1 GGG N
o)l )]
2" [Wigo, 91) ()W (g0, 91)(3)]

472 = (|h(z)h(
= A2(2)|dz[?

tren A;. Thé thi d7? 1a day va phing trén A; theo B6 dé 3.4.7. Dit u(z) = log A(2).
Ta c¢6 u(z) 1a ham diéu hoa tréen A;. Goi D la phit phd dung clia A;. Trong mot lan
can ctia mot diém bat ki trong D, ta c6 thé chon mot ham gidi tich k(z) sao cho phan

thuc cia n6 la u(z) va anh xa

thdéa man

d
|d—“’| = [eF®)] = eu2) = ) (3.4.5).
Z

Do d6 do dai ctia bat ki duong cong trén D theo meé-tric d7 thi bang do dai clia 4nh
ctia n6 trong w-phang. Do tinh don lién ctia Dnén c6 mot anh xa trén toan D vao
w-phéng thda man (3.4.5). Lai do tinh day ctia D, 4nh xa nay phai la 4nh xa 1-1 tit D
len w-phang. Do dé D la bao gidc v6i miit phang phitc. Didu nay mau thuin véi Ménh
dé 3.3.6. Dinh Iy 3.4.6 dugc chiing minh . O

Gid st * = (21,79, 23,274) : M — R* 12 mot mat cye tidu diy khong phang trong
R* va Q2(C) == {(wy : ... : wy)|w? + ... + wi = 0} € P?(C). Theo dinh nghia thi 4nh
xa Gauss ctia M 1a g : M — Qo(C). Chiing ta c6 thé chi ra ring Q,(C) 1a song chinh
hinh v6i P1(C) x P*(C). Do dé chiing ta c6 thé dong nhat g nhu 1d mot cip anh xa
g = (g',¢°) tréen M(g' : M — P*(C)). That vay, dit ¢; := dz;/dz véii = 1,...,4. Khi
d6 ta c6 thé tinh ¢' v ¢ nhu sau

g = ¢34+ —1¢4 7= —¢3 +V/— 14
¢ —V—1os o1 —V—1¢o

Hon nita mé-tric trén M dude han ché tit R* cho bdi cong thitc

ds® = |¢[*(1+ |g" ") (1 + |g°")ld=|?,

G d6 ¢ := ¢1 — v/—1¢ (xem chi tiét hon trong Fujimoto [25] hodc Kawakami [39]).
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Dinh 1y 3.4.8. (Dethloff-Ha [9]) Gid st M la mot mat cuc tiéu khong phdng trong
R* va g = (g%, ¢%) la dnh za Gauss cia M. Goi A la tap cé dang vanh khuyén cia M,
tic la A bdo gidc vdi mién {z|0 < 1/r < |z| < r}, d dé z la toa do bio gidc. Gid si
a'l, .., a'® a® . ad® o g+ gy (qu, g > 2) cde diém phan biet trong P(C).

(i) Gid st g¢ # hing s6 (I = 1,2) va g' ré nhanh tai a" vdi boi nhé nhat my,
vdi moi j (I = 1,2) tréen A. Khi dé ta c¢é hodc v = ;1.1:1(1 — m%]) < 2, hodgc
Y2 =202 (1= m%]) < 2, hoac

1 . 1 > 1
Nn—2 -2

(ii) Gid s mot trong hai dnh za g' va g2 la anh za hing. Gid si la g*> = hdng so
va g' ré nhanh tai ' vdi boi nhé nhat la my; vdi méi j. Khi do khang dinh sau ding

’YlIZ(l—L)S&

m .
=1 1

Chatng minh. Ly cac biéu dién rit gon ¢ = (g} : ¢}) tren M va dat ||¢']| =
(1517 + 1g41%)"/? v6i I = 1,2. Thé thi chiing ta c6 thé viét lai

ds® = |h[*[|g"[|*[lg*[|*|d=|* (3.4.6),

6 d6 h=6/(9593)-
Truée hét chiing ta xét truong hgp ¢' # hing s6 véi | = 1,2. Gia st phan chiing
rang ¢’ 1a r& nhéanh tai ¥ v6i boi nho nhat 1a my; v6i méi j, (1 =1,2) vay; > 2,79 > 2

N

va
1 1

+ <
M—2 -2
Chon ¢ (> 0) sao cho 9, —2 — ¢0p > 0 v6i moi [ = 1,2 va

1.

1 1
71—2—Q150+72—2—Q250 -
Ta chon hing s6 duong 6 (< &) du gan dp va dat
p=1/(n—2—qd), (l=1,2).
Thé thi ta c6
0<p+p <1, _om >1(l=1,2) (3.4.7).

I —p1—p2
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Xét tap con mad

Ay = Int(A) — {2[=1 2 W (gh, 65) (). W (g6, 91)(1/2) = 0}

cia A. Ta dinh nghia mé-tric méi

dr? (|h|H§1 1|G1|(1 y leqz 1!GQ| "2 6)p2) T
T =
|W<90791>|p1’W(90791>|p2
trén Ay, 6 d6 G = algh —agl (1=1,2).
Bing cich 1y luan nhu trong ching minh Dinh 1y 3.4.6 ta c6 thé chi ra d7? 14 phang

va lien tuc trén A,. Bay gio ching ta sé ching minh bo dé sau.

Bo dé 3.4.9. dr? day tren tap {z||z| = v} U {2|Ili=12W (gh, ¢4)(2) = 0}, tie la tap
{2||z] = r} U{z[=12W (gb, ¢4)(2)} €6 khodng cich dén diém trong ciia Ay bat ki la vo

han.

Stt dung cich chitng minh nhu trong B dé 3.4.7, chiing ta suy ra dr? day trén tap
{2IMi=12W (96, 91) (2) = 0}.

Do6i v6i truong hop dr? day trén {z||z| = r} ching ta sé ching minh bing phéan
ching.
Gid st d7? khong day trén {z||z| = r}. Khi d6 ton tai duong cong phan ki v : [0,1) — A,
v6i (1) € {z]|z] = r} sao cho || < co. Do ta c¢6 thé cho «(0) tién gan dén (1) nén
ta c6 the gid st dist(v(0), {z||z| = 1/r}) > 2|7y|. Xét mot dia nhd A véi tam 1a v(0).
Do dr? 13 phang nén A ding cu v6i mot dia c6 tam la gbc trong mat phing phitc. Xét
® : {|Jw|] < n} — A la ding cy. Chiing ta md rong @ nhu 1a ding cy vao Ay, t6i dia 16n
nhit {|w| < R} = Ag. Thé thi R < |y| vi ® khong thé md rong t6i mot dia 16n hon.
Khi d6 ton tai diém wq véi |we| = R sao cho ®(0,wy) = Iy 1a duong cong phan ki trén
As.
Do ®(w) la 4nh xa song chinh hinh dia phuong nén meé-tric tréen Ag han ché tir ds?

qua ¢ duge cho bdi cong thitce
@*ds” = |ho®*[|g, @] 1*|lg5[” | | |dw[* (3.4.8).

Mit khac, do ® 1a ding cu nén ta c6

1

1
T TS U e Tl ‘”m)m
IW(go,gi)|p1|W(g§,g%)|p2

dw| = |dr| = (|h| 1 d2]
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(1- —9)
= Id—w\lfprpg = |hl L, |G leqQ 1|G2| "

dz |W< 07g1)’p1’W(907gl)|p2
V6i mbi [ = 1,2, ta dat f':= ¢g/(®), f§ := g((®), f] == ¢} (P) va F} := G(®). Lai do

W(fb 1) = (Wb 01)o®) 5 (1= 1.2)

nén ta cé
d Iy oW (FL, O
d_z _ =12 (foaftl)llé)p (3.4.9).
R VI CC TN PR VY 3 A
Két hop (3.4.8) va (3.4.9), ta thu duge
w
ot (m_ 171 <f0,f1>gp ) dup
" 1
th 1|Fl’
lqz22]1ml Loply\ 2P
— Hl: (Hf H ‘ 6(f0af1)|) |dw|2.
LR
Stt dung Bo dé 3.3.5 ta co
2R

@*dSQ < C«g(m-&-pz). 2(p1+p2)|dw|2‘

(Rg_—|w|2)

Tt (3.4.7) ta c6 0 < p; + pe < 1. Vi thé

R
2R
dr, < / ds = / d*ds < C’p1+p2./ (——— )PP dw| < +00,
° To 0,wo S o R —[w]?
4 d6 dr, 1a do dai clia dudng cong phan ki Ty trong M. Diéu nay tréii véi gia thiét rang
M 1a mat day. Vay Bo dé 3.4.9 dudc chitng minh.

Ta dinh nghia d7? = \?(2)|dz|* trén A, v6i

Mo G (=) e G2z >)
|W(go,gi)( )IpllW(go,gl)( )|P2
— __1 1
LD N = (<A VD M >)

CHCE

J

x ( [h(1/2)]—
( ‘W(gm91)(1/Z)|p1|W(90791)<1/Z>’p2
Theo Bo dé 3.4.9, d7 day va phing trén A,.

Bang cédch st dung lai cac 1i luan nhu trong phan cudi ctia phép chitng minh Dinh

Iy 3.4.6, ta c6 phan (i) cia Dinh ly 3.4.8 dugc chitng minh.
Xét truong hop ¢? = hing s6 va ¢! # hing s6. Gia st v; > 3. Ta chon § sao cho

-3 -3
Al >5>71
731 ¢ +1
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va dat p=1/(y1 —2 — ¢0). Thé thi

5
0<p<1, L > P -4

1—p 1-—p

-1 —6_ 2
m

a2 = oy (Bl ™ N
W (g5, 91)] '

Lai bang cach st dung céc Ii luan nhu trong phan cubi cia phép chiing minh Dinh 1y

3.4.6, ta suy ra trudong hop (ii) cia Dinh 1y 3.4.8. O



Két luan va kién nghi

Két luan

Cac két qua chinh ctia luan an:

e Chitng minh dinh ly duy nhét ctia céc 4nh xa phan hinh tit C" vao PN (C) v6i boi
bi chin va s6 sieu phang 2N + 2. Ngoai ra cic dinh 1y duy nhat v6i boi ré nhanh

hodc ¢6 diéu kién dao ham cing duge ching minh.
e Chitng minh céc dinh ly duy nhét ciia cdc 4nh xa phan hinh tit C" vao PY(C) véi
muc tiéu di dong va boi bi chéan.

e Chitng minh céc dinh Iy vé tinh chat ré nhanh ctia 4nh xa Gauss ctia mét cuc tiéu

day trong R™(m = 3;4) tai cdc tap dang vanh khuyén.

Kién nghi vé nhitng nghién citu tiép theo
Hudéng nghién citu con c¢6 cac cau héi mé sau day:

1. Nghién citu cac bai toan duy nhat ctia cdc dnh xa phan hinh tit C" vao PV (C)
v6i 86 cac sieu phing {H;} nhé hon 2N + 2. Hon nita lieu ¢6 thé bé di didu kien tap
dong nhat trong cac dinh 1y da c6.

2. Cac két qua trong truong hgp muc tieu cb dinh lieu c6 thé dwa dén cac két qui
tuong tu cho truong hop muc tiéu di dong hay siéu mat.

3. Lieu c6 thé xay dung cac dinh 1§ duy nhat cho cac anh xa Gauss ctia cac miit cuc
tiéu day véi tinh chat tuong tu nhu ctia cdc anh xa phan hinh.

Vi thai gian ¢6 han ching t6i chua thé gidi quyét duge cac van dé trén. Ching toi

hi vong sé c6 thé giai quyét cac van dé trén trong thoi gian t6i.
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