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PHAN I: TOM TAT LY THUYET
. DINH NGHIA PHEP CHIA

Cho 2 s6 nguyén a va b trong d6 b # 0 ta luon tim dugc hai s6 nguyén q va
r duy nhat sao cho:

a=bq+rVG6i0<r<|b|

Trong do: ala so bi chia, b 1a s6 chia, q 1a thuong, r 1a s6 du.

Khi a chia cho b ¢6 thé xdy ra | b| s6 du
re{0;1;2;...;|b|}

Pac biét: r = 0 thi a = bq, khi d6 ta n6i a chia hét cho b hay b chia hét a.

Ky hiéu: a:b hay b\a

Vay: | a:b <> C6s6 nguyén q sao cho a = bq

CAC TiNH CHAT

00N U AW~

V6iVaz0=a:a
Néua:bvab:c=a:c
V6iVaz0=0:a

Néua:bvaic:b=atc:b |§
Néua:bvacb=atc:b

10. Néua+b:cvaa:c= b4
11.Néua:bva n>0 s‘b
12. Néu ac : bva (a, b ' b

13.Néua:b,c:bva dtkyam +cn : b

14. Néua:bvac\d=gac:bd
15. Tich n s6 ag lién ti€p chia hét cho n!
. mOT SO BAUNIEU CHIA HET

i¢u chia hét cho 2; 5; 4; 25; 8; 125
a,:2 < a,e{0;2;4;6; 8}

+N:5<a,:5< a,e{0; 5}

+N ! 4 (hoac 25) < 4,4, : 4 (hoic 25)

+ N : 8 (hodc 125) & 4,44, : 8 (hoic 125)
2. Dau hiéu chia hét cho 3 va 9

+ N : 3 (hoac 9) < ag+a,+...+a, : 3 (hoic 9)
3. Mot so dau hiéu khac

+N: 11 < [(aj+a,+...) - (a+a;+...)] : 11

&

Qo

Néua,b>0vaa:b;b:a=>a=b
Néua:bvacbiatky =>ac:b O

Néua: b= (+a): (+b) Q
VéiVa=a:(xl) ‘b
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+N: 10l & [( ala() +asa4 +) - (3332 +a7a6 +...)]§101

+ N : 7 (hoac 13) & [(2,@,Q) + Agd;A¢+. ) - [(A;24A3 + 21134y +..))
:11 (hoac 13)

+N:37 < (azalao + a5a4a3 +) : 37

+N: 19 < (a+2a, +2%, ,+...+2",) : 19

IV. BONG DU THUC
a. Pinh nghia: Cho m la s6 nguyén duong. Néu hai s6 nguyén a va b cho ¢

s0 du khi chia cho m thi ta n6i a dong du véi b theo modun m.
Ky hiéu: a =b (modun) &

Vay:a=b (modun) < a-b:m
b. Cac tinh chat
V61 V a= a=a(modun)

Néu a = b (modun) = b = a (modun) °

Néu a =b (modun), b=c (modun) => a=c @)

Néu a =b (modun) va ¢ = d (modun) = a6+ (modun)
Néu a =b (modun) va c =d (mod d (modun)
Néu a=b (modun), d € Uc (a, b)mﬂ

a b

= 3= gd (ﬁzyl)
7. Néua=Db (modun),d>0 c (a, b, m)

— = b (modun %)
V. MOT SO DINH LY @

1. Dinh ly Euler
Néumlal so §uy§n duong ¢, 12 s6 cdc s6 nguyén duong nho hon m va

AN ol

nguyén to cung bi m, (a, m) =1

= 1 (modun)
Cong thuc tf )
P m ra thira s6 nguyén to

ak

P p* . p* VO pep; o, e N
Thi ¢e=m(l - )(1- 1) ... (1-2)
i 2 pk

2. Pinh ly Fermat

Néu t 1a s6 nguyén t6 va a khong chia hét cho p thi a”' =1 (modp)
3. Dinh ly Wilson

Néu p 1a s6 nguyén to thi

(P-D!'+1= 0 (modp)
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PHAN II: CAC PHUONG PHAP GIAI BAI TOAN CHIA HET
1. Phuong phap 1: SU DUNG DAU HIEU CHIA HET
Vi du I: Tim cac chit s6 a, b sao cho a56b : 45

Tathdy 45=59ma(5;9) =1

dé a56b : 45 <> a56b :5va9

Xét a56b :5<be {0;5}

Néub=0tacoso a56b :9<=a+5+6+0:9

—a+11:9

e o
Néub=5tac6sd a56b :9<a+5+6+0:9
—a+16:9 . Q

=>a=2

Vay: a=7vab=0tacdso 7560 o
a=2vab=>5tacoso 2560

Vi du 2: Biét téng cdc chit so ciia 1 s 1a khong dé@l an s6 d6 véi 5. Ching

minh rang s6 dé chia hét cho 9.
Goi s6 da cho la a (b
Ta c6: a va 5a khi chia cho 9 cung c6 1 ﬁd

=5a-a:9=>4a:9 ma(4;9)=
= a:9 (Ppcm)

Vidu3: CMR s6 11...

81s0

Gidi
Ta thay: 111111111 2
(
C6 M@mmo%1063+...+109+1)
81s01
Ma tong %@63 + ...+ 10° + 1 ¢6 téng cdc chit s6 bang 9 : 9
= 107> K1 e+ 10°+1:9

Va@;ﬁ : 81 (bpcm)
8156 1

BAI TAP TUONG TU

Bai 1: Tim cac chit s6 X, y sao cho

a. 34x5y :4vao

b. 2x78 17
Bai 2: Cho s6 N = dcba CMR

a.N:4< (a+2b):4

b.N: 16 < (a+2b+4c +8d) : 16 véi b chin

c.N:29< (d+2c+9b+27a): 29

4
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Bai 3: Tim tat ca cac s c6 2 chit s6 sao cho moi s6 gap 2 14n tich céc chit s6 cla
sO dé.
Bai 4: Viét lién ti€p tit ca cac s6 c6 2 chit s6 tu 19 dén 80 ta dugc s6 A =
192021...7980. Hoi s6 A ¢6 chia hét cho 1980 khong ? Vi sao?
Bai 5: Téng clia 46 s6 tu nhién lién tiép co chia hét cho 46 khong? Vi sao?

Bai 6: Chiing t3 rang s6 11---11 22...22 13 tich ciia 2 s6 ty nhién lien tiép.

100s6'1 100s6 2
HUONG DAN - PAP SO
Bai I: a.x = vay=2
X = vay=6
b. 2x78= 17 (122 + 6x) + 2(2-x)' 17 <> x = 2 Q
Bai 2: a. N4 abi4 < 10b+a4d<8b+(2b+a):4 &
= a+2b4

b. N:16 < 1000d + 100c + 10b + a‘16
< (992d + 96¢ + 8b) + (8d +4c +2b +a) *
— a+ 2b + 4c + 8d:16 v6i b chin 1

c. C6 100(d + 3¢ + 9b + 27a) - dbea :
ma (1000, 29) =1

dbca :29 Q
= (d + 3c + 9b + 27a) 529%

Bai 3: Goi ab 13 s6 c¢6 2 chit s6
Theo bai ra ta co:

ab= 10a+b="2ab (1)

ab2 = b €{0:2; 8
Thay Véo(l)a@

Bai 4: C6 1980 = 22.325.

Vi 2 chii 6t€3ncfmg ciaala80:4va5
Téng céc s6 ha +(243+...+7).10+8 =279
Téng céc sod@ang chin 9+(0+1+...4+9).6+0 = 279
C6 279 $5839:>A39

27 79=0:11 =>A:11
BaiSaJng 2 so6 tu nhién lién ti€p 1a 1 so 1€ nén khong chia hét cho 2.
C6 46 sO tu nhién lién ti€p = c¢6 23 cip s6 moi cip c6 tong 1a 1 s6 1é = tong 23
cip khong chia hét cho 2. Vay tdng clia 46 s6 tu nhién lién ti€p khong chia hét
cho 46.
Bai 6: Cé ]L...ll 22 s 22J=]L...ll 100...02

10056 1 100s6 2 10056 1 99:6 0
My 100...02 _ 3 33...34
9956 0 9956 3
111 2.2 .33...3333...34 poom)
100s6'1 10056 2 100s6 3 99506 3
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2. Phuong phap 2: SU DUNG TiNH CHAT CHIA HET
* Chu y: Trong n s6 nguyén lién ti€p c¢6 1 va chi 1 s6 chia hét cho n.
CMR: Goi n la s6 nguyén lién ti€p
m+1; m+2;, .. m+nvéimeZ neN
Lay n s6 nguyén lién ti€p trén chia cho n thi ta duoc tap hop so du la: {0; 1; 2; ...
n-1}
*Neéutontai 1 s6 dulaO: gidst m+i=nq;; i=1,n

>m+i:
* Néu khong ton tai s6 du’ la 0 = khong c6 s6 nguyén nao trong day chia hét cho
n = phai ¢6 it nhat 2 s6 du trung nhau.

{m+i:nqi+r 1<i;j<n &Q
Gia str: ..
m+j=qjn+r :

=1-j =n(q; - qj) n=i-j:n
ma |i- J|<n:>1 ]=0=>1=]) N

>m+i=m+] o
Vay trong n s6 d6 c6 1 s6 va chi 1 s6 d6 chia hét cho Q
Vidu 1: CMR: a. Tich cua 2 s6 nguyén lién tlep luga &t cho 2
b. Tich cua 3 s6 nguyén lié cho 6.
Gidi
a. Trong 2 s6 nguyén lién ti€p bao gio clingC
= S0 chan d6 chia hét cho 2.
Vay tich cua 2 s6 nguyén lién tiép 1
Tich 2 s6 nguyén lién ti€p ludn ¢
luon chia hét cho 2
b. Trong 3 s6 nguyén lié
= Tich 3 s6 d6 chia hét (1 3)=1.
Vay tich cta 3 s6 nguyén Ygg/ti€p luon chia hét cho 6.
Vidu2: CMR: Topg\ap phuong ctia 3 s6 nguyén lién ti€p luon chia hét cho 9.
Gidi

Goi 3 sopgu¥en lién tiép lan luot la:n - 1, n, n+l
Tacé: A = ‘+n’+(n+1)°
3n+ 18n +9n*+ 9

3(n-Dn (n+1) +9(n*+ 1) + 18n
Tatffn-1)n(n +1):3(CMVidul)

=3mn-1)nn+1):9
_Jo(n* +1):9
“ |18ni9
— A9 (PPCM)
Vidu 3: CMR: n* - 4n® - 4n” +16n : 3 84 v6i V n chin, n>4
Gidi
Vi n chan, n>4 ta dat n = 2k, k>2
Tacén*- 4n’ - 4n> + 16n = 16k* - 32k - 16k* + 32k

chan

hét cho 2.
€t cho 2 nén tich cua 3 s6 nguyén lién tiép

ng c6 1 s6 chia hét cho 3.
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= dat 16k(k® - 2k* - k +2)
=dat 16k(k -2) (k- )(k + 1)
V6ik>2nénk-2,k-1,k+ 1, ka4 so tunhién lién ti€p nén trong 4 s6 do6 co
1 s6 chia hét cho 2 va 1 s6 chiahétcho4. = (k-2)(k- I)(k+ 1k : 8
Mak-2)(k-1Dk :3; (3,8)=1
=k-2)k-1)(k+1)k:24
=16k -2)(k-1) (k+ Dk : (16,24)
Vay n’-4n’ - 4n* +16n : 384 v6i V n chidn, n > 4
BAI TAP TUONG TU

Bail:CMR:a.n(n+ 1) 2n+1): 6 Q
b.n’-5n+4n:120V6iVn e N &
Bai2: CMR:n*+6n’ + 1In*+6n:24 V6iVne Z
Bai 3: CMR: Véi V n 18 thi o Q

a. n“+4n+3:8

b. n*+3n*- n-3:48 °

c. n?-n®- n*+1:512 Q
Bai 4: Vi p la s6 nguyén t6 p >3 CMR :p2—15©

0

Bai 5: CMR: Trong 1900 s6 tu nhién lién ti 0 téng cac chit s6 chia hét
cho 27.

HUONG DA sé
Bail:a.nn+1)2n+1)=n(n+1) [&) (n+2)]

=nn+1)(n-1)+nn+1)(n\2):6
b.n’-5n’ +4n = (n*- 5n* + 4)

=n(n’-1) (n*-4)

—nm+ 1) (n-1)( £2) 1 120
Bai2:n*+6n°+6n+11

=n(n’ +6n° + 4 + Idn
=n(n+l@(n+3)f24
M:a.n2+§+ m+1)(n+3):8
b. n’ + 3n?- =n’(n+3)-(n+3)
= (n+3)
+1)(n-1)@n+3)
$<+4)(2k+2)(2kv61n=2k+1,keN)

= 8k(k + 1) (k +2) 48
c.n?-n*-n*+1=n*@m*-1)-(n*-1)

=(mn*-1)@n®-1)

=(m*-1)*@*+1)

- 12 (- 12 (0 + 1)

= 16[k(k + 1) (2 + 12 (n* + 1)
Vé6in=2k+1=n?+1van’+11anhiing s6 chdn = (n* + 1)*: 2

n*+1:2
=n"”-n*- n*+1: (2°2%22%1.2Y

7
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Vayn'?-n*-n*+1:512

Bai4:Cé6p*-1=(p-1)(p+1)viplasonguyéntop>3
=p:3tacé:(p-1)(p+1):8

vap=3k+1hoicp=3k+2(k €N)
=>pP-D@p+1):3

Vayp*-1:24

Bai 5: Gia stir 1900 s6 tu nhién lién ti€p la

nn+l;n+2;...;n+ 1989 (1)

trong 1000 tu nhién lién ti€pn,n+ 1;n+2; ...; n + 999

c6 1 so chia hét cho 1000 gia st n,, khi d6 n0 cO tan cung la 3 chu’ sO

tong cac chit s6 cia n, 1a s khi d6 27 s6 ny, ny + 9; n, + 19; n, + 29
n,+99;n,+199; ... n, + 899 (2)

C6 t6ng cac chit s6léin luotla:s;s+1...;s+26

C6 1 s6 chia hét cho 27 (PPCM)

*Chuy: n+899 < n+999 + 899 <n + 1989 N
= C4c s6 0 (2) nam trong day (1) PY

3. Phuong phap 3: XET TAP HOP SO DU TRO@HEP CHIA

Vidul: CMR: V61V n e N
Thi A,)=n(2n +7) (7n + 7) chia hét ZO
Gc ?

i
Tathﬁ'y1tr0ng2thﬁas6nvé7n+l%: V6iVneN=A :2
Ta chiing minh A : 3
LAy n chia cho 3 ta dugc n = 3k e N)

Véir e {0; 1; 2}
Véir=0=>n=3k=n: 73

Véir=1=n=3k+1 T=6k+9:3=A,:3
Voir=2=n=3k+R=8n+1=21k+15:3=A,:3

= Ay | 3 V6 VAR, 3) =1

Vay A, : 6x0iV n e N
un:i3thiA,=3"+3"+1:13V6ivVneN
Gidi

n=3k+rk eN);re{l;2;3}

= A, =320+ 3% 4]

= ?)zr(?)6k 1) + 3" (3% - 1) +37+3"+1

tathay 3% -1=3)*-1=(3’-1)M =26M: 13
33k—1=(33—1)N=26N513
Voir=1=3"+3"+1=3*"+3+1=13:13
=3"+3"+1:13
Voir=2=3"+3"+1=3"+3*+1=91:13

=3"+3"+1
Vayvéin:i3thiA,=3"+3"+1:13V6iVneN

8
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Vi du 3: Tim tat ca cdc sO tu nhienn dé 2" -1 : 7
Giai

Laynchiacho3tacon=3k+1(k € N);r e {0; 1; 2}
V6ir=0=>n=3ktacéo

20-1=2%_-1=8-1=@-1)M=7M:7
véir=1 >n=3k + 1 tacé:

o1 =281 =22k 1=202%-1)+1
ma2*-1:7=2"-1chiacho7dul

voir=2=>n=3k+2taco:
2"-1=2%*2_1=42%-1)+3

ma2**-1:7=2"-1chiacho7 du3 Q
Vay2*-1:7<n=3k (k e N)

BAI TAP TUONG TU o Q
Bail: CMR: A =n(n’+ )>+4):5VéiVneZ N

Bai2:ChoA=a, +a,+...+a,
B=a’,+a’+...+a°, Q ¢
Bai 3: CMR: Néu (n, 6) =1 thin*-1:24 V6i Vn 5@
Bai 4: Tim s6 tu nhien W dé 2 + 2"+ 1:7
Bai 5: Cho 2 s6 tu nhién m, n dé thoa man 2&2
CMR: mn : 55 %
HU’ONG% P S6

Bail:+A, 6

+ Laynchiacho5=n= {0; 1; 2; 3; 4}

r=0=n:5= AL
r=1,4:>n2+43@n : 5
r=2;3=>n’+1:
= A 5 =¢A), : 80
Bai 2: Xét hieu B- (@,-a)+...+(@, -a)
Chi chiing mjnlk a°, —a, : 30 1a du

@

Véir e {0; 1; 2}
Tac: 2"+ 2"+ 1 =272% - 1)+ 2"2* - ) + 2™ + 2" + 1
Lam tuong tu VD3

Bai5: C624m* +1=n’=25m"- (m*- 1)
Khim:5=>mn:5
Khim:5thi(m,5=1=m'-1:5
Vim'-m:5=m'-1):5=m"-1:5)
=>n’:5=n5
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Vaymn : 5

4. Phuong phap 4: SU DUNG PHUONG PHAP PHAN TiCH THANH
NHAN TU
Gia str chiing minh a, : k

Ta c6 thé phan tich a, chita thira s6 k hodc phan tich thanh cdc thira s6 ma
cac thira s6 do chia hét cho cac thira so cua k.
Vidul: CMR: 3" -2:35V6iVneN
Ta c6 3% - 2" = (3%)" - (2%)" = (3° - 2°M

= (3 +2%) (3 -2)M Q
=35.19M : 35 Vay 3" - 2" 135 V6i Vn e N
Vidu 2: CMR: V6i ¥ n 12 s6 ty nhién chan thi biéu thic Q

A=20"+16"-3"-1:232

Gidi
Ta thay 232 = 17.19 ma (17;19) = 1 ta chiing minh 1
A:17vaA:19tac6 A=20"-3)+(16"-1)c62 20-3)M: 17TM

16"-1=(16+ )M = 17N : 17 (n chén)

=A:17() Q
tacé: A=(20"- 1) + (16" - 3"
c620"-1=(0-1)p=19p: 19 ‘b'
c616"-3"=(16+3)Q=19Q : 19 (yC

= A:19(2)

Tu (1) va(2) = A : 232 (b'
Vidu 3: CMR: n“-n2+r6 1> Vé6i V n >1

Giai
Véin=2=n"-n? —%=1

vai(n-1)y°=
=n"-n*+n- 1)*
véin > 2 d3 n"-n+n-1tac6A=n"-n’)+(1n-1)
=n2(nn-2
=n’(ne (™ +n"*+ ...+ 1) +(-1)
1 n-2

= T+ + . +n?+])
—(m- O™ - 1)+ ... +(n2- D)+ @n-1)]
—(-1?M:(n-1)7?
Vay A i (n- 12 (PPCM)
BAI TAP TUONG TU

Bail: CMR: a. 32" * 4 22+ . 7

b. mn(m* - n*) : 30
Bai2: CMR: A, =3"+63:72v6inchinn € N,n>2
Bai 3: Cho a va b 1a 2 s6 chinh phuong 1€ lién ti€p
CMR:a.(a-1)(b-1):192

10
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Bai4: CMR: Véiplal songuyén t6 p> 5 thip*-1:240
Bai 5: Cho 3 s6 nguyén duong a, b, ¢ va thod man a* = b* + ¢?
CMR: abc : 60 .
HUONG DAN - DAP SO

M a. 32n+1+22n+2 332n+22n

=3.9"+42"

= 3(7+2) +4.28

=TM+7.2":7
b. mn(m* - n*) =mn(m?- 1)(m*+ 1) - mn(n’*-1) (n*+1): 30
Bai3: C672=9.8 ma(8,9)=1van=2k (k € N)

c6 3"+ 63 =3%*+63 Q
=(3*-1D+64=A,:8
Bai4: Pata=(2k-1)4,b=(2k-1)*(k € N) °
Tacé(a-1)b-1)=16kk+ 1)(k-1):64va3 Q
Bai5: C660=3.4.5 bat M = abc
Néu a, b, ¢ déu khong chia hét cho 3 = a% b* va Q cho 3 déudu 1
= a’ # b”> + ¢*. Do d6 c6 it nhat 1 s6 chia hét cho
Néu a, b, ¢ déu khong chia hét cho 5 I@c chia 5 du 1 hoac 4 =
b? + ¢* chia 5 thi du 2; 0 hoic 3. %
= a’ # b” + ¢*. Do d6 c6 it nhat 1 s6 chia VayM: 5
Néu a, b, c lacéc s61é = b’ vac %cho4du’l.
= b*>+c*=(mod 4) = a* # bg¥F
Do d6 1 trong 2 s6 a, b phai 1a s6 ghan.
Gia str b 1a s6 chan
Néu C la s6 chan
Néu Cla so 1é ma

+cP=alasolé

_ _(a+c)a-c
= b= (a4+$ HEEI &S

:gc c4=>m: 4
VayM=$4.5:60

5.1 phép 5: BIEN BOI BIEU THUC CAN CHUNG MINH VE DANG
TONG
Gia str chiing minh A, i k ta bién doi A, vé dang tong cua nhiéu hang ti va
chiing minh moi hang tir déu chia hét cho k.
Vidul:CMR:n*+11n: 6v6iVn e z
Gidi
Tacon’+ 1ln=n’-n+12n=nn’*-1)+ 12n
=n(n+1)(n-1)+12n

Vin,n-1;n+ 11a3 s6nguyén lién ti€p

=nn+1)(n-1): 6val2n: 6

11
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Vayn’+11n: 6
Vidu2: Cho a, b € zthod man (16a +17b) (17a +16b) : 11
CMR: (16a +17b) (17a +16b) : 121
Giai
C6 11 s6 nguyén t6 ma (16a +17b) (17a +16b) : 11
{16a+17b511
—

17a+16b:11D

C6 16a+17b+ 17a+16b =33 +b): 11 (2)
16a+17b'11

Tuva@) = L?a+16bfll Q
Vay (16a +17b) (17a +16b) : 121
Vidu3: Timn € NsaochoP=(n+5)(n+6) : 6n. ¢

Giai
Tac6P=(n+5)m+6)=n>+11n+ 30 Q.

=12n+n?-n+ 30
Vil2n: 6nnéndéP: 6n<n’-n+30: 6n O

{nZ-nEG@{n(n-l)ES (1)
< 130:6n 30:n (2) {zw

Tix (1) = n=3k hoicn=3k+ 1 (k eﬂ
Te (2)=n e {1;2;3;5;6;10; 15;

Vayte (1); 2) =>n e {1;3;6; 1 30}

Thay cac gia tri ciia n vao P ta e

n e {1;3; 10; 30} 1a thoa

Vayn € {1; 3; 10; 15; 3 =(n+5)(n+6): 6n.
Al TAP TUONG TU
Bai I: CMR: 1° + Fs* $77 1 2°

O™+ 14: 5
Bai 4 neNsaochon3-8n2+2n§~n2+l
HUONG DAN - PAP SO

Bail: P+3+5+7=1+7)+(3+5
=8m+8N: 2°

Bai 2: 36 + 60n + 24 = 12n(3n + 5) + 24
Ta thay n va 3n + 5 khong dong thoi cing chan hoac cung 1é
=n(Bn+5): 2= DPCM
Bai 3: a. 5" +26.5" + 8 !

=525 +26) + 8!

=5"(59 - 8) + 8.64"

= 5".59 + 8.59m : 59

12
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b.92"+14=9"-1+15
—@81"-1)+ 15
=80m+15:5
Bai4:Con’-8n’+2n=(n*+1Dn-8)+n+8:(n*+1)<=n+8:n*+1
Néun + 8 =0 = n = -8 (thoa man)
Néun+8#0= |n+8|>n*+1
n+8<-n*-1 Véin<-8 |n’+n+9<0 Véin<-8
—
n+8>n%+1 Véin>-8 n-n-7<0 Véin>-8

= n € {-2; 0; 2} thir lai

Vayn € {-8;0; 2} &Q
6. Phuong phap 6: DUNG QUY NAP TOAN HOC . ,Q
Gia st CM A, : Pvéin>a (1)
Budc 1: Ta CM (1) ding véin=atic la CM A :P o
Budc 2: Gia st (1) ding véin=k ticlaCM A, : P Vé’i@
Ta CM (1) ding v6in =k + 1 tdc 1a phai CM@ :
Budc 3: Két luan A, : Pvéin>a
Vidu I: Ching minh A, = 16"- 15n- 1 22}@1 eN'

Gia

Véin=1=> A, =225225viyn=
Giasin=k > 1nghiala A, = 16" A5k : 225
Ta phai CM A, = 1651 - 15(k 11225
That vay: A, = 16" - A3(k 1

=16.1 1 16
= (16" 13W- 1) + 15.16* - 15

=465-I5% - 1 +15.15m
o 2225
ma A, : 225 ( K&iquy nap)
8
Vay A(n ‘
Li@/m: v6i V' n € N* van I s6 tynhién 18 tac6 M? —1:2"+2
Gidi

Véin=1=>m’-1=(m+1)(m-1):8(vim+ 1; m-11a2 s6 chin lién ti€p
nén tich cua chiing chia hét cho 8)

.9 2 2, 7z 2k : k+2 9. s .
Giastvéin=ktacé M" —1:2°"7 ta phdi ching minh
2k+1

m?  —1:2%+3
Thatvay M2 — 12442, m? —1=22q (qez)

_ m* =2"2q+1

13
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2k+l

Kk 2
c6 M —1= ‘12 /_]_: ¢k+2_q +1E_1:2k+4.q2 +2k+3.q
— 2k+3(2k+1q2 +Q)52k+3

vay m? —1:2"2 ysivn> 1
BAI TAP TUONG TU
Bai I: CMR: 3°™° -26n-27 :29v6i Vn > 1
Bai2: CMR: 4" -1:15
Bai 3: CMR s6 duoc thanh lap boi 3" chit s6 giong nhau thi chia hét cho 3" véi n
la sO6 nguyén duong.

HUONG DAN - AP S6 Q
Bai I: Tuong tu vi du 1.
Bai 2: Tuong tu vidu 1. o Q

Bai 3: Ta can CM —— 3" (1)
3" soa Q PY
Véin=1tacs aa...a =1l1lla:3 O
aa.

Gia str (1) ding véin =k tic la &&= = =2

sGa

Ta ching minh (1) ding véin =k + 1 ; ¥ chiitng minh

QA . 3 gy 0634 = 3.3k =

3k+lssa

_ 2.3¢ 3
s aa.a=a.. ..ea —aa..a.10” +aa.al0” +a.a

3 ssa

= aa a (0¥ +4103$}
7. thmg@m SU DUNG BONG DU THUC
Giai bE\ i§én ra vao dong du thiic chu yéu la st dung dinh 1y Euler va dinh 1y

Fe
Vi du TACMR: 2222°°% + 5555%%% : 7
C6 2222 = -4 (mod 7) = 22227 + 5555%%% = (- 4)™> + 4> (mod 7)
Lal co: (_ 4)5555 + 42222 - _ 45555 + 42222
= 42222 (4338 _ |y = g2 «3 ]

Vidd=64=(mod7) = €¢* " —1=0(mod 7)
= 222255 4 555522 = () (mod 7)
Vay 220055 4 555522 1 7

4n+1 34n+1

Vidu2:CMR: 3° +3° 45122 wivneN

14
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Gidi
Theo dinh ly Fermat ta co6:
3'=1 (mod 11)
219=1 (mod 11)
Ta tim du trong phép chia 13 2**! va 3***! cho 10
C6 21 =2.16"=2 (mod 10)
= 2" =10q+2(q € N)
C6 3! =3.81"=3 (mod 10)
— 3% = 10k + 3 (k € N)

24n+1 34n+1

Ta co: 3 + +5= 310Q+2 + 210k+3
= 323100 4 23910k | 5
= 140+1 (mod 2)
&

=(0 (mod 2)
ma(2,11)=1
24n+1 34n+1 .
vay 3° +3° +5:22 w6ivneN Oo

4n+l

Vidu3:CMR: 2° +7:11 y6ine N Q

Gidi
Ta c6: 2* =6 (mod) = 2! =2 (modw
= 2"1=10q+2(q e N)

4n+l
N 22 — 210q+2
Theo dinh 1y Fermat ta ¢6: 2'°% 1 (mod 11)

— 2% = ] (mod 11)
224n+l n 7 _ Zloqz ‘m

= 4+7 (mod 11) = 1)
vay 2° +7:11gdin @ N (BPCM)
BAI TAP TUONG TU

n+2 .
i :cn@ +3:19 v6ineN
ai2: RV&iVn=>1taco
$22n-15n+1+ 3n+1 .2211-1 38
Bai3: Chosop>3,p e (P)

CMR 3P-2P-1:42p
Bai 4: CMR vé6i moi s6 nguyén t6 p déu ¢6 dang
2"-n(n € N)chiah€tchop.
HUONG DAN - AP SO
Bai I: Lam tuong tu nhu VD3
Bai 2: Ta thay 5!, 2215+t 4 3o+l g2l 29
Mait khac 52!, 2215+t 4 3+l g2l — gn5anl 10 + 9, 61
Vi25=6 (mod 19) = 5"' =6™' (mod 19)
= 25110 +9.6"'=6"".19 (mod 19) = 0 (mod 19)

15
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Bai3: Dat A=3P- 2P -1 (plé)

DédangCM A:2vaA:3=>A:6
Neup=7T=>A=3"-2"-1:49=A:7p
Neup=7=(p,7)=1
Theo dinh ly Fermat ta c6:

A=3P-3)-(12°-2):p
batp=3q+r(qe N;r=1,2)
= A= (3"-3)- (2% -2)

=37279- 2.89-1=Tk+3(-1)4-2"-1 (k € N)

véir =1, q phai chan (vi p 1é)

—~ A=Tk-9-4-1=7k- 14 Q
Vay A 7TmaAip (p7)=1=A:7p
Ma(7.6)=1: A6 . Q
— AL 42p.

Bai4d:NeuP=2=2-2=2:2 °
Né&u n > 2 Theo dinh ly Fermat ta cé: < }

27! =1 (mod p) O
= 2"V =1 (mod p) (m € N)

Xét A =2""Y 4+ m-mp Q
A:p=>m=kq-1 {b

Nhu vay néu p>2 = pcédang 2" - n iroﬁg

N=(kp- 1)(p-1),k € Ndeu chia h§t C

8. Phuong phap 8: SUDUN@NGUNEN LY DIRICHLET
Néu dem n + 1 con M n ad'n 16ng thi ¢6 it nhat 1 16ng chia tir 2 con
tré 1én.
Vidu 1: CMR: Trongn + nguyén bat ky cé 2 s6 c6 hiéu chia hét cho n.
— °
Layn+1s6n cho chia cho n thi dugc n + 1 s6 du nhan 1 trong cac sO

t 2 s6 du c6 cung so du khi chia cho n.
Gia st a; r 0<r<n
a;;q, € N
a;- a;=n(q; - qp) ‘n

Vay trong n +1 s6 nguyén bat ky cé 2 s6 cé hiéu chia hét cho n.

Néu khong c¢6 1 tong nao trong céc tong trén chia hét cho n nhu vay s6 du
khi chia mdi tong trén chon ta duocnsd duwla1;2; ...;n- 1

Vay theo nguyén ly Dirichlet s& ton tai it nhat 2 tong ma chi cho n ¢
cung s6 du = (theo VD1) hiéu ctiadr tong nay chia hét cho n (DPCM).

BAI TAP TUONG TU

Bai I: CMR: Tén tain € N sao cho 17" -1 : 25
Bai 2: CMR: Ton tai 1 boi ctia s6 1993 chi chita toan so 1.

16
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Bai 3: CMR: Véi 17 s6 nguyén bat k¥ bao gid cling ton tai 1 tong 5 s6 chia hét
cho 5.
Bai 4: C6 hay khong 1 s6 ¢6 dang.

19931993 ... 1993000 ... 00 : 1994

HUONG DAN - AP SO

Bai 1: Xét day s6 17, 17%, ..., 17% (tuong tu VD2)
Bai 2: Ta c6 1994 s6 nguyén chita toan bd so 1 la:

1

11

111

111...11 &Q
\ﬁ/—J
1994 s6 1

Khi chia cho 1993 thi ¢6 1993 s6 du = theo nguyén ly DiflchlcNgo T nhit 2 s6
c6 cung so du.
o

Gia st do 1a
a;=1993q +r 0<r<1993 Q
a;=1993k +r 1>5;q, ke N O
= a;-a;=1993(q - k)

111...1100...0 =1993(?%Q

i-j1994s61 is60

111...1110' =199 k)
%/_/

i-j1994 56 1
ma (10, 1993) = 1

111 ...11.
%/_/

: 19 )
199456 1

Bai 3: Xét day s@ 70 nguyén bat ky 1a
a, a, ...,
Chia cac s6 ch uoc 17 s6 du at phai ¢6 5 s6 du thudc tap hop{0; 1; 2; 3; 4}

Né@ﬂ sO trén c6 5 s6 khi chia cho 5 c¢6 clng s6 du thi téng cla

chiing s&¢ €t cho 5.
&trong 17 s6 trén khong ¢6 s6 nao c6 cung s6 du khi chia cho 5 = ton

tai S¥éa6 s6 du khdc nhau = téng cac s6 dula: 0+1+2+3+4=10: 10
Vay tong ctia 5 s6 nay chia hét cho 5.

Bai 4: Xét day s6 a, = 1993, a, = 19931993, ...

_ 1993 ...1993

Aj994 = ~~
1994 56 1993
dem chia cho 1994 = c6 1994 s6 du thudc tap {1; 2; ...; 1993} theo nguyén ly
Dirichlet ¢6 it nhat 2 s6 hang c6 cung s6 du.
Gia su: a; = 1993 ... 1993 (i s6 1993)
a,=1993 ... 1993 (j s6 1993)
=a;-a;: 1994  1<i<j<199%4

17
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_ 1993...199310™ :1993

j-i s6 1993

9. Phuong phap 9: PHUONG PHAP PHAN CHUNG
DECM A, i p (hoic A, :p)

+Giasi: A, :p(hoac A, :p)

+ CM trén gia su la sai

+Kétluan: A, : p (hoac A, i p)

Vidul: CMR 2 +3n+5:121véiVn e N Q
Giasuténtain € Nsaochon®+3n+5 : 121
— 4n2+ 120 +20 ¢ 121 (vi (n, 121) = 1) . Q

= (2n+3)7%+ 111121 (1)
= (2n+3)*: 11

Vi1l las6 nguyént6o = 2n+3: 11 ‘ "
= (2n+3) 121 (2)
T (1) va (2) = 11: 121 vo Iy

Vayn?+3n+5:121 Q
Vidu2: CMRn’-1:nvéiVneN (b,
ridus 4
Xét tap hop s6 tu nhién N %

GidstIn=>1,n € N sao cho n?

Goi d 1a udc s6 chung nhg HWC ctan = d € (p) theo dinh 1y Format ta
co

2¢'=1(modd) => m<d

ta chiing minh m\n
Giastn=mq+r <t)
Theo gia stt n* {Tag=n™" -1 :n

= 2'(n™ - "-1):n=>2"-1:dvir<mmam € N, m nho nhat khic 1 c6

tinh chat
=Trs m\n ma m < d cling c6 tinh chat (1) nén diéu gia si 1a sai.
Va I nv6iVneN
BAI TAP TUONG TU

Bai 1: C6ton tain € N sao chon® +n + 2 : 49 khong?
Bai2:CMR:n*+n+1:9v6iVne N
Bai3: CMR: 4n” - 4n + 18 : 289 v6i Vn € N

HUONG DAN - BAP SO
Bail: Giastttontain e Ndén>+n+2:49
= 4n*+4n + 8 : 49
=C2n+1)*+7:49 (1) = 2n+1)*:7

18
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Vi7lasonguyéntd = 2n+1:7 = (2n+ 1)*: 49 (2)
T (1): (2) = 7 49 vo Iy,

Bai2: Giasutontain>+n+1:9véi Vn
—m+2)n-1)+3:3(1)

vi 3 1a s6 nguyén t6 = {:+12::; = m+2)(n-1):9Q2)
T (1) va (2) = 3:9vo Iy

Bai 3: GiastIn e Ndé4n®>-4n+ 18 : 289
= (2n- 12+ 17172

= @2n-1):17 Q
171as6nguyént6 = 2n-1): 17 = (2n- 1)*: 289
= 17 : 289 vo Iy. . Q
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