Algebraic Inequalities
Vasile Cirtoaje

Chapter 1: Warm-Up Problem Set
1.1 Applications

1. Cho a,b,c,dl Rthéa : a®+b?>+c*+d?’=4.CMR: a®+b*+c*+d®£8

.3
2. Cho a,b,c3 0.CMR: a’+b’+c’®- 3abc3 2?%-612

(%]

2 2 2
3. Choab,c>0 théa abc=1. CMR: a+g+03W

4, Cho a,b,c3 Othoa a®*+b*+c®*=3. CMR: a’b* +b'c* +c*a* £3

5. Cho a,b,c? 0. CMR: a*+b’+c®+2abc+13 2(ab+bc+ca)

2

.2 .2 o
6. Choab.cl R khacnhaudoi mot. CMR:; 22 0 ,@b 8 @c o
8b- Cg 8C- ag 8a- bg

32

7. Cho a,b,c3 0. CMR: (az- bc)\/b+c+(b2- ca)\/c+a+(cz- ab)\/a+b3 0

8. Cho a,b,c,d® 0 .CMR: a-b + b- ¢ + c-d + d-a 30
a+2b+c b+2c+d c+2d+a d+2a+b

0. Cho a,b,c3 Othéa a?+b?+c*=a+b+c. CMR : a’b* +b’c*+c?a’ £ab+bc+ca

10.  Cho a,b,c3 0 va2 trong ching khéng déng thoi bang O .
a’ b? c?

MR : + +
¢ a’+ab+b®> b?*+bc+c® c’+ca+a’

31

ch C & b® ¢
11. 0 a,b,c3 0.CMR: + + 31
\/a3'+(b+c)3 \/b3'+(c+a)3 \/c3+(a+b)3




12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

bat: E(a,b,c)=a(a- b)(a- c)+b(b- c)(b- a)+c(c- a)(c- b)
CMR: &) (a+b+c)E(ab,c)® ab(a- b)*+bc(b- c)*+ca(c- a)’
al 1 16

b) 285+E+EEE(a’b'C)3 (a- b)* +(b- c)*+(c- a)

2

Cho a,b,c,x,y,z1 Rthéa: a+x3 b+y3 c+z30vaa+b+c=x+y+z.
CMR: ay+bx3 ac+xz

Cho a,b,cl %,BQ.CMR: a b , ¢
&' a+b b+c c+a

s !
5
Cho a,b,c,x,y,z3 0 thba a+b+c=x+y+z.
CMR: ax(a+x)+by(b+y)+cz(c+z)3 3(abc+xyz)

Cho a,b,c3 0. CMR: 4(a+b+c)33 27(ab2+bcz+ca2+abc)

1 1 1

+ + 3
2ab*+1 2bc*+1 2ca’+1

Cho a,b,c3 0 thbaa+b+c=3 .CMR:

Choabcd>0. CMR: o+ +_+ 4+ , 1 5 4
a’+ab b°+bc c°+cd d°+da ac+hbd

Cho a,b,cl el 3 3 3 2 + 2 + 2

,\/EH.CMR: + + 3
0 a+2b b+2c c+2a a+b b+c c+a

&2

Cho a,b,c? 0 thoa ab+bc+ca=3 .CMR: 21 + 21 + 21 £1
a~+2 b°+2 c°+2

Cho a,b,c3 0 thbaab+bc+ca=3.CMR: 21 + 21 + 21 3 3
a+1 b +1 c°+1 2

a b C
+ +

Cho a,b,c3 0 thoa a®> +b*+c*=3 . CMR:
a+2 b+2 c+2

Cho a,b,c>0 thoaabc=1.CMR:
a-1 b-1 c-1
a) + +
b c a
b) a-1+b-1+c-130
b+c c+a a+b

30

Cho a,b,c,d? 0 thoa a*- ab+b*=c?- cd +d*. CMR: (a+b)(c+d)3 2(ab+cd)



25.

26.

27.

28.

29.

30.

31

32.

33.

35.

36.

37.

38.

39.

Cho a,a,,...,a, >0 théa aa,..a, =1 . CMR:

Cho a,b,c,d 3 0 thoa @’ +b*+c?+d* =1 . CMR: (1-

1

1

1+(n-

Cho a,b,c>0 .CMR: \/ \/ \/
a+b b+c c+a

Cho a,b,c,d3 0.CMR:

Cho a,b,c>0 thoa a+b+c:1+%+1

a

)a,  1+(n-1)a,

aeao aebo aeco aedo

+ 31

c

Ga+by &b+cy &ctay &d+ag

.Néu aEbfc thi: ab’c®3 1

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bing 0 .

CMR:

a’ b? c? a b
+

3

c

+
b*+c*> c*+a®> a’+b?

b+c c+a a+b

+..+

a)(1- b)(1- c)(1-

1

d)* abed

Cho a,b,c3 0 . CMR: 2(a* +1)(b*+1)(c® +1) (a+1)(b+1)(c+1)(abc+1)

Cho a,b,c3 0 .CMR: 3(1- a+a2)(1- b+b2)(1- c+cz)3 1+ abc + a?b*c?

Cho a,b,c,d2 0 .CMR: (1- a+a2)(1- b+b2)(1- c+cz)(1- d+d2)3

ad+abed &

2 5

Cho a,b,c3 0 .CMR: (a2+ab+b2)(b2+bc+cz)(cz+ca+a2)3 (ab+bc+ca)3

Cho a,b,c,d >0 thoa abcd =1 .
CMR L

1

1

1

+ + + £1
1+ab+bc+ca 1+bc+cd+db 1+cd+da+ac 1+da+ab+hbd

Cho a,b,c,x,y,z1 R.CMR: 4(a2+x2)(b2+y2)(cz+zz)3 3(bcx+cay+abz)2

Néu a3 b3 c3 d2 e thi (a+b+c+d +e)23 8(ac+bd +ce)
Cho e 0. X&c dinh dau " =" xay ra?

Cho a,b,c,dl R.CMR: 6(a’ +b*+¢*+d”)+(a+b+c+d)* 2 12(ab+bc+cd)

Cho a,b,c>0 .CMR: \/(a+b+c)

?.,.14.}93 1+
a

\/1+\/(a2+b2+c )&

1 106
_+_+_.
&a? o

1+(n-1)a,

31



40.

41.

42.

43.

45.

46.

47.

48.

49.

50.

Sl

2.

53.

lio &l 1 16

Cho a,b,c>0 .CMR: 5+\/2(a2+b2+c)8 23 (a+b+c)8£+ +_

a’

a-b b-c c-d d-a
+ + + 3
b+c c+d d+a a+b

Cho a,b,c,d >0 . CMR:

i . +a2 +h? +02
Néu a,b,c>-1 thi: 1a2+ 1b2+ 1C232
1+b+c® 1l+c+a” 1l1l+a+b

Cho a,b,c,x,y,z>0 théa(a+b+c)(x+ y+z):(a2 +b2+cz)(xz+yz+zg):4_

1
CMR : abcxyz<—
vz 36
2 2 2 2 2 2
Cho ab.c>0 thoa a? +b2+c?=3 . CMR: & TR br+e c+a, 4
a+b b+c c+a

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bang O .

CMR: —+ _+_ % 4+ 1 5 3

a’+bc b’+ca c*+ab ab+bc+ca

Cho a,b,c? 0 va 2 trong chiing khdng déng thoi bang O .

CMR 1 + 1 + 1 3 3
b?>- bc+c*> c?-ca+a’ a’- ab+b®> ab+bc+ca
Cho a,b,c>0 thoaa+b+c=3 .CMR: abc+L3 5
ab+bc+ca

Cho a,b,c3 0 thoa a*+b®+c*=3 . CMR : 12+9abc3 7(ab+bc+ca)
Cho a,b,c?® 0 théa ab+bc+ca=3.CMR: a’+b’+c’+7abc? 10
Cho a,b,c>0 théaabc=1.CMR: (a+b)(b+c)(c+a)+73 5(a+b+c)

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bang 0 .

3 3 3
CMR a b c 1

(2 +07)(2at + ) (@7 + ) (2 +@) (27 +a) (27 +a)  arbre

Cho a,b,c® 0 thoaa+b+c3 3 .CMR: 21 + 12 - ~£1
a+b+c a+b°+c a+b+c

Cho a,b,c3 0 thoa ab+bc+ca=3.
1 1 1 c 3

Neu r31thi : Sttt
r+a“+b°- r+b°+c° r+c+a- r+2




55.

56.

S7.

58.

99.

60.

61.

62.

63.

65.

66.

Cho ab,c>0 théaabc=1.CMR: —+ +— > 4

(1+a)’ (1+b)’ (1+c)’ (1+a)(1+b)(1+c)

Cho ab,c>0 theaabc=1.CMR: — 2 +%a 3

a+b+c 5 ab+bc+ca

Cho a,b,cT R . CMR: 2(L+abc) +,[2(1+a2) (1+b2)(1+c2) 2 (1+a)(1+b)(1+c)

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bing 0 .
a(b+c) b(c+a) c(a+b)
+ + 32

CMR: — 5 5
a+bc b°+ca c° +ab

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bing 0 .

CMR: \/a(b’LC) +\/b(c+a) +\/C(a+b) >

a’+bc b? +ca c’+ab

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bing 0 .

CMR:1+1+13a+b C

b+c c+a a+b a’+bc b’+ca c’+ab

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bing 0 .
1 1 1 2a 2b

CMR: + + 3

+ +
b+c c+a a+b 3a’+bc 3b*+ca 3c*+ab

Cho a,b,c>0 thoa a*+b*+c? =3 . CMR: 5(a+b+c)+%3 18
abc

1 1

Cho a,b,c3 0 thbpaa+b+c=3 .CMR:

Cho a,a,,..,a,1 Rn34théaa+a,+..+a 3 nvaa’+a’,+..+a° 3 n.

CMR:max{a,a,,...,a,} 3 2

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bang O .
a , b c ,13 2(ab+hc+ca)

CMR: —-
b+c c+a a+b 6 3(a2+b2+c2)

Cho a,b,c? 0 va 2 trong chiing khdng déng thoi bing 0 .
2 2 2

a (b+c)+b (c+a)+c (a+b)
bZ +C2 C2+a2 aZ +b2

Cho a,b,c? 0 thoa (a+b)(b+c)(c+a)=2.CMR: (a2+bc)(b2+ca)(cz+ab)£1

+ + £
6-ab 6-bc 6-ca



Chapter 2. Starting From Some Special Fourth Degree I nequalities

21 Mainresults

1. Cho x,y,z1 R .CMR: (x2+y2+zz)23 3(x3y+ yz+ z3x)

2. Cho x,y,zrT R .CMR: § x4+(3r2- 1)5 x2y? +3r (1- r)xyzQ x3 3rQ Xy

3. Cho x,y,z1 R .CMR: x*+y*+Z* +xy° + yZ + 2 3 2(x3y+ y32+23x)

4, Cho x,y,z30 .CMR: x*+y*+7"- x?y?*- y°7Z°- 7°x*3 2(x3y+ yz+2°x- xy*- yZ* - zx3)
5. Cho x,y,zr1 R .CMR: § (x- ry)(x- rz)(x- y)(x- 2)2 0, (véi § x=x+y+z)

6. Cho x,y,z3 0 .Dat: § =38 X (x- y)(x- 2). Véi moi p,ql R:pg>0:
CMR: §S,..° S,S,

7. Cho x,y,z3 0 thoa x+y+z=3.
In3

»1355va0<reEmthi: Xy +yzZ +zZx £3
IN9- In4

Néu m=

8. Cho x,y,z3 0 théa x+y+z=2 .Néu 2£r£3thi: X (y+2)+y (z+x)+Z (x+y)£2

9. Cho x,y,z3 0 thoa x+y+z=1.

(- 1)22p+1) i - YZHO, 2XHQ L xy+q 1+

Néu O<p vaqE
X+p y+p z+p 1+3p

10. Cho x,y,z>0 .Néul1l£r£3thi; xry“'r+yrz“‘r+z‘x“'r’E%(x2+y2+zz)2

11. Cho x,y,z>0
a) Néu x+y+z=3va 0<r£% thi: X'y +y"*z +2*"'x" £3

r

b) Néu x+y+z=1+2r var3 1thi: X"y +y* 2 + 2% £1" (1+r)"

12. Cho x,y,z>0
a) Néu x+y+z=3va O<r£g thi: X'y+y'z+zx£3

b) Néu x+y+z=1+r var3 2thi: Xy+y z+Zx£r'



13. Cho x,y,z>0 thoa x™" +y™"+z™" =3, v4éi m>n>0.CMR: +¥ 4% 33
X

X
v

933

14. Cho ab,c,d® 0 .Néu p>0 thi: fé_ehpb— (1+p)2

22 a%

15, Choabc>0.CMR: ++t 1, 1 , 1 1 21 1 19
da 4b 4c a+b b+c c+a %3a+b 3b+c 3c+ag

a+g

16. Cho x,y,z3 0 thoa x+y+z=3.CMR: X LY 4 ¢ 32

xy+1l yz+3 zx+3

X y z

3 2 — .
17. Cho x,y,z2 0 thoa x+y+z=3.CMR: 73 3 713

s 3
4

18. Cho a,b,c>0 thoa abc=1.CMR: \/ a +\/ b +\/ € s
b+8 c+8 a+8

19. Cho a,b,c ladé dai 3 canh ciatam giéc .
a) \?.(ae’b+b3c+c3a)3 (ab+bc+ca)(a2+b2+c2)

b) 9(ab+bc+ca)(a2+b2+cz)3 (a+b+c)4

20. Cho a,b,c lado dai 3 canh cuatam giéc .
Néu r 2 2 thi: :B(arb+brc+cra)3 (a+b+c)(ar'1b+br'1c+cr'la)

21. Cho a,b,c lad6 dai 3 canh cuatam giéc .
Néu r3 2 thi: a'b(a- b)+b'c(b- c)+ca(c-a)2 0

22. Cho a,b,c ladd dai 3 canh cuatam giéc .
Néu O<r £1 thi ; 2b(a b')+b2 (b )+c a(c a')3 0

23. Cho a,b,c lado dai 3canh ciatamgidcva x,y,zl R.

CMR: (ya2 + zb? +xcz)(za2 +xb® + ycz)3 (xy+yz+ zx)(azb2 +b?c? +cza2)

Chapter 2: Starting From Some Special Fourth Degree I nequalities

2.3 Another related inequalities

1. Cho x,y,z3 0 .Vé6i OEr £4/2.
CMR: \/x4+y4+z4 +r\/x2y2+y222+zzx2 3 (1+r)\/x3y+ yiz+ 2%x




Cho x,y,zl R .Véi -1£r £2.

CMR: x*(x- y)(x- ry)+y*(y- z)(y- rz)+ Z?(z- x)(z- rx)3 0
Cho x,y,z3 0 .Vai -2£r £2.

CMR: x(x- y)(x2 y2)+y(y- z)(yz- rzz)+z(z- x)(zz- rx2)3 0

Cho x,y,zl R.CMR: (x- y)(2x+ y)3+

(y- z)(2y+ z)3+(z- x)(2z+ x)33 0
Cho x,%,,...x 1 R.

CMR: (% %)(2X% +%) + (% - %) (3% + %) +...# (%, - %) (3%, +%)2 0
Cho x,y,z3 0. CMR: (x- y)(3x+2y)’ +(y- z)(3y+22)’ +(z- x)(3z+2x)’3 0
..... X, 30.Véi r3

»1,7024
\/_

CMR: (- %,) (1% +%,) +(% - %) (76 + %) +..+(x, - %)(rx, +%)2 0

8. Cho x,y,zl R.CMR: (x- y)¥2x+y+(y- 2)§2y+z+(z- x)3J2z+x3 0
0. Cho x,y,z1 R.CMR: (x- y)(x+22)’ +(y- 2)(y+2x)’+(z- x)(z+2y)*2 0
10.

Cho x,y,zl R.CMR: (x- y)3x+2z+(y- z)3y+2x+(z- x)3/z+2y3 0

11.  Cho x,%,,....x,1 R. Vi O’Er’E\/_—1

CMR &+&+m+&+d&&+&@+m+&@ﬁ(ﬂ¢ﬂﬁ&+@&+ +33%,)
12. Cho x;,x,

CMR: X' +x; +..+x} += (X1X +X,% +.. +an1)

Cho x,y,z1 R.CMR: x(x+y)’+y(y+2)*+z(z+x)*2 0
Cho a,b,c>0 .CMR:
1 1 1 1

1 1.1 1 1
2a 2b 20 a+b b+c c+a

(ﬁ&+€&+m+@&)
13

14.
e 1 + 1

1 1 1 1 6
83a+b 3b+c 3c+a a+3b b+3c c+3ag

15. Cho x,y,zTg— ECMR 83—+y+—_ 5,2 XO+

9
y Z Xg &X Y

Zg



16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

Cho

Cho

Cho

Cho

Cho

X, Y, z1
X,Y,23
X, V,z1
X, Y, z1

X,Y,23

%,pg,p= 4+3J2 .CMR: 9(xy+yz+2)(X +y* +2°) (x+y+2)*
e u

% thoa x+y+z=3. CMR : X’y*+y*Z* + Z°X* 3 xy+yz+ X
R.CMR: 3(x4+y4+z4- Xy- y’z- z3x)3 x*(y- z)2+y(z- x)2+z(x- y)2
R.CMR: x*+y*+2z'- xyz(x+y+2)3 2x/§(x3y+y32+z3x- Xy - yzZ° - zx3)

0.CMR: x“+y“+z“+17(x2y2+y222+22x2)3 6(x+y+ z)(x2y+ y’z+ zzx)

Cho x,y,z3 0.CMR: § (xz- yz)23 V64 xy(z- x)z(véri A X=x+y+z)
Cho x,y,z% 0. CMR: x“+y“+z“+5(x3y+ yz+ z3x)3 6(x2y2+y222+22x2)
Cho x,y,z3 0 va2 trong chiing khéng dong thoi bang O .

CMR: X - yz+y2- ZX+22' s
X+y y+z  z+X

Cho x,y,zl R.CMR: 3(x4+y4+z4)+4(x3y+ yz+ zsx)3 0

X y z
+ +
1+y? 1+7 1+%°

Cho x,y,z>0 thoa x+y+z=3.CMR: 3;

Cho a,b,c,d3 0thoa a+b+c+d=4 .CMR: 3(a2+b2+c2+d2)+4abcd3 16

a b C d

Cho a,b,c,d >0 thoa a+b+c+d=4 .CMR: + + +
1+b®> 1+c¢® 1+d? 1+a?

32

2bc+3 2ca+3 2ab+3 .15
+ + £—

Cho a,b,c3 0 thoa a+b+c=1.CMR:
a+l b+1 c+1 2

Cho a,b,c 1ado dai 3 canh cuatam giéc .
CMR: a*(a+b)(b- c)+b’(b+c)(c- a)+c’(c+a)(a- b)3 0

Cho a,b,c 1ad¢ dai 3 canh cuatam giéc khdng déu

3 4 et (34 . a2h? . h2e2 . 242
CMR: ab+bc:f;+a3b 3bbc €2 s min{b+c- ac+a- bat+h- d
a c*- 3abc

Cho a,b,c lado dai 3 canh cuatam gidcva x,y,zl R x+y+z=1.
CMR: yza(b+c- a)+2b(c+a- b)+xyc(a+b-c)£0



32.

33.

Cho a,b,c 1adg dai 3 canh ciatam giac .
CMR: (2a2- bc)(b- c)2+(2b2- ca)(c- a)2+(202- ab)(a- b)23 0

1+m

Cho x,y,z® 0.Véi 0<r £m» 1,558 langhiém cuaphuong trinh (1+m)™" =(3m)".

r r r .+l
Xytyz+z X££(+y+20

CMR: =
3 & 3 5

Chapter 3: InequalitiesWith Right Convex And L eft Concave Functions

34 Applications

Cho x,%,,...X,3 0 théa x +x, +...+x =n
CMR: (n-1)(x +x +..+x3)+n°3 (2n- 1) () +3 +...+ %)

Cho x,%,,...X,3 0 théa x, +x,+...+x, =n
CMR: ¢+ +... 4 +1° £ (n+1) (x? 3¢ +...+ )
Cho x,%,,...,X, 3 Othéaxl X2+ +Xn_r3 n-1

1 1 1
1+ x? 1+><2 1+xn 1+

Cho x.%,....x % 0 thoa L X2+ X /
0 X3 X550y X, 0a ———— e a—r

CMR: 12+ Lo+ £
1+x 1+ 1+xn 1+r?

CMR:

Cho x,%,,... X, >0 théa x, +x, +...+x, =1

CMR: 1,1 41 (n-2)2+4n(n-1)(x12+x22+...+x§)

X X% X




10.

11.

12.

13.

14.

15.

16.

Cho O£ x,X,,...,x, <1 thoa

CMR

o1 1 1 n
. + +...+ 3
1- % 1- % 1- Jx, 1-+r

Cho x,%..., 4>0ﬂmaﬁ+&:m+&:r£h2$11

& 1oae 16 & 10, & 16
CMR: cx + + X, +—23 oF+=1
X e s &

Cho X, %y, ..., X, >O(n3 3) thoa x +x, +...+x, =1

0

an 16
MR e g e (R o i i S

]

Cho x,y,z3 0 va2 trong chiing khéng dong thoi bang 0 .

CMR - \/1+ 48x +\/ 48y +\/1+ 48z 15
y+z Z+X X+y

Cho x,y,z3 0 va2 trong ching khéng dong thoi bang 0. Véi r 3 r, ::n—z- 1» 0,585
n

®2x 0 ae2y o+ae22 0

CMR:
gy+2ﬂ 8Z+Xﬂ gx"')’ﬂ

33

Cho x,y,z3 0 thoa x+y+z=3.
In2
n3-In2

Néu O<r£r0:I

Cho O£ x,%,,.. ,xn<1thoaM—r3_

3
oMR: %% +J_

lxllx2 1xn1r

Cho a,b,c>0 théa a+b+c=3 .CMR: (1- a+a2)(1- b+b2)(1- c+c2)3 1

Cho x,%,,...,X,3 0 thoa x, +x, +...+x, =n .
1 1 1

CMR: + +.+———Ff1

n-X+x N-X+X n- X, +Xx;

Cho a,b,c>0 thoaabc=1.CMR: 1+a+b+c3 2 [/1+=

1
a

1
+=+

b

»1,71 thi: X (y+2z)+y (z+x)+Z (x+y)£6

1
C



17.

18.

19*.

20.

21.

22.

23*.

24,

25.

26.

Cho a,b,c,d >0 thoa abcd =1 .

CMR: (a- 1)(a- 2)+(b- 1)(b- 2)+(c- 1)(c- 2)+(d-1)(d- 2)2 0

Cho a,a,,...,a, >0(n3 4) thoa aa,..a, =1
CMR: (n-1)(a7 +aZ+..+a2) +n(n+3)® (2n+2)(a +a, +..+a,)

Cho a,a,,...,a, >0 thda aa,..a, =1

CMR: a'+aj*+..+a ' +n(n-2)3 (n-L)c—+—+..+

&l 1
ed &

Cho a,a,,...,a, >0 théa aa,..a, =1. V6i m3 n:

&l 1 10
CMR: a"+a)+..+a'+mn3 (m+1)c—+—+..+—=
Y-

Cho a,a,,...,a, >0(n? 3) thoa yaa,..a, = p? Jn-1

CMR: 1 + 1 +...+

1

3 n

(1+a) (1+a)  (1+a)” (1+p)

Cho a,a,,..,a, >0 thoa f/aa,..a, =p3 n°- 1

1 1 1 n
CMR: + ..+ 3
JI+a (l+a,  |l+a, l+p
Cho a,a,,...,a, >0 théa {/aa,..a, = p£ n_nl 1
CMR: t 1 +..+ 1 g N

(1+a) (1+a)  (1+a)" (1+p)

Cho a,a,,...,a, >0(n3 3) thoa yaa,..a, = p£

CMR 1 1 1

2n-1

(n-2°

n

Cho a,a,,...,a, >0 théa {/aa,..a, = p3 1
CMR = =

Cho a,a,,...,a, >0 théa aa,..a, 3 1.
CMR: a +a,+..+a - Jaa,..a,?3

1

2n?

: £
\/1+a1+\/1+a2+ +\/1+a\q J1+p

1

10

a, g

3

1

; + +..+
1+a +..+a'" l+a,+..+a)" 1+a +..+a"!

a (Inq - Inaj)2

1EIEjEN

1+ p+..+p™t



27. Cho a,a,,...,a, >0 thoa aa,..a, =1

: 1o + 1o _o
OMR: gl 2 vel g *rd g

28. Cho x,%,,...,x, 3 0 thoa x +x, +..+X,=n .
29. Cho x,X%,,...,x 3 0 thoa x +x, +..+X, =n .

CMR: 2( +5 +..+ ) +1° £(2n+1) (% +3 +..+ %)
&l 1 10

30. Choxy,z>0théa x+y+z=3.CMR: 8c=+=+=.49210(X* +y*+7°)
&y zp
Chapter 4: On Popoviciu’slnequality
4.2 Applications
1*. Cho a,a,,...,a, >0 thoa aa,..a =1
& 1 10
CMR: a'+a)t+..+a '+n(n- 2)3 (n-1)c—+—+.+—=
(-2 (B o s
2. Cho a,a,,..,a, >0 théa aa,..a =1
1 1 10
CMR: a*+a)'+..+a " +n(n- 2 n_ ata,+f..ta F—+ .t
(-2 57 a a | ap
3. Cho a,a,,...,a,>0théaa +a,+..+a,=n
CMR: (n- a)(n- &,)..(n- &) (n- 1) faa,.a,
b, a & a,
4. Cho a,a,,..., %>Oan-—aq i.CMR: L} b2+ il Pk W B
n- 15 a & a h b b,
5. Cho x,X,,.., xn>0théaxl+x2+...+xn:i+i+...+i.
X X% X,
1 1 1
* 31
9 1+(n- 1)x +1+(n-1)x2+ +1+(n-1)xn
b) t 1 +..+ 1 £1

n-1+x n-1+x, n-1+x,



6. Choa,a,..a, >0(n33)thoaa +a,+..+a,=1

& 1 ,6e 1 ,0& 1 _O0,.&e 1 .06
CMR: ca+—-2:ca,+—- 2+..ca,+—- 23 ch+=- 22
g a é & g g &% g n o

7. Cho x,x,,..., xn>0théaxl+x2+...+xn:i+i+,_,+i:ns

X% X
CMR: t 1 +..+ L t 1 +...+;
x+n-1 x,+n-1 X, +n-1 ns-x+1 ns-x,+1 ns- x, +1

8. Cho x,%,,...%, >0(n3 3) théa xx,..x, =1.Véi 0< p£M

(n-12)°
1 1 1 n

: - +ot £
JIFpx (Lpx,  (L+px, |1+ p
9. ChO X,%,... %, >0 . CMR: (n- 1) (x? 43¢ +..+ X2 ) g X2 3 (% +%, +...+ %)

N

CMR

10. Cho a,b,c,d >0 thoa ab+bc+cd+da=4 .

CMR: ?+%?§+%?§+%%+%g3 (a+b+c+d)’

Chapter 5: InequalitiesInvolving EV-Theorem

5.2 Applications

1. Cho a,b,c3 0.CMR: x*(y+2z)+y*(z+x)+2z*(x+ y)E%(X+ y+z)5

2. Cho x,y,z3 0 thoa xy+yz+zx=1.CMR: x+ y+z+3(2\/§- 3)xyz3 2

3. Cho a,b,c3 0 thoa ab+bc+ca=1.CMR: L + L + L 1 32
a+b b+c c+a a+b+c

4, Cho x,y,zt3 0 thoa x+y+z+t=3.CMR: X°y°Z° + y*Zt> + Z2t°X* +t°X°y* £1

5. Cho x,y,zt3 0 thoa x+y+z+t=4.

2,,252

CMR: Xxyz+ yzt + ztx+txy + X*y?>z° + y*7°t> + Z°t°x® +t°x°y* £8

6. Cho x,y,z® 0 théa xy+yz+zx=3.CMR: \/1+32X +\/1+32y +\/1+322 33

7.  Cho x,y,z3 0 va2 trong chiing khéng déng thoi bang O .

CMR:1+1+139

(x+y)" (y+2)" (z+x)" 4(y+yz+2)




8.  Cho x,y,z3 0 va2 trong ching khéng dng thoi bang 0. Véi O£ r £g .

s 1 3(+1)
CMR: a y2+yZ+ZZ3 X2+y2+22+r(xy+yZ+ZX)

9. Cho x,y,z3 0 thoa x+y+z=3.Vdir?3 g
1 + 1 + 1 c 3

CMR:
Fr+x2+y> r+y*+z2° r+z224x° r+2

10. Cho x,y,z3 0 théa x*+y*+2z°=3 .Vé§i r310 .

cMR: ¢+ . 1t . 1 .3

r-(x+y)° r-(y+2)° r-(z+x)" r-4

3 . yZ X Xy 3
11. Cho x,y,z3 0.CMR: 3x2+y2+22+3y2+zz+x2+322+x2+y2£5

12.  Cho x,y,z3 0 thoa x+y+z=2 .CMR: ZZ + ZZX + ny £1
X“+1 y +1 z°+1

13. Cho x,y,z3 0 théa x+y+z=3.
z In2
Néu

n3-n2 |n2>>l71=r0£r£3 thi: X' (y+2)+y (z+x)+Z (x+y)£2

14. Cho x,y,z3 0 théa xy+yz+zx=3.
Néul<r£2 thi: X (y+2z)+y (z+x)+Z (x+y)3 6

1. 1 1
15%. Cho x,X%,,....%, >0 thoa x +x, +..+x, =—+—+...+— .
X % X
CMR: 1 + 1 +..+ 1 31
1+(n-1x  1+(n-1)x, 1+(n- 1)x,
16. Cho a,b,c>0 théa abc=1.CMR: a®+b*+c®+153 6ael+1+£9
&a b cp
17.  Cho a,a,,...,a, >0 thoa aa,..a, =1 . V4éi m3 n- 1:
&l 1 10
CMR: g"+a) +..+a'+(m-1)n3 mc—+—+..+—=
e e e s
n LK1
18.  Cho X,X,,...x, 3 0 théa x +x, +...+x =n. V¢i ki Z+,2£k£n+2,r:§6—12 -1:
n-lg

CMR: X +X5 +...+X - n2 nr(1- XX,...X,)



19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

L1001 1 g 16
Cho x,x,,..., >0 thoa —+—+..+—=n.Vdi e_ :a_eL+—+ <e
Xy Xyreees Xy x % x €1 15

CMR: x +X +..+% - nfe,_ (x%..X, - 1)

k-1
Cho X].’X2'1Xn3 Othéa X1+X2++Xn:nVé:| k'[ Z+|3£k,r:nn -11 i
CMR: X +x +...+x- n3 r(X12+X22+..,+x§- n)
Cho x,%,,...x, >0 .
CMR: X+ +..+x +n(n- 1) %X,..x, 3 X1X2---Xn(X1+X2+--.+Xn)§i+i+_“+i2
el % X\ @

Cho x,%,,...X,3 0 .
CMR: (n- 1)(xl“+xg+,,,+x:)+nxlx2.,.xn3 (X1+X2+---+Xn)(><f'l+xg'1+-"+><:'1)

CMR: (n- 1) (X 5" 4.4 X7) 3 (% 4%+t %) (X 43 44 X = X%,

Cho x,x,,...,x, >0 .

&l 1 1 o]
CMR: (x +X +..+X - N)c—+—+..+—- N+ XX..X, + 32
( Jo X)X,
, ) 1 1
Cho x,%,,....,X, >0 théa xx,..x, =1. CMR : - <1
JeH% +tx-n \/1+1+_,_+1_n
X % X

1

Cho x,%,,...,%, 3 0 thoa x +x, +..+x =n.CMR: (xzxz...&)dn*l(xf+x§+...+x§)£n

Cho x,y,z3 0 thoa xy+yz+zx=3.
Néu 03 IN9- In4

»0,738 thi : xP+yP+2z°3 3

Cho x,y,z3 0 thoa x+y+z=3.

Néu p3 In9- Irl8»0,29 thi: xP+yP+2P3 xy+yz+zx
In3-In2
Cho x,%,,....X, % 0 thoéa x, +x, +...+x,=n .
CMR: : + L +ot 1 £1

nN+1- X,%..X, N+1- XX,..X X n+1- XX..X



30*. Choabc>0théaabc=1.CMR: —+ +_ + 1 2 3 1

(1+a)® (1+b)* (1+c)® (1+a)(1+b)(1+c)

31. Cho a,b,c2 0 théa a+b+c2 2 vaab+bc+cas 1
Néu O<r<1thi: a +b +c 32

a*+b*+c*

32.  Cho a,b,c>0 thoa (a+b+c)’ =32abc . Tim GTLN vaGTNN ciia: E = -
(a+b+c)

33.  Cho x,%,..,%,2 0(n? 3) théa § x1:1 Vi mi {3,4,..,n}:

ax1x2

Bma 3
> X X%

34. Cho x,y,zt30théa x*+y*+7Z2+t>=1.CMR: X*+y*+Z2+t3+xyz+ yzt + Ztx+txy £1

Chapter 6: Arithmetic / Geometric Compensation Method

6.3 Applications

1. Cho a,b,c,d3 0 thbaa+b+c+d=4.CMR:

1 1 1 1
a) + + + £1
5-abc 5-bcd 5-cda 5-dab
b)

1 1 1 1 15
+ + + £—
4-abc 4-bcd 4-cda 4-dab 11

%’10

2. Cho X,%,...% 3 0(3£nT Z) thoa x +x, +..+x,=n . V§i 1<m<n, p>gm
)

< o 1 . \
Thi F(x,X%,..., = Q —————— datmaxtal x =x, =x= =" va
(Xl & Xn) i oncipen P % XX nTR % k

X = Xeip =00 X, =0. O d@y kT {mm+1,..,n}.

3. Cho a,b,c,d® 0 théa a+b+c+d=1. CMR:
a) 4(a’+b*+c* +d*)+15(abc + bed +cda+dab) * 1
b) 11(a3+b3+03+d3)+21(abc+bcd +cda+dab) 2 2

4. Cho x,%,,...%,3 0(n3 3) .CMR:
a) é><f’+3é’1 ><1><2><33 a X% (% +%)
a><1><2><33 a X% (% +x,)




10.

11.

12.

13.

14.

15.

16*.

Cho a,b,c,d3 0
a) Néu a?+b*+c?+d?=2 thi:a®+b*+c®+d°+abc+bed +cda+dab3 2
b) Néu a®+b?+¢*+d” =3 thi : 3(a’+b*+c* +d*)+2(abc+bed +cda+dab) 2 11

Cho a,b,c,d3 0 thoaa+b+c+d=2. CMR: —~_+ + , 1 , 1 16
1+3a° 1+3p° 1+3c” 1+3d 7

2

Cho x,%,,...%,% 0 théa x, +x,+...+x, =s. CMR : 1 1y o+ 1 3 n- max ks

1+x° 1+ 7 1+x 1£ken k2 + 57
Cho x,%,,....x,3 0 théa x +x, +...+x, =s>0.

MR : (1+x)(1 1+3¢) £ mex o+ >

MR (1) (1) 1) e e £

1£k£n é
(1+ 2a) (1+2b)(1+2c)(1+2d) , 125

(1-a)(1-b)(t-c)(1-d) 8

K
Cho x,%,,...,x 3 0 thoa x +x, +...+x =1.V6i m>-1.CMR: éll-n; miﬂ?::r;g
Y—

1£i<j£En (1' )ﬁ)(l' Xj)

Cho a,b,c,d3 0 thbaa+b+c+d=1.CMR:

Cho ><l,x2,...,><n3Othéaxl+x2+...+xn:§.CMR: E%

Cho X,,%,,....x, 3 0 théa x, + X, +...+ x, =1 va n- 1 s trong chiing khdng dong thoi bang 0 .
X, n

CMR: ng'gn(l )g)( )3 o0)

Cho a,b,c,d3 0 théa a+b+c+d=4.CMR : (1+3a)(1+3b)(1+3c)(1+3d) £125+131abcd

Choa,b,c,d3 0 thbaa+b+c+d =4.
CMR :(1+ 3a2)(1+ 3b2)(1+ 302)(1+3d2) £ 255+ a’h?c’d?

Cho x;,%,,...,X, >0 théa {/xx,...x, = pEL1
1 + 1 1 n
1+x, 1+x,  1+x  1l+p

CMR:

Cho a,a,,...,a, >0 thda {/aa,..a, = p£ /nll 1

CMR: L + L +..+ L £ n

(1+a) (1+a)"  (1+a)" (1+p)




Chapter 7: Symmetric InequalitiesWith Three Variables|nvolving Fractions

_a(b+c)+pbc b(c+a)+pca c(a+b)+ pab
b*+rbc+c®> c*+rca+a® a’+rab+b’

__a’+dbc  b’+gea | c®+qab

w b? +rbc+c? cz+rca+Aa2 a’+rab+b’

Odéy: a,b,c3® 0r>-2p,ql R.

2

7.1 Inequalitieslnvolving E,

1.  Cho a,b,c3 0 va2 trong ching khéng dng thoi biang 0 .
a(b+c)  b(cta)  c(a+b)
b’ +bc+c® c*+rca+a’® a’+ab+b’

3

CMR:

2. Cho ab,c3 0 va2 trong ching khéng ddng thoi biang 0 .
CMR : ab- bc+ca bc-ca+ab+ca- ab+bc, 3
b? +¢? c’+a’ a’+b’ 2

3. Cho a,b,c?® 0 va2 trong chiing khéng dong thoi bang O .
CMR : ab - 2bc+ca+bc- 20a+ab+ca- 2ab+bc3
b?>- bc+c® c*-ca+a® a’- ab+b?

4.  Cho a,b,c3® 0 va2 trong chiing khéng dong thoi bang O .
CMR 1 + 1 + 1 9
(b+c)® (c+a)’® (a+b)” 4(ab+bc+ca)

5.  Cho a,b,c3® 0 va2 trong chiing khéng dong thoi bang 0. Véi r >- 2
CMR: & ab+2(r- 1)b042rca3 3(r +1)
b*+rbc+c r+2

6.  Cho ab,c3 0 va2 trong ching khéng ddng thoi biang O .

o ab+4bc+ca
- —3
CMR: g 1

7.  Cho ab,c3 0 va2 trong chiing khéng dong thoi bang 0. Véi r >- 2

o ab+(r+2)°bc+ca
CMR: a R sr

+4

8 Cho a,b,c? 0 va2 trong chiing khdng dong thoi bang 0. Véi r>-2,p,r1 R

. —_ o ab+pbc+ca
e

_ 3(p+2)
a8 CMR: E(a,b,c)3 o PET-1



7.3

b) CMR: E(a,b,c ) Ez 1£ p£(r+2)°

c) CMR: E(ab,c)? 2/p-r,p3 (r+2)°
Inequalities Involving E,

Cho a,b,c? 0 va 2 trong chiing khdng déng thoi bing O .
2a° +he 2b? tea, 2c*+ab, 9

CMR: b2+c?  ci+a?  al+b® 2

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bang 0 .
a’ +bc b’ +ca c’+ab .9

CMR: + + 3 =
b’+bc+c®> c?*+ca+a® a’+ab+b® 2

Cho a,b,c? 0 va 2 trong chiing khdng ddng thoi bang O .
2
a) CMR: a’ +2bc b +20a c? +2ab 3(a+b+c)

b+c c+a a+b 2
a2+2bc+b2+2ca+c2+2ab3 9
(b+c)” (c+a)” (atb)” 4
2a2+5bc+2b2+50a+2c2+5ab3 21
(b+c)”  (c+a)’ (a+b)” 4

b) CMR:

c) CMR:

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bang O .

CMR - a’- bc N b®- ca N c’-ab -
" 2b%- 3bc+2c?  2¢?- 3ca+2a’  2a®- 3ab+2b?

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bing 0 .

a’ b? c?
CMR: + + 31
2b%- bc+2c® 2¢?- ca+2a® 2a’- ab+2b’

Cho a,b,c? 0 va 2 trong chiing khdng déng thoi bang O .

2_ 2_ 2_
CMR : 22a bc2+ 22b ca2+ 22c ab233
b°-bc+c® c°-ca+a” a“-ab+b

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bang 0. Véi r >-2

.o 2a%+(2r+1)bc | 3(2r +3)
CMR:a b? +rbc + c? i r+2

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bang O .

2
CMR : a’ +16bc+b +160a+c +16ab 10

b? +c? c’+a’ a’ +b?




9.  Cho ab,c3 0 va2 trong chiing khéng dong thoi bang 0. Véi r >- 2

o a2+4(r+2)"bc

CMR: a I 3 4r +10

10. Cho a,b,c3 0 va2 trong ching khéng ddng thoi bang 0. Véi r >-2,q,rT R

5 o a’+qbc
bat: E= g ———
¢ ab2+rbc+c2
3(g+2
a8 CMR: E(a,b,c)3 (g ),q£2r+1
+2 2
q 2r+1

b) CMR: E(a,b,c)? +2, 5 £q£4(r+2)2

r+2
c) CMR: E(a,b,c)3 4kr +12k?- 2,q=4k(r +2k)* k3 1

7.5 InequalitieslInvolving E, and E,

2r+1

1 Cho a,b,c? 0 va2 trong chiing khdng ddng thoi bang 0. Véi r >-2,a 3 0,a (1-r)+b = 5

CMR: § a2+a2a(b+c)-l;bbc3 3(1+2a +b)

b +rbc+c or+2
2. Cho a,b,c3 0 va 2 trong ching khéng d¢ong thoi bang O .
2r+1

Vol r>-2a30,

+a(1-r)£b £4(r+2) +a(r- 1)

2
CMR: & a +a2a(b+c)4;bbc3 pom + b
b*+rbc+c r+2

7.7 Other Related Inequalities

1.  Cho a,b,c3 0 vaz2 trong ching khéng déng thoi bang O .
2 2 2 2 2 2
a’(b+c)”  b*(cta) c*(ath)

CMR: b? +c? c’+a’ a’+b?

3 2(ab+bc+ca)

(1+ab)® .\ (1+bc)* .\ (1+ca)’
a’+b*+4ab b?*+c*+4bc c*+a’+4ca

2. Cho a,b,c3 0 thoa ab+bc+ca=1. CMR: 3%

. 1- bc) +rb
3. Choabcs 0 thoa ab+be+ca=1.Vsi: re 0. CMR: § Lo %) *rbe, 3r+4
b“+rbc+c r+2

4.  Cho a,b,c3 0 va2 trong chiing khdng ddng thoi bang O .
Joc+4a(b+c) N Jea+4b(c+a) . Jab+4c(a+b)
b+c c+a a+b

CMR:

s 9
2



10.

11.

12.

13.

14.

\/a2+bc+x/b2+ca+\/cz+ab . 3/2
b? +¢c? c+a? a‘+b? 2

Cho a,b,c>0 .CMR:

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bang 0 .

CMR:\/( 2a(b+c) +\/ 2(c+a) +\/ 2c(a+b)

2b+c)(b+2c) \(2c+a)(c+2a) \(2a+b)(a+2b)

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bing 0 .
a’+3abc b’+3abc b°+3abc,
+ + 2
b+c c+a a+b
a’> +3abc N b® + 3abc N b® + 3abc s 3
(b+c) (c+a)’ (a+b)’ 2

3 CMR:

(ab+bc+ca)

b) CMR:

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bing 0 .
a’ +2bc+b2+20a+ c’+2ab, 3

a) CMR: —(a+b+c)
b+c c+a a+b 2
3 3 3

b) CMR : a +2abc+b +2abc+c +2abc3 1(a+b+c)2
b+c c+a a+b 2

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bang O .

ava? +3bc N bvb? +3ca +C\/C2 +3ab
b+c c+a a+b

CMR: 3a+b+c

Cho a,b,c3 0 va2 trong ching khdng dong thoi bang 0. Véi r 3 3+4/7

CMR 1 + 1 + 1 9
ra’+bc rb*+ca rc’+ab (r+1)(ab+bc+ca)

Cho a,b,c3 0 va 2 trong chiing khdng dong thoi bang 0 . Véi %E r£3+7

1 1 1, r+2

: + +
ra’+bc rb’+ca rc’+ab r(ab+bc+ca)
Cho a,b,c? 0 va 2 trong chiing khdng déng thoi bing 0 .

CMR 1 N 1 N 1 3 6
2a’+bc 2b’+ca 2c*+ab a’+b*+c?+ab+bc+ca

CMR

Cho a,b,c? 0 va 2 trong chiing khdng déng thoi bing 0 .
CMR 1 1 1 1

3

: + +
22a’+5bc  22b? +5ca  22c*+5ab  (a+b+c)’

Cho a,b,c? 0 va 2 trong chiing khdng déng thoi bing 0 .
CMR 1 1 1 8

+ + 3
2a’+bc 2b’+ca 2¢’+ab (a+b+c)’




15.  Cho a,b,c3 0 va2 trong ching khéng déng thoi bang O .

oMR: L L 1 1 1

a’+bc b’+ca c?+ab (a+b+c)2

16. Cho a,b,c3 0 théa a+b+c=2.CMR: (a2+bc)(b2+ca)(c2+ab)£1

17. Cho a,b,c3 0
~a’-bc b%- ca c’-ab |
3 CMR: 2a2+b2+c2+2b2+cz+a2+2c2+a2+b2 0
2_ 2_ 2_
b) CMR: a“ - bc N b“- ca N c - ab 30
J2a2+b2+c?  J2b2+ci+a?  J2c2+at+b?

2 2 2
18.  Cho ab.c 1adé dai 3 canh tam giac CMR: —2 ¢ b”- ca c-ab

+
3a?+b*+c® 3p*+c’+a® 3P +ai+b?

Chapter 8: Final Problem Set

8.1 Applications

1. Cho a,b,c>0 thoa abc=1.CMR:

2. Choab,c>0 thea abc=1.CMR: |2 \/b \/ 3 3
b+3 c+3 a+3 2

3. Cho a,b,c3 0 thoa a+b+c=1.CMR: 5- 30c , 5-3ca 5- 3ab, ab+bc+ca
1+a 1+b 1+c

4. Choab,cd?0thoa a*+b?+c*+d?=4 .CMR: (abc)’ +(bcd)’ +(cda)’ +(dab)’ £ 4
5. Cho a,b,c® 0 va2 trong chiing khéng dong thoi bang 0.

CMR:\/ a +\/ b + c £1
4a+5b 4b +5c 4c+5a

6. Cho a,a,,...,a,>0 .

. (a1+a2+...+an)2 (n-l)"'1
CMR: £
3 (af +1)(a§ +1)(a§ +1) n"?

=

_ a+a,+..+a (2n-1)"2
DR )@ +)) (i +1) 2




10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Cho a,a,,..., i Rvab,b,..b1 R.CMR: b+ 55 b2° 2% 2 9 p 0
a,a,...,a, b, b, aa \/g ﬂg g B(é‘a

Cho a,a,,..,a,1 Rthoaa £a,£..£a, .Vdi k,nl Z* k<n

CMR: (a+a,+..+8,) 3 n(aa.; +&8.,+... +33)
Trong truong hop : @) n=2k
b) n=4k
Cho a,b,c,d >0 théa abed =1 .

CMR: 1 + 1 + 1 + 1 31

1+a+a’+a® 1+b+b*+b®* 1+c+c*+c® 1+d+d?+d°

Cho a,b,c3 0 .CMR: 9(a“+1)(b4+1)(c4+1)3 8(a2b2c2+abc+1)2

(o)1) 1) (14 0°) | 12 oo

(1+a’)(1+p?)(1+c?)(140?) 2

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bing O .

CMR 1 N 1 + 1 3 9

a’+ab+b®> b*+bc+c® c?+ca+a? (a+b+c)2

Cho a,b,c,d3 0 .CMR:

Cho a,b,c>0 . bat x:a+%- J,y:b+l- lz:c+1- 1.CMR: xy+yz+zx3 3
c a

Cho a,b,c>0 va 2 trong chiing khdng dong thoi bang 0. Vi ni Z*:
2a"-b"- c" +2b"- c'-a" +2c”- a"-b",

CMR:
b*>-bc+c®? c?-ca+ta’® a’- ab+b?

Cho a,b,c,x,y,z>0 thoa x+y+z=a+b+c. CMR: ax’ +by® +cz* + xyz3 4abc

x(3x+a) .\ y(3y+a) .\ z(3z+a)

Cho a,b,c,x,y,z>0 théa x+y+z=a+b+c. CMR: 312
bc ca ab
Cho a,b,c>0 thoa a’+b’+c*=3.CMR: a,b,c 9
c a atb+c
Cho a,a,,...,a, >0 théa aa,..a, =1 . CMR: LI an 3n+2

a & & n+a+a,+.+a,

Cho a,a,,..,a,>0thdéa aa,.a =1.CMR: a +a,+..+a,- n+13 n—\’/i+i+...+i- n+1

8 g a,



21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31

32.

33.

35.

Cho a,b,c2 0 thoa ab+bc+ca=3.Vgi r>1. CMR: a' (b+c)+b"(c+a)+c' (a+b)?

Cho a,b,c>0 thoa abc3 1.
abc
a) CMR : abbeca 3

a b

b) CMR : aPbec® 3

Cho a,b,c,d? 0.CMR: 4(a®+b®+c®+d*) +15(abc + bed +cda+dab) * (a+b+c+d)’

1
1

al 1 16

Cho a,b,c>0 thoa (a+b c)gg+

Cho abc>0 .CMR: — =

Cg

1

—-ZZ=4.CMR: (a4+b4- Cc )8a

1 2

+ + >
a’+2bc b*+2ca c*+2ab ab+bc+ca

Cho a,b,c3 0 va 2 trong chiing khdng déng thoi bing 0 .

a(b+c) b(c+a)

c(a+b)

CMR

"a’+2bc b*+2ca c*+2ab

314 ab+bc+ca

a’+b? +c?

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bing 0 .

+(a+b)2 5

cur: (09 (cra)
" a’+bc b’+ca

c’+ab

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bing O .

CMR b+c N c+a

a+b

6

. +
2a’+bc 2b’+ca 2c*+ab a+b+c

Cho a,b,c3 0 .CMR: aya®+3bc +bvb? +3ca +cv/c? +3ab 3 2(ab+bc+ca)

2_
Cho abcs 0 .CMR: -2 1C

b?- ca

cz-ab30

Cho a,b,c3 0 .CMR: (az- bc)\/a2+4bc+(b2-

a2
Cho a,b,c>0 .CMR:

+ +
Ja2+bc Jb*+ca +Jc2+ab

ca)\/b2 +4ca+(c2 - ab)x/c2 +4ab3 0

bc

b%- ca c’- ab
+

\/8a + b+c

\/8b2 +(c+a)’ \/8c +(a+b)’

Cho a,b,c3 0 .CMR: \/az+bc+\/b2+ca+\/cz+ab£§(a+b+c)

Cho a,b,c3 0 thoa a?+b*+c?

Cho a,b,c3 0 thoa a?+b*+c?

=3.CMR:

=3.CMR: 21+18abc? 13(ab+bc+ca)

1 1 1
+ +
5-2ab 5-2bc 5- 2ca

30



36.

37.

38.

39.

40.

41.

42.

43.

45.

46.

47.

48.

49.

Cho a,b,c2® 0 thoa a*+b’+c*=3.CMR: (2- ab)(2- bc)(2- ca)® 1

bc ca ab

Cho a,b,c? 0 thoa a+b+c=2 .CMR: =+ +—
a“+1 b°+1 c°+1

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bang O .
~a®+3abc N b® + 3abc N c’+3abc ,

CMR 5 > >
(b+cf  (c+af  (a+b)

a+b+c

Cho a,b,c>0 théa a*+b*+c*=3.
2 2 2
a)CMR:a—+b—+C—33
b ¢ a
2 2 2
b) CMR: & b3
b+c c+a a+b 2

a’-b b’-c - c (a- b)* +(b- c)*+(c- a)*

Cho a,b,c>0 .CMR:
a+b b+c c+a 8

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bang O .
CMR: &, B, o 1
" (2a+b)(2a+c) (2b+c)(2b+a) (2c+a)(2c+b) 3

Cho a,b,c? 0 va 2 trong chiing khdng dong thoi bang O .
CMR: = 1 1 1

3

5(a2+b2)- ab+5(b2+cz)- bc+5(c2+a2)- ca a’+b*+c?

bc ca ab 3
+

Cho a,b,c® 0 théa a*>+b’+c®=1.CMR: ———+— : 2
a‘+1l b°+1 c°+1 4

1 1 1

Cho a,b,c3 0 théa a>+b*+c*=1.CMR: . + . + :
3+a°-2bc 3+b°-2ca 3+c° - 2ab

2 2 A2 2 2 .2 2 2 2
Cho a,b,c>0 .CMR: da-b-c db-c-a dc-a-bgg
a(b+c) b(c+a) c(a+b)
KF: 2 1 1 16

Cho a,b,c>0 théoa abc=1.CMR: a®+b*+c*+63 —ca+b+c+=—+=+="=
28 a b cg

1 1 1

Cho a,a,,..,a, >0 thoa a +a,+..+a =n .CMR: aiaz...qqge—+—+...+—- n+32£3

edy & a,
Cho a,b,c 1&d¢ dai 3 canh tam giac . Néu a? +b?+c? =3 thi ab+bc+ca? 1+ 2abc

Cho a,b,c 1ad¢ dai 3 canh tam giac . Néu a® +b*+c? =3 thi a+b+c3 2+abc

g9
8

(%}



50. Cho a,b,c lado dai 3 canh tam giac khéng can .
a+b b+c c+a
+ + >5
a-b b-c c- a|
a’+b? b*+c?  c?+a?
+ +
a’-b* b*-c® c-a?

a)

b) >3

51. Cho ab,c 14d6 dai 3 canhtamgidc. CMR: a2~ 194+pF . 1942 . 1% ¢
C g a g b g

52.  Cho a,b,c 1ado dai 3canhtamgiéc.CMR:(a+b+c)§el+%+193 6§ebi‘ + Dy S
a Cg C C+a at+bg

CMR: 2% ,%"%&, ,&%"4,,
ata, a;taq, at+a,

53.  Cho a,a,,8,8,.8,81 o= 3,
&3

a’-a’ b’ - b c-¢°
54. Cho a,b,c>0 thoa a*+b*+c’33.CMR: ——5——+———>——+—-————30
a’+b"+c® b’+c°+a” c+a“+b
, ] 1 1 1
55. Cho x,y,z>0thoa x+y+z33.CMR: + + £1

X+y+z Y H+z+x Xty

56.  Cho X, X,,...x, >0 thoa xx,..x. 3 1. Véi a >1.CMR: § X 31

XX Tt X,
. . -2 Q X
3 3 - -
57.  Cho x,X,,...,x, >0 théa xx,..x, 3 1. Vi n 3'n-2£a<1'CMR'ax‘f+x2+...+xn£1
, 3 o - X
58. Cho x,X,,....x, >0 théa xx,..x,3 1. Véi a >1.CMR: g p—— £1
5 v 2 o X
3 -1 —— . 3
59. Cho x,X,,....x, >0 théa xx,..x,3 1. Véi -1 n-2£a<1'CMR'axf+x2+...+xn 1
60. Cho 0<Xx,X,,..., XnEpFZnn-—FF))-]]-_)théaXng---anl,Véi 3£nl Z,pl Rl<p<n-1.
CMR: t 1 +..+ t ..
I+p 1+px I+px, 1+p
1 1 1 2

61*. Cho a,b,c>0 théa abc=1.CMR:

z 7T z T z T *
(1+a)” (1+b)* (1+c) (1+a)(1+b)(1+c)
62. Cho ab,c>0 thoa abc=1.CMR: a®+b?+c?+9(ab+bc+ca)3 10(a+b+c)

a(b2+c2) b(c2+a2) c(a2+b2)
63. Cho a,b,c® 0 thoaab+bc+ca=3.CMR: — +— +— 33
a“+bc b +ca c-+ab
2 2 2 (a2 +p®+c?
64. Choa,b,c>O.CMR:a+b+c+a—+b—+c—3 (a C)
b ¢ a at+b+c
a2 b2 C2 3(83 + b3 + CB)
+ 3
b+c c+a a+b 2(a’+b?+c?)

65. Cho a,b,c>0.CMR:



66. Cho a,b,c30.TimGTNN ciabiéuthac E(a,b,c)= x, by, @ , VoI moi x,y,z>0.

y+z z+Xx X+y

67. Cho a,b,c>0 thoaa+b+c=3.CMR:

68. Cho a,b,c3 0 thoaa+b+c=3.CMR: (az- ab+b2)(b2- bc+cz)(c2- ca+a2)£12

69. Cho ab,c2 0théaa+b+c=1.CMR: Ja+h? +/b+c® +y/c+a??3 2
70. Choab,c30 .CMR: a+b*+c*+3abc?® § bc«/2(b2+c2)
71. Choab,c30 .CMR: (1+a2)(1+b2)(1+cz)3 E(a+b+c)2

16

72.  Cho. ab,c,d>0 thoa abcd =1 . CMR: (1+a%)(1+b°)(1+¢?)(1+d?) 2 (a+b+c+d)’

2 2 2
73. Cho X,%,...% 30 .CMR: x +x +..+x,3 (n- )m+\/>q+x2:...+>%

74.  Cho x,%,..,x >0 .Vdi ki R.CMR:
( )(Xln+k+xg+k+ +X:+k)+X1X2"'Xn(X1k + X5 +"'+Xrl1()3 ()(1+X2+---+Xn)(x1n+k Ly el

n+k- 1)

+..+ X

75.  Cho a,b,c3 0 va2 trong ching khéng déng thoi bang 0 .
a’ b* c* a+b+c
. 3
CMR: P I R 2




