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Mé& dau

Phuong trinh ham 13 mot van dé kho, nhung duge nhiéu nguoi quan tam.
Phuong trinh ham thuong xuat hién trong cac dé thi hoc sinh gidi quoc gia
va dé thi quoc té. Trong qua trinh day hoc, ching toi ciing da giai hoac
xay dung mot vai phuong trinh ham. Luan vin dat van dé xay dung mot so
phuong trinh ham trén tap N qua mot s6 két qua da dat duge trong Dai s
tuyén tinh.

Bai toan xac dinh nhiing ham s6 f(x) thod man mot s6 tinh chat 71, ..., T,
nao doé duge goi 1a phuong trinh ham. Gidi phuong trinh ham tic 14 tim tat
cd nhiing ham f(x) thod man tat cd nhing tinh chat 71, ..., T,. Khi giai
phuong trinh ham, v6i mdi tinh chat T}, ta tim cach tién dan dén ham sb
can tim. V6i ham s6 tim duge ta kiém tra lai xem né c6 thod mén tat ca
nhitng tinh chat 7} hay khong? Thuong giai phuong trinh ham duge dua vé
gidi he phuong trinh hay mot day truy hoi. T nhitng két qua da dat dugc
ve da thiic hodic ham lién tuc ta c6 thé dé dang giai dudc bai toan. Trong
luan van nay ching to6i st dung mot s6 két qua ctia dai s6 tuyén tinh vao
xay dung phuong trinh ham trén tap ty nhién N. N6i dung luan van nay
gom c6 hai chuong:

Chuong I, trinh bay khai niém ma tran va phép toan, dinh thiic va cac
tinh chat ctia dinh thic, dai s6 Matn(K), cdc ma tran vuong cap N, vecto
riéng, gia tri riéng, vanh ma tran, ma tran nghich dao, phuong trinh dac
trung ctia ma tran, chéo hoa ma tran vuong.

Chuong II, trinh bay khai niém gia tri riéng cia ham ma tran, xét day
truy hoi qua phép nhan ma tran, ing dung xay dung va giai phuong trinh
ham trén tap N.

Luan van c6 st dung mot s6 phuong trinh ham ctia thay gido huéng dan.

Luan van dugc hoan thanh v6i sy huéng dan va chi bao tan tinh cta
PGS.TS. Dam Van Nhi - Dai hoc Su Pham Ha Noi. Em xin dugc bay té



long biét on sau sac déi v6i su quan tam, dong viéen va chi bao huéng dan
ctia Thay. Em xin tran trong cAm on tdi cadc Thay, Co trong Truong Dai
hoc Khoa hoc - Dai hoc Thai Nguyén, phong Dao tao Truong Dai hoc Khoa
hoc. Dong thoi toi xin cam on t6i S Gido duc - Dao tao Quang Ninh, Ban
Giam hiéu, cac dong nghiep Truong THPT Co To6 - Huyen Co To da tao

diéu kién cho toi hoc tap va hoan thanh luan van nay.
Thai Nguyén, ngay 16 thang 8 nam 2013

Tac gia

Ngé6 Van Tuan



Chuong 1

Ma tran

1.1 Ma tran va dinh thic

1.1.1 Ma tran va phép toan

Dinh nghia 1.1.1. Mot bing gom m.n sé6 duoc viét thanh m dong, n cot

nhu sau:
aiy a2 ... a1 ... Qip \
21 A2 ... G2j Ce a2y,
(1.1)
i1 Qi .. Gy . .. Qin
\ m1 Am2 -.. Amj Ce Amn, /

dugc goi la mot ma tran kiéu (m,n).

MGdi 86 a;; dugce goi 1a mot thanh phan clia ma tran. N6 nam 6 dong thi
1 va cot tha j.

Ta thuong ki hiéu ma tran béi cac chit in hoa: A, B ... C6 thé viét ma
tran (|1.1) mot cach don gian bdéi

A= (aij)(mm)
Khi da biét rd m va n thi con c6 thé viét 1a A = (a;;).
Néu ma tran chi ¢c6 mot dong (mot cot) thi ta goi no 1a ma tran dong

(ma tran cot).

Néu m = n thi ma tran dudc goi ma tran vuong cap n va viét

A = (aij)m)-



Dinh nghia 1.1.2. Ta goi ma tran

( a1 a91 ... Q1 ... QGmi \
a1 A2 ... Qi ... Am2
ay; az; ... Qi ... Amyj

K A1p Aop ... QAip R Amn, )

la ma tran chuyén vi cua ma tran va ki hieu la tA.

Nhu vay ma tran A thu dugce tit A bing cach doi dong thit ¢ ctia A thanh
cot thit 7 clia 'A va néu A 1a ma tran kiéu (m, n) thi ma tran chuyén vi ‘A

13 ma tran kieu (n,m).

Cac phép toan trén cac tap ma tran

Ta da biét tren tap hop Homg(V, W) c6 phép cong hai anh xa tuyén
tinh va phép nhan mot anh xa tuyén tinh véi mot s6. Hon ntta, khi da cb
dinh hai co sé cua V va W, ta c6 song anh

S Homg(V,W) — Mat(, »)(K).

Bay gio ta muodn dinh nghia cac phép toan trén cac ma tran sao cho "phii
hop" v6i cac phép toan trén cac &nh xa tuyén tinh. Chang han ma tran ctia

tong hai anh xa phai bing tong hai ma tran ctia nhiing anh xa ay.

Phép cong hai ma tran

Meénh dé va dinh nghia: Gid si A = (ai;)(mn) v0 B = (bij)mn) lan
lugt la cdc ma tran cia dnh za tuyén tinh f,g € Homg(V, W) déi vdi hai
co 56 () va (§) da chon trong V va W. Thé thi ma tran cia dnh za tuyén
tinh f + g doi vdi hai co s¢ ay la C = (aij + bij) mn)-

Ma tran C duoc goi la tong cia hai ma tran A va B ki hiéu la A+ B

Chitng minh. Theo gia thiét

Za”gz, (&), = Z%%VJ €{1,2,3,...,n}.

=1



Do dé: (f + g)(5) = f(£;)+9(&)) = Z)laij@+; bij& = 21 (aij + bij)&:
voi moi j € {1,2,...,n}.

Vay ma tran ctia f + g d6i v6i hai co s6 da cho 1a (a;j + bij) m.n)- O

Quy tac cong ma tran: Muon cong hai ma tran ta chi viéc cong cac

thanh phan tuong wng (cung dong, cung cot) ciia ching:
(@ij) ) + (0ij) (mm) = (@ij + bij) (mn)-
Phép nhan ma tran véi mot s

Meénh dé va dinh nghia: Gid st A = (ai;)(mn) & ma tran cia dnh za
tuyén tinh f € Homy(V,W) déi vdi hai co sd () va (§) da chon trong V
va W, k € K. Thé thi ma tran ciua dnh za tuyén tinh f.qg doi vdi hai co 56
ay la C = (kaij),, .-

Ma tran C dugc goi la tich cia hai ma tran A vdi so k, ki hiéu la KA.

Quy tic nhan ma tran véi moét sbé: Muon nhan mot ma tran A vdi

mot so k ta chi viéc nhan so k vdi moi thanh phan cua A.

Phép trir hai ma tran

Dinh nghia 1.1.3. Ma tran (—1)A dugc goi la doi cia ma tran A. Ki hiéu
lo —A. Vdi ma tran A va B, tong A + (-B) dudc goi la hiéu cia A va B.
Ki hieu la A - B.

Nhu vay, v6i A = (a(ij))(m o VaB = (0if) () B2 €6 =B = (=bij) (1, )
A — B = (aj; — by)

(m.n)

Tich cta hai ma tran

Meénh dé 1.1.1. Gid st trong moi khong gian U, V, W da chon mot co s

la ma tran cua anh xa tuyén tinh
(m,n)

(n,p)

la ma tran cia dnh za tuyén tinh f: U — V. Thé thi ma tran cia dnh za
tuyén tinh fg la ma tran

m

C = (C(ik))(m,p)’ trong do cj. = ]; (aijbjk)



Ma tran C dugc goi la tich cta hai ma tran A va B, ki hiéu la AB.

Chitng minh. Gia st () = {€162...6,} la co s6 cta U,
(&) = {51,52,,51} la co 86 cia V, (§) = {g},...,é’m} 1a co s6 cua W.
Theo dinh nghia ma tran ciia 4nh xa tuyén tinh, ta co:

ZQZJCu 5k Zbugjyfg 5k chkCz

Do doé
J=1 i=1 i=1 i=1 j=1
Vay:
Z CikGi = Z (Z a;jbjk)Gi
i=1 i=1 j=1
Vi he (¢) doc lap tuyén tinh nén ¢ = Y a;ibji. O
i=1

Quy tac nhan hai ma tran: Mudn tim thanh phan c;, cia mot ma
tran tich AB ta phdi lay méi thanh phan a;; cia dong thi i trong ma tran
A nhan vdi thanh phan bj cla cot thi k cia ma tran B roi cong lai.

Chi ¥.

1) Theo dinh nghia tich AB chi dugc xac dinh khi s6 ¢ot clia ma tran A
bang s6 dong clia ma tran B.

2) Phép nhan ma tran khong c6 tinh giao hoan.

Meénh dé 1.1.2. Vi cic ma tran A, B, C va moi sé k € K, ta c¢é cdc ding

thiic sau (néu cdac phép todn cé nghia):
1) Tinh két hop: (AB)C = A(BC);

2) Tinh chat phan phdi cia phép nhan doi véi phép cong:
A(B+C)=AB+ AC,(A+ B)C = AC + BC;

3) k(AB) = (kA)B = A(kB).



1.1.2 Dinh thidc va tinh chat ctia dinh thic

Dinh nghia 1.1.4. Vdi ma tran vuong

(

ta goi t5ng

D = g sgn(s)als(l)a25(2) ..
SES(n)

B

ailr ai2
as1 G922

a1 Q2

anpl Gp2

alj
CLQj

la dinh thic cua ma tran A va ki hiéu boi

hay |A| hay det(A).

Trong cach ki hiéu nay ta cing néi moi a;; la mot thanh phan, cac thanh
.y Qi tao thanh dong thi i, cdc thanh phan aij, as;, . .
tao thanh cot thii j cia dinh thiic. Khi ma tran A cé cip n ta ciing néi |Al

phan a;1, a;, . .

ail ai12

a1 a2

anpl1 Gp2

la mot dinh thic cap n.

Ta thay, mdi hang tt ciia dinh thic cap n 1a mot tich ctia n thanh phan

cing v6i mot dau xac dinh, trong mdi tich khong c6 hai thanh phan nao

cung dong hoac cung cot.

Tinh chat 1.1.1. Néu dinh thic

aii

anl

ai2

! 1" / 1"
;1 + Qi Qo+ Gy

an2

alj

CLZ']’

Clnj

azs(l) o .. a/ns(n)

A1n

Ain

ann

ann




ma moi thanh phan & dong thit ¢ déu cé dang a;j = a;-j + a;-’j thi

ail

/

anl

a2 ... @15 ... Qip ay; aiz ... ai; ... Qip
!/ !/ !/ " " 1 1"

R N o Bl I T S (T S (7

ap2 ... Qpj ... Qpp Qp1 Ap2 ... Qpj ... Qpp

Chitng minh. Ki hiéu hai dinh thic & vé phai lan lugt 1a D' va D”.
Theo dinh nghia dinh thtc ta co:

D

/ "
= Z $gN(0) 100, @20, - - - (W ioy T @ ioy) - - - Onogy,

UGS(n)

”

+ g sgn(a)alg(l) @ gy - oy

[]

Tinh chat 1.1.2. Néu moi thanh phan & dong thit i cia dinh thic cé thia

s6 chung c thi c6 thé dat ¢ ra ngodi dau dinh thic, tic la:

ai;r Q19 ay; ... Qin ai; aiz ... aij ... Qaip
ca;p Caz2 ... CAjyj ... CAjp | =C| Qi1 A2 ... Qi ... Qi
Qp1 Qp2 ... Apj ... Qpp Qp1 Ap2 ... Qpj ... Qpp

Chtng minh. Ki hiéu dinh thiic & vé trai béi D', & vé phai bdi D, ta co:

!/
D' = g sgn(a)ala(l) c Cligy - Ongp,y = g sgn(a)alo.(l) e Qg



Tinh chat 1.1.3. Trong dinh thic néu doi chéd hai dong cho nhau thi dinh
thic doi dau, tice la:

ap; ap2 ... ap ... Aip ay; ap2 ... ap; ... Aaip
G Qg . Q.. g ah py oo Qnj .. Gp
i any o Qny e | | am are o ag .. ag
w1 Gy e Gy e gy G Gy o Gy e g

Chitng minh. Ki hiéu dinh thitc 6 vé trai béi D', § vé phai bdi D va coi
Dy;j) 1a dinh thitc ctia ma tran (b’), trong doé:
bij = Qyj v6i 1 75 h,i 75 ]{Z,bh]‘ = akj,bkj = Qpj, v6i V) € {1,2...,71}

D = Z sgn(0)big, - - bhogy - - - bnog, -

bat: 7 = (h, k), ta c6 7(h) = k,7(k) = h,7(1) =i v6ii # h,i # k.
Do dé:

/
D — E 3971(0‘)[)107—(1) e bhd’l’(h) e bno”r(n).
gE€S(n)

= > 89n(0)@1ory - - - Qkorgy - - Chorgy - - - Onory-
CTES(n)

Vi 7 1a mot chuyén tri nén sgn(r) = -1.
Do d6: sgn(o1) = sgn(o)sgn(t) = —sgn(o).

~ . /
Vivay: D' = — > sgn(0)aior,, - - - Qkoryy - - - Ghorgy - - - Qoo -
JES(n

Khi o chay khap S, thi u = o7 ciing vay. Tt d6 suy ra rang:

/ z :
D - Sgn(o-)a/lo—’r(l) T akUT(k) e ahUT(h) e aTlJT(n)
O'GS(n)
= — Z Sgn(:u)alu(l) .« e aku(k) “ .. a/h’u(h) o« .. anu(n) = —D.
:U’ES(n)

[]

Tinh chat 1.1.4. Néu dinh thic c¢é hai dong giong nhau thi dinh thic dy
bang 0.
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Chitng minh. Gia st dinh thitc D c6 dong thi i giong dong thit k. Theo
tinh chét [1.1.3] ddi ché hai dong nay cho nhau ta dugec D' = —D. Nhu vay
dinh thic D’ ciing 1a dinh thitc D. Nhu vay D = —D. Suy ra 2D = 0. Vay
D = 0. ]

Tinh chat 1.1.5. Néu dinh thiic c6 hai dong ma cdc thanh phan (cung cot)
tuong tng ti 1 thi dinh thic ay bang 0.

Tinh chat 1.1.6. Néu nhan moi thanh phan & dong thit i vdi cung mot so
707 cong vao thanh phan cung cot ¢ dong thit k thi dugc mot dinh thitc mdi
bang dinh thic da cho.

Chimng minh. Cho

apnp aiz ... aiy ... Qaip
a1 ag2 ... Qgj ... QAgp
D=|... ... e ce
ap1r Ap2 ... Qpj ... QApp
Qpl Ap2 .. Qpj ... Qpp

Gia st nhan mdi thanh phan ctia dong thi ¢ véi ¢ roi cong vao thanh phan
cing cot ¢ dong thi k. Thé thi ta dugc:

ail . a1, . Q1n

a;1 ce 5 Ce (0775

D =

agr +capy ... agj+caj ... Qpp + Chyy
an1 Ce Qpj ce Apn,
Theo cac tinh chat va tinh chét [1.1.5] ta co:
ayp ... @1 ... Qip ayyp ... Aaiy ... Qip
, (075 aij oo Qin a1 ... aij oo Qin
agr ... Qg5 ... Qgp ca;p ... CQjy; ... Chip
Qn1 Qpj Qnn Qn1 Qpj Qpn,
=D+0=D

11



Tinh chat 1.1.7. VGi'A la ma tran chuyén vi ciia ma tran A thi |'A| = | A]

tic la, har ma tran chuyén vi ctia nhau thi c6 dinh thiic bang nhau.

Vi du 1.1.1. Vdin = 2, ig': b
That vay: | © U | =ad—be=| 9 €

Ching minh. Dat ‘A = b;;. Thé thi b;; = a;; véi moi 4,5 € {1,2,...,n}.
Theo dinh nghia ctia dinh thiic, ta co:

t § §
HESy, HES),

Madi p ¢6 mot anh xa nguge o. V6i mdi i, dat r = o(1), ta co

po (i) = po(i).
Do doé:

Apiyr = iosy- (1.2)
Vi po 1a phép thé dong nhat nén 1 = sgn(o) = sgn(u)sgn(o).
Suy ra:
sgn(p) = sgn(o). (1.3)

Hon nita khi g chay khip S, thi o ciing vay. Nho (1.2) va (1.3) c6 thé viét:

'Al = Z $gN(0) 10, @20, - - - Anoy,, = |A|.
HES),

1.1.3 Dai s6 Matn(K) cac ma tran vuéng cap n

Ta ki hiéu tap hop cidc ma tran vuong cap n vdi cac thanh phan thuoc
truong K béi Mantn(K). D& dang kiém tra duge Mant(K) 1a mot K—khong
gian vecto. Hon ntta, trong Mant(K) tich ctia hai ma tran bat ki luon luon

xac dinh; tuy nhién, phép nhan khong giao hoan.

Dinh ly 1.1.1. Dinh thic tich cia hai ma tran vudéng bang tich cac dinh

thite ctia hai ma tran ay.

12



Chtng minh. Gia st

ai; aiz ... QAip bir b2 ... b,
A — 21 Az ... A2y B= bor by ... ag, ’
apl Ap2 .. Ann bnl bn2 <o bnn
i1 €12 ... Cip
AB — C21 C22 ... Cop ,
Cnl Cpn2 ... Cnn

n
v6i Cil. — Z aijbjk.
7=1
Ta xét dinh thuc

ailr a2 ... Qip 0 0 ... 0

ai;r aig ... QAip 0 0 0

nl Ap2 .. Gpp 0 0 ... 0
D— an1 Ap2 a

—1 0 ... 0 b11 612 bln

0 -1 ... 0 b21 622 bgn

0 0 ... =1 by by ... by

Trong dinh thitc D, dinh thitc con § géc trén bén trai 1a dinh thic |A|, moi
dinh thitc con khac tao bdi n dong dau déu bang 0 vi c6 mot cot véi cac
thanh phan déu béang 0; tuong tu, dinh thitc con & géc dudi ben phai 1a dinh
thite |B], moi dinh thitc con khac tao bdi n dong cudi déu bang 0. Theo
dinh 1f Laplace,D = (—1)2(+2++1)| A| | B| = |A||B|.

Bay gio ta nhan lan luot cac dong thi n + 1 véi aq;, dong thit n + 2 véi
aiz, ..., dong thit n + j véi a;, ... dong thi 2n véi ay,, roi cong vao dong
dau. Khi d6 dong dau ctia D bién thanh

O,O,...,0,011,012,...,Cln.

Tong quat, nhan dong thi n 4 1 véi ay;, . . ., dong thi n + ¢ véi Qijy - - -,
dong tht 2n véi a;y, 101 cong vao dong thit ¢ thi dong thit ¢ trong D bién
thanh

0,0,...,O,C,’l,Cig,...,Cm.

13



Theo tinh chét ctia dinh thic, nhitng phép bién déi trén khong thay doi
dinh thuc D.

Do vay:
0 0 ce 0 Ci1 Ci12 ... Cip
0 0 .. 0 Co1 Cog ... Cop
D 0O 0 ... 0 ¢y ¢ ... Cop
N -1 0 ... O b11 b12 ce bln
0O -1 ... 0 b21 b22 e bgn
0 0 ... =1 by bpa ... bpy

Bay gio trong n dong dau ciia dinh thic nay cé lam & géc trén bén phai,
cac dinh thitc con khac déu bang 0. Theo dinh 1i Laplace,

-1 0 ... 0
D = (=1)FZbtntntlint2set2n) A B 0O -1 ... 0

0 0 ... -1

D — (_1)(1+2+--~+n)+(n+1+n+2+---+2n)|AB|.(_1)n
(_
= (=" V|AB| = |AB.

—

)(1+2+---+n)+(n—|—1—|—n+2+---+2n)+n|AB|

Vay |AB| = |A]B]. s

1.1.4 Vectdo riéng, gia tri riéng

Dinh nghia 1.1.5. Gid s V' la mot khong gian vecto, f 'V — V' la mot
tw dong ciu. Vecto & £ 0 cia V duoe goi la mot vecto rieng cia f néu ton

tai mot so thuoc K sao cho
f(a) = ka.

So k dugc goi la gid tri riéng clia f 1ing vdi vecto riéng .
Néu A la ma tran cia tu dong cau f thy gid tri riéng cia f ciing duoge

goi la gid tri riéng cia ma tran A.

Theo dinh nghia clia vecto riéng ta thay rang ting v6i mot gia tri riéng

c6 vO s0 vecto riéng. Chang han, néu @ la mot vecto riéng ung véi gia tri

14



rieng k ctia ty dong cau f : V — V thi moi vecto ctia khong gian con U
sinh béi @ cing la vecto riéng ting véi gia tri rieng k; hon nia f(U) C U.
That vay, v6i moi ra € U ta co:

f(ra) =rf(a) =r(ka)=k(ra) e U.

Ngudi ta n6i U la mot khong gian con bat bién ctia V déi véi f. Tong

quat ta c6 dinh nghia sau.

Dinh nghia 1.1.6. Gid st f : V — V la mot tu dong cau ciia khong gian
vecto V. Khong gian con W cia V' dudc goi la mot khong gian con bat bién
doi vdi [ néu vdi moi & € W ta déu cé f(d) € W.

Bay gio ta xét tap hop cac vecto riéng ing véi mot gia tri riéng.

Meénh dé 1.1.3. Gid s¢ V' la mot khong gian vecto, tap hop gom vecto 0 va
cdc vecto riéng @ng vdi gid tri rieng k ciua tu dong cauv f V. — V la mot
khong gian con bat bién cia V va dude goi la khong gian riéng wng vdi gid

tri riéng k.

Chitng minh. Goi W 14 tap hop gom vecto 0 va cac vecto riéng ing véi gia
tri riéeng k cta f. R6 rang W # gvileW. Giésﬁ’o’f,gé WvarseK.
Vi f 1a anh xa tuyén tinh nén:

(rd+sp) = f(ra)+f(sB) = rf(a)+sf(B) = r(kd)+s(kB) = k(rd+sp).
Diéu nay ching to ra+ Sglé mot vecto riéng ing véi k. Do d6 ra+ sﬁ e W.
Vay W 1a khong gian con ctia V. Hon nita W bat bién déi véi f vinéua € W
thi f(a) = k(a) € W. []

Cac vecto rieng ing v6i cac gia tri rieng phan biét clia mot tur dong cau
lien quan véi nhau nhu thé nao?

Dinh 1y 1.1.2. Néu &4, ds, ..., dp, la nhiing vecto riéng tuong ting vdi cdc
gid tri riéng doi mot phan biét ki, ks, ..., k, cia tu dong cau f thi ching
lap thanh mot hé vecto doc lap tuyén tinh.

Chitng minh. Ta chiing minh bang quy nap theo p.
Khi p = 1 ménh dé ding vi @, # 0.
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Gia stt p > 1 va ménh deé ding véi p — 1. Ta phai chiing minh réng néu
c6 dang thiic

T10 + Tollp + - Ty 101+ TpA, = 0 (1.4)

thi bat buoc ry =ry=---=mr,_1 =1, =0.
Vi @; la nhing vecto riéng tng véi gia tri riéng k; nén tac dong f vao hai
vé ciia bat ding thitc (1.4) ta duge

T101 + 90 + -+ Tp_ 101 + Tl = 0. (1.5)

Bay gio nhan hai vé ctia ([1.4) v6i k, roi trir vao (1.5) ta co

7’1(]61 o k:p)&l + TQ(kIQ — kp)C_fg + -+ Tpfl(kp71 — kpc_fpfl = 0.

Theo gid thiét quy nap, he vecto {dy,ds, ..., d,—1} doc 1ap tuyén tinh.
Do do:

Tl(kl — k’p) + 7“2(]62 — kp) + .- —I—Tp_l(kp_l — ]{p = 0.

Vi cac k; doi mot khac nhaunén ry =ry =--- =17,_1 = 0.
Thay céc gid nay vao (1) ta lai c6 7,0, = 0. Nhung @ # 0 nén rp = 0.
Vay he vecto {a4, da, ..., dy_1} doc lap tuyén tinh. O

1.2 Chéo héa ma tran vuodng

1.2.1 Vanh ma tran

Xét vanh da thic mot bién Klz] trén truong K. Gia si da thic thuoc
Klz] 1a f(z) = ay2® + as 1251 + -+ - + a1z + ap vA ma tran vuong A cap
n < 3. Dinh nghia

f(A) = a,A® + a1 AP+ -+ a1 A+ qoF

v6i E 1a ma tran don vi cing cap véi ma tran vuong A. T cac phép toan
vé ma tran, chang han nhu: FA" = ATE = A", A"A% = ASA” = A" va
A" (aA® + BAY) = @A™ + BA™ v6i , B € K, suy ra ngay két qui sau:
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Dinh 1y 1.2.1. Vi hai da thic f va g thuoc K|z] va ma tran A ta luon 6
(i) Néu f =g th f(A) = g(A).
(i) (f +9)(A) = F(A) + g(A).
(iii) (fg)(A) = f(A)g(A).
(iv) f(A)g(A) = g(A)f(A).
(v) (af)(A) = af(A) vdi bat ky o € K.
Ky hieu K[A] = {f(A)|f € K[z]}. Tit Dinh ly suy ra ngay két qua:

Dinh 1y 1.2.2. Tap K[A] cung phép cong, nhan cic ma tran va nhan ma

tran vdi mot so lap thanh mot vanh giao hodn cé don vi E.

Ménh dé 1.2.1. Tuong ting ¢ : K[x] — K[A], f(x) — f(A), la mot toan
cau vdi Ker(¢) # (0).

Ching minh. Do bdi ¢(f+9) = (f+9)(A) = f(A) +g(A) = ¢(f)+¢(g)
va ¢o(fg) = (fg9)(A) = f(A)g(A) = o(f)é(g) theo Dinh ly nén ¢ la

mot dong cau vanh.
Véi f(A) = asA* +a, 1AL+ -+ a1 A+ agFE c6 da thite f(z) = a.a® +
as 121+ -+ a1 +ag € Klz] dé ¢(f) = f(A). Do vay ¢ 1a mot toan

cau vanh.

Vi tap M, , tat cd cadc ma tran vuong cap n trén K 1a mot khong gian vécto
n? chiéu trén K véi co s6 A;; = (1), trong d6 tai vi trf (z,7) ¢6 1;; = 1,
con tai nhimg vi trf khac déu bang 0. Nhu vay nhiéu hon n?
cap n tréen K deéu la phu thuoc tuyén tinh. Nhu vay ton tai da thic khac 0
a f(z) =2 +as 125+ -+ a1x + ag € Kz] v6i s > n? + 1 thod mén
f(A) =0. Vay Ker(¢) # (0). Vi vanh K|[x] la vanh idéan chinh nén c6 da
thitc bac thap nhat F(z) # 0 dé Ker(¢) = (F) # (0). []

ma tran vuong

Hé qua 1.2.1. Ta ¢6 K[A] = K|z]/(F).

Chitng minh. Béi vi ¢ : K[z] — KI[A], f(x) — f(A), 1a mot toan cau
véi Ker(¢) = (F) # (0) theo Ménh de nén K[A| = Klz|/Ker(¢) =
K[z]/(F). O

17



Nhan xét 1.2.1. Vi K[x] la vanh cdc idéan chinh nén cé duy nhat mot
da thic bac thap nhat dang m(z) = 2% + a2t + -~ + ag € K[z] dé
Ker(¢) = (F) = (m(z)). Hién nhién m(A) = 0. Doi khi m(x) con dugc

goi la da thitc téi tiéu cia ma tran A.

1.2.2 Ma tran nghich dao

Gid st A = (a;;) 1& ma tran vuong cap n. Ky hieu A;; 1a ma tran
vuong cap n — 1 ¢6 dugde tit A qua viéc bd dong thit 7 va cot thi 5. Khi do6
a;j = (—1)"7| A;;| duge goi la phan bu dai so clia a;;. Ta c6 ngay

man o a o [IAI KR R =
a1 + Qrao nin =90 Kkhi k # 1.

Ky hiéu ma tran véi cac phan tit «;; qua A = (i;). D& dang kiém tra
AAg = AwiA = |AIE.

Dinh nghia 1.2.1. Ma tran vuong B cap n dudc goi 1a ma tran nghich ddo,
clia ma tran vuong A cap n néu AB = BA = E. Khi d6 ma tran nghich
ddo B thuong dugc viét qua A~L.

Bo dé 1.2.1. Ma tran vuong A cé nghich dio A~ khi va chi khi |A] # 0.

Chitng minh. Néu A ¢6 ma tran nghich ddo A~! thi AA™! = E. Tu
1 =|E| = |AA7Y = |A||A7!| suy ra |A] # 0. Nguogce lai, néu |A] # 0 thi A

c6 ma tran nghich ddo A~! = WAadj. O
Nhan xét 1.2.2. Tum(A) =0 suy ra A+ a A 4 +ag 1A= —aqE.
1 _
Nhu vay A( — Al @Ad*2 — = ME’) = FE va c¢6 ma tran nghich
1ad aq aq
dio A7 = —— Ad-1 _ ﬂAd*2 — = %E khi né ton tai.
aq aq aq

Vidu 1.2.1. Xdc dinh ma tran nghich ddo cia ma tran
2 3 —4
A= 0 —4 2 )
1 -1 5
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Bai giai. Gid st A = <§ —3111 §4>.Lap A~! qua cac phan bii dai sb
Ay = ':‘f §‘:—18,A12:—‘(1’ §‘:2,A13:|? :ﬂ:zl,
Ay = —‘_31 54‘— 11,A22:H _54‘=14,

Ay = —H _31‘:5,
Azl = '_34 _24‘:—10,1432:—‘% _24‘:—4,
Az = '3 _34‘:—8

A
Ma tran nghich dao A~! = ﬁ = —1/23 —7/23 2/23

0/23 11/46 5/23
(2/23 —5/46 4/23>'

S RICEN
~ W

1
Vidu 1.2.2. Xdc dinh ma tran nghich ddao cia ma tran B = ( 2
1

) |

1 2 3

Bai giai. Véi B= [ 2 3 4 |, lap B~! qua céc phan bit dai s6 va nhan
1 57
1

1 ~1 1/2 1/2 —1/2
duge Bog= | —10 4 2 | Bl={ -5 2 1. m
7 -3 -1 7/2 —3/2 —1/2

1.2.3 Phuong trinh dac trung ctia ma tran

Xét khong gian vecto n chieu V tren K véi mot co s6 {ey, . .., e, } ndo do.
Gid st &nh xa tuyén tinh F' dude biéu dién qua mot ma tran vuong cap n véi
cac phan tit a;; € K 1a A = (a;;). Néu coi F(@) nhu la F.i thi tit F/(4) = Ad

n
ta suy ra biéu dién dang phuong trinh nhu sau: > (6;;F — a;)u; = 0 véi
j=1

i=1,2,...,n. Nhu vay |FE — A| = 0 va dan dén khai niem sau:
Dinh nghia 1.2.2. Da thiic p(z) = |[tE—A| = 2" +62" 1+ - - +5,_12+5,
duge goi la da thic ddc trung cia ma tran vuong A. Phuong trinh p(z) = 0
duge goi 1a phuong trinh ddc trung cua ma tran vuong A. Cac nghiém
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AL, -y Ap clia p(x) = 0 duge goi la cac nghiém ddc trung hay gia tri riéng
va v(A) = Y ay; duge goi 1a vét clia ma tran vuong A.

i=1
Dinh 1y 1.2.3. [Cayley-Hamilton] Md: ma tran vuong A déu la nghiém

cua da thic dac trung cua no.

Chitng minh. Gia sit A 1a mot ma tran vuong cap n véi da thiic dic trung
p(z) = |xE — A|. Ky hiéu ma tran phtu hop cia ma tran zF — A qua
(zE — A)ug;. V1 céc phan tit trong (zE — A)gg 12 nhitng dinh thite con cap
n — 1 ¢6 duge do xoa bd tit dinh thic |zF — A| di mot dong va mot cot.
Vay c6 thé viét (zE — A),q thanh dang

([UE — A)adj = Bn_lilfn_l + Bn_gx”_z + -+ le + B()

v6i cdc ma tran vuong B; cap n. Do (zE — A)ygj(xE — A) = p(x)E nén
(xE — A)(B,_12" ' + B, 22" 2+ -+ + Bix + By) = p(x)E. Ta c6 he

(B, = E (A"B, | = A"
B, 9 — ABn_l =0nFE An_an_g — Aan_l = 51An—1
B, _3— AB,_9 = 0FE N An_Qang — An_an72 = 5214”_2
{ va suy ra <
By— ABy =9,_1F ABy — A’B; = 6,1 A
| —ABy = 6,E | —AB, =4,E.

Cong tat ca cac ma tran, vé theo vé, ta duge phuong trinh p(A) =0. O

Dinh ly 1.2.4. V4 ma tran vuong cip n, da thiic m(x)™ chia hét cho da
thite dac trung p(z).

Chitng minh. Gia sit A 1a mot ma tran vuong cap n véi da thiic dic trung
p(x) = |zE — Al. Ky hiéu da thic tdi tiéu ctia A 1a m(z) = 2" + by ! +
-+« +b,. V6i cac ma tran By, By, ..., B,_1 sau day:

(By=E (E = B,
B = A+bE b E = B, — AB,
< BQIA2+b1A+b2E c6 {boFE =By — AB;
\Br—l = A1 + bl*’élr_2 +- 0 B \br—lE = B,_1— ABT—Z-

Dé& dang kiém tra AB,_; = m(A) — b.F hay b;E = —AB,_1. Nhu vay c6
m(x)E = (zF — A)B(x)
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voi B(r) = 2" 'By + 2" 2B; + --- + B,_,. Lay dinh thic hai vé dugc
m(x)" = p(z)|B(x)|. Vi |B(x)| 1a mot da thitc nén m(z)" i p(x). []

Dinh ly 1.2.5. Moi da thic f(z) € K[z] thoa man f(A) =0 thi f(x) chia
hét cho m(x). Dac biét p(x) cing chia hét cho m(x).

Chitng minh. Gia st da thitc f(x) thod man f(A) = 0. Stt dung phép chia
v6i du, biéu dién f(z) = q(x)m(z) + r(z) v6i da thic r(z) c6 degr(z) <
degm(z). Vi f(A) = 0,m(A) = 0 nén r(A) = 0 va nhu vay r(x) = 0 hay
f(z) chia hét cho m(z). Do bdi p(A) = 0. Theo Dinh 1y nén p(z) cing
chia hét cho m(x). O

Vi du 1.2.3. Xdc dinh da thitc dac trung va da thic toi tiéu cia ma tran
200

A=10 2 2 ].
0 01

Bai giai. Vi |zE — A| =

x—2 0 0
0 -2 =2
0 0 x-1

thic dic trung ctia A 1a (z — 2)*(x — 1). Vi A —2E,A — E # 0, nhung

(A—2E)(A — E) = 0 nén da thic téi tieu 1a m(z) = (x — 2)(z —1). O

= (z —2)*(x — 1) nén da

Vi du 1.2.4. Gig sit A — ( - ) - Xdc dinh liy thia A2,
se  erzs YR r—3 -1 L
Bai gidi. Vi [zE — A[ = | 7"_3" 5| = (z —2)(z — 6) nén 6 tich

(A—2E)(A—6E) = 0. Dat 4B = A—2E,4C = —A+6E. Khi d6 B+C =
B o  (B=BE=B(B+0C) =B

E,6B+2C =A,BC =0=CB. Lai c¢6 {C:CE:C(B+C)202.

T cac két qua nay suy ra A" = 6"B + 2"C bang phuong phap quy nap

theo n. Do d6 A%12 — %[62012 (A—2E) +22012(A - 6E)} . O

Vi du 1.2.5. Gid st A = ( CCL Z) voi ad — be # 0. Xdc dinh ma tran

nghich dao A~

Bai giai . Vi [zE — A =|"_° x__bd‘::vQ—(anLd)erad—bcnén
AA—(a+d)E:E'VayA_le—(a—kd)E. -
bc — ad bc — ad
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Vidu 1.2.6. Cho A = ( 3 =5 3 ) . Khi do hay

(i) Xdc dinh |A| va AL,

an(n) a12(n) alg(n) azz(n)
(ii) D_dt A" = a91 (n) CLQQ(n) CLQg(TL) . Xac dmh lim .
asy (n) CL32(TL) agg(n) o0 a32(n)
x—1 3 -3
Bai giai. (i) Vi[2E —Al=| -3 2+5 -3 |=(2+2)%*z—-4) =
—6 6 x—4
A2 — 12F A? — 12F
23 — 122 — 16 nén A1—6 =F. Vay A7l = ET va |A]| = 16.
1 1 1 -2 0 0
iyVsiP=1 0 1 |taco P'AP=( 0 —2 0 | vasuyra
0 —1 2 0O 0 4
(=2)" 0 0
A" =P 0 (=2 0 | P!
0 0 4"
Véi cong thitc xac dinh A” ta dé dang suy ra cac két qua con lai. O

1.2.4 Chéo héa ma tran vuong
Xét khong gian vecto K? trén trusng K véi chiéu bang 3. Gia st ma tran

aj; Gai2 A3
A= a2 a2 a |.Da thic dic trung ciia A 1a dinh thic sau:
a3z; azz2 Aass

t—apn —aip  —ag )
tE—Al=| —an t—ayp —axg |=t+6t"+ ot + 03
—az;  —azz U —as3

vGi ba gia tri rieng i, A2, Ag. Ky hieu @; = (b1, bi2, bi3), 7 = 1,2, 3, la nhing
vecto khac vecto 0 théa man Al = Nl véi i = 1,2,3. Vecto @; duge goi
la vecto riéng ing v6i gia tri rieng A; cia ma tran A. Khi ba vecto nay doc
lap tuyén tinh thi ching lap thanh mot co sé ctia K3. Mbi vecto & € K3

déu c6 mot bieu dién duy nhat & = ¢ty + catis + c3ti3 va cac bieu dién ma
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tran

8y
|

= ¢1(b11, bia, b13) + ca(bay, baz, bas) + c3(bs1, bsa, bs3)
bi1 ba1 b3 1 c
= | b2 b2 D32 ¢ | =P o | va
b1z a3 b33 C3 cs
A = ClAﬁl + CQA'JQ + CgAﬁg = Cl)\lﬁl + CQ)\Q”(IQ + 63)\31_[3
bi1 ba1 b3 A 000 1
= b12 b22 b32 0 )\2 0 Co .
biz bag b33 0 0 Az 3
Cl Al 0 0 C1
Tu day c6 AP =Pl 0 X O c2 | hay véi vecto ¥ :
0 0 )\3 C3
1 0 0 C1
1AP 0 )\2 0 (&) .
0 0 )\3 C3
A1

0
Dé dang suy ra P71AP = ( 0 X O > va ta noi rang da chéo héa duge
0 0 A3

ma tran vuong A.
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Chuong 2

Xay dung phuong trinh ham trén N

2.1 Gia tri riéng cua ham ma tran
2.1.1 Gia tri riéng cua ham da thic cua A

Bay gio xét g(z) € Klx]. Khi d6 g(A) € K[A]. Van dé dat ra: Xac
dinh da thitc, da thic dac trung va céc gia tri rieng ctia ma tran g(A) qua
da thic dic trung p(z) va cac gia tri rieng cta A.

Gié st g(x) c6 nghiém ay, ..., a, € K. Ta c6 su phan tich trong K|z] :

g(x) = (=1)"bp(a1 — x) (e — ) . .. (v, — ).
Thé 2 qua A duge g(A) = (=1)"by(an E — A)(eE — A) ... (o, E — A).
Gid st p(z) = |[zE — Al = (x — A1) (x — Ag) ... (x — \,). Nhu vay

lg(A)] = (= )m”bnl& E = AllaxE = Al Jan] = Al

n
—_ mn v H H(ng — H mbo H A — )\z)} .
k=1 1i=1 1=1 k=1
T day suy ra két qua vé dinh thic, gia tri rieng va bat dang thic vé vét:

Meénh dé 2.1.1. Ta luon c6 |g(A)| = [] g(\i) vdi méi da thite g(z).
i=1

Ching minh. Do béi |g(A)| = H [(—1)™bo [] (ax — ;)] nhu da chi ra &
k=1
trén nén |g(A)| = (—1)""by H H(ak Ai) = T1(=1)™bo I (x — ;). Vay
k=1 i=1 i=1 k=1
lg(A)| = [] g(\;) v6i mdi da thite g(x). O

1=1
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Dinh 1y 2.1.1. Néu ma tran A c6 cdc gid tri riéng \i, ..., \, thi ma tran
g(A) ¢6 da thic dac trung h(x) = [x — g(\)]|[z — g(A2)] ... [z — g(\n)] va
cac gia tri rieng la g(A1),g(Aa), ..., g(An)-

Chitng minh. Xét ma tran h(A) = zE — g(A). Theo Ménh dé [2.1.1 ¢6
[(A)] = h(A)R(A2) .. h(An) = [x=g(M)][z—g(X2)] . .. [£—g(An)]. Vay ma
tran g(A) c6 da thic dac trung h(z) = [z — g(M)][z —g(A\2)] . .. [z — g(\)]

va cac gia tri rieng 1a g(A1), g(A2), ..., g(A\n). O
Hé qua 2.1.1. Néu ma tran A = (a;;) 6 cdc gid tri riéng M, ..., A\, va
1 1 1
H Ni # 0 thi A c6 nghich dio A~" vdi cic gid tri rieng la — e, —
i=1 )\1 )\ )\n

Ching minh. V6i g(x) = 2z, ma tran A = g(A) ¢6 céc gia tri riéng 1a
A, A2, A, va Al = [g(A)| = T] A # 0 theo Dinh 1y [2.1.1] theo B6 dé
i=1

1.2.1, ma tran A = (a;;) ¢6 ma tran nghich ddo A™! véi cac gia tri rieng 1a

L1 g
VRS VERRRE W
Hé qua 2.1.2. Néu ma tran A = (a;j) ¢6 cac gid tri riéng >\1, o A th
ma tran A% c6 cdc gid tri rieng la A3, 3, ..., 2 va kzn: A < 231 Z aw

=1 1=1j=

Chitng minh. Ma tran A? c6 cac gia tri rieng 1a \? ,)\%, ..., A2 theo Dinh

Iy “ 2.1.1, Vét ciia ma tran A2 bing T = A3+ )3 + —|— )\2 Vi dé dang c6
vt T = v(A?) = Y- Z ayaz; v v(AA) — v(A2) = Y- Z( — Gijaji) =
1= 1] 1= 1]

Z(aij — aji)Q } O Vﬁy T = U(A2) < ’U(AAC) = z Z CLZ-]-. L]

i<j i=1j=1

2.1.2 Gia tri riéng ctia ham htu ty cta A

Ta da biét, néu ma tran vuong A c6 |A| # 0 thi A ¢6 ma tran nghich
dao A~!. Nhu vay, khi da thitc g(z) € K[z] thod man |g(A)| # 0 thi g(A)
¢6 ma tran nghich dao g(A)~t.

Gia st (g(x), m(z)) = 1. Khi d6 ¢6 hai da thic h(x), ¢(z) € K[z] thod man
h(z)g(xz) + m(z)q(z) = 1. V6i . = A ta c6 h(A)g(A) = E. T day suy ra
g(A)™t = h(A). Chu ¥ ring, trong biéu dién h(z)g(z) + m(z)q(x) = 1 ta
chon h(z) sao cho deg(h(z)) < d = deg(m(x)). Khi d6 h(z) dugc xéc dinh

duy nhat.
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f(z)

Meénh dé 2.1.2. Néu phan thic hitu ty cé (g(x),m(z)) = 1, vdi

g(z)
m(x)la da thic toi ticu cia f(x) thi ggj)) € K[A] va cdc gia tri riéng cia
ma tran f(4) la f() f(An) Ngoai ra ta con co }f(A)} = ‘f(A)‘
CogA)  g(M)T T g(n) g(A)" 1g(A)]

Chitng minh. Nhu lap luan trén c¢6 g(A)™' = h(A). Do vay ta c6 thé

viét % = f(A)h(A) € K[A]. Béi vi f(A)h(A) cb céc gia tri rieng la

FAD)R(AL), -, f(A)h(A,) theo Dinh 1y [2.1.1|nén géj; c6 cac gia tri riéng

() f(An) _ . o fA) f) fe) f(A)
la g0 g(An).Hdnnu’a, ta con c6 dinh thiic ‘g(A)‘ = a00) 90) " g0 =
(A :

l9(A)|

Nhan xét 2.1.1. Ky hicu K[[A]] = {f(A) | f(z) € K[[z]]}. Néu f(A)
hoi tu thy f(B) véi B = P7YAP ciing hoi tu va nguge lai. Khi dé f(B) =

P7Lf(A)P. Ddc biet, néu My, . .., A\, la nhitng gid tri riéng cia A thi f(A\1), ...

la gid tri riéng cia f(A).

2.2 Xét day s6 qua phép nhan ma tran

Vi du 2.2.1. [V6 dich sinh vién 2008] Gid s A la ma tragn vuong cap
2 vdi dinh thiic |A| < 0. Chiing minh rang ton tai hai so thuc oy, ag va hai
ma tran vuong cap 2 la Ay, Ay dé c6 the bicu dién A" = oAy + ab As vdi

mot sO nguyén n > 1.

Bai giai. Gid st A = ( CCL cbi ) . Khi d6 ta c6 da thitc dic trung |z E — A|

:L‘_—Ca x__bd ‘ = 22 — (a + d)z + ad — bc va phuong trinh ma tran

A% — (a+d)A + (ad — be)E = 0. Do béi ad — be = |A| < 0 nén 2 — (a +
d)x + ad — bc = 0 ¢6 hai nghiém thyce phan biét aq, as va ta ¢ biéu dién
tich hai ma tran (A — a1 F)(A — axE) = 0. Hién nhién

o a2

(A — OéQE) —

a1 — (2 a1 — Qg

(A — OdQE) —

a1 — G a1 — Q2

(A—OélE) = A

(A - OélE) = F.
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1 1
(A — OZQE), A2 =

Q] — Q9 Qg —
cac bieu dién A + Ay = F, 01 A1 + as Ay = A. Kiém tra dugc ngay A; Ay =

A2A1 = — (A - OdgE)(A - OélE) =0 va A1 = A?,AQ == Ag vl

Nhu vay, véi A; =

(A — a1 F) ta c6 ngay

(1 — a9)?
moi n > 1. T day suy ra A" = (a1 A1 + @ As)" = aff Ay + ol Ay véi moi s6
nguyén n > 1. ]

Vidu 2.2.2. Gig sit A = ( 3 Ig ) . Biéu dién A" = ( ag”) b(n) ) Vi
)

x —2 8 X
=) g;—m‘:(x—(j)”a

phuong trinh (A — 6E)? = 0. Ham s6 f(x) = 2" c6 khai trién Taylor tai
x = 6 nhu sau

Bai giai. Da thic dic trung [z E — A| =

'(6 ”(6 () (6
1) = 1)+ T2 -0+ L@ e v 0 g
Véi o = A ta co6 A" = 6"E + n6" (A — 6F) hay A" = < 60 60n ) +
no1( —4 =8 —n [ 6" —4n6"t —8nent

3 21 12 a(n) b(n) c¢(n)
Vidu223. VéiA={0 2 1 |, A= | d(n) Vn dn) |.
0 -1 4 a’(n) " (n) ¢ (n)
Chitng minh rang a(n) + V' (n) + ¢’ (n) = 3°*L,
rx—3 =21 —12
0 z-2 -1
0 1 z—-4
v phuong trinh ma tran (A — 3E)? = 0. Ham s6 f(x) = 2" c6 khai trién
Taylor tai x = 3 nhu sau
f'(3)
1!

Bai giai. Da thic dac trung [z E— A| = = (z—3)*

f(3)

n!

f73)
2!

f(x):f(S)‘F ($—3)—|— (x_3>2_|_..._|_ (x—S)”,
Véiz = A taco A" = 3”E+n3n—1(A_3E) i n(n—1)3”*2

(n? — 3n + 2)3"

2

2
day suy ra A" = (n Z+ ) E+@2n—n?)3"t1 0 2 1 +
0 —1 4

(A — 3E)?
(n —1)372

hay A" = E+ ©2n —n?)314+ 2 A2, Tt
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-1 3n—2 9 93 105
nin — 1) 0 3 6 va duge a(n) = 3",V (n) = (3 —n)3" L,
2 0 —6 15

¢’ (n) = (3+mn)3""1 Do dé a(n) +V'(n) + ¢’ (n) = 3" []
Vi du 2.2.4. Xét ba day (ay), (bn), (¢n) va ag = 1,by = 2,co = 3 vdi

Gpi1 = ap — 2b, + ¢y,
bn—|—1 = —ap + bn

Chitng minh rang a® + a, + 1 = ¢, = 2b, — 1 vdi moi s6 nguyén n > 0.

An+1 I -2 1 n
Bai giai. Biéu dién dang ma tran < bpi1 = ( -1 1 0 ) ( b, ) )
Cn+1 -2 0 1 Cn
1 -2 1 1 00 0 -2 1
Chﬁjf(l O><010>+<1 0 O>E—|—A.Hién
—2 1 001 -2 0 0

nhien A? = va A3 = 0. Theo cong thiic khai trién nhi thic

1

0

0

0

0
ap, ag 1

Newton ta co ( b,, ) = (E+ A" ( bo ) = (E +nA+ C?A?) (%) va

Cp Co

1 —2n n

an, 2 1
ta nhan duocc (bn = —n n*—n+1 ?’LTM (2> hay
n 3
¢ —2n 2n>—2n —-n*+n+1
a,=1—n
2_ ?
bn:%n+4 Viéckiémtraai—!—an—i—l:cn:2bn—1v(ji

cp =n?>—3n+3,n>0.
moi s6 nguyén n > 0 14 tam thuong.

OO

20
Vi du 2.2.5. [V6 dich sinh vién 1996] Cho ma tran A = ( 0 3
01

a11(n) 2
Gia su A" = a921 (TL) a99
) aso

CL31(7’L

)
)
)
200 200 000
Béigiéi.Biéudién(O 3 0) (0 0 0>+<o 3 O)B+O.
01 2 000 01 2

Khi d6 A = B+ C va BC = CB = 0. Tu day suy ra A" = B" + C"
va ¢co all(n) = 2”,@12(’)1) = alg(n) = agl(n) = agl(n) = 0. Quy nap theo

. Xdc dinh gidi han lim an(n

3
S Q
W N
C/JOJ
333
~— N —
v
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n c6 axp(n) = 3" axg(n) = 0,a3(n) = 3" — 2" agz(n) = 2". Gi6i han

3n
lim —a22(n) = lim = 1. O
n——+00 a32(n) n—+oo 3N — 2N

Vi du 2.2.6. [Fibonacci] Xét day ag = a1 = 1 va apy1 = ay + a1 V00
n>1. Khi do
(i) anp1an-1 —a; = (=1)""" va suy ra zﬁ1 (ai—1ai41 + (—1)i) = Zﬁl a;.
(ii) at = [aps1an-1 + (=1)"[ans2an—2 — (—=1)"] = Qni1Gn_10n1 20,2 + 1.
(iii) a2 + a3 + -+ + a2 luon luon la hap s6 khin > 2.

(iv) a, + 1 la hop s6 khin > 3.

n—1 n
(v) Z ag = Qpto2 — 1 0@ Y Qopr1 = Gop, Y, Ao = G241 — L.
k=0 =0 =0

Bai gii. (i) Bidu dién (“gzl> (% é)( an ) NIt vay 6 biéu

i ()= (18) (1) mormn (1) = (24)

o () (124 8 ()~ (£55)

vas (o Y= (Brh ety = (e (1)
+1

hay ( i1 an ) _ ( LG ) . Ly dinh thitc & hai vé dé ¢6 dong

1
0
+
+

ap  Qp—-1
nhat thic a,,1a, 1 — a2 = (=1)""1,

(ii) Hién nhién c6 anio = 3a,_1 + 2a,_9 v6i a1 = 20,1 + a,_2. Do d6

Upt2ln—9 — Qpi1Gp—1 = (3ap_1 4 2an_2)an—2 — Apt1an_1
= 2a% 5+ ap_1[3an_o2 — api1]
= 2a%_, + ap_1[20,_9 — 2a,_1]
= =20 |+ ap_s[2a,_s + 2a,_1]
= 2ay,_9a, —2a2 | = 2(—1)".

Vay ap, = [ant1an-1 + (=1)"][ant2an—2 — (—1)"] = aps10n-1an+20,-2 + 1.
(ii) Vi @3 +af + -+ + a2 = apa,41 nén a3 + a? + -+ + a2 luon luon 1a hop
sO khin > 2.
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(iv) Néu a,+1 = pla s6 nguyen t6, n > 3, thi tit a’ = a4 10, 10,20, o+1
SUY T8 Upy1Qn—10ng20n—2 i P. VAY Gpy1lnio i p. NéU appq P p thia,_; ip:
mau thuan. Néu a,40 ' pthiay—1+a,+1:a,+1hay ap1—1%a,+1.
Vay an—1 — 2 a, + 1 : mau thuan vi n > 3. Do d6 a,, + 1 1a hgp sb.

(v) Suy ra tur diéu kién ctia day Fibonacci. []
Vidu 2.2.7. [Day Lucas] Xét diy so Lucas (L,,) zdc dinh bdi Ly = 2, L1 =
1 va Lyy1 = Ly + L1 vdi moin > 1. Chitng minh ring

(1) Lgn = L?L - 2(—1)” va LQn_l = LnLn—l - (—1)”

(ii) ao, = anLy, ¢ dé (a,) la day so Fibonacci.

n+1
(11 1 2\ ([ Ly. L,
(it1) (1 0) (2 —1>—< L, Ln_1>’n>1'
(IV) Ln+1Ln—1 = L% + 5(_1>n—1

1=

(V) LZ = Ln_|_2 — 3.
=1

(i) lim Lot 1 VO
n—oo L, 2

(vii) Xdc dinh cong thic déng cho diy so Lucas.

(viii) LyLyi1 — 5F,Fy = 2(=1)" vdi L2 — 5F2 = 4(—=1)", trong dé Fy =
1,F1 = 17Fn+2 = Fn—l—l + Fn,n = 0.

(ix) Ly 1Lny1 +5F, 1F, = L2 +5F2.
Bai giai. Biéu dién dang ma tran ( Lﬁf > = ( % (1) ) ( L];Til ) ,n > 1.

n—1
v (1) = (12)7 () s vome = (1) e

1y
(1)(1)).Tacéx2—:c—E:O.Phufdngtrinhdactru’nth—t—l:O
1—+b 1 )
c6 hai nghiem t; = 2\[,@ = +2f. Diat y = <§f %) Ta c6
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1 1 -1 th 0 ty 1
VA W T 2 0 7 t 1

Nhu vay L, = t§ + 7.
(i) va (ii) dugc suy ra tir cong thic tinh L,,.

n—1
coe - 1]_ b = N 7z Ln 3 —l_b N
(111)Dat<10> :<CCLd).Dedangco<Ln_1>:(3g+d)va
L

Ln+1 . 4a+3b ~ P Ln—|—1 n
< L >—(4c+3d>~Nh“V‘@YCO( L, Ln_1>
da+3b 3a+b\ _ [a b\[(1 1\ (1 2
4e+3d 3c+d )~ \ ¢ d 10 2 —1
\ 11" (1 2\ _ (Lia Ln
va ta suy ra 1 0 2 1 = Ln Ln—l
g

(v) va (vi) dugc suy ra tut cong thitc tinh L;.
(vii) Dat f = Lo+ Liz+Lox®+ Laa3+- - . Khido taco f(z+a2?) = f—2+a.
Nhirvay (=1 + 2 +22)f =2 — 2hay f = — >
' 2+x—1
(viii) Quy nap theo n,.

n+1
e (101 1 2\ _ (Lpa L, o Fan B ) L
(1X)TU<1 0) <2—1>—<Ln Ln_l)va<Fn Fn_1>_

n+1
11 F..1 F, 1 2 _( Ly Ly, £
dinh thtc hai vé ta duge L,_1L,41 + 5F,_1F,4q1 = L?L + 5F3. ]

Vidu 2.2.8. Xét day ag = a1 = 1 va ayi90 = 3a,.11+2a, voin > 0. Ching
minh TANg Q41010042002 + 9.2 chia hét cho a va a? + 7.2" khin

la s0 nguyén duong chdn.

Bai giai. (i) Biéu dién (agzl) = <? (2)> <CLZE1>' Nhu vay ta co
n n—1

ap+1 \ _ [ 3 2 1 9 3 2 _(a b

<an>_(10> (1)7”91-9@“(10 =\ caq) To
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nhanduocbiéudién<aajl>=(Zj_“3>,(ag+1>=<‘cl g) (?)
. ane1 \ _ [ ba+b o Qpy1  ay ([ ba+b a+b\ _
Vay( an >_<5c+d>va< an, an_1>_<5c+d c+d | —

n—1
a b 5 1 Api1 Qp, . 3 2 5 1 £ .
(o) (31 ) (0 )= (18) (71) riram
thiic ¢ hai vé dé c6 duge dong nhat thic a,,1a, 1 — a? = (—1)""12"1,
(11) Hlén nhién Api19 = 39&,1,1 + 22an,2 va api1 = 11@71*1 + 6an,2. Vay

Ant20n—9 — Gpi10p—1 = (39an_1 + 22a,_2)0n—9 — Qp+1Gp_1
= 224 5+ a,_1[39a,_9 — Gyii]
= 22a% , +a, 1[39a, 2 — (11a, 1 + 6a,_o)]
= —1la’_| + 1la,_[2a,_o + 3a,_1]
= 1la, sa, — 11a> | = (—1)""%11.2".

VAY i1y 10100, _2 = (a2 — 2(=1)".2"][a? + 9(—1)".2"]. Tt day suy ra
he thidc ay1an—1an42an_2 + 9.22" = a2 (a2 + (—1)".7.2") va nhu thé khi
n 1a s6 nguyén duong chin c6 a1, 10,120, + 9.22""1 chia hét cho a?
va a2 + 7.2 O
Vi du 2.2.9. Vdi so nguyén duong n, hay tinh tong T = zn:(akbk_l —
—1

ay_1by)? biét cdc 56 hang a, va by, cia hai day s6 (a,) va (b,) dkuac xdc dinh
bdi:

ag = 3, bo =5

Qpt1 = Qp + 2bn

bpi1 = 3a, + 2b,,n > 0.

Bai giai. Biéu dién ma tran ( g” ) < > (
an N (1 2\"(3 2
()-(52) (3) Dat( ) (
(i, 13a + 19b Cbn1 3a
b, ) =\ 13¢+194 |- 3¢ va suy ra biéu dién
an an1 \ [ 13a+19 3a+50\ (1 2\ /13 3
- 5 —\3 2 19 5 )

bn bn—l
Léy dinh thitc hai vé duge heé thitc a,b,_1 — a,_1b, = (—1)""122""1 Do vay

dn
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Vi du 2.2.10. Xét ba day cdc s6 (x,), (y,) va (2,) duge zdc dinh nhu sau:

ro =4,y = 2,20 =1
Tpy1 = =92, + 2y, + 62,
Yntl = DTy — 32,

Bieu dién x,, Y, 2, theo n.

Tn -9 2 6 Tp—_1
Bai giai. Biéu dién ma tran | v, | = 5 0 =3 Yn—1 | . Nhu
2n —-16 4 11 Zn—1

Ln Tp—1 Ln Zo
vay (%) —A(yn1 ) Va suy ra <yn) —A”(y()).Dathfrcdac
Zn Zn—1 Zn 20
2 6

-9 —=x
5 —xr =3 c6 ba nghiem x1 = —1, 29 = 1,23 = 2 vGi ba
—16 4 11—=x
vectd riéng tuong tng la (1; —1;2),(2; —1;3), 23 = (2; —1;4). Chéo héa ma

tran P~TAP =

-1 =2 0 -9 2 6 1 2 2 1 0 0
2 0 -1 5 0 =3 -1 -1 -1 )=(0—-120].
-1 1 1 —16 4 11 2 3 4 0 0 2

Ln
Yn | qua tich ba ma tran

trung

Tém lai ching ta c6 biéu dién (

Zn,
1 2 2 1 0 0 -1 =2 0 Ty
-1 -1 -1 0 -1 0 2 0 —1 | hay | wn
2 3 4 0 0 2 -1 1 1 Zn
1 2 2 1 0 0 ~1 -2 0 4
- -1 -1 -1 0 (=)™ 0 2 0 -1 2 . O
2 3 4 o o0 -1 1 1 1

2.3 Phuong trinh ham trén N

Muc nay ban vé céch st dung cap s6 nhan va ma tran dé xét mot vai
phuong trinh ham trén tap N.
Vi du 2.3.1. Xét tat cd cic ham f : N — Z théa man dicu kién

{f(0)=1,f(1)=—1
f(n+2)=7f(n+1)—6f(n),n > 0.
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a) = —1, b1 =1
Bai giai. bata, = f(n),b, = f(n—1),n > 1. Khidé < a,+1 = 7a,, — 6b,

bpi1 = an,n = 0.
Do a1+ tby11 = Ta, —6b, +ta, = (7+t)a, —6b, nén ta sé chon ¢ sao cho
(T+8)t = —6. Tirdo ¢, = —1 vty = —6. X6t aps1+tbosr = (T+t)(an+tby)
va €6 api1 + thyr = (7+1)"(aq + tby). Thay t = —1 va t = —6 dugc he
phuong trinh tuyén tinh sau:

{an — b, = —2.6""1

a, — 6b, = —T.
26"+ 7
Vay f(n) = ap, = byy1 = TJF v6l moi n > 0. ]

Vi du 2.3.2. Xdc dinh tdat cd ciac ham f : N — R thod man diéu kién

{f(O) =1,f(1)=2
fln+2)f(n)* = f(n+1)>n > 0.

Bai giai. Bang quy nap, chi ra duge f(n) > 0. Lay loga In hai vé va dit
4t .3l &0:0,a1:1n2
— > 0.
a, =In f(n) véin > 0. Khi dé s = 31 — 241> 0.
a, = 22"t va f(n) =2%"1 v6i moi n > 0. O

Giai ra dugce

Vi du 2.3.3. Xdc dinh tat cd cic ham f : N — Q thod man diéeu kién

1 4
lim f(n).
n—-+o0o

N . Unp, .3, Unp
Bai giai. Dong bac hod qua viéc dat f(n) = —,n > 1. Khi d6 o

Un Un+1

L,n > 1. C6 thé chon day (u,), (v,) thod man u; = 2011,v; = 1
4u,, + Tu,
Up+1 = Up

va Xét vy + tup, = 4v, + Tu, + tv, =

Upa1 = 4v, + Tuy,n > 1.
(4 + t)v, + Tu,. Chon t sao cho t(t +4) = 7 hay ¢t nhan —2 £+ /11 va

Ups1 + tuper = (4 4) (v, + tu,) = -+ = (£ + 4)"(v1 + tug) véi moi
. o, +tu, = (tl + 4>n_1(1 + 2011t1)
noz LNDCEhe oyt + )11+ 201 18,)
(t1 +4)" (1 +2011t1) + (t2 +4)" (1 + 2011¢,)
t1 — to
. —tg(tl + 4)n—1(1 + 2011t1) + (tQ + 4)n—1(1 + 2011t2)

vn .

t1 — 1o

hay c6 biéu dién

n

34



Fn) = U (t; 4+ 4)" (1 + 2011¢1) + (£ + 4)"L(1 + 2011¢,)
n)———
Un, _tQ(tl + 4)n—1(1 + 2011t1) + tl(tg + 4)71—1(1 + 2011t2)
t 4\ n—1
( 2 ) (14 20116) + (1 + 2011¢,)
. ) . t] + 4
va duge lim  f(n) = lim P |
noee e t1< 2 ) (14 2011ts) — t2(1 + 2011¢,)
1+ 4
142011 1 =24 4/11 .
=t (14+2011¢y)  —ty 7

Vi du 2.3.4. Gid st ham [ : NT — RT thod man dieu kién: f(1) = e va
fln) = f(n — Df(n—2)%2... f(1)"1 vdi moi s6 nguyén n > 2. Ching
minh rang

(1) f(3) =€ va f(n+2)f(n) = f(n+ 1) vdi moi s6 nguyén n > 2 va
zac dinh f(n) theo n.

(ll) f(n) = €F2n_1, t?“Oﬂg do FO = F1 = 1, Fn+2 = Fn+1 + Fn,n = 0.

Bai giai. (i) Dat a, =In f(n). Tacdé a; = 1 vaa, = lay,—1+2a, 9+ -+
(n —1)aj. Xét f(x) = a1x + agx® + -+ - + a,a™ + - - - . Khi d6 c6 bieu dién

f@)(lz +22% 4+ +na" +---) = f(x) — .

Tu

=1+ax+2?+234+--- tasuyral:v—l—Qa:Q—i——'-:L.
-z (x —1)2
2

fa) =2+ 5o

ra va so sanh hé s6 ctia 2" v6i n > 1 6 hai vé, nhan dudc a; = 1,a9 = 1,
3

Vay

va duge f(z)(2? — 3z + 1) = 23 — 22° + 2. Nhan

as = 3as, Va a0 — 30,11 + a, = 0 v6i moi s6 nguyén n > 2. Vay f(3) = e
va f(n+2)f(n) = f(n+ 1) v6i moi s6 nguyeén n > 2.

322 3z — 1

Tt cong thic dong f(z) = 3;2—33;——:;6 :x+1+#x+1 ta suy ra

3r—1 1 a’ b?
r)=x+1+ =z+1+ —
f@) 55V -5 la—a v

o ) (@ — )
2 2
3+v5 . 3—+5h a b

,b

.Tacod f(x)=x+1+
)
Vil —ar 1—bx
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vll a =

2 2

—( )
Vitbr—1 axr—1
do ab = 1. Nhu vy f(z) = z+1+ -

. Viét thanh chudi




b a
r) =r+1+—1+ar+a’2*+a23+- - ) ——
f(z) ( 1 ¢51

V5
a —b

va nhan dugc cong thic xac dinh a,, = ——=——. Cong thiic xac dinh

V5

(1+bz+b*2+ 0323+ - -)

n—1 _ bn—l
f(n)=e V5 véi moi n > 2.

1+ /5,202 1 — 5,202
(ii)Tacéa—M—( 2 ) | 2 ) = F
n - \/g — \/g — 2n—1-

Vay f(n) = efzn-1, [

Vi du 2.3.5. Gid st ham [ : NT — RT thod man diéu kién: f(1) = e va
fn—2)% f(n—4)*

oy - =22 =0

fn =11 f(n—3)

i) f(n+2)f(n+1)3f(n) =1 vdi moin > 2.

vdi moi 56 nguyén n > 2. Khi dé ta cé

(i) f(n) = D" et i moi n > 2.

2n
k

Gii) 11 f(k + 1)) = P,
k=1

Bai giai. (i) Dat a, = In f(n). Khi d6 ta ¢6 a3 = 1,a, = —la,—1 +
20,93 — -+ + (=1)"Y(n — 1)a; véi moi s6 nguyen n > 2. Xét f(z) =
a1 + apx?® + asx® + - - . Tich hai chudi luy thita

F(z) = f(x)<—1x+2x2_3g;3+...)
= _1a1x2+<_1a2+2a1>$3+(—1a3+2a2—3a1)x4+---
= ar’ +asx® +agrt +as® + - = f(x) — .
1
1+
—1

(14 x)?

L +a)

dong nhat [alx + agr? + azx® + - - } [xQ + 3z + 1} = 23+ 22% + 2 sé suy ra

Tu =1—a+4+2*>—23+2*—2°+ - suy ra chudi luy thia sau:

= —1+42z—32®+42° —52* +62° — -+ . Do dé6 ta duge

= —lx+422% — 32° + 42* — 52° + .- . Thé vao F(x) c6

) = f(&) = @ bay f(2)[2® + 32 + 1| = 2% + 2% + 2. T
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ngay a1 = 1,as + 3a; = 2,a3 + 3a2 = 0, ap10 + 3a,.1 +a, = 0,n > 2. Vay
fn+2)f(n+1)3f(n) =1 v6i moi n > 2.

2+ 2% o 3z +1
ii) T cong thic doé = =r—1+————
(i) cong thiic dong f 213z +1 +x2+3x+1
3r+1 1 u? v?
=x—1+ =x—1+ —
d 3++5 NG \/S(sc—u :c—v)

(04 2 @+ 22V
35 _3+\/_ 1 u v

o= —_ 1= — 1 _
vord o T T o Vay f=a- +\/§(vx—1 ur — 1
1 ) ~
uv = 1 va nhan duge f =ox — 1+ \/5(1 —vu:c —3 —uvx) Viet thanh chuoi
v U
= r—14+—(14ur+u’2’+ud? 4+ - ) ——(1+vr+v2? +vdd +- -
Fmamte - )

n—1 n—1 n—1
nhan dugce cong thiic xac dinh a,, =

)do

ut— o U — v

T hay a, = T =
1 + \/5)271—2 o (1 - \/S)Qn—Q

(5 2
Vb

6 f(n) = e=V" " ot y6i moi n > 2.

(_1)n—1 . Nhu vay a,, = (—1)n_1F2n_1 va ta

2n 1 2n 1 2n 1 2n
(111) Vi Z anak—l-l = _5 Z an [ukz o Uk] — ( + u) ( + U) nén
k=1 k=1

V5
(1 +2\/3)2n . (1 _2\/5)271

V5

2n 2n n
dién > C% In f(k+1) = Fy, 1. Titday suy ra [] f(k+1)(2k) = ef-1. [
k=1 k=1

2n
S CF apy1 = — F5,_; hay ta nhan dugc biéu
k=1

Vi du 2.3.6. Xdc dinh tat cd cic ham f,g: N — R thod man diéu kién

f(0) = 9(0)
f(n 1) (n)° = ()"610

g(n+1)g(n)'2 = f(n)*e®?, véin > 0.

Bai giai. Lay loga In hai vé va dat a, = In f(n),b, = Ing(n), véi n > 0.
ag = 1, bo =3
Khi d6 < a,.1 = 17a, — 6b, + 10 viin > 0.
bpy1 = 3ba, — 12b,, + 22,
o = 2, Yo — 4
bat x, = a, + 1,y, = b, + 1. Khi d6 ¢ x,,.1 = 172, — 6y, vl moi
Ynt1 = 3T, — 12y,
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Tn+1 - Tn -
n > 0. Biéu dién dang ma tran ( e ) = ( 35 _19 ) < ” ) B
(23 20 -7 3 . )
5 _12 =\l57 0 3 5 _o | nén ta c6 ngay quan
(y>:(§§><20 30n>(_7 _32>(i>vaxécdinhdu?oc
1,b

ap = x, —1 =2(3"" =21 —1b, =y, — 1 =2(7.3" = 5.2") — 1 véi
moi s6 tu nhien n. T day suy ra f(n) = e = e (3"“_2"“)_1,9(71) =
2(737-5.27) -1 -

Vi du 2.3.7. Xdc dinh tdat cd cic ham f,g: Nt — RT thod man dieu kién

f(0) =e? g(0) =e!
f(n) = f(n—1)"g(n—1)*
g(n) =gln—172%f(n—1)%, véin > 1.

Bai giai. Lay loga In hai vé va dat x, = In f(n),y, = Ing(n). Hai day s6
(n), (yn) xac dinh bdi hé cac phuong trinh sau day:

To = 27 Yo = —1
Ty =21x, 1+ 4y,1
Yn = 2Tn-1 + 23yn-1,n = 1.

St dung quy nap theo n duge x, = 2.19",y, = 19". Tom lai f(n) =
e2.19"79(71) — 19" ]

Vi du 2.3.8. Xdc dinh tat cd cic ham f,g: N — RT thod man dieu kién

f(0) = €*,g(0) = ¢’
f(n+1)g(n)° = f(n)'"
g(n+1)gn)? = f(n)*, véin > 0.

Bai giai. Lay loga In hai vé va dat a, = In f(n),b, = Ing(n) véi n > 0.
ag = 2, b() =3

Khi d6 hai day s6 (a,) va (b,) xac dinh béi: { a,11 = 17a, — 60,
b,i1 = 35a, — 12b,, n > 0.

Bicu dién dang ma tran (%Ln ) = (35 i (ZZ: ) va nhu vay
( g;l ) - ( %g __162 ) ( ; > Ma tran ( gl),g __162 > c6 phuong trinh

dac trung 173g:13 _12_96 =22 —5r+6 = (xr —2)(x — 3). Véi gia tri
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rieng © = 2 dugc vecto rieng (2;5) va véi gia tri rieng x = 3 duge vecto

rieng (3;7). Hai vecto nay doc lap tuyén tinh. Dat P = < g ?7) > . Khi d6

ma, tran nghich ddo P~! = ( _57 _32 > va ta c¢6 ma tran hé thic

0 (20 .

s (1)< (5 4 (2)-2(5 £)(2)
hay<zn>:<§ %)(20 30n><_57 _32>(§>Vénhandu6cc6ng

a, = 12.3" —10.2"
b, = 28.3" —25.2" n > 0.
ra f(n) = el23"-10.2" g(p) = 283"-25.2" ]

N

PlAP = <

QO =

thie xac dinh a,, va b,, nhu sau: Tu do6 suy

Vi du 2.3.9. Gid s cdic ham f,g : N — Z% thod man hé dieu kién:
f(0) = e, g(0) = e*
f(n+1) = f(n)g(n)*
gln +1) = F(n)g(n)’,n > 0.
Chitng minh ring |In f(n) —Ing(n)| = 3 vdi moi n > 0 va (In f(2012) +
2)(In g(2012) — 1) chia hét cho 5191, nhung khong chia hét cho 532°,

Bai giai. Lay loga In hai vé va dit a, = In f(n),b, = Ing(n) véi n > 0.
Khi d6 hai day s6 nguyén duong (a,) va (b,) xac dinh béi:

ag = 1, bo =4

Qpt1 = Qp + 4bn

bn_|_1 = QCLn + an
n > 0.

Biéu dién dang ma tran ( z” ) = ( % é > ( zn—ll ) va nhu vay ¢6 < Zn ) _
( % ;)L ) ( 411 ) . Phuong trinh dac trung cta < % 31 ) l1a x_—21 x_—43

2> —4r — 5 = (z + 1)(z — 5). V6i gia tri rieng = 5 duge vécto rieng

(1;1) va v6i gia tri rieng x = —1 duge vécto rieng (2; —1). Hai vécto nay

doc lap tuyén tinh. Dat P = ( % _21 ) . Khi d6 ma tran nghich dao

39



p1— ( %g _21/?3 ) va ¢O ma tran hé thuc

P—lAP:(g _01) hay A:P<8
s (8)- (1) () (3 ) ()
2

()~ (1 2)(3 (5 ) (1 25 ()
a, = 3.5" =2(—-1)"
b, =3.5" 4+ (=1)"
Nhu vay | In f(n)—Ing(n)| = 3,n > 0. Két qua (In f(2012)+2)(In g(2012)—

1) chia hét cho 5*2* nhung khong thé chia hét cho 5*°2° 1a hién nhien. [

Vi du 2.3.10. Gid st cic ham f,g : N* — R" thod man hé dieu kién:
£(0) = €*,g(0) = ¢
f(n+1)g(n)° = f(n)""
g(n + Dg(n)? = f(m)® n > 0.

Tim du ciia phép chia so In f(2011) + In g(2011) cho 2011.

dugce cong thic xac dinh v6i moi s6 nguyén n > 0.

Bai giai. Lay loga In hai vé va dat a, = In f(n),b, = Ing(n) véi n > 0.
agp = 2, b() =3

Khi dé hai day (a,), (b,) xac dinh béi { a1 = 17a, — 6b, Biéu
b1 = 35a, — 12b,,n > 0.

. x . a, \ (17 —6 Ap—1 . ~ an \
dien dang ma tran ( b, ) = ( 35 _19 ) ( by, ) va nhu vay ( b, ) =
( ég __162 ) ( % ) . Ma tran < ég __162 > c6 phuong trinh dac trung

173533 —156—55 = 22— 52+ 6= (z—2)(x —3). V6i gia tri rieng z = 2

duge vecto rieng (2;5) va véi gia tri rieng z = 3 dude vecto riéng (3; 7). Hai

vecto nay doc lap tuyén tinh. Dat P = ( ? % ) . Khi d6 ma tran nghich

)7
2

dido P~ = ( _57 _32 > va ta c6 ma tran hé thic

P—lAP:((Q) g) hay A — P(

0
3
Qp " " _1 2
e () = (5 <) (3) =r(§ ) (3)
hay Cbln g%) 0 30n> <_7 3 )( )Va nhan dugc cong
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a, = 12.3" — 10.2" N
by = 28.3" — 252" p > 0. D0 Pdi
32010 = 1( mod 2011) v2 2291 = 1( mod 2011) nén In £(2011)+1n g(2011)
chia cho 2011 dugc 40.3 — 35.2 = 50. [

thie xac dinh a, va b, nhu sau:

Vi du 2.3.11. Gid st cic ham f,g : N — R thod man hé dieu kién:
£(0) = . g(0) = ¢
f(n+1)g(n)° = f(n)'"e*
g(n + g(n)!2 = £ (n)Pe™ n > 0.
Chatng minh ring
(i) In f(n) = 3"2 — 1( mod 2"3), Ing(n) = —5.2""2 + 1( mod 3"*1)
va quan hé 121n f(n) —51In g(n) = 3" + 272 — 17 vdi moi s6 nguyén
n>0khia=0,b=2.

(ii) 7In f(n) + 10 = 31Ing(n) vdi moi s6 nguyén n >0 khia = 2,b = 8.
Bai giai. Lay loga In hai vé va dat 2, = In f(n),y, = Ing(n) véi n > 0.
Khi d6 hai day (x,), (y,) xac dinh bdi xy = a,yy = b va s6 hang khéc:

Tpy1 = 17z, — 6y, + 22
Yn+1 = 30T, — 12y, +48,n > 0.

Tpi1 +1=17(x, +1) —6(y, — 1)
Ynt1 — 1 =35(x, + 1) — 12(y, — 1).
va ¥, — 1 nhu a, va b, thi c6 bicu dién dang ma tran sau day

ane1 \ _ [ 17 —6 a,
bper )\ 35 —12 b, |-

Vi(ég __162 =(§§)(%g><_57 _32>néntacc’)biéudién
—7

(Zn>:<§%><20 30n><5 _32><%>haycébiéudién

v, +1Y\ [ —82"+9.3" by JTn=—82"4+9.3" — 1

y, —1 ) 7\ —20.2" +21.3" Y Ay = —20.27 +21.3" + 1.
Vige kiem tra 121In f(n) — 5lng(n) = 3" + 2772 — 17 dé ¢6 (i) v6i moi 86
nguyeén n > 0 14 tam thuong.

(i) Biéu dién (zs> . <§ ?)(20” 30n>(g7 _%)(?) hay c6

n+1
(an > - (‘9%371 ) . Nhu vay In f(n) = 2, = 3" — 1,Ing(n) =y, =

(i) Phép bién ddi { Néu coi x, + 1
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7.3" + 1. Tu day suy ra 7In f(n) + 10 = 31In g(n) véi moi s6 nguyén n > 0

khia—=2b=S8. 0
Vi du 2.3.12. Xdc dinh tat cd cic ham f,g,h : N — R thod man dicu
kién

f(0) = e,g(0) = €, 1(0) = €'

f(n+1) = f(n)*9(n)

g(n+1)h(n) = g(n

h(n+1) = g(n)*h(n)?, véin > 0.
Bai giai. Lay loga In hai vé va dit a, = In f(n),b, =Ing(n),c, = Inh(n)
véi n > 0. Khi d6 ba day so (ay,), (bn), (¢,) xac dinh boi ag = 1,by = 2, ¢p =
4 va:
an41 = 2ay, + bn

bn—|—1 - bn — Cp
Cny1 = 20, + 4c,,n > 0.

. an 21 0 ap—1
Biéu dién dang ma tran | b, | = 0 1 —1 bp—1 | va nhu vay ¢
Cn 02 4 Cn_1

an 21 0\"/1
b, 1= 01 —1 2 | . Phuong trinh dac trung cua
Cn 02 4 4

21 0 r—2 -1 0
01 -1 ]1a
02 4

0 z—1 1 |=(z—2)*(x—3). V6igia tri rieng
r = 2 dugc mot vecto rieng doc lap tuyén tinh la (1;0;0); v6i gia tri rieng

0 -2 x—-4

r = 3 dugc vecto rieng (1;1; —2). Hai vecto trén doc lap tuyén tinh, khong

21 0
lap thanh mot co s6 ctia R?. Vay ma tran < 01 —1 ) khong thé chéo hoa
02 4
dugc.
2 e £ N Z N . Z 2. bn ]_ _1 bn_l N
Deé giai quyet tinh huong nay, bien doi c =192 4 o, | Ve

suy ra ( g“ > = ( % _41 ) ( Z ) . Phuong trinh dac trung ctia ma tran

n

A= % _41 la x_—21 a:l4 ‘ = (x — 2)(z — 3). V6i gia tri riéng

r = 2 duge mot vecto rieng doc 1ap tuyén tinh la (1; —1); v6i gia tri riéng

r = 3 dugc vecto rieng (1; —2). Hai vecto nay doc 1ap tuyén tinh, lap thanh

mot co s6 cia R%. Dat P = ( _11 _12 > . Khi d6 ma tran nghich dao

P! = ( _21 _11 ) va ta c6 ngay ma tran P'AP = < 3 g ) hay ta c6
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dugec A =P < g g ) P~1. Tt day suy ra biéu dién dang ma tran nhu sau:

()= (A 2) (5 8) (4 4) (1)

hay b, — 8.2" — 6.3" — 203 _ 9 30l o — _ont3 |4 gt

Van dé xéac dinh a,. Vi ant1 = 2a, + b, = 2a, + 273 — 2.3"*! neén ta tim
v+t=ay=1

a, trong dang a, = (un +v)2" +t3". Taco he ( 2u+2v+ 3t =a, =4
Su+ 4v + 9t = ay = 6.

Giai ra dugc u = 4,t = —6,v = 7 va a, = (4n +7)2" — 2.3"1. Tit day suy

ra f(n) = e(4n+7)2n_2'3n+1,g(n) _ 62"+3—2.3"+17 h(n) = e~ 2P a3t u

Vi du 2.3.13. Xdc dinh tat cd cic ham f,g,h : N — R thod man dicu

kién:
f(0) = €% g(0) = €, h(0) = e
f(n+1)h(n)® = f(n)'g(n)®
g(n+1)h(n)* = f(n)*g(n)’
h(n+ 1)h(n)® = f(n)ig(n)*, véin >0

Bai giai. Lay loga In hai vé va dit a, = In f(n),b, =Ing(n),c, = Inh(n)
v6i n > 0. Khi d6 ba day (ay), (by), (¢,) xac dinh béi ag = a,by = b, ¢y = ¢
va

ag=a,bp=0,co=c

Gni1 = 4a, + 3b, — 3c,

b1 = 2a, + 3b, — 2¢,

Cni1 = 4a, + 4b, — 3c,,n > 0.

an+1 4
Biéu dién dang ma tran ( bnt1 ) = ( 2
Cn+1 4
0
2
0

4 3 -3 1 31 1 0o 2 -1
Vil23 -2 ]=(221 0 1 1 —1 ] néntaco

4 4 -3 3 4 2 0 -2 =5 4

an, 1 31 1 0 0 0o 2 -1 1

b, |=1 2 2 1 02" 0 1 1 -1 1 | hay

Cn 3 4 2 0 0 1 -2 =5 4 1

ay, 3.2 — 2 a, = 3.2" — 2

b, | = 22" =1 |.Dodétanhan dugc { b, =2.2" —1  v6i moi s6

Ch 4.2" — 3 ¢, =4.2"—3

tu nhien n. Tit day suy ra f(n) = €3 72, g(n) = "~ h(n) = ¥ 3. O
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Vi du 2.3.14. Xdc dinh cdc ham f, g, h : N* = Q thod man diéu kién:

f(l):3,9(1):4,h()

fln+1) =3f(n )+2h(n)
g(0-+1) =57(n) £ 2h0) +

h(n+1) = ()+3h(n)+2n 1.

(i) Ching minh rang 2f(n)g(n) + 1 la mot s6 chinh phuong.

(ii) Tinh ngrfoo %
Bai giai. (i) Ky hieu z, = f(n),y, = g(n),z, = h(n). Ta c6 su tuong

duong gitta hé da cho va hé truy hoi sau day:

ry = 37y1 :47Z1 =95
Tpil = 3Ty, + 22, + 1
Zna1 = 4z, + 32, + 2
Yn+1l = Tpy1 T 17n > 1.

Dat z, = t, — 3 ta c6 hée sau tuong duong véi hé ban dau:

(21 =3, 1 =4,21=25
tnt1 = 3ty + 22,
“n+l = 4t, + 3z

1

Tpt1 = tpy1 — 5

(Un+1 = Tpt1 T I,n>1.

Ta bicu dién t,11 + Azpp1 = (3 + 4\)t, + (2 + 3X)z,. Chon A\ dé sao
+v2

cho (2 4+ 3)) = A3+ 4)) hay 402 — 2 = 0. Khi d6 A\p = V2

tne1 + Aznt1 = (3+4N)"(t1 + Az1). V6i A = A2 ta ¢6 hé phuong trinh

{tn—i—l + Mznp1 = (3 +4M)" (T + Miz1), (1)
tni1 + Aozni1 = (3 +4X)"(t1 + Aoz1), (2).

va

Véi (1), (2) ta c6 22,y, + 1 = 22 v6i moi n > 0.
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(ii)) T (1) va (2) suy ra cac cong thic xac dinh x,41, Yni1, 2n41 dudi day:

L RB A 50) — M3+ A (4 5
Tp+l = — 3 + 2 \ \ 2
7 2 7
Lo L A3+ 4M)" (5 + M) = MB AN (G +5h)
n+1 9 )\2 _ )\1
(3+ 4)\1)”(z +5M) — (3+ 4>\2)”(Z +5X)
Znal = 2 N 2 ,n=0
(f(n—l—l) _ 1, (34 2v2)"(7 + 5v/2) + (3 — 2v/2)"(7 — 5V/2)
2"
Lot 1) = %+ (34 2v2)" (7+5I)Z(3—2f) (7—5v2)
b 1) — (34 2v2)"(7T+5v2) — (3 — 2v2)"(7 — 5V/2) =0
\ 22 T

fn) 1 -

(ii) Dé dang suy ra ngrfoo hin) = 7
Vi du 2.3.15. Xdc dinh cic ham f,g,h : N — R*Y thod man hé dicu kién:
f(0)=e 79(0) =%, h(0) = ¢*
(n+ Dh(n)* = f(n)'g(n)’
g(n+1)h(n)* = f(n)*g(n)’
(n+ Dh(n)* = f(n)'g

(n)
(n)4n >0
va chi ra (In f(n)Q)2 + (Inh(n) ) (Ing(n) )2 vdi moi s6 nguyén n > 0.

Bai giai. Lay loga In hai vé va dit a, = Inf(n),b, = Ing(n),c, =

it 43 —3\ /a,
In h(n) ta c6 biéu dién dang ma tran ( bpi1 ) = ( 2 3 =2 ) ( b, )
Cni1l 4 4 -3 Cn
4 3 =3 1 31 100 0 2 -1
Vi 232)(221) 020 1 1 1>néntacé
4 4 -3 3 4 2 001 -2 =5 4
an 1 31 1 0 0 0 2 -1 3
<bn> (221)(0 2”0)(1 1 1><2>haybiéudlen
Cn 3 4 2 0 0 1 -2 =5 4 4
an 3.2" X
by, ) = ( Z.Q” ) Do d6 ta c6 cong thic f(n) = e*?" g(n) = ", h(n) =
Ch, 2"
2" (1nf(n)2)2 + (In h(n)2)2 = (1119(71)5)2 vol moi s nguyén n >
0 []
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u 2. 3 16 Gid st cic ham f,g,h : N — RT thod mdan hé diéu kién:

Vi d
£(0) =€, g( )—6 h0) = ¢’
fn+1) =ef(n)’ ()2
g(n+1 ) = e’ f(n)? ()2

h( 1) = e*f(n)'h(n)*,n > 0.

) Chiing minh ring In® h(n) = In® f(n) 4+ In* g(n) va 21n f(n)In g(n) +
1 = In? h(n) vdi moin > 0.

(ii) Xac dinh f(n),g(n), h(n) theo n.

In f(n)
(iii) Tinh nl_l)lgloo I h(n)’

Bai giai. (i) Lay loga In hai vé va dat a, = In f(n),b, = Ing(n), ¢, =
In h(n) ta c6 sy tuong duong gitta hé da cho va hé truy hoi sau day:

o = 3>?J0 :47ZO =95

Tpil = 3T, + 22, + 1

Zna1 = 42, + 32, + 2
Yn+1 = Tpy1 + 1,0 = 0.

bat z, =t, — 3 ta c6 hé sau tuong duong véi hé ban dau:

xo—gyo 420—5

n—H - 3t + 2271
) Zni1 = 4t,, + 3z,
1

Tn+l1 = tn+1 - 5

(Un+1 = Tp+1 + 1,10 2> 0.

Ta biéu dién t,11 + Azpy1 = (3 + 4N)t, + (2 + 3X)z,. Chon A dé sao
+v2

cho (24 3)\) = A(3 + 4)) hay 432 — 2 = 0. Khi d6 A = V2

tn—l—l + )\Zn—H = (3 + 4)\)”(751 + )\21) V6i A = )\172 ta co hé phu’Ong trinh

tn + )\12n = (3 + 4)\1)n(t0 + )\120), (1)
ty + Aoz = (3 4+4X2)" (to + A220), (2).

va

Véi (1), (2) ta c6 22 — 22 = 213 — 22. Vayz2 = 222 + 2z, +1 = 22 +
(x, + 1)? = 22 + 92 va2z,y, + 1 = 22 v6i moi n > 0. Tit d6 suy ra
In*h(n) = In® f(n) + In? g(n) va 21In f(n)lng(n) + 1 = In® h(n) véi moi

n > 0.
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(ii) T (1) va (2) suy ra cac cong thic xac dinh x,, y,, 2, dudi day:

( 1 )\2(3 -+ 4)\1)”(% + 5)\1) — )\1(3 + 4)\2)”(; + 5)\2)
Ty =—7=+
2 ] Ao — Ay ]
) 1 )\2(3 -+ 4)\1)”(5 -+ 5)\1) — )\1(3 + 4)\2)”(5 -+ 5)\2) hay
=3 N — M
(3 4+ 40)7 (% 4 5AL) — (34 40)" (£ + 5y)
o 2 2 0> 0
L AL — Ao ’
'x _ 1, (34 2v2)"(7 + 5v/2) + (3 — 2v/2)"(7 — 5V/2)
n= Tyt
!, L (3 +2v2)" (7+5\/‘)+( — 2y/2)"(7 — 5/2)
B (23 + 2V2)M(T + 5V/2) — (34— 2V2)"(T-5V2) 0
\zn = 2\/§ ,n = 0.

Diéu diic biet 1a day cac sé nguyeén duong z,, yn, 2, dude tinh qua v/2. Nhu

vay f(n) =e™ g(n) = e¥ va h(n) = e*.
n 1
(iii) Dé dang suy ra ngrfoo 12‘22 ; ngrfoo j—n = 7 O

Vi du 2.3.17. Xdc dinh cic ham f, g, h: N — RT biét ching thod man hé
f(0) = ¢t ,g(O) = ¢e8, h(0) = el®

f(n)h(n —1)*" = f(n —1)*g(n — 1)*!
gn)h(n —1)* = f(n —1)g(n — 1)*
h(n)h(n — DY = f(n — 1)®g(n —1)®,n>1

va chi ra In f(n) i 292 Ing(n) @ 273 Inh(n) i 2" va khong chia hét
In f(n) /23 Ing(n) /2", Inh(n) [2%%° vdi moin > 0.
Bai giai. Lay loga In hai vé va dat =, = In f(n),y, = Ing(n), z, = Inh(n)
Ba day s6 (x,), (yn), (2,) xac dinh béi hé cac phuong trinh sau day:

Q?0—12y0 820—16

- 30xn—1 + 21yn—1 21Zn—1

yn =14z, 1+ 23yn71 — 14z,

Zn = 28%Tp1 + 28yp—1 — 192,_1,n > 1.
X6t 2 + tyn = (30 + 140)a0 1 + (21 + 236)yn_1 — (21 + 14)2,_1. Chon
t sao cho 21 + 23t = ¢(30 + 14t) hay 2t> +t — 3 = 0 va nhu vay t = 1
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3 3 3
hodc t = —5 V6i t = —5 ta c6 x, — o¥n = I xp1 — §yn_1) VA suy ra

3 3 3 3
Tn = 5Yn = 9" (xo — §yo) = 9"(12 — 58) — 0. Ta nhan duodc z,, = S Un- Xet

Yn+uz, = (144+28u)x, -1+ (234 28u)y,—1 — (14+19u) 2, 1. Chon u sao cho
(23 +28u)u = —14 — 19u hay 28u? +42u+ 14 = 0 vi nhu vay u = —1 hoac

1 1 1
u=——.Véiu=—=taco Yn—5En = N Yn_1 —§zn_1) VA suy ra Yn— 5% =
1 1
9"(yo — 520) =9"(8 — 516) = 0. Ta nhan dugc y,, = 5% Tém lai ta c6
3 3
Tn = ZYn Tn = —2n 5
% hay % Quy nap theo n dé dang suy ra
Yn = §zn Yp = Ezn,n > 0.

24n+3

Tp = 12.16", y, = 8.16", z, = 16.16". Tom lai f(n) = 32", g(n) =
va h(n) = 2" thoa man In f(n) : 2472 Ing(n) : 243 In h(n) : 244 va
khong chia hét In f(n) /2% Ing(n) [ 2% Inh(n) [ 2" v6i moi
n > 0. ]

Vi du 2.3.18. Gud s cdac ham f,g,h : N — R" thod mdn hé dieu kién:
£(0) = e, g(0) = ¢, h( ) =
fn+1D)h(n)*> = f(n)! (n)3
g(n+1)h (n)2 f(n)*g(n)’
Ao -+ D) = fn)ig(n)’n > 0.
Khi do hay ching minh cdc ket qud sau:

(i) In f(n) +1Ing(n) = Inh(n) vdi moi so6 nguyén n > 0 khi a = 1,b =
2,c=3.

(i) In f(2010) = In g(2010)+1n ~(2010)( mod 2011) khia = 3,b =2,¢ =
1.

(iit) In f(n)Inh(n) = 31In* g(n) vdi moi s6 nguyén n > 0 khi a = 12,b =
8,c = 16.

Bai giai. Lay loga In hai vé va dat a,, = In f(n), b, = Ing(n),c, = Inh(n).
Khi d6 ba day (ay), (b,), (¢,) xac dinh béi cac phuong trinh sau:

(ap=a,bp =b,co=c
Gpi1 = 4a, + 3b, — 3c,
b1 = 2a, + 3b, — 2¢,

Cni1 = 4a, + 4b, — 3¢,
(n > 0.
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(079 4 3 -3 an—1
Biéu dién dang ma tran | b, | = [ 2 3 -2 bp—1 | va nhu vay c6
4 4 -3

Cp Cn—1

an 4 3 -3\"/a
b, | =1 2 3 -2 b | . Phuong trinh dic trung cua
Cn 4 4 -3 c

4 3 =3 r—4 =3 3
2 3 -2 ]l
4 4 =3

-2 -3 2 |=(x—1)%x—2). V6igia tri rieng
r = 1 dugc hai vecto rieng doc 1ap tuyén tinh la (1;2;3) va (1; 1; 2); véi gia

—4 —4 x+3

tri rieng © = 2 duge vecto riéng (3;2;4). Ba vecto nay doc lap tuyén tinh.

1 31 0o 2 -1
bat P= | 2 2 1 |.Khidé ma tran nghich ddo P! = 1 1 -1
3 4 2 -2 -5 4

va ta c6 ngay ma tran hé thic P 'AP = hay ta c6 dugc

OO
N O
_—o o

1 00
A=P ( 020 ) P~1. Tt day suy ra biéu dién dang ma tran nhu sau:

001
a, 3 1 0 0 0 2 -1 a
by, 2 0 2" 1 1 -1 b |.
Cn 4 0 0 1 -2 =5 4 c
an, 3 1 1
(i) Taco | by, | = 2 O =12 | khia=1,b=2va
Cn 4 0 3
¢ = 3. Nhu vay a, = 1,b, = 2,¢, = 3 valn f(n) +Ing(n) = Inh(n) véi
moi n > 0.

an, 1

(ii)) Ta c6 | by = | 2
Cn 3

9

Nhu vay a,, = 3.2"*2 — 9,5, = 2" — 6, ¢, = 2" — 15 v6i moi n > 0. T
day suy ra In £(2010) = In ¢(2010) + In 7(2010)( mod 2011)

an 1 32" 1 0
(iii) Taco | b, | = 2 22" 1 4 | khia =12,b = 8 va ¢ = 16.
Cn 3 4.2" 2 0

Nhu vay a, = 3.2"2,b, = 2"3 ¢, = 2" v6i moi n > 0. T day suy ra
In f(n)Inh(n) = 31n* g(n). [

e
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2.4 Xay dung phuong trinh ham tw bai toan da biét

Vi du 2.4.1. Gid st cic ham f,g,h : N — R thod man hé diéu kién:
(f(0) = €', 9(0) = €*, h(0) = e'°

In f(n) In f(n—1)

Ing(n) | = (A24+A+E) [ Ingln—1) |, n>0

In h(n) Inh(n —1)

4 3 =3
viiA=1 2 3 =2 |.
\ 44 -3

Hay zdc dinh udc chung lén nhat (In f(2011),1n g(2011),1n h(2011)).

7\

Bai giai. Dat a, = In f(n),b, = Ing(n),c, = Inh(n). Ba day s6 (x,),
(yn), (2n) xac dinh béi cac phuong trinh sau:

Ty — 12,y0:8,20: 16

ajn xn—l 4 3 —3
Yo | =(A2+A+E)| yor | véin>0vsiA=| 2 3 =2
ZTL Zn—l 4 4 —3

St dung quy nap theo n dugc x, = 12.7",y, = 8.7", 2, = 16.7". Tu day
suy ra wde chung 16n nhat (In f(2011),1n¢(2011),In 2(2011)) = 4.7, O

Vi du 2.4.2. Gid st cic ham f,g,h : N — R thod man hé diéu kién:
(f(0) = e'?,g(0) = €, h(0) = e
In f(n) In f(n—1)
Ing(n) | = (A24+24A+4E) | Ingln—1) |, n>0
In h(n) Inh(n —1)

43 -3
wiiA=|23 -2 |.
\ 44 -3

Hay ching minh 41n f(n) = 61lng(n) = 3Inh(n) vdi mein > 0.

7\

Bai giai. Dat a, = 1In f(n),b, =Ing(n),c, = Inh(n). Ba day s6 (z,),
(Yn), (zn) xac dinh béi cac phuong trinh sau:

Ty — 12,y():8,20: 16

Tn Tn-1 4 3 _3
Yo | = (A24+2A+4E) | yoq | vOin>0veid=| 2 3 -2 |.
Zn Zn—l 4 4 _3
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St dung quy nap theo n duge x, = 12.12", y,, = 8.12", 2, = 16.12". Tu day
suy ra 41n f(n) = 61Ing(n) = 3Inh(n) v6i moi n > 0. []

Vi du 2.4.3. Gid st cac ham f,g,h : N — R" thod man hé diéu kién:

(f(0) =€, g(0) = €%, h(0) = €'
In f(n) Inf(n—1)
Ing(n) | = (242 +A+6E) | Ing(n—1) | vdin >0
< \ Inh(n) Inh(n—1)
4 3 =3
viiA=1| 2 3 =2
4 4 -3

\
Hay chiing minh In f(n) @ 2472 Ing(n) i 2473 Inh(n) @ 2% va khong
chia hétIn f(n) 72%3 Ing(n) 724 Inh(n) 72" vdi mein > 0.
Bai giai. Dat a, = In f(n),b, = Ing(n),c, = Inh(n). Ba day s6 (z,),
(Yn), (2n) xéc dinh béi cac phuong trinh sau:

ro=12,y0 = 8,2y = 16

'SUTL Tn-1 4 3 —3
Yo | = QA2+ A46E) | yu1 | v6in>0v6iAd=| 2 3 -2
Z’I’L Zn—l 4 4 _3

St dung quy nap theo n duge x, = 12.16", y, = 8.16", 2, = 16.16". Tu day
suy ra In f(n) i 2472 Ing(n) i 2973 In h(n) : 297 va khong chia hét
Inf(n) /23 Ing(n) /2" Inh(n) /2" v6i moin > 0. [
Vi du 2.4.4. Gid st cic ham f,qg,h : N — R" thod man hé dieu kién:

(F(0) = ¢!, g(0) = 2 h(0) = ¢
In f(n) Inf(n—1)
Ing(n) | =(A*4+A+E) | Ing(n—1) | vdin >0
3 \ Inh(n) Inh(n—1)
4 3 =3
vl A=\ 2 3 =2
\ 44 -3

Chiing minh ring In f(n) 4+ Ing(n) = 3"+,
Bai giai. Dat a, = In f(n),b, = Ing(n),c, = Inh(n). Ba day s6 (z,),
(Yn), (2n) xéc dinh béi cac phuong trinh sau:

I‘Ozl,y0:2720:3

Tn Tn—1 4 3 _3
Yo | =(A2+A+E)| youa | véin>0vaA=[2 3 -2
Zn Zn—l 4 4 _3
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St dung quy nap theo n duge z,, = 3", y, = 2.3", z, = 3"7L. Tt day suy ra
In f(n) +Ing(n) = 3"+ [

Vi du 2.4.5. Gid st cac ham f,qg,h : N — R" thod man hé diéu kién:

(£(0) = €', g(0) = €* 1(0) =
In f(n) Inf(n—1)
Ing(n) | = (A*+2A+4E) | Ing(n—1) | vdin >0
< \ Inh(n) Inh(n—1)
4 3 =3
viiA=1| 2 3 =2
4 4 -3

\
Chaing minh ring In f(n)In g(n) = 2.7%".

Bai giai. Dat a, = In f(n),b, = Ing(n),c, = Inh(n). Ba day s6 (z,),
(yn), (2n) xac dinh béi cac phuong trinh sau:

xo=1lyo=2,20=3

xn xn—l 4 3 —3
Un | = (A2 +2444E) | yp1 |, n>0v6iA=| 2 3 -2
Z’I’L Zn—l 4 4 _3

St dung quy nap theo n duge x, = 7, y, = 2.7", 2, = 3.7". Tu day suy ra
In f(n)Ing(n) = 2.7%". O
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2.5 Két luan

Trong luan van nay ching toi da trinh bay duge nhitng van dé co ban sau:
(1) Stt dung dai s6 tuyén tinh, ma tran va dinh thic, vao giai hé truy hoi.
(2) Xay dung dugc nhiing phuong trinh ham méi trén tap N.

(3) Xay dung dugc mot vai phuong trinh ham méi qua phuong trinh da
biét.
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