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L.OI CAM ON

Luan van nay dudc hoan thanh tai truong Pai hoc Khoa hoc, Dai hoc
Thai Nguyén duéi sy huéng dan tan tinh cia NGND-GS. TSKH Nguyén Van
Mau, truong Dai hoc Khoa hoc tu nhién - Dai hoc Qubc gia Ha Noi. Tac gia
xin bay t6 long biét on chan thanh va sau sic vé sy tan tam va nhiét tinh
clia thay trong sudt qua trinh tac giad thyc hién luan van.

Trong qua trinh hoc tap va lam luan van, tit bai giang ctia cac Gido su,
Phé Gido su cong tac tai Vien Toan hoc, cac Thay Co trong Dai hoc Thai
Nguyeén, tic gid da trau doi thém rat nhiéu kién thitc phuc vu cho viéc nghién
cltu va cong tac cua ban than. Tt day long minh, tac gia xin bay to long
cam on sau sic t6i cac Thay Co.

Tac gia xin chan thanh cam on Ban Giam hiéu, phong Dao tao Khoa hoc
va Quan hé qubc té, Khoa Toan - Tin truong Dai hoc Khoa hoc, Dai hoc
Thai Nguyén da quan tam va gitup do tac gid trong sudt thoi gian hoc tap
tal truong.

Cudi cling toi xin gii 161 cdm on t6i gia dinh, ban be, lanh dao don vi
cong tac va dong nghiép da dong vien, giup dd va tao diéu kién tot nhat cho
toi khi hoc tap va nghién cu.

Tac gia

Nguyén Ngoc Tinh
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MG dau

Chuyén dé phuong trinh va hé phuong trinh trong Toan hoc cap THCS
va THPT la mot trong nhitng don vi kiét thitc truyén thong, va cuc ky quan
trong. Céac bai toan vé phuong trinh va hé phuong trinh c6 thé xem nhu
nhitng dang toan co ban nhat ctia chuong trinh dai s6 bac phd thong. Mbi
bai toan déu c6 thé c6 nhiéu cach gidi. Tuy nhién viec hé théng hoéa cac
phuong phap giai sé cho phép nhin nhan cac bai toin theo mot hé thong
nhat quan. Tit d6 cac em hoc sinh c¢6 thé thay dude thuat toan chung dé giai
cac bai toan vé phuong trinh va hé phuong trinh.

Trong deé tai nay, khong nham khao sat day du cac khia canh ctia van dé
vé gidi, bién luan phuong trinh, hé phuong trinh ma chi dua ra cach gidi va
bién luan phuong trinh bac ba theo phuong phap méi. Cung véi dé 1a nhiing
tinh chat, dinh 1y da dugc chitng minh vé tinh chat nghiém ciia phuong trinh
bac ba. Dua vao cach giai va bién luan ctia phuong trinh. Ung dung vao giai
mot s6 hé phuong trinh dai s6. Ngoai ra 1a mot s6 ing dung khac ciia viéec
giai va bién luan phuong trinh bac ba. Luan van dugc chia lam ba chuong:
Chuong 1 trinh bay cach gii va bién luan phuong trinh bac ba tong quét va
mot s6 tinh chat, dinh 1y vé tap nghiém ctia phuong trinh bac ba.

Chuong 2 xét cac ting dung ctia phuong trinh bac ba vao giai hé phuong
trinh va phuong trinh lugng giac. Trong chuong nay dua ra he thong bai tap
tit mitc do don gidn cho dén nhitng bai toan thi chon hoc sinh gidi cac tinh
va hoc sinh gidi quoc gia c6 huéng dan giai.

Chuong 3 trinh bay mot sb ting dung khéc ctia phuong trinh bac ba. Cu thé
la tng dung ctia phuong trinh bac ba vio dé gidi mot so6 bai toan phuong
trinh bac bén. Ung dung clia phuong trinh bac ba vao gidi quyét cac bai
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toan ma yéu t6 nghiém ctia phuong trinh 13 cic yéu t6 do dai trong tam giac.
Phan cudi 1a mot sé phuong trinh luong giac co thé gidi duge bang cach dua
vé phuong trinh bac ba dai so.
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Chuong 1

Cac kién thic co ban vé phuong
trinh bac ba

1.1 Phuong phap giai phuong trinh bac ba

Céac sach hién nay cht yéu trinh bay cach gidi phuong trinh bac ba theo
cach co dién 14 cong thic Cardano thong qua s6 phitc. Tuy nhién toi lya chon
giai phuong trinh bac ba theo cach ciia GS. TSKH Nguyén Van Mau da trinh
bay trong quyén “Phuong phap giai phuong trinh va bat phuong trinh” dua
vao cac dong nhat thic dai sd v luong gidc khong trén truong so thue.

Nhan xét ring moi phuong trinh bac ba tong quat

amr® + b+ ez +d =0 (a; #0)

déu c6 thé dua dugce vé dang:

2+ ar? +br+c=0 (1.1)
trong do
bl C1 d1
a=—b=—c=—.
aq ap aq
3 2
Data::y—g,tacé <y—§> +a<y—g) +b(y—g)+c:()<:>
3 . " a’ b 2a3+ab
—py = q, trong d6 p = — — b; =——+——c.
Yy —py=4q, gdop 3 ;g 27 3

1) Néu p = 0 thi phuong trinh c6 nghiém duy nhéat y = ¥/g.
2) Néu p > 0, dat y = 2\/%5 khi d6 ta dugc phuong trinh 4¢3 — 3t = m

3v/3q
2p\/D

vl m =
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a) Néu |m| < 1, dat m = cos o khi d6 phuong trinh ¢6 ba nghiem
atm

o
t1 = cos g; 93 = COS
b) Néu m = 1 thi phuong trinh c6 nghiém don ¢ = 1 va nghiém boi
t=—=

—_

2
Néu m = —1 thi phuong trinh c6 nghiém don ¢t = —1 va nghiém boi

. 1 1
d) Néu |m| > 1, dat m = §(d3 + ﬁ) trong d6 d® = m &= v/m? — 1, khi
. 1 1 1

do6 phuong trinh c¢6 nghiém duy nhat ¢ = §(d + c_i) = 5(\/m +vm?2—1+
vm —vm? —1).

3) Néu p < 0, dit y = 2, /—gt khi d6 ta duge phuong trinh 463 + 3t = m
3V3 1
ﬂ. Dat m = =(d® — =) véi d&® = m £ vVm2+1 khi d6

VP ? 1 1 1

phuong trinh ¢6 nghiém duy nhat ¢ = é(d — =) = 5(\3/771 +vVm?2+1+

d
vVm—vm?+1).

vl m =

1.2 Céc tinh chat nghiém ctia phuong trinh bac ba

Dinh 1y 1.1 (Dinh li Viete). Goi 21, 29, £3 1a nghiém ctia phuong trinh (1.1),
khi d6

T =21+ 22+ 23 = —a

T5 := 2129 + Tox3 + 2321 = b

15 := r1x903 = —cC.

Tt dinh I Viete ta cé cac tinh chat sau:

. 1 1 1 b

Tinh chat 1.1. 7, = — 4+ — + — = —.
I i) I3 C

1T + Toxg + x321  TH b

Ching minh. Ta co T, = = = :
L1223 13 c

Tinh chat 1.2. Ty := 23 + 23 + 25 = a® — 2b.

Ching minh. Taco Ts = (r1 + xo + x3)2—2(a:1x2+x2x3+333x1) = a®>—2b.
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Tinh chat 1.3. Tg := (71 + 22) (22 + 23) (23 + 1) = —ab + c.

Ching mainh. Ta co

T = (Tl — :L‘l)(Tl — x‘g)(Tl — 1133) = Tl(xlilfz + Toxs + 5173331) — X1T2X3
= T1T2 — T3 = —ab + c.

Tinh chat 1.4. T7 := 23 + 23 + 23 = —a® + 3ab — 3c.

Ching minh. Ta co

(371 + X9 + 553)3 = (331 + 562)3 + 3(331 + 1?2)333(3}1 + 29 + 563) + :L‘g
= 2} + 3wy29 (11 + 29) + 23 4+ 3T (w1203 + T223) + X3

= xi’ + 117% + x% + 3T1($1£U3 + .Igafg) + 3$1$2(T1 — .1:3)

=23 + o3 + 23 + 311 (2179 + 1ox3 + T371) — 3T1T273

=i + a3 + x5 + 3 Th — 375

=T, =23 + 25+ 23 = (21 + 22 + 23)° — 3TV Ty + 313

=T? — 3Ty + 313 = —a® + 3ab — 3c.

Tinh chat 1.5. Ty := (z1+29—23)(2o+23— 21 ) (23+21 —22) = a—4ab+8c.

Ching mainh. Ta c6

Tg - (T1 - 2$3)(T1 - 2$1)(T1 - 21‘2)
= T13 — 2T12(x1 + 19 + .Tg) + 4T1($1$2 + Xox3 + x3:1:1) — 8T1T9x3
= T} + 41T, — 8Ty = a® — 4ab + Sc.

T+ To+ T3+ x ab—3c ab
1 2+ 2 3+ 3 1 _ab_q
X3 1 X2 c C

Tinh chat 1.6. T :=

Ching minh. Ta co

Ty +2x9+x 1+ T9+x Ty +2x9+x
T, = 1 2 3+ 1 2 3+ 1 2 3_3
T3 I I9
1 1 1
=(:U1—|—£U2+£L’3)(—+——|——)—3
I I9 T3
b
—T\T,-3="2-3
c
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Tinh chat 1.7. Ty := x5 + 2323 + 2327 = b* — 2ac.

Ching mainh. Ta co
Ty = (122 + 223 + r311)” — 2(:1313:3333 + xlxgxg + .T?.’Egﬂfg)
— (@120 + ToT3 + 2321)° — 221 22x3(X1 + T2 + 23)
= T? — 2737, = b* — 2ac.
Tinh chat 1.8.
Ty = o] + 25 + 23 = a* — 4a*b + 2V* + 4ac.
Ching mainh. Ta co
Th :a:il—i—asg—i—xg
= (2] + 5+ x%)z — 2wty + wixd + xix?)
= T2 — 2Ty = (a® — 2b)" — 2(b* — 2ac)
= o' — 4a®b + 2b* + 4ac.
Tinh chat 1.9. véi moi k, [ ta c6
Tho = (k +lay)(k + lzo) (k + l23) = k> — k*la + ki*b — IPc.
Ching minh. Ta co
Tio = (k4 lxy)(k + lxo) (K + l3)
= k3 4 K l(x) + 29 + x3) + kP (2129 + 2ox3 + 2371) + Py zoxs
= k* — k’la + kI°b — PPc.

Tinh chat 1.10.

1 1 1 a
113121 %— +— = —.
T1X2 Tol3 3T C

Ching manh. Ta co
1 1 1
+ +
T1X9 T2X3 311
T1+ T2+ T3

L1T2X3
jﬁ a

T3 =

_TS_C_
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Tinh chat 1.11.

2
1 T9 3 2b— a
Ty = + = .
T3 3T T1X9 C
Ching minh. Ta co
I I9 T3
Ty = +
T3 3T T1T2
22+ a+a2 T 2_92b
2 2 3 __ 145 _a
T1ToX3 T3 —c
_ 2b— a’?
— —
Tinh chat 1.12.
1T ToXk 3T b?
Tys = 172 203 381 _ o, 0
T3 I I9 C
Ching minh. Ta co
LTixry  ToX3z — T3x1
Ti5 =
X3 I i)
1T + Tox3 + x371 T
T1T2T3 T3
b2
= 2a — —.
C
Tinh chat 1.13.
1 1 1 b> — 2ac
he=gtgtag="@a
1 2 3
Ching minh. Ta c6
1 1 1

Tw=—5+—5+—

So hoa bdi trung tam hoc lieu

2
ry Ty I3
2,.2 2,.2 2
X175 + 2375 4 x37
- 2,.2,.2
L1LyT3
T10 bZ — 2ac

o2 2
T3

2
1
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Tinh chat 1.14.
p 2 2 2
Tz = (v1 — 22)" + (v2 — @3)" + (23 — v1)” = 2(a” — 3b).
Ching minh. Ta co

T17 = ([El — 3?2)2 + (SCQ — 563)2 + (373 — 331)2
= 2(:5%9;3 + x%x% + x%x%) — 2(x129 + wow3 + T377)
= 2T5 — 2Ty = 2(a® — 2b) — 2b = 2(a* — 3b).

Tinh chat 1.15.
Tis := (11 — 5192)2(112 — :1:3)2(:1:3 — x1)2 = —4da’c + a’b® + 18abe — 4b> — 2763,
Chiung minh. Khai trien T3 va nhém lai ta c6

Tis = (21 + 2 + 23)° (2129 + T3T9 + T371)°
+ 18(x1 + w9 + x3) (1122 + X379 + T371)T1T2T3
—4(xy + 29 + $3)3$1l’2$3 — 4(x1m9 + w379 + £U3$1)3 — 271120215
= —4a’c + a®b® + 18abe — 4b° — 2768,

Tinh chét 1.16.

1 1 1 a?+b
T19 = + + = .
T+ T2 To + T3 T3 + 1 —ab+ ¢

Ching minh. Ta co

1 1 N 1 ay® 4 a3+ af + 3(w12 + 2wz + T321)
T+ Ty Tyt x3 T3+ X (21 + x9) (29 + x3) (23 + 21)
Ts+3T, a*>—2b+3b  a*+b

Ts —ab+c¢  —ab+c

Tinh chat 1.17. Néu z;, 25 1a hai nghiém thuc ctia phuong trinh bac ba

CL1£E3 + b1£C2 +crx+d =0 (a1 #* 0) (1.2)

2
4@101 — bl

thi z1xo >
172 = 4a?
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Chitng minh. Gia st x1, x5 1a nghiém cta phuong trinh (1.2) khi dé6

alx‘? + blx% +cx1+di =0

alx‘g -+ blﬂig +cire+d; =0

Trit vé v6i vé hai phuong trinh trén ta dudc a(2f — 23) + by (23 — 23) +
c1(x1 — x9) =0,

Vi 21, 22 1& hai nghiém phan biét nén chia ci hai vé clia phuong trinh cho
T1 — To ta dugc al(x% + xr1190 + x%) + bl(xl + $2> +c1 —ajrirs =0

Theo gia thiét x12, Ty ton tai nén ta c6 A = b? — day(c; — ayxiwa) > 0 =
4aicp — b
T1T9 Z Lf
4af

Hé qua 1.1. Néu phuong trinh (1.2) ¢6 ba nghiém phan biét thi

4aic; — b
21Ty + ToTy + w37) > 3L
4af
Hé qua 1.2. Néu phuong trinh (1.1) ¢6 ba nghiém thyc thi
4b — a?

4
4b — a?
T1x9 + Toxs + x311 > 3. 1

T1T2 =

Dinh 1y 1.2. Phuong trinh bac ba 2% +az*+bx+c=0 (1.1) ¢6 3 nghiém
thue khi va chi khi

—4a’c + a*b* + 18abc — 4b° — 27¢* > 0. (1.3)

Chatng minh. Dua vao tinh chat (z; — 20)* (20 — x3) (23 — 21)° = —4adc+
a’b? + 18abe — 4b* — 27¢?

Néu phuong trinh (1.1) ¢6 hai nghiem thyc thi phuong trinh (1.3) hién
nhién dung.

Ngugce lai, gia st (1.3) ding nhung phuong trinh (1.1) ¢6 mot nghiém thyc
x1 va hai nghiém phic 29 = A+ Bi; x3=A— Bi (B #0) ta c¢6

(Zl — wg)(xz — l’g)(.%’g — xl) = 2BZ[($1 — A)2 + 82]
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nghia 18 (21 — 9)2 (22 — 23) (23 — 21)° = —4B%[(z1 — A)® + B < 0,

trai véi (1.3) dieu nay chiing t6 (1.3) dung thi ba nghiém ctia phuong trinh
phai la nghiém thuec.

Dinh ly 1.3. Phuong trinh (1.1) ¢6 ba nghiém thyc duong khi va chi khi ¢6
bat dang thic (1.3) va

a<0
b>0 (1.4)
c<0
Ching minh. 1+ 9+ 23 = —a > 0, x1290 + 2023 + 2301 = b > 0,
T1T9x3 = —c > 0 Diéu nay ching t6 (1.4) duge théa man.

Ngugc lai, néu (1.3) duge théa man thi theo dinh 1y 1.2 cac nghiém cia
phuong trinh (1.1) phai 1a nhiém thuc. Gid st 1 < 0 thi theo (1.4) ta ¢6
23 + ax? + bxy + ¢ < 0 chitng té 21 < 0 khong phai 1a nghiem ctia (1.1) trai
v6i gid thiét z; < 0. Vay tat ci cac nghiém phai 1a cac s6 duong.

Dinh ly 1.4. Nghiém phuong trinh (1.1) 1a do dai ba canh ctia tam gidc khi
va chi khi ta ¢6 (1.3), (1.4) va

a® — 4ab + 8¢ > 0 (1.5)
Chitng minh. Theo tinh chat 1.5 ta c6
(21 + 9 — 23) (20 + 23 — 1) (T3 + 11 — T2) = a® — 4ab + Sc.

Néu nghiém ctia (1.1) 13 do dai ba canh clia tam giac thi ching 1a s6 thuyc
duong va x1 + 19 — 23 >0, 29+ 23 — 21 >0, 3+ 21 — 29 > 0.

Dicéu nay ching t6 (1.3), (1.4), (1.5) duge théa man. Nguge lai vi (1.3),
(1.4) duge thdéa man nén nghiem 1, 29, 3 1a cac sd thuc duong va vi (1.5)
dugce théa méan nén 1 + a9 — 23 >0, xo + 23 — 217 > 0, 3+ 21 — 29 > 0.

That vay, néu mot trong ba bat ding thic trén c6 dau ngugde lai, thi du
71 + 29 — 23 < 0 thi theo (1.5) phai c6 mot bat dang thiic nita c6 dau nguge
lai, ching han z; + x3 — 22 < 0, tit d6 suy ra z; < 0, vo 1. Diéu nay chiing
t6 ba nghiem duong théa man (1.5) thi thda man bat dang thitc tam giac,

nén chung la ba canh cta tam giac.

Tiép theo, ta xét titu chuan dé phuong trinh bac hai va bac ba tong quat

c6 cac nghiem deéu thuce thong qua bicu dién cac hé s clia ching.
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Dinh ly 1.5 (Nguyén Van Mau, [4]). Phuong trinh bac hai

f(z) = 3x* + 2bx + ¢ c6 nghiém (thyc) khi va chi khi cac he 86 b, ¢ c6 dang
b=a+ B+
c=af+ By + o

Chitng minh. Diéu kieén du la hién nhién vi theo bat déng thiic Cauchy,

ta co

AN =0 —-3c=(a+B+7)" =3+ By + )

=a’+ 8"+ 9" = (B + By +70)
1 1

2 1 2 2
=gl@=0+5B-7)"+50r-a) 20

Diéu kién can: Gia st phuong trinh bac hai c6 nghiém thuc x;, zo. Khi
do, ton tai da thiic bac ba ¢6 ba nghieém thuc, 1a nghiem cua f(x), tic la
F(z) = (z + a)(z + B)(x +7).
Tt day suy ra diéu can chitng minh.
1\11hef\1n xlét 1.1. Néu x1, 29,23 1& ba nghiem ctia phuong trinh (1.1) thi

—, —, — la nghiém ctia phuong trinh
Ir1 T2 I3

1

LV NV )
C C C

1 R
Chitng minh. Thay xr = n vao (1.1) ta duge dieu phai ching minh.

Nhan xét 1.2. Néu 1,29, 23 14 ba nghieém ctia phuong trinh (1.1) thi

2?23, :U§ la nghiém ctia phuong trinh

t* — (a* — 20)t* + (b* — 2ac)t — ¢* = 0.

Chitng minh. Ti dinh 1§ Viete va cic tinh chat 1.2; 1.7 suy ra diéu phai
chiing minh

Nhan xét 1.3. Néu z1, 9, x3 1a ba nghiém ctia phuong trinh (1.1) thi (z1 +
T9), (x2 + x3), (r3 + x1) 1la nghiém ctia phuong trinh

t3 + 2at* 4 (a* + b)t + (ab — ¢) = 0.
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Ching minh. Ta c6
L. (1 + x2) + (w0 + x3) + (23 + 21) = 217 = —2a.

2. (z1 4+ x2)(x2+ x3) + (22 + x3) (23 + 1) + (23 + 21) (21 + 29)
— 2% + a3 + 73 4 3(21m9 + 10wz + x371) = Ts + 3Ty = a’+b

3. (21 + x9)(wg + x3) (23 + 21) =T = —ab+ c.

Theo dinh li Viete vé nghiém ctia phuong trinh bac ba, suy ra diéu phai
chiing minh.
Nhan xét 1.4. Néu xq, x9, 3 1a ba nghiém ctia phuong trinh (1.1) thi (xzo+
Toxw3), (xox3 + x3w1), (321 + T129) 14 nghiém ctia phuong trinh

3+ 2bt* — (b* + ac)t + (¢ — abe) = 0.
Ching manh.
1. (x129+mows) + (xox3 +x3w1) + (1321 +X129) = 2(2129 + Tox3 +2371) =
215 = 2b
2. (m1m9 + woxs)(vaxs + x321) + (2371 + T129) (X129 + XoT3)
+ (Tow3 + 2371 ) (1172 + T273)

= 2205 + 2303 + 2327 + 3wywow3(2y + 2o + 3) = Tio + 3T T3 = b* + ac
3. (T129+ wows)(xoxs + w371) (X311 + T122) = T1T2x3[(T1 + T2 + 1) (T122 +
To3 + T371) — 112923 = —(c — abe)
Vay theo dinh If Viete vé nghiém ctia phuong trinh bac ba, suy ra diéu phai
chiing minh.
Nhan xét 1.5. Néu xy, 29,23 14 ba nghiém ctia phuong trinh (1.1) thi
T1%9, ToT3, T3x1 la nghiém cua phuong trinh

3 —bt? +act — * = 0. (1.6)

Ching minh. Ta c6

1. zixo+ 203+ 2301 =15 =D

2. T1T9.T9%3 + ToX3.X3%1 + T3X1.T1 Ty = T1T9x3(x1 + X2 + x3) = 13T = ac
3. T1T9.Tox3.23T12 = (T1T923)° = T? =2

Vay theo dinh li Viete vé nghiém ctia phuong trinh bac ba, suy ra diéu phai
chiing minh.
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Chuong 2

Ij’ng dung phuong trinh bac ba vao
gidi mot s6 hé phuong trinh dai sb6

Trong chuong nay ta xay dung cich gidi mot s6 hé phuong trinh dai s
bang cach dua vé phuong trinh dang (1.1). Ho#c gidi hé phuong trinh bang
cach ap dung tinh chat nghiém ctia phuong trinh bac ba. Thong qua hé thong
bai tap da dugc huéng dan gitp cho nguoi day va hoc ¢6 thém mot cach tiép

can méi déi vé6i viee gidi mot sé6 hé phuong trinh.

2.1 Mot sé6 hé phuong trinh dai sé6 giai dudc bang
cach ap dung phuong trinh bac ba

Bai toan 2.1. Giai hé phuong trinh

2% = /By 1 4
2y = /bx + 4

Cdch gidi. Lap phuong hai vé clia titng phuong trinh roi trit vé véi vé ta
dugc phuong trinh c6 dang

r =1y

2 2 _
2(x — y)[4(x —l—xy+y)+3]—0(:>[ 422+ 2y +42) +3 =0

Phuong trinh 4(z2 + zy + %) + 3 = 0 vo nghiém. Thay x = y vio hé ban

dau ta dugc phuong trinh 82° — 62 = 4 & 423 — 32 = 2.
Day 1a phuong trinh bac ba da dugc giai & phan trén.

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/
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Bai toan 2.2. Giai hé phuong trinh

23 =2y — 2
Y3 = 2x — 2

Cach gidi. Bién doi tuong tu bai todn 2.1 ta dua dude vé phuong trinh

3v3

2 .
2> —2x = -2 Ditx = 2\/;25 ta dua dugc vé phuong trinh 4¢3 — 3t = ——

22

Bai toan 2.3. Giai hé phuong trinh

236+ 21y) =1
{:U(y3 —6) =21

Cdch gidi. Néu giai he véi an (z,y) thi bai todn rat kho gidi duge. Nhung

e 1 N
neu dat x = — khi d6 hé da cho dua dugc ve dang
z

2 =21y +6
Y =212 +6

bai toan trd vé dang bai toan 2.2.

Bai toan 2.4. Giai phuong trinh 2% — /6 + /7 + 6 = 6.

/r+6=z
Vz+6=y
ta c6 phuong trinh da cho c6é dang 22> —y =6 < 23 =y + 6

Mat khac
VT +6=z2 N B=x+6
Vi+6=y =246

Cach giai. Dat

:

nhu vay ta dugc hé

3 =1y+6
Yy =y+6
B =x+6

Day 1a hée phuong trinh quen thudc, cé thé giai bang phuong phap ap dung
phuong trinh bac ba, hoac hoan vi vong quanh.
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4
Bai toan 2.5. Giai phuong trinh /8lz — 8 = 23 — 222 + 37~ 2.

Cach giai. Phuong trinh da cho tuong duong véi

27v/81x — 8 = 272% — 542” + 362 — 54
& 27v/81x — 8 = (3z — 2)° — 46
Dit 3y — 2 = v/81x — 8 tur d6 ta dua vé he
3z —2)* —27(3y —2) — 46 = 0
3y —2)° =81z —8

hay
(32 —2)* =81y — 8
(3y —2)° =81z — 8

Viéc giai hé phuong trinh nay hoan toan don gian.
Bai toan 2.6. Giai hé phuong trinh

rT+y+z=-2
(@+y—2)y+z—a)(z+az—y)=38
(xy)* + (y2)" + (z2)° = =3

Cdch gidi. Ap dung tinh chat 1.5 va tinh chat 1.7

Bai toan 2.7. Giai hé phuong trinh

43 =y +1
{y?’ +y — 2723 = 2722 + 120 + 2
Cach gidi. > +y—272° =270 +1224+2 < P +y = Bz +1)° + 3z +1
xé6t ham dong bién f(t) = t* +ttaco f'(t) =t*+1 >0 Vit € R ham
don diéu tang. Tu phuong trinh f(y) = f(3x + 1) < y = 3z + 1. Vay ta c6
phuong trinh 423 — 3z = 2.
Phuong trinh nay da giai ¢ trén.

Bai toan 2.8. Giai hé phuong trinh

23+ 32 =y+5V3
y3 + 3y = 2+ 5V3
B +32=x+5V3
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Cdch gidi. Xuat phat tit ham f(t) = t34+3t—5v/3 ¢6 f/(t) = 3t>+3 > 0, Wt
khi do6 ta c6 hé

Khong mat tinh tong quat gid st 2 = min{z,y, 2} lic d6 z <y = f(z) <
fwy<z=fly)y <flz)=2<zhyr<y<z<z=z=y=zkhi
d6 ta c6 phuong trinh z° + 2z — 5v/3 = 0.

Bai toan 2.9. Giai hé phuong trinh

r = 323 + 222
— 323 + 222
z = 3y° + 2y

Cach giai. Do hé hoan vi vong quanh, gia su
r = max{zx;y; z}.
Hé da cho tuong duong véi

T+z2=3234+22%+2
y+x =313 +222+x
4y =3 +2°+y

Xét ham s6 f(t) = 3t3 + 2% + ¢, khi d6 hé trd thanh

r+z= f(z)
y+z=f(z)
+y=fy)

Mat khac f/'(t) = 9t* +4t+ 1, Vt € R. Do d6 ham f(t) dong bién trén R,
dan dén = = y = 2. Vay ta c6 phuong trinh 323 + 222 — z = 0 dé dang giai
duoc.

Bai toan 2.10 (hoc sinh giéi Tinh Long An). Giai phuong trinh sau
2’ — 4z + 3=z +5.
Lot gidi. Diéu kién: x > —5. Phuong trinh da cho tuong duong véi

(x2—4x+3)2:x+5<:>(a;‘—4)(x3—4a:2+63:—1):O
=4

< -4+ 6xr—1=0
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Ta xét phuong trinh

1° —4r* + 62 —1=0 (2.1)
Ham 86 f(x) = 23 — 42 + 62 — 1 ¢6 f'(x) = 32> — 8x + 6 > 0 nén dong
bién. mat khac ta c6 f(0).f(1) = (—1).2 < 0 nén phuong trinh f(x) =0 ¢6
ding mot nghiém thuoc (0, 1).
Dat :c=y+§ ta c6 (2.1) tuong duong véi y3+2y+g =0daty=u+v

3 27
61 2
Ta c6 (u® + v + ﬁ) + (Buv + g)(u +v) = 0 ta chon
61
ud 403 = ——
5 27
U = —=
9

Giai he phuong trinh nay ta duge nghiem x = zy € (0;1) vay phuong
trinh ¢6 hai nghiém: z = 4; z = x.
Bai toan 2.11 (hoc sinh giéi Tinh Binh Phudc). Giai hé phuong trinh

y + zy? = —62°
1+ 2393 = 1927

Loi gidi. Ta thay y = 0 khong phai 14 nghiém ctia hé phuong trinh, nén ta
chi xét trong trusng hop y # 0. Ta c6 bién doi sau:

1 2 1 T 2

o= —6(") Sta=-6(-)

il Yes y1 3 3r 1 3
T

— + 23 =19(% -—+x) ——(—+2z)=19(—-

% (y) (y ) y( ) (=)

Ta thay phuong trinh trén vao phuong trinh dudi ta duge

2163 + 1855 — 195 & —216C = (' o | ¥
—216(%) +18(%) =19(%) & —216(%) = (%) «
Y Y y y y v_ 1
Y 6
V6i £ = 0= & = 0, thay vio hé ta thiy khong théa man.
Y
Véi o G & y = —6x thay vao phuong trinh th hai ctia heé, ta duge
Y

—61 +362° = —62° < 625+ 22— 2 =0

phuong trinh nay giai don gian.

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/
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Bai toan 2.12 (hoc sinh gi6éi Tinh Hung Yén). Giai hé phuong trinh

ot + 23y 4+ 9y = y3r + 2%y 4 9z
v — 1) = 7

Lot giai. Ta co

et + 2y + 9y = P+ 2% 4+ 92 o (2t — 2®) + (Py — 2%) — 9z —y) =0

& (¢ -y +ay+y*) + 2%y -9 =0

& @ —yl@+y) -9 =0

T phuong trinh thit hai ctia hé, ta thay o # y nén tit bién doéi trén suy ra

wx+y)°’—9=0z(x+y)’ =9 (2.2)
Ta c6
7 f 7
s —a) =Ty - =— o y= |3+~
x x
= 2
thay vao phuong trinh thi hai ta duge x (m + \3/ 3 + —) =9
x
Ta c6

2
3 7 3 7 3 7 2
VT:a:<x+\/:U3+—) :m<x2+2x\/m3+—+\/(x3+—>>
x x T
N 7 / 7\ 2 ,
= 3 28/ 03 4 = a3 ) = 3 /26 2 4 38 4 2
x” + 2z x+x+x (.1: +x) x” + 22Vl + T2 + \/x(x* 4+ 7)

Tit (2.2) suy ra > 0 va trong biéu thiic trén, cac sd mi ctia bién z déu
duong nén day 14 mot ham dong bién. Vay phuong trinh trén khong c6 qua
mot nghiém.

Bai toan 2.13 (hoc sinh gi6i Tinh Nghé An). Giai hé phuong trinh:

23+ 8y — day? =1
20t + 8yt — 22—y =0

Loi gidi. Dit y = 2t, hé tré thanh

B+t -t =1 3 —1=a(t? — 2?)
4ot +tt —dx —t =0 dr(zd -1+t —1)=0
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Thay t3 — 1 = z(t* — 22) tit phuong trinh thit nhat vao phuong trinh thit hai
cua he, ta dugc

z=0

do(x® — 1) +at(t? —2*) =0 & Az — 1)+ 5 —ta? =0

Dé thay x = 0 khong phai 13 nhiém ctia hé nén ta chi xét
42 =D+t =0 42’ + 1P —ta® = 4,

Phuong trinh tht nhat ctia hé duge viét lai 1a 42 4 4¢3 — 4at> = 4. Do d6

ta co

t=0

3 3 2 _ 4.3 1 43 4.2 3_ 4.2
do” 417 —dat” =da” + 17 —ta” S U =ttt o |,

Dé thay ¢t = 0 khong théa man heé nén ta chi xét t = +x.
Néu t = z, ta c¢6 he
3 _ 1
a: Sr=1
{53:4 —5x =0 '
Néu t = —x, ta c6 he
= —1
S5zt — bhr =0
hé nay vo6 nghiém.
Bai toan 2.14 (Chon doi tuyén truong Nguyén Du). Giai phuong trinh sau

V3r+4=a34+322+2 2.
Lot giai. Phuong trinh da cho tuong duong véi

VB3r+4+2c+3=(z+1)%
Dat y + 1 = v/3x + 4. Ta ¢6 hé phuong trinh
(z+1)P° =20+y+4
(y+1)° =3z +4

Trit vé véi vé ctia he, ta dudc.

@=ye—1) +@-Dy-D+@y—-1)'=y—=
x—y=20

(=1 +@-Dy—-D)+@y—-1)°=-1

Suyraz+1=+v3r+4< 2% +322—4=0.

& Sr=y
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Bai toan 2.15 (hoc sinh gi6i TP.HCM). Giai hé phuong trinh

21 4 gyl0 = 22 4 12
Tyt + 132 + 8 = 2y*{/x (322 + 3y — 1)

Lot gidi. Ta thay hé nay khong c6 nghiém thoéa méan y = 0 nén ta chi xét
y # 0, khi do ta c6
z
ey =2 g2 e (D) 1 oyl gy,
Y Y
Xét ham s6 f(t) =t''+t, te R= f/(t) =101+ 1 >0, Vt € R, day 1a
ham dong bién. Dang thic trén chinh 13 f(z) = f(y) = - y < x =1
(Y (Y

Thay vao phuong trinh tht 2 ctia he, ta duge

7 13 8 3 1
Ta® + 130 + 8= 22/a2(B3u + 30 — 1) & — 4 —5 + 5 =2{/3+ 5 — .
R A r a2

1
batt = — > 0. Ta dugc
x

Tt+ 1312+ 813 =2V/3+ 3t — 12

S (2+1)° +22t+1) = 3+3t — 1) +2U3+ 3t — 12

Xét ham 86 f(a) = a® + 2a, a > 0 = f'(a) = 3a®> +2 > 0 nén ham nay
dong bién. Phuong trinh trén chinh 1a

F2t+1) = f(V/3+ 3t —2) © 241 = /3 + 3t — 12 & (2t + 1)° = 3+3t—1%.

Do t > 0 nén khong c6 gia tri nao thoa man. Vay phuong trinh vo nghiém.
Bai toan 2.16 (hoc sinh gi6i QG 1994, Bang A). Giai hé phuong trinh.

P 4+3r—-3+In(zP—z+1)=y
Y+3y—3+ny’—y+1)==z
P4+32-3+In(*—z+1)=12x

Loi gidi. Xét ham f(t) =2+ 3t —3+In(t? —t+1), t€ R. Viét lai he
phuong trinh duéi dang.

flz)=y flx)=y
fy=2 & fly)==2
flz) =a fUf(f(2)) ==
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37 — 1 +2
40 f! — 42
TaCOf(t)—3t+m

R. Tu d6 dé dang ching minh dugc

>0, Vte R. Ham s6 f(t) dong bién trén

f@)=rver*+2r —3+In@@*—2+1)=0
Xét ham g(x) =2°+3z —3+In(z* —2+1), z€R, taco

222 + 1
! =3P+ >0 V R
g (x) x+x2—x—|—1 x €

nén g(x) dong bién tren R. Ma g(1) = 0, nén suy ra x = 1.

Bai toan 2.17 (hoc sinh giéi QG 1996, Bang B). Hay bién luan s6 nghiem
thuc ctia hé phuong trinh véi an z, .

2y — yt = a2
o2y + 229 + y° = b?

Lot giai. Hé phuong trinh da cho tuwong duong véi he

23 B = o2
{zgaﬁ + yg§2)= b* 29

Xét cac truong hgp sau

1) Néu a = b = 0 thi hé¢ ¢6 vo s6 nghiem (z,y) 1a (x,0) véi x tuy ¥

2) Néu b = 0,a # 0 thi tit phuong trinh thtt nhat ctia he (2.3) ¢6 y # 0 nén

theo phuong trinh thit hai ctia hé (2.3) ta ¢6 x = —y. Thay vao phuong trinh

dau ctia hé (2.3) duge —2y* = @?. Phuong trinh nay vo nghiém, nén he (2.3)

vo nghiém.

3) Néu a = 0,b # 0 thi tit (2) c6 y # 0 va tit (1) ¢6 23 = y> & z =y, thay

vao phuong trinh thit hai ctia hé (2.3) duge:

dy° =0" =y =1/ —.
Y Y 1
5| b°
Heé da cho c6 nghiém duy nhat: v = y = T

4) Néu a # 0,b # 0. Ta chi can xét véi a > 0,b > 0 (néu khac di, ta chi can
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lay gia tri tuyet doi ctia a va b). Tt phuong trinh thi hai ctia he (2.3) c6
y >0 vati (1) co x>y > 0. Lai tit phuong trinh thi hai ctia hé (2.3) ¢6
b
r=——y (2.4)
VY
1 “ b 2 N s X ~ NP 2.
bat Jy=tcox = i t*. Thay vao phuong trinh dau hé (2.3) va bién doi
ta dudce

99— (b—13) + a2t =0 (2.5)
Xét ham s f(t) = £ — (b—3) + a’t/ [0;+00) . Ta c6
FO =98+ (-t +a2>0, Vte|0;+oo).
Suy ra ham f(t) dong bién tren [0; +00) ma f(0) = —b* < 0; f(Vb) =

b® + a>v/b > 0 nén phuong trinh (2.5) ¢6 nghiem duy nhat ¢, € (0; +00).
Két hop véi (2.4) suy ra hé phuong trinh da cho ¢6 nghiém duy nhat (z,y)

b
la (— — 1, 63).
Lo
Bai toan 2.18 (hoc sinh gi6i QG 2004, Bang A). Giai hé phuong trinh

B+ a(y—2)° =2
v+ y(z —x)* =30
2+ 2(x—y)’ =16,

Lot gidi. Viét lai he da cho dudi dang tuong duong

z(x? +y? + 22) — 2ayz = 2
y(z? + y* + 2%) — 2zyz = 30
2(x? +y? + 2%) — 2zyz = 16
z(x? + y? + 2%) — 2ayz = 2
S (y—2)(*+y*+2%) =14 (2.6)
(z—az)(2?+y*+2%) = 14
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Dé thay (0;0;0) khong phai 14 nghiém ctia he (2.6). Do d6

z(x? +y* + 22%) — 2oyz = 2
(2.6) & { (y — 2)(2? +y* + 2?) = 14
y=22z—x

203 — 2022 + 122 =2
L =203 + 6222 — 9r22 + 523 =14
y=22z—x

20% — 2022 + x2° =2
& {523 — 16222 + 20222 — 162° = 0 (2.7)
y=2z—=x
Vi z, z khac 0 nén dat t = E, tit phuong trinh tht hai ctia hé (2.7) ta ¢
x
5t3 — 16t + 20t — 16 = 0 < t = 2. Tt d6 ta ¢6 z = 22. Suy ra nghiém cla
hé phuong trinh.
Bai toan 2.19 (hoc sinh gi6i QG 2004, Bang B). Giai hé phuong trinh

23 + 3xy? = —49
2?2 — 8xy +y? =8y — 17z

Lot giaa.
Céch 1. Dat {zirzzz ,tacox = utv va y = u—v. Tt hé phuong
trinh da cho ta c6 hé
ud 4+ v3 = —98
{—3u2 + 5v? = —9u — 25v

ul — 27 = —0v3 — 125
—3u? 4+ 9u = —5v? — 25w

Nhan hai vé ctia phuong trinh thit hai véi 3, roi cong véi phuong trinh thi
nhét theo timg vé, ta duge (u — 3)° = —(v + 5)® hay u = — (v + 2) thay vao
phuong trinh thit nhét ta duge v2+2v—15 =0 < (v—3)(v+5) =0 v =3
hoac v = —5, thay trd lai hé ban dau ta dugc nghiem.
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Cach 2. Nhan hai vé clia phuong trinh thi hai véi 3, r6i cong véi phuong
trinh tht nhat theo ting vé, ta ducc

23 + 322 + 3uy® — 24wy + 3y? = 24y — 5lx — 49
S*+ 327 +32+ 1+ 3% +1) — 24y(z + 1) +48(x +1) = 0
& (x4 1)((x+1)° +3y> — 24y +48) = 0
SE+D)(z+1)2+3@y—-4>=0

r=—1
r=—1y=4.

=
Thay vao phuong trinh thit nhat ctia hé ta dude nghiém cta he.
Bai toan 2.20 (hoc sinh giéi QG 2006, Bang B). Giai hé phuong trinh

23+ 322+ 20 —-5=y
Y+ 3y +2y—5 ==z
P +32422-5=u

Loi gidi. Khong mat tinh téng quat. Gid st x = max{z,y, z}. Xét cac

tuong hop

Dx>y>z

T d6 va hé phuong trinh da cho ta ¢6

2 +3°+2r-5<uw N (z—1)((z+2)7+1) <0 RS
24322422 -5>2 (z—D((z+2)°+1) >0 z>1
Q) >z>y

{x3-|—3:c2—|—23:—5§x i{(m—l)((m—l—Q)Q—l—l)SO {x§1
v+ 3y + 2y~ 52>y (y—1D((y+2)°+1) >0 y>1.

C4 hai truong hop déuchox =y =z =1. Thit lai, tathay zr =y =2 =1
la nghiém ctia hé da cho.
(C6 thé diing hoén vi vong quanh cho bai nay va cac Bai todn 2.12, 2.13)
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2.2 Mot s6 bai toan tuong tu

Bai toan 2.21. Giai hé phuong trinh

r+y+z=0
3
TY + Yz + 20 = ——
4
1
Yz = —
Y273
Chi dan. Ap dung dinh 1f Viete vé nghiem ctia phuong trinh bac ba, ta c6
3 1
x,1, 2 la nghiém cta phuong trinh 3 — Zt ~3 =043 -3t = 5

Day la phuong trinh da giai 6 phan trén.
Bai toan 2.22. Giai hé phuong trinh

r+y+z=6

2?4y’ + 2% = 36

ryz =6
Chi dan. Gia stt z, y, 2 1a nghiém ctia phuong trinh t3+at?>+bt4+c =0 (1.1)
thi theo tinh chat 1.4 ta c6 Ty = x3 + o3 + 23 = —a® 4+ 3ab — 3¢ Theo dinh
1i Viete vé nghiém clia phuong trinh bac ba ta c6

{x+y+z:—a:6

= b=12.
ryz = —c=206

a
Vay z,y, z la nghiém ctia phuong trinh t3 —6t2+12t—6 = 0, dit t = u— 3=

u + 2 ta duge phuong trinh u® = 6 = u = /6 thay vao phuong trinh trén
ta tim dugc z, v, 2.

Bai toan 2.23. Giai hé phuong trinh

r+y +z=aqa

2+ P+ 2 = a]

4y + 2 = a)
Chi dan. Gia st x,y,z la nghiém ctia phuong trinh (1.1) thi theo tinh
chit 1.2 ta c6 T5 = 2% + 23 + 23 = a* — 2b, va theo tinh chit 1.4 ta c6

T = a3 + a3 + 23 = —a® + 3ab — 3c ta ¢
T+y+z=a = —a a=—a
2+t + 22 =at=a%—2b S <¢b=0
B4y + 2B =ad = —a® +3ab— 3¢ c=
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Vay z,, 2z 1a nghiém ctia phuong trinh 3 — a;t? = 0.
Bai toan 2.24. Giai hé phuong trinh.

4ot +yt =4dx +y

Chi dan. Tit hé phuong trinh da cho suy ra (22 +y° —xy?) (do+y) = dot+y?
biat x =ty (doy # 0). Ta ¢

Y H+1—)4t+1) =y @'+ 1) = -4 +t=0
Giai phuong trinh nay, sau d6 thay trd lai he ban dau ta dudc két qua.
Bai toan 2.25. Giai hé phuong trinh

23— 42’ —5r+ 6=y
T2 + 92 — 4 =

Chi dén. Tit he phuong trinh ta 6 4° +y = (z 4+ 1)* + (z + 1).

Xét ham s6 f(t) = t3 + 2 ta c6 f/(t) = 3t* + 1 13 ham don diéu tang.
Tu phuong trinh f(y) = f(z +1) <y = (x +1).

Dua dugce vé phuong trinh 23 — 422 — 62 + 5 = 0.
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Chuong 3

Mot s6 tng dung khac ctia phuong
trinh bac ba

3.1 Ung dung phuong trinh bac ba dé giai mot sb
phuong trinh bac bén

Trong phan nay, truéc hét sé dua ra bai toan vé gidi phuong trinh bac

bén tong quat, va phuong trinh bac bén dang dac biet. Tiép theo la mot sb

bai toan vé phuong trinh bac bon, ma trong qua trinh gidi, néu ta st dung

nhitng tinh chat ciia phuong trinh bac ba thi viéc giai quyét sé don gidn hon.
Bai toan 3.1. Giai phuong trinh bac bén dang tong quat
ot +ar® +ba’ +cx+d=0 (3.1)
Loi giai:

(3.1) @ 2t +ax® = —ba* —cx — d
2.2 2

@x4+ax3+%:(az—b)x2—cx—d
& <x2+%)2: (%—b)xQ—cx—d (3.2)

Dua vao phuong trinh an phu y nhu sau. Cong ca hai vé ctia phuong trinh
o 2, AT ) .
(3.2) véi (a: + —)y + = ta co:

2 4
2 2 2 2
(a:Q-I—%) +(x2+%)y+yz:(a:2+%)y+yz+(%—b)x2—cx—d
2 AT YN (o ALY (@ N
<:><33—|—2—|—2> —(x+2>y+4+(4 b):z: cr —d (3.3)
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Ta tim gié tri clia y sao cho hai vé ciia biéu thitc 1a chinh phuong. Mubn nhu
vay, vé phai phai c6 nghiém kép x. Hay
2 2

= () - ) (-0 o

y3 — by + (ac — 4d)y — [d(a® — 4b) — dy] = 0. (3.4)
Véi yo vita tim duge thi vé phai ctia (3.3) ¢6 dang (az + 3)°. Do d6 thé
Yo vao phuong trinh (3.3) ta c¢6. T (3.4), ta ¢6 dugc hai phuong trinh

Nghia la:

ax
x2—|—7+%:a37+5 (3.5)
x2+%+%:—a$—ﬁ (3.6)

Tu day, gidi hai phuong trinh (3.5), (3.6) ta dugc bon nghiém ciia phuong
trinh tong quat ban dau.

Tu phuong trinh (3.4) ta dugc ba gia tri ctia y; moi gia tri ciia y duge bon
gia tri ciia . Nhu vay ta c6 12 gia tri cia x la nghiém cta (3.1). Nhung
do (3.1) 1a phuong trinh bac bén, ¢6 nhiéu nhat 1a bon nghiem thuc (hodc
phtic). Do d6, céc gia tri x tuong tng véi yy phai trung tai cac gia tri cua x
tuong dng véi yi, yo. Vi vay ta chi can tim mot gia tri clia yo 1a da.

Dinh 1y Viete cho phuong trinh bac bén. Néu w1, z9, 73, 74 14 bon nghiem
ctia phuong trinh (3.1) thi

1+ X2+ T3 +2x4=—a
T1T2 + ToT3 + X374 + 2421 = b
T1T2x3 + T1T2Xy + T1T3T4 + ToT3Ty = —C

T1T9T3Ts = d
Bai toan 3.2 (hoc sinh gi6i Tinh Dong Nai). Giai phuong trinh sau
2’ — 2t —2® —112° + 250 — 14 = 0
Loi giai: Phuong trinh da cho tuong duong vdéi.
(z° — 22%) + (2* — 20%) + (2 — 22%) + (—92° + 18z) + (7o — 14) = 0
S@—-2(*+2° +2* -9+ 7) =0

o T =2
4+ 2 —9r4+7=0
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Phuong trinh thi hai & trén cé thé viét lai nhu sau
(' 423+ 2> —924+6)+1=0

ot -2 +20% -~ 2024322 — 32 —62+6)+1=0

-1 +324+6)+1=0
Do (z —1)*(2® + 322 + 6) + 1 > 0,V nén phuong trinh nay vo nghiem.
Vay phuong trinh c6 duy nhat nghiém z = 2.
Bai toan 3.3 (hoc sinh giéi Tinh Long An). Giai phuong trinh sau

2?4+ 2% =3z — 1 =21 +2 trén [-2,2]
Loi gidi: Dieu kien # > —2. Phuong trinh da cho tuong duong véi

(x3+562—33:—1)2=4(a:+2) (o +1) (2 +2* —62° —22° + 92 —T7) =0

r=—1
T Pt =623 —222 492 —7=0
Giai phuong trinh thi hai tuong tu nhu bai 3.2 ta thay phuong trinh c6 duy
nhat mot nghiém z € [ — 2,2], o # —1.
Vay phuong trinh c6 hai nghiém la —1 va x.
Bai toan 3.4 (hoc sinh giéi Tinh Ha Tinh). Giai phuong trinh

1 — 22

ot 4 22% F 207 — 22+ 1= (2 + 1)
T

Lai giai: Dieu kien 2 € (—oo, —1] U (0,1]. Néu x < —1 thi
ot +20° + 207 - 20 +1 = (332+:c)2+(:b—1)2 >0,2° +r=z(2*+1) <0

nén phuong trinh trén khong c6 nghiém thoa man r < —1.
Dong thoi = 1 khong phéi 14 nghiém nén ta chi xét = € (0, 1).

241 2
bat t = v > (0, phuong trinh trén tré thanh t — - = 1 &
z(1 — z?) t
t2—t—-2=0=>1t=2
Véi
r?+1 9 2 9
t=2 ———==2& (" +1) =4z(1 — 2%
z(l — 2?)

st l1—de+4t =0 =-1+V2
So sanh véi diéu kien ta thdy phuong trinh ¢6 nghiem duy nhat z = —14+/2.
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Bai toan 3.5 (hoc sinh giéi QG- 2006 Bang A). Cho boén s6 thyc khong am
a,b, c,d thoa man diéu kien

2(ab + ac + ad + be + bd + cd) + abe + abd + acd + bed = 16.

Chitng minh rang: a + b+ c+d > g(ab + ac+ ad + bc 4 bd + cd).
Ho6i dau bang x4y ra khi nao?

Chiing minh:
1. Tru6c hét ta chiing minh rang

r4+y+z—(ry+yz+zx)>0 (3.7)
Trong d6 z, v, z 1a cac s6 thuc khong am thda man dieu kién
Yy +yz+zx+ayz =4 (3.8)

Khong méat tinh tong quat, gid st 2 = min {x,y, 2z} thi > 0, > 0 nén

4 —xy
r+y+xy>0vaz= ——" 3.9
4 4 r+y+xy ( )

Dt vé trai cua (3.7) 1a A thay (3.8), (3.9) vao A ta dugc

4—yz xy(d —2x
A=x+y+z4+ayz—4d=x+y+ J + yl y)_4
r+y+zry x+y-+axy

(:L'—i—y)2—4(x—|—y)+4+xy(x—|—y—xy—1)

r+y+axy
_(rty -2 —ay(z -y - 1)
r+y+xy

Dit B=(z+y—2"—ay(z—D(y—1)thi A>0< B>0

Xét cac truong hop sau:

Néu (z — 1)(y — 1) < 0 thi B > 0 va dang thic x4y ra khi v chi khi
r=y=1 Lacdétu (3.9) c6z=1

Néu (z—1)(y—1)>0taco (x—1)+ (y—1))* > 4(z — 1)(y — 1) va ti
(39) c64 > aynen (x+y—2)° > ay(x —1)(y — 1) © B > 0. Déng thiic
xay rakhi 2 =0,z =y = 2.

Nhu vay bat dang thiic (3.7) diing va dang thitc xay ra chi trong hai truong
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hop 1a (z,y,2) = (1,1,1) hoac (2,2,0) véi (z = min {z,y, 2}).
2. bat

p=a+b+c+d, g=ab+ ac+ ad+ bc+ bd + cd,
r = abc + abd + acd + bed, s = abed. (3.10)

Theo dinh 1y Viete ddo ta thay a,b, c,d 1a bén nghiem thuc khong am ctia
da thic F(z) = 2* — p2® + q2® — ra + s.

Khong mat tinh tong quat, gid st a < b < ¢ < d.

Theo dinh 1y Rolle v6i F(a) = F(b) = F(¢) = F(d) = 0 ton tai ba nghiem
thuc 1, 29, 13 clia da thitc F'(z) = 423 — 3pa® + 2gx — r, trong d6

a<z <b<ay<c<uzz<d. (3.11)
Theo dinh 1y Viete ta co
_ 9P ) _r
r1 + X9 + T3 — Z, Tr1T9 + T92X3 + T3x1 — 5, T1X9X3 — Z (312)

Tit (3.10) gia thiét ctia dé bai c6 thé viét thanh 2¢ + r = 16 hay 1a (theo
(3.12)) 129 + w073 + T371 + 212973 = 4 dang thiic nay chinh 1 (3.8).
Tit (3.10) bat ding thiic can chiing minh ctia dé bai viét thanh 3p > 2q¢ hay
theo (3.12)

T+ 2o+ x3 2 179 + Tow3 + T371,
bat dang thic nay tuong duong véi (3.7). Theo két qua phan 1 tit gid thiét
(3.8) suy ra bat dang thitc (3.7) ding, hay tit gid thiét 2g +r = 16 ta co
bat dang thiic 3p > 2¢, nghia la bai toan ding. Ding thic xay ra trong
3p > 2q khi va chi khi (21,29, x3) = (1,1,1) hodc (0,2,2). Thay cac gia tri
nay vao (3.11) va (3.12) suy ra chi mot trudng hgp théa man la (a, b, ¢, d) =
(1,1,1,1).

3.2 Phuong trinh bac ba véi nghiém la cac yéu t6 do
dai trong tam giac

Trong phan nay ta 4p dung phuong trinh bac ba dé giai quyét cac bai

toan véi cac nghiém la cac yéu té do dai trong tam gidc. Dé xay dung cac
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phuong trinh bac ba ay ta dya vao nhan xét 6 chuong 1 va lam nhu sau.
Trude hét ta phai st dung bién doi luong giac thiét lap cac he thic luong
gidc dé dua vé dang tinh chat T}, Th, T;. Céach lam nay gitp ta dé nhan biét
phuong trinh bac ba, quen thudc va thuan tieén véi hoc sinh pho thong, vi
hoc sinh pho thong da quen véi cach lam nhu vay trong phuong trinh béac
hai. Cach lam nay la tong quat va phat huy duge kién thitc lugng giac cla
hoc sinh. Sau khi di c6 dugc phuong trinh bac ba vé cac yéu té doc lap, ta
st dung cac tinh chat vé nghiém ctia phuong trinh bac ba dé xay dung cac
hé thic luong giac ca chiing minh cac hé thitc lugng giac d6. Cach lam nay
kha ngan gon va tong quat, sd luogng hé thic dua ra ciing rat nhiéu gép phan
quan trong trong viéc giang day va hoc tap & trusng phd thong.

Bai toan 3.6. Chiing minh do dai ba canh cliia tam giac ABC (gia st lan
lugt 1a a, b, ¢) 1a cédc nghiém cia phuong trinh

t* — 2pt* 4+ (p* + r* + 4Rr)t — 4pRr = 0 (3.13)
Ching minh. Gia st a, b, ¢ 1a do dai ba canh ctia tam giac ABC, khi d6

theo dinh 1§ ham s6 sin va cong thic goc nhan doi ta co

A A
a=2Rsin A =4Rsin 2 e85 (3.14)

Theo cong thiic tinh ban kinh dudng tron noi tiép thi

A

A COS
p—a:rcot§:7" f21 (3.15)

Siﬂa

Lay (3.14) chia cho (3.15) ta duge

Sim2é SR
2 4R(p—a)

Lay (3.14) nhan (3.15) ta dugc

A a(p—a)
242 )
CcOS 9 = ARr .
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— A A
T do suy ra 4R(ZT— 2 + a(iRra) — Sin2§ + COSZE = 1.

Quy dong mau sb ta duge

r’a + a(p — a)® = 4Rr(p — a)
& a® — 2pa® + (r* + p* + 4Rr)a — 4Rrp = 0

P

Vay a la nghiém cta (3.13). Tuong tu b, ¢ cing la nghiém ctia (3.13) tit d6
ta duge diéu phai chiing minh.
111
Bai toan 3.7. Ching minh —, b la cac nghiém ctia phuong trinh
a b’ c
P At tARr, 1 1

3 — t— =
4pRr * 2Rr 4pRr

0 (3.16)
Chitng minbh.

Tu nhan xét 1.1 cho phuong trinh (3.13) ta ¢6 diéu phai ching minh.

Bai toan 3.8. Chiing minh a?,b?, ¢ 1a cac nghiém ciia phuong trinh

£ = 2(p* =1 —4Rr)£ + [(p* + 1 + 4Rr) — 16p"Rr]t — 16p° R = 0.
(3.17)

Ching minh.
Tu nhan xét 1.2 cho phuong trinh (3.13) ta c¢6 diéu phai chitng minh.

Bai toan 3.9. Chiing minh a+b,b+ ¢, c+a la cac nghiém ctia phuong trinh
t3 — 4pt* + (5p* + r* + 4Rr)t — 2p(p* + r* + 2Rr) = 0. (3.18)

Chiing minbh.
Tu nhan xét 1.3 cho phuong trinh (3.13) ta ¢6 diéu phai ching minh.

Bai toan 3.10. Ching minh ab + bc, bec + ca, ca + ab la cac nghiém cua
phuong trinh.

2 —2(p* +r* + 4Rr)t* + [(p*+r° + 4Rr)* + 8p*Rrt
— 8p*Rr(p* +r* +2Rr) =0  (3.19)

Ching minh. Tu nhan xét 1.4 cho phuong trinh (3.13) ta c¢6 diéu phéai
chiing minh.
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Bai toan 3.11. Ching minh ab, be, ca la cac nghiém cta phuong trinh.

5 — (p* + r* + 4Rr)t* + 8p* Rrt — 16p*R*r* = 0. (3.20)
Chitng minbh.
Tu nhan xét 1.5 cho phuong trinh (3.13) ta ¢6 diéu phai ching minh.
1 1 1
Bai toan 3.12. Chiing minh —, —, — 1a cac nghiém ctia phuong trinh
ab’ bc’ ca
1 2412+ 4R 1
P p PR, —0
2Rr 16p2 R2r? 16p2 R2r2
Chiing minh.

Tt nhan xét 1.5 cho phuong trinh (3.16) hodc nhan xét 1.1 cho phuong trinh
(3.20) ta c6 diéu phéi chiing minh.

1 11
Bai toan 3.13. Ching minh —, 0 la cac nghiém ctia phuong trinh
a c
3 (P + r2 + 4Rr)’ — 16p2th2 N p? —r?— 4th B 1 0
16p2 R%r2 8p2 R2r? 16p2 R%r?2
Chiing minh.

Tt nhan xét 1.1 cho phuong trinh (3.17) ho#ic nhan xét 1.2 cho phuong trinh
(3.16) ta c6 diéu phai chiing minh.

Bai toan 3.14. Chiing minh a?b?, b?c?, ca? 1a céc nghiém ctia phuong trinh
3 — [(p® + r2 + 4Rr)” — 16p*Rr]t® + 32p2 R (p? — r2 — 4Rr)t
— 256p* R r* =0
Ching minh.
Tt nhan xét 1.5 cho phuong trinh (3.17) ho#ic nhan xét 1.2 cho phuong trinh
(3.20) ta c6 diéu phéi chiing minh.
1 1 1
a+bb+c cta

Bai toan 3.15. Chiing minh la cac nghiém cua phuong

trinh
s 5(p*+7r*+4Rr) 2 2 , 1 B
2p(p> + 12+ 2Rr) P +r2+2Rr 2p(p’+12+2Rr)
(3.21)
Ching minh.

Tu nhan xét 1.1 cho phuong trinh (3.18) ta c¢6 diéu phai chitng minh.
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Bai toan 3.16. Chiing minh (a +b)(b+¢),(b+¢)(c+a), (c+a)(a+b) la
cac nghiém cta phuong trinh

3 — 5(p? + r* + ARr)t* 4 8p*(p* + r* + 2Rr)t — 4p*(p* +1* + 2R7“)2 =0

Chitng minbh.
T nhan xét 1.5 cho phuong trinh (3.18) ta ¢6 diéu phai ching minh.
1 1 1

Bai toan 3.17. Chu inh
ai toan ng min ab + bc’ be + ca’ ca + ab

la cac nghiém cua
phuong trinh
(p? +r* + 4RT)2 + 8p*Rr , 1 p*+r*+4Rr

£ — .
8p?Rr(p? + r2 + 2Rr) 4p’Rr p?> + 12+ 2Rr
1
— =0 3.22
8p? Rr(p? + 12 + 2Rr) (3.22)
Chiing minh.
Tu nhan xét 1.5 cho phuong trinh (3.19) ta c¢6 diéu phéi chiing minh.

1 1 1
(a+Db)* (b+¢)* (c+a)

Bai toan 3.18. Chiing minh 5 la cac nghiém cua

phuong trinh

9 3p® — 12 — 4Rr
2p2(p? + 12 + 2Rr)?

3 ( 5p% +r? + 4Rr >2
2p(p? + 12+ 2Rr) p>+1r2+2Rr
1
— 5 =0 (3.23)
8p%(p? + 12+ 2Rr)
Chiing minh.
Tu nhan xét 1.2 cho phuong trinh (3.21) ta ¢6 diéu phéi chiing minh.

Dinh 1y 3.1. Goi G(p, R,r) la biéu thitc chita ba bién p, R, r(dé cho tien,
ta viét G thay vi viét G(p, R, r)). Khi do:
1. (G,a),(G,b),(G,c) la cac nghiem clia phuong trinh

23— 2pGa? + (p* + r* + 4Rr)G*x — 4pRrG® = 0

G, G, G
2. (—), (3), (—) la cac nghiém ctia phuong trinh
a c
2 | .2 2 3
_ Gr2 it = o _ —0
v dpRr v 2R7’x dpRr
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3. (G —a),(G—0),(G—c) la cac nghiém ctia phuong trinh

z® — (3G — 2p)z? + (p* +r* + 3G? + 4Rr — 4pG)x
— [G? — 2pG? + (p* + r* + 4Rr)G — 4pRr] = 0

1 1 1
4. (G — —), (G — —), <G — —) l& cac nghiém ctia phuong trinh

a b c
2 .2 2 | .2

— (3G — 3G — — — 2CG

! ( 4pRr )m * < 2Rr 4pRr >x
2 .2
p*+r*+4Rr , 1 1

—|G? - G*+ —G — =0

[ dpRr * 2Rr 4pRr}
Chiing minbh.

1. Nhan hai vé clia phuong trinh (3.13) v6i G? ta duge diéu phai chitng minh.
2. Nhan hai vé ctia phuong trinh (3.16) v6i G* ta duge didu phai chitng minh.
3. Thay © = G — (G — z) vao phuong trinh (3.13) ta dugc

G — (G =) —2[G — (G —2)]"+
+ (p* +1* +4Rr)[G — (G — x)] — 4pRr = 0 (3.24)

Dit G — x = X, khi d6

(3.24) & [G — X]* — 2p[G — X|* + (p* + r* + 4Rr)[G — X] — 4pRr = 0
&G -3GX(G—-X) - X? - 2p(G* - 2GX + X?)
+ (pP*+ 12+ 4Rr)(G — X) — 4pRr =0
e X3P — (3G —2p) X2+ (p* + 12+ 3G% + 4Rr — 4pG) X
— [G? = 2pG? + (p* +r* + 4Rr)G] =0

Ta dugce dieu phai chitng minh.
1 1

4. Thay — =G — (G’ — —) vao phuong trinh (3.16) ta duge
x x

1 ’ p? + 12+ 4Rr 1 i
[G(G;>] - |G (E-)]
+ﬁ G- (G_ i)] N 4;;% =0 (3.25)
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1
Dit G — — = X, khi d6

x
2 .2
P +r +4RT’ ) 1 1
3.25) & [G — X]* — G— X"+ —[G—X] - =0
( )< | | dpRr | I+ 2Rr[ | dpRr
2 .2
4
oGP 3@2X 43GX2 - x3 VAT AR o ooy L x2)
dpRr
1 1
— |G — X]| — =0
+ 2Rr[ | ApRr
2, .2
4
&GP 302X —3Gx? x0T A
dpRr
2, .2 2, .2
p°+ 1+ 4Rr p”+r°+4Rr _, 1 1
—2 GX X —C+ —/—X =0
dpRr + dpRr + 2Rr * dpRr
2 .2 2 | .2
p*+r*+4Rr\ o 5 1 p-+r°+4Rr
e X?— (3G - X?+ (3G* + — - 2G X
( dpRr ) + ( * 2Rr dpRr )
2 .2
p°+r*+4Rr , 1 1
—|G®— G G — =
[ dpRr + 2Rr 4pRr}

Ta dudc dieu phai chitng minh.

Bai toan 3.19. Ching minh p — a,p — b, p — ¢ la cac nghiém ctia phuong
trinh

t* —pt* + (r* + 4Rr)t — pr* =0 (3.26)
Ching minh.
Thay G = p vao dinh Iy (3.13) ta dugc diéu phai chitng minh.
1 1 1

Bai toan 3.20. Chiing minh la nghiém cua phuong trinh

p—a'p—bp—c
AR+r , 1 1

Ut o5 =0 (3.27)

Ching minh.
T nhan xét 1.1 cho phuong trinh (3.26) ta ¢6 diéu phai ching minh.

Bai toan 3.21. Chiing minh (p — a)Q, (p— b)Q, (p— 0)2 13 nghiém ctia phuong
trinh

t* — (p? — 2> — 8Rr)t> + [(r + 4Rr)’ — 29>t —pr* =0 (3.28)
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Chiing minh.
T nhan xét 1.2 cho phuong trinh (3.26) ta c6 diéu phéi chiing minh.
Bai toan 3.22. Ching minh (p —a)(p—b),(p—b)(p—¢),(p—c)(p—a)
nghiém ctia phuong trinh

3 — (r* + 4Rr)t* + p*r’t — 4p*r* =0 (3.29)

Chiing minh.
Tu nhan xét 1.5 cho phuong trinh (3.26) ta ¢6 diéu phéi chiing minh.
1 1 1
(p—a)’ (p—1)" (p—c)

s (@AR+7r)—2p*, p*—2r*—8Rr I
O et g =0

Bai toan 3.23. Ching minh 5 1a nghiém ctia phuong

trinh

Ching minh.
T nhan xét 1.1 cho phuong trinh (3.28) hodc tit nhan xét 1.2 cho phuong
trinh (3.27) ta ¢6 diéu phai chiing minh.
1 1 1
p—a)p—0)" (p—0)(p—c) (p—c)p—a)

Bai toan 3.24. Ching minh

la nghiém ctia phuong trinh
1, r*+4Rr I

o ﬁt p2rt t— p2rt

t 0
Ching minh.

Tw nhan xét 1.1 cho phuong trinh (3.29) hodc tit nhan xét 1.5 cho phuong

trinh (3.27) ta ¢6 diéu phai chiing minh.
1 1 1

Bai toan 3.25. Chiing minh (p — —), (p — 5)’ (p — —) la nghiém cta
a c

phuong trinh

2 .2 2 .2
p*+r°+4Rry , 9 1 p*+r*+4Rr
3 — (3 - )t (3 - )t
b dpRr A 2Rr dpRr
2, .2
p°+1r°+4Rr 1 1
— [ 3 _ p2 + D — } =0
dpRr 2Rr dpRr

Ching minh.
Thay G = p vao dinh 1y 3.1 ta c¢6 diéu phai ching minh.
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Bai toan 3.26. Ching minh » — a,r — b,r — ¢ la cac nghiém ctia phuong
trinh

t3 — (3r — 2p)t* + (p* + 4r* + 4Rr — 4pr)t
—r[2r* = 2r(p — 2R) + p(p — 4R)] = 0

Chiing minh.
Thay G = r vao dinh 1y 3.1 ta duge diéu phai chiing minh.
1 1 1
Bai toan 3.27. Chiing minh (7“ — —), (7“ — 6)’ (7“ — —) la nghiém cua
a c
phuong trinh

2 | .2 2 2
t3—<3r—p +r +4Rr>t2+(3r2+ L p+4r +4Rr)t

dpRr 2Rr dpRr
Z+r7+4 1 1
—[r3—p”+mr+ -—] =0
dpRr 2R 4pRr
Chtng minh.
Thay G = r vao dinh 1y 3.1 ta c6 diéu phai chiing minh.
1 1 1
Bai toan 3.28. Chiing minh <R — —>, <R — 5), <R — —> la nghiém cua
a c
phuong trinh
2, .2 2, ,.2
p—l—”f' +4R7’ 2 2 1 p—i_r +4RT
£~ (3R - )#+ (3R = )t
dpRr + * 2Rr 4pRr
2, ,.2
p°+1r°+4Rr 1 1
—[R? - Rt oo — | =0
[ dpRr * 2r  4pRr
Chiing minh.

Thay G = R vao dinh Iy 3.1 ta c¢6 diéu phai chitng minh.
Bai toan 3.29. Chiing minh h,, h, h. 1a cac nghiém cta phuong trinh

2 2 AR 22 222
At Tt2—|— prt_ pre

3
t o7 = =0 (3.30)

Chitng minh.
- 2p,r. ~ N . - pe s X 2 . 2,
Ta c6 h = —, nén thay G = 2pr vao dinh ly 3.1 ta ¢6 dieu phai ching
a

minh.
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1 1 1
Bai toan 3.30. Ching minh —, —, — la cac nghiém ctia phuong trinh
ha hb hc
t3_1t2+p2+7’2+4R7’ B R —~0
r 2p2r2 2p2r2

Chitng minbh.
T nhan xét 1.1 cho phuong trinh (3.30) ta ¢6 diéu phai ching minh.

Bai toan 3.31. Chiing minh h2, hZ, h? 14 cAc nghiém clia phuong trinh
e [(102 + 72 +4Rr>2 _2p r}tg
2R
A2 9p22
o~ e (P 4R |-

2ptrd

RQ

Ching minh.
T nhan xét 1.2 cho phuong trinh (3.30) ta c6 diéu phai ching minh.

Bai toan 3.32. Chung minh A, + hy, by + he, he + hy 1& cac nghiém cua
phuong trinh

2 214 2 2,44 2 92
tg_p +r* + th2+[(p +r + Rr) N pr}t
R 2R R?
2 2.2
[P 2, 2 A
[R2(p +r +4Rr) R] 0
Chitng minh.

Tu nhan xét 1.3 cho phuong trinh (3.30) ta c6 diéu phai chitng minh.

Bai toan 3.33. Chiung minh h.hy + hyhe, hyhe + hehg, hehg + hohy 1a cac
nghiém ctia phuong trinh

B 4]927"t2 (4p4r4 N 20%r p? + 12 + 4Rr)t
R R? R 2R
(4p47°4 N 2p47“3 p2 +r2 4 4R7“> _0
R? R? 2R N
Ching minh.

Tu nhan xét 1.4 cho phuong trinh (3.30) ta c6 diéu phai chitng minh.
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Bai toan 3.34. Ching minh h,hy, hyh., hehg 12 cde nghiém cta phuong trinh

22 2.2 .2 2 4R 444
W, PP AR At

43
R R 2R R?

=0

Chitng minh.
Tu nhan xét 1.5 cho phuong trinh (3.30) ta c¢6 diéu phai chitng minh.

Bai toan 3.35. Chiing minh r,, 1, 7. la cdc nghiém ctia phuong trinh
5 — (4R + 1)t +p’t — p*r =0 (3.31)

Chitng minh.

r 1
Ta ¢6 r4(p — a) = pr nén r, = L thay t = .— vao phuong trinh
p—a p—apr

ta dugc diéu phai chitng minh.

(3.27), va bién doi theo

p—a
o4 , N o, .
Bai toan 3.36. Chiing minh —, —, — la cac nghiém cta phuong trinh
Ta To Tc
1 4R 1
Byt (3.32)
r p4r p-T

Ching minh.
Tu nhan xét 1.1 cho phuong trinh (3.31) ta ¢6 diéu phai ching minh.

Bai toan 3.37. Chiing minh 72, 7“2, 72 14 cAc nghiém clia phuong trinh
t* — [(4R + r)? — 2p?|t* + [p* — 2p*r(AR+ )]t — p'r* =0 (3.33)

Chitng minh.
T nhan xét 1.2 cho phuong trinh (3.31) ta ¢6 diéu phai ching minh.

Bai toan 3.38. Ching minh r, + rp, 1 + ¢, e + 74 1la nghiém ctia phuong
trinh

2 —24R+ 1) + [AR+7) +pt —p*A4R+7)+p*r =0  (3.34)

Chiing minh.
Tu nhan xét 1.3 cho phuong trinh (3.31) ta c¢6 dieu phai chitng minh.
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Bai toan 3.39. Chiung minh r,ry, + ryre, 7pre + 1era, rela + ToTp 12 nghiém

cua phuong trinh
35— 2t + ' + p*r(4Rr + )]t — p'r(4R +1r*) =0

Ching minh.
T nhan xét 1.4 cho phuong trinh (3.31) ta ¢6 diéu phai chiing minh.

Bai toan 3.40. Chiing minh r,ry, rpre, 7er, 1a nghiém ctia phuong trinh
3 — p** + p*r(4Rr + 1)t —p'r =0 (3.35)

Chiing minh.
Tu nhan xét 1.5 cho phuong trinh (3.31) ta ¢6 diéu phai ching minh.
1 11
Bai toan 3.41. Ching minh —, —, — 1a cac nghiém cta phuong trinh
a Ty Te
s _ PP 2(AR+7) L @R+ r)? — 2, 1

t p2r2 p47’2 p4742

—=0

Chitng minh.
Tt nhéan xét 1.1 cho phuong trinh (3.33), hodc nhéan xét 1.2 cho phuong trinh
(3.32) ta c6 dieu phai ching minh.
1 1 1

Bai toan 3.42. Ching minh , ,
Tea+1Tp Thp+7Tc T+ 7Tq

la cac nghiém cua

phuong trinh

5 (4R+r)+p’ 2 2(4R + 1) L 1 0
pP?(A4R + 1) — p?r AR+ 1) —p?*r  p*(AR+71) —pPr
Chiing minh.
T nhan xét 1.1 cho phuong trinh (3.34) ta c6 diéu phai chiing minh.
1 1 1
Bai toan 3.43. Ching minh , , la cac nghiém ctia phuong trinh
Talb ToT'c Tala
AR 1 1
t - 2+Tt2+ 22t =3 =0
pr pr pr

Chiing minh.
Tt nhan xét 1.1 cho phuong trinh (3.35), hodc nhan xét 1.5 cho phuong trinh
(3.32) ta c6 diéu phai chiing minh.
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Bai toan 3.44. Chiing minh m2, m?, m? 1a cac nghiém ctia phuong trinh
£+ amt® + Bt + Ym =0 (3.36)
Trong do:
= —g(p2 — 1% — 4Rr);

B = (412 + ARr) — O Rr-

16
_1 2 .2 3_2 2 .2 2 2 2
Ym = 2( r* — 4Rr) 16(p r* —4Rr)(p” + 1" +4Rr)

27
— 16p*Rr + Zp2R27"2;

Chiing minbh.
Ta chi can ching minh:
mZ+m? +m?=—ay, (3.37)
m2m; +mim? +m*m? = B, (3.38)
MamMymg = (3.39)

1. Ta chiing minh (3.37). Theo cong thiic trung tuyén ta ¢

5 2(0* + %) — a® 2_2(02+a2)—b2. 2_2(a2—|—b2)—c2.
ma_ 4 7mb_ 4 7mc_ 4 9

3
:>m2+mg—|—mg:1(a2—|—b2—|—02).

Ap dung tinh chét 1.2 cho phuong trinh (3.13) ta dugc
a?+ b0+ = (=2p)° — 2(p* + 2 + 4Rr) = 2(p* — r* — 4Rr).
2. Ta ching minh (3.38). Ta c6

s o 2(a®+ b0+ c*) —3a*2(a® + b* + ) — 3V
4 4 '

1
Dit a® + b* + ¢ = M, suy ra m2m} = E(4M2 — 6Ma® — 6Mb* + 9a?b?).

a

Twong tu, ta co

1
mim? = 1—6(4M2 — 6Mb* — 6Mc* + 9b*c?).
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1
m2m? = 1_6(4M2 — 6Mc* — 6Ma® + 9ca?).

Hay
2

2 2,2 2
m,my, + mym, + m_.m

2 _
L=

1
= 1—6(12M2 — 12M(a* + b* + ¢*) + 9(a®b* + b°c? + *a?))

9
= 1—6(a2b2 + b2 + ca?).

Ap dung tinh chét 1.7 cho phuong trinh (3.13) ta dudc

a?b? + b*c? + fa® = (p* +r? + 4R7’)2 — 16p°Rr.

Suy ra
9
mimi + mim? +m?m? = 1—6[(]72 + 7+ ZLR?“)2 — 16p°Rr]
9
= 1—6(p2 + 72 + 4R7“)2 — 9p*Rr = B

3. Ta ching minh (3.39). Ta c6

1
m2mim? = a(2M —3a*)(2M — 3b*)(2M — 3c%)

1
= 6_4[ - 4(@2 + b2 + 02)3 + 18(&2 + b2 + 02)((1262 + b262 4 C2CL2) _ 27@2[)202]

Ap dung dinh ly Viete cho phuong trinh (3.13) ta dugc abe = 4pRr.
Ap dung tinh chét 1.2 cho phuong trinh (3.13) ta dudc

a?+ b0+ = (=2p)° — 2(p* + 2 + 4Rr) = 2(p* — r* — 4Rr).
Ap dung dinh 1y Viete cho phuong trinh (3.13) ta dugc
a*b® 4+ b2t 4 *a* = 2(p® +r* + 4R7’)2 — 16p*Rr.

T dé ta duge (3.39).
T (3.37), (3.38), (3.39) ta dugc (3.36). Vay bai toan duge chiing minh.
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Bai toan 3.45. Chiing minh /2,12, [? 14 cac nghiém ctia phuong trinh

4ot + Bt +v =0

Ching minh.
Ta chi can ching minh
P+ +12=—q (3.40)
I+ B2+ 1212 = By (3.41)
PII2 = — (3.42)

1. Ta chitng minh (3.42). Stt dung cong thitc duong phan giac
2 — 4bep(p — a)' 12— Aeap(p — b). 2 4bap(p — c¢)
" (b+¢)” ’ (c+a)? ~° (a +b)*

Tu do6 ta co
a2b262p252

[(a+b)(b+c)(c+a)

Ap dung dinh 1y Viete cho phuong trinh (3.13) ta dugce abc = 4pRr
Ap dung dinh ly Viete cho phuong trinh (3.18) ta dugc

2171 = 64

(a+b)(b+c)(c+a) =2p(p* + 1+ 2Rr).

256p* R?rt
Suy ra 21212 = P 5 =~
(p?> +1r2+2Rr)
2. Ta ching minh (3.40). Ta c6

p—a p—>b p—c

+ -
a(b+c)’  blc+a)’  cla+ b)Q]
b+c—a+a+c—b+a+b—ﬁ
a(b+c¢)*  blc+a)  cla+Db)

1 1 1
_5
Pabell o oo Tav e T an oo
— ( )l (3.43)

2+ 12 + 1% = 4pabc]

1 n 1 n 1
(b+ 0)2 (c+ a)2 (a + b)2

Ap dung dinh 1y Viete cho phuong trinh (3.22) ta dugc

1 1 1 2+ v2 4 ARr)’ + 8p°R
+ + _ Wt AR AR
ab+ac bc+ba  ca-+ch 8p?Rr(p?> + 12+ 2Rr)
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Ap dung dinh ly Viete cho phuong trinh (3.23) ta dugc

N B _[5ﬁ+w?+yw]2 4
(b+¢)’  (ct+a)® (a+b)? 2p(p*+72+4Rr)  p?+r2+ 4Ry
(3.45)
Thay (3.44), (3.45) vao (3.43), két hop véi abe = 4pRr, ta duge
CAlG+ 12 =
(p® + r2 + 4Rr)* + 8p?Rr 5p* + 12 +4Rr
= 2p.4pRr| 5 —( )
8p?Rr(p* 4+ r? 4+ 2Rr) 2p(p? + r? + 2Rr)
4
* p?+1r2+2Rr
P+t ARr)” + 8p*Rr B 2Rr(5p2 +r? 4+ 4R7°)2 N 32p°Rr
N p?+ 12+ 2Rr p?+1r2+2Rr p?+1r2+2Rr
(P AR 2Rr(5p2 +r2 4Rr)2 L AR
-~ p*+r2+2Rr p?+r2+2Rr P+r24+2Rr
Vay (3.40) dugc ching minh.
3. Ta chitng minh (3.41). Bién doi
1 1 1
I+ G2+ 122 = lil?lf(l—z + 5t ) (3.46)
a b c
Ma
L1 1 (b + ¢)? (c+a)? . (a +b)’
20 12 Apbe(p—a)  dpca(p —b)  4pab(p —c)
1 ab+ ¢’ bc+a)’ N cla+ b)2] (3.47)
dpabe” (p—a) ~ (p—0b)  (p—¢) '
b+c)? b 2 b)?
pat [ = A" beta)  clat b o
p—a) (=0  (p—0
L = 2abc( ! + ! + ! )
p—a p—>b p—c
b c a’ b 3
P+ A (—— +—— 4 bt —)
p—a p—b p—c'p—a p—-b p-c

Ap dung dinh Iy Viete cho phuong trinh (3.27) ta dugc

1 1 1 AR +r
L, = + + = :
p—a p—b p—c pr
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Mat khac ta c6

2 2, 32, 2
— b
P R p_c+c) (a® + b + %)

) — (a* +b* + &)

R—r

= pLs — (a* + V* + %) = pdp — 2(p* —r® — 4Rr)

R R
— 4p* = — 4p* — 2p* + 2r* + 8Rr = 4p*— — 6p* + 2r* + 8Rr
T r
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Thay Ly, Lo, Ly vao L, ta dugc

AR AR R
l +2(p? —r* — 4R7“)(7 —2)— 4p2? + 6p* — 2r* — 8Rr

L =24pRr
pr

R
= 32R? + 8Rr + 8p*— — 8Rr — 32R? — 4p* + 4r* + 16Rr
T
R
— 4p*— + 6p* — 2r* — 8Rr
T

R

= 4p*— + 8Rr + 2p* + 212
T

20°R + 4Rr? 4 p?r + 13

r )

Thay L vao (3.47), sau d6 thay (3.47) vao (3.46), két hop véi (3.42) ta dugc

:2(

256p* R2r# 1 2(2p2R +ARr? + p’r + 13
(P2 + 12+ 2RT)2.4P-4PR7“' T
20°R + ARr? 4+ p*r + 13 5
= —0j.

(P2 + 12+ 2Rr)2

PIE+ G2+ 1212 =

)

= 32pRr.

3.3 Mot sé phuong trinh luong giac dua ducc ve
phuong trinh bac ba dai s6

Bai toan 3.46. Giai phuong trinh

3

sin®z — V3 cos® = sinz cos? & — V3 sin? z cos x

Chi dan: Dé thay cosx = 0 khong phai 13 nghiém ctia phuong trinh.
Chia cd hai vé ctia phuong trinh cho cos z ta dudc:

tan®x + V3tan?z — tanx — V3 =0

Dat ¢t = tan z, thi phuong trinh tré thanh: B 4+3t2—t—/3=0
Day 1a phuong trinh bac ba dai s, c6 ba nghiem la —/3 va +1.

Bai toan 3.47. Giai phuong trinh:

sin®z(tanx + 1) = 3sinz(cosz — sinz) + 3.
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Chi dan: Diéu kien: x # g + km,k € Z. Phuong trinh da cho tuong

duong véi:
sin 2(sin x + cosz) = 3sinz cosz(cosz — sinx) + 3sinz
R6 rang cosx = 0 khong phai 14 nghiém ctia phuong trinh. Chia ca hai vé
ctia phuong trinh trén cho cos® z ta duge phuong trinh:
tan® z + tan”’ r — 3tanx + 3tan*x — 3(1 + tan*x) = 0
Dit t = tanz, khi d6 ta duge: 3 + t2—-3t—3=0. Day la phuong trinh bac
ba dai s6 ¢6 ba nghiém 13 —1 va +/3.
Bai toan 3.48. Giai phuong trinh
8 cos® (x + g) = Ccos 3.

Chi dan: Phuong trinh tuong duong véi
8 (% Cos T — \/gsinx) = 4cos®x — 3cosx
& \/gsin?):c + cosd x + \/§COSstinx —3cosxsin?x —cosz =0
Do cosx = 0 khong phai 14 nghiém ciia phuong trinh nén chia ca hai vé ciia

phuong trinh cho cos® z 1di dit ¢t = tan x ta dudc phuong trinh:
V3 4+ 1+ V3t =32 =112 =0
Phuong trinh nay cé ba nghiém la 0, ? va /3.
Bai toan 3.49. Giai phuong trinh
sinz 4 cosx — 4sin®z = 0

Chi dan: Do cosx = 0 khong phai 14 nghiém ciia phuong trinh nén chia

ca hai vé ctia phuong trinh cho cos® z ta duge phuong trinh:
tan (1 + tan”z) + 1 + tan’z — 4tan’ z = 0

Dit t = tanz, khi d6 ta duge phuong trinh bac ba: 3t3 — 2 —t —1 =0 ¢6
mot nghiém bang 1.

Thong thudng véi cac phuong trinh luong gidc dang cap bac ba véi sinz
va cosz thi ta déu c6 thé dua duge vé phuong trinh bac ba dai s6 dé giai.
Sau day 1a mot s6 phuong trinh lugng giac déi xitng véi sinx va cos
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Bai toan 3.50. Giai phuong trinh
1 +sin®z + cos®z = §sin2x
Chi dén: Phuong trinh da cho tuong duong véi

1+ (sinx + cosz)(l —sinzcosx) — 3sinzcosz =0

Dat t =sinxcosx (t < ‘\/5’), phuong trinh tré thanh:

2 —1 2 —1
1+t(1— 5 ) -3 =0t +3t2—-3t—5=0
Giai phuong trinh nay ta chi nhan dugc mot nghiém ¢ = —1 théa man.
Bai toan 3.51. Giai phuong trinh

sin®x — cos® z = 1.

Chi dan: Phuong phap tuong ty bai toan 3.50 ta dua vé phuong trinh
bac ba: 3 — 3t +2 = 0.
Sau day 14 mot so bai tap tuong tu:

Bai toan 3.52. Giai phuong trinh
4sin®z + 3cos®z — 3sinz —sin®x cosz = 0.
Bai toan 3.53. Giai phuong trinh

\/§sin3 <SC + %) = 2sinx.
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Két luan

Luan van nghién citu phuong phap gidi va cic tinh chat nghiém ctia phuong
trinh bac ba tong quat trén tap hop sé thuc, dong thoi dua ra phuong phap
giai phuong trinh bac bén tong quat bing cach dua duce vé phuong trinh
bac ba dé giai.

Bén canh d6 luan van ciing trinh bay dude mot s6 ing dung clia phuong
trinh bac ba vao gidi mot 16p cac he phuong trinh dai s6, gidi quyét cac bai
toan vé phuong trinh bac ba véi cac nghiem 1a cac yéu t6 do dai trong tam
gidc va mot s6 cac phuong trinh Iugng giac gidi dude bang cach dua duge ve
phuong trinh bac ba dai sb.

Huéng nghién citu tiép theo ciia dé tai nay la nghién citu cac tinh chat
nghiém ctia phuong trinh bac ba trong tap hop s6 phiic va ting dung clia né
vao cac linh vuc bat ding thic va cac bai toan cuc tri trong hinh hoc va

lugng giac.

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/
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