PHUONG TRINH HAM

MUC BICH YEU CAU:
Giup cho hoc sinh hinh thanh duoc phrong phép giai mot sd phrong trinh
ham, biét doan nhan céc dang va dinh hudng dugc pheong phap giai.

DANG 1: PHUONG PHAP BOI BIEN

4
Vi du 1: Tim ham s f(x) biét ring khi x # 0 ta o6 f 5—— H= % 1
BHXH X
Gidi :* Bitt= — thi [t =|-—,|< | X|=2
1+x 1+x°| [2x] 2
4
X X*+1_1 1
Mat khac, t = b =_-2.Tacof(t)= =-2.
: 1+X2 X2 t2 () t2

%—2khi0¢|x|s%
Vay : f(x) = 1
%Ufyy, khix| >E

Vidu 2 : Tim ham sb f(x) xac dinh v&i moi x thda diéu kién :
(u = V)f(u+v) — (U+V)f(u = v) = duv(u® — V?)

Du_x+y

X=U+V -
Giai - * Dat thip 2
E— y=u-v g, _X-y
g 2

uvav lay gia tri bat ki thi x, y ciing lay gia tri bat ki.
* Hé thirc da cho tré thanh :
y£(x) = x.f(y) = xy(x* - ) @)

= YIF) =X = x[fy) -y, %, y
Vi vay v&i moi gia tri tiy y khac 0 clia x vay, taco :
f)-x° _f(y)-y’ _cp f(x) -x°

x oy X
* Trong (1) chox=0,y=1,tacof(0)=0
* Két luan : f(x) = x° + cx, .

=c (hang s6), "x thda x # 0

DANG 2: DPUA VE GIAI HE PHUONG TRINH

Vi dy 1: Tim ham s6 f(x) thda véi moi x # + % tact

Ox-1 0

f(x-1)-3f —1-2x X

D=3 ok (1)
%:*Détiu—lz x-1 thi x = u
1-2x 2u_1
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Giai hé :

%(x 1)- 3f%f—1§—1 ox (1)

EL3fx 1+fDX 1D— 1 2

A ™M= e PO

pf(x_l):LXJ’lpf(t):t tt+l
4x +2 4t +2
x?+x+1 1

Vay : f(x) = ———— XZE+=—

y - f(x) I ( 2)

Phép thir lai cho thdy ham f(x) tim duoc & trén lathda de.

, . . R 0 x C 1

Vidu 2: Timham f thoa : f(x) + x. f =2 , (xz= 1
. (9 +xf x#2)

Giadi:*bat:t= X thix:# ﬁ;&i[
= 2x -1 2t-1 oF

ot gt _ X 0 x O
@ - f o T0=2P 5 00+ fi " r=2

Gidi hé phuwong trinh :

O x 0O
%(X)+X.f %H— 2

I:QI:I
™
N
111

- - (x#0)
0 X X _
@X—lf(x)+x-fma_ 2X
. (x-1)7 o
Taco: mf(x)—2(x 1)
*Néux#1:f(x)= 2(2x-1) 2
x-1

*Néux=1:tr (1) taco:f(l)+f1)=2 = f(1) =1
Kiémtravdix=0:

(2) cho: f(0)=2

(1) cho:f(0)=2
* Két luan : Ham f laham sb dinh bdi :

(2x-1) neu x#1

fx)= 0 x-1
H neu x =1
e Chuy:t= thi sz
2x -1 2t-1

b Ham ddi hop

2
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DANG 3: PHUONG PHAP THAY GIA TRI DAC BIET
Vidu 1: Timhamf biét : f(x +y) + f(x - y) = 2f(x).cosy, "X,y OR
Giai : * Chon x =0, y = tta duwoc : f(t) + f(-t) = 2f(0).cost (1)

Chon:x= 2, y= Nat, taco: f(m+t) + f(-t) = 2F(1).cos(- +1)
2’772 27N
= —2f(g).sint @)
Tt Tt ,
Chon:x:5+t, y:E,taco:f(Tr+t)+f(t):O 3
Lay (1) - (2) + (3), ta duoc : 2f(t) = 2f(0).cost + 2 f(g)sint
~ f(t) =(0).cost + f(g)sint

Vay : f(x) = acosx + bsinx, vai f(0) = a vaf(g) =b

Vidu?2:Timhamf biét:a) f(x) + f(x +1) =1, x OR (1)
by O<x<1Dbf(x)=x (2
Gidi:Tra)taco:f(x +1)+f(x+2)=1 (3)

() va@ cho:f(x+2) =f(x), x
b f tuan hoan vai ch ky 1a 2, do d6 chr can timf trén [0 ; 2]
*X&0£x£Ll:Patt=x+1thilf£t £2 Twra)vab)cho:
X+f(x+1)=1bf(x+1)=1-x
bflt)=2-tvoil£t£2

[X neu0<x<l
%—x neulsxs<Ul
[X—2t neu 2t<x<2t+1
%HZX neu 2t+1<x<2t+2
X -2t neu 2t<x<2t+1
%Hz—x neu 2t+1<x<2t+2
Vi du 3 : Tim ham sb f(x) xac dinh trén R thoa :

x.f(y) + y.f(x) = (x + y).f(x).f(y),’x, y OR
Giai:
Thay y boi x ta c6 : x.f(x) + x.f(x) = 2x[f(x)]* = 2xf(x).[f(x) — 1] =0, "x OR.
Xét 2 trvdng hop :

* Do vay trén doan [0 ; 2] : f(x) =

Suy ra: f(x) = veitdz

Rd hon : f(x) = veitdZ

L ., OF(x)=1, Ox#0
. TH1:f(x)¢0v0|mo|x¢0,taco:%
(0) tuy y

e TH2: T6n tai Xg sao cho f(Xp) = 0. Trong (1) thay y = Xq ,tacd :
Xf(Xo) + Xof (X) = (X +Xo).f(X).f(Xo)
= Xof(x) =0 (dof(xg) =0)
b f(x) =0,x
Vidu4: Timcdp ham 6 f(x) , g(x) thda diéu kién :
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_ f(x) - f(y) = (x + y)g(x - y), x,yIR
Giai :

*Thayy =-xtaco: f(x) - f(-x) =0, 'xOR (1)
* Thay x boi x + 1, y béi x, tacéd : f(x + 1) — f(x) = (2x +1)g(1) (2
* Thay x boi x + 1, y béi -x , tacod: f(x + 1) — f(-x) = g(2x +1) (3)
Lay (1) + (2) - (3) : g(2x +1) = (2x + 1)g(1)

b g(x) =ax voia=g(1)
* Trong hé thirc dacho thay y = 0 taduoc : f(x) — f(0) = xg(x) = ax?

b f(x) = ax? +b véi b = f(0)
* Thir lai ta thay f(x) = ax? + b vag(x) = ax thda hé thirc da cho.
Vidu5: Timham s6 f(x) xac dinh trén R théa man cac diéu kién sau :

a f(x) =1

b) f(x +y) =f(x) + f(y),00x,y

c) x#0,f(x)= xz.f(%)

Gidi:* Twb)chox=y=0,taco6:f(0)=2f(0) Pf(0)=0
*Twb)chox=-1,y=1taco: f(-1+1) =f(-1) + f(2)

O f(0) =f(-1) +f(1)

O f(-1) =-f(2)
Maf(0)=0vaf(l) =0 (doa) nénf(-1) =0
*xz0vax#1l:

Led X O .01 C
Xeth<+1E+fBX+1E
Ap dung b) ta co : fﬁxxlﬁr @(ilﬁzfﬁz—ﬁmzf(l):l @
* Mat khac &p dung c) ta co :

Ox 00Ox O 1C

"ot Bt B @
(g1l ootl ﬁf(“x)

x+1H tk+1d’

2

. .O0x 0.01C x 10 1
o Bt T 'fE“xEr(xﬂ)z f(x+1) 3)

* (D) va(2) va (3) cho :

(x+1) AR e

o (x+1)2=x2H(1) + xz.f(;) +f(x)+f(1) (dob))

Ma f(1) vaxz.f(l) =f(x) nenx®+2x + 1= x>+ f(x) + f(x) + 1
X
O f(x) =x. Thi lai ta thay f(x) = x thda cac diéu kién cla bai toan.

Vay : f(x) =x, OxOR
* Két luan : phdi hop 3 trvong hop :
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e x=00 f(0)=0
e x=-10 f(-1) -1
o xz0,x#1,f(X) =x0OxOR
Vidu6: Timhamsd f: R — Rthéa man 3 tinh chét :

a f(1)=1
b) f(x+y)-f(x)-f(y) =2xy
o fEEEETN) pyxo
Giai:
i)Céch1:* chox=0:Twb) O f(0)=0
* Tirb) ditx =y = % taco : f(t) - 2f(;)— OtOR (1)
. y 1 g 2
* = Sot# = #
Teb)datx=y = tt O,tacé: fEEZfHH >, Ut#0
B
RO
Apdungc)tacod: f
p dung c) Or 0 —
BEH
DlD f(t)
=

H ﬁH 21(t) _ 3 Ot#0
ot F
>4

Hay 8.f(§) —f()=t, Otz0

* Tl (1) va(2) ph6i hop f(0) = 0,suy ra f(x) = x* thoa de.
i) Cach 2: Lam twong tu vi du 5.
*x=0:Twwb)Od f(0)=0
*x=-1,y=1,twb)cho:f(-1+1) - f(-1) - f(1) =-2
O f0)-f(-1)-f(1) =2
Of-)+1=2.Vay: f(-1) =1
(do f(O)=0vaf(1)=1)

*xZ0vaxzl:
D<+1D 2X 1

Apdungb)taco fBX 1H+ B(+1E B(+1H—X+1 x+1

_ 2X
()_(x+1) =1- (X +1)> @

* Mat khac ap dung c)taco:
[MOx 0ox o El J1C
o+ H: x+107 0 xC
: 5
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@;@ﬁ;ﬁ 4%
00X O

0 fR ES<+1E (X+1) X fﬁl Hl-f(x+1)] B

* (1) va(?2)cho:

oo T e

o (X+1) =x"+2f(x) + 1 + 43 + 2x
O f(x) = X Thi lai ta thdy f(x) = x* thoa d&.
Vidu 7 : Xac dinh ham sb f: R — R sao cho BDT sau ding [ X, y, z bat ky thoa :

%f(xy) + %f(xz) -f(x).f(yz) = % (1)

®

jai :
*x=y=0:
(1) c6 dang : %f(0)+1f(0)—f2(0) >1

2 33 - ==
- 10-F0* E(O) E"O 0 £(0) =
sx=y=z=1: (1) cho: f(1)—f %% 5(1)__E"
O f(L _E
1 1 1
*x=0,y=1 (1 cho:f(O)1-f(2)]"* 2 ° f(z) SE hay f(x) SE
*y=z=1: f(x)[l—f(l)]3% Df(x)3%

* Két luan : f(x) = % OxOR

Vidu 8: Xac dinhham sd f: [0 ; +¥) - [0; +¥) thda cac diéu kién :
a) fxf(y)].f(y) = f(x+y)
b) f(2)=0
c) fX)Z0VvOi0O£XE2
Giai:
*y=2:a) cho:f[xf(2)].f(2) =f(x +2)
Theob) f(2) =00 f(x+2)=0,0x*0
O f(x)=0,0x32
*0fy<2:
e chonx=0,tra): f(0) =1
e X#0.Thayx=2-y,taco: f[(2-y)f(y)].f(y)=f(2) =0

0 (2-y)i(y)* 20 f(y)* % 11 *)
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Chirng minh f tang trén [0 ; 2) bang cach thay x bdix -y (0£y<x<?2)
Vi x+y<2:f[xf(y)] £f(x+y) O xf(y)£x+y

Df(y)£1+%,Dx<2—y
2
2-y
S‘()_—, Ox0[0:2)

X
%(X) 0, Ox=2

Chox— 2-ythi:f(y) = , Oyd[0; 2)

Vay

DANG 4: PHUONG PHAP SU DUNG TIiNH LIEN TUC CUA HAM SO,
GIO1 HAN CUA HAM SO
|. KIEN THUC CAN NHO:
1D lim f(x) =1 < Moi day (X,) c0 limx,, = X, thi limf(x,) =1

X —=Xp

2) f lién tuc tai X, < lim f(x) = f(x,)

X - Xg

I1.CAC Vi DU:
Vi du 1 : Cho ham sb f(x) xac dinh trén toan truc sO vabi chan trén (-a; a) voi ala
mot s6 dwong da cho. Tim ham sb f(x) biét rang :

£(x) :%f(§)+x, 0 x0OR )

lEIXD DXEIX

2n B{H 2n+1 anﬂHI-ZZn

Cong cac dang thirc trén vé theo vé ta duoc

_ 0 x O 1C
(x) = nﬂfE!T @+—+— ot
Vi bét ki x décho,tachi can chonndi Ionthi st co: —a< 2’)‘(+1 <a

n+l

Mat khac,vi f(x) bi chan trong (-a; @) nén [t > 0 sao cho fE!THs c
Quagi¢i han dang thire (2) khi n - ¥ ta dwoc :
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0 C
0 C
limf(x) = 0+xgi[. Vay : f(x) = %x

oo o-Lic

0 4L
Vidu2:Chox[OR, a # £ 1. Timtat ca cac ham sb f(x) xac dinh valiéntuc trén R,
thoa diéu kién : f(x%) = f(x), OxOR, (D
Giai :
Néu [ [x 1: tir (1) ta nhan duoc : f(X) = f(x%) = ... =f(x*"), OxOR,, OxON
Suy ra: f(x) = lim f(x") = f(1), OxOR.

1 1
* [0 0> 1: (1) chof(x) = f(x*) =...=f(x"), OxOR,, OxON
1

Suyra: f(x) = limf(x") = f(1), OxOR..

* Két luan : f(x) = ¢, ¢ OR, OxOR,.
Vidu 3 : Timtat ca cac ham s f(x) xac dinh valién tuc trén R thda diéu kién :
f(x%). f(x) = 1, OxOR (1)
Giai : T (1) O f(x) #0, Ox
*x=0: fA00=1 O f0)=+1
*x=1: =1 O fQ)==+1
* Thay x b&i —x. Taco : fA(x).f(-x) = 1 = f(x?).f(x)
0 f(-x) = f(x), OxOR (2)
*0£ x£ 1. Khido:
1 4
f(x) = =f(x
(x) e (x%)
0 f(x* = f(xT = f(x*)
F(x®) = f(x) ] = F(x*)
O f(x) = f(x*) = fI(xH% =f(x*")
f(x) = lim f(x*"
n T =limix )%D f(x) = £(0) = +1
Viosx<l H

1

10
. 1 ! G O
*x31:Tuongtytaco: f(x) = =f(x4)=f ﬁD:fﬁ(4
f(x2) E

NI

C
1 g
0 f(x) = |imf§<41" Ezf(l) = +1

* Két luan : f(x) = 1,0x0OR

f(x) =-1, OxOR
Vidu 4 : Timtat cd cac ham s6 f(x) xac dinh valién tuc trén R thoa diéu kién :
f(x%) - f(x) = x(x - 1), OxOR (1)

Gidi : bat : f(x) =x + g(x), OxOR
Taco: f(x?) = x?+ g(x%). Thay (1) véo taco : x> + g(x?) = x = g(x) = x(x — 1)
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o X2+ g(x%) =x=g(x) = x* = x
Vay : g(x*) = g(x), OxOR
Theo VD2 thi g(x) = cOR, OxOR
* Két luan : f(x) = x + ¢, Ox, cOR
Vidu5: ChonON'. Tim tat c& cac ham s6 f(x) xac dinh valién tuc trén R thda
diéu kién :
Cof(X) + CLf(X?) +...+ CTH(x? ) +Cf(x2) =0 (*)

n k
Gidi: (*) = SCKM(Xx*)=0

Dit: gy = Y CF(x*) =0
k=0

-1
Tacs: gui(¥) = 3 ClLf(x*)

k=0

n-1
gn-l(xz) = Z Crlf_lf(x
k=0

2k+1

)
= icﬁjf(xzk)

n-1 K n K
Ona(X) + Gna(X®) = 5 Crf(x*) + Y Ciaf(x”)
1 1 kZO 1 gl 1

-1
(e, +cﬁ:i>.f(x2k>ﬁ+cﬂ-lf<x)+c2:if<x2k)
=

n-1
;cmxzk)+c2-1f(x>+c:f(x2k)
=1

S CEF(x*) =0
k=0

Ta duoc : gna(X) + gra(X’) = Gn(X) =0 (1)
T do suy ra : gn1(X) lahamliéntuc vag,1(0) =0, g,.1(1) =0
*0£XED:

(1) cho gn—l(x) =- gn-l(xz) = '['gn—l(x4)] = gn-l(x4) =
Suy ra: gna(X) = gna(X’) = -Gna(x*)
Do do: gn—l(x) = gn—l(o) =0

*x>1:
1 1 1 1

Khi d6 (1) cho : gna(X) = Gra(x*) = - Gra(X*)] = Gra(X* = ... = Gra(x*")
Do do6 khiquagi¢ihann - ¥ ,tacl: gn1(X) =0n1(1) =0, 0x 30
Vay 1 gni(x) =0, 0x> 0
U gna(x) = 0, UX
Két hop vai (1) ta dwoc : gna(X) = gna(X) =...=go(X) =f(x) =0
Két luan : f(x) =0, OxOR
Vidu6: Timtat cd cac ham sd f: R — R lién tuc théa diéu kién :
f(x%) +f(x) = x>+ x, OxOR
Giai : bat : g(x) = f(x) — x, OxOR
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Taco g ladao hamliéntuc trén R
9(x) = f(x) - x
g(x%) = f(x*) = x*
0 g(¥) +g(x) =f(x) + f(x*) —x - x*
=x+x°=x-x*=0
- 90)=0
- g)=0
« g(x) =-9(
0 g(-x) = -9((-x)) = -9(x?)
0 g(-x) = 9(x)
Do d6 ta chi can xét trén [0 ; +¥)
* g(x) =-g(x*) = g(x*) , Ox >0

= ... =g(x*)
*Néu 0 <x<1:g(x)liéntuc nén limg(x) =lim g(x“n) =g(0)=0

0 g(x)=9(0)=0
*x>1:
1 1 1

g(x) = g(x*) =g(x*) =... = 90x)
g(x) lién tuc nén : ,!ifﬂg(x) = rI]iqrr;g(x“i”) =g@®=0

*Vay:g(x) =0,0x30
g(x) laham chan nén: g(x) =0, Ox OR
Hay : f(x) = x, OxOR
Vi du 7 : Xac dinh tat ca cac ham lién tuc f sao cho v&i moi s6 thuc x vay thi :
f(x+y).f(x - y) = [f().f(y)]* (1)
Gidi : * Banghiém ham ddc biét : f(x) = 0, f(x) = 1 hoac f(x) = -1
* y=0: (1) co dang [f(x)]* = [f(x)]*[f(0)]°
NEu f khong phai nghiém ham dac biét f(x) = 0 thi f(x) # 0 v&i mot gia tri nao do
clia x ,do d6 [f(0)]? =1
Nén: f(0) =+1
Vi f théa (1) va—f cling vay nén chi can xét trwvong hop f(0) = 1
* x=0: (1) co dang [f(y)]* = f(y).f(-y)
Néu f(y) # 0,chia 2 vé cho f(y) ta duoc : f(-y) = f(y)
O flaham s3 chan
*x =y #0: (1) tré thanh : f(x + x).f(0) = [fA(x)]?
Taco: f(2x) =[f(x)]* *)

* Liu y rang : f(x) = 0 thi f%%z 0
Do d6 tai 1 lan can nao do ctia 0 chira x maf(x) = 0 thi limf(x) =f(0)

Thé maf(0) = 1 vaf lién tuc diéu dé khong xay ra.
Tom lai, f(x) # 0, két hop voi (*) ta ludn co : f(x) >0
* Dung quy nap,chirng minh rang :

OnON, f(nx) = [F)T™ )
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e n=1:Hiénnhiénco (2)
e n=2:Theo(*)taco (2
« Choy =kx thi (2) tr& thanh : f[(k+1).x].f[(k — 1).x] = [f(X)]2.[f(kX)]?

« Do(2),tacod:f[(k-1).X] = [f(x)](k'1)2

flg = [FOOI¢
suy ra: f(k+1).x].f[(k - 1).x] = f{(k+1).x]. [FOOI«Y
= [FOQI2 [FOOT

O f[(k"‘l)X] — [-I:(X)]2+2|<2_(k-1)2 :[f(x)](k+1)2
Pang thirc dung voi n = k + 1. Theo nguyén Iy quy nap ta c6

OnON, f(nx) = [F)T" 3)
* Trong két qua ching minh trén : On0N, f(nx) = [F)]"
Thay x = =, taco: fEP H_ [f(x)] a‘m Eﬂ
Hay : f(1) = EDI nil

* Trong (3) chon=1,x = %.Tacéx= 1, thay n boi %

f( ) = [f(L]™

* Trong (3) chon=mvax = 1
n

o -G8

m

N ‘

Do do6 : f(—) = [f(O)]"

Vay moi gida tri hiru ti x ta déu co : f(x) = [f(1)]x2 (4)

* Do f lién tuc (4) con dang vai moi gia tri vo ti ( xem ldy thira v&i s6 mii tuy y

SGK 11)

* Hai vé clia (4) déu chan O (4) con ding véi moi gia tri thec &m cla X.
Kéthgp: f(0)=1

0 OxOR: f(x) = [FO)]° (5)

DE y rang néu f thoa (5) thi —f cling thoa (5)

Nén (5) cho: OxOR: f(x) =+a* (a>0,a=1)  (6)

Tl (6) vaké ca 3 nghiém ham dac biét ta c6 : OxOR: f(x) =0

Hay OxOR : f(x) = +a* (a>0)

I1l. BAY BAI TOAN CO BAN VAN DUNG TINH CHAT CUA HAM SO

LIENTUC:
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1) Bai toan 1: ( Phuong trinh ham Cauchy)
Xéc dinh cac ham f(x) lién tuc trén R vathdéa man diéu kién :

f(x+y) = f(x) + f(y), Ox, yOR ()
Giai :
*x=y=0:f0)=1f(0) +f(0) = f(0)=0
*x =y #0: (1) cho f(x+x) = 2f(x), OxOR (2

*y=-x:(1) chof(0) =f(x)+f(-x) = f(-x) =-f(x)
*y=2x:Taco: f(3x) =f(x) + f(2x) = f(x) + 2f(x) = 3f(X)
* Gia sir voi KON, f(kx) = kf(x),OxOR
Khi do : f[(k+1)x] = f(kx+x) = f(kx) + f(x) = kf(x) + f(x) = (k+ 1)f(x)
TU dé theo nguyén ly quy nap : f(nx) = nf(x), OxOR (3)
+ Két hop véi tinh chat : f(-x) = - f(x),Ox0OR ta duoc :

f(mx) = mf(x), Ox,mOR

+ T (2) taco: f(X) = Zf%ﬁ: 2%@%@2..;2%%%

Tir d6 suy ra - fﬁ%ﬁz%f(x), Ox, nOR (4)

. OmQOd m .
*(3)va(4) cho: f =—f(1), OmOZ, nON .
@ va(@ cho: froto=or )
* Gia st a lasd vé ti ta tim dwgc day sb hivu ti (r) ma: |I(im o =ad
Khi do6 : II(im h-X =0.X
T do : f(a.x) = 'I<im f(r,.x) = Lim r..f(x) = af(x)

Vivay OxOR,0aldR ta déu c6 : f(a.x) = a.f(x)

Véi x =1 thi f(a) = af(1) nén f(x) = xf(1),0xOR

bata =f(1), ta co f(x) = ax, OxOR, a=f(1)

Thtr lai : f(x) = ax thoa (1)

Két luan : f(x) = ax, OJaCR

2) Bai toan 2 : Xac dinh ham f(x) lién tuc trén R vathoa :
f(x+y) = f(x).f(y), Ox,yOR (2

Giai:

* f(x) = 0 lamot nghiém

*f(X) 20 : IX,OR : f(Xo) Z0. Theo (2) : f(Xo) = f[x+(Xo — X)] = f(X).f(Xo — X)

Suy ra: f(X,— x) £ 0, OXOR

\ x . x[ Qox
Vaf(x) = fEé+§H_ ﬁag% >0, OxOR
Pit : Inf(x) = g(x) ta c6 : f(x) = ¥
Khi do6 g(x) lién tuc trén R va: g(x+y) = In f(x+y) = In[f(X).f(y)]
= Inf(x) + Inf(y) = g(x) + 9(y),Lx,yUR

0 f(x) =™ =g
3) Bai toan 3 : Xac dinh ham f(x) lién tuc trén R vathda diéu kién :
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EL‘(x—y):m Ox,yOR

f(y)’ ©)
H)#0
Gidi:bédt:t=x-ythix=t+y

(3) tré thanh : £(t) = 1 F Y
f(y)
= f(O).f(y) =f(t+y)
fly) #0
Theo bai toan 2 0 f(x) =& vaa>0tayy
4) Bai toan 4 : Xac dinh ham s6 f(x) lién tuc trén R\{ 0} thda diéu kién :
f(xy) =f(x) .f(y) , Ox,yOR\{ O} 4)
Gidi:* y=1:(4) tré thanh : f(x) =f(x).f(1)
= f(x) [1-f(1)] =0, OxOR
e THI1: (1) #1. Taco: f(x) =0, Ox, nghiém nay thda (4)

. f()=1Taco:1=f(1)= fﬁx%% = f(x).f%%, OXOR\{ O}

O f(x) #0, OxORY O}
Do d6 : f(x?) = f(x.x) = f(x). f(x) = [f(x)]* > 0,0x > 0

*x,y OR":
=e" >0
. Dét%( thiE}(
D/:ev y>0

« Datf(e) = g(t)
g(u+v) = f(e™) = f(e".€") = f(€").f(e") = g(u).g(v)
0 Theo bai todn 2taco: g(t) =, OtORvaa> 0
O f(x) =f(e") =g(u) = a"
=d™ = (€)™ =x™=x% OxORvaa =Ina *)
* x,y OR™ thix.y OR".
Choy =x, (4) cho: f(x.x) = f(x). f(x)
Hay : [f(X)]? =f(x® = (x*)® = (x*)?, OXOR, BOR .
5 X gxf , OxOR™
Dof liéntuc nén: f(x) =
&[x*, OxOR"
* Kéthop : (*) va(**) taco:
o f(x) =0, OxORY 0}
« f(x)=0x 0, OxOR{0} vaa OR

X, OxOR®
=[x, OxOR™, BOR

5) Bai toan 5 : Xac dinh cac ham s6 f(x) lién tuc trén R\{ 0} thda diéu kién :
F(xy) = f(x) +f(y), Dx, yOR{ G} ()

(**)

o f(x) =

Giai :
a)x,yOR" : Datx=e", y = e’ vaf(e) = g(t)
Taco : f(xy) =f(x) + f(y) = f(e".e") =f(e") + f(e")
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- f(e"™) = f(e") + f(e")
= g(utv) = g(u) +9(v)
Theobai toan 1 0 g(t) =bt, t OR
O f(x) =f(e") =g(u)=bu
Max=¢€"0 u=Inx O f(x) = blnx
b) x, y OR™ thi x.y OR".

Choy=x: (5) cho: f(x.x) =f(x) + f(x) hay f(x) = %f(xz)

1 2
= Zb.In
5 (x%)

=b.Inx [ OxOR™, bR

Thtr lai ta thdy f(x) = b.InCx Wi bOR thoa diéu kién dé bai
* Két luan : f(x) =b. Inkx 0 OxORY{ 0} vab OR.
6) Bai toan 6 : Xac dinh cac ham f(x) lién tuc trén R thda :

F(xy) =f(x) - f(y), Ox, yUR (6)
Giai:
* X,y =0:(6) chof(0) =f(0) - f(0)=0
* OxOR,y =0: f(0) =f(x) hay f(x) =0
* Nguoc lai  f(x) = 0thda (6).
7) Bai toan 7 : Xac dinh cac ham f(x) lién tuc trén R™ thda man céc diéu kién :

fDX E: f(x)-f(y), Ox, yOR".
a%s
Giai: bat : X = thi x =ty
y

(7) = f(t) =f(ty) - f(y)
= f(ty) =f(t) + f(y)
Theo két qua bai toan 5 O f(x) = b. Inx, OxOR", bOR
V. BAY BAI TOAN CO BAN VOI GIA THIET HAM f(x) XAC BINH VA
CO DAO HAM TRENR::
1) Bai toan 1 : Tim cac ham s f(x) xac dinh va cé dao ham trén R théa man diéu
kién : f(x+y) = f(x) + f(y)
Gidi : Lay dao ham hai vé theo bién s6 x, ta cé : f " (x+y) = f ’(x), Ox,yOR
Tuong tu, 1dy dao ham theo bién s6 y, tacé : f’(x+y) =f’(y) , Ox,yOR
O f'(x) =f’(y), Ox,yOR
O f’(x) =const hay f(x) =ax + b
Vandung : f(x+ty) =f(x)+f(y) d b=0
Vay : f(x) = ax, OxOR
2) Bai toan 2 : Tim cac ham s6 f(x) xac dinh va c6 dao ham trén R théa man diéu
kién : f(x+y) = f(x).f(y) , Ox,yOR 2
Giai :
* Nhan xét rang f(x) = 0 la mot nghiém cla (2)
*f(X) 200 XOR: f(Xo) #0
(2) cho f(Xg) = f[x+(Xo — X)] = f(X) .f(Xo — X) # 0,0xIR
Suy ra: f(x) # 0, OxOR (1)
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it oo , Oox gt
Mat khac tir (2) ta co : F(x) = UBEH@ O, OxOR (2
m E

*(D)va(2) O f(x)>0, Ox

Lay dao ham 2 vé theo bién x vay talan lwot co :

f(x+y) =1’(x) . f(y), Ox,yOR
f’(x+y) =1(x) . f(y) , Ox,yOOR

C4c dang thirc trén cho : £(x). f(y) = f(x). '(y), Ox,yOR
Dof(x) #0,f(y) 0, tacé: ) = ) Ox,yOR

f)  f(y)
Hay [Inf(x)] " =a < f(x) =™
f(x)=0
%(x) =e* vOialOR,b=0
s d(X)=0
Két luan : )
B‘(x) =e® vbi alR,0OxOR

Thé vao (2) tachd:

3) Bai toan 3 : Xac dinh cac ham f(x) (lién tuc) x4c dinh vakha vi trén R", thoa

man diéu kién : f(xy) = f(x) + f(y) , Ox, yOR ..

Gidi : Lan lwot l1dy dao ham 2 vé v6i bién sé x vay, taco :

y.f(xy) = f’(x), Ox, yOR .
x.f(xy) =f(y), Ox, yOR,
Céc dang thirc trén cho :
x.f'(x) = y. F'(y), Ox, yOR .
Do dé : x.f’(x) = C, OxOR
0 f(x) =C.nx +d
Thévao (3) 0 d=0
Vay : f(x) =C.Inx (Ox>0,Ctuyy)

4) Bai toan 4 : Xac dinh cac ham sb f(x) xac dinh va dong bién trén R thda man

diéu kién : f(x +y) = f(x) + f(y) , Ox, yOR.
Giai :

*y
*y

0: (4) cho f(x) =f(x) +f(0) O f(0)=0

X

X :(4) cho f(2x) =f(x) + f(x) =2f(x), OxOR
O f(x) > 0 khi x > 0 vaf(mx) = mf(x),Ox0OR, mON

(*)

Trong (*) thay x boi =, ta duoc : fEXE= L f(x). OxOR, mON’
m HoH m

Do f(x) dong bién trén R, néntaco:

010 L C
e
1 1
- <x<=

n n

Suyra: —Lf) <f(x)<1f(1) = —T<x<t
n n n n

Do do: Iirrgf(x) =0=1(0)

5 SaLID
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Toém lai : f(x) laham sb lién tuc tai x = 0 vaOxOR
lim[f(x+y)-f(x)]=limf(y) =0
y-0 y-0

O flién tuc tai moi diém x =0 va OxOR

Theo bai toan 1,tac6: f(x) =ax, a>0

Két luan : f(x) =ax, Ox>0,véia>0tuyy.

DANG 5 : SU DUNG BDAO HAM VA NGUYEN HAM.

|. KIEN THU'C CAN NHO:

o Cis R . o .. (X)) —-f(x
1) Ham s f dwoc goi la co dao ham tai X, néu ton tai I|mM
X = Xg X_Xo

Ki hiéu : f*(xg) = lim 1)~ TX)
X—Xo X_XO
2) Néu F ’(x) = f(x), ¥x e(a; b) thi F(x) la nguyén ham cta f(x)
Ki hiéu : F(x) = J’f(x)dx
11. Vi DU MAU :
Choham s6 f: R - Rthda cac diéu kién sau :
i) f(x) *1+x, OxOR
i) f(x+y) 3 f(x). f(y), Ox, yOR
Chiing minh rang : a) f(x) >0, OxOR
b) OxOR, Ohthéa h % 1,taco:
h.f(x) < F(x + h) - f(x) < —hl'f(;‘l)
c) Bao ham f’(x) lubn ton tai, tir d6 tim f(x)

3 Trii) chox =y = %,tacé: f(u)zﬁﬁg%

B AR

Gidi :
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Suy ra: f(x) * ﬁ%% , OXOR,OnON

T dieukiéni) O f(x)*1+x >0, OxO(-1; 1)
. e X X

<1, khido: f 1+—>0
W% 2"

Suy ra: f(x) * ﬁ%% >0, 0Ox

b) OxOR, OhO(-1; 1)
Theo i) vai) : f(x+h) * f(x). f(h) * f(x),(1+h)
0 f(x+h) = f(x) * h. f(x)

V6in da 16n thi ‘i
2n

Tiép theo ta chitng minh : f(x +h) —f(x) < hlf_();) (1)
(1) = f(x+h) —f(x) — h.f(x+h) + h.f(x) £ h.f(x)
= (1-h)f(x+h) £ f(x) (2

(2) ddng Vi : f(x) = f(x+h — h) 3 f(x+h) f(h)
3 f(x+h)(l - h)

Vay : hf(x) < f(x +h)—f(x) < hlf—()r(]) , OxOR, Oh0(-1 ; 1)

c) Theo cau b) taco:
. 0<h<ithi: f(x)< XFM=TH) TX)
h 1-h
fix+h)-f(x) _ £(x)
. <

f(x + hg ~09 _ 1

e -1<h<Othi: fx) <
1-h

e« Suyra: Lim
-0

Vay : f'(x) lubn ton tai va f’(x) = f(x),OxOR
* detzln|f(t)|§ = Indx O+ Ind(0) @

0 (1)
= |nm (*)

f(0)
*f(x) = f(x), OxOR

) e T - < = -
And W—J.Nen OWdt_J‘Odt_X ( )

* Tip (%) vy (** . m: - —
TU (*) va( )cho.lnf(o) X = f(x)=f(0).e"

Twi)O f(0)3 1

T ii) O (0) = f(0+0) 3 4(0)
O f(0)£1

Vay: f(0) =1

Do d6 : f(x) = €.
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