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Ham sinh 13 mot cong cu manh trong viéc giai mot s6 bai toan to
hop. Hon nita, phuong phap ham sinh ciing ¢6 nhiéu tng dung trong cac
nghanh khac ciia toan hoc. Muc dich ciia luan van 1a trinh bay mot s6
kién thic co ban phuong phap ham sinh, chii yéu thong qua mot s6 van
dé trong chuong trinh toan trung hoc phé thong.

Luan van chia lam hai chuong, Chuong 1 trinh bay mot s6 kién thiic
c6 ban vé phép dém va cic nguyén 1y co ban ctia phép dém. Noi dung
chinh cia Chuong 2 la nhing phuong phap ham sinh va tng dung co
ban ctia phuong phap ham sinh khi giai mot s6 16p bai toan t6 hgp trong
chuong trinh toan trung hoc pho thong.

Luan van nay dudc hoan thanh duéi sy huéng dan khoa hoc ctia GS.
TSKH. Ha Huy Khoai. Téi xin dugc t6 long cAm on chan thanh nhat
t6i thay ve sy giup dé nhiét tinh ti khi xay duyng dé cuong, viét va hoan
thanh luan van.

T6i xin dude cdm on chan thanh nhat téi Truong Dai hoc Khoa hoc
Thai Nguyén, noi Toi da nhan dudc mot hoc van sau dai hoc cin ban
va xin cAm on gia dinh, dong nghiép da cdm thong, chia sé, ing ho va
gitip dd trong xudt thoi gian Toi hoc cao hoc va viét luan van.

Loi cudi Toi xin chiic siic khée cac thay co gido va dong nghiép.

T6i xin chan thanh cam on!

Thai Nguyén, ngay 28 thang 04 ndm 2013
Nguai thuc hién
V6 Van Vit
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Chuong 1

Kién thic co sé

Trong chuong nay, trudc tién chiing ta gi6i thitu mot s6 phuong phap
co ban thuong ding trong mot 16p bai toan quan trong cla té hop la
bai toan dém. Trong nhitng phuong phap d6, phuong phap ham sinh sé
duge giéi thiéu chi tiét 6 Chuong 2.

1.1 Phép dém. Cac nguyén ly co ban ctia phép dém

Dinh nghia 1.1.1. Tap hiu han, v6 han

i) Mot tap hop A dugdc goi 1a hitu han vd ¢6 n phan ti néu ton
tai mot song 4nh gitta A va tap hop con {1,2,...,n} cia N. Ta viét
|A| = n.
ii) Néu A khong httu han, ta n6i A vo han.
Bo dé 1.1.2. Nguyeén lj ba tru
Gia st B la mot tap con ciua tap hop hiu han A. Goi Cy(B) la
phan bu cia B trong A. Khi ay ta cé
Al = |B] + |Ca(B)|.
Dinh 1y 1.1.3. Gid st A, B la cdc tap hop hitu han. Néu ton tai mot
don dnh tu A vao B va mot don dnh ti B vao A thi A va B ¢6 cing so6
phan ti.

Nguyén ly cong Néu tap hop hitu han C 13 hop ctia n tap doi mot
r6i nhau C1, Oy, ..., C,, thi:

C] = |G| + ...+ |Col.
3
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Dinh nghia 1.1.4. Tich Descartes cua hai tap hgp A, B ky hiéu bdi
AxB la tap hop tat ca cac cip thi tu (a,b) véia € A,b € B.

Nguyén 1y nhan: Néu A va B 13 hai tap hop hitu han thi AxB ciing

hitu han va ta c6
|A.B| = |A|.|B]

Dinh nghia vé tich Descartes v& nguyén 1y nhan trén day c6 thé mé rong
cho nhiéu tap hgp. Nguyén 1y nhan cé thé phat biéu mot cach khac nhu
sau:
Gia st mot qué trinh c6 thé dudc thuc hién qua hai cong doan: cong
doan I c6 n; céch thuc hién, cong doan II (sau khi thyc hién I) c6 no
cach thuc hién. Khi d6 cé ny.ne cach thuc hién qua trinh doé.
Nguyén ly thém bét: Véi hai tap hitu han A, B bat ky ta c6

| AUB|=|A|+|B| - |AN B|

1.2 Cac dbi tuong t6 hop va cac sbé té6 hop

1.2.1 Ho cac tap con cia moé6t tap hop E

P(E) = {A]A C E}

Meénh dé 1.2.1.
P(E)| =2

1.2.2 Chinh hgp ctia » phan t& chon k

(hay chinh hop chap k clia n phan tit)
Cho E = {ay,as, ..., a,}. Chinh hop ctia n phan ti chon k 1a mot bo sap
thtt ty gom k phan t (a;, ..., a;x).
S6 cac chinh hgp chap k ctia n phan tit duge ky higu 14 A%, Ta c6

n!

Ak:n(n—l)..(n—k—l—l):m

n
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1.2.3 T hop ctia n phan ti chon k

Cho F = {aj,as,...,a,}. T6 hop ctia n phan ti chon k 13 mot bo
khong sip thi tuw gom k phan tt {a;, ..., a; }. N6i cach khac, dé 1a mot
tap con gom k phan tii.

S6 cac t6 hgp chap k ctia n phan tit duge ky higu 14 CF. Ta c6
nn—1)..(n—k+1) n!

k p— p—
n = k! Kl(n— k)

1.2.4 Hoan vi

Cho E = {aq, as, ..., a, }. Mot hoan vi ctia E 13 mot cach xép cac phan
ti cia E theo mot thit tu nao dé. Noi cach khac, dé chinh 1a chinh hop
ctia n phan ti chon n. S6 cac hoan vi ctia n phan ti ky hiéu 1a P,. Ta
c6 P, = nl.

1.2.5 Chinh hgp lap

Cho F = {ay,as, ..., a,}. Chinh hgp lap ctia n phan tit chon k 1a mot
bo sép thit ty gom k phan ti (a;1, ..., a;.), trong d6 cho phép lay lip lai.
S6 cac chinh hop chap k ctia n, theo quy tic nhan, bing n”.

Oon

1.2.6 T hop lap

Cho E = {ay, as, ...,a,}. To hop lap ctia n phan ti& chon k 13 mot bo
khong sdp thit ty gom k phan ti {a;1, ..., a; }, trong d6 cho phép lay lap
lai. N6i cach khac, d6 14 mot da tap hop gom k phan tit 1ay tit E (ta hiéu
da tap hop 14 tap hop ma trong dé méi phan ti c6 thé duge ké nhiéu
lan).

S6 cac to hop lap chap k ctia n phan ti duge ky hiéu 1a H*. Ta c6

k _ ~k
Hn - Cn+k—1'

1.2.7 Hoan vi lap

Xét da tap hop E(r1,rs,...,7s) ¢6 n phan tit, trong d6 phan ti a; ¢
r1 phién ban, phan t as c6 79 phién ban, ..., phan ti a, ¢6 ry phién ban.
71419 + ... + 1y = n. Mot cach xép cac phan ti clia E theo thi tu ndo

5
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d6 dugc goi 1a mot hoan vi lip ciia n phan ti cta E.
|
n!

S6 hoan vi lip cta da tap hop E(r1, 79, ...,75) bang —
r1:....Tg-

Bo6 dé 1.2.2. (Tinh chat hé s6 nhi thic)
C]rf_l + CS - Cr]fﬂ-
Dinh 1y 1.2.3. (Nhi thic Newton)

(z+y)" =C%" + Cra" ty + ...+ C'y".

1.3 Cac phuong phap dém nang cao

Co sd ctia phép dém 13 dinh nghia phép dém, cac nguyén ly dém va
cac s6 to hop (14 cac s6 thudng ndy sinh mot cach ty nhién trong céc
bai toan dém). Tuy nhién, v6i cac cong cu co s§ trén, ching ta thudng
chi gidi dugc nhitng bai toan ¢ dang don gidn nhat. V6i cac bai toan c6
yéu cau phitic tap hon, can dén cidc phuong phap dém nang cao.

C6 nhiéu phuong phap dém nang cao duya trén cac nén tang ly thuyét
khac nhau. Vi du phuong phap song anh dya vao 1y thuyét tap hop va
dnh xa, phuong phap thém bét cling dua vao 1y thuyét tap hop (cu the
14 tong quat héa clia cong thitc |AU B| = |A| + |B| — |AN BJ), phuong
phap quy dao dua vho mot dinh 1y co ban vé s6 duong di ngdn nhat gita
hai diém ctia lu6i nguyén, phuong phap quan hé dé quy dua vao ¥ tudng
quy nap, phuong phap ham sinh st dung cac kién thic tong hgp cla dai
s6 va gidi tich ...

Duéi day, ching ta sé giéi thieu so lugc mot s6 phuong phap dém nang
cao.

1.3.1 Phuong phap quan hé dé quy.

Phuong phap quan hé dé quy la phuong phap gidi bai toan véi n doi
tuong thong qua viéc gidi bai toan tuong tu véi s6 déi tuong it hon bang
cach xay dung cac quan hé nao doé, goi la quan hé dé quy. Stt dung quan
hé nay, ta c6 thé tinh duge dai lugng can tim néu chd ¥ rang véi n nhd,
bai toan luon cé thé gidi mot cach d& dang.

Ta minh hoa phuong phap ndy thong qua mot s6 vi du:

6
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Vi du 1.3.1. (Bai toan chia keo ctia Euler) Cho k,n 1a cac s6 nguyén
duong. Tim s6 nghiém nguyén khong am ctia phuong trinh

$1+$2+...+£Cn:k (11)

Giai. Goi s6 nghiém nguyén khong am ctia phuong trinh trén la
S(n, k). D& dang thay ring S(1,k) = 1. Dé tinh S(n, k), ta cht ¥ ring
(1.1) tuong duong véi

T+ ... +Tp1 :k—l‘n (12)
Suy ra véi x,, c6 dinh thi s6 nghiém cua (1.2) 1a S(n — 1,k — x,,). T d6
ta dugc cong thic
Sn,k)=Sn—-1,k)+Sn—1,k—1)+ ...+ S(n—10).

Day c6 thé coi la cong thiic truy hoi tinh S(n, k). Tuy nhién, cong thiic
nay chua that tién lgi. Viét cong thiic trén cho (n, k — 1) ta duge
Sn,k—1)=Sn—1,k—1)+Sn—1,k—2)4+...+S(n—1,0).
T day, trit cac dang thic trén vé theo vé, ta dudc
S(n,k)—Sn,k—1)=S5(n—1,k)
Hay
S(n,k)=S(n,k—1)+ S(n—1,k).

T cong thitc nay, bang quy nap ta c6 thé ching minh dude ring
k
S(nv k) = On—i—k—l'

Vi du 1.3.2. C6 bao nhiéu xau nhi phan do dai n trong dé khong c6
hai bit 1 ding canh nhau?

Giai. Goi ¢, 1a s6 xau nhi phan do dai n thdéa man diéu kién dau bai.
Ta c6 ¢ = 2,¢o = 3. Dé tim cong thitc truy hoi, ta xay dung xau nhi
phan do dai n théa man diéu kién dau bai c6 dang a,an_1a,_2......a2a1.
C6 hai truong hgp

i) a, = 1. Khi d6 a,_1 =0 va ap_o...... asa; ¢6 thé chon 13 mot xau
bat ky do dai n — 2 thoéa dieu kién. Cé c¢,_» xau nhu vay, suy ra
truong hop nay co6 c,_o xau.
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ii) a, = 1. Khi d6 a,_i......aa; c6 thé chon 1a mot xau bat ky do
dai n — 1 théa dieu kién. C6 c¢,_; xau nhu vay, suy ra trudng hop
nay co c,_1 xau.

Vay tong cong xay dung dudc c¢,_1 + c,_o xau, nghia la ta c6 hé thic
truy hoi
Cn = Cp—1 1+ Cp—2.

1.3.2 Phuong phap thém bét

Ta xét bai toan thuc té sau:

Vi du 1.3.3. Rat ngau nhién 13 quan bai tit bo bai 52 quan. Tinh xac
suat dé trong 13 quan dé co “ti quy”.

Giai. C6 C33 cach rit 13 quan bai tit bo bai 52 quan. Ta can tim s6
cach rit trong d6 ¢6 4 quan bai gidng nhau (vé so!).
Trudc hét ta dém s cach rit ¢6 “ti quy” A. Ro rang c6 Cjg cach rit
nhu vay (lay 4 con A va 9 con bat ky tit 48 con con lai). V6i cac quan
bai khac ciing vay. Vi ¢6 13 quan bai khac nén sb cach rit 1a ¢ ti quy
1a 13. CY.
Trong 15i giai trén, ching ta di dém lap. Cu thé la nhiing cach rat bai
c6 hai ti& quy, chang han t& quy K v& ti quy A dudc dém hai lan: mot
lan & t& quy A vh mot 1an 6 tit quy K. Nhung ta dang dém khong phai
14 s6 t1 quy ma 1& s6 lan gip t quy. Nhu thé, nhitng lan dém lap dé
phéi trit di. D& thay, s6 cach rat ¢6 tit quy K va A sé 1a CJ,. Ly luan
tiép tuc nhu thé, ta c6 con s6 chinh xac cach rut c6 ti quy la:

13.C45 — C13.04y + O30
va x4c suat can tim bang
P = (13.C — C%C3, + C3C1,) /Css = 0.0342.
Dinh 1y 1.3.4. Véi n tap hop Ay, ..., A, bat ky ta cé cong thiic

[ATU U A=) A=) JAUA]+ .+ (=D A NN Ayl

Vi du 1.3.5. C6 bao nhiéu cach xép 8 con xe lén ban c¢d qubc té da bi
gach di mot duong chéo chinh sao cho khong c¢6 con nao dn con nao?
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Gidi. C6 8! cach xép 8 con xe con xe lén ban cd qubc té sao cho
khong c6 con ndo an con ndo. Ta can dém sbé cach xép khong hop lé, tic
14 s6 cach xép c6 it nhat mot con xe ndm trén dudng chéo.

Goi A; 1a tap hop céc cach xép ¢6 quan xe nam & 6 (¢,4). Ta can tim
|A1 U..u A8|

NhlIIlg dé dang théy réng |Az| = 7', ‘Az N AJ| = 6"141 MN...N Ag‘ =1
nén tit dinh 1y trén ta suy ra

|A1U.. .UAg| = CL.71—C2.6!+C32.6!—...—CF.1! = 8!1—8!/214-8!/31—...—8!/8l.

Nhu vay s6 cach xép 8 con xe lén ban cd qubc té da bi gach di mot duong
chéo chinh sao cho khong cé con ndo #n con nao bang

N(8) = 81— (81—81/21481/31—...—81/8!) = 8!(1/2!—1/31+..+1/8!) = 14833.

1.3.3 Phuong phap ham sinh

Phuong phap ham sinh 1a moét phuong phap hién dai, sit dung cac
kién thitc vé chudi, chudi ham (ddc biet 1a cong thic Taylor). Day la
phuong phap manh nhat dé giai bai toan giai tich to hop

Dinh nghia 1.3.6. Cho day s6 ag, a1, as, ..., Gy, ... Chudi hinh thic
A(x) = ag + a1z + asx® + ...+ apx” + ..
duge goi la ham sinh cia day {a,}.

Y tuéng phuong phép ham sinh nhu sau: Gid st ta cAn tim cong
thiic tong quat ctia mot day sé {a, } ndo dé. Tt cong thiic truy hoi hodc
nhitng 1y luan t6 hgp truc tiép, ta tim dudc ham sinh

A(x) = ap+ a1z + asx® + ...+ apx” + ..

Trong trudng hop thuan lgi, tit biéu dién trén cé thé tim dugc mot cong
thitc gidi tich cho ham A(z). Khai trién A(z) ( bieu dién bdi cong thitc
giai tich vita tim dugc) thanh chudi va tim hé s6 ctia 2" trong khai trién
dé ta tim dudgc a,,.

Cong thitc khai trién thuong sit dung (Cong thiic nhi thitic Newton)

x? "

(I+2)*=14azr+ ala— 1)5—1—...4—04(04— De(lao—n+ 1)54_
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Muc tiéu chil yéu ctia luan van nay 1a trinh bay tuong déi chi tiét ve
ham sinh. Didu nay sé duoc lam & Chuong 2. O day ta chi dua ra vai vi
du don gidn dé minh hoa.

Vi du 1.3.7. Tim s6 hang tong quat ctia day s6

Jo=11=2 for1=fo+ fu1
Giai: Xét ham sinh

F(z)= fo+ fix + for® + ..+ foz" + ...

= fo+ fix+ (fo+ x>+ o+ (faoi + fooo)a™ + ...
= fo+ fir +2%(fo + fiz +..) +x(frz + )
= fo+ fiz + 2°F(x) + z(F(z) — fo).

Tu do suy ra

I+
T 1—z— a2
Tiép theo, ta khai trien F'(x) thanh chudi. Ta c6

1+
(1= az)(1 - B2)
trong dé a, f 14 nghiém ctia phuong trinh 22 — z — 1 = 0. Ta d& dang
tim dugc hai hang s6 A, B sao cho
A B

+ :
(1—ax) (1-px)
1

F(zx) =

F(x) =

=1l+xz+224+ ..+ 2"+ ... ta dudc

T do, st dung cong thic ]

F(x)=A+4+ B+ (Aa+ BB)x + ... + (A" + Bf")z" + ...

suy ra

£, = Aa"™ + Bj".

véi «, B 13 hai nghiém ctia phuong trinh 2> — 2 — 1 = 0 vd A, B 13 cac
hang s6 hoan toan xac dinh

Vi du 1.3.8. Tim s6 hang tong quat ctia day s6
ap = 1,ana0 + ap_1a1 + ... + apa, = 1.
10
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Giai: Xét ham sinh A(x) = ag + a1z + ax? + ... + a,a™ + ...
Biéu thitc truy hoi goi chiing ta dén hé s6 cua hai da thiic

A(x).A(x) = a3 + (apar + a1ag)z + ... + (anao + an_1a1 + ... + apay)z™ + ...
=l+at+2*+. +2"=(01-2)"

Tu do suy ra

Ale) = (1— )

1 1. 3. 22 1.3 n—1a"
=1 — N(=)— + ... —(=)... —
PG+ QO + o+ (O
Va nhu vay
B (2n —1)! Gy,
= Ton g T

Vi du 1.3.9. (Bai toan chia keo ctia Euler) Cho k, n 1a cac s6 nguyén
duong. Tim s6 nghiém nguyén khong am ctia phuong trinh

T+ 2o+ ...+ x, =k (1.3)
Giai: Goi ¢, (k) 1a s6 nghiém ciia (1.3). Xét tich ctia cdc tong vo han
A+r+2?+ )14+ z+2+.). QI+ +2*+. ) =1+ +2>+..)"
Ta nhan xét rang néu khai trién tich trén thanh chudi liy thita cia
(l4+z+2°+. ) "=c+cax+ ...+ ca’ + ...

thi cr = cn(k)

Nhung
ka
(14+r+2+.) " =(1—2) "= 1+nx+...—|—n(n—|—1)...(n+k—1)E+...
Suy ra
nn+1)..n+k—1
caly = DR
11
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Chuong 2

Phuong phap ham sinh

2.1 Co sé Iy thuyét

Khi lam viéc v6i cac ham sinh, ching ta thuong mudn st dung cac
phép bién ddi va thao tac khac nhau, ma ching khong dude phép ding
khi ham sinh xem nhu ham vé6i bieu dién giai tich. Do d6 cic ham sinh
sé¢ dudc dinh nghia nhu nhitng déi tuong dai s6 nham muc dich st dung
dugc nhiéu cong cu hon.

Dinh nghia 2.1.1. M6t chudi liiy thita hinh thtc 1& biéu thic cé dang
o0

ag+ a1 + asx® + oo = E a; "
i=0

Day cac s0 nguyén {a;}, dudc goi la day cac hé sd

Viduy 2.1.2. Chudi A (z) =1+ 2+ 222> + 3323 + ... +n"a" 4 .
mic du chi hoi tu # = 0, nhung trong 1y thuyét hinh thic, dé 14 mot
chudi luy thira hinh thic x4c dinh t6t v6i day hé s6 tuong tng 1a {a;},,

a; =1

00 _ 00 ‘
Dinh nghia 2.1.3. Hai chudi A = > a2z’ vA B = > bz’ dudc goi 1a
i=0 i=0
bang nhau néu day cac hé sb tuong tng cia ching bang nhau, tic 13

a; = b; v61 moli i € Np.

Nhan xét:
Hé s6 ctia 2" trong chudi liy thita F sé dugc ki hieu béi [z"] F. Ta ¢6
thé dinh nghia tong, hiéu va tich ctia chudi liy thita nhu sau.

12
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Zanx ianx Z (an £ by) 2"
Z anT Z b,x" = Z cpx’, Cp = Z a;by,_;

Thay cho F.F ta viét F2, va mot cach tong quat F"*t! = F.F". Ta thay
rang phan ti trung hoa cho phép cong 1a 0, v& phan ti trung hoa cho
phép nhan 1a 1.
Dinh nghia 2.1.4. Chudi lay thtra G 14 nghich dao cia chudi lay thia
F néu F.G = 1.

1
Ham sinh nghich dao cta F sé dugce ki hiéu la ok Vi phép nhan la

giao hoan ta thay rang F.G = 1 tuong duong véi G.F = 1, do d6 F va
G 13 nghich déo 1an nhau.
Ta cting c6

(1—2)(1+zta?+.)=1+Y "~ (L1-L1a'=1

Vivay (1—z)va (14+z+ 2%+ ... ) 1a nghich d4o lan nhau.
Dinh ly 2.1.5. Mot chuoi lay thia hinh thic F =" a,x"cé nghich dao
néu chi néu ag # 0. Trong truong hop dé nghich ddo la duy nhat.

P 1
Chitng minh. Gia thiét rang F c6 nghich déo 7= > b,x". Khi do

1
FF =1suyral=aghydodbay#0. V6in>1tacdé0=> arb, ; tu
2

do6 ta c6 thé két luan:

= —— Z arbp_1 (%)

ap 3
Céc he s6 dugc xac dinh duy nhat béi cong thic (*).
Mit khac néu ag # 0 ta c6 thé xac dinh duy nhat tat ca cac hé sb b;

nho st dung cac quan hé truée dé da xac dinh chudi —
[]

13
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Bay gio ta c6 thé két luan ring tap cac chudi liiy thita véi nhitng
phép toan dinh nghia nhu trén lap thanh mot vanh ma cac phan ti kha
nghich 13 chinh 13 nhitng chudi liy thita v6i hé s6 dau tién khac 0.

Néu F = > f,x" 1a mot chudi lay thiua, F (G (z)) sé ki hieu chudi
n
F(G(x)) =3 f,G(x)". Ki hiéu d6 cling sé dugc st dung trong trudng
n
hop khi F 1a da thic (tic 1a khi chi ¢6 hitu han cac hé s6 khac 0) hodc
néu s6 hang tu do cia G bang 0.

Dinh nghia 2.1.6. Mot chudi lay thta hinh thic G duge goi 1a mot
chubéi liiy thita nghich ddo ctia F néu
F(G(z) =G(F(x) ==
O day ta ciing ¢6 su déi xing, néu G la nghich ddo cia F khi d6 F
ciing la nghich dao cua G.

Dinh ly 2.1.7. Cho F va G la hai chuoi luy thia nghich ddo cia nhau.
Khi do

F=fix+ for’+.., G=qx+ gz’ + ...
va f1.g1 # 0.

Ching minh. Dé cho F (G (z)) vd G (F (z)) dugc x4c dinh ta phai c¢6 0
14 s6 hang ty do. Gi& thiét rang F = f.a" + ...... va G = gs2° + .ol
khi d6

F(G(z)=v=frgix™ + ... :

dodors=1var=s=1.01 ]

Dinh nghia 2.1.8. Dao ham ctia chudi lay thua F =" f,z" 1a

Dao ham cip n > 1 dugdc xac dinh dé quy béi FO"HD) = (F<")) .

Dinh 1y 2.1.9. Cdc tinh chadt ctia dao ham
o (F+G)™=Fm4qgn
o« (FO)" =37, () FOGH

1

14
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Ta sé thuong xuyén két hop méi chudi liy thita véi day sinh ctia né,
nén dé thuan tién ta dua vao ky hiéu quy uéc sau.

Dinh nghia 2.1.10. A «~ {a,} nghia la A 1a mot chudi liy thita
thong thuong sinh béi {a,}o, tic la A =" a,z".
n

Gia thiét ring A < {a,};. Khi dé
St = 5 3 gt = A
n+1 n n T
n n>0

Hodc mot cach tuong duong

A—a
00 | OST 0
{aniity < .
A — aop
—a1 A g —
0 axr

Tuong tu {a,2}y s —= _ :

x x

Dinh ly 2.1.11. Néu {a,};° +— A thi vdi h >0

A—ay—ax — ... — ap_12"™

{an+h}80 <057”>
Chiing minh. Ta st dung phép quy nap theo h. Khi A = 1 ménh de 1a
dtng, va diéu nay da ducc chi ra tit trudc. Néu ménh dé ding véi h ndo

d6 thi khi dé.

{aninate <= {amins1ty

A—ay—a1x—........ — aj_qa2" !
osr zh — an
——
T
A— an — _ ok
OsT ap a1xr — ...... apT
N 7
Dinh 1y dugc chiing minh. ]

Chiing ta da biét rang {(n + 1) a1}y < A Muc tieu cta ta la
nhan duge day {na,};°. D6 chinh 1a diy xA". Ta sé dinh nghia toan ti
xD trong cach sau:

15
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: A
Dinh nghia 2.1.12. xDA =z A tic la zDA = xcjl—
x

Hai dinh i sau 134 hé qua cta tinh chat clia dao ham.

Dinh 1y 2.1.13. Néu {a,}; < A thi {nfa,}, < (zD)"A.
Dinh ly 2.1.14. Cho {a,}; <~ A va P la mot da thic. Khi dé

P(zD) A <5 {P(n)a,}y -

2 7z 1
1 . N6 ¢6 thé viet dudi dang Al—. Nhu chung ta
— —

da thay 6 trudc, chudi nghich ddoctia 1 —z 13 1+ + 2% + ...,
do doé

Xét ham sinh

A

1l—=x

:(a0+a1x+a2x2—|— ...... )(1+x+:1:2+ ...... )
= ag + (ag + a1) x + (ag + a; + ag) 2° + ...

) o A n
Dinh ly 2.1.15. Néu {a,}; «— A thi : RN {2 aj}
-t 7=0 n>0
Bay gio ta sé nghién ctu mot dang mdéi cua ham sinh.

Dinh nghia 2.1.16. Ta néi rang A 14 ham sinh (ho#c chudi, chudi liy
thita) ma cta day {a,}, , néu A la ham sinh thong thuong cta day {4},
hodc moét cach tuwong duong,

_ N %, n
A= Z R
n
Néu B 1a ham sinh mi cta chudi {b,};” ching ta ciing c6 thé viét

{b.}o° +— B

Néu B <> {b,}¢’, ta quan tam dén B’. D& thay

00 -1 o0 n—1 ©© n
;- nb,x" " b,x B b1
B_Z n! _Z(n_l)]_z n!

16
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Do dé

B' = {bn+1}80
Dinh ly 2.1.17. Néu {b,} <~ B, thi vdi h >0 :

{bn+h}0 osr B(h)
Ta ¢6 dinh 1i tuong duong cho ham sinh mi.

Dinh ly 2.1.18. Cho {b,}; +— B va cho P la mot da thic. Khi dé

P (zD) B <= {P (n)b,}°

Ham sinh mi rat hitu ich trong nghién cttu dong nhat thiic to hop vi
tinh chat sau.

Dinh ly 2.1.19. Cho {a,}° +— A va {b,} «— B. Khi dé ham sinh

AB sinh ra day {Z () akbn_k}
k n=0

Ching mainh. Ta cé

X 0 b’ ab; . a;b;
AB{Z;—!}*{Z‘;T}ZUZ,J‘Z = =>a" { > ..{}

1=0 7=0 i+j=n ’&!j.
hay
x" n'albj
AB=) 10 2 Zn.z ) aidii
n 1+)=n
diéu phai ching minh. []

Chiing ta da liet ké cac tinh chat co ban ctia ham sinh. Cac tinh chat
va thuat nglt méi sé dudc dinh nghia sau. Mac du chudi lay thira hinh
thitc duge dinh nghia nhu nhitng déi tuong thuan tay dai s6, ta khong
bé tinh chat giai tich ctia né. Ta sé st dung khai trién Taylor ctia ham
thanh chudi liy thita. Vi du ta sé x Ii ham e” nhu mot chudi lay thia
hinh thitc c¢6 dudc bing cach khai trién ham thanh chudi liy thira, tic

o0 n
14 ta sé dong nhat e* véi > — - Ta ciing sé st dung theo hudng ngugc
n=0 T

lai.

17
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O day ta liet ke khai trién Taylor cac ham phd bién nhét.

_Zx

n>0

%)kﬂ _ Z (nn+k:) "

m 2271

(VI =Y e

- n+1
1—I—dz k_zkz(QnJrk—l)!xn
2x B n!(n+k)!

@(“F)kzww

1— 1—x_ 4n)! .
\/ Zmn ) 2+ 1)

n

n>0
1 n
In = r
l1—2z ~n
Z xQn—H
sinr = (—1)
|
= (2n+ 1)
18
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22n 22n —1)B
tanx = Z (- ( (2n)! ) 2 g2l

n>1
(_4)nB2n 2
recotr = Z - "
e (2k)!
. Z (271 - 1)!:L‘2”+1
arcsinx =
= (2n)!' (2n + 1)
Z x2n+1
arctanxz = » (—1)"
= 2n+1

SInx ‘
22 sin
_ 4 n
e'sinx = Z o T
n>1
1 H, 1
In? = iy
11—z ; n
arcsinz\? 4"n)? om
T
(k+1)(2k+1)!
n:O

1 .
H, = Z —, va B, 1a s6 Bernoulli thi n.

i=11

*) Nhan zét :

2.2 Phuong trinh hdi quy

Dau tién ta sé gidi mot phuong trinh hoi quy co ban

19
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Bai toan 2.2.1. Cho a, 1a mot day c¢6 ag = 0 va a,1 = 2a, +1,n > 1.
Tim s6 hang tong quat ctia day a,,.

Giai: Ta c6 thé tinh mot vai s6 hang dau 0,1,3,7,15,... va ta du
doan a, = 2" — 1. Cong thtc nay c6 thé dé dang ching minh bang quy
nap toan hoc nhung ta sé giai bai toan sit dung cac ham sinh.

Cho A(z) la ham sinh cta day a,, tic 1a cho A(z) = > a,z". Néu ta

nhan ca hai vé ctia hé thic hoi quy béi 2" va véi Vn ta dude

Zan+1x": A2) = a = A @) =2A(x) + ! :Z(Zan+1)aj"

T x 11—
T do6 ta dé dang két luan
Ax) =

1-0)2-2)

Bay gio bai to4n 13 tim cong thic téng quat cho cic phan ti ciia day. O
day ta sé st dung phan tich A thanh hai phan s6, méi mot trong ching
c6 ham sinh tuong tng. Cu thé hon,

& 2 1 2,2 9
(1—-2)(2~—2) :x(1—2x_1_;€> =2+ + ) —(+ 2"+ )

R6 dang A (z) = Y. (2" — 1) 2" va nghiém cia quan hé hoi quy ding la

n=0

a, =2" — 1.
Bai toan 2.2.2. Tim s hang tong quat ctia day cho mot cach hoi quy
bdi
Uns1 = 2a, +n,(n>0),ap=1

ors ors A - 1
Giai: Gia st {a,}, < A. Khi d6 {a,41}¢ <
T
Ta ciing c6
1 ors
D —{n.1
S x {n.1}
1 1

Vi tD—— ==z = v

l—x (1—2)2 (1—x)?
quan hé hoi quy tré thanh
A—-1 x

[ R —
z (1—x)”

20
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1 — 2x + 222
(1—2)*(1—2x)
Bay gid ta c6 thé xem 1a da giai duge déi v6i chudi sinh. Néu ta mudn
chi ra rang day ndy bang mot s6 day khac nao dé thi chi can chi ra rang

Tu do ta suy ra A=

cac ham 13 bang nhau. Tuy nhién ta can tim cac s6 hang dang hién.Ta
lai c6 ging biéu dién A trong dang
1 — 2z + 222 P Q R

ST TR T A TR A Pl

Sau khi nhan ca hai vé v6i (1 — z)® (1 — 2z) ta thu duge
1—204+2:2=P(1—22)+Q(1—x)(1—2x)+ R(1—z)*.
Hoac mot cach tuong duong
1-204+202=22(2Q+ R) + 2 (—2P —3Q —2R)+ (P +Q + R)

Néu ta nhan ci hai vé véi (1 —2)° va dit z = 1 ta thu dugc P = —1.

Tuong tu néu ta nhan véi 1 — 2z va cho x = % ta thu duge R = 2.
suyra P=—-1,) =0, R = 2.

Bay gio thay thé P v R v cho z = 0 ta thu dugc Q = 0. Nhu vay c6
dugc P, () va R mot cach dé dang. Do dé ta co

—1 2
A= _
Vi 2 Sy —  —p L i
i a—>=D—-%Hn
1 —2x ¥ (1—x)? l—x
ta thu dugc

a,=2""—n—-1
Trong hai vi du trén mdi s6 hang ctia day chi phu thuoc vao s6 hang
ding truéc d6. Ta néi quan hé hoi quy nhu vay 14 quan hé bac nhat.
Bay gio ta ding ham sinh dé giai nhitng quan hé hoi quy bac 16n hon 1.

Fy=0,F =1 q
Bai toan 2.2.3. Day Fibonacci { Fj+1 = F,, + F,-1 Tim s6 hang tong
n>1
quat cua day.
21
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Giai: Gia st F 14 ham sinh ctia day {F),}. Néu ta nhan c& hai vé bdi
A 2 A s 2, N — T . A 2.
™ va cong tat ca, vé trai trd thanh {F, 1} & —, trong khi vé phai
T
tré thanh F' + xF.
Do dé
T
Fo_—*
1—o—2?
Bay gio ta muén khai trién ham dé thanh chudi liy thira. Dau tién ta
muén biéu dién ham nhu mot téng cta hai phan sb.
Gidst —2?—x+1=(1-az)(l - px).
Khi doé

1++5 1—+5
5 =

o =

va, a—B=1+5

Hon ntta ta c6

x B x 1 1 1
l—z—22 (1—an) l—ﬁx)_a—ﬁ<1—xa_1—xﬂ>

Dé dang thu ducc

Nhan xét: T d6 ta c6 ngay xap xi cho F,. Vi |8 < 1tacé lim " =0
n—od

1 145\
~ 2= .

Bay gio ta xét cho truong hop véi day cia hai bién.

N

3

Bai toan 2.2.4. Tim s6 cac tap con k phan ti ctia tip n phan tu?

Giai: Ta biét ring két qua 1a C*, nhung ta muén thu duge né bing
cach st dung ham sinh. Gia thiét rang s6 can tim 1a C'(n, k). Gia su
A = {ay,as,...,a,} 1a tap n phan tit. C6 hai loai tap con k phan ti, d6
la chia va khong chia a,,. Chinh xéc la ¢6 C'(n — 1,k — 1) tap con chita

22
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a,,. That vay, ching 1a tat ca cac tap con k—1 phan t1 cta {a1, ..., an_1}.
va thém vao a,. Ngoai ra c¢6 chinh xac C(n — 1,k) céc tap con khong
chta a,. Do do

C(n,k)=C(n—1,k)+C(n—1,k—1).

Ta cting c¢6 C(n,0) = 1.
Bay gio ta sé dinh nghia ham sinh ctia day C(n, k) doéi véi n c6 dinh.,

=ZC(n,k)xk

Néu ta nhan hé thic hdi quy béi 2 va cong déi véi Vk > 1 ta thu dude

Gia thiét rang

Cn(x)—1=(Chq1(x) = 1)+ 2Cp_1 (x)

Z,

v6i moéi n > 0 va Cp (x) = 1. Bay gid v6i moéi n > 1 ta c¢o:

Co(z) = (1+2)Coa (2).

Cubi cung ta c6 C, (z) = (1 + 2)". Do d6 C(n, k) la hé s ctia 2" trong
khai trién (1 + z)" va dang 1a C.

Ta da st dung cong thiic nhi thitc, va diéu d6 c¢6 dudc bang viéc sit
dung ki thuat t6 hop, ma k¥ thuat nay lai sit dung két qua ta mudn
chiing minh. May thay, c6 cach ching minh cong thitc nhi thitc dya vao
khai trién Taylor.

Ta ciing c6 the xét ham sinh cta day C, ().

n __ k_ k. n __ n.n __ 1
;Cn(aj)y —;;Cnx —Z(ler)y 1Ty 070

n

Theo cach do6 ta c6 (}) = [2Fy"] 1—y(1—|—x)) L
Bay git ta c6 thé tlnh tong > (1) y"

T T = =y
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Do dé ta c6 cac dong nhat thic

Nhan xét:
Véi n < k ta dinh nghia (}) = 0.

Bai toan 2.2.5. Tim s6 hang tong quat ctia day

apy3 = 6ay0 — 1la, 1 + 6ay, n >0
v6i diéu kién ban dau ag = 2,a; = 0,a9 = —2
Giai:
Néu A 1 ham sinh cia day tuong tng, thi

—9_ — (=22 9 _ —
A—-2—-0x—(-2)z :6A 2 O.x_HA 2

6A.
x3 x2 x +

Tu do6 ta dé dang thu dugc
2022 — 122 + 2 2022 — 122 + 2

T 1—6r+ 1122 — 623 (1—a)(1—22)(1—3z)

Ta muén tim hé s6 thuc B, C va D sao cho:

2022 — 122 + 2 B C D

I—0(—20)(1-37) (-2 (—=20) (1=30)

Ta sé nhan ca hai vé v6i (1 — ) va dat o = 1 dé thu dugc

201242

B = =3.
1) (~2)
1
Nhan vé6i (1 — 2x) va dat z = 5 ta thu duoc
1
4
24
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Néu thay thé gia tri tim dudc ctia B va C va dat # = 0 ta thu dugc
B+ C+ D =2t désuy ra D = 1. Cudi cling ta c6

5 4 1 >
A= _ _ 497 4 37 o
1 — 2 1-2¢ 1_32 (5 +3%) @

n=0

Suy ra a, =5 — 22 + 3.

Vi du sau day chi ra rang doi khi ta gip khé khan trong viéc tim cong
thic hién ctia cAc phan ti ciia day.
Bai toan 2.2.6. Cho day c6 ag = 0,a; = 2 va véi
n>0: ap+2 = _4an+1 — 8ay,

Tim s6 hang tong quat cia day.

Giai:
Gia st A 1a ham sinh ctia day. Hé thitc hoi quy c6 thé viét dudi dang
A—0-2 A-0
s e 84,
T T
suy ra
B 2T
1+ 4x+ 822
Céac nghiém r; = —2 + 2¢ va ro = —2 — 2i clia phuong trinh khong 1a s6

thuc. Diéu nay anh hudng nhiéu dén viéc tim kiém B va C. Khong dé ¥
dén diéu do6, ta co:
2x B C

1+ 4z + 822 1—r1x+1—r2:€“

(4

1
Suy B=—C=
ra 2’ 2

Tai sao ta xét nghiém ctia da thiic 22 4 4z + 8 trong khi mau thiic ciia
A 1a 822 + 4z + 17 Néu ta xét nghiém ctia mau thic thuc sy ta sé thu

, va n6 sé cho ta rac roi néu ta st dung chudi

)

12

dugc phan sb6 c6 dang
-

4 2 ~ ~ 1
lity thita. Tuy nhién ta c6 thé biéu dién mau thic dang 2%(8 +4.— +
a

L1
va xét n6é nhuv mot da thic cua —.
x

s 1 1
Khi d6 mau thic tré thanh 22 (— — 7"1> (— — 7"2>.
x x

25
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Bay gio ta c6 thé tién hanh giai bai toan. Ta thu dudc

1 1
A= 2 2 .
(21202 1-(—2-20)
Tt d6 ta c6 A = —% S (=2 + 2)"a" + % S (=2 — 24)"a"
n=0 n=0

Suy ra
i

?
n=—=(—2+2)" -2 —27)".
a 2( +24)" + 2( 7)
Nhung s6 hang ctia day 1a thuc, khong 1a phtc! Ta c6 thé don gian héa
c4c biéu thic cho a,. Vi
37

:t_
2492 =22 4

ta thu dugc

) n 3 3 3 3
an:%<2\/§) ((cos%—isin%)—(cos%Jrisin%)).
Do do6 3
a, = (2\/5) sin %

Viét mot cach khac
( 0, n =28k

(2\/5), n=8k+6
(2 )n n =8k + 2

an = 1 n
) n—8k+1:n—=8k+3
)

Y

n=8k+5n=8k+7

Bay gio ta sé xét phuong trinh hoi quy phic tap hon.
Bai toan 2.2.7. Tim s6 hang tong quat cta diy z,, cho bdi

ro=x1=0, Zpo—6x,1+9,=2"4+n,n>0.

26

So hoa béi trung tam hoc lieu http://www.lrc-tnu.edu.vn/



Giai:
Gia st X (¢) Ia ham sinh ctia day da cho. Sit dung cac phuong phap nhu
cac vi du trén ta co:

X X 1 t
— —6—+9X =
gt 1—2t+(1—t)2
Gidn uwéc biéu thic trén ta cb
t2 _ t3 _ t4
X () = 2 2
(I —1)"(1—2t)(1—3t)
Do do6
1 1 5 5)
X (t) = + — +
Q 41—z 1-2¢ 3(1-3z) 12(1—3z)

n—+1

Day tuong ting véi s6 hang dau tién 13 , trong khi day tng véi cac

A 5 1 3n+1
6 hang thit hai, thit ba va thit tt a 2%,5.3"1, va 2" +12)

tuong

ung ta co

24 n4+14+5(n—3)3"!
= I ,
Bai toan 2.2.8. Cho f1 =1, fo, = fn V& font1 = fu =+ fni1. Tim s6 hang
tong quat ctia day.

Giai:
Ta thay day 14 xac dinh béi vi mdi s6 hang dugce xac dinh bang cach sit
dung nhitng s6 hang da xac dinh trudc dé. Gid sit ham sinh F dudc cho
bai

Ln

Fz)=) fu" "

n>1
Nhan hé thitc dau tien véi 2271, thi hai v6i 22" va cong tat cad véin > 1
ta thu dudgc:

A fond® Y @™ =14 > fd® T Y fua® ) frpaa®™

n>1 n>1 n>1 n>1 n>1

Hodc mot cach tuong duong

Z far"h =1+ Z fox® 4 Z frz® + Z fra1z,

n>1 n>1 n>1 n>1

27
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Diéu nay chinh x4c c¢6 nghia 1a F' (z) = 2?F (2?) + o F (2?) + F (2?), tic
1a

F(x)=(1+z+2*) F(2°).
Hon nita ta co N

P~ T (e ")

i=0

Ta c6 the thay rang day duge xac dinh theo cong thiic trude c6 mot tinh
chat thi vi. V6i mdi s6 n nguyén duong ta thyc hién quy trinh sau: viét
n trong khai trién nhi phan, loai bé khéi s6 khong cudi ciing (néu c6) va
nhém céc chit s6 con lai thanh it nhat c¢é thé khéi chit s6 sao cho mbi
khéi chita cic chit s6 cliing loai. Néu ddi véi hai s6 m va n ma cac tap
hop khéi chit s6 tuong ng nhu nhau thi ta cé f,, = f,. Vi du khai trién
nhi phan ctia 22 14 10110, do d6 tap khdi chit s6 tuong ting 1a {1,0, 11},
trong khi s6 13 dugc bicu dién 14 1101 vi cé ciing tap khéi chit s6 13
{11,0,1}. Ta c¢6 fr29) = frg)- Dé dang xac minh dugc fia) = f13) = 5.
T khai trien ta két luan rang f, 1a s6 cac biéu dién ctia n nhu 1a mot
tong cac lity thita ctia hai, sao cho khéng c6 hai liy thita ctia hai dudc
lay tir cing mot tap ctua bo {1,2},{2,4}, {4, 8}.

2.3 Phuong phap dau ran

Phuong phap dau ran rat hitu ich trong viéc danh gia tong té hop
khac nhau, thudng rat 16n, va trong viéc chitng minh cac dong nhat thic
td hop.

Phuong phép st dung dé tinh nhiéu tong, va khong phai 1a phé dung.
Do d6 ta sé stt dung mot s6 vi du dién hinh dé ching t6 tinh hiéu qua
va minh hoa cho phuong phap.

Nguyén tic chung 1a nhu sau: Gia st ta muén tinh tong S. Dau tien
ta xac dinh bién tu do ma S phu thudc vao né. Gid st rang n 14 mot
bién nhu vay va gid st S = f(n). Sau d6 ta xac dinh F (x), ham sinh
ctia day f (n). Ta sé nhan S véi 2" va lay tong theo tat ca n. Tai thoi
diém nay ta c6(it nhat) mot tong kép, tong ngoai theo n va trong theo
S. Khi d6 ta trdo doi thit tu 14y tong va thu dudc gia tri clia tong trong
theo n.

Theo cach nhu vay ta nhan mot s6 hé sé ctia ham sinh, ma ching thuc
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ra la gid tri cia S phu thudc vao n.
Trong viéc gidi cac bai toan loai nay ta thudng gip nhiéu tong. 0 day
ta sé liet ke mot s6 loai tong nay.

Dong nhat thitc ¢6 sy tham gia ctia > (™) 2" da biét tit trude
n

(L+2)" =3 () a"

n

Doi khi ta sé sit dung dong nhat thic déi véi > (1) 2" da dé cap trong
n
danh sach ham sinh:

1 n+k\ ,.n
— = z".
a2

Trong s6 cac tong chung ta sé tinh nhing tong chi theo cac chi sé chin
hoac 1é.

Vidutaco (1+2)"=> (") 2™ dodo (1—2)"=> (") (—x)".

n n

Cong va tru ta dugc

my e _ (L 2)"+ (1 —2)")

mo oo (L2)" = (1 —2)")
Zn: (Qn—i—l)x - 2 :

Trong kieu tuong tu ta chi ra dugc

2n n ﬁ 1 (_1)m
Z(m)x T 2 <(1_ )m—|—1+ (1_x)m+1>'

n

2041y 2041 ﬁ 1 _ (_1)m
Z (m ) 2 ((1 o :L_)m—i-l (1 o )m—i—l) :

T
n
Dong nhat sau ciing duge sit dung kha thuong xuyén
1 2n n 1 (
- - (1-vi=1 ) .
Z n+1 (') @ 2x v

n
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Bai toan 2.3.1. Danh gia tong > (Z—k)
2

Giai:
Cho n 1a bién tu do va ki hiéu tong f (n)

= ()

Gia st F () 1a ham sinh cta day f (n), tic la
F(z)= Ziﬂnf (n) = anz (ka) = Z Z (ka)l“n
n n k n k
Ta c6 thé viét phuong trinh truéc nhu sau

F(z) = Z Z (hp) 2" = Z z* Z (hop) 2™ "

Suy ra

Pl =Yt =X o+ ) = g = T

Tuy nhién né tuong tu nhuw ham sinh ctia day Fibonaci, tic 1a

f(n) = F,4 vataco
Z (ﬁ—k) = Fop1.
k

m

Bai toan 2.3.2. Danh gid tong > (—=1)" (1) (5).
k=m

Giai: Néu n 1a s6 c6 dinh, khi d6 m 1a bién tu do ma téng phu thudc
vao. Gia st f (m) = 3 (=1)" (7) () va gia st F'(z) la ham sinh cta

k=m
day f (m), tac la F (x) =>_ f (m)x™. Khi dé ta c6

m

n

Fz)=2 flm)a™ =3 a"> (=1)"(}) ()

k=m
=SEDFOYEam =Y ()
k<n m<k k<m

O day ta da sit dung 3 (F)a™=(1+ z)*. Hon nita,

m<k

Fa) = (—1)" () (~1)" (1 +2)" = (~1)"((1 +2) = 1)" = (~1)"a".
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Do dé6 ta nhan duge F (x) = (—1)"2" va vi d6 la ham sinh cua day

f(m). nén ta cé
—1)"n=m
Fom ={ GO,
Bai toan 2.3.3. Danh gia tong Y. (7) (%).
k=m

Giai: .
bat f(m)= > () (k) va F () =Y 2™ f (m). Khi d6 ta c6

k=m

m m k=m

k<n m<k
Suy ra
F(x)=02+2x)".
Vi
24 a) =3 ()2

m
nén gia tri clia tong can tinh 1a f (m) = (%) 2" ™.

Bai toan 2.3.4. Danh gia Z (i3) ="

Giai:
Ta c6 thé phan chia thanh hai tong

:Z k) (@ 1+$Z(k2)($2)k2:(1+$2)”+w(1+x2)”

ko

Hodc mot cach tuong duong Z (Z) =(1+2)(1+2?)".

Bai toan 2.3.5. Xac dinh cic phan ti cia day
n\({n—=~k\ .
k 2
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Giai:
Dat F (x) = > 2™ f (m). Khi d6 ta c6

n\[(n—k\ .
-2

2

n n—~k\ ,,
k;)yk;<[m7k]>x

(M y*a* (1 + ) (1+ :1:2)n_k

Do dé

V6iy = 2 ta ¢6 F(z) = (1+ )" suy ra F(z) 1a ham sinh cla day
(*"+1) va ta thu dugc dong nhat thic t6 hop sau

> (6 (it )= ()

Dat y = —2 ta thu dugc
Fz)=042)1—2)""=1-2)"+z(1 —)*" do d6 he s6 2™ bing
() (D" + (i) D™ = 0™ G — G

suy ra
n\(n—=k ko aym[20) [ 2n
) () -ami)- ()

Bai toan 2.3.6. Ching minh ring

20 ()t = () o'ty

k
v61 moi n > 0.
Giai:

Néu ta c6 dinh n va gia sit j 14 bién tu do va

F=> G "
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g() = () /(1 + )"
Khi d6 ham sinh tuong ting la

Do dé

Fy)=010+zx+zy)"

Mat khac ta c6

G(y) = Z V(a1 +2)" 7 = () (L4 2)" P (ay) = 1+ o+ ay)".

Do do F(y) = G(y).

Sttc manh thuc su ctia phuong phap ham sinh dugc thé hién trong
cac vi du sau:

? _1 k
Bai toan 2.3.7. Danh gia tong ) (”mtk%) (%k) (k—l—)l , Vi m,n > 0.
k

Giai:
Vi c6 qua nhiéu bién nén cac phuong phap t6 hgp so cap khong cung
cap mot cach hiéu qua dé xi Iy tong. Vi n chi xuat hien mot vi trf trong
tong, mot cach ty nhién 1a xét tong nhu mot ham ciia n. Gia st Fi(x) 1a
chudi sinh ctia ham nhu vay. Khi dé
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m+2k: —r k
- (1 — o) ¥+ Z k; +1](1—a)
—xm! 4x

- T gL 2

2(1 —x) (1—2x)
B _l.m—l {1 1—|—$} B m

2(1 — )™} l—zf (1-2)™

D6 1a ham sinh cua day (” L ) no6 cho ta

> G 69 = ).

k

Bai toan 2.3.8. Ching minh dong nhat thic
> GG =G
k
Giai:
Giad su F (z) = Zx Z ) (5P va G (x) = Zx (37+1) 1a ham

sinh ctia biéu thu?c \C phal va vé trai ctia dang thiic can chitng minh. Ta
sé chi ra réng F(z) = G(x). Ta c6

Zx Z 2n+1 TT;—H?) — Z (gz+1) Z (ngLl-i-k)
_Z 2n+1 Z (kY 2 _zk: (2n+1) —kZ (kY gtk

2n

Z 2n+1 X _ Z 2n+1 ( ;)%
2n+1 2n+1
k ( —.%') -
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Ta biét rang

e @) =5 (0 3) 0 5) )

nén 1 . 1 1
F(z) = 5(\/5) <(1 — ) - 1+ \/—)2n+1>
Mat khac
G (55) = Z (%ZHA) JA— (;z:%) Z (%g+1) (x%)Qm—H
Suy ra

Vay F(z) = G(x).
Bai toan 2.3.9. Ching minh ring

n

Z (Qk) <2k‘) 22n 2k _ (%Z)

k=0
Giai
Cho n 1a bién tu do trong vé trai va vé phai cia F(x) va G(z). Ta can
ching minh dang thic ctia ham sinh nay.

Z " Z Zk:) 22n 2k Z (%k)Qka Z (gz)xn22n

0<k<n 0<k

F() 22k22kz

0<k
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Bay gio ta stt dung tong theo lity thita chdn va nhan dugc

36 V" = S (b )

. (1_2ﬁ)2k+1 (1+2\/§)2k+1

Hon ntta ta co:

B 1 ok 1 ’ 1 ok 1
PO =3 —am z,; () ((1 - zﬁ)2> T2+ 2vm) z,; ) <(1 +2\/5)2>

Vi En: (%n)ﬂfn = ﬁ ta nhan dlIQC
1 1 1 1
F(x) = . . .
@) =502y T (N M
(1-2yx)° (1+2yz)°
Suy ra
F o) 1 1

— + )
21 —4y/x  2\/1+4yx

Mt khac déi véi G(x) ta muén nhan dudc tong Y. (57) 2™
n

) 1

. on n_ L Z ) (V' =
Vl;(n)x - 1—4xta60;(”)( & L+4z’
do do

G ()

1 1 1
= - +

2 <\/1 —4r 1+ 4\/§>
va F(z) = G(z).

Bai toan sau day khé hon mot chit vi y tudéng thong thuong cua
phuong phap dau ran khong dua dén két qua.

Bai toan 2.3.10. Cho n va p, hay tinh

Z 2n+1 p+k
2p+2k+1 k :

k
Giai:

Dé c6 nhitng cong thitc ngin hon ta diat r = p+ k. Néu ta gia thiét rang
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n 1a bién tu do, thi tong bing

f)y =2 G G-

Lay F () = Y. 2*"*1 f (n). Diéu nay kh4 ty nhién vi hé s6 nhi thic chita

s6 hang 2n + 1. Ta c6

Z x2n—|—1 Z 3?111 Z (;) Z (g;:l—ll) x2n—|—1.

r n

Z (%n+11) g2l S 1 1 1
r+ 2 (1 . x)2r+2 (1 + $)2r+2

n

ta nhan dugc

S s0(i)

x ((1+x)2>

|
&

I
l\DlH
E%

l\.')
/_\
\/
5

MlH

1
'(l—x)2'< 2 )p+1+§'(1+x)2'< 2 >p+1
l——— 1-—
(1—x) (1+ )

x2p+1 1 x2p+1 x2p+1

1 —p—1 _ —p—1
F@ = 3 o 5 2 = 3 ((1+22)77 4+ (1= 20) )

Suy ra f(n) = ; (<2n 2p> 222 4 (zn Qp) 220~ 2p)

Va sau khi don gian héa ta c¢6 f (n) = <2_7f_21p> 222,

2.4 Mot sd bai tap
1) Chi ra rang déi véi day cac s6 Fibonaci ta c¢6
Fot Pyt ot Fy=Fypp+ 1

2) Cho s6 nguyén duong n. Gia sit A 1a s6 cac cach ma n cé thé dugc
phan tich thanh mot tong cac sé nguyen 18. Gia st B 1a s6 cach ma n
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c6 thé duge phan tich nhu tong cac sé6 nguyén khac nhau. Chitng minh
rang A = B.
3) Tim s6 cic hoan vi ma khong c6 diém c6 dinh ctia tap {1,2,...,n}.
4) Danh gia 3~ (_1)k (3)-
K
5) Cho n € N va gia thiét rang:

c6 cac nghiem R; trong N3

c6 cac nghiem Ry trong N3,

c6 cac nghiém R, trong N3.
c6 cac nghiem R, trong N3.

Chting minh rang > Ry =n + 1.
K

6) Da thic f(xq, 2, ..., z,) dudc goi la ddi xiing néu véi moéi hoan vi
0 € Sy taco f(To01), To), - Tom) = [ (L1, 22, ..., Tp) .

Ta sé xét mot sb 16p cac da thitc déi xting. Lép thit nhat chia cac da
thitc dang

oy (1, 9, .y Ty) = g Tiy ... T,
11 <...<lp

v6il <k <mn,o0=1vao,=0v6ik >n.Ldp cac da thic déi xing
khac la cac da thic c6 dang sau:

pr (1, .y p) = E .. i, e,y € No.
i1+...+i,=k

Lép thi ba cac da thic ¢6 dang
sk (21, 0oy ) = xlf + ..+ :Ufl

Chitng minh cac moi quan hé sau day giita cac da thiic giéi thiéu & trén:

n

Z (_1)T0_rpn—r =0,

r=0
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n
npn = E SrPn—r
r=1

n
r—1
no, = Z (=) " s,0pn_s
r=1
7) Gidstivéin € N ton tai diy cac s6 duong ay, as, ..., a, va by, by, ..., b,
sao cho cac tong

a; +as,a1 +as,...,an_1 + ay.
bl + b27 bl + b37 3] bn,1 + bn

1a nhu nhau sai khac mot hoan vi. Chitng minh rang n 13 mot liiy thia
cua 2.

8) Ching minh riang ¢ duy nhat mot cach phan hoach céc s6 tu
nhién thanh hai tap A va B sao cho: v6i méi s6 n nguyén khong am (ke
¢ 0), s6 cac cach viét n dang ay + as, ay,as € A, a1 # as it nhat 1a 1, va
bang s6 cac cach ma n6 cé thé bicu dién dang by + by, by, by € B, by # bs.

9) Cho mot s6 (it nhat hai, nhung hitu han) cap s6 cong. Gia st mdi
s6 tu nhién thuoc ding mot trong cac cap s6 d6. Chitng minh ring ton
tai hai cap s6 c6 chung cong sai.

10) Chiing minh rang trong lich hién tai ngay 13 hang thang c¢6 nhiéu
kha ndng la thi 6.

2.5 Hudéng dan gidi mot s6 bai tap
1) Theo dinh 1y [2.1.15| ham sinh ctia tong n s6 hang dau tién ctia day

(tic la vé trai ) 1la bang —— | trong d6 F = ( £ 1a ham
l—x —x —a?
sinh ctia day Fibonacei). O vé phai ta c6
F—x 1

T 1l—2x

va suy ra dieu can tim sau mot so tinh toan.
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2) Dau tién ta sé chi ra rang ham sinh ctia s6 cdc phan hoach 1é bang

1
(Mtata®+o) (e +a®+ ) (L2’ +2+ ) =[]
k>1

That vay, c6 thé tuong tng mdi phan hoach trong dé i xuat hien a;

lan véi ding mot s6 hang véi hé s6 1 trong tich. S6 hang dé 1a biang
x1a1—|—3a3—|—5a5—|—....

Ham sinh clia s6 cac phan hoach téng nhitng tong khac nhau bang

(14+2)(1+2%) (1+2°) ... = H(1+az)k
k>1
vi tit mdi thita s6 ta c6 thé hoic khong thé lay mot liy thita cia z, didu
nay tuong tng véi viéc lay hay khong lay s6 hang ctia phan hoach. Bang
mot s6 bién doi so cap ta nhan dugc.
1 — a2k 1—2%) (1 —a) ..
H (1+ xk) _ H r ( ) ( )
Il—aF (1I—-2)1—-2?)1—-23)1 -2 ...

k>1 k>1
1
_H 1 — p2k+1°

k>1

Suy ra diéu phai chitng minh.

3) Day la vi du minh hoa cho tinh hiéu qué cia viéc sit dung ham
sinh mi. Gi4 thiét ring s6 cAn tim la D, va gia st D (z) & D,,. S6 cac
hoan vi cé ding k cho cac diém cé dinh da cho 1a bang D, ., do dé téng
s6 cac hoan vi v6i ding k diém c¢6 dinh bang () D,,_, vi ta ¢6 thé chon
k diém c6 dinh theo () céch. Do tong s6 cac hodn vi 1a n!, nén

—x —1)"
Suy ra D (x) = 16 . Vi e " la ham sinh cua day ( ') , ta thu duoc:
— n!

D 11 1 1 1"
ﬁ_ — +§—§+...+(—)—
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1 1 1
S Y 1) =
Dn—n.<2! 3!+...+( 1)n!>.

4) Y tudng la xét ham sinh

k
F(z) =Y ()™
k
Tong can tim bing f(—1). Van dé bay gio 1a lam thé ndo dé lap cong
thitc nhi thitc ma bd qua tat cd cac s6 hang, trit nhitng s6 hang bac 3k.
Ta sé st dung dong nhat thiic sau day déi v6i cin ciia don vi trong mat
phang phiic:
Z e — r,T ")”L
‘ | 0,trudng hgp con lai
er=
Gid stt C (z) = (1 + )" va cho 1,e va €2 1a cin bac ctia 1. Khi d6 ta ¢6
C(z)+ C (ex) + C (e*x)
3 .

F(z) =

V6i x = —1 ta ¢c6

oo ()

Va sau khi rat gon ta c6 két qua

> (=1 () =235 eos (7).
6
K
5) S6 cAc nghiem clia = + 2y = n trong N§ 1a hé s6 cta t" trong
1 1
I+t+2+.) (1+2 4+t +.) = — ——.
(T+t+t2+.) QA+ +t"+..) T
Ly do 1a méi cip (z,y) théa man diéu kién ctia bai toan lam ting he sd
ctia t" thém 1 vi n6 xuat hién nhu s6 hang ciia tong dang t*t% = 2.
Tong quat hon, s6 cac nghiem cta kx + (k+ 1)y = n+1—k 1a he s6 cia
! L e lahesé clia " t v
: ., tdc 13 hé s6 ciia t" tron :
1 h ] — g1 : g(l_tk)(l_tkﬂ)

t"*1=% trong

n

Do d6, >° Ry 1a hé s6 ctia t" trong
k=1
3 th1 _y 1 1 1 1
- (1—tk)(1—tk+1)_ p 1 — 2 \ 1 — th+2 1 — ¢k+1 _(1—75)2.
41
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Bay gio ré dang nhin thay rang > Ry =n + 1.
2

6) Ham sinh ctia da thic dbi xting oy (21, ..., x,) 14

n

d ()= iaktk =[]+ tay).
k=0

i=1
N . 2 2~ N > k 1
Ham sinh cua da thic py (21, ...,2,) 1&a P(t) = > ppt™ =] :
k=0 1 —ta;
Va ham sinh ctia da thitc S 13 S (t) = > Spth =3 1 xit S
k=0 i=1 1 — Ui

Cac ham Y (¢) va P (t) théa man diéu kién sau Y () p (—t) = 1. Néu ta
tinh hé s6 cta tich ctia t",n > 1 ta thu dudc

n

Z (_1)T0_rpn—r = 0.

r=0

Chu y rang log P (t) =

n 1 n
log va log > (t) = > log (1 + tx).
-1 1=tz i=1
Bay gio ta c6 thé biéu thi S(t) theo P(t) va > (t) bdi
d P ()
t) = —log P (t) = —2

va
d > (1)
S(—t)=—-——1 t)=— :
(-0) =~ o Y (1) = =
Tit cong thiic dau tién ta thu dugc S (t) P (t) = P’ (t) va tit cong thrc
thtt hai S (—t) 3. (t) = — 3. (¢). So sanh hé s6 cta t"*! ta thu dugc

n
npn = § SrPn—r
r=1

va
n

no, = Z (—1)7"7137«0”_,4

r=1
7) Gia st F va G 1a nhing da thic sinh béi cac day da cho:
F(x)=a%+2%+ .. +2% vaG(x)=a" +a%+ ..+ 2> Khidé
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F?(z)— sz‘“ + 2 Z it Zx% + 2 Z it

1<i<j<n 1<i<j<n
= F (2%) = G (27)

Vi F(1) = G(1) = n, ta c6 1 la nghiém boi k,(k > 1) cta da thic
F(z)"G(z). Khi d6 ta c¢6 F (z) — G (z) = (z — 1)"H (2). Do d6

b P0G P -G
PO+ 60 =50 "¢ -~ F@) -0
B (xQ—l)kH (z*) y o H (2%)
Dat x =1 ta co
H(wQ)

m=F(1)+G(1)=1+1)"

Suy ra n = 21,

8) Xét cac da thiic sinh bdi cac s6 tir cac tap khac nhau:

Za: B (x Z:U

ac€A beB
Diéu kién A vd B lap nén phan hoach toan bo tap N ma khong giao
nhau la tuong duong véi

1
1—a

A(z)+ B(z) =

S6 cac cach ma mot s6 ndo dé c6 the 1a bieu dién dang a; +as, ai,as € A,
a, # ag ¢6 ham sinh.

Z it =

ai,a; €Aa;#aj

(A% (z) — A (2?)).

N | —

Diéu kien thit hai ¢6 thé biéu dién nhu
(A% (z) — A(2%)) = (B*(z) — B (2?)).
43
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Ngoai ra ta c6

(A(z) = B (x))

1_x:A(x2)—B(x2)

hodc tuong duong
(A(2) = B(2)) = (1 —2) (A (2°) - B (2%))

2. . 2 . o n—1
Do6i bién i x béi 22,24, ..., 2% ta thu dudc

—_

n—

A(z) - B(z) = (A(z*") — B (")) H (1 — :132i>.

=0

~

suy ra A (z) — B (z) = ]o_o[ (1—:(;2i>.

i=0
Tich cubi cuing 13 chudi ma he s6 14 =1, do d6 A va B 1a dugc xac dinh
duy nhét (vi cac hé s6 cia n6 1a 1). Ciing khong kh6 khan dé nhan thay
rang cac hé s6 duong (tiic 13 he s6 nguon goc tir A), ding 1a nhiing hé s6
tuong tng véi cac sé hang = ma n cé thé bieu thi nhu mot téng cac sb
chin 2S5. Diéu dé c6 nghia 1a khai trién nhi phan ctia n ¢c6 mot sé chin
s6 15.

9) Gi thiét rang k cap s6 cong {a; +nb;},(i = 1,2,...,k) phi toan
a

(0. 9]
_ +ib £
b—E 24 do doé
- < i=0

bo tap cac s6 nguyén duong. Khi dé ;

z zM 292 A
= + + ...+ .

1—2 1—2z2b 1 — b2 1 — b

Gia st |z| < 1. Ta sé chi ra ring s6 16n nhat trong s6 b; khong thé 1a

duy nhat. Gia sit ngugc lai, by 1a s6 16n nhat trong cac s6 by, by, ..., by, va

ddt e = e . Gia st riing z tién dén ¢ ma 2| < 1. O day ta c6 thé chon
esaocho e =1,e#41vaeh #1,1 < i< k. Tat ca cac s6 hang ngoai
trit s6 hang dau tién hoi tu dén maot s6 ndo do, trong khi s6 dau tién hoi
tu dén co. Diéu d6 1a khong the!

10) Tht sdu ngay 13 tuong tdng véi chi nhat ngay 1. Ki hiéu céc ngay
béi cac 56 1,2,3,4,...va gid st ¢ tuong tng ngay i. Do d6 ngay 01 thang
01 nam 2001 ki hiéu béi 1 ( hoic t), ngay thit 4 thang 01 ndm 2001 bdi
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th ... Gid st A la tap tat ca cac ngay ( tic 1a cac sd tuong ting) ma la

ngay dau ctia thang. Chang han, 1 € A,2 € A,.... A= {1,32,60,...}. Dat

Fu(t) = Y t". Néuta thay thé t™* béi 1, t"*+! bai ¢, t™*2 bdi t2, ... trong
neA

6 ‘
da thic fa, ta thu duge da thic khac , ki hiéu né béi g4 (t) = > a;t".
i=0

Bay gio s6 a; sé biéu thi s6 1an ma ngay thi ¢ ctia tuan xuit hién nhu
ngay mong mot ciia thang. Vi ngay 01 thang 01 nam 2001 1a thit hai,
a1 1a s6 cac ngay thi hai, as 13 s6 cac ngay thit ba, .... ag 1a s6 cac ngdy
chu nhat.

Ta s& xét f4 theo modulus t” — 1. Da thiic f4 (t) — g, (¢) 1 chia hét cho
t" — 1. Vi ta chi muén tim s6 nao trong cac sb ag, ai, ..., ag 14 16n nhat,
chi can xét da thtic modul ¢ (t) = 1 + ¢+ t* + ... + 5 1a nhan t cta
t" — 1. Gia st fi (t) 1a da thiic biéu thi cAc ngay dau tién clia cac thang
trong nam 2001. Vi ngay dau tién ctia thang 1 1a thit hai, thid ba 13 ngay
dau tién cia thang 2,..., thit bay 14 ngay dau tién cia thang 12. Ta thu
dugc:

) =t+t + 1L+ 2+ P 1+ P+t 1S
=242+ 2+ B+ 3+ 0+ 2 =1+t 4+ 2t* + 15 (modq (1)) .

Vi thong thuong mot nam ¢6 365 = 1(mod 7) ngay, cac da thic fo (t) va
f3 (t) tuong ting cho ndm 2002 va 2003, théa man

fg (t) = t.fl (t) = t.gl (t)

L) =tfot) =g (t).
§ dé dong du lay theo modulo ¢ (¢). Stt dung tinh toan don gian ta dé
dang suy ra rang fy (t) d6i véi 2004 13
) =242+ 428 43+ + 0 =1+t + 3+ 20 = g4 (1).

Ta sé dua ra mot da thic méi sé tinh cac ngay dau tién ctia thang cho
giai doan 2001 — 2004.

h(t) =g (t) (1+t+1) +a(t).

Dong thoi sau khi méi nam thong thuong , cac ngdy dudce tién lén mot
vi tri, va sau moi ndm nhuan thi 1én hai vi tri, nén sau chu ky 4 nam
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cac ngay sé dugc tién lén 5 vi tri.. Theo cach nhu vay ta thu duge mat
da thtc tinh s6 ngay dau tién ciia cac thang gitta nam 2001 va 2100, dé
la:

) =h )1+ +t"+ . +t")+ 0 (1) A+t ++1°).
O day ta da viét cong thic cudi cho cac nam trong dang
g @) (1+t++1%),

vi ndm 2100 khong 14 nam nhuan, vi ta khong thé thay thé bai hy (1).
Giai doan 100 ndm nang lich lén 100 ngay (nhing ndm thong thuong)
va cong 24 ngay (nhuan), né dong du 5 modul 7. Ta ¢6

ga®)=pr () L+ +) +t"h (1) L+ + ...+ ™).

Tuong tu nhu trude, 100 ndm cubi dude tinh béi tong cudi cling vi 2400
la nhuan.Bay gio ta st dung:

Do do
14+ 4+ . B3 =1 4+ 4+ =1+ 40

1+ 4+ =14+t =143 44

Hon nita ta ¢c6

pr(t)=hi (t) (L++8) +tg () (L+t+87+¢°)

=g () [Q+t+) 1+ +) +t(L+t+ 2+ %) +gu(t) (L+°+1°)
=g (t)(2+2t+20 +280 + 268 + 200 + %) + ga (1) (1 + £ + 1°)
5—91() g (t) (L+8+1)
Néu bay gio ta thay vao cong thiic g4 (t) ta thu dugc:
g =p () L+ +5) +hy (t) (14t + 15 +9)
=g (1)L ) +gu(t) (1 + 8+ 1)

g1
ttg () L+t +8) L+t + 2 +8) +tga(t) (L +t+ 5 +1°)
= g1 () (t+ 1) + g4 () (2t + 267 + 1> +¢°)
= (1t +26+0) (t+%) + (L+t+ 2 +2t%) (2t + 26 +£° 4+ 1°)
= & + 4t + Tt + 5t + 5t* + 75 + 4¢°
=443 + 17 + 1" + 31,
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Diéu dé c6 nghia rang ngay cé nhiéu kha ning nhat dé lam dau thang
14 ngay chtt nhat (vi ag 14 16n nhat).

Ching ta c6 thé xac dinh chinh xac xac suat d6. Néu ta st dung su kién
1a c6 4800 thang trong giai doan ctia 400 nam , ta c6 thé dé& dang nhan
duge chii nhat 13 ngay dau tién véi dung 688 lan, thit hai 684 lan , thi
ba 687, thi tu 685, thit nam 685, thi sau 687 va thit bay 684.
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Két luan

Trong luan van nay, toi da trinh bay dugc nhiing van dé co ban :

(1) Trinh bay kién thiic co sé vé ham sinh.

(2) Xay dung mot s6 16p bai tap lien quan. Qua d6 nhan thay dugc Ham
Sinh khong nhiing chi c6 ting trong cac bai toan dém hay chitng minh t6
hop ma né con c¢6 nhiéu tng dung khac trong cac bai toan thong ke, xac
suat, trong linh vuc tin hoc,...Qua cac vi du trén ta c6 thé thay duong
nhu ching kho c6 thé giai dugc néu nhu khong c6 ham sinh. T d6 méi
thay dudc ¥ nghia va tam quan trong ctia ham sinh trong cac bai toan
td hop.
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