Dang Dinh Son Ung dung dinh li Phin dw Trung Hoa gidi cdc bai todn sé hoc

1. PINH Li PHAN DU TRUNG HOA
Pinh li: Cho n sé nguyén duong m,m,,...m, s6 nguyén duong d6i mot
nguyén té cing nhau. Khi d6 hé dong du tuyén tinh

{x = q,(mod m,)

i=Ln

c¢6 nghiém duy nhat modun M = mm,..m

"

Chung minh:

< M \ .
bat M,=—= M,,m)=1i=1,n va M,:m Vi# j.
m.

1

Suy ra Vi=1,n, ton tai s6 nguyén y thoa man My, = a (modm,).

x= a,(modm,)

Xét x=> M.y, ta co: {

i=1 I= 1,11

. |x=a;,(modm, = x(mod m, -
Do do:{ _( )@{x i(mo m')<:>xzx(modM)
i=ln i=Ln

Vay dinh li dugc chirng minh.

Nhan xét: Pinh Ii phan dw Trung Hoa khdng dinh vé sw ton tai duy nhit cia
mét 16p thang duw cdc s6 nguyén thod man dong thoi nhiéu dong dw tuyén tinh,
Do dé c6 thé sir dung dinh li dé gidi quyét nhitng bdi todn vé si ton tai va dém
6 cdc s6 nguyén thod man mot hé cdc diéu kién quan hé dong du, chia hét...,
hay dém sé nghiém cua phwong trinh dong dw. Viéc siv dung hop i cdc bé
mm,,...m va bo a.a,,..a, (trong dinh li) cho ta nhiéu két qua rat thi vi va tiv
do c6 thé dwa ra nhiéu bai tdp hay va khé. Sau day la mét sé vmg dung cua dinh

Ii phan dw Trung Hoa gidi cdc bdi todn s6 hoc.
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2. MQT SO UNG DUNG

Bai toan 1. Cho hai s nguyén duong p, q nguyén t6 cung nhau. Chimng
minh rang ton tai s6 nguyén k sao cho (pg—1)"k+1 1a hop sd véi moi sd nguyén
duong n.

Loi giai:

Vi (p,q)=1 nén theo dinh li phan du Trung Hoa, ton tai s nguyén k thoa

man:

{k =1(mod p)
=—1(mod q)

Khi do:

+ Néu n chin thi (pg—1)" =1(mod¢) = (pg—1)"k =-1(mod ¢) = (pg—1)"k +1iq

+ Néu n 16 thi (pg—1)" = —I(mod p) = (pg —1)"k = —I(mod p) = (pg—1)"k +1: p

Vay (pg-1)"k+1 13 hop sb v6i moi s6 nguyén dwong n.

Nhén xét: Ching minh trén that gon gang nho vao viée st dung dinh li dong
du Trung Hoa. Mau chdt cia van dé & day 1a chung ta phai thiy ring dé
(pq—1)"k+1 1a hop sb ta can chi ra (pg—1)"k+1 chia hét cho p hodc q, khi phan

k =1(mod p)
k=-1(modq)

tich tinh chan 1¢ cta n ta dé dang théy duge su xuat hién cia hé {

Bai toan 2. Ching minh rang ton tai sé nguyén k sao cho 2"k+1 1a hop sb
v6i moi s6 nguyén duong n.

Loi giai:

Nhén xét: Bai tp nay gan giéng voi bai tap sé mot nhung né phirc tap hon
bai toan 1 nhiéu vi trong bai toan nay ta khong thé nhin thay ngay dé 2"k+1 1a
hop s6 ta can chi ra né chia hét cho s6 nao.

Pé y thay trang trong bai toan 1 ta xét hai truong hop n chin va n 1é hay tong
quat 1a xét n & dang sau 2”7 véim, [ 1a cac sO tu nhién, / 1é.

Khi 6 2"k+1=2"k+1 va ta c6 2°' =—1mod(2”" +1), do d6 dé 2"k+1 1a hop
s0 ta chira 2"k +1 chia hét cho F, =2 +1(Day Fermat).
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Ta trinh bay 101 giai bai toan nay nhuw sau:

Truéc hét ta ¢6 F,F.F,F,F, 1a cac sO nguyén td, F,=641.6700417 va
(F,F)=LYi#].
Theo dinh li phan du Trung Hoa, ton tai s6 nguyén duong k thoa man:

k=1(mod F),)
m=0,1,2,3,4
k =1(mod p)

k =-1(mod q)

(p=641,q=6700417, (p,q)=1).

Tacd n=2"1,véim, [1a cac sb tu nhién, / 1é.

+Néum <5 thi 2" =2>""=—1mod F,) = 2"k =—1(mod F,) = 2"k +1:F,
+Néum=5thi 2" =22/ =—I(mod F,) = 2"k = —I(mod p) = 2"k +1: p
+Néum >5thi 2" =) =1(mod F,) = 2"k = —I(mod q) = 2"k +1iq

Do d6 2"k +1 13 hop sb v6i moi s6 nguyén dwong n.

Bai toan 3. Cho 1a tap S={p,.p,,.-p,} g@)m k sb nguyén t6 phan biét, va f(x)
1a da thie v6i hé sb nguyén sao cho véi moi sb nguyén duong n déu ton tai p,
trong S sao cho p,| £(n). Ching minh rang ton tai i sao cho p. | f(n),Yne N*.

Loi giai:

Gia str khong ton tai i sao cho p.| f(n),Yne N*, suy ra véi moi i=1;k luén ton
tai a; sao cho p; | f(q,). Mat khéc theo dinh li Phan du Trung Hoa ton tai sb tu

o , . |x=a;(mod p, ,
nhién x thdéa man { _( P ), do do {

i=Lk

f (%)= f(a;)(mod p,)

i=Lk

hay p, | f(x),Vi=1k

(Mau thuan)

Bai toian 4. Cho n=p”p™..p™ va f(x)1a mot da thirc v6i hé sb nguyén. Khi
dé phuong trinh déng du f(x)=0(modn)cd nghiém khi va chi khi tat ca cac
phuong trinh ddng du £(x) = 0(mod p*), i=1; k c6 nghiém. Néu goi 12 s6 nghiém
cua phuong trinh f(x)=0(mod p“) 1a n,i=1;k thi phuwong trinh n = p p®.. p& ¢6

ding n;.n,...ng nghiém (moédun n)
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Loi giai:
e Giasir x 1a mot nghiém ctia f(x)=0(modn), hién nhién x 1a mot nghiém cia

L {f(x) = 0(mod p)
€ .
i=Lk

e Gia st x la mot nghiém cua f(x)=0(mod p*),i =1;k. Theo dinh li Phan du

x=x,(mod pf*

Trung Hoa ton tai duy nhat x 1a nghiém cia hé { )(mod n). Ma

i=Lk
x=x(mod p!)= f(x)= f(x)(mod p/) (Vi (f(x)-f(x))i(x-x)), suy ra x la mot
nghiém cua f(x)=0(modn).

Mdi bd (x,,x,,...,x,)V6i x, 1a mot nghiém clia f(x) = 0(mod p*),i =1;k cho ta mot
nghiém cta f(x)=0(modn)va hién nhién cac nghiém nay 13 phan biét (vi trong hai bd
khac nhau phai tdn tai it nhat mot cap x_l.l,glél hai nghi¢ém khac nhau
cua f(x) =0(mod p{), do d6 hai nghiém tuong tmg vdi hai by do khong dong du theo
mod p*). Do do sO nghiém cua f(x)=0dung bang n;.Nny...1Ny.

Nhw vy dwa vao dinh li Phin dw Trung Hoa ta cé thé dém dwoc sé
nghiém ciia mét phwong trinh dong dw. Bdi todn 5, bai todn 6 sau diy la cdc
vi du cu thé cho bdi todn 4.

Bai toan 5. Cho s6 nguyén dwong n=pf p&..p%, trong d6 p,,p,....p, 12 cic
s6 nguyén t6 d6i mot khac nhau. Tim sd nghiém cta phuong trinh dong du
x” +x=0(modn).

Loi giai:

x=0(mod p)
5 x(x+1)=0(mod p;*)
x"+x=0(modn) < — < 9| x=-1(mod p{)
i=Lk _
i=Lk
x =a,(mod p;")

Theo dinh 1i phan du Trung Hoa mdi hé phuong trinh {a e {-1;0} c6 duy
i=1k

nhit mot nghiém (thang du modn) va ta c6 2'hé (bflng s6 bd
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(a,a,,...,a,),a €{-1;0}), nghiém cuia cac h¢ khac nhau. Suy ra phuong trinh
x* +x=0(modn) c6 dung 2" nghiém.

Bai toan 6. Cho sd nguyén duong a = p,p,...p, , trong d6 p,.p,....p, la cac sb
nguyén t6 d6i mot khac nhau va sé nguyén dwong n thoa min k < n <
Do Pa»ews p, - Ching minh rang trong ddy sau co n*s6 chia hét cho a.

u =12..nu,=23...(n+),u, =34..(n+2),..,u, =a(a+1)..(a+n-1)
Loi giai:
Nhdn xét: Bai tap ndy tu tuong gibng nhu bai 4.

i=a,(mod p,)
uiasa €{0,-1,-2,..,~(n-1)}, j=La Do d6 tacéd n*so chia hét cho a.

i=Lk

* Cing véi tw twong nhw bai 4, ta c¢é thé chirng minh céng thirc ciia Phi
ham Ol bang cdich dwa vé dém sé nghiém ciia mét hé dong dw.

Bai toan 7. Cho sd nguyén duong n, ¢(n)1a sd cac sd nguyén duong khong
vuot qua n va nguyén té cing nhau v6i n. Chirng minh rang véi n=p® p=..p%,

trong d6 p,,p,,..., p,1a cac $O nguyén td doi mot khac nhau, ta co :
1 1 1
p(n)=n(l-—)(1-—)..Ad=—)
b P, Dy

(Phi ham Ole )

Loi giai

Nhén xét: Cong thirc trén d3 dugc chimg minh bang cach sir dung tinh chét
o(n) 12 ham nhan tinh. Va dé chirng minh tinh chét trén ta phai str dung dén cac
tinh chét cua hé thiang du. Cach nay kha phirc tap.

Bii todn nay c6 thé gidi dep hon bang dinh li dong dw Trung Hoa

A ={aeN|1£a£n,(a,n)=1}

Khi n=p* = @(n)=p* - p*"

Khi n=p%p=..p%, trong d6 p,.,p,....p, 12 cic sd nguyén t& déi mot khic

nhau. Véi s6 nguyén duong a thod man 1<a<n taco:
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a = a,(mod p")

acAd < (a,p)=Li=Lk <1a eApai
i=1k
Ma theo dinh 1i phan du Trung Hoa, ton tai duy nhit s6 nguyén dwong a,

a=a,(mod p") .

k
3 ~ \ r _ o a;-1 A
1<a<n thod man < <a €A, va ta co | I|Apf" |= |i:1| (pf —p“™") h¢ dang

i=1

i=Lk

trén, nghi¢m cua cac h¢ khac nhau.

A g a; a;—1 1 1 1
Do do |4, | =[] - p*™) =n(l-—)(1-—)..(1-—).
b, )2 Dy

i=1
Bai toan 8. Cho 4, ={aeN|l1<a<n,(a,n)=(a+1Ln)=1}.Tim |4, |.
Loi giai:
Nhdn xét: Bai toadn nay co thé gidi tuong tu nhu cich chirng minh cong thirc

phi ham Ole ¢(n). Gia st n=p® p=..p% , trong d6 p,, p,..... p, 1 céc s6 nguyén tb

do61i mot khac nhau, taco | 4, | = n(l—i)(l—i)...(l—i).

2 )2 Dy

*  Sir dung dinh li dong dw Trung Hoa chirng minh céng thivc ciia Phi
ham Ole, cho ta mét 1oi gidi dep, nhung ciing véi tw twong trén va tinh chit

ciia hé thing dw ta con c6 thé gidi bai todn mé réng ciia dinh li Wilson.

Bai toan 9. Tim sd nguyén duong n 1¢ sao cho voi moi h¢ thang du thu gon
modun n {al,az,...,aw(n)} ta co aa,..a,,, =-1(modn).
Loi giai:
e Theo dinh li Wilson ta suy ra n nguyén té thoa mén.
e V&in=p" v6ip la sb nguyén td 1é.
Ta c6 {al,az,...,a¢(n)} la mgt h¢ thang du thu gon modun n, suy ra voi moi
ae {al,az,...,aw(n)} déu ton tai duy nhét a e {al,az,...,aw(n)} thod man aa =1(modn) va

azb=>a#h.
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a =1(modn) @{a:l

a=5<:>a2—13n<:>(a—1)(a+1)5n<:{ 1(Vi (a-1,a+1)<3).
n—

a =-1(mod n)

Suy ra {a,,a,,....a,,, }\{1, n-1} chia thanh (o(nT)_l cap nghich dao modun n.
Do d6 aa,..a,,,=~1(modn).

o V6i n=p p=..p trong d6 p,p,....p, 12 k (k>1) s6 nguyén to 1¢é,
phén biét.

Twong ty nhu trén: Vo1 moi ae{al,az,...,a(pm} déu ton tai duy nhat

ae{al,az,...,aw(n)} thod man aa=1(modn)va azb=a=b.

a=1(mod p/")
a=asad ~line (a-)a+)ine 1| a=—1(mod p) (Vi (a-1,a+1)<3)
i=1k

a = a;,(mod p;")
Theo dinh li phan du Trung Hoa mdi hé phuong trinh {a, e {~1;1} c6 duy

i=Lk
nhit mot nghiém (thing du modn) va ta co 2¢ hé (bang sb bd (a,.a,,....a,),
a, € {~1;0} ), nghi¢m cua cac h¢ khac nhau.
Suy ra ¢6 ding 2 s6 acla,a,,...a,,} ma a=a, Ki hiéu A, la tip hop

ae {al,az,...,aw(n)} maa=a.

D& thiy [Ja=(-1*"

ae4,

1(mod p®),i =1,k = [[a=1(modn)

a4,

Mt khac tap {4.a,,...a,,}\ 4, chia thanh %_2}( c@p nghich ddo modun n

Suy ra: aa,..a,,, =1(modn).

Két luan: n=p".

Sau ddy la mét sé bai todn chirng minh sw ton tai ciia mot diy sé théa man
mot sé tinh chit cho trwéc bang cdc kj thudt lwa chon b a,,a,,...a, (trong

dinh li phan dw Trung Hoa) .
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Bai toan 10. Ching minh réng vO1 moi sO tu nhién n, luén tdn tali n ) tur
nhién lién tiép sao cho bét ki s6 nao trong cac sd d6 ciing déu 1a hop sd.

Loi giai:

Nhdn xét: n s6 tu nhién lién tiép c6 dang a+1, a+2,...,a+n. Cac s6 nay 1a hop
s6 néu ton tai cac sé nguyén duong p,, p,...., p, khac 1 sao cho (a+i):p]. Suy ra

oA 1A . = —i(mod p,
a 1a nghiém cua hé phuong trinh {x _l(mo P ).
i=ln
= —i(mod p,’ o .
g _l(mo b )C(') nghiém khi
i=ln

Theo dinh li déng du Trung Hoa hé {
Dis Pys-rs p, A01 MOt nguyén td cung nhau.

Do d6 ta chi can chon p,, p,,...p, 12 n sb nguyén t6 phéan biét.

Bai toan 11. Chirng minh réng vO1 moi $6 tu nhién n, luén tdn tal n sO tu
nhién lién tiép sao cho bat ki sb ndo trong cac sé d6 ciing déu khong phai 13 luy
thira (v6i s6 mil nguyén 16n hon 1) cia mot s6 nguyén to.

(D¢ thi toan qudc té 1989)

Loi giai:

Nhdn xét: Khi giai bai todn ndy chiing ta dat ra cau hoi bai toan nay co tu
tuong co gidng bai 5 khong?. Néu dé y dén bd dé sau day ching ta s& thdy bai
toan nay c6 lién quan dén bai toan trén.

B6 dé: Néu a chia hét cho p va khong chia hét cho p* véi p 1a mot s nguyén
t6 thi a khong 1a luy thira (véi sb mil nguyén 16n hon 1) ctia mot s6 nguyén td.

Tro lai bai toan:

Goi p,, p,.... p, 1an sb nguyén to phan biét, theo dinh li phan du Trung Hoa,

a= _i+pi(m0dpi2)

ton tai sO nguyén duong a sao cho {
i=ln

Khi d6 a+ip,, va khong chia hét cho p’,i=1,n. Suy ra diéu phai ching minh.

Bai toan 12. Ton tai hay khong day v6 han {x,} 1a mdt hoan vi cua tap N sao

cho v&1 moi s6 tu nhién k luén ¢6 x, +x, +...+x, k.
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(Nordic 1998)

Loi giai:

Nhin xét: trong bai toan nay ta can chu y dén gia thiét dy {x,} 1a mot hoan
vi ctia tap N, néu khong c6 gia thiét nay bai toan trd nén qua dé, ta quy nap nhu
sau, moi bd x,,x,,...x, , ta ludn chon duoc X, sao cho x, +x, +...+x,in. Do vay yéu
cau cua bai toan 1 ta phai xdy dung diy {x,} sao cho quét hét tap N, ddy 1a cau
héi chinh cén tra 10i.

Tré lai bai todn ta chirng minh sw ton tai diy sé bang quy nap nhw sau:

Chon x,=0,x,=2,x,=1.

Gia st ton tai x,x,,...x, thod man x +x, +..+x, 'k, Vk=1n.

Dat S, =x,+x,+..+x,.

Chon x,, =min(N\{x,x,,..,x,})vd Xy la nghiém nguyén duong 16n hon

X,,X,,...,x, cua hé

X= —Sn (mod(n + 1))
x=-S —x,_,(mod(n+2))

Do (n+1,n+2)=1 nén hé trén c6 nghiém (Pinh li dong du Trung Hoa).
Vi chon x,, =min(N\{x,,x,,...,x })nén {x,} quét hét tap N.

Bai toan 13. Chung minh réng véi mdi s6 tu nhién n, ton tai mot cép )
cong gém n sd hang sao cho moi ) hang cua n6 déu la luy thira cia mot $6 tur
nhién véi sé mii 16n hon 1.

Loi giai:

Nhin xét: Trong cac cp sb cong thi cip sd cong dang a, 2a, 3a,...,na 1a thich
hop nhat trong bai toan nay vi trong mdi s6 hang khong c6 phép cong dé su 1i dé
phtt hop hon yéu cau moi s hang ctia nd déu 1a luy thira ciia mot sé tu nhién voi
s6 mii 16n hon 1. Do d6 a c¢6 dang 2"3™.n™ V& (m,,my,...m ) ,(m, +1,m,,...m ),
(my,my;+1,....m ) ,...,(my,my,...m +1)>1.

Loi gidi bai todan trinh bay nhw sau:

Gia st p,, p,.... p,1a n s6 nguyén td phan biét.
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Theo dinh 1i phan du Trung Hoa, v&i moi i =2, ton tai sé nguyén duong m;
thod man
m, =—1(mod p,)
m;=0(mod p;) .
j=ln, j#i
Khi d6 (m,,m,,...m ) p,, (m,+1,my,..om ):p, ..y (my,my,..om +1)ip, .

m, my m,

my my 7 my+l my m, P
) p+l 2 2 2
=a=2"3"..n" =273 0" | ,2a=2""3".n" =27 3" 0" | ,...,

my my m,+1

na=2"3"..n"" = 273" P

Dn
} . Diéu phai chirmg minh.

Bai toan 14. Cho A 1a tip con khac rdng ctia N. Ching minh rang ton tai s6
nguyén duong n sao cho nd={nx|xe 4} 1a tdp hop 13 luy thira ctia mot sd tu
nhién véi sé mii 16n hon 1.

(Balkan 2000)

Loi giai:

Nhin xét: Bai toan nay tu tuong gidng bai toan trén.

Gia SU A=1{a,ay,...a,}, Py, Prr.r p; 12 k 86 nguyén t6 phan biét.

Theo dinh 1i ddng du Trung Hoa, v6i moi i=1k ton tai sé nguyén duong m;
thod man

m, =—1(mod p,)
m;=0(mod p;) .
j=Lk,j#i
Khi dé (m, +1,m,,...m):p,, (m,m, +1,m,...m ).p,,..., (m,m,,...,m +1)ip .

Dat n=a"a)"...a" , ta co:

10
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m+l my m \P1 my o my+l my, \P2

— mFl o m mp P P P — M, Myl me Fz P2 P2
na, = a, a, “..q,. " =|a a, ..a, , na, =a, a, Lag =1 arta, cay

mmy my +1\ Pk

a,..a"" = aa, .a, " | .Diéu phdi chung minh.

my

yerrs NA, =0,

*kk

11
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3. MO RONG PINH LI PHAN DU TRUNG HOA

Trong dinh 1i phan du Trung Hoa, c6 diéu kién m,,m,....,m 14 cac sb nguyén
duong d6i mot nguyén t6 cung nhau. Cau hoi dat ra 1a néu m,,m,...,m khong
thoa min diéu kién d6i mot nguyén t6 cung nhau thi két qua dinh li nay s& nhu
thé nao?

Pinh li (Phan dw Trung Hoa mé rong)

Cho n s6 nguyén dwong m,m,,...m, Vi a,,a,,...a, 12 cac sd nguyén duong bat
ki. Khi d6 hé dong du tuyén tinh

{x = g;,(mod m,)

i=lLn
c6 nghi¢m khi va chi khi a, = a,(mod(m,,m;)) v61 moi i, j thod mani<i< j<n.
Khi d6 hé c6 nghiém duy nhat modun M =[m,,m,,...m ].
Chtrng minh:

1 Gia st h¢ c6 nghiém x,, dat (m,m,)=d, = a,=x,=a;(modd;) vOi moi i,

thod manl<i<j<n.

1 Nguoc lai néu a,=a;(mod(m,,m;)) v6i moi i,j thoa manl<i<,;<n thi ta
ching minh hé trén c6 nghiém duy nhat modun M =[m,,m,,...m ] bang quy nap
nhu sau:

Véin=2,dat (m,m,)=d,m =dd,,m,=dd,,(d,,d,)=1=>a, =a, =a(modd)

Diat ¢, =a+kd,a,=a+k,d , ta co:

x-a
{x = a,(mod m,) d k(modd,)

X =a,(modm,) xX—a

=k,(modd,)

Vi (d,,d,)=1 nén theo dinh 1i phan du Trung Hoa, ton tai sé nguyén duong x

= x(mod(d,d,))

thoa man ;Ekl(mOddl). Do d6 {xzal(mOdml) P
x =k, (modd,)

x=a,(modm,) d

12
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& x=xd +a(mod(dd,d,)) hay x = xd +a(mod[m,,m,]).

x = a,(modm,)

Suy ra h¢ { c¢6 nghiém duy nhat modun [m,,m,].

x=a,(modm,)
Gia sir dinh 1i ding dén n— 1. Ta chimg minh dinh dinh li ding dén n.
bat m, =[m,,m,,...m,_1,m,=m,

x = a,(mod m, o A
A ) c6 nghi¢ém duy nhat

Theo gia thiét quy nap, hé phuong trinh {

i=ln-1

- x=a,(modm, =g (modm) .. —
x =a,(modm,). Do d6 ta co _( )<:> ¥ a_l(mo n_h) (dat a, =a,).
i=1,n x =a,(modm:)

Vi g, =a,(mod(m,,m,)) v6i moi i,;j thoa manl<i<,<n nén a =a,(mod(m,,m,)).

Tur d6 theo truong hop n = 2, hé¢ phuong trinh {xza_l(m()dn_h) c6 nghiém duy

x = a,(modmy)
nhat modun [m,,m,]=[m,,m,,...m ].

Theo nguyén li quy nap dinh 1i dugc chiing minh.

*kk
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Mot s6 bai tap ap dung:
Bai 1. Chung minh réng vO1 moi $O tu nhién n, ludén tdn tain ) tu nhién lién
tiép sao cho bat ki s6 nao trong cac sd d6 ciing c6 udc nguyén duong dang 2 —1.
Bai 2. Chirg minh ring ton tai v sd diy v6 han ting {a,} cac sb ty nhién
sao cho v6i moi s6 tw nhién k, ddy {k+a,} chi chira hitu han sb nguyén to.
Czech-Slovakia 1997

2" =1 4+, )
la wdc cua

Bai 3. Tim tit ca cac s nguyén duong n sao cho 2" —1:3 va

mot s6 nguyén co dang 4m’ +1.
Korea 1999
Bai 4. Ta dinh nghia hinh vudng tot 1a mot hinh vudng c6 4 dinh 1a cac
diém nguyén , dong thoi doan thang ndi tim O véi tat ca cac diém nguyén trén
bién va trong hinh vudng d6 chira it nhat mot diém nguyén khac hai dau maut .
Chang minh rang véi moi sé nguyén duong n déu ton tai mot hinh vudng t6t

dang nxn.

Bai 5. Tim sd nguyén duong n sao cho vdi moi hé thang du thu gon modun

n {al,az,...,a¢(n)} ta co aa,..a,,, =-1(modn).

Bai 6. Cho f,(x), f,(x),..., f,(x)1a n da thuc vo1 hé sd nguyén khac 0. Chung
minh rang ton tai da thirc P(x) hé nguyén sao cho v&i moi Vi=Ln ta luén cb
P(x)+ f(x)1a da thirc bat kha quy trén Z.

Bai 7. Cho m=2007*%, hdi c6 tit ca bao nhiéu sb ty nhién n<m sao cho
m|n(2n+1)(5n+2).

Bai 8. Ta goi mot tdp hop cac sd nguyén dwong C 1a tot néu véi moi sb
nguyén dwong k thi ton tai a,b khac nhau trong C sao cho(a+k;b+k)>1. Gia sir
ta c6 mot tap tot ma tong cac phan tir trong d6 bang 2003. Ching minh rang ta
c6 thé loai di mot phﬁn tu ¢ trong C sao cho tap con lai van la tap t6t .

Bulgaria TST 2003
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Bai 9. Chimg minh rang ton tai diy (a,)tang thuc su sao cho v4i moi n thi
aa,..a —1 14 tich cta hai s6 nguyén lién tiép.
USA -TST 2009
Bai 10. a) Chimg minh rang tdp cic sd nguyén c6 thé phan hoach thanh
cac cap sd cong véi cong sai khac nhau.
b) Chting minh rang tap hop cac s6 nguyén khong thé viét dudi dang hop
clia cac cap sb cong voi cong sai d6i mot nguyén td cung nhau.

Moldova TST 2009
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Tai liéu tham khao
- Ping Hung Thang — Pong du va phuong trinh déng du
- Nguyén Vii Luvong — Cac bai giang vé sb hoc
- Tuyén chon cac chuyén dé toan hoc tudi tré — Tap 3

- Dién dan — http://mathvn.org
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