DAI HOC THAI NGUYEN
TRUONG DAI HOC KHOA HOC

Luu Thi Minh Thuy

CAC DONG NHAT THUC DAI SO
SINH BOI HAM LUONG GIAC
VA AP DUNG

LUAN VAN THAC SY TOAN HOC

THAI NGUYEN - NAM 2013

So hoa b6i Trung tam Hoc lieu http://Irc.tnu.edu.vn/



DAI HOC THAI NGUYEN
TRUONG DAI HOC KHOA HOC

Luu Thi Minh Thuy

CAC DONG NHAT THUC DAI SO
SINH BOI HAM LUONG GIAC
VA AP DUNG

Chuyén nganh: PHUONG PHAP TOAN SO CAP
Ma s6: 60.46.01.13

LUAN VAN THAC SY TOAN HOC

Ngudi huéng dan khoa hoc
GS. TSKH. NGUYEN VAN MAU

THAI NGUYEN - NAM 2013

So hoa b6i Trung tam Hoc lieu http://Irc.tnu.edu.vn/



Muc luc
M6 dau 2
1 Piang thic lugng giac 4
1.1 Mot s6 dong nhat thic gitta cic da thic luong giac . . . . 4
1.1.1 Dinh nghia va tinh chat ctia da thic lugng giac . . 4
1.1.2 Mot s6 dong nhat thiic gitta cac ham s6 lugng giac 5
1.1.3 Tinh gia tri cia mot sé biéu thic luong giac . . . . 10
1.2 Heé thic lugng giac trong tam giac . . . . . . . . . ... .. 12
1.2.1 Céac hé thic co ban trong tam giac . . . . . . . .. 12
1.2.2 Cac hé thic lugng gidc thuong gap trong tam giac 14
1.3 Mot s6 dang he thic lugng giac trong hinh hoc . . . . . . 16
2 Céac dong nhit thic dai sé lien quan dén bién doéi luong
giac 24
2.1 Céac dong nhat thiic dai s6 lién quan dén ham sin va cosin 24
2.2 Cac dong nhat thic dai s6 lien quan dén hdm tang va cotang 31
2.3 Mot s6 dang dong nhat thidc ham . . . .. ... ... ... 37
2.3.1 Phép chuyén doi bao toan géc clia tam giac . . .. 37
232 Apdung . ... ... 48
2.3.3 Phép chuyén doi bdo toan canh cta tam giac. . . . 51
234 Apdung . ... ... 57
3 Mot s6 16p phuong trinh va bat phuwong trinh trong dai sb
giai bing cac dong nhat thic 60
3.1 Giai va bién luan phuong trinh bacba . . .. ... .. .. 60
3.2 Giai va bién luan hé phuong trinh daisé . . ... ... .. 71
3.3 Mot s6 dang bat dang thiic dai s6 giai bang bién doi luong
CIAC . . . o 78
Két luan 87
Tai lieu tham khao 88

So hoa b6i Trung tam Hoc lieu http://Irc.tnu.edu.vn/



MG dau

Dong nhat thic 14 mot trong nhitng khai niém co ban ctia chuong trinh
Toan & bac hoc pho thong. Dac biét, & cac trudng THPT chuyén va cac 16p
chuyén toan c6 rat nhiéu dang toan lién quan dén dong nhat thic. Trong
cac dé thi tuyen sinh dén cac dé thi hoc sinh giéi cac cap c6 nhiéu bai toan
vé phuong trinh, bat phuong trinh va hé bat phuong trinh ...dugc giai bang
cach 4p dung cac dong nhat thic dai s6 sinh bdi ham luong gidc. Hién nay
cac tai lieu c¢6 tinh hé théng vé van dé nay con chua duge dé cap nhieu.

Dé dap tng nhu cau hoc tap va giang day mon Toan 6 bac phd théng,
luan van "Céac dong nhat thic dai s6 sinh bdi ham lugng gidc va 4p dung”"
nhim hé thong va gidi quyét cac bai toan lién quan dén dong nhat thic
dai s6 sinh béi ham lugng giadc. Luan vin dugc chia ra lam ba chuong.

Chuong 1 - Néu mot s6 dong nhat thic gitta cac ham sé va da thic
luong giac, dong thoi trinh bay cic hé thitc lugng gidc trong tam gidc va
mot s6 dang hé thic lugng giac trong hinh hoc.

Chuong 2 - Trinh bay cac dong nhat thiic dai s6 lién quan dén ham sin,
ham cosin, ham tang va ham cotang. Dic biét trong chuong nay con trinh
bay mot s6 dong nhat thitc ham v ap dung ctia ddng nhat thic ham dé
sinh ra cac bai toan vé ching minh ding thic, bat ding thitc lugng giac
trong tam giac.

Chuong 3 - Sit dung cic dong nhat thic dai s6 néu ¢ chuong 2 dé giai
va bién luan phuong trinh bac ba, giai va bién luan hé phuong trinh dai sb.
Phan cubi ctia chuong trinh bay mot sé dang bat dang thitc dai sé dugc
giai bang bién doi lugng giac.

Dé hoan thanh luan vin ndy, truéc nhat tac gia xin dudc gii 16i cdm on
sau sac téi GS.TSKH Nguyén Van Mau da danh thoi gian huéng dan, chi
bao tan tinh gitp dé trong sudt qua trinh xay dung dé tai cting nhu hoan
thién luan van. Tiép theo, tac gid cling xin gii 10i cAm on chan thanh cac
thay co da doc, kiem tra, danh gia va cho nhing ¥ kién quy bau dé luan
van dugc day du hon, phong phi hon. Qua day, tac gid ciing xin dudc gii
161 cam on t6i Ban giam hiéu, phong Sau Dai hoc, phong Dao tao, khoa
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Toan - Tin Truong DHKH, Dai hoc Thai Nguyén va cac ban dong nghiép
da tao dieu kieén thuan loi trong suét qua trinh hoc tap tai truong.

Tuy ban than c6é nhiéu c¢d ging, song thoi gian, trinh do va diéu kién
nghién ctu con han ché nén luan vin khé tranh khoéi nhitng thiéu sé6t. Rat
mong dudc su déng gop ¥ kién ciia cac thay co va cac ban dong nghiep dé
luan van dugc hoan thién hon.

Tac gia xin chan thanh cam on!

Thai Nguyén, Thang 07 nam 2013.
Luu Thi Minh Thuy
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Chuong 1

Pang thic luong giac

1.1 Mot sdé dong nhat thic giita cac da thitc luong
glac

1.1.1 Dinh nghia va tinh chat ctia da thic lugng giac

Pinh nghia 1.1 (Xem [5]). Ham s6 ¢6 dang
A,(x) =ag+a;cosx + bysinx + -+ + a, cosnx + b, sinnx,

trong d6 a, va b, khong dong thai bang 0 (tic 1a a2 +02 > 0), a;,b; € R v6i
i=0,1,...,n;5=1,2,...,n dugc goi 1a da thic lugng gidc bac n (n € N*).
Khi tat cad cac b; =0 v6i j = 1,2,...,n ta co

Dinh nghia 1.2 (Xem [5]). Ham s6 ¢6 dang
Cn(x) = ag + ay cos T + ay cos 2z + - - - + a,, cosnx (a, #0),

dudc goi 1a da thiic luong gidc bac n theo cosin. Tuong tu, khi tat ca céac
a;=0v61:=0,1,...,n tacod

Dinh nghia 1.3 (Xem [5]). Ham s6 ¢6 dang
Sp(z) = by + bysinx + bysin 2z + - - - + b, sinnz (b, #0),

dudc goi la da thic luong gidc bac n theo sin.
Sau day, ta liet ke mot s6 tinh chat don gian ctia da thitc lugng giac.

Tinh chéat 1.1. Tong clia hai da thic lugng giac A,(z) va B, (z) 1a mot
da thic lugng gidc ¢6 bac nhé hon hodc bang max {n, m} .

Tinh chéat 1.2. Tich cla hai da thic lugng giac A,(z) va B,,(r) 1a mot
da thic luong gidc c6 bac bang n + m.
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Tinh chéit 1.3. Néu da thic luong giac
A,(x) =ag+a;cosx + bysinx + -+ + a, cosnx + b, sinnx,

d6 nhat bang 0 v6i moi x € R, thi tat ca cac hé s6 clia né déu bang 0,

ng

c la
aozal:b1:a2:b2:---:an:bn:0.

1.1.2 Mot sdé dong nhat thic gitta cac ham sé lugng giac

Bai toan 1.1. Biéu dién cic ham s6 sin™z va cos” x duéi dang cac da thic
lugng giac.
Lot giai. Gia st z = cost + isint. Khi do6

27t = (cost 4 isint)” = cost —isint.

Do dé6

2+ 271 . _ z— 271
cost = 5 va  sint = 5
i
Ta co
(Z+Z_1)n _ Zn+C71LZn—1 CQ n—2 —2 Cn 1 —n+1 +Z—n
)+ O ) 4 OF (néu n chén),
= n—1
"+ 2"+ O 24 27D 4 4 CRT (24271 (néu n 18).

(Z—Z_l) _Z _Olnl _{_02n2—2+_.+(_1)”2—n

[ e O e ) e (FDECE,
(2" —2) = C "2 — 2 D) oo (=) CZ (2 — 270,
Vay
( 1 1 » 2 -
ST [cos nx+ Clcos(n —2)x + -+ 507%} (néu n chén),

COS T = « 1

{COS nx + Clcos(n —2)x + -+ + CrZ cos x} (néu n 1é).

\ 2n—1

ﬂ
2

{2cosn:c—201cos(n—2) 4+ (—1)2 rﬂ,
sin”" x = < - )nl

\ on

n—1

[2 sinnz — 2iC sin(n — 2)x + - + (=1)"7 C,?

2 sin x}
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Bai toan 1.2. Ching minh ring ham s6 f(z) = sin®”z (p 1a mot s6 tu

nhién) 14 mot da thic lugng gidc theo cosin.
Lot giai. Tu cong thic e = cosx + isinx dé dang suy ra

. eix . e—iw eiw + e—iw
SN = ———— COSl = —m——-
21 2
Do do6
ei:r _ e—i:r 2p
sin ¢ = <27> ;
[
suy ra
2p
f(.%') — (;2];))1) . ( )kck zk:r —2(2p k)x
k=0

2% k=0 f—t
_ (—1)1) ) P_l( )k;Ck; ( 2i(k—p)x + 6_2( ) I %
— 22p 22p
k=0
(_l)p - C?

Vay f(x) la mot da thic lugng giac bac 2p theo cosin.

(1) (%= 2
_ . ( 1)1405 2ikx— 21pw+ Z kck 2i(k—p)x +_p

Bai toan 1.3. Cho cap sb cong {a,} v6i cong sai d. Tinh cac tong sau:

n
a) S, = > sina,
k=1

b) T, = XR: COS ay,.

h=1

Lo gidi.

a) - Néu d = 2km (k € Z) thi S, = nsina,.

- Néu d # 2krn (k € Z) thi sing # 0. Ta c6

d
2sin a,, sin 5= 2sinfa; + (n — 1)d] sin =

2
3

1

= cos [al + (n — §)d} — COS {al + (n — E)d]
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3
Xét g(n) = cos {al + (n — §)d}, ta ¢

d
2sina,. Sin§ =g(n) —g(n+1).
Vay

(

d
2sina;. sini =g(1) — g(2),

d
2 8in a,. sin§ = g(2) — ¢g(3),

7\

d
2sina,. Sin§ =g(n) —g(n+1).

\
Cong cac dong nhat thitc theo vé, ta dugc

25, sing =g(1) —g(n+1)

= cos (@ = §) — cos [a, + (n— 5)d

2
= —2sin (a1 + n ; ld) sin ( — gd)
Do dé
o - sin (a1 + %_ld) sin (gd) |
sin%Z

b) Theo cach giai nhu trén, ta thu dugc
- Néu d =2kn (k € Z) thi T, = ncosa;.
- Néu d # 2kr (k € Z) thi

n—1 n
cos (a1 + d) sin —d
o 2 2"
n . d
sin —
2
Chu y 1.1. Nhu vay, véi moi mot cap s6 cong, ta tim dude mot cong thiic

tinh tong tuong ng. Chang han, véi x # In(l € Z) ta cb

T, = Z cos(2k — 1)z

k=1

COS (x + nT_l-Qx)-Sin (ng) _ cosna. sinnz  sin 2nx‘

2z sin x 2sinx
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Nhan xét 1.1. V6i nhiing gia tri ctia x sao cho sin2nz = sinx (sinz # 0)
1 Z Z
thi ta ludn c6 1,, = 3 T do, ta thu dugc mot so ket qua sau:

. ﬂ- 7
Véin =2, chon x = = ta co

T N 3T 1
COS — + COS — = —-
H 5 2

. ﬂ- pd
Véin =3, chon z = = ta co

T 3T DT 1
cos7+cos7+cos7 = —-
Véin =4, chon z = g, ta co
78 37 5% 777_1
COS§+COS?+COS?+COS? = —-

Bai toan 1.4. Tinh cac tong sau:

S. =Y ksinkz, T,=> kcoskz véiz+#2r (l€Z).

k=1

Lot gidi. Tru6e hét, ta nhic lai ring

i P sin (n;L 1x) sin (gx)
k=1

. X ?
sin —
2
n+1 n
n coS ( x) sin —x
Z coskxr = 2 T 2.
k=1 sin 5

Ta co:

= Zk sin kx = Z[ (coskz)] (Z oS kx) :

k=1

T, = Zk coskx = Z[ sin k) | (Z sin kx) :

Tt d6 suy ra cac cong thic can tim.
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Bai toan 1.5. Cho cip sb cong {a,} v6i cong sai d. Tinh tong

n
S, = g k sin ay.
k=1

Lot giai. Xét B, = ) sinay. Ta co

k=1
n—1 n—1
Su=)Y k= (k—=1)]Bi+nB,=—-) Bi,+n.DB,
k=1 k=1
Theo két qua Bai toan 1 ta co
. 1
_Néud=2lr (l€Z)thi S, = ("; sin ar.

- Néu d # 2i7 (I € Z) thi

L senleg) el (-2)

k=1 2 sinil
2
) n—1 .mn
sin <a1 + 5 d> sin (Ed)
d

sin —

2

(S -D) -Eenlor (-3)4

k=1

+n

2
. —1 . /n
—2n sin <a1 + Td> sin (§d)}
Trong do6
d — 2 —1

n—1 d cos<a1—§+n2 d)sim(n2 d)
Zcos(a1+§+kd>: y )
k=1 sin D)
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Nhan xét 1.2. Tuong tu ta cing tinh dude cdc tong dang

n n n
T, = E kcosa;,, U,= E apsinb,, V, = E ay, cos by,.
k=1 k=1

k=1

Trong dé {a,} va {b,} la hai cap s6 cong.

1.1.3 Tinh gia tri cia mot sd biéu thic lugng giac

Bai toan 1.6. Tinh cac tong sau

2 3
1) Slzcosg—cosngcos?ﬁ-
2) g T n 37T+ 57T+ 77T+ 97
= c0S — + cos — -+ cos — + cos — -+ cos —-
? 10 10 10 10 10
Lot giaa.
1) Ta c6
5 g 77( T 27T+ 37r)
sin —(cos — — cos — -+ cos —
7 7 7 7
2,7T 7T2,7T 27T+2,7T 3T
= 28In — cos — — 2sin — cos — sin — coS —
7 7 7 7 7 7
.27 (_37T _7T>+(_47T ,27r)
= sin — — (sin — — sin — sin — — sin —
7 7 7 7 7
:Sini-
7
Vay
s
T 27T+ 3T Sm? 1
COS — — COS — + Ccos — = = —
7 7 7 Qsmﬁ 2
7

2) Ta ¢6 cosba = 16 cos® a — 20 cos® a + 5 cos . That vay

cos b = cos(2a + 3a)
= c0s 2 cos 3o — sin 2arsin 3o
= (2cos’ o — 1)(4 cos®* o — 3cosa) — 2sin v cos a3 sina — 4 sin’ )
= 8cos’ a — 4cos’ a — 6 cos’ a + 3cos
— 6(1 — cos® a) cosa — 8(1 — cos® a)* cos

= 16 cos’ a — 20 cos® o + 5 cos av.
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V6i cac gia tri

T 3T %8 T Im
a:_,&:—,a:—,a:—a@:—
10 10 10 10 10
thi cosba = 0. Do vay
T 37 5% T O
COS —, COS —, COS —, COS —, COS —

10’ 10’ 10’ 10’ 10
14 cac nghiém cua da thic f(z) = 162° — 202 4+ 52. Theo dinh 1i Vieta, ta
thu dugc S; = 0.

Bai toan 1.7. Tinh tdng

S = cos 5 + cos 77" + cos 221° + cos 293,
Lot giar. Ta cb

cos 5o = 16 cos” v — 20 cos® o + 5 cos av.
Véi cac gia tri
a=5a=77" a=149, a=221°, a =293°

thi cos bar déu bang cos 25°. Do d6

cos 5, cos 77", cos 149", cos221°, cos293°

la cdc nghiém cua da thic P(x) = 162° — 202 4+ 52 — cos 25", Theo dinh
li Vieta, ta c6 .S = 0.

Bai toan 1.8. Tinh tong
S = cosOnLcosE +C082—7T +...+0086—7T-
7 7 7
Low giar. Dat

T 2T T
S, =cos—= +cos— + ...+ cos—-

7 7 7
Theo bai toan 1.3 ta c6
T om., . 3T ™ . 3’
5 _ cos(? + 1—%3 sin _ cosésilﬂ o
sin - sin

Vay nén S = cos(0 = 1.
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Bai toan 1.9. Tinh tdng

g s n 3 n 5% n n 177
= COS — 4+ CcoS — + coS — + - -+ 4+ CcOS ——-
19 19 19 19
Lot giai. Theo bai toan 1.3 ta c6
cos <1 + 8—7T> sin (9 2—7T> or . 97
g 19 ' 19 2 19) P9 Mg
= T = T
sin — sin —
19 19
187 s
sin — —
_1 19 L "My 1
2 sin il 2 sin i 2
19 19

Bai toan 1.10. Tinh sin 18°, cos 36°.
Lor grar. Ta co
cos 54° = sin 36° < cos(3.18°) = sin(2.18°)
< 4cos® 18" — 3 cos 18 = 2sin 18° cos 18°
< 45in*18° 4+ 2sin18° — 1 = 0.

Suy ra sin 18" 14 nghiém duong ctia phuong trinh 4¢? + 2t — 1 = 0. Do d6

V5 —1

in18° =
s 1

va suy ra
V5 +1

cos36° =1 — 2sin’ 18° = I

1.2 Heé thic lugng giac trong tam giac

Ta quy u6c ky hieu do dai cic canh, cic dudng trung tuyén, dudng phan
giac, duong cao, cac ban kinh dudng tron ngoai tiép, noi tiép va bang tiép
cta tam gidac ABC 1an luct 1& a, b, ¢; mq, my, me; Lo, by, Le; ha, By, he; Ry 74,

a+b+c

Ty, T'e; p = ———— la nua chu vi tam giac, S 1a dién tich tam giac.
1.2.1 Cac hé thic co ban trong tam giac

Dinh 1y 1.1 (Xem [7], Dinh 1i ham s6 cosin). Trong tam gidc ABC, ta
luon cé
a’ = b+ ¢ — 2bccos A,
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tuong tu ta cé cdc hé thic doi vdi b, c.

Dinh 1y 1.2 (Xem [7], Dinh Ii ham s6 sin). Trong moi tam gidgc ABC), ta

deu co
a b c

sinA _ sinB  sinC
Dinh ly 1.3 (Xem [7], Cong thiic dudng trung tuyén). Trong tam gidc
ABC, ta luon co

2R.

B2 + ¢2) — g2
e (0*+c*) —a |
“ 4
tuong tu ta cé cdc hé thic doi vdi my, m..
Dinh 1y 1.4 (Xem [7], Dinh li ham s6 tang). Trong tam gidc ABC, ta

luon co

A—B
a—b T L A-BC
= = tan an —-
a-+b A+ B 2 2
tan 5

Dinh ly 1.5 (Xem [7], Dinh 1{ vé hinh chiéu cho tam gidc ABC).

B C
a=>bcosC +ccosB=r (cot§ + cot 5) ,
tuong tu ta cé cdc hé thic doi vdi b, c.

Dinh 1y 1.6 (Xem [7]). Dién tich S cia tam gidc ABC dugc tinh bing
cac cong thic sau day:

1 1 1
S:§aha:§bhb:§ch0,
S—lb'C’—} 'B—}b in A

= 2& S11n = 2acsm = 9 csin A,
abc
g =2
4R’
S =np.r,

S =\/plp— )~ ) - o)

Dinh 1y 1.7 (Xem [7]). Bdn kinh duong tron ngoai tiép tam gidc

R a b B c
- 2¢inA 2sinB 2sinC’
abe
R=—
45’
R abe

plp—a)p—b)p—o)
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Dinh ly 1.8 (Xem [7]). Bdn kinh duong tron noi tiép tam gidc

7“:(p—a)tangz(p—b)tamgz(p—c)tang

2
s¢@—mw—mw—q

p

Dinh 1y 1.9 (Xem [7]). Bdn kinh duong tron bang tiép tam gidc

A - _
Tq ZptanE — i _ \/p(p b)(p — ¢
p—a p_a

Y

tuong tu ta cé cdc hé thic doi vdi ry, 1.
Dinh 1y 1.10. (Xem [7], Cong thic dudng phan giac). Trong tam giac
ABC, ta ludn c6
2bc cos —
2

la:—n
b+c

tuong tu ta c6 cac hé thic déi véi I, [..
1.2.2 Cac hé thic lugng giac thuong gap trong tam giac

Bai toan 1.11. Ching minh rang trong moi tam giac ABC' ta luon c6 hé
thuc

A B C
sin A +sin B + sin C' = 4 cos — cos — cos —-
2 2 2
Lor giar. Ta co:
B+ C B-C
sin A + sin B + sin C' = sin(B + C) + 2sin ; cos —
. B+C B+C B-C
= 2sin CoS + cos
2 2 2
_ 4 A B C
= 4 cos 5 COS 5 CoS 5

Bai toan 1.12. Ching minh rang trong moi tam giac ABC' ta luon c6 hé

thic 4 B o
cos A+ cos B + cosC = 1+4sin§sin§sin§-
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Lor grar. That vay, ta co:

5 A B+C
VT =1 — 2sin? §+2c:os + COoS

B —
—Sln >

C

A
= 1+281n§ <cos

=14 2si A B - C—COSB+C

= Sln2 COS 9 9
A B C

:1+4SIHESIHESIHEZVP

Bai toan 1.13. Chitng minh rang trong moi tam giac ABC' ta ludn c6
sin® A + sin? B + sin> C' = 2 + 2 cos A cos B cos C.
Loi gidi. Bién doi vé trai ta c6
1 —cos2A4 n 1 —cos2B n 1 — cos2C
2 2 2
3  cos2A + cos2B + cos2C

2 2
= VP

VT =

Bai toan 1.14. Chitng minh rang trong moi tam giac ABC, ta luon c6
cos® A + cos? B+ cos’C' =1 — 2cos Acos B cos C.
Lot giar. Dung cong thic ha bac ta cé

cos® A + cos” B = %(1 + cos24) + %(1 + cos 2B)
=1 — cos(A + B)cos(A— B).
Vi cos C' = —cos(A + B) nén
cos’ A + cos® B + cos* C' = 1 + cos(A + B)[cos(A — B) + cos(A + B)]
=1+ 2cos(A+ B)cosAcos B
=1—2cos Acos B cosC.
Bai toan 1.15. Cho A, B, (' la 3 goc ctia mot tam gidc. CMR:
tan A 4+ tan B + tan C = tan Atan Btan C.
Lot giai. Vi B+ C =7 — A nén
tan(B+C) = —tan A

tan B + tan C'

=
1 —tan BtanC
Stan A+ tan B + tan C' = tan Atan B.

= —tan 4
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Bai toan 1.16. Chitng minh rang trong moi tam giac ABC' ta ludn c6

Coté+cot—+00tg—cot—cot—cotg
2 2 2 2 2 2
™ A B (C
Lot grat. Vi — — — = — + — né
7 grat 12 5 2—1—2nen
T A B C
cot(§—§)—cot(§+§)
cot —cot— —1
A 2 2 1
<:>tan2— tB+ t = tC
cot — + cot — cot —
2 2 2
= tB+ tC t t t tA
cot — + cot — = cot — cot — cot — — cot —
2 2 2 2 2 2

< tA+ tB+ t — = cot t tC
002 002 (302—(302002(302

Bai toan 1.17. Chitng minh rang trong moi tam giac ABC, ta luon c6

b2 2 2
cot A = %. (1.1)

Tuong tir ta c¢6 cac hé thic doéi véi cot B va cot C.
b2 + c? — a?

T , theo dinh ly

Lot giai. Theo dinh 1y ham s6 cosin, cos A =

. b
ham so0 sin, sin A = 21 va theo cong thiic tinh dién tich tam giac S = Z—Bf
ta co

ot A — Cf)SA _ b+ —a? o _ R(b* + & — a?)
sin A 2bc 2R abc
R+ —a’) P4 —a
B 4RS 48

1.3 Mot s6 dang hé thitc lugng gidc trong hinh hoc

Bai toan 1.18. Cho tam giac ABC. Gia stt G 1a giao diém ctia cac dudng
trung tuyén ctia tam giac ABC'. Ki hieu GAB = o, GBC = 3,GCA = +.
Chiting minh réng

3(a® + b* + 2)

cot a4 cot 5+ coty = s :

So hoa b6i Trung tam Hoc lieu http://Irc.tnu.edu.vn/



17

Lot gidi. Goi 3 dudng trung tuyén tng v6i 3 canh BC,CA, AB la
Mg, My, M. Ap dung dinh 1f ham s6 cosin cho tam gidc ABM ta c6

BM? = AB*> + AM? — 2AB.AM. cos «

a?

(:)Z = +m’ —2AB.AM.sina cot a
a2
T = ¢ +m? — 2.5 cot
4¢c* + 4m? — a?
Rt t — a . 12
cot a S (1.2)
Tuong tu:
4a* + 4mj — b
t8 = 1.3
4b* + 4m? — 2
ty = £ . 1.4
cot 7y 25 (1.4)

Cong timg vé (1.2), (1.3), (1.4) ta c6

3(a® + b* + ) + 4(m2 +mj) +m?
8S

cot a + cot B+ coty =

Ta biét rang
3
m: +m; +m? = i(a2 + 0"+ ).
Nhu vay
3
3(a®+ b+ )+ 4- Z(a2 + 0>+ A)
85

cot a + cot 8 + coty =

(a2 4 b2+ 2
& cota+ cot B+ coty = (@40 +c )
45
Bai toan 1.19. Cho tam giac ABC va M 13 mot diém bat ky trong tam
giac. Goi Ay, By, C, 1a hinh chiéu ctia M len BC,CA, AB. Ching minh

rang:

—

cot 1@ + cot BB/I\C +cot CCLA = 0.
Loi gidi. Ap dung cong thitc (1.1) vao tam gidgc ABA,, ta c6

AA? + BA? — AB?
4‘SfAAlB

cot AA, B = (1.5)
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Ta co - -
cot AA1B = —cot AA,C, (1.6)

va do do lai theo cong thic (1.1) 4p dung vao tam giac AA;C c6

AR A AC
cot AA,C = A T ACT 7 AT (1.7)
45440
Tu (1.5), (1.6), (1.7) suy ra
——  AA?+ BA7— AB* AC?*— AA?— A\C?
cot AA|B = — . = . . 1.8
! 45,4,41]3 4SAA10 ( )
T (1.8) va theo tinh chat cta day ti s bang nhau (véi cha y 1a
S = SAAlB + SAAlc’) ta di dén
 BA2-CA2+ AC? — AB?
cot AA, B = — CA T AC : (1.9)

45
R6 rang

BA?— CA? = (MB?>— MA?) — (MC® — MA%) = MB> — MC”.

Vay suy ra
——  AC?*—- AB*+ MB?* — M(C*?
cot AA|B = il : (1.10)
45
Hoan toan tuong tu ta co
_——_  BA? - BC?*+ MC? — MA?
cot BB,C = IS : (1.11)
_——_ (CB*—-CA*+ MA?> - MB?
cot COLA = ZS . (1.12)

Cong tiung vé (1.10), (1.11), (1.12) suy ra diéu phéi ching minh.

Bai toan 1.20. Cho hinh binh hanh véi hai canh a,b (¢ > ). Hai dudng
chéo 2z,2y (x > y). Goi ¢ 1a gbc nhon ctia hinh binh hanh, va ¢, 1a goc
nhon gitta hai duong chéo. Chiing minh
(o —3) (0>~ 1)
1. cospcosp; = -
4abxy

2absin ¢
az— b2

2. tan p; =
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Lot guan.
1. Ap dung dinh If ham sb cosin trong cic tam giac COD va ABD, ta
co
V> = 2 + y* — 22y cos o1, (1.13)
4y = a® + b* — 2abcos . (1.14)

Tu (1.13) suy ra

23y cos 1 = x° +1y° — b,

va tur (1.14) c6
2abcos ¢ = a® + b* — 41°.

Suy ra
4abxy cos pcos o, = (2 +y° — %) (a® + b* — 4y?). (1.15)

Theo hé thic lugng trong hinh binh hanh ta cé

4a* + 4y* = 2a* + 2b%.

Suy ra
2 4 2 2 _p2
Py =0T —b2:a2 , (1.16)
a’ +b* — 4y = 2(2* + 7)) — 4y = 2(2* — 7). (1.17)
Thay (1.16), (1.17) vao (1.15) c6
4abay cos p cos o) = (a* — b*) (2 — y?).
Suy ra
2 _ 02\ (a2 — b2
COS ( COS (] = (@” —y')(a ).
dabzy
2. Ap dung cong thitc (1.1) vao tam gidgc COD, ta c6
4SCOD SABCD 2ab Siﬂg@
tan¢1:x2+y2_b2: 20 a2_»
2
Bai toan 1.21. Cho AABC, do dai cac dudng trung tuyén xuat phat ti
dinh B va dinh C tuong tng 13 m, vA m, théa man g — ™ 1. Chimg
me

minh rang
2cot A = cot B + cot C.
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Lot grar. Ta co
—=—5cm
b m,

2

32 9
C=0b"my.

Theo dinh 1y ham s6 cosin ta cé

b> + ¢ — a? a4+
becos A= T8 _pp & _<
C. COS 5 + 1 ( 5 4)
2
Va , U adrE B , b )
bccos A =c +Z_( 5 _Z) =c+ -
Vay ,
bec® cos A = b2 + CZ —m?, (1.18)
bt
beb® cos A = bPc? + T b’m;. (1.19)
Trit vé v6i vé cia (1.18) cho (1.19) ta dugc
1
be(c® — b*) cos A = 1(04 —b") (do ¢*m? = b’m;)
1
= Z(CQ — b)) ( + V).
Suy ra
b2 4 2
deosA =L ¢ (do b # c). (1.20)
c
Do b* 4+ ¢ = a® = 2bc. cos A nén (1.20) tré thanh
2+ 2b A a
dcos A =" T eoeeos Ao + 2cos A
bc bc
2 .2 :
ocosd o L 8in A 2cos A sin(B+C)

bc sin BsinC < sinA  sinBsinC
<:>QCOSA B sin BcosC + sinC' cos B
sinA sin Bsin C'
Bai toan 1.22. Cho ti giac ABCD ¢c6 AB=a,BC =b0,CD=c¢,DA=d
va p la nita chu vi. Ching minh:

& 2cot A = cot B 4+ cot C.

1) Sapcp = \/(p —a)(p—"b)(p—¢)(p — d) — abed cos? A—gc,

2) Sapep = /(p—a)(p — ) (p — ¢)(p — d) khi ABCD la ti gidc noi tiép.
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Loi gidi.
1) Ap dung dinh 1y ham s6 cosin cho 2 tam giac ABD va BCD, ta c6
BD? = a® + d* — 2ad cos A = b* + ¢* — 2bccos A.

Suy ra
(a®> + d* — b — ¢*)* = 4(ad cos A — becos C)°. (1.21)

Mat khac .
Sapcp = E(adsinA+bcsinC). (1.22)
T (1.21) va (1.22) suy ra
Sipep +(a® +d* = b =)’
= 4[a*d® + b*c® — 2abcd(cos A cos C' — sin Asin C)]
= 4[a’d* + b*c® — 2abed cos(A + C)]
=4 [(ad)2 + (be)? + 2abed — 4abed cos®
A+ C]

A+C’]

=4 [(ad + be)® — dabed cos®

Suy ra
A+C

1655 50p = 4(ad + be)* — (a® + d* — b* — ¢*)? — 16abed cos?

= (2ad + 2bc — a* — d&* + V* + ¢*)(2ad + 2bc + a® + d*
A+C

— b — %) — 16abced cos® (1.23)
~la+d) = (b—0)[(b+ ) — (a— d)?] — 16abed cos? —C.
Dat 2p =a+ b+ c+ d suy ra
alp—a)=—a+b+c+d;2(p—b)=a—b+c+d;
2p—c)=a+b—c+d2(p—d)=a+b+c—d.
Thay vao (1.23) ta c6
165% 30 = 16(p — a)(p — b)(p — ¢)(p — d) — 16abed cos? A+rC
Hay
Sapcp = \/(p —a)(p—"0)(p—c)(p—d) — abcd cos? A;C-
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2) Khi ABC'D 1a t giac noi tiép thi

A+C’_B+D_E
2 2 2
Suy ra )
C
cos? _; = 0.

Do d6 Sapen =/ (p—a)(p—b)(p — ) (p — d).
Nhan xét 1.3.

1. Cho t1t gidc ngoai tiép ABCD c¢6 AB = a, BC =b,CD = c va DA = d.
Khi d6 dién tich S cua t@ giac duge tinh theo cong thiic

S = \/abcdsinA;C-

2. Cho t1t gidc noi tiép va ngoai tiép ABCD c¢6 AB = a, BC = b,CD = c
va DA = d. Khi d6 dién tich S ctia ti gidc dugde tinh bang cong thiic

abed.

Bai toan 1.23. Cho tt gidc ABCD vita noi tiép vita ngoai tiép c6 dién
tich S va nita chu vi p. Chitng minh rang

’ A B C
% :tan§+tan§+tan§- (1.24)

Lot giai. Goi O, r lan luct 14 tam va ban kinh ctia dudng tron noi tiép ti
giac ABCD. Goi M, N, P, Qlan lugt 13 hinh chiéu ctia O len AB, BC,CD, DA.
Ta co:

A B C D
p:AM+BN+C’P+DQ:r<cot§+cot—+cot—+cot—>-

2 2 2
) A+C B+D A C
Theo gia thiet thi il = i :E, nén sin — = cos —,
2 2 2 2
. C A
S111 — = COS — Va
2 2
( A+ C
A C S111 9
Cot§+cot§:A—
SID—SID—
Cavl
tan 4 tan G 2
an§+a“§—A—c'
COS — COS —
N 2 2
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Suy ra

tan§+tan§ zcotg—kcot?-

Tu do ta nhan dugce

( i 2 Lot B oot Et tD) (t A tan B itan Y D)
=7T7{ coOl —r—CoOl —+¢col —+¢cot — ) =rTr an — an — an — an — ).
p 2 2 2 2 2 2 2 2

S (ta A tanZ fan St D)_l :
rar = n— n— n— n—
uyrar=op 5 5 5 5 VA
A B C D1
S:pr:pz(tan§+tan§+tan§+tan§)

2

P tan 4 tan D 4 tan S + tan 2
— — tan — an — an — an —-
S 2 2 2 2
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Chuong 2

Cac doéng nhat thic dai sé lién quan
dén bién déi lugng giac

2.1 Cac dong nhat thidc dai sb lién quan dén ham sin
va cosin

Nhan xét ring dang thic co ban dé dan dén sy phong phi ctia hé théng
cac dong nhat thic luong gic 1a cong thiic

sin’t + cos’t = 1, Vt € R. (2.1)
Géan vdi he thic (2.1) 14 dong nhat thiic Lagrange
(22)* + (1 — 2°)°, moi z € R. (2.2)

Hai dong nhat thic (2.1) va (2.2) 1a hai cach viét ciia mot hé thic. Néu ta
t ~
thay x = tan 3 vao (2.2) thi dé dang thu dugce (2.1) va ngugc lai. Nhu vay
1& méi cong thic luong giac sé tuong ng véi mot dong nhat thic dai sé
tuong tng. Dieu dé cling that dé& hiéu néu ching ta nhé lai qua trinh dan
dat dén dinh nghia cac ham s6 lugng giac co ban ddi véi géc nhon duge
mo ta dya theo Dinh Iy Pytago:
Trong tam gidc vuong ABC vdi canh huyén BC ta ludon cé hé thic.

AB? + AC* = BC”.

Tuy nhién, véi s6 lugng cac cong thiic bién doi luong giac qua nhiéu,
ban than cac hé thic lugng gidc tao thanh mot chuyén dé c6 tinh doc lap
tuong doi, dan tach han co sé dai s6 ctia n6, da lam cho ching ta quén di
mot luong 16n cac hé thic dai s6 c6 cing xuat xt tit mot hé thic luong
giac quen biét. Dic biét trong chuong trinh toan bac pho thong hién nay,
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cac ham s6 lugng gidc ngude, ham luong gac hyperbolic, khong ndm trong
phan kién thic bat budc thi nhing bai toan lién quan dén ching 1a mot
thach thic 16n déi v6i hoc sinh va ca gido vien.

Ta nhic lai cong thic Euler quen biét

e'“ =cosa+isina, o€ R.

Khi do . .
e’LO[ _l_ 6—7,0(
cosq = ————
2
ela _ pia
sin o = ,
21

rang khi kh&o sat ham s6 cost thi it ai nghi trong dau rang né c6 dang

Ror
1
5 < —) vi khi d6 a khong con 14 mot s6 thuc. Nhung néu ta cht y dén
biéu thiic

et +e @

2

thi d6 chinh 1& cos(ia) (= cosh ) va vi vay, vé mit hinh thic, ta sé c6
nhidu bién déi thu dudc tit cac cong thic lien quan dén bién x ¢ [—1,1],
giong nhu cong thitc d6i véi ham cost.

) OéER,

Vi du 2.1. He thic dai s6 tng véi cong thiic

cos 2t = 2cos’t — 1

()l ] -

Vi du 2.2. Hé thic dai s6 tng véi cong thiic

chinh la cong thiic

cos 3t = 4cos’t — 3 cost

chinh la cong thiic

1/, 1 1 1\° 1 1
Z — )l =4|= Z —31= Z
() =4 3erd) o5 (0d)]
hay
1/, 1
4x —3x-§<a+$)
v6i

1 1
$:—<CL+—>, a # 0.
2 a

So hoa b6i Trung tam Hoc lieu http://Irc.tnu.edu.vn/



26

Vi du 2.3. He thic dai s6 tng véi cong thiic
cos 4t = 2cos*2t — 1

chinh Ia cong thiec:

1/, 1 1/, 1\
St dung két qua khai trién ctia ham ludng giac cos2t, ta thu dugc dong

nhat thic dai s6 dang bac 4.

1 1
—(a4+—4>:8m4—8m2+1
a

1<+1)
m= — - -
2 a

Vi du 2.4. Hé thic dai s6 tng véi cong thiic

(\)

véil

cos Ot + cost = 2 cos 3t cos 2t

chinh la cong thiic

(o) s (DB I BE 2]

T vi du trén, st dung két qua khai trién cac ham lugng giac cos 3t va
cos2t, ta thu dugc dong nhat thitc dai s6 dang bac 5.

1 1
— <a5 + 5) = —m + 2(4m® — 3m)(2m* — 1),

2
1(+1>
m=—-(a+—-|-
2 a

Vi du 2.5. He thic dai s6 tng véi cong thiic

trong do6

cos 6t = 4cos®2t — 3 cos 2t

chinh 1a cong thiic

)=l B) Bl
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St dung két qua khai trién ham lugng giac cos2t, ta thu dugc dong nhat
thiic dang bac 6.

1 <a6 + i) =4(2m> —1)° = 3(2m*> — 1)

2 ab
1(+1>
m=—-(a+—-|-
2 a

Bay gis, ta chuyéen sang xét cac hé thitc dai s6 lien quan dén ham sbé
sint. T cong thic Euler, ta thu dugc hé thic
pit _ it
2

1sint =

Tit day suy ra biéu thic isin(it) nhan gia tri thyc. Didu nay ggi y cho ta
cach chuyén déi cac dong nhat thiic déi v6i ham so sin sang cac dong nhat
thic dai sb.

Vi du 2.6. Xét cong thitc khai trién
sin 3t = 3sint — 4sin’t.
Tu day ta thu duge cong thic (hinh thic)
isini(3t) = 3(isinit) 4 4(isinit)’.

He thiic dai s6 ing v6i cong thic trén chinh 14 dong nhat thic

(o-2) BBl

Vi du 2.7. Xét cong thitc bién doi
sin 5t + sint = 2sin 3t(1 — 2sin’t).
Ta viét lai cong thic dusi dang

isini(5t) 4 isinit = 2isini(3t)(1 + 2(isinit)?).

So hoa b6i Trung tam Hoc lieu http://Irc.tnu.edu.vn/



28

He thiic dai s6 ing véi cong thic trén chinh 13 dong nhat thic

-3k BBl )]

Tu vi du trén, sit dung két qua khai trién ham lugng giac sin 3¢ ta thu dugc
dong nhat thic dai s6 sau

1 1
— <a5 — —) = —n+2(4n® + 3n)(2n* + 1),

2 ad
(0=3)
n=—-(a——|-
2 a

T nhitng két qud trén ta sé di xét cac hée thic dai s6 gitta ham s6 sint

trong do6

va ham sb cost.
Vi du 2.8. Xét cong thitc khai trién
sin 2t = 2sint cost.
Tu day ta thu duge cong thic (hinh thic)
isini(2t) = 2(isinit) cost.

He thiic dai s6 ing v6i cong thic trén chinh 14 dong nhat thic

) HAT)

1 N 1 1 1
m=—=\(a+— n=—-(a—-)-
2 a)’ 2 a
Vi du 2.9. Tuong tu nhu 2.8, xét cong thiic khai trién

sin 4t = 2 sin 2t cos 2t.

He thitc dai s6 tng v6i cong thiic trén chinh 14 dong nhat thic dang bac 4
sau:

1
5 (a4 — E) = 2mn(2n® — 1)

1 +1 1 1
m=—=|(a+ = n==a—=]-
2 a)’ 2 a
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Vi du 2.10. Xét dong nhat thic
sin't — cos’t = 1 — 2cos’t.
Trudc hét ta chitng minh dong nhat thitc trén. Ta c6

sin*t — costt = (sinzt — cos®t) (sint + cos? t)
= sin?t — cos?t = 1 — 2cos?t.

T dong nhat thic lugng gidc da cho ta c¢6 dong nhat thic dai s6 sau:

(-2 -] =12l (o))

hay
v6i1

Vi du 2.11. Xét dong nhat thic

1 3

4 4
t t=— 4t + —-
sin't + cos 1 cos 4t + 1

Ta sé chting minh dong nhat thic da cho. Ta c6

sint + costt = (sinzt + cos? t)2 — 2sin’tcos?t
1 1
=1- §sin22t =1-7 (1 — cos4t)
= 5 + ! At
=117 cos 4t.

Tt dong nhat thic lugng gidc da cho ta c6 dong nhat thic dai s6 sau

HE AR S

hay

trong do
1 1 1 N 1
== — _ - — a J— .
" 2 “ al’ m 2 a

So hoa b6i Trung tam Hoc lieu http://Irc.tnu.edu.vn/



30

Vi du 2.12. Xét dong nhat thic
3 — 4 cos 2t + cos 4t = 8sin’t.

Ta sé chitng minh dong nhat thic da cho. Ta cé

3 —4cos2t+ cosdt = 3(1 — cos2t) + cos4dt — cos 2t
= 6Gsin’t — 2sint sin 3¢
= 6sin’t — 2sint(3sint — 4sin’t)
= 2sin’t(3 — 3 + 4sin’t) = 8sin't.

T dong nhat thic lugng giac trén ta c6 dong nhat thic dai s6 sau

RGOSR

St dung két qua khai trién cac ham luong gidc cos 2t va cos 4t ta thu dudc
dong nhat thic dai s6 sau

3—402m? —1) + (8m* — 8m? + 1) :8[% <a— —)]4,

1(+1>
m=—-(a+—-|-
2 a

Vi du 2.13. Xét dang thic sau

trong do6

sin 3t.sin’t + cos 3t. cos® t = cos® 2t.

Trude hét ta di chitng minh dong nhat thic da cho. Theo cong thiic
nhan ba, ta c6

3sint — sin 3t
sin 3t = 3sint — 4sin’t = sin’t = .

4
3 t 3t
cos 3t = 4cos’t — 3cost = cos’t = = I Skl
Do do
sin 3t.sin’t + cos 3t. cos®t = sin 3t ( = Z = ) + cos 3t ( — I - )

a (cos 3t cost + sin3tsint) — : (sin®3t — cos? 3t)

3 1 1
= cos(3t —t) + 7 €08 6t = 1 3 cos 2t + cos 6t]

= cos® 2t.

So hoa b6i Trung tam Hoc lieu http://Irc.tnu.edu.vn/



31
Tu dong nhat thitc da cho, ta c¢6 dong nhat thic dai s6 sau:

(@R DD G D] B2

St dung két qua bién doi ham sb luong giac sin 3t, cos3t va cos 2t, ta thu
dugc dong nhat thic dai s6

(4n® + 3n).n® + (4m® — 3m) .m® = E (a2 4 —)] )

1 1 1 +1
n=-=a—= m=—|a+=])-
2 al’ 2 a

2.2 Cac dong nhat thitic dai sé lién quan dén ham
tang va cotang

trong doé

Theo cong thitc lugng giac co ban ta co

sint

tant = ,
ost

t#g+kﬂ,k€Z.

Tt cong thic Euler, ta thu duge hé thic

' eioz . e—ioz
ttant = ———.
e’LOZ _|,_ e—’LO[
Tu day suy ra
‘ ' e~ — o
itan(it) = ————,
e *+e”
hay
 tan(it) a’—1
1tan(it) = :
a’>+ 1

Ta thay biéu thiic i tan(it) nhan gia tri thyc. Diéu nay ggi ¥ cho ta cach
chuyén dbi cac dong nhat thic dbi véi ham s6 tant sang cac dong nhat
thic dai sb.

Vi du 2.14. Xét cong thiic khai trien

tan 2t — 1 (t,2t7éf+lm,kez)~
an 2
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Tu day ta thu duge cong thic (hinh thic)

2i tan(it)
1+ (i tanit)’

itani(2t) =

He thiic dai s6 ting véi cong thiic trén chinh 13 dong nhat thic

2a2—1
a4—1: a’*+1
a*+1 . a>—1\"
+(a2+1)
hay
at—1 2z
at+1  1+22
vGl1
a’ —1
gj:
a?+1

Vi du 2.15. Xét cong thiic khai trien

3tant — tan’t s
tan 3t = t.3t £ —+kn, k€ Z)-
o = gtanz 0 WA ATk ED)

T day ta thu duge cong thitc (hinh thiic)

3itan(it) 4 (itanit)’

itani(3t) = . —
1+ 3(i tanit)

He thiic dai s6 ing v6i cong thic trén chinh 14 dong nhat thic

3a2—1+(a2—1>3
a®—1 Ta241 az+1

a6+1— 1 3 a2_1 2 )
+ (a2+1>
hay
a®*—1 3x+2° B a® —1
= v6i 1= :
a®+1 1+ 322 a’?+ 1

Vi du 2.16. Xét cong thic bién doi

2tan 2t T
tan4dt = ——— 2t A4t #£ — + k) -
T At ( A ”)
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Ta viét lai cong thitc trén duéi dang

2i tani(2t)
1+ (itani(2t))*

itani(4t) =

He thiic dai s6 ing v6i cong thic trén chinh 14 dong nhat thic
5 a' —1
at—1 at+1
ad+1 X at — 1 2
+
(a)

Tu vi du trén, sit dung két qua khai trien ham luong giac tan2t, ta thu
dugc dong nhat thitc dai so sau.

4
8 _ 1 — 2
i S N Sl
at+1 2 a*+1
+
1+ 22
Vi du 2.17. Xét cong thiic bién doi
tan 2t + tan 3¢ T
tan 5t = tan(2t + 3t) = (2,8t 5t £ S 1 knkez)
an an(2t+3¢) = T o tan 31 ( 7y kT )

T day ta thu duge cong thitc (hinh thiic)

tan i(5t) itani(2t) + i tani(3t)
itani(bt) = :
1+ itani(2t)i tani(3t)

He thic dai s6 ng v6i cong thic trén chinh 13 dong nhat thic

a4—1+a6—1
a10_1: at*+1 a+1
al® 4+ 1 1+a4—1'a6—1
at*+1 a%+1

T vi du trén, st dung két qud khai trién cdc ham luong giac tan 2t va
tan 3t, ta thu dugc dong nhat thic dai s6 sau:

2x 3z + 2?
e S i v 1
a' + 1 L+ 2x .3x+x3’ a?+1
14+ 22 1+ 322
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Bay gio ta chuyén sang xét cac hé thic dai s6 lien quan dén ham sé
cotang. T cong thiic lugng giac co ban

T
tant.cott =1 tt = t# k=)
ant. co suy ra €O — (t # 2)
Do d6
cot(it) = —
ico =
i tan(it)
Tu day suy ra
. . —(a®+1)
ZCOt(Zt) = W, (a 7£ :i:l)

Vi du 2.18. Heé thic dai s tng véi cong thiic

cot(2t) = (2t # kg k€ 7),

tan 2t’
chinh 1& dong nhat thic dai s6 duéi day

a4—|—1_1—|—5132 ) a’ —1
at—1 2z’ a2 +1

Vi du 2.19. He thic dai s6 tng véi cong thic bién doi

1 T
t3t = —— gt£k-—keZ

chinh 13 dong nhat thic sau:

a®+1 1+ 322 5 a?—1
= i = :
a®—1 3z + 23 v a2+ 1

Vi du 2.20. Hé thiic dai s6 tng véi cong thiic bién doi

1 T
t4t = —— 4t £ k— k € Z

chinh 1& dong nhat thic

20 \?
a4 1 1+<1+x2> 3 a—1
@1 1x VO T
1+ 22
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Vi du 2.21. He thic dai s6 tng véi cong thic bién doi

T
cot 5t = —— (5t # 5 + kn, k €7),
chinh 1&4 dong nhat thic
2¢  3r+ 27
AR S T
0_1 2z 3x +a*
1+ a2 + 1+ 3a?
trong doé
_a’ -1
a2+ 1

Sau day ta di xét cac hé thitc dai s6 gitta ham s6 tang v ham s6 cotang.
Vi du 2.22. Xét dong nhat thic
(tant + cot t)? — (tant — cot t)” = 4.
Ta sé chiing minh dong nhat thic da cho. Ta c6
VT =2tantcott 4+ 2tantcott =4 =V P-
Ta viét lai dong nhat thic da cho dudi dang
[i tan(it) + i cot(it)]” — [i tan(it) — i cot(it)]* = —4-

Hé thiic dai so tng v6i cong thitc trén chinh 1a dong nhat thic

P
a—i—l a—1+a +1 _ 4
—1 a2+1 a2-—-1) 7

) ( ) = e e=i
—|lzx+—-) =—4, v6i x= .
x a’+ 1

Vi du 2.23. Xét dong nhat thic

hay

tan®2t — tan’t
1 — tan’t. tan 2t
Ta sé chitng minh dong nhat thic da cho. Ta cé

tan 2t + tant tan 2t — tant
1 —tant.tan2t 1 — tant. tan 2t

— tan(2t +t). tan(2t — t)

tant. tan 3t =

VP =

= tan 3t. tant = VT
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Ta viét lai dong nhat thitc da cho duéi dang

(itani(2t))* — (itanit)”

(i) an i3t = T i) (i tan i (22))

Hé thic dai s6 tng véi dang thic trén chinh 13 dong nhat thic
at—1\° a?— 1\’
a*—1 a®—1 <a4+1> _(a2+1>

a2 + 1 a6+1_1 a2 —1\° /a* — 1\ %
a?+1 a* —1

hay

2x 2 )

—x
a?—1 a%—1 14 22 4 a’ —1
. = , Vvl r=——
a?4+1 af+1 | 2( 20 >2 a? + 1

—x
1+ 22

Vi du 2.24. Xét dong nhat thic
cott —tant — 2tan 2t = 4 cot 4t.

Trudc hét ta ching minh dong nhat thic da cho. Ta cé

1 — tan’x
cotxr —tanx = —tanxr = ——— = 2 cot 2x.
tanx tanx
2 2 1 — tan’x
Vi 2cot 2 = = =
tan 2z 2tanx tan x
1 — tan’x

Lan lugt thay x béi t, 2t thi dang thic (2.3) tré thanh
cott — tant = 2 cot 2t.

2(cot 2t — tan 2t) = 4 cot 4t.

Cong cac vé cla (2.4) va (2.5) va lam gon ta dugc
cott —tant — 2tan 2t = 4 cot 4¢.
Ta viét lai dong nhat thitc da cho duéi dang

icotit —itanit — 2itani(2t) = 4i cot i(4t).
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He thitc dai s6 tng véi dang thic trén chinh 13 dong nhat thic

a>+1 a*—1 a4—1_4 a® +1

2. = _
a2—1+a2—|—1+ a* + 1 ad —1’
hay
1+ Lo 20r A a® +1 4 a’ —1
P x . _ - _— VOl x: .
x 1+ 22 a8 —1’ a2+ 1

Vi du 2.25. Xét dong nhat thic
tant + 2 cot 2t = cot t.

Trude hét ta chitng minh dong nhat thitc da cho. Ta c6

sint cost cot 2t 2 cot 2t
tant — cott = — — = —— = ——
cost sint sintcost sin 2t
= —2cot 2t.

Suy ra
tant + 2 cot 2t = cot t.

Ta viét lai dong nhat thic da cho dudi dang
itanit 4+ 2i coti(2t) = i cotit.
He thitc dai s6 tng véi dang thic trén chinh 13 dong nhat thic dai s6

a’> — 1 a4+1_ a’+ 1
a2+ 1 at—1  a2-1

hay
1+ 22 a’+1 , a’?—1
T — = — ., Vv6l x= .
T a? —1 a’?+1

2.3 Mot sé dang dong nhat thic ham
2.3.1 Phép chuyén doi bao toan géc cuia tam giac
Trong tai lieu [3], bai toan co ban sau day da dugce dé cap.

Bai toan 2.1. Xac dinh cac ham s6 f (z) lién tuc trong doan [0; 7], sao
cho f(A), f(B), f(C) ludon tao thanh sé do céc géc clia mot tam gidce
nao dé tng véi moi tam gidc ABC' cho trudc.
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Lo giai. Tru6e hét ta c6 nhan xét rang, hai ham s6 f (z) =z va f (z) =

ol

théa man bai toan.
Ta phat biéu bai toan dudi dang sau

Xac dinh cac ham s6 f (z) lién tuc trong doan [0; 7] va
f@)>0,f(x)+f(y)+f(r—z—y)=mVr,ye€ (0;7),z+y < 7. (2.6)
Cho y — 07, ta thu dugc
f@)+fO0)+ f(m—2z)=mVre (0;m)
hay
fm—z)=mn—f(0)—f(z),Vee(0m).
Thay vao (2.6), ta thu dugc
f@+fW)+m—f0)=fle+y) =mVr,ye(On),z+y<m

hay

f@)+fy)=f@+y)+f0),Ve,ye0n],z+y<m (2.7)

Dat f(x) = f(0)+ g (z). Khi d6 ¢ (x) lién tuc trong doan [0; 7] va (2.7)
c6 dang

f0)+g(@)+f(0)+g ) = f(0)+g(z+y)+f(0),Va,y € [0;7] a4y <7

Sg@)+gly) =g(@+y),Vo,yein],z+y < (2.8)

Do g (x) lién tuc trong doan [0; 7] nén (2.8) 1a phuong trinh ham Cauchy,
mot dang phuong trinh ham co ban, c6 nghiém g (z) = ax. Suy ra f (z) =
f(0) + ax.

Dat f(0) = 6, ta duge f (z) = ax + 5.

Ta can xac dinh , 8 dé f(z) > 0, Vo € (0;7), v +y <7 va f(A) +
f(B)+ f(C) = hay

{&x+5>O,V:UE(O;7T);
aA+pB+aB+pB+alC+ B =m.
ar+ 3> 0,Vx € (0;7);
ﬁ{
a(A+B+C)+38=m.
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ar+ >0,V € (0;7);
~

ar + 30 = .
ar+ >0,V € (0;m);
A /3_(1—04)%
=
Do dé 1
f(x)=azr+ %,Vm € (0;m). (2.9)
Cho = — 07, tu (2.9), suy ra
(1_30‘)7T >0 a<l

Cho x — 7, tur (2.9), suy ra

1— 1
om—i—%ZOhayozZ—i.

1
Vay—igagl.

1 2

Véi -5 <a< 1, thi f (z) x4c dinh béi (2.9) hien nhién théa man bai
toan. ] ]

Xét o= —3 thi f (z) = —5z + g théa man didu kien bai ra.

That vay, v6i 0 < x < mw thi f(z) > f(n) = 0. Suy ra f(z) > 0,
Vo € (0;).

Xét o = 1 thi f (2) = z hién nhién théa man diéu kién bai ra. Vay céc
ham s6 can tim déu c6 dang

(1—a)m

fz)=ar+——— —

< a<l.
3 S as

1
2

Nhu vay, 10i giai trén day da vét hét tat ca cac nghiém, 1a cdc ham sb6
f (x), théa man cac diéu kién ctia bai toan. Bay gio, ta tiép tuc tim kiém
nhing ap dung cu thé ctia bai toan trén va xét nhitng trudng hop khac ma
bai toan chua dé cap.

Tu Bai toan da xét, ta co
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. 1 )
Meénh deé 2.1. Vo —3 <a<l1,neu A, B, C la ba goc cua mot tam gidc,
thi Ay, By, C, zdc dinh nhu sau

(1—a)m (1—a)m C’l:aC’—i—(l_OOﬂ

104+ 7104+ 3 3 )

cung la ba goc cua mot tam gidc.

. | R . ,
Meénh de 2.2. Vi a < —5 neu A, B, C la ba géc cia maot tam gidc thoa

—1
man max{A, B,C} < (043—)%, thi A,, B,, C zdc dinh nhu sau
o
1— 1— 1—
AlzaA+%, Blza3+%, Clzac+%,

cung la ba goc cua mot tam gidc.
. : IS 1 )
Ching minh. That vay, véi a < —5 ta co

(=1

max{A, B,C} < 3

$A<L_1)7T

816}
= 3aA+(1—a)m>0
(1—a)m

= oA
aA + 3

>0= A4, > 0.

Tuong ty B; > 0 va C; > 0. Hon ntta, A, + B, + C, = 7, nén ta c6 dieu
phai chiing minh.

Meénh dé 2.3. Véia > 1, néu A, B, C la ba géc ctia mot tam gidc thda

—1

man min{A, B,C} > u, thi Ay, B,, C, zdc dinh nhu sau
!

1— 1— 1—

cung la ba goc cua mot tam gidc.
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Ching minh. That vay, v6i a > 1, ta c6

(a—1)m

min{A4, B,C} >

(a—1)m
3a

= 3adA+(1—a)T >0
(1—a)m
3

= A >

= aA+ >0= A4, > 0.

Tuong tu B; > 0 va C; > 0. Hon ntta, A; + B, + C, = 7, nén ta c6 dieu
phai chiing minh.
Duéi day 14 mot s6 truong hgp riéng, minh hoa cho cdc ménh dé trén.

- Tt Meénh dé 2.1, v6i o = —5 ta ¢

Hé qua 2.1. Néu A, B, C la ba géc cia mot tam gidc, thi A,, By, C, zdc
dinh nhu sau

T— A ™ —B T—C
Alz 2 ’ Blz 2 9 C11: 2
hay ) 4
B+C C B
Alz —;_ ) Blz _;_ ’ Clz _;_

cung la ba goc cua mot tam gidc.

\ 1
- Tw Ménh dé 2.1, v6i a = 37 ta co

Hé qua 2.2. Néu A, B, C la ba géc cia mot tam gidce, thi A,, By, C, zdc
dinh nhu sau

T+ 3A ™+ 3B ™+ 3C
Alz 6 3 B1: 6 3 C\11: 6
hay
A1:4A+B+C Blz4B+C+A 01:4C+A+B
6 ’ 6 ’ 6

cung la ba goc cua mot tam gidc.

\ 2
- Tw Ménh deé 2.2, v6i a = —3 ta co
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Hé qua 2.3. Néu A, B, C la ba goc ciia mot tam gidc théa man
5
max{A, B,C} < %

thi Ay, By, C| zdc dinh nhu sau

b — 6A Sm — 6B S — 6C
1 9 ) 1 9 3 1 9
hay
A1:BB+5C’—A 31:50+5A—B 01:5A+SB—C
9 ’ 9 ’ 9

cung la ba goc cua mot tam gidc.

- Tt Ménh dé 2.2, véi a = —5 ta co

Hé qua 2.4. Néu A, B, C la ba géc clia mot tam gidc théa man

3
max{A, B,C} < zﬂ
thi Ay, By, C| zdc dinh nhu sau
3m —4A 37 — 4B 3 —4C
A = —-———--:: = —-—— C p—
1 5 ) 1 5 ’ 1 5
hay
3B+3C - A 3C +3A—-B 3A+3B—-C
Al — 5 ) 1= 5 ) C11 — 5

cung la ba goc cua mot tam gidc.
- Tu Ménh deé 2.2, v6i o = —1, ta c6

Hé qua 2.5. Néu A, B, C la ba goc ciia mot tam gidc théa man

2
max{A, B,C} < %
thi Ay, By, C zdc dinh nhu sau
27 2 21
Ai=——-A B=——-B C,=—-C
1 3 ) 1 3 ) 1 3
hay
2B+2C - A 2C+2A—- B 2A+2B - C
A= 3 St 3  Gi= 3

cung la ba goc cua mot tam gidc.
- Tu Ménh dé 2.2, v6i o = —2, ta c6
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Hé qua 2.6. Néu A, B, C la ba goc ciia mot tam gidc théa man
max{A, B,C} < g

tic la tam giac ABC nhon, thi A,, B, C, zdc dinh nhu sau
A1:7T—2A, Blzﬂ'—2B, 01:7T—2C
hay
A1:B+C—A, 31:C+A—B, C1:A+B_C
cung la ba goc cua mot tam gidc.
- Tu Ménh dé 2.3, v6i a = 2, ta cb
Hé qua 2.7. Néu A, B, C la ba géc ciia mot tam gidc théa man

min{A4, B,C} > %

thi Ay, By, Ci zdc dinh nhu sau

s T T
A1:2A_§, B1:2B—§’ 01:20_§

hay

_5A-B-C 5B —C — A 5C —A—B

Ay 3 , B = , C1=

cung la ba goc cua mot tam gidc.
- Tt Ménh dé 2.3, véi o = 4, ta c6

Hé qua 2.8. Néu A, B, C la ba goc ciia mot tam gidc théa man
min{A, B,C} > g
thi A,, By, C| zdc dinh nhu sau
Aij=4A—7m, B,=4B—m, C,=4C — 7«
hay
Ay=3A-B-C, Bj=3B-C—-A, C1,=3C-A-1B
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cung la ba goc cua mot tam gidc.
Bay gio, nhan xét rang, véi ) <a<l1,tacé

(I—a)m
3

(1-a)(A+B+0C)

3
:(1+204)A+(1—04)B+(1—oz)

3 3 3
Tuong tu nhu biéu dién trén déi véi By va C.
Diit

Al :OKA+

= oA+

C.

_1—|—2045 . 1-a
- 3 71_/71_ 3 .

Thé thi aq, 61, 71 > 0 va oy + 61 + Y1 = 1. Khi dé
A=A+ B/ B+7mC, Bi=uB+ 5C+mA, C=a,C+BA+1B

071

cing la ba géc cia mot tam giac.
Nhan xét trén goi ¥ cho ta két qua sau

Meénh dé 2.4. Néu A, B, C la ba géc ctia mot tam gidce, thi Ay, By, C;

xac dinh nhu sau
(A1 = A+ BB ++C;

C, = aC + BA + B,

(2.10)

\

trong do o, B, v > 0 va a+ 4+ v =1, cung la ba goc cua mot tam gidc.

Chiung minh. Dé dang kiem tra dugc rang A;, By, C; > 0 va

Bay gio, gia st ngugc lai, A;, B;, C} la ba géc cia mdt tam giadc cho
trude. Ta can xac dinh cac goc A, B, C clia tam gidac ABC théa man hée
phuong trinh (2.10) néu trén.

Giai hé phuong trinh tuyén tinh nay (c6 thé bang phuong phép sit dung
dinh thiic), ta dugc

(o = By) Ay + (v* — aB) By + (B° — ya) Cy

A=
o’ + 3% + 7 = 3afy ’
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(a® = B7) B+ (v* — aB) C, + (8 — ya) Ay
o 4 33 4+ 3 — 3a By ’

(0 = Bv) Cy + (v — aB) Ay + (87 — ya) By
o 4+ 33 4+ 3 — 3afy

B

C

Y

. X . .1
v6i dieu kién phét sinh 1a «, 5, v khong dong thsoi bang nhau (bang 5)

Dé théng nhat trong viéc trinh bay noi dung cac ménh dé, ta thay doi
ki hiéu cac géc clia hai tam giac cho nhau va thu dudc két qua sau

Meénh dé 2.5. Cho cdc s6 a, 3, v > 0, khong dong thoi bing nhau (bing
%) va oo+ B+~ =1. Neu A, B, C la ba géc ciia mot tam gide, thi Ay, By,
C zdc dinh nhv sau

(A = A+ BB+ 1O
By =B+ 5C+ 1A
Cy=oC+ A+ B,

(2.11)

trong do
o’ — By
ap = ;
L et By = 3ay]
5, = 7’ —af _
LAt B = 3ay]
B* —na
7=

ad + 33 4+ ~3 — 3afy’
cung la ba goc cua mot tam gidc.
Ching han, cac s6 a, 3, v sau day théa man Ménh dé 2.5

a=sin’p, B =cos’p, v=0.

Do d6, néu A, B, C 1a ba gbéc clia mot tam giac, thi A, B, C xac dinh
nhu sau

Ay = oA+ BB+ 1Ch
By = a1 B + 5,C + 1 A;
Cy=oC+ 1A+ 7B,
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trong do6
sin® ¢

0y = —5 6 )
sin” + cos’y
— sin® @.cos?p

- . I
sin’p 4 cosby
costp

1 — . )
sin®p + cosby

cing la ba géc cia mot tam giac.

Bay gio, ta tiép tuc cac hudng khai thac khac dé cac két qua tim duge
phong pha hon.

Nhan xét rang, trong cac két qud & cac phan trén day, cach thiét lap
cac goc Ay, By, C) tut cac goc A, B, C' c6 tinh hoan vi vong quanh. Do do,
vai tro clia cac goc A;, By, C; 1a nhu nhau. Trong phan tiép theo, ta sé
thiét 1ap cac goc clia mot tam gidc ma vai tro ctia chiing khong nhu nhau,
vi tinh hoan vi vong quanh khong thyc hién dugc.

Chang han, tit Ménh dé 2.1 ta thiy ring, v6i a 1a s6 thuc bat ki, néu
dat

Ay=aA, By=aB, Cy=aC+(1l-a)m,
thi A, + By, +Cy, = 7. Do d6, néu A, > 0, B, > 0, Cy, > 0 thi Ay, By, C, 1
ba gbc clia mot tam giac. Ta c6 cac két qud sau

Meénh dé 2.6. V5 0 < a <1, néu A, B, C la ba géc ctia mot tam gidc,
thi Ay, By, Cy xdc dinh nhu sau
Ay=aA, By=aB, Cy=aC+(1-a)m,

cung la ba goc cua mot tam gidc.

Ching minh. Ro rang A, > 0, B, > 0, Cy > 0. Suy ra diéu phai ching
minh.

X 1
- Tw Ménh de 2.6, v6i a = 37 ta co

Hé qua 2.9. Néu A, B, C la ba géc ciia mot tam gidc, thi Ay, By, Cy wdc

dinh nhu sau y 5 c
T+

JR— B - — pu—

2 ) 2 2 ) C2 2

cung la ba goc cia mot tam gidc, trong dé Cy la goc tu.

A2:
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Meénh dé 2.7. V5 0 < a < 2, néu A, B, C la ba géc ctia mot tam gidc,
trong do C' la goc tu, thi Ay, By, Cy xzdc dinh nhu sau
Ay=aA, By=aB, (Cy=aC+(1l—-a)m,

cung la ba goc cua mot tam gidc.
Ching minh. RO rang A, > 0, B, > 0. Ngoai ta, ta c6

(2—a)w

C>g:ngoz0+(1—@)7r>ozg+(1—a)7rz >0=C,>0.

Suy ra diéu phai chiing minh.
- Tt Ménh dé 2.7, véi o = 2, ta c6

Hé qua 2.10. Néu A, B, C la ba géc ctia mot tam gidc, trong dé C la géc
tu, thi Ay, By, Cy xzdc dinh nhu sau

AQZQA, BQZQB, C2:27T—C
cung la ba goc cua mot tam gidc.

. 1 ) .
Meénh de 2.8. Vo —5 <a<0,neu A, B, C laba goc cia mot tam gidc,
thi As, Bs, Cs xzdc dinh nhu sau

As=aA+mn, By3;=aB+nm, (C3=aC+pn,
trong do
m>—-a, n>—a, p>—a m+n+p=1-—aq,

cung la ba goc cua mot tam gidc.

Ching minh. Ta co
As+ B3+ Cs=a(A+B+C)+(m+n+pr=ar+(l—a)r=m.

Ngoai ra, ta c6

—aA
A<mt= A< —ar= —a > .
T

Theo gia thiét, ta c6 m > —a. D6 d6

m > = aA+mm>0= A; > 0.

v
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Tuong tu, ta c6 By > 0 va C; > 0.

Cudicling, vim > —a,n > —a,p > —a,nén l—a = m+n+p > —3a.
. 1 .

Nhu vay, gia thiet a > 5 sé dam bao dugc rang 1 — a > —3a.

Ta c6 diéu phai chitng minh.

1 1 1 3

—TfiMénhdéZS,V(ji()z:—4,m:1,n:Z,p:Z,tacé

Hé qua 2.11. Néu A, B, C la ba géc cia mot tam gide, thi As, Bs, Cy
zac dinh nhu sau

-

A= —— + — = — — -
TTIY 44 1T

cung la ba goc cua mot tam gidc.

Tiép theo, dé dang chiing minh dugc cac két qud sau day

Meénh dé 2.9. Néu tam gidc ABC c6 ba géc nhon (hodc vuong tai C), thi
As, B3, Cs xdc dinh nhu sau
Ag,:g—A, Bgzg—B, Cy=m—C,

cung la ba goc cia mot tam gide tu (hodc vuong tai C3).
Meénh dé 2.10. Néu tam gidgc ABC c6 géc C tu (hodc vudng), thi As, Bs,
Cs zac dinh nhu sau

A?,:g—A, B?,:g—B, Cy=m—C,

cung la ba géc cia mot tam gidc nhon (hodc vuong tai Cs).

2.3.2 Ap dung

T nhitng két qua 6 phan trén ta thiy rang, véi ba goc clia mot tam
giac cho trudc, cé thé tao ra duge ba géc clia mot tam gidc méi va do dé
c6 thé suy ra dugc nhiéu hé thitc lugng giac lien quan dén cac goéc ctia tam
gidc d6. Hon nita, bang cach phéi hgp nhiing phuong phap khac nhau, ta
con c6 thé tao ra duge nhiéu dang thic va bat dang thic lugng giac khac,
vo cung phong phi.

Sau day la mot vai vi du.
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Gia s rang, ta da ching minh dugc cac hé thic sau day va xem ching
1a nhitng hé thic "gbc" ban dau

3V3
sin A + sin B +sin C < T\/_ (2.12)
1
cos Acos B cosC < 3 (2.13)
3
0 <sin Asin BsinC < i (2.14)
sin2A +sin2B 4 sin2C =4 smAsm Bsin C. (2.15)

Ap dung He qua 2.1 vao (2.12), ta c6

sin(W;A> +sin<W_B) +sin(ﬂ_0> < 3\/§.

Nhu vay, ta da tao dugc bat ding thitc sau

3v3

L ez A B
Bat dang thuc 2.1. COSE + COSE + COSE < 5

Ap dung He qua 2.1 vao (2.13), ta c6

(55 on (5 (5) =
COS 9 COS 9 COS 9 _8.

Nhu vay, ta da tao dugc bat ding thitc sau

Lz A. B  C
Bat dang thiuc 2.2. SinESin§ sin; <

| —

Ap dung He qua 2.1 vao (2.15), ta c6

) T— A ) ™ —B ) T —C - a—A  w—B .
sin 2 4+sin2 | —— |+sin2 = 4sin sin sin
2 2 2 2 2
hay
— A — B —C
Sin(Tr—A)+Sin(7T—B)+Sin(7T—C>:4SiH7T sin = sin =

Nhu vay, ta da tao dudc dang thic sau

B C

. A
Dang thic 2.1. sinA+sin B+sinC = 4COS§COS§COS§
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Bay gio, dé sang tac them nhing hé thic da dang hon, ta tiép tuc khai
thac nhitng két qua trén, chang han tit Bat dang thic 2.2 ta c6

A

8sin—sin —sin— < 1
2 2 2

325 A B . C A B C(C <4 A B (C
sin 5 sin 5 sin 5 .COS 5 coS 5 cos 5 < cos 5 coS 5 coS 5
A A . B B . C C A B C(C
&4 | 28in —cos— 2 sin —cos— 2sin —cos— | < 4cos—cosS—cos—
2 2 2 2 2 2 2 2 2
A B (C
&4sin Asin Bsin C' < 4008500850085. (2.16)

Nhu vay, ta da tao dudgc bat dang thic sau

2 .z A B C(C
Bat dang thiic 2.3. sin Asin BsinC' < cosacosgcosg.

Béi (2.15) va Dang thic 2.1, tit (2.16), ta c6 bat dang thitc sau
Bit ding thic 2.4.  sin2A +sin2B +sin2C < sin A + sin B + sin C..

Ta tiép tuc khai thac Bat dang thitc 2.4. Nhan xét ring, néu tam giac
ABC la tam giac nhon thi, ap dung Hé qua 2.6 vio Bat dang thic 2.4, ta
“ sin2 (m —2A) +sin2 (7 — 2B) 4+ sin 2 (7 — 2C)

< sin (m — 2A) 4 sin (7 — 2B) + sin (7 — 2C)
& —sin4A —sin4dB — sin4C < sin2A + sin 2B + sin 2C.

Nhu vay, ta tiép tuc tao dugc bat dang thitc sau
Bat dang thic 2.5.
sin2A +sin2B +sin2C' +sin4A +sin4B + sin4C' > 0.

Bay gio, ap dung Hé qua 2.9 vao Bat ding thiic 2.4, ta c6

. 2A L 2B L 27T+C' <.A+.B+.7T+C
sin (2.~ ) +sin{2.= ) +sin (2. sin — + sin — + sin .
2 2 2 - 2 2 2
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Ta tao dudc bat dang thic sau
B C

L as A
Bat dang thitc 2.6. sinA+sinB —sinC < sina + sin e + cos -
Bay gid, gid st tam giac ABC ¢6 goc C ti. Ap dung He qua 2.10 vio
B4t dang thic 2.1, ta c6
24 2B 020 T 3v/3
COS— + COS— —+ €08 :
2 2 2 T 2
Ta tao dugc bat dang thic sau

BAat ding thic 2.7. cos A+ cos B +sinC < ——

V3
323 (

7T
C > —).
2
Tiép theo, gia sit tam gidc ABC nhon (hodc vuong tai C'). Ap dung
Meénh dé 2.9 vao (2.14), ta ¢

O<sin(g—A)sin(g—B)sin(W—C)g?.

Ta dudc bat ding thic sau

3\/3(

Bat dang thic 2.8. 0 < cos Acos BsinC < 5 C < z).

- 2
Bay gid, gi sit tam giac ABC' ¢6 goc C' ti (hodc vuong). Ap dung Meénh
dé 2.10 vao (2.12), ta c6

0<Siﬂ(g—z4)—|—Sin(g—B)+sin(7r—C’)S%-

Ta dudc bat ding thiic sau

Bat dang thic 2.9. 0<cosA+cosB+sinC < — (C> E).

3v3 (
2 2
2.3.3 Phép chuyén doi bao toan canh ctia tam giac
Hai bai toan sau ciing da dugc tai lieu [3| dé cap
Bai toan 2.2. Xac dinh céc cip s6 «,  dé ham s6 f (z) = ax + 3 c6

Tinh chat 2.1. 1a f (a), f (b), f(c) luon 1ap thanh do dai cac canh cla
mot tam gidc tng v6i moi tam giac ABC' cho trudc.

Loi gigi. Dé f(a), f(b), f(c) 1a do dai cac canh clia mot tam giac, trude
hét ta phai c6

f(a)>0,f(b)>0,f(c) >0, VAABC.
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Suy ra
aa+ 0 >0,ab+ 6 >0,ac+ >0, VAABC. (2.17)

Do d6 o > 0. That vay, néu a < 0, 8ty ¥ thi ta chon tam gidc ABC
c6 a du 16n. Khi d6, theo tinh chat clia nhi thitc bac nhat, ta cling sé nhan
dugc aa + 8 < 0.

Truong hop khi dong thoi xady ra a = 0, 8 = 0 thi f () = 0 khong thoa
man bai toan.

Ngugc lai, véi a > 0, 8 > 0, a+ [ > 0 thi ta thay f(a), f(b), f(c) la
do dai cac canh ciia mot tam giac, do a, b, ¢ 1a do dai ba canh cta tam
giac ABC'. That vay, ta c6

fla)+fb)>[fle), fO)+[(c)>[(a), fle)+[fla)>[(b),

tuc 1a
(aa+[+ab+ 3 >ac+

ab+ B+ ac+ S >aa+p
ac+f+aa+p>ab+

\
hay
(a(a+b)+ 6> ac

a(b+c)+ B> aa

a(c+a)+ B> ab.

\
Diéu nay hién nhien via >0, 3> 0, a+ 3 > 0.
Vay véia >0, 8 >0, a+ S > 0 thi ham s6 f () = ax + [ ¢6 tinh chat
1a f(a), f(b), f(c) luon lap thanh do dai cac canh clia mot tam giac tng
v6i moi tam giac ABC' cho trudc.

c6 tinh

) . ) 1
Bai toan 2.3. Xéc dinh cac cap s6 «, § dé ham sb f (z) =

ar + 3
chat 1a f (a), f(b), f (c) luon lap thanh do dai cc canh clia mot tam giac
ing v6i moi tam giac ABC' cho trudc.

Loi gidi. Khong méat tinh tong quat, ta luon gia thiét a > b > c.

Nhan xét rang, ham s6 g (z) = — (phép nghich déo) khong c¢6 tinh chét
T

g(a), g(b), g(c) la do dai cac canh clia mot tam gidc ting véi moi tam giac
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ABC cho truée. That vay, xét tam giac can ABC c6a=0b= 2, c =1, thi

) I 1 1
tacog(a)=—-=35,9(b)=7=759()=-=1L
Khi doé 11
g(a)+9(b):§+§:1:g(0>-
Dé f(a), f(b), f(c) 1a do dai cac canh clla mot tam gidc cho trudc,
trude hét ta phai c6
f(a)>0,f(b)>0,f(c) >0, VAABC.
Suy ra
1 1 1
>0,——>0,—— >0, VAABC
aa+ 3 ab+ 3 ac+ B
hay
aa+ 0 >0,ab+ 6 >0,ac+ >0, VAABC. (2.18)

Tu (2.18), ta thu duge o > 0. That vay, néu a < 0, 8 tuy ¥ cho trude,
thi ta chon tam gidc ABC c6 a du 16n. Khi d6, theo tinh chat ciia nhi thic
bac nhat, ta sé nhan dudc aa + 3 < 0.

Tuong ty, cing tu (2.18) suy ra 8 > 0. That vay, néu 8 < 0 thi ta chon
tam giac ABC c¢6 a di nhé. Khi d6, theo tinh chat ciia nhi thitc bac nhat,
ta cing sé nhan dugc aa + S8 < 0.

Truong hop khi dong thoi xay ra a = 0, 8 = 0 thi f (x) khong xac dinh.

N 1

Véi a = 0, 8 > 0, ta thu dugc ham hiang duong f (z) = 3 nén f(a) =
f(b)=f(c)>0va f(a), f(b), f(c)la do dai cac canh ctia mot tam giac
deu. 1

Véi o > 0, f =0, thi f(x) = — khong théa man bai toan (do nhan

ax
xét trén).
Xét truong hop a > 0, 8 > 0. Khi do, véia > b > ¢, ta ¢

aa+p>ab+ 8 >ac+ 5> 0.
Suy ra
1 1 1
< <
aa+ 0~ ab+ P T ac+ S

hay
fla) < f(0) < fle).
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Vay ta can xac dinh cac s6 a > 0, 8 > 0 sao cho luon ¢6 f (a) + f (b) >
f (¢) tng v6i moi tam gidc ABC' théa man a > b > ¢ hay

1 1 1
>
aa+5+ab+5 ac+

Xét cac tam gidc can ABC dong dang véi tam giac can canh 3, 3, 1,
tic laa=b=3d, c=d v6id>0 tuy y. Khi d6 (2.19) c6 dang

1 1 1

VAABC :a>b>c. (2.19)

> vd > 0.
3d04+5+3d04+5 da+ 0’
Bat dang thic trén tuong duong véi
2 1
vd > 0

3dat B datp

hay
2da+ 26 > 3da+ B, Vd > 0,
tic 1a B > da, Vd > 0. Diéu nay khong xay ra khi d du 1én.
Vay v6i o = 0, 8 > 0, thi ham s
1
f(x) _ T _J’_Bn

(ttc 1a ham hang, duong) c6 tinh chat f (a), f (), f (¢) 1a do dai céc canh
cia mot tam giac, tng v6i moi tam giac ABC' cho trudc.

Trén day 1a hai bai toan kha tong quat dé xac dinh mot sé ham sbé c6
tinh chat f (a), f(b), f(c) 14 do dai cac canh clia mot tam giac, ung véi
moi tam gidc ABC' cho trudc.

Bay gio, ta ciing tiép tuc tim kiém nhing 4p dung cu thé ctia bai toan
trén va xét nhing truong hop khac ma bai toan chua dé cap.

Meénh dé 2.11. Néu qa, b, ¢ 1a do dai ba canh ctia mot tam giac thi

1 1 1
a+b b+c c+a

cing la do dai ba canh cua mot tam giac.

Chitng minh. Trudc hét, ta ching minh bat ding thic

1 - 1
a+b  2(b+c).
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That vay

1 - 1
a+b” 2(b+c)

b+ec>a=b+2c>a=2b+2c>a+b=

Tuong tu, ta co
1 1

c+a ~ 2(b+c)

Suy ra
1 1 1

> .
a+b+c+a b+ c

Do do, tuong tu, ta co

1 1 1 1 1 1
+ > : + > .
b+c¢c a+b c+a'c+a b+c a+b

Suy ra diéu phai chitng minh.

Meénh dé 2.12. Néu h,, h,, h. 13 do dai cac dudng cao ctia mot tam giac
c6 ba canh a, b, ¢, thi R lap thanh ba canh clia mot tam giac dong

a b c
dang v6i tam giac da cho.

Ching minh. Ta co

a b c

QS: == =

) &) &)

1 1 1 .
Suy ra PR lap thanh ba canh cia mét tam gidc dong dang véi
a b c
Z N 1
tam giac c6 ba canh la a, b, ¢, ti so dong dang la k = 35"

Meénh dé 2.13. Do dai cac trung tuyén m,, my, m. lap thanh ba canh cia,
mot tam giac.

Chitng minh. Gia st tam giac ABC' c6 cac trung tuyén AA,, BB,, CC,
cit nhau tai G. Qua C; ké duong thang song song véi AA,, cat BB, BC
tai £, Q. Qua C ké duong thing song song véi BB;, cit C,Q tai P. Ta c6
1

2
—My = —My;
3 b bs

EG:}BG: 3

1
2 2
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A — - & EG=-PC.

pc _co 3 F¢ ¢

Suy ra PC = my. Ta cb
C.E G 1
cP_cC 39 R
1 12 1
E=-AG=-"m, =~
GiE =546 = 5.3ma = 3,

Suy ra C1 P = m, va CC} = m,. Tu d6 tam giac CC, P c6 ba canh la
Mq, My, M. (dpcm).

Meénh dé 2.14. Néu a, b, c 1a do dai ba canh ciia tam giac A, B, C, thda
méan min (A, B,C) > %, thi vab, Vbe, y/ca cing 13 do dai ba canh cia

mot tam giac.
Chitng minh. Ta ching minh bang phuong phap phan ching. Gia sit

vab, \/&, v/ca khong thé 134 do dai ba canh ctia mot tam giac. Khi do ta
phai c6, chang han, bat ding thic sau

Vab + Vbe < \/ca

\/§+ \/g <1. (2.20)

hay

b /b 1 ., b 1 b 1
Tu (2.20), suy ra min <\/;, \/g> < o1 chiang han \% < 5 hay - < 1
, . L. sinB 1
Theo Dinh 1i Ham s0 sin, suy ra — < = hay
sinC' — 4
_ 1
sin B < 1 (2.21)
Ngoai ra, ta c6
s
_— 1— cos V2o-V3 1
sin — = = > —.
12 2 2 4

1 m
T do ta cod, géc nhon @ ma sina = 1 thi 0 < a < %

So hoa b6i Trung tam Hoc lieu http://Irc.tnu.edu.vn/



o7
Béi (2.21), ta c¢6 sin B < sin .. Xét hai kha nang c¢6 the xay ra, nhu sau
_NéuB<a< 1”—2 thi didu nay vo If, vi B > min (4, B,C) > %
- Néu B > 7 — a, thi A va C déu nho6 hon 17T—2 Diéu nay ciing vo 1y, vi
min (A4, B,C) > uE
Vay ta c6 dieu phai chitng minh.

2.3.4 Ap dung
T Bai toan 2.3, ta c6 thé sang tac dugc bai toan sau day.

Bai toan 2.4. Chitng minh rang khong ton tai tam gidc c6 ba canh 13

1 1 1
a+1 b+1 c+1’

trong do6 a, b, ¢ 1a ba canh clia mot tam gidc (khong phai 1a tam giadc déu)
nao do.
Tiép theo 13 mot phuong phap dé sang tac mot so6 bai toan khac.

D‘|»—\

. 1 1
Theo Ménh de 2.12, ta c¢6 h_ h_ lap thanh ba canh cia mot tam
1 1 1 ) 1 1 1
giac. Do d6 — W h_c > o Vay neu ta chon N, hy, h. sao cho h—b+h— <o

1 1 .
thi — h T khong thé lap thanh ba canh ctia mot tam gidc. Chang han,
chon v
ha=1, hy=+5, h,=1+5,
thi V5 -1 943
1 1 5 5—1 9v/5-5 1
hy  he 5 4 20 h,

Tu do, ta thu duge bai toan sau

Bai toan 2.5. Chitng minh rang khong ton tai tam giac c¢6 ba dudng cao
1a

ho =1, hy=+5, h,=1+ V5.

Ta biét rang, néu a, b, ¢ 13 ba canh clia mot tam giac, thi

a’ + b+ < 2(ab+ be + ca). (2.22)
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That vay, ta c6 a < b+ ¢ = a® < ab + ca. Tuong ty, ta c6 b*> < be + ab,
c? < ca + be.
Suy ra diéu phai chiing minh.
Ngoai ra, ta c6 thé chiing minh dugc ring
1 1 1 1

== 2.2
ha+hb+hc r’ (2.23)

v6i r 14 ban kinh dudng tron noi tiép tam giac.

That vay, tac6 S=rp=r (#) :
Suy ra
I_atbte _a b c 1 1 1
r 25 25 25 25 h, hy h,
Vi hi’ hi’ hi lap thanh ba canh clia mot tam giac (theo Ménh dé 2.12)
nén ti 62.15) v (2.20), ta co
1 1 1 1 1 1
wratE <2t
Vay

1 11 1) 1 1 1
= (rnrn) <Gmt )
Tém lai, tit cac phuong phap phéi hop trén day, ta da tao ra dugce bat
dang thic sau

1 1 1 1
Tl Tohe B 4
Hon nita, phéi hop cdc ménh dé v ap dung cac cong thiic trén, ta sé
thu dugc nhiéu két qua tha vi. Chang han, tit Ménh dé 2.13, bdi (2.19), ta
c6 bat dang thic sau

Bat dang thic 2.10.

Bat dang thic 2.11.  m2 +m} +m? < 2 (memy + mym, + mem,).
Mot cach phoi hgp khac, chang han, tt Ménh dé 2.12 ta biéet rang o

a

1 1 R
P lap thanh ba canh ctia mét tam giac. Do d6, theo Ménh de 2.11, ta
b c
co
1 1 1
1 17 1

1
B By by B

Y

1+1
he — hg
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hay
ha hb hb hc hc ha

he +hy,” hy+h. h.+h,
cing lap thanh ba canh ctia mét tam giac.
T nhan xét trén, ta thiét lap duge bat dang thitc sau day

ha hb + hb hc hcha

Bit ding thic 2.12. > .
ab dang thue hot by Byt B Bt B
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Chuong 3

Mot s6 16p phuong trinh va bat

phuong trinh trong dai s6 giai bang
cac dong nhat thic

3.1 Giai va bién luan phuong trinh bac ba
Xét phuong trinh
az’ + b’ +cx+d=0. (a#0).
Bai toan 3.1. Giai phuong trinh
ar® +bx’ +cx+d=0. (a#0) (3.1)

biét v = 7, 1& mot nghiém ctia phuong trinh.
Loi gidi. Vi x = x 13 mot nghiém ctia phuong trinh (3.1) nén ta c6 thé
viét (3.1) dudi dang

azr® + bx® + cx + d = ax) + bxg + cxy + d.

Suy ra
(z — z0)[ax® + (azo + b)x + axp + bxy + ] = 0.

Xét phuong trinh
az’ + (axy + b)x + axy + bry + ¢ = 0. (3.2)

Ta co
A = (azy+ b)* — 4a(axd + bxy + c).

Néu A < 0 thi phuong trinh (3.2) vo6 nghiém, do d6 phuong trinh (3.1)
c6 nghiém duy nhat 1a x = .
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Néu A > 0 thi phuong trinh (3.2) ¢6 hai nghiém

—(azy +b) £ VA
2a '

Vay phuong trinh (3.1) c6 ba nghiém la
—(azy +b) £ VA

T12 =

Lo, L1,2 = %
Bai toan 3.2. Giai phuong trinh
42 —3x =m, |m|<1. (3.3)

Loi giai. Dat
m = cos o hay m = cos(a +£ 2m)).
Vi
cosa = 4 cos® = — 3cos =
3 3
nén c6 the viét phuong trinh (3.3) duéi dang

47° — 3z = dcos® 2 — 3cos =
X X COS3 COS3

T do, ta nhan dugc phuong trinh

(x—cos%)[4x2+4xcos%+4c082% —3]=0

Q
r—cos— =10
3
=

4332—{—433COS%+4COS2%—3] = 0.

Vay phuong trinh (3.3) ¢6 ba nghiém la

o o x 27
Ty = COS —; Xy3 = COS :
1 37 2.3 3
Bai toan 3.3. Giai phuong trinh
42° — 3z = m,|m| > 1. (3.4)

Loi gidi. Ta nhan xét rang khi |z| < 1 thi gi4 tri tuyét doi ctia bicu thiic
§ vé trai clia phuong trinh khong vugt qua 1 nén khac m. Vi vay, ta c6 thé
dit

1

1
x:§(a+a),a7é0.
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Khi do, ta sé chiing minh dugc

1 1
3 . 3

Tu dé ta c6 cach gidi d6i v6i phuong trinh (3.4) nhu sau.
Dat
m=—(ad"+—=].
2 a’

a:\a/m:I:\/mQ—l

V6i cach diit m nhu trén thi phuong trinh (3.4) ¢6 nghiém duy nhat

1<+1>
r=—-|a+—-)-
2 a

That vay, gid st phuong trinh (3.4) ¢6 nghiém z, thi zy & [—1;1]. Suy ra
|zo| > 1. Khi d6 (3.4) c6 dang

Suy ra

42® — 3x = 4x — 31
hay
(r — x0)(42® + dxwy + 425 — 3) = 0.

Xét phuong trinh

42? + dzwe + 422 —3) =0 (3.5)
Ta c6 A" =12 — 1222 < 0. Do d6 phuong trinh (3.5) vo nghiém.
Vay phuong trinh (3.4) ¢6 mot nghiem duy nhéat 1

x:%(\b/mjL\/m?—le\a/m—\/m?—l).

Bai toan 3.4. Giai va bién luan phuong trinh
4* + 3z =m, m € R. (3.6)

Loi gidi. Ta c6 nhan xét rang néu phuong trinh (3.6) ¢6 nghiem z = x
thi d6 ciing chinh 14 nghiém duy nhat ctia phuong trinh.
That vay, v6i x > xy thi

42° 4+ 3z > 4a) + 3wg = m
va vOl x < xy thi

42° + 3z < 4z} + 39 = M.
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Do d6 phuong trinh (3.6) c6 khong qua mot nghiém.

bat 1 1
x:§(a——),a7é0
Ta dé dang ching minh dugc
1 1
42° + 3z = = (a® — —)-
x” + 3z 2(& » )

Tu d6 ta c6 cach giai phuong trinh (3.6) nhu sau.

Dat
1<3 1)
m=—-|a" ——
2 as’

a:\B/m:I:\/m2+1.

Khi d6 phuong trinh (3.6) c6 nghiém duy nhat 1a

r=gla— )= s (m+ VA E T4 {m—VaE ).

thi

Bai toan 3.5. Giai va bién luan phuong trinh
2+ ax® + br +c = 0. (3.7)

Lot gidi. Tru6e hét ta ¢6 nhan xét rang moi phuong trinh bac ba dang
tong quat

ar® + b’ +caxr+d =0, (a; #0)
déu dua duge vé dang phuong trinh (3.7) vdi

by C1 d,
a=—b=—c=—.
ap ai ap

a
Dat x =y — 3 ta thu dugc phuong trinh

(y-3) +aly =3 +bly—3) +e=0
hay
Y’ —py=q, (3.8)
Véip:a—g—b;q:_2a3+a—b—c.
3 27 3

1) Néu p = 0 thi phuong trinh (3.8) c6 nghiém duy nhat y = /4.
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2) Néu p > 0 thi ta dua phuong trinh (3.8) vé dang bai toan 3.2 hodc
bai toan 3.3 bing cach dit y = 2\/%5, khi d6 ta dugc phuong trinh

4t — 3t = m, (3.9)

3v/3q
2p\/]3'

a) Néu m = 1 thi phuong trinh (3.9) ¢c6 mot nghiém don ¢; = 1 va mot

vl m =

nghiém kép ¢, = _7
b) Néu m = —1 thi phuong trinh (3.9) ¢6 mot nghiém don ¢, = —1 va
mot nghiém kép t, = X
¢) Néu |m| < 1, thi ta dat m = cos «. Khi d6 phuong trinh (3.9) ¢6 ba
nghiém
o 2
3

. 1 1
d) Néu |m| > 1, thi ta d&t m = §(d3 + E), trong do6

& =m+vm?—1.

Khi d6 phuong trinh (3.9) c6 nghiém duy nhat

t:§(d+é):%(\3/m—|—\/m2—1+\S/m—i—\/mQ—l).

«Q
t; = cos §’ o3 = COS

3) Néu p < 0 thi dat y = 2, /%pt. Khi d6 ta dugc phuong trinh

4t + 3t = m, (3.10)
vGl1
—3\/§q
m = .
2p\/—p

1.1

véil
> =m+vm?+ 1.

Khi d6 phuong trinh (3.10) c6 nghiém duy nhat 1a

t:%(d—é):%(f/mjtx/er\B/m—\/W).
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T nghiém ¢ ta tinh dugc nghiém y va ti dé suy ra nghiém x.
Sau day 14 mot s6 vi du vé giai phuong trinh bac ba nhim minh hoa

cho cac bai toan da trinh bay 6 trén.

Vi du 3.1. Giai phuong trinh

1
42° — 3x = 3 (3.11)

1
Lot giar. Ta cb 5 = cos g Theo cong thitc nhan ba thi

CosE = 4(:083E —3COSE.
3 9 9

Do d6 ta c6 thé viét phuong trinh da cho duéi dang
m

da3 — 3x = 4(:083% —3COS§.

& (:U—cosg)(4x2+4xcosg +4coszg —3)=0

T
oS = =0
T —cos g
< T T
4a* + 4z cos— +4cos® = —3=0
9 9
Vay phuong trinh (3.11) c6 ba nghiém la

T o m
1 = COS 5,372 = COS ?, T3 — COS —.

9
Vi du 3.2. Giai phuong trinh
82° — 61+ 3 =0 (3.12)
Lot giar. Ta cb

—V3
81° — 62 +V3=0 < 4x3—3x:T\/_- (3.13)
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om
Dt % = cos . Khi d6 phuong trinh (3.13) dugc viét duéi dang

429 — 30 = dcos X — 3eos

x? — 3x = 4 cos® — — 3cos —

18 18

om om oT
& <x — COSE> <4x +4xcosﬁ + 4 cos? Iri 3) 0

[ 5
T = Ccos—
18’

5% 5%
_4x +4xcosl—8+4cos 1_8_3 0.

Vay phuong trinh (3.12) c¢6 ba nghiém la
T ~ cos 177 ~ cos I
13 , Lo = .

1 = COS 1—8, 18
Vi du 3.3. Giai phuong trinh

82° + 242”4+ 62 — 10 — 3v6 = 0
Lot gidi. Phuong trinh (3.14) tuong duong véi phuong trinh sau

3 10 4+ 3v6

Dat x =y — 1, ta thu dugc phuong trinh

9, 3V6
y' -y —5 =0

Lai dat y = tv/3 ta thu duoc phuong trinh

2
wog o Y2
2
Phuong trinh nay c6 cac nghiém la
am T

ty = cOS —, 13 = COS —.

tlzcosﬁ, 1 G

Trd lai véi an x thi phuong trinh (3.14) c¢6 cac nghiem 13
3
x1:\/§cosl—7;— \/gcoszﬂ—

]-7'1"2: 1,373:
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Vi du 3.4. Giai phuong trinh
2’ +31° - 62 +3=0 (3.15)
Lot giar. Dat x = y — 1, ta thu dugc phuong trinh
¥’ — 9y +11=0. (3.16)

Lai dat y = 2/3t ta dugc phuong trinh

—11
4 — 3t = 3.17
~ 3.7
N _1]. e 0. ~ N 7 Z
Vi 673 > 1 nén ta gidi phuong trinh (3.17) nhu bai toan 3.3. Do d6

phuong trinh (3.17) ¢6 mot nghiem 1a

()

Suy ra phuong trinh (3.16) c6 mét nghiém la

y_2f</—11+\/_ /—11— ) \/—11-5\/1_3+\3/—11;\/ﬁ

Tré lai v6i an = thi phuong trinh (3.15) ¢6 mot nghiém la

s/ —114++13 /=11 —+/13
= 5 + 5 —1.

Vi du 3.5. Giai phuong trinh

2 — 92* + 36x — 68 = 0. (3.18)
Lot giai. Dat © = y + 3, ta thu dugc phuong trinh
y* + 9y — 14 = 0. (3.19)

Lai dit y = 2v/3¢, ta c6 phuong trinh

7
A3 + 3t = ——. 3.20
33 (3.20)
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Giai nhu bai toan 3.4 thi phuong trinh (3.20) c6 mot nghiém 1a

()

Khi d6 phuong trinh (3.19) ¢6 mot nghiém la

y:\3/7+\/776+\3/7—\/776.

Vay phuong trinh (3.18) c¢6 mot nghiém 1a

x:\a/7+\/%+\3/7—\/%+3.

O Chuong I ta da ching minh duge cic dong nhat thic sau

s n 3 1
COS — + coS — = —-
5% 5 2
s 2 3 1
COS— — COS— 4+ COS — = —-
7 7 7 2
cosba = 16 cos’ a — 20 cos® o + 5 cos ar-
T n 3T n 5% 1
Ccos — + cos — + cos — = —-
7 7 7 2
T n 3 n 5% n Tr 1
CcOS — + cos — + coS — + cos — = —-
9 9 9 9 2

Tu (3.21) dung cong thitc nhan ba ta suy ra dong nhat thic

g T T 1

4cos’— —2cos— — - =0.
5) 5 2
Do dé6 ta sé c6 bai toan sau
Bai toan 3.6. Giai phuong trinh
83 —4t —1=0.

37 2

(3.21)

(3.22)
(3.23)
(3.24)

(3.25)

Phuong trinh nay c6 3 nghiém la: ¢ = cos g t = cos—,t = cos 5 Tu day

5’
ta cting tinh dugc

T VB+1
cos — = .
5 4
541
Véi cosg:\/:ljL ta suy ra
7 7 Vh+1
4cos® — — — = .
coS 5 300815 1

Nhu vay ta sé c6 phuong trinh sau.
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Bai toan 3.7. Giai phuong trinh
162° — 122 = V5 + 1.

Tu (3.22) dung cong thitc nhan doi va cong thiic nhan ba ta suy ra dong

nhat thic .
400832—200822—2COS§+§ =0.

Bdi vay ta tiép tuc c6 bai toan sau.
Bai toan 3.8. Giai phuong trinh

8t° —4t* — 4t +1=0.
. ) S ™ 2T 3T
Phuong trinh c6 3 nghiém la ¢ = cos ?,t = —CoS 7,25 = COS -
Bai toan 3.9. Chiing minh tan?20°, tan®40°, tan®80° 13 cac nghiém cua,
phuong trinh
2 —332* + 272 — 3= 0.
Lot giar. Ta cb
Jtana — tan® o

tan 3a = . 3.26
an o 1 — 3tan’a (3.26)

Véi o = 20° thi
3tan 20° — tan® 20°

1 — 3tan® 209
= v/3(1 — 3tan?20°) = 3tan 20° — tan® 20°
= 3(1 — 3tan®20°)? = (3tan 20" — tan® 20°)?
= tan®20° — 33 tan® 20° + 27tan?20° — 3 = 0.

(3.26) = tan 60° =

Vay tan®20° 13 nghiém ciia phuong trinh
2° — 332% + 270 — 3 = 0.

Lam tuong tu bang cach thay a = 40° a = 80° vao (3.26) ta dugc
tan®40°, tan® 80° ciing 14 nghiém ctia phuong trinh

x® — 3322+ 27 — 3 =0.

Ngoai cac phuong trinh bac ba ta ciing c¢6 thé xay dung dugc cac phuong
trinh bac cao hon tit cac dong nhat thic luong giac. Chang han tit dong
nhat thic (3.23)

cosbha = 16 cos® a — 20 cos® oo + 5 cos av.
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Véi cac gia tri
a=5"a="77"a=149" a = 221", o = 293"

thi cos 5 déu bang cos 25°. Do dé cos 5, cos 77Y, cos 149°, cos 2217, cos 293°
la cac nghiém cua da thiic

f(x) =162° — 202° + 5z — cos 25°.
Do do6 ta c6 bai toan sau.
Bai toan 3.10. Giai phuong trinh
162° — 202° + ba — cos 25° = 0.

Tu dong nhat thitc (3.24) ta suy ra dong nhat thic

16COS5§ — IGCosgg +3COS§ — % = 0.
Béi vay ta c6 phuong trinh sau.
Bai toan 3.11. Giai phuong trinh
32t° — 326" + 6t — 1 = 0.
Phuong trinh nay c¢6 5 nghiém la
t, = cosi,tz = 0083—7T,t3 = COS5—7T,t4 = — cosi,t5 = COSQ—W-
7 7 7 5 5

Tu dong nhat thitc (3.25) ta suy ra dong nhat thic

s T s T 1
4 cos’ — — > 44 5 4 — — —=0.
64 cos 9 96 cos 9 + 40 cos 9 0089 5 0

Do d6 ta tiép tuc tao ra phuong trinh sau.

Bai toan 3.12. Chitng minh rang phuong trinh

1
642" — 962° + 402> — 4z — 5= 0,

c6 nghiém la

T 3 %8 T
T =COS—, T =CO0S—, T = COS—, & = COS —-
9’ 9’ 9’ 9
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Bai toan 3.13. Chitng minh rang phuong trinh
162° — 202° + 52 +2 =0
c6 nghiém duy nhat. Tim nghiém dé.
Low giaa.
1) Xét x € [-1;1]. Dat x = cosa, a € [0; 7], phuong trinh da cho tré
thanh phuong trinh

16 cos” o — 20 cos® o + 5 cosa +2 = 0
& cosba+2=0 (phuong trinh vo nghiém).
2) Xét x ¢ [-1;1] < |z| > 1.
. A 1 1 :
Khi d6 ton tai duy nhat gia tri @ € R, |a| > 1 ma x = 3 (a + —>. Gia
a
triadéldar —vVa2—1néux < —1;lax++vVa2—1néuax > 1.
Lic d6 phuong trinh da cho tuong duong v6i phuong trinh
1/, 1

Dit t = a® ta s c6 a® = —2 — /3.
Vay phuong trinh da cho ¢6 nghiém thiyc duy nhat 1

VA YET

2

3.2 Giai va bién luan hé phuong trinh dai sé

Bai toan 3.14. Giar hé phuong trinh sau

r+y+2z2=0
xy+yz+za::_—
4
1
Yz = =
TR

Ldi gidi. Ap dung dinh li Vieta vé nghiém ctia phuong trinh bac ba, ta
c6 x,vy, z la nghiém cua phuong trinh

3 1 1
B—t——=0<4t3—3t= -,
11T U" 5
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Day la phuong trinh da dugc giai ¢ vi du (3.3), phuong trinh nay c6 ba
nghiém la

T 5% e
11 = COS =,y = COS —, 13 = COS —.
9 9 9
Do d6 hé phuong trinh da cho c6 sdu nghiém la

( s ( 5 ( 7
L = COS 7, x:cos—ﬂ x:cos—ﬂ
9 9 ) 9 )

om s T
<y:COS?, <y:COS?, <y:COS§,
7T T 5%
Z = COS — Z = COs —, 2z = COs —,
\ 9 \ 9 \ 9

( s ( 5 ( 7
Ir = COS —, x:cos—7T x:cos—7T
9 9’ 9’

T T 571

{ Y = cos —, { Y = cos —, <yzcos—
9 9 9’

B %8 B T B T
\Z—COSQ, \Z—COSg, \Z—COSQ.

Bai toan 3.15. Giai hé phuong trinh sau

4o =y +1
Yy +y — 272 = 272% + 120 + 2

Lot giai. Ta c6 phuong trinh
Y4y — 270" =272 + 120+ 2 & y* +y = (3x +1)* + 3o + 1.

Xét ham s6 f(t) =12 +t.
Ta cé f(t) =32+ 1 > 0 v6i V¢t € R nén ham f(¢) 1a ham don diéu tang
trén R. T phuong trinh

fly) =Bz +1) e y=3r+1,

ta thu dugc phuong trinh
4o — 3z = 2.

Phuong trinh ndy c6 nghiém duy nhat 13

x:%(€/2+\/§+€/2—\/§).

yzg(\3/2+\/§+\3/2—¢§)+1.
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Vay hé phuong trinh da cho c¢6 nghiém duy nhat 1a
r=5 (Va+ B+ V2-V3)
y:g(\/B 2+\/§+{"/2—\/§) +1.
Bai toan 3.16. Giat hé phuong trinh sau

23+ 3=y +5V3
v+ 3y =2+ 5V3
2 +32=1x+5V3

Loi gidi. Xét ham s6 f(t) = t° + 3t — 5v/3.
Ta co6
f(t)=32+3>0,VteR

Vay ham s6 f(t) dong bién trén R. Ta viét lai heé phuong trinh da cho nhu
sau

Khong méat tinh tong quat, gid st x = min{z, y, z}. Lic d6
z<y = f@)<fly) = y<z= fly<flr) = 2<2

hay
r<y<z<zxr = r=yY=2=2

2
V6i x = y = 2, xét phuong trinh: 2° + 22 = 5v/3. Dit « = 2\/;75, ta thu

dugc phuong trinh
45
A2 + 3t = ——.
4/2

Day la phuong trinh bac ba da néu cach giai, phuong trinh nay c6 nghiém
duy nhat 13

1
t==
2

\?/45 + V2057 | [45 — V05T
44/2 44/2

Suy ra

xr =

1 \3/45 + /2057 \/ 15 — /2057
/3 2 * 2 '
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Vay hé phuong trinh da cho c6 nghiém duy nhat 1a (x,y, z) v6i

1 ( \3/45 £ V05T \/ 45 — \/2057>
5 5

V3
Bai toan 3.17. Gidi hé phuong trinh

{x\/l—iy2+y\/1—x2:1
(1-2)1+y) =2

Lot gidi. Diéu kien cla bai toan 1a

1—2*>0 o lz] <1

1—y*>0 yl < 1.
Dat o = cosa,y = cos B v6i «, f € [0; 7], khi d6 hé phuong trinh da cho
tuong duong véi hé sau

. . 0
cosasinff + cos fsina = 1 a+p ==
(1—cosa)(1+cosf)=2 7\ o

cosa COSP) = sina — cosa —sinacosa — 1 = 0.
- . . ]‘_t2 L P
Dat t =sina — cosa, |t| < V2 suy ra sin a cos o = - Khi d6 ta c6

1 — 2 ,
t— 5 —1=0&«t"4+2t—3=0<t=1.

Vé6it =1, taco
\/isin(oz—%):1:>04:E:>B:0:>x:0,y:1.

2
S L o Jz=0
Vay hé da cho c6 mot nghiém la {y 1
Bai toan 3.18. Gid: hé phuong trinh
V2(x — 1+ 4zy) = /3
{e s 4w (3.27

Loi giai. Do 2> +y* =1 = z,y € [-1;1]. Dat 2 = sina,y = cosa véi
« € [0; 27r]. Khi d6 phuong trinh thit nhat clia (3.27) tuong duong véi

V2(sina — cosa)(1 + 2sin 2a) = V3
1
<:>\/§.\/§Sin (a — %) -2 <sin2a+ 5) = \/§
. v . . T
&4 sin (a — Z) (sm 2a + sin 6) = \/§

&8 sin (a— %) sin (a— %) cos (a— %) =3
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&4 cos (a+ %) [cosg — cos (2a — %)} =3

&2 cos (a— %) — 4 cos (a—%) cos (204—%) =3

&2 cos (a— 17T—2) — 2 [cos (304—%) + cos (04—%)} =3
@—2008(30&—%) =3

&> CoS (304— %) = —T\/§

Suy ra

a—=65 1 k1200 (FER).

T d6 suy ra hé c6 6 nghieém: (x,y) = {(sin65°, cos 65°), (— sin 35%, cos 35°),
(sin 85Y cos 85°), (—sin 5%, — cos 5%), (— sin 257, — cos 25°), (sin 305°, cos 305") }.

[oz = —35° + k£120°

Bai toan 3.19. Gid: hé phuong trinh

r—32°c—32+42°=0
y—32%y —3x+a3=0
z—=3y2—3y+y° =0

Loi giai. Ta viét lai he phuong trinh dudi dang

r(l—322)=32—-2°
y(1 —3a?) =3z — 2? (3.28)

2(1=3y*) =3y —v’.
Tu d6, dé thay néu (x,y, 2) 1a nghiém ctia phuong trinh da cho thi phéi c6
1 .
x,y, 2 # £——. B6i thé heé (3.28) tuong duong v6i he

V3
( 3z — 23
Tr =
%— 322
T —x
— 3.29
1Y~ 130 (3.29)
3y — v’
z = 5
\ 1 - 3y
Dat x = tana véi
e <_7T W) (3.30)
o —: = .
272/
va sao cho
1
tan o, tan 3o, tan 9o # £ —- (3.31)

V3
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Khi d6 tur cac phuong trinh cia hé (3.29) sé cé: y = tan3a, z = tan 9«
r = tan27a.
Tu day dé dang suy ra (z,y,2) 1a nghiém cta (3.29) khi va chi khi
y = tan3a, z = tan 9o, x = tan27a véi a duge xac dinh bdéi (3.30), (3.31)
va
tan o = tan27a. (3.32)

Lai c6
(3.32) & 26a = kn (k€ Z).

, \ k
Vi thé a thoa man ddng thai (3.30) va (3.32) khi va chi khi o = 2—2 véi k

nguyén théa man: —12 < k < 12. D& dang kiém tra dudc ring, tat ca cac
gid tri a dugc xac dinh nhu vita néu déu thoa man (3.31). Vay toém lai he
phuong trinh da cho c6 tat ca 25 nghiém, dé 1a

km 3km 9km
— — Y= — = — =0,£1,...,£12.
(x tan 26,y tan 56 , 2 = tan %6 ) , k=0,%+1,...,

Bai toan 3.20. Gid: hé phuong trinh

f(ee2) s )=o)

Yy +yz+zx =1

Loi giai. Nhan xét: xyz # 0; x,y, 2 cung dau. Néu (z,y, 2) 1a mot nghiem
cia hé thi (—z, —y, —z) cing la nghiém cta hé, nén ching ta sé tim nghiém
x,1, z duong.

Dit x = tana,y = tan 8,z = tany (0 < «, 8,7 < 90"). Khi d6 ta c¢6 he
phuong trinh

1 1 1
31t =4[t =51t
{ (ano‘+tana> (an5+tan6> (anwtam) (3.33)

tanatan f + tan ftany + tanytana = 1.

Bién d6i phuong trinh thit nhét ctia hé (3.33), ta dugc

3 <1+tan2a> _4 <1+tan2/3> _ 5 <1+tan2fy>
tan a tan 3 tan y
3 4 5
sin2a  sin2f  sin 27.
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Tu phuong trinh thia hai cta hé (3.33), suy ra

tany(tana 4 tan f) = 1 — tan § tan «
tan a + tan

cor 1 —tanftana an(a+ f)
Suy ra
tan(g—v):tan(a+ﬁ)@a+ﬁ+7=g-
Do

3 4 5
sin2a sin 26 sin 2y
-

0<Oé,5,’7<§,06+6+’)/:§

nén 2«, 23,2y 1a cac géc ciia mot tam giac c6 s6 do ba canh 1& 3,4, 5. Do
tam giac c6 ba canh 3,4,5 13 tam gidc vudng nén 2y = 90° suy ra v = 45°

suy ra z = tany = 1. Ta c6

tan 2 2tan o 3 2x 3:> 1
an2q = ———— = =—=r=—
1 — tan? o 4 1—22 4 3
2tan (8 4 2y 4 1

tan2f = ——— = — =—=Yy==-
2 = s 3 T T 37 YT

Bai toan 3.21. Tim m dé hé phuong trinh sau cé nghiém

[ + |yl =1
>+ ' =m.

Lot gidi. T phuong trinh thit nhat ctia he ta ¢6 2| < 1, |y| < 1. Do dé6
ta c6 the dat
2| = sin®t, |y| = cos®t.

Khi d6 phuong trinh thi nhat cia hé tré thanh
sin’t + cos®t = 1 ( luon ding v6i moi ¢t € R).
T do ta c6 hé phuong trinh da cho tuong duong véi

sin*t + cos*t = m
&(sin’t + cos’t)? — 2sin*tcos’t = m
1
<1 — isin22t: m
& cos4t = 4m — 3.
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Hé phuong trinh da cho c6 nghiém khi va chi khi phuong trinh
cosdt =4m — 3
c6 nghiém. Suy ra

—1<4m-3<1

[

S—<m < 1.
2
Bai toan 3.22. Tim a dé hé sau c6 nghiém duy nhat

>4yt +2x =1
r—y+a<O0.

Lot giar. Ta co
Py +2r=1& (x+1)"+y* =2

Do doé6 ta dat
r+1=+2sina
Yy = V2 cosa,

v6i a € [0; 27]. Khi d6
: _ 7r
x—y+a:\/i(smoz—cosoz)—1+a:2sm(a—z) +a— 1.
Dé hé c6 nghiém duy nhat thi
7r
i _Z 1<
2Sln(a 4)+a 1<0

c6 nghiém duy nhat. Suy ra

1—a
2

1—a
2

Vay khi a = 3 thi hé da cho c6 nghiém duy nhat.

1=

Sa=3 (Vi—lgsin(a—%)g ).

3.3 Mot sé dang bat dang thic dai sd giai bang bién
doi luong giac

Khi giai cac bai toan vé ching minh bat ding thiic dai s6, trong mot sé
trudng hop ta cé thé chuyén ching thanh cac bai toan luong giac dé giai.
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Viéc lua chon phuong phap bién doi lugng gidc nao cho bai toan dudc
x4c dinh thong qua cac dau hiéu dic biét ciia cac bién c6 mat trong bai
toan vd cac dau hieu dé lai dugc xac dinh thong qua mién gia tri cling
v6i cac cong thic luong giac thong thusng. Chang han néu diéu kién rang
budc gitta cdc an dugce qui vé dang 22 + y? = a®(a > 0), thi ta c6 thé dat
T = asina,y = acosa hodc néu c6 x +y + 2 = xyz, thi ta c6 the dit
r=tana,y =tan S,z =tany véi o + 8+~ = k...

Sau khi diit an phy ta qui bai todn ban dau vé bai toan lugng giac. Giai
bai toan luong giac, tir két qua dé ta cé két qua ctia bai toan ching minh
bat dang thitc dai sb.

Bai toan 3.23. Cho 2% + y*> — 2z — 4y + 4 = 0. Chitng minh rang
22— P +2v3xy — 21+ 2V3)x + (4 — 2V3)y — 3+ 4V/3 < 2.
Lot gidi. T dieu kien 2 + y? — 22 — 4y + 4 = 0, suy ra
(z—1°+(y—2)°=1
Dat  — 1 =sina,y — 2 = cosa, khi d6
22—y +2v8ey — 201+ 2V3)r +(4—2V3)y — 3+ 4V

= ‘sim2 a — cos? a + 2v/3 sin o cos 04‘
= ’\/gsinoz — COSQ&‘

:zkm@a—%ﬂgz

Vay bai toan dugc chiing minh.

Bai toan 3.24. Cho a > 0,b > 0 vA a + b = 1. Chitng minh rang

1
b< =
a)a_4

2 a b

- < < 1.
3_b+1+a+1_

Dau "=" xay ra khi nao?
Loi gidi. Tu gia thiét a > 0,0 > 0 vh a + b = 1, suy ra ton tai géc «
thudc [0; 7] sao cho

{a = cos® a

b = sin’ o
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1 1 N ) i
a) Ta c6 ab = sin” acos’> a = ZsinQQOz < n ta c6 dieu phai ching minh.

Dau "=" x4y ra khi

T
o= —
4
sin2a =1«
3
o =—
4 )
tuc la ]
“ 2
b) Ta c6
a b cos? o sin? o
+ =
b+1 a+1 14+sin“a 14 cosa
~ cost a4 cos®a + sin® o + sin® &
(1 4+ sin®a)(1 + cos? a)
2 — 2sin” o cos
_2zrstacta g
2 + sin” « cos? «v
DAu "=" x4y ra khi va chi khi sinacosa = 0 tic 1a a = 1,b = 0, hoic
a=0,b=1.
Lai c6
1
a b 22— gsin“2a

2

s =2 _Zz
2+ sin’ 2a 3

2(1 — sin” 20)

b+l e+l 3

= T >0, Vae[0;m7].
&2+1$ﬁ2@
Dau "=" x4y ra khi
-
o= —
" 4
sin2a =14
37
o= —
47
hay
1
a=0b=—
2
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Vay

+b
1 a+1 —

[GVRN )

b

l\DI»—\‘f— S

Dau "=" x4y rakhia=0=

Bai toan 3.25. Cho a,b, z,y > 0 théa man diéu kién

Chiting minh réng

x+y>(\/5—l—\/5)2.

L. ca b A T
Low giaz. V1a,b,x,y>0va—+—:1nentontalaE(0;5) sao cho
oy
a
— = cos’ «
x
b
~ =sin*a
Yy
Suy ra
a
Tr =
cos? « . 2
b va — = —tan” .
_ y b
Y= —"73
sin” «
Ta c6
a b
rt+y =

-~ cos?a + sin’
= a(1 + tan® @) + b(1 + cot* )
=a+ b+ atan®a + bcot? a

> a+ b+ 2V abcot? atan® o

hay = +y > (va+ vb)™.
Dau "=" x4y ra khi

atan’a = beot’ o =
tan® o

& tanta = —
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=

g

QS IR8e |8
Q|

I
=

Bai toan 3.26. Chiing minh réng véi
ta co

01 sO tu nhién n > 2 va v6i moi a

=

—(1+a*)" < (2a)"+ (1 —a*)" < (1 +a*)".
Loi gidi. Bat dang thic can ching minh tuong duong véi

2a 1 —a?

_1S<1+a2)n+(1+a2

) <1
~ a Ze* e
Data:taHE vl —m < a <, ta co

2a , 1—a?
=sina; —— = cosa.
1+ a? "1+ a2

Khi d6 bat dang thic can ching minh c6 dang
—1 <sin"a + cos" a < 1.
That vay, ta co
—1<sina<1l= —sina <sin"a <sin’a, véi¥n > 2.
Tuong tu
—1<cosa<1l= —cos’a <cos"a <cos*a, véiVn > 2.
Do d6 —1 <sin" a + cos™ a < 1, bai toan dugc ching minh.

Bai toan 3.27. Chitng minh rang véi moi x, y ta cé

(22 —y*)(1 — 2%y
(1T +22)2(1 +y?)?

< <

1 1
4 4
Lot giai. Dat © = tana, y = tan 3 véi —g <a,fB< g Khi do, bat dang
thtic can chiing minh c6 dang
an” o — tan — tan® v tan
tan tan? 3)(1 — tan® artan® 3
(1 + tan® a)%(1 + tan® 3)2

1 1
_I < < .
4 — !
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That vay dat

(tan* @ — tan® 8)(1 — tan® a tan® 3)

A= (1 + tan® a)%(1 + tan® 3)2

Ta co

c 2 c 2 2 2
sin® o cos® 3 — sin” S cos®> a  cos? o cos® 3 — sin” asin” 3

cos? o cos? 3 cos? o cos? 3

1

cost av cos? 3

= sin(a — f) sin(a + ) cos(a + 5) cos(a — B)

_ isin[Q(oz — B)]sin[2(a + B)].

Do d6
(tan® o — tan® 8)(1 — tan® a tan’® 3)

(1 + tan® a)%(1 + tan® 3)2

< <

1
4

o | =

A= i khi va chi khi

] fmpm—ﬁﬂl ] Fmpm—ﬁﬂ—1
hoac ¢ hoac ¢ |
sin[2(a + B)] =1 sin[2(a + 8)] = —1.
Ching han
2a—B) == 2a—B) = —=
@=M=F e [HeP =3

Mya:i£520mkbx:iLy:O

A= —i khi va chi khi

(sinf2(a— )
hode {smma )

1 mﬂjfmpm—ﬁﬂ—1
1 T sin2(e+ B)] =1

(%%g@nazﬁﬁ:i%U%Mx:Qy:iL
Bai toan 3.28. Cho cic s6 z,y, 2 thdaman 0 < z,y,2 < 1 va

xy +yz +zx = 1.
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Chiting minh réng

Ldi gidi. Dit

x Yy z
A= :
1—x2+1—y2+1—z2
Vi0 < z,y,2 < 1 nén cé thé chon dudc «, 3,7 sao cho
T
r=tana, y=tanf, z =tanvy v6i 0 < a, (3,7 < 1

Ta co
xy+yz+zr=1 S tanatanf + tanftany + tanytana = 1
& tan f(tana + tanvy) = 1 — tan o tan 7.

T
Vid<a,fB,v< 1 nén tan o, tan 5, tan~y > 0 suy ra

tan f(tana + tanvy) > 0 = 1 — tanatany # 0.

Do dé6
tan o + tan -~y

tan 5( )=1<tanftan(a+v) =1

1 —tanatanvy

(O day tan(a++) hoan toan xac dinh vi 0 < o,y < % nén 0 < a+7vy < g)

T tan ftan(a + v) = 1, suy ra
sin B sin(a + ) = cos Bcos(a +v) < cos(a+ 5+7) =0

T
<:>OJ+B+’Y:§'

Ta co
2x 2y 2z

:1—x2+1—y2+1—22

= tan 2a 4 tan 25 + tan 2+.

2A

Matkhéca+ﬂ+7:gsuyra

tan(2a + 28) = tan(m — 27).

Cingvil < a,fB,7< % suy ra tan2q, tan 23, tan 2y c6 nghia nén

tan 2a 4+ tan 23 tam
= —tan
1 — tan2atan 23 R

So hoa b6i Trung tam Hoc lieu http://Irc.tnu.edu.vn/



85

tuong duong véi
tan 2a + tan 25 + tan 2y = tan 2 tan 25 tan 2+.

Dé thay tan 2a, tan 23, tan 2+ 1a cac s6 duong nén theo bat dang thic AM
- GM ta c6

tan 2a + tan 23 + tan 2y > 3/tan 2o tan 25 tan 27.

Suy ra

tan 2a + tan 23 + tan 2y > 3+v/tan 2a + tan 25 4 tan 2.
& (tan2a + tan 20 + tan 27y)* > 27

< tan2a + tan 25 + tan 2y > 3v/3.

3V3 . L.
Vay A > T\/_, bat dang thic duge ching minh.

Bai toan 3.29. Cho bén s6 duong a,, as, as, a,. Chitng minh rang trong
bon sb6 Ay bao gid ciing chon duge hai s6 a;, a;(i # j) sao cho

0< i <2—+/3.
1+ai+aj+2aiaj

L&i gidi. Dat
1
bi=1+— (i=1,2,3,4).

a;
D0a1>0nénbi>1.
Dét bl — tan Q; thi
s s
T ca<Z (i=1,234).
g Sa<yg (1 )

T Z 2+ X . . A
Nhu vay trong khoang (Z’ 5) c6 4 s0 aq, s, a3, iy, vay phai ton tai hai so

o, 0;j sa0 cho

dca—a<i(Z-T)-Z

Suy ra

tan o; — tan oy
O§tan(aj—ai)<tan£:2—\/§<:)()§ ana, —tana <2—4/3.
12 1 + tan o, tan o
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& 0L

- 1+CL¢+CL]'+26L¢CL]'
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Két luan

Luan van "Céac dong nhat thic dai s6 sinh bdi ham luong gidc vA ap
dung" da dat dugc mot s6 két qua sau:

- Trinh bay mot s6 dong nhat thic gitta cac ham s6 va da thic lugng
giac, tir d6 di giai quyét mot s6 bai toan veé tinh gia tri ctia biéu thitc lugng
glac.

- He thong hoéa cac hé thiic luong gidc co ban trong tam giac.

- Chitng minh mot s6 hé thic lugng giac thuong gip trong tam giac va
mot s6 dang hé thic lugng giac trong hinh hoc.

- Trinh bay mot s6 16p cac dong nhat thic dai s6 lien quan dén cdc ham
s6 lugng giac.

- Trinh bay mot s6 dang dong nhat thitc ham va ap dung.

- Phan cudi ctia luan vin trinh bay mot s6 16p phuong trinh va bat
phuong trinh trong dai s6 dugc gidi bang cdc dong nhat thitc. Ching toi
hy vong ludn van nay sé la tai liéu tham khao c¢6 ich cho hoc sinh THPT
va cac doc gid quan tam dén van dé nay. Dong thoi hy vong cac doc gia
quan tam déng gép ¥ kién cho luan vin hoan thién hon.

So hoa b6i Trung tam Hoc lieu http://Irc.tnu.edu.vn/



Tai liéu tham khao

[1] Nguyén Van Mau, Da thiic dai s6 va phan thic hitu ty, Nha xult ban
Giao duc, 2004.

[2] Nguyén Van Mau, Bat dang thic - Dinh i va dp dung, Nha xuit ban
Giao duc, 2006.

[3] Nguyén Vian Mau, Cdc bai todn noi suy va dp dung, Nha xuat ban
Giao duc, 2008.

[4] Nguyén Van Mau, Nguyén Van Ngoc, Chuyén dé chon loc: Da thic
doi zing va dp dung, Nha xuat ban Gido duc, 2008.

[5] Nguyén Van Mau, Pham Thi Bach Ngoc, Mot s6 bai todn chon loc vé
luong gide, Nha xuat ban Gido duc, 2004.

[6] Nguyén Van Mau (Chu bien), Chuyén dé chon loc lugng gidc va dp
dung, Nha xuat ban Gido duc, 2009.

[7] Ta Duy Phugng, Phuong trinh bac ba va cic hé thic trong tam gidc,
Nha xuat ban Gido duc, 2006.

|8] Tap chi Toan hoc va tudi tré.

So hoa b6i Trung tam Hoc lieu http://Irc.tnu.edu.vn/





