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BAI TOAN HINH HOC PHANG
QUA CACH GIAI BANG GOC PINH HUONG

NGUYEN LAI

Cai kho, khong thay duoe gidi né bang goc dinh huong.
Khi dé thdy , ta thdy todn hoc sao ma hdp dan la!

I. CAC PINH NGHiA ,
1. Goc dinh hwong cua hai vecto chung goc.

Ki hiéu (O—Aﬁ) . OA:la vecto dau; OB : 1 vecto cubi.
sd (&ﬁ): a+k27; hoic sd(&,ﬁ)s a (mod 27). Trong d6 goc AOB = a (0<a <2rx)
la goc khong dinh hudng.

2. Géc dinh hwéng ciia hai vecto khong chung goc.
Cho hai vecto AB, CD ( déu khac vecto khéng). Liy diém O dung OM = AB, ON =CD
Ta co sd(A—B,C—D) = sd(O—M,W) =a+k2r

3. Géc dinh huéng ciia hai dwong thang.

Ki hiéu: (a, b). a 12 duong thang du; b 1a duong thang cudi.

sd(a, b) = o+ kr ,hay sd(a,b)= a (modr) . trong d6 « 14 goc khong tu ciia goc hai duong thang a va b
khong huéng.

II. CAC TINH CHAT.

1.(AB, CD) = (4B,CD) ; (AB, CD) = (4B,DC) (mod ) ;.(AB, CD) = (BA,CD) (mod )

2.Hai dudng thang a , b tring nhau hoic song song khi va chi khi (a,5)= 0 (mod )

3.Hai duong thang a , b vuéng goc nhau khi va chi khi (a,b) E% (modr)

4.Goc (a, b) = - (b, a)(mod 7)

5.Heé thirc Sale : (a, b) = (a, ¢) + (c; b).(mod 7).

6. Hi§u (a,b) = (¢, b)—(c, a).

I11. U’l\{G DUNG

+Ba diém thang hang.

-Ba diém A, B, C thang hang khi va chi khi (AB,AC) = 0 (mod ).

-Ba diém A, B, C thang hang khi va chi khi (AB,AM) =(AC,AM)(modz) (M tiy ).
+Hai dwong thing vudng géc.

Hai duong thang AB, CD vudng goc khi va chi khi (AB,AC) = 5 (mod;r)

+ Hai diém d6i xirng qua truc.

Hai diém A,A’ d6i xting qua truc BC khi va chi khi (AB, AC) = (A’C, A’B) (mod 7).
+ Géc ndi tiép va goc & tam : M, A, B ¢ trén duong tron (O):

(MA,MB)= %(O—Aﬁ)s (BA,BT) (mod ),  trong d6 BT 1a tiép tuyén cua (O) tai B.

+Bon diém cung nam trén duong tron.
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-Bén diém A, B, C, D cung nam trén duong tron khi va chi khi (AB, AD) = (CB,CD) (mod )
-Hé qua: Tap hop diém M nam trong mit phiang chira tam giac ABC thoéa man:
(MA, MB) = (CA,CB) (mod ) 1a duong tron ngoai tiép tam gidc ABC.
+G6c ciia hai duong thing cé cac canh d6i mot vudng géc.
Tacé AB L EF,CD 1 HG khi va chi khi (AB,CD) = (EF; HG)(mod 7).
+ Tap hop diém
-{M /(MA,MB) = a:(mod )} = cung tron chita goc « qua A, B.
- {M /(MA, MB) = —a(mod 7)} = cung tron khong chira goc a qua A, B.
IV. BAI TAP MINH HQA
A.Phwong phdp phitng minh hai duong thing song song ,ba diém thing hang.
+ Hai duong thang a, b cting phurong khi va chi khi (a, b) = 0(mod 7).
+ Hai duong thang a, b cing phuong khi va chi khi (a;c) = (b, ¢)(mod 7 ), duong thang ¢ tiy ¥
+ Ba diém A, B,C thang hang khi va chi khi (AB,AC) = 0 (mod 7).
+ Ba diém A,B,C thang hang khi va chi khi (AB,EF) = (AC,EF)(mod 7 ), duong EF tuy .
Bai 1. Cho hai dwong tron (O) va (O’) cat nhau tgi A, B. Hai ¢t tuyén bat ki D, D’ lan lugt qua 4, B
cat (O) va (O’) lan luot tai M, M’ va N, N’'.Chung to MN//M’N".
HD. Tac6 (MN,MA) = ( BN,BA) (mod ). (1) . vi (AMNB) ndi tiép
(M’AM’N’,) = (BA,BN’) (mod 7). vi (AM’N’B) ndi tiép
< Hay (MAM’N’) = ( BA,BN) (mod 7). (2)
Cong (1) va (2) theo Sale ta c6: (MN,M’N’) =0 = MN/M’N’

Bai 2. (Puong thing Simson) .
Dé diém M nam trén duong tron ngoai tiép tam gidc ABC khi va chi khi
cdc hinh chiéu ciia M lan lwot xuéng ba canh tam gidc ABC thang hang .
HD. Gia st E, F ,H lan luot 13 hinh chiéu cia M xuéng canh BC, AC, AB. Ta
co
E,F,H thang hang < (HE,HM) = (HF, HM )(mod )
< (CE,CM) = (HF, HM )(mod(r) . (vi HMEC nbi tiép)
< (CB,CM) =(AB, AM)(mod 7) (HMFA noi tiép)
< AMBC ni tiép
< M e Vong ngoai tiép tam giac ABC.

B. Phwong phdp chitng minh hai dwong thing vuéng goc.
+Hai duong thing AB, CD vudng goc khi va chi khi (AB,AC) = %(mod ).

{aJ_b
+ sdlb.
(a,c) =(d,c)(mod r)

Bai 1. Hai ddy cung AB, CD ciia duong tron (O) vudng géc nhau tai P. Chitng minh trung tuyén PM
cua tam giac BPC la duong cao cua tam giac PAD.
HD.Ta c6 (PM,AD) = (PM, PC)+PC, AD) = (PM, PC)+(DC, DA).
Vi tam gidc PMC can tai M nén (PM, PC) = (CP, CB) = (CD, CB)= (AD, AB).
g thay vao (1) ta c6 (PM, AD) =(AD, AB)+(DC, DA) = (DC, DA) +(DA, AB)

="

Cc
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= (DC,AB) = %(mod )

Suyra (PM, AB)= %(mod 7)=PM L AD.

Bai 2. Cho hai vong tron (O) va (O’) cdt nhau tai A, B. Mét diém M heu déng trén (O) . MA va MB cit
vong (O’) tai Cva D. Chitng minh MO L CD.
HD. Tai M k& tiép tuyén vong (O)
Ta c6 (MA, MT) =(BA, BM) (mod z) (1)
Xét vong (O°) ta ¢6 (BA, BD)=(CA, CD)(mod ) (2)
hay (BA, BM)= (MA, CD)(mod ) (3)
Tir (1) ,(2), (3) ta c6 (MA, MT)=(MA, CD)(mod ) = CD// MT
Ma MT 1 MO = MO L CD

Bai 3. Cho tam gidc ABC. Vé phia ngoai né ta dung cdc tam gidc déu ABE, ACF. Goi G la tdm tam
gidc ABE va K ld trung diém cua doan EF. Ching minh rang tam gidc KGC vuéng va cé mot géc 60°.
L&i gidi .Dyng diém P sao cho EGFP 1a hinh binh hanh

Ta chung minh tam gidc CGP can tai C.
Xét hai tam giac GAC va CPF ¢c6 EG=PF= AG = PF (1).
CA =CF (2).
Mit khac (FP,FC) = (GE,FC)(mod r).
Vay (FP,FC) =(GE,GA)+(GA,CA) +(CA,FC) (mod )

Chon (AB,AC) la goc duong ,ta co
Ta c6 (GE,GA)=-—; (CA,FC) =(CA,CF)(modz)=—

Vay (FP,FC) = (-? +GA,CA) +§)(mod 7)=(AG,AC) (mod 7) = /GAC = /PFC (3).

T (1),(2), (3) = AGAC = ACPF = CG = CP ,nén tam giac can GCP c6 trung tuyén CK ciing vira 1a
dudng cao ,hay tam giéc KGC vuodng tai K,

Mit khac ta c6 GCA = PCF = GCA+ ACP = PCF + ACP, hay GCP = ACF = 60°

Do d6 KGB = 60"

Bai 4. Cho tam gidc ABC ngi tiép dwong tron (0). M N la mot dwong kinh cua (O). Chimg minh rang
cac duong thang Simson tam giac ABC vng voi hai diem M, N thi vuong goc nhau.

HD. Goi X, Y la cac hinh chiéu cua M trén AB , BC theo thir tu va Z, T la cac hinh chiéu cu N trén AB,
BC theo thir tu . Ta cﬁp chimg minh XY L ZT . ‘

That vay ta thay bd bon diem M, B, X,Y va N, B,Z, T dong vién .

Ta co (XY,ZT) = (XY ,MY) + (MY, NT) (mod r).

= (XY,ZT) =(XB,MB)+ 0+ (NB,ZB)(mod i)

= (XY,ZT)=(NB,MB)(modr) (vi XB,ZB trung nhau )

= (XY,Z7) = g(modn) ( Vi MN la dwong kinh cua (O)).
Suyra XY LZT

1z
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C. Phuwong phdp chitng minh cdc diém dong vién(cing nam trén mot dwong tron).

-Bén diém A, B, C, D cung nam trén duong tron khi va chi khi (AB, AD) = (CB,CD) (mod )

-Hé qua: Tap hop diém M nam trong mit phang chia tam giac ABC thoa min
(MA, MB) = (CA,CB) (mod 7 ) 1a duong tron ngoai tiép tam gidc ABC.
Bai 1.Cho hai dwong tron cdt nhau tai A va B.Ké mot cat tuyén MAN .Cdc tiép tuyén tai M va N véi
duong tron cdt nhau tai C, Chung minh rcfng bén diéem M, N, C, B cung nam
trén mot duong tron.
HD.Vi MC 1a tiép tuyén nén ta c6 (BM, BA)=(MC, MA)(mod ) (1)

Vi NC 1a tiép tuyén nén (BA, BN)=(NA, NC)(mod z) (2)

Cong (1) va (2) ta c6 (BM, BN)=(MC, NC)=(CM, CN))(mod r )
Vay bdn diém C, B, M, N cung nam trén dudng tron.

Bai 2. Cho tir gidc ABCD ndi tiép trong dwong tron . A, C,, B, D, la hinh chiéu A, C va B, D xudng
BD, AC. Chitng minh A B.C,D, la ti gidc néi tiép.

HD. Vi 4BA B, ndi ti€p nén ta cd (B,4,,8,4) = (BA4,B4) (modz) .(1)
Vi ABCD noi tiép nén (BD,BA)=(CD,CA) (mod ).
Hay (B4,B4)=(CD,CA)(modx). (2)

Vi CDD,C, ndi tiép nén (CD,CD,) = (C,D,C,D,) (mod 7).
hay (CD,CA)= (C,4,,C,D,) (modx). (3).

Cong (1) ,(2),3) tacd (B,4,B,4)=(C,4,CD,) (modr).
= AB,C,D, 1a tir gidc noi tiép.

Bai 3. Diém doi xitng ciia truc tam H qua ba canh ciia mét tam gidc ABC thi nam trén dwong tron
ngoai tiép tam gidc ABC.

HD. Goi H’ 14 diém dbi xtmg cua H qua BC

Ta c6(AC,AB) = (HB,HC)(mod z) ( Géc c6 canh twong (g vudng goc
(HB,HC) = (H’C,H’B) (mod z) ( Hai goc ddi ximg qua BC)

= (AC,AB) = (H’C,H’B) (mod z) < H’ABC noi tiép hay H'evong ABC

Hé qua. Ba vong doi xitng véi vong ngoqi tiép qua ba canh tam gidc thi qua truc tam H

Bai 4. Cho M, N, P lan luot la ba diém trén ba canh AB, BC, CA cua tam gidc ABC.

Chung to rang ba duwong tron (AMP), (BMN),;(CNP) c6 mot diém chung.
HD.Gi4 st hai vong (BMN) va (CNP) cdt nhau tai H

ta c6 BMHN ndi tiép nén : (BM;BN) = (HM,HN) (mod ) (1)

ta c6 CNHP noi tiép nén: (CN,CP) = ((HN,HP)(mod 7)

hay (BN,CP) = ((HN,HP)(mod z) (2)

Cong (1) va (2) ta c6 (BM,CP) = (HM,HP) (mod z) = AMHP néi tiép .
Hay vong (AMP) di qua H. = diéu phai chimg minh.
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Bai 5. Cho tam gidc ABC va mét diém P bt ki trong mdt phang ciia tam gidc. Chitng minh rang cdc
vong tron doi xirng ciia ba vong tron ngoai tiép cdc tam gidc PAB, PBC, PCA qua cdc canh AB, BC,
CA c6 mét diém chung.
HD. Goi Py, P,, P; 12 diém d6i xtmg cta P qua AB, BC, CA va Q 1a giao diém thtr hai cta hai vong
(P1AB) , (P,BC).
Vi tinh chat doi xiing nén ta c6 (P, A, P,B)=-(PA, PB)(mod 7 ) .(1)
(P,B, P, C)=-(PB, PC)(mod r). (2)
(P;C, P;A)=-(PC, PA)(mod ) .(3)
Céac diém Py, A ,B, Q dong vién ,ta c6 (QA, QB)=(P; A, P;B)(mod 7) .(4)
Céc diém P,, C ,B, Q ddng vién , ta c6 (QB, QC)=(P, B,P,C)(mod ) .(5)
Cong (4) va (5) ta co(QA, QC) = (P,A, PB) + (P, B, P, ©)
=- (PA, PB) - (PB,PC)=- (PA, PC).(6)
Tix (6) va (3) ta c6 (QA, QC) =(P;A, P; C) (mod z) =P3, Q, A, C dong vién.
Suy ra diéu phai ching minh.

D. Phuwong phap chirng minh tiép tuyén dwong tron.

+ AT 1a tiép tuyén duong tron ngoai tiép tam giac ABC khi va chi khi (AT, AB)=(CA, CB) (mod ).
Bai 1. Cho tam gidc cin ABC dinh A. Mt diém M di chuyén trén dwong tron ngoai tiép tam gidc ABC .
Puwong thang AM cat cat BC tai P.

1. Chitng minh rang cdc vong tron ngoai tiép cia tam gidc BMP va CMP tiép xiic véi AB va AC lan
lwot tai B va C.

2.Tim tdp hop tam cua cac duwong tron BMP va CMP.

HD. Vi A,B.C.M dong vién nén (BA, BM) = (CA, CM)

= (CA, CB) + (CB, CM) (1).

Theo gia thiét tam gidc ABC cén tai A nén ta co

(CA, CB)=(BC, BA) (mod ) (2)

(CB, CM)=(AB, AM) (mod ) (3)

Tu (1) ,(2),(3) ta co(BA, BM) = (BC, BA) + (AB, AM) = (BC, AM)

= (BA,BM) = (PB, PM)(mod ) = BA 14 tiép tuyén vong ngoai tiép tam
gidc PMB .

Tuong tu AC 14 tiép tuyén cua vong ngoai tiép tam giac CMP tai C

2.Gia sur I 1a tim duong tron ngoai tiép tam giac BMP nén I 1a giao diém
duong trung truc canh BP va duong thang A cb dinh vudng goc AB. Khi
M luu dong trén duong tron (ABC) thi P luu dong trén BC, suy ra I luu

5

dong trén A )

E. Phuong phap tim tap hgp diém.

+Tap hop diém M nam trén vong (ABC ) khi va chi khi (MB, MC) = (AB,AC) (mod )

+{M /(MA,MB) = a(mod )} = cung tron chira goc a qua A, B.

+{M /(MA,MB) = —a(mod )} = cung tron khong chtra géc « qua A, B.

Bai 1. Cho tam giac ABC. M la mot diém e dong trén canh BC. Hai vong thay doi qua M ,tiép xiic
voi AB, AC, lan luot tai A,B cat nhau tai I.Tim tdp hop diém I khi M thay doi.

HD.Vi AB 12 tiép tuyén vong (O;)

= (IB,IM) = (BA,BM) = (BA,BC) (mod ) (1)

Vi AC 1a tiép tuyén vong (O,)

= (IM,IC) = (CM,CA) = (BC,CA) (modz) (2)

Cong (1) va (2) ta c6 (IB,IC) = (AB,AC) (mod r)

— ABIC ndi tiép . Vay tap hop diém I 14 vong ngoai tiép tam giac ABC.

&%
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Bai 2. Cho duong }‘rdn (0) va (O°) ¢6 ban kinh R va R’ cdt nhau tai A, B. Mot diém M luu dong trén
(O) . MA va MB cat duong (O’) tai C va D. Tim tap hop trung diém I cua CD khi M luu dong trén (O).
HD. Ta c6 (AD, AC)=(AD, BM)+(BM, AC)

m Ma (AD, BM)=(AD,BD) = —(0 A,0'B) =(0’°0;0’B)(mod )

(BM, AC)=(MB,MA) = E(OB,OA) = (0B,00")(mod 1) .

Do d6 (AD, AC) = (0°0;0’B)+(0B,00') = (OB, O’B).(mod 7).
hay (AD, AC) =-(AO;AO’) (mod 7).

Dit goc L CAD = a = ZOAO'= a khong doi.

Do d6 d dai CD khong doi = CD =2Rsina . Nén khoang cach 0'I = Rcosa .

Vay tap hop trung diém I 1a dudng tron tdm O’ ban kinh bang R cos a

Bai 3. Cho tam gidc ABC nhon , tryc tim H va f1a mot dudng thang tiy ¥y qua H. Goi f., £,, /. 1an luot
1a cac duong thang ddi xing voi f qua cac duong thang BC, CA, AB . Ching minh rang f., f,, /. dong
qui tai mot diém trén dudng tron ngoai tiép tam giac ABC ( Bun garian 1999).

— By

/ Giai . Goi 4,,B,,C, theo thir ty 1a cac diém dbi xtimg véi H qua cac
duong thang BC, CA, AB khi d6 d& dang chirng minh duoc

| 4,,B,,C, thudc (ABC) , ngoai ra

Ve (£ f,)=(£3BC)+(BC;CA)+(C4; f,) (modr)

=(BC; [)+(BC;CA)+(f:C4) (modz)

2(BC; f)+(BC;CA)+(f;CA) (modr)

Suyra f, N f, €(4BC) tuongtytacingcd f, N f. €(4BC), f,N f.e(4BC)

Tir d6, do mot dudng thing va mot dudng tron cit nhau tai nhiu nhat hai diém , suy ra diéu phai

chung minh..

Bai 4. (Thi HSG 2006-Bdng A). Cho tir gidc 16i ABCD. Xét mt diém M di dong trén dwong thang AB
sao cho M khéng tring véi A va B . Goi N la giao diém thir hai khdc M cia dwong tron di qua ba diém
(M, A, C) va duong tron di qua ba diém (M, B, D) . Chung minh:

1. Diém N di dong trén dwong tron cé dinh .

2. Puong thang MN luén di qua mot diém co dinh

HD. 1) Goi I 14 giao diém ctia hai dudng chéo 16i ABCD .Xét cac goc dinh

hudng ,ta c6 (CLLCN) = (CA,CN) = (MA,MN) = (MB,MN) = (DB,DN)
(DLDN) (mod ) (1).
Vay (CL,CN) = (DLDN) (modn) =C, I, D, N dong vién. Do d6 diém N di
dong trén dudng tron ¢b dinh (C,D,])
2. Pudng thang qua I ,song song vdi AB cit duong thang MN tai K (goi la t) .
Vi (MA,MN) = (KLKN)(mod ) . Do do bbn diém C,I,K,N dong vién . hay
diém K nam trén duodng tron 6 dinhqua C, D, I, N Piém K la giao diém
duong thang t ¢b dinh va dudng tron (C,D,T) ¢b dinh nén duong thang MN
ludn di qua diém K c6 dinh.

BAI TAP PE NGHI
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Bai 1. Trén mot dudng tron ldy bon diém A, B, C, D. Cac duong tron duong kinh BA va BC, BC va
CD, CD va DA, DA va AB cit lai nhau lan luot tai B>, C’, D’ A’ . Chtrng minh r?mg bon diém A’,B’,
C’, D’ cung nam trén mot dudng tron
Bai 2. Cho tam gidc ABC véi truc tim Hnooij tiép trong duong tron tim (O). Goi 4,, 4, theo thir tu 1a
diém d6i xtimg v6i H qua BC va trung diém BC. Cac diém B,,B,,C,,C, duoc xac dinh mét cach twong
tw. Chirng minh rang 4,,B,,C, nam trén duong tron (O).
Bai 3. Hai day cung vuong goc AB va CD ctia mot duong tron cat nhau tai P. Chimg minh rang trung
tuyén cta tam giac PBC 1a duong cao cta tam giac PAD.
Bai 4. Cho tir giac ABCD noi tiép trong dudng tron (O). Goi E, F, G theo thir ty 14 giao diém cua céc
cip dudng thawngrAB va CD, BC va DA, AC va BD. Cac dudng tron (DAE), (DCF) cat nhau tai diém
thtr hai H. Phan giac ctua goc AHB cit AB tai |, phan gidc cua goc DHC ¢t CD tai J. Chiing minh
rang I, G, J thang hang.
Bai 5. Cho mot tam giac can ABC dinh A. M6t diém M thay d6i trén dudng tron ngoai tiép tam giac
ABC. Puong thang AM cat BeC tai P
1. Chtng minh rang cac dudng tron ngoai tiép ciia tam giac BMP va CMP tiép xiic véi AB va AC
tai B va C.
2. Tim tap hop cac tdm cua cac dudong tron BMP va CMP.
Bai 6. Goi M. N theo thit t 1a trung diém cac canh AB, AC cua tam gidc ABC. Mot duong thang d
quay quanh A. Goi P, Q 13 hinh chiéu ciia B, C trén d . Tim tap hop giao diém ciia hai dudng thang PM
va QN.
Bai 7. Cho mét tam gidc ABC ndi tiép trong duong tron (O).
1. K& mot day cung MN vudng goc véi BC. Chirng minh rang dudng thang Simson ctia diém M
song song voi AN .
2. Goi M’ 12 diém xuyén tam d6i ciia M. Chtrng minh rang dudng Simson cia M va M’ vudng goc
nhau.
Bai 8. Cho trudc duong tron (O) va hai diém A, B sao cho AB tiép xuc voi duong tron (O) tai B. Ly
dlem C khong nim trén duong tron (O) sao cho AC cit (0) tai hai diém phan biét, dung duong tron (O’)
tiép xuc voi AC tai C, tiép xtic voi (O) tai D sao cho B, D nim vé hai phia ctia dudng thawngrAC.
Chung minh rang tim duong tron ngoai tiép tam giac BCD nam trén dudng tron ngoai tiép tam giac
ABC.
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