MOT SO KINH NGHIEM KHI GIAl HE PHUONG TRINH

TRAO POI MOT SO KINH NGHIEM KHI GIAI HE PHUONG TRINH

Khi giai hé phuong trinh, du ban ¢6 dung cach gi bién déi di chang nixa thi muc
dich cudi cung caa ban cting chuyén vé phuwong trinh mét bién va giai phwong trinh vira
thu duoc. D6 ciing la suy nghi tw nhién, viéc lam giam bién la quy luat khéng chi trong
toan hoc ma ca trong cudc séng chdng ta van thuong lam. Tém lai, khi giai hé phuong
trinh thi chdng ta phai tim cach lam giam s an ctia hé dé thuan lgi trong viéc giai né. Sau
day t6i xin néu mot so kinh nghiém ma tdi c6 dwoc trong qua trinh hoc tap va giang day.

1) Tt mot phwong trinh rdt mat 4n (hoac biéu thiec) theo an con lai (theo mt nhém
biéu thic khac).

Néu trong phwong trinh cta hé ma c6 mot an xuat hién dudi dang bac nhat, thi ta ¢
thé rat an d6 theo an con lai va thé vao phuong trinh thit hai ctiia hé va ban cting ditng
ngan ngai khi thay rang sau khi thuc hién phép thé, phwong trinh thu dwoc c6 bac khong
nho.

1 2x3 +y(x +1) = 4x2
Vi du L. Gidi hé phuong trinh 1 2% TYX D=4
f5x4- 4x5 = y?

Loi giai. Vi phuong trinh thit nhat caa hé chi chita y nén ta nghi dén viéc rat y theo x va
thé& vao phuong trinh thi hai cua hé.

2 -
Taco: y= &flx) (Do x =-1 khdng la nghiém caa hé) thay vao phwong trinh th hai
X

cuahetaco:
42-x)2 . &=0

x4(5-4xz)=mu 5 2
(x+1)2 &5- 4X7)(X“ +2x+1) =4(4- 4x+X°)

é
| =0 | =0 Jeo YT
. g4x4+8x3+3x2-26x+11-0U g(x-1)(2x-1)(2x2+7x+11)—0U g =1b y =1
= =0 e 1
X=—b y=_—
e 2 2

Vay hé da cho cé ba cap nghiém: (x;y) =(0;0), (1;1), (%;%).

Binh luan: Céch giai nay c6 mot wu diém la khong can phai manh khée gi ca ma chi can
bién ddi hét sirc binh thwong. Tuy nhién, né cé mot nhwoc diém la né chi gidp chdng ta
giai quyét bai toan d6 thoi, con con duong dé sang tac ra bai toan doé thi cach giai trén

khong thé lam r6 dwoc! D€ hiéu rdé dwoc ngudn goc cuia bai toan va dé la cach ma tac gia
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da sang téc bai toan trén.

2x3 +y(x +1) = 4x°
Cach giai thi 2. Ta viét lai hé nhw sau | t Y )=

Ty2+4x =5x4

Nhan thdy x=0P y =0, hay (x;y) =(0;0) Ia mot nghiém cua hé.

: 2x+l2(x+1) =4

. Ay b X y . R
Véi xt 0tacohé U : 2 .Data:2x,b:ltacodu>cyche:
. o 2
jeey O 2 _ X
(¢ pE TS
1ex” @

ta+b@+1)=4
i 2
{a2+p2=5

Day la hé ddi xirng loai 1. Viéc giai hé nay khong may kho khan.

Quan loi giai trén, ta thay con duwong dé ché tac ra nhitng hé ki€u nay la xuat phat tir mot
hé da biét thuat giai, ching ta thay thé& hinh thic ctia cac bién cé mat trong hé va bién doi
rat gon ta thu duoc moét hé cé hinh thic hoan toan xa la véi cai hé ban dau.

1x+y+xy S , N . .
Chang han: Tt hé » 9 (lwu y hé nay co it nhat 1 cap nghiem (1;2))
FX“+y~ =5
Tathay th x bing LB va y bing y? thi ta c6 hé:
2X
i 3
T L y2 +y_ =5
I12)(3 23 ty(y +2x3y +1) =10x° |
|y_2 s Ty (1+4x6y2) 20x°®
L. 6 y -
I 4x

’[y(y +2x3y +1) =10x°

Vay ta c6 hé phwong trinh sau:
Ty (l+4x6y2) 20x5

12 2Xy +x+y =0 (1)

Vi du 2. Giai hé phuong trinh : :
1 x4 - 4x2 y+3x +y =0 (2

Loi giai.
Nhan thay phuong trinh thit nhat caa hé la phwong trinh bac nhat doi véi x nén ta rat x
theo y va thé vao phuwong trinh th hai ta dwoc phwong trinh mét an.

2
T (1), suy ra y=X X
2x-1

(do x =% khoéng la nghiém cua hé) thay vao (2) ta duwoc
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2 2 o) . é&=0
Xt a2 XX g2  KEXD g
2x-1 2x-15 g(x)=0

Véi f(x) =x2(2x - 1) - 4(x? +X)(2x - 1) +3(2x - 1)% +(x+1)? = 4x* - 12x3 +10x% - 6x+4
Nén f(x) =00 2x*- 6x3 +5x%- 3x+2=00 (x- I)(x- 2)(2x>+1)=00 x=1,x=2
Vay hé da cho c6 3 cap nghiem (x;y) =(0;0), (1;2), (2;2).

Binh luan: Cing nhw ¢ vi du 1, cach giai trén chi giai quyét dwoc bai toan chit khéng phai
la con dwong dé sang tac bai toadn dé. Diéu nay thoi thidc ching ta di tim mét 1oi giai khéac
cho bai toan trén. Sw xuat hien x2 - 2xy va x* - 4x?y goi cho ta nghi dén cac hang dang

i 2 2
o X - +X+Yy- =0
thiee: Ta viét lai hé nhu sau: J|[( Y) y-y

f(x2 - y)2 +3x2 - 3y2 =0
Viéc lam nay cting khéng may kha quan, vi khi nhin vao hé chiing ta cting chua phat hién
dwoc mai lién hé nao. Bit chwde cach lam & vi du 1 ta bién ddi nhu sau:

Néu x=0b y =0 la nghiém cua hé

i

IX‘2y+1+¥: %X+X:2y+l
Néu x1 0,tacéhe O | 5 oi X

ix?-ay+L43=0 Ix+d?=6y-3

t X I

Suy ra (2y+1)2 =6y - 3. Dén day thi bai toan tré nén don gian.

Véi cach giai trén, ta c6 thé ché duoc rat nhiéu hé phuong trinh khac nhau. O day ching ta
chd y rang viéc giai hé cudi ciing quy Vvé giai cac phuong trinh bac hai nén chuyén cac hé
s6 nhan nhing gia tri nao khéng quan trong.

iX+EX:4X+4
Chang han tu: % 2 , bién ddi nguoc ta c6 dwoc mot hé:
i®  2y0 _ >
LeX+—2L =x°-3
fg X g
: X - Y 4y -1
T X
Hoac la |l 3 bién doi nguoc ta cd dwoc mot hé.
I &;( - XO = 2y
& xg

O hai bai trén chang ta giai theo cach rat mot an theo 4n kia. DAu hiéu nhan thay 1a viéc
xuat hién ciia mot phuwong trinh la phuwong trinh bac nhat dsi véi mot an. Bay gio chdng ta
chuyén qua xét mét sé hé ma ching ta thuc hién rat thé ma phwong trinh dsi vaéi mot an
trong mot phuwong trinh nao dé6 khong phai la phwong trinh bac nhat.
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— ”
- = +2 1
Vi du 3. Giai héphuongtr‘lnh::lx 8x=y +2y (1)

ix2-3=3(y?+1) (2

Loi giai.
Cach 1: Tw (2) ta suy ra: x2 = 3(y2 +2) (3), thay vao (1) ta duoc:

2 éX:0
X5 - -
x3—8x:y(y2+2):y?u x(3x2—xy—24):0U _3x2—24

X

(I!'%CD) D

- x =0 thay vao (3) ta thady phuong trinh vo nghiém.

.2
3x2- 24 B> 240

y =—— thay vao (3) ta duoc: x? =3 6
X é X

0 13x*- 213x2+864=00 ¢ o ¢
9 2 :% %(:+ %p y:m@
€ 13 8 13 13
& 0
Vay hé co 4 cap nghiém la: (x;y) =(3;£1), ¢+ %m@—
14" 13 5

Binh luan: Viéc chidng ta suy nghi dén rat thé la nhan thay & phwong trinh thi nhat chi

chia y3 va y; 6 phwong trinh th hai cua hé lai chira y2 nén néu ta thay y2 vao phuong

trinh tht nhat thi phwong trinh thit nhat cua hé trd thanh phwong trinh bac nhat doi voi

an y vata thuc hién rat y nhu trén. Tuy nhién, cé Ié day cting khéng phai la con duong

ché& tac bai toan trén. Tt nhan xét trén, ta thady ¢ phuwong trinh thit nhat hai bién x,y léch

bac nhau 2 bac ( x3 va x; y° va y), dong thoi phuong trinh thi hai ciing léch bac nhau 2

bac ( x2,y2 va hang s8). Biéu nay goi y ta tao ra su ddng bac nhu sau:

Céch 2: He U ?XB Y= BX*2Y iy ra 603 - y3) = (8x +2y)(x2 - 3y2). Day Ia phuong
6= X - 3y2

trinh ding cap bac 3. Viéc con lai &€ giai quyét hé khong con khé khin nita.

Vi cach lam nhu trén ta c6 thé ché tac ra nhiéu bai toan vé hé phuwong trinh

Chéng han, tir phwong trinh : (x- 2y)(x+3y)(x- 1) =0 nhan bung ra roi tach thanh hai

phwong trinh ta sé duwoc mot hé.
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1u3 2
N +3xy? =- 49 1
Vi du 4. Giai hé phuong trinh X 73 @)

sz— 8xy+y2 =8y- 17x (2)'

Loi giai.
. . . 2 x3 +49 ,
Céch 1: Tathdy x =0 khéng phai la nghiém caa hé néntx (1) b y“ =- (*) thé vao
2 X2 +49 ~ 2 3 2

phuong trinh (2) ta dugc: x° - 8xy - =8y- 17U 24y(x“ +x)=2x" +51x“ - 49
&=-1

O 24xy(x+1)=(x+1)(2x* +49x- 49) U § 542 4 49x - 49
éy - 24x

- X=-1thévao (*) b y=14.

_2x% +49x - 49
y_—

thé'vao (*), ta co:
24X

2

3 2 _ 1906
X7 +49 _2x” +49x 4950 -192x(x3 +49) = (2x2 + 49 - 49)2
3X 24X p

Bién dai rat gon ta duoc:

4x* +4x3 +45x% +94x+49=0 U (x+1)%(4x? - 4x+49)=00 x=-1.
Vay hé c6 hai cap nghiem: (x;y) =(-1,+4).

Céch 2: LAy (1) +3.(2) taco duoc:

x3 +3x2 +3xy2 - 24xy+3y2 =24y - 51x- 49

O x3+3x% +3x+1+3y?(x+1)- 24y(x+1)+48(x+1) =0
O (x+1)[(x+1)?%+3y?- 24y+48):OU x=-1
Dén day bai toan trd nén don gian.

Cach3:bata=x+y, b=x-yb x:aer

y_a— b
’ 2

1.3 .13
+b°+98=0 3
Thay vao hé ta c6 duoc: J|[a )

§3a%- 5b%- 9a- 25b=0 (4)
LAY (3)- 3.(4) taco: a3- 9a” +27a- 27 +b° +15b% +75b+125 =0

U (a- 3> +(b+5°=00 a- 3=-Db- 5. Dén day bai toan tro nén don gian.
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Cach 4: Vi x =0 khong la nghiém cua hé nén ta dat y =tx.

1.3 2
1+3t°)=-49
Khi d6 ha tré thanh; | X 4 +30)
ix2(1- 8t+t2) =x(8t- 17)

.\|.X3_ -49 _ -49 — -49
X = 2~ 2 16y 49+3a
- : 1+3t©  49+3(t° - 16) (Véi;a:t2-16;b:8t—l7).
iyo 8t-17 _ 8t- 17 _ b
[ ?-8t+1 (t?-16)- (8t-17) a-b

49 P8

- 0 49(b3+(a— b)3)+3ab3:o
49+3a (a- p)°

e (s N ey . @=00t"=16
0 a?49(b - b(a- b)+(a- b) )+3b U0 € N .
6 g g4g(b - b(a- b)+(a- b) )+3b =0 (%

. t?=16 vaohé b x=-1p y=14.
. Khai trién va rat gon, taco: (*) 0 49t* +360t> +547t% - 360t +304 =0

O (t+4)%(49t° - 32t+19)=00 t=-4.

Binh luan:

- V&i cach giai thit nhat, chi doi hoi chidng ta ki nang tinh toan va cach giai nay ctng chi
giai quyét duoc van dé la giai duoc bai toAn d6 ma thoi.

. Céch giai th 2 |a cach giai ngin gon nhat, tuy nhién d&€ nghi ra duoc cach giai d6 chung
ta can c6 mot sy nhay cam nhat dinh. Nguon goc ctia cach giai nay theo t6i nghi la xuat
phat tir viéc chling ta doan duoc hé c6 nghiém x =-1 nén ching ta tao ra thtrasd x+1

O phuong trinh th 2 thi - 8xy bt cip vdi - 8y sé tao ra thira s6 x +1. Van dé con lai la
3xy? va y?. Hai dai luong nay bit cap véi nhau dé tao ra thira s6 x +1 thi bit budc ta
nhén vao dai lvong y2 véi mot s6 la 3. b6 la li do ma ta da nhan phwong trinh (2) véi 3 roi
cong vai phwong trinh (1).

Vi cach giai nay, cé thé gitip chiing ta ché tac ra nhiéu bai hé. Ching han, hai bai sau la
két qua cua viéc lam d6.

Fx3 + 2xy2 =5

Bai 1. Giai hé phuong trinh : |
f2x2 +xy+y2 =4x+y
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Fo3 av2 = (x . 1
Bai 2. Giai hé phuong trinh ; !X ye=(x-y)(xy- 1)

fx3 - X2 +y+1=xy(X- y+1)
- Con duong dé di dén cach giai thit 3 cé 1€ 1a nhu sau.
Do & phuong trinh thtr nhat ¢ sw xuat hién x°, 3xy? va é phuong trinh thit hai ¢ su

xuat hién X2 ,xy,y2 nén goi y cho chung ta phan tich qua hai dai lwong x- y va x+y

Taco: x° +3xy2 = a(x+y)3 +b(x- y)3. bong nhat haivétacd a=b :%

i 5

x? - 8xy +y? =a(x+y)’ +b(x- y)*. Dong nhat hai vé ta co: }Z+Eil40 }:b_EB

| fa=. 2
fatb=-17 %aZ-E
8y_17x:a(x'y)+b(X+Y)-96ngnh§t,taCéi-a+b:8 v 'Eb_ 92
T2

N 3 2
iét lai hé X+y)” +{X- =-98
Nén ta viét lai hé nhw sau: !( y)” +(x-y)

f-3(x+y)? +5(x- y)% =-25(x- y)- 9(X+Y)
Va dén day, dé don giai vé mat hinh thiec ta dat a=x+y,b=x-vy.

}a3 . p3
a”+b”+98=0
Ta co hé: J|r *
§3a” - 5b% - 9a- 25b =0
e Céch giai tht 4 dwoc dya vao cach giai caa hé ding cap, tuy nhién céc giai nay véi cach
giai thit nhat chi gitip chung ta giai quyét duoc bai toan va doi hoi phai tinh toan nhiéu.

2. Bién d6i vé phwong trinh tich

Xu4t phét tir mdt phuong trinh hoic cdng trir hai phuong trinh caa hé, dan téi mot
phuong trinh tich. Tir phuong trinh tich nay ta cé thé biéu dién dwoc an nay qua an Kia.

_:_Xz ry2+ 2xy

Vi du 5. Giai hé phuong trinh:j Xty

L x+y=x?-y by

=1 (1)

Loi giai: DK : x+y >0
Phwong trinh tht: nhat caa hé chira ba bidu thic X% +y?:xy; x +y, ma ba bidu thic nay

quan hé véi nhau béi ding thiee: (x +y)? =x% +y? +2xy nén sé bién dai (1) nhu sau:
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(x+y)*- (< +y?) (X% +y?)(x+y)- (x* +y?)

Taco: (1)U x2+y2+ 1=0U fx+y- 120
X+y X+y
2 2 2 2
U (X+y'1)(x Ty +1)=0U x+y-1=00 y=1-x (DOX ty >0)
Xty X+y
" -~ &=1p y=0
Thayvélo(Z),taduQc:xz—(l-x):lU x2+x-2=00 a Yy
&=-2P y=3

Vay hé c6 hai cap nghiém:(x;y) =(1;0), (- 2;3).

X —
+X+y= -2
Vi du 6. Giai héphu)ongmnh:’l[xy X+y=Xx°- 2y

fx\/g- yvX-1=2x- 2y'

ce e e . dXx31

Loi giai. Dieu kien: {
iy?0
Phuong trinh thie nhatcaahé U x? - (y +1)x- 2y - y =0 (¥)
Xem (*) la phwong trinh bac hai &n x, con y latham s6, phwong trinh nay c6 biét thic
D=(y+1)? +4(2y° +y) =(3y +1)?

Do d6 (*) c6 hai nghiéem x =2y +1,x=-y, taloai nghiém x=-y
Thay x =2y +1 vao phuong trinh th hai caa hé ta tim duoc y=2b x=5
Vay hé da cho cé nghiem (x;y) =(5;2) .
Binh luan: Khi gap mét phuwong trinh caa hé cé dang ax? + by2 +cxy +dx+ey+f=0, taco
thé xem day la mot phuwong trinh bac hai véi an x (hoac y) va y (hoac x) la tham sd. Néu
biét thiec D c6 dang (my + n)2 thi ta rat duoc x =ay +b.

Néu gip hé phueong trinh gom hai phuong trinh bac hai, nhung mdi phuong trinh ctia hé
khodng c6 tinh chat néu trén thi ta c6 thé nhan vao mdi phuong trinh mot s6 nao d6 roi
cdng ching lai véi nhau dé dwoc mot phwong trinh bac hai cé tinh chat vira néu trén.

Iox2 42xy+y =5 (1
Vi du 7. Giai hé phuong trinh : | y+y=5 ( ).
fy2+xy+5x:7 (2)

Loi giai.
Nhan phwong trinh thit hai ctia hé véi kt 0 va cdng vdi phwrong trinh thit nhat ta dwoc:
2x? +(2y+ky+5k)x+ky2 +y-T7k-5=0 (¥

Xem (*) la phwong trinh bac hai &n x, phuong trinh nay cé biét thic
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D, = g2 +K)y +5Kf - 8(ky? +y- 7k- 5)
= (k- 2)%y? +2(5k? + 10k - 4)y +25k? + 56Kk +40.
Tachon k sao cho D, :(ay+b)2 , tic 1a k thoa mén
D', =(5k” +10K- 4)° - (k- 2)*(25k® +56Kk +40)=0 (*¥)
Ta thay phwong trinh (**) c6 mét nghiém k =1, ta chon gia tri nay.
Khi d6 D, =y? +22y +121=(y +11)?

Suy ra phuwong trinh (*) ¢6 hai nghiém:

Thay vao hé ta tim dugc hai cap nghiém (1;1),(- 1;- 3).

3
+2 =5
Vi du 8. Giai hé phuong trinh 1|X xy
12x2+xy+y —4x+y

Loi giai.
Nhan thady phuong trinh cé nghiém (1; i\/E) , Nén ta suy nghi dén viéc tao ra thtrasé x- 1.

Chu y dén s6 hang chita y? & hai phuong trinh, ta nghi dén 18y phuwong trinh thi nhat trie
di 2 lan phuong trinh thi hai ta c6 duoc:

- 4x% +8x- 5+2y%(x- 1)+y(x- 1) =0
O (x- 1)(x% - 3x+5)+2y?(x- 1) +y(x- 1) =0

U (x- D)(x?- 3x+2y? +y+5)=0 (¥

® 36 185 21
Do x° - 3x+2y? +y+5= x——+ +2 y+—+ +==>0,"x,yl i
§ & 45 8
Nén (*) U x=1. Tir d6 ta tim dwoc (X;y) = ( ) la nghiém cua hé.

3. bit 4n phu dwa vé hé quen thudc

Viéc dat an phu lam cho cau trdc cua hé nhin don gian hon, tir d6 chiing ta c6 loi giai rd
rang hon. D€ dit an phu chdng ta can tao ra nhitng nhén hang tie dong dang véi nhau. bé
tao ra nhitng nhdm hang t nay ta thuong thuc hién chia hoac ghép cac hang t véi nhau.

1+ =19
Vidu 9. Giai hé phuong trinh : t x° y x :

Ty+xy =-6x°
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Loi giai.

1 .3_
A_3y_19

1.3 3
. A . Ta’+y”° =19
Vi x =0 khong Ia nghiém cta hé nén he U g fa+y

i

]

X i
iyliy2lo_g ja’y+y?a=-6
i) x

(Véi a=1).
X

2 . 18=1 ia=3 . ja=-2
15(3 -3P)=19 | . -

bt S=a+y,P=ay. Khi do: .
TSP——G {P=-6 jy=-2  {y=3

Vay nghiém cua hé 1a: (x;y) = (— 2), ( ;3) .

Binh luan.
1) Ngoai cach giai trén, ta cé thé giai theo cach sau
Ta thdy x =0 khong la nghiém cta hé, ta bién doi hé nhu sau
1 6(1+xy)(1- Xy +x°y?) =6.19x°>
T 19xy(1+xy) =-19. 6x°
Cong hai phuong trinh caa hé lai ta duoc: (1+xy)(6x2y? +13xy +25) =0
DPén day, bai toan tro nén don gian.

1y+xy = 6x°

2) Mot vi du twong tw nhu bai toan trén |
T 1+x2y? =5x?

F +1)y* +1=2xy?(y3 - 1)

Vi du 10. Giai hé phuong trinh j
Fxy2(3xy® - 2) =xy*(x+2y) +1

Loi giai.
bo2,,4 2 4 5
~ X +2xy°+1+y7 - 2xy” =0
HéUJ|[ y" +2xy y" - 2xy
f3x2y6 - 2xy2 - x2y4 - 2xy5 -1=0
le &
1
Ly +2_+i-2xy_-1 'g +—+ - 2xy=-1
4 I 25
~ 1 y y OI a
! 2.2 2 1 I 2
Taxly?- 22 x?-2xy-—=0 | & 0
{ y y y y4 I3xy2 2xy§ %: =0
t Y' &

(do y =0 khong la nghiém cua hé)
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MOT SO KINH NGHIEM KHI GIAl HE PHUONG TRINH

}A2 }.2
a“-2b=-1 . 1a“=2b-1 .
Déta=x+i2,b=xy,tacéhé:¥ Ut U

|
y fa?-3b2+2b=0 §3b%- 4b+1=0

1
y hé v6 nghiem.
y+1=0

®1+5 1£4/50

2 2

<
+

Vay nghiém cuaa hé da cho la: (x;y) =

]

6x5y

i
i(x*-1)%+3=
. . o0 X2 +2
Vi du 11. Giai hé phuong trinh | 5 5
T 4x - 3X°y - 9x
I?’y' x:\/ y y
i

X+3y

NP, - - L 13y3 x
Loi giai. Tt phwong trinh thi hai, ta co |
iX+3y? 0

Hé déa cho twong dwong voi:

Lo - 2+ ) +2)=6xy 1B 4g=px’y
~ |

0 Cav2y. ox2y2 U
_ 4x- 3x%y- 9%y ':'9y2—6xy+x2 __ax 3xy

X+3y ] x+3y_

i
i(3y - x)?
|

0 i‘x6+8:6x5y 0 ix6+8:6x5y
i i
f(x2 - 3xy+9y2)(x+3y) =4x fx3 +27y3 =4x

:::1+%:67y
Vi x =0 khong Ia nghi¢m cua h¢, néntace:
P21y 4
L1+ =
f X3 X2
1 3
1+a”° =2b
Pita=— >0, b= tathu duoc hé: |
X X f1+b3=2a
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- i‘l+a3=2b . ja=b . ja=b
U j U j 3 U j 9
f(a- b)@@®+ab+b?+2)=0 fa°-2a+1=0 f(a- 1)@ +a-1)=0

ia=b
~ ol
U . )
1a:l,a: 1+\/§
I 2
12 i \/’ N \/’
:[_2_1,\ X: 2 I_X:‘ 2
a=b=1,taco: X U.l ﬁv} 2
Yoy qyEg QyE-o
T x ! :
L ,%@ = V41 x=- VB 1
I R | ~ 1
ool 7 o ] e
i3y _+5-1 ly= ly=-
fx =2 i 6 f 6

Dai chiéu diéu kién, ta c6 nghiém ctuia hé da cho la:

o) 220 [y, e pE 1
é 35 & 6 -

1]

: 6x* - (x3 - x)y2 - (y+12)x2 =-6
Vi du 12. Giai hé phuong trinh: { )
¥5x4- (xz- 1) y?-11x% =-5

Loi giai.

Nhan thay, x =0 khdng la nghiém caa hé nén chia hai v& caa mdi phwong trinh cho x? ta

duoc:

N Py .. ‘I
':'6§<Z+i22—a§<-12y2—y—12:0 |6a§(19 _a‘i_lgyZ_y:o
i e ng Xg A!ngng

i & 10 a& 1 0’2 i # 2
5o+ ox- 2 y2-11=0 5% 10 % 1002 4
I e Xzﬂg Xg Tngng

16a2-ay -y=0
X j5a2 - a?y?-1=0
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MOT SO KINH NGHIEM KHI GIAl HE PHUONG TRINH

2

1
i X+ =6
Chia hai v& cta hé cho a2t 0 ta co: % a a
T2 1 _:
1 2
u+u? 6A uy(u+y)=6 _iu+y=3
bat u= -1 , taco hé: ty y= I ) O i y
a’ 1u2+y =5 j(u+y)?-2uy=5  fuy=2
iu=1 iu=2
Tt d6 ta tim dwoc: { hoac {
Ty =2 Ty =
~ ~ ~ +
S u=1p a=10 x- 2210 x2-x-1=00 x=1'\/g
X 2
~ ~ N +
S u=2pa=10x-1=10 2x2-x-2=00 le‘\/ﬁ.
2 X 2 4

Vay nghiém cua hé da cho la:

+17
4

1

IN)
Q- O
o8
Q- O

(x:y)=§

4. Phwong phap ham sé

Trong phuwong phap nay, chiing ta dua vao tinh don diéu caa ham s6 dé thiét lap maoi
quan hé gitra cac an.

yaod) =x(1+y?]
Vi du 13. Giai hé phuwong trlnh | .
fx%+3y? =1 )

Loi giai.
Tu phwong trinh (2)U -1£x,y£1 (¥).

Tt phwong trinh (1) ta thady hé c6 nghiém (x;y) thi xy >0 (**) do d6 x,y ludén cuing dau véi

nhau.
1+4x2 _1+y° 241 . -
MU U f(x)=f(y) trong d6 f(t) = voi tl [-1;1].
t2-1
Taco f'(t) -—£ 0b f(t) nghich bién trén mdi khoang|[ - 1;0) va (0;1]

t2
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MOT SO KINH NGHIEM KHI GIAl HE PHUONG TRINH

Vi X,y cung dau nén ta c6 cac treong hop sau:

*Néu x,y1 (0;1]p f(x)=f(y) U x=y thay vao (2) b x:y:%.
*Néu x,y1 [-1;,0)p f(x)=f(y)U x=y thay vao (2) b x=y=-%.

Vay hé d cho c6 hai cip nghiém: (x:y) = (i%;i%) |

Binh luan:

1) Ngoai cach giai trén, ta c6 thé bién doi (1) nhw sau:

MU x+xy? =y+x2y 0 x- y+xy(y- x)=00 (x- y)(xy- 1) =0. Ttr day két hop véi (2) ta

tim duoc x,y.

2) Néu trong hé xuat hién phwong trinh dang f(x;y) =f(y;x) thi ta c6 hai cach bién doi
phwong trinh nay

Céach 1: Bién doi vé dang (x- y)g(x;y) =0.

Cach 2: Bién doi vé dang h(x) =h(y), roi ta stt dung phwong phap ham so. Tuy nhién

trong treong hop nay ta can leu y tinh chat sau cia ham don diéu.

“Néu ham so y =f(t) (C6 TXD D;) don diéu trén tdp xac dinh ctia n6 thi
f(x)=f(y) U x=y.Connéu D; la hop cua cac khoang thi khi d6 ta chi két luan duoc la

ham s6 y =f(t) don diéu trén tirng khoang xac dinh caa né va khi doé tie f(x) =f(y) thi ta

chua suy ra duwoc x =y ! mata chi suy ra duwoc khi x,y cung thugc mot khoang.”

- 2 -
Chéng han ta xét ham f(x) :Lg‘?’ 66 Fi(x)=-1- — -

<0 thé nhung
X- (x- 2)°

f(1) =f(3) =0

3) Trong céach 2 & bai toan trén chiing ta can phai c6 dwoc hai nhan xét (*) va (**) vi c6 (*) ta
mai két luan dwoc f(t) nghich bién, c6 (**) ta méi xét hai treong hop x,y <0 va x,y >0
nén tir f(x) =f(y) méicé: x =y. Trong mot s6 treong hop, chidng ta khdng cé dwoc nhan

xét d€ day hai bién vé cung mét khoang xac dinh thi ta st dung cach bién doi thi nhat.

i 1 1

5 i . .I.X__:y__

Chang han, ta xét bai sau: | X y.
%x3+1:2y
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MOT SO KINH NGHIEM KHI GIAl HE PHUONG TRINH

o i x3 - y3+3y?- 3x- 2=0
Vi du 14: Giai hé phuong trinh : | .
§x2 V1- X2 - 3\/2y- y2+2=0

Loi giai.
- .. 1-1£x£1
biéu kién: i
j0£yE£2
,} x3—y3+3y2—3x—2:0 A} x3—3x—2:(y—lf—(%y—l)—2(n
Taco | i

fx2+\/1- X2 - 3\/2y- y2 +2=0 fx2+\/1- X2 - 3\/1- (y-1)%+2=0()

Taco: y- 1,x1 g 1,1y
Xétham s6 f(t)=t3- 3t- 2,tT & 1,1 ¢6 f'(t):3(t2— 1)£op M0 x=y-1

Thay vao (2) ta duoc: x%- 2v1- x> +2=00 x=0p y=1

. i
Vay nghiém cua hé:

\'\/2X+1- 2yv+1=x- 1
V|’d1_115:Giéihéphuongtr‘|nh:1,' J2y y @

ix2-12xy +9y2+4=0  (2)

Loi giai. PK: X,y %

T (2) ta thay néu hé c6 nghiém (x;y) thi x.y3 0 (*)
D0 V2x+1-x=2y+1-y (3).

1 ~
Xét ham s& f(t) =+/2t+1- t, tacé: f'(t) = -1p f'()=00 t=0
J2t+1

P ham f(t) dong bién trén (- %;0) va nghich bién trén (0;+¥).
Do (*) nén ta c6 cac truong hop sau
TH L x,y1 [ %;0) P f(x)=f(y) U x =y (do f(t) dong bién).

TH 2. x,y1 [0;+¥) b f(x)=f(y) U x=y (do f(t) nghich bién).
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MOT SO KINH NGHIEM KHI GIAl HE PHUONG TRINH

Tém lai ca hai treong hop déu dan dén x =y, tacla (1) U x =y thay vao (2) ta duoc:

2x2 =40 x=+/2 (do x3 -%).

Vay hé c6 mot cap nghiém: x=y =\/§.

Vi du 16: Giai hé phuong trinh véi x,yi (o;%) :

T x- sin x
. eX y :.—
siny

i .
13V8x? +3+1=62y% - 2y +1+8y

Loi giai.
sinx eX &Y
siny sinx siny

Tacod: eX Y= U f(x) =f(y),

t

Trong d6 f(t) =——, t1 (0:2). Ham (t) lien tuc tren (0:2) vaco
sint 4 4

etcos t(tant- 1)

sin?

f'(t) =

<0 "t} (o;%)p f(t) 12 ham nghich bién trén (o;%)

b f(x)=f(y) U x =y thay vao phuong trinh thi hai ta duoc:

3V8x2 +3 +1=6v2x2 - 2x+1+8x U 3(8x2 +3- 242x% - 2x+1)+8x- 1=0

. 3(8x- 1)
U
J8x2 +3+2v2x2 - 2x+1

+8x-1=00 x =41 (O;E).
8 4

Vay hé ¢6 cap nghiém duy nhat: x =y :%.

5. Phwong phap danh gia

Dé giai hé phuong trinh ta cé thé sit dung phuong phap danh gia. Thong thuong ta xuat
phat tir mdt phwong trinh hodc két hop ca hai phuwong trinh caa hé dé ta thiét 1ap duoc
mot phuong trinh ma d6 1a treong hop xay ra dau “=” ctia mot bat ding thie. T d6 ta
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MOT SO KINH NGHIEM KHI GIAl HE PHUONG TRINH

tim dwoc maoi quan hé don gian hon gitra hai an. Cach lam nay thuong str dung khi cac
yéu td xuat hién trong phwong trinh khé cé mai quan hé bién doi dai so.

Vi du 17. Giai hé phuong trinh : VX +y t2xy = 22 (1).
f x+\/§ 2 (2)

Loi giai.

biéu kién: x,y3 0.

Taco: (x- y)22 00 x?+y?s3 %(x+y)2 0 \x2+y?s %(x+y)

b /X +y +\/E3 (x+y+2\/7) (\/;+\/7) =22 (do x/;+\/§ 2)

ix=y
Pang thac co U |\/_ U x=y=1.
X+,y =2

Vay hé da cho c6 mot cap nghiém duy nhat x =y =1.

Chu y: Ta cé thé giai hé da cho bang cach giai cua hé dsi xing loai 1. Tuy nhién, viéc bién
doi twong ddi phitc tap hon.

.i. X + 2Xy _ X2 + y
| —_—— —
.~ 2 _
Vi du 18. Giai hé phwong trinh: : m
. 2Xy _ y2 tx

Yyt ——7——
{ \/y2 -2y+5

Loi giai.
*Tathdy x=0P y=0bP x=y =0 la mot nghiém cua hé.
*VGi Xyt 0 cdng vé theo vé hai phuong trinh ctia hé ta duoc

& 0
x% +y? =2xy¢ ! + ! j£2xy§61+1 =2xy

G- )7 +a (y- 1244

b x?-2x+y?£00 (x-y)?£00 x=y=1.

Thtr lai ta thay thoa man. Vay hé c6 nghiém la: (x;y)=(0;0), (1;1).
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Vi du 19. Giai hé phuwong trinh :

\/ 2_8x+9- 3xy+12- 6x £1 1)
f\/Z(x y)? +10x- By +12- Jy =Jx+2  (2)

Loi giai.

Taco: (2) U \/Z(x— y)% +10x - 6y +12 =\/§+«/x+2

|y30x3—2
1(x y)? +5x - 3y+6——(\/§+\/x+ RE))

Taco: TV(3) =x? - 2xy +y? +5x- 3y +6

=(x+2)%- 2y(x+2)+y? +y+x+2

=(y- x- 2)° +(\&)2 +(m)2 3 %(\&ME)Z = VP(3)

Pangthiccd U y=x+2b (2)0 y=x+2.

Thay vao (1) ta duoc:

U2 - ax+13- - ax+12 £10 Ji+3- Y4281 ().

Trong d6: t=x%- 4x+10=(x- 2)°+63 6p Jt+23 2.
2

3 3 3
Tacc’):t+3:1+(\3/t+2) :1+%(\3/t+2) +%(§/t+2) 31+2\3/t+2+(\3/t+2)

2 )
b t+33 (1+\3/t+2) b Jt+3-3t+221 (5). Ding thic co khi t=6.

Tu (4)va(G)tasuyra Vt+3- Jt+2=10 t=60 x=2.

Vay hé da cho c6 nghiém duy nhat | 4
Ty=

+(4x- 1)° =34 +1
Vi du 20. Giai hé phuong trinh j ty (4x- 1)° m
T40X +x=yJ14x- 1
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Loi giai: Bk : x3 L
14

He ’[y +16x% - 8x+1=3/4x(8x +1)
' 180x +2x = 2y+/14x- 1

Cong hai phuong trinh caa hé véi nhau ta duoc:

y2 - 2y\14x- 1+14x- 1+96X? - 20X +2 = 34x(8x +1)
O (y- V14x- 1)® +96x? - 20x+2 =3/4x(8x+1)  (1).

Taco: VT(1)3 96x? - 20X +2 :%[3(8x- 1)2 +8x +1]2 %(8x+1)

= %[16X +8x+1+ 2] 3 %%/16)((8)( + 1)2 = %/4)((8)( + 1) = VP(].)

.'t.le
suyra(o | 8 5 Thilai he ta thay thoa man.
;y:\/14x 1= 73
i1
"8
Vay hé da cho cé nghiém duy nhat | J3
Ty =N2
iY77

Loi két: Ngoai nhitng phwong phap da trinh bay & trén, chdng ta con ¢é nhitng phuong
phap khac nhu luwgng giac héa, dat an phu khong triét dé€...Nhuwng chung quy lai thi d€
giai mot hé phuong trinh ta tim cach tim quan hé don gian nhat gitra cac an dé thuc hién
phép thé va chuyén vé phuong trinh mét an. Hy vong vaéi bai viét nho, sé gép mot phan
nao do giup cac em hoc sinh khéng con ling tang khi dieng trede mot bai hé phwong
trinh. Nhirng van dé dua ra ¢ trén la do ban than duc rat duoc trong qua trinh giang day,
nén né chi mang tinh cha quan. Cudi cung, chlng t6i néu 1én mot sd bai tap dé cac ban
luyén tap.

Bai tap: Giai cac hé phuong trinh sau
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1)?31x-y:,/x-y 2)13/x-y= [X-y 3) ?\/2x+y+l—\/x+y:1

|
fXHY =X+y+2 ivx+4- J1-y =41- 2x f3x+2y =4
< i 1 1
3 _ 5,2 i3 Ix-L=y- =
=2 = X y
2 ’I[x;y \ Xy ) 5) 'I[x y=16 6) : ” y
X7 +y” =2xy f3x+y=8 Iy =x3+1
I,X.2 ,X.3 1 [2x 2y }-x2+i+£:3
(27 +(5)7 =12 [ [—+,—=3 [ y> Y
7) i y y 8)_|. y X 9)_|. . 1
Py | i _
~(Xy)+Xy =6 AX-yY+xy=3 IX+—=+=—=3
]-\/+f+\/x-f:2 b2 - wyav2 =3 P2 +v2 = oxy 41
10| X+y y 11)¥x - Xy +y© =3(x-y) 12)!x y© =2xy
Fy+x -y - Vx =1 X2 +xy+y? =7(x- y)? ix°+y3+1=0
:::4Xy+4(X2+y2)+ & 2:8—35 :::8(X2+y2)+4xy+ > =13
13)1 x*y) 1) | (x+y)
I2X+ :E I2X+ =1
t x+y 3 } o x+y
X +y? = . 2,23
15); 16)’[5x y- 4xy“ +3y°- 2(x+y)=0
T3 3-_1 N I N 2
1Y FXY(X +y%)+2=(x+y)
}x2 +y? +x+y-4=0 fx+y+x-y=8
17)i 18)i
§2x2 +xy- y?- 5x+y+2=0 fyyx-y=2
19) ii'x?’ +3xy2 =6xy- 3x- 49 20) jl[x"' +2x3y+x2y2 =2x+9
fx2—8xy+y2:10y—25x—9 fx2+2xy:6x+6
-i-x2+ +Xx3y +xy? + X =2 i 2 2
21) | 22) i
%;x4+y2+xy(l+2x):—% X2y - yx- 1=2x- 2y
23){x4_x3y+x2y2:1 24)1\/7X+y+\/2x+y =5 25)3[\/4X+y+\/2)(+y:2
| | |
i3y - x%+xy=-1 fo/2XtYy +X-y =2 fy2x+y +x+y=1
26){&+«/y+1:1 gy XY 4
| |
iy +x+1=1 Pty +yT) =xtt eyt
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Px+432- x- y?

jxy=y+2
[

29)
ix+z=2Jy(x- Jy +2) i 4% +/32- x +6y = 24
\y+§\/x -12y+1——(x +17)

31) \/3 2xy xy +x2(1 2x) y
| 2 |

i - .Y FL+y1+(x- y)? =-x3(x* +1- 2x° - 2xy?)
}By 3 3y 4 2

L2 py2=1 Ly8+y3 427 = xy - xy?

28)

30) |

x 2X x3
4 =

32)| 2 33) .
{4x(x3-x2+x-1):y2+zxy_2 |4xy +y +23 2X2+«/1+(2x—y)2
.J&“ L 9, ,[(1+2\/_ W,
lX +xyt =y0+y° e x+yg X+y
4x+5+ y +8=6 i 1. 6_ X
T \/_91 74\/_ 1\/_(—' — 2VXHYy g
iX° Yy Biy =16
Fxy3- x%)=7 i X+y
1 Ely ) 2 3 | 2 3 2
FXT+X y+9y y 3% +x? y< +9x iX° 2x X Xy
gy 3 \3y 4 2
Ty Y+l _ X
Ty fx*- y* =240
39 i 2x% - 9x +6 40) | 3 )
T - 4x% +18x - 20+2—: /y+1 i X 2y = 3(x2 - 4y) A(x - 8y)

T 2X° - 9x+8
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