LANG MAN CUNG MOT BAI TOAN

Trin Thanh Tiing

Trong d& thi vao Pai hoc mén Toan khéi A ndm 2009 thi c6 thé noi
ciu V 13 ciu kho nhét. Khéng mot hoc sinh nao cta truong THPT Mdc Hoa
giai dugc trong khi thi. That su n6 kho l4m chang? N6 cu thdi thuc to1, budc
t61 phai lang thang trén internet xem thién ha giai né nhu thé nao va toi cting
cau hoc tro 1a em Dat cling da tim ra vai cach giai cho riéng minh.

Xin gidi thi¢u lai bai todn va céc cach giai cia no.
“ Chtng minh rang v&i moi s6 thuc duong x, y,z thoa x(x +y+ Z) =3yz ta

co: (x+y)3 +(x+z)3 +3(x+y)(x+z)(y+ z)SS(y+z)3 (*) .
Trudc khi di tim 161 giai cho bai bat dang thirc ndy, toi c6 nhan xét:

- Pay khong phai 1a mot bat ding thire dbi xtng theo cac bién nén da
s hoc sinh chua co théi quen giai n6. Cac bat dang thirc trong cac ki tuyén
sinh trudc thuong la bat déng thire doi ximg.

- Vé phai c6 ba bién va vé trdi c6 hai bién va dong bac nén trong suy

nghi tim 161 giai 1a ta phal giam bién x trong vé trai va budc vé trai xuat
hién () +2z), nhung néu 1am theo nhu vay thi ta chi thu duge dang thic.

May min cho ta 1a c6 mot bat dang thitc quen thude 1a (y+ z)2 >4yz va cac

dang bién thé ctia nd nén viéc tim 10i giai cho bat dang thirc s& xoay quanh
phat hi¢n nay.

Cach gidi 1 ( ciia pho gido sw Phan Huy Khdi )
g b+c—a a+c->b b+a-c
bita=y+zb=z+x,c=x+y—>x= 5 V= 5 = S

Tur diéu kién bai toan ta suy ra: 4a’ =(b+c) +3(b-c) —>a’=b'~bc+c.

>

Bat dang thirc can chimg minh twong duong:
5a° 2’ + ¢ +3abc <> 5a’ 2 a(b+c) +3bc(**)
T @’ =b* —bc+c’ suy ra:

a’>bc

2a2:2(b2+cz)—2b02b2+022@—>2a2b+c

2a’ 2a(b+c)
- —(**) dung —(*) ding.

{341223170 ( )ug ()ug
Pang thirc xdy rakhi x=y=z.

Thién ha cho ring cach giai nay gon dep nhat!



Cich gidi 2 ( ciia tién si Lé Thong Nhit )

Tir gid thiét bai todn ta cd: x* +xy+xz=3yz > (x+y)(x+2)=4yz.
bita=x+y,b=y+z thi ab=4yz.

Ta c6 hang dang thuc:

a’+b’ =(a+b)(a2 —ab+b2)£ 2<a2 +b2)[(a—b)2 -I-abJ:

= 2[(a-) +2ab][(a-) +ab )=\ (v-2) +8y2][(v-2)' +4y2]

= 2 (42 oz (v 2) < A 2) (v 2) =24 2)

Tuc la:
(x+y)3+(x+z) < (y+z) (1).

Mait khac ta lai co:

3(x-|—y)(x+z)(y+z)=12yz(y+z)£3(y+z)2(y+z) (y+z) (2)
Cong (1) va(2) taduoc két qua can chimg minh.

Cich gidi 3 ( ciia thdy Nguyén Anh Diing PHSP Ha Nji )
X+ xt
3

Dit t=y+z. T gia thiétsuyra: yz =

2
Vi yzS@ nén x(x+y+z):3yzS%(y+z)2

- +tx£%t2 —(2x+1) <4’ > 2x<t.

Bat dang thirc phai ching minh twong duong voi :

(2x-|—y+z)3 —3(x+y)(x-|—z)(2x+y+z)+3(x-|—y)(x+z)(y+z)£5(y+z)3
(—)(2x+y-|—z)3 —3(x-|—y)()c-l-z).2x£5(y+z)3

<—>(2x+y+z)3 —6)6()62 +x(y+z)+yz)£5(y+z)3

2
(—)(2x+t)3 —6)c(x2 x4 ;—thSSf

© 21(2x* +3x1 = 27) <0
< 2x" +3xt -2 <0

2

Vi 0<x£é nén 2x2+3xt£%+%t2 =2 hay 2x° +3xt - 2 <0.

Bit dang thitc ciing da duoc ching minh.
Pay ciling 1a cach giai trén bao tudi tré.



Cich _gidi 4 ( ciia ban Vé Bd Quéc Cin sinh vién PH Y Cin Tho khéa
2006-2012 )
Tur gia thiét ta c6 : (x+ y)(x+z):4yz. Hon nira 4p dung bat dang thirc

AM—GM,taduQ’c:3yz:x(x+y+z)23x3xyz —>x<4yz.

Su dung héng d:flng thure :
(x+y)3+(x+z)3=(x+y)(x+z)(2x+y+z)+(y—z)2(2x+y+z)ﬁ
S4yz(2 yz+y+z)+(y—z)2(2 yz+y+z)

:(y+z)2(\/;+\/;) £2(y+z)3
Mat khac ta lai co:

3(x-|—y)(x+z)(y+z)=12yz(y+z)S3(y+z)2(y+z)=3(y+z)z.
Ca hai diéu trén ta suy ra :

(x+y)3+(x+z)3-|-3(x+y)(x+z)(y+z)£5(y+z)3.

Cach giai ciia ban Can va cua thay Nhat co phan twong ty nhau!

Cich gidi 4 ( ciia tanpham90 dién dan todn hoc.net )

Bit dang thic twong duong voi:
x’ +3x2(y+z)+3x[(y+z)2 —2yz}+3xyz£2(y+z)3

o x -I-Z’wcz(y+Z)-I—?>){(y+z)2 —%x()ﬁ)/-kz)]l-f’wcyzé2(y+z)3
Dit y+z = 2a.Bit ding thirc can chimg minh tr¢ thanh:
X' +6x’a+ 3){4612 —%x(x + 2a)} +x*(x+2a)<164’

<—>4(x—a)(x+4a)a£ 0

A, 23 fy , \ . A +Zz A qea
Bat dang thuc nay dung vi nguoc lai néu x>a <> x> 4 S Theo diéu kién

ban dAu ta suy ra: (y+z) <4yz vo li!

Cach giai 5 (dap an cia BGD )

Cac ban tu tim lay!



Khong biét cc ban cam thay nhu thé nao? Riéng t6i, toi cam thiy nat 6c khi
theo nhitng dong trong 101 gidi trén. M61 mdt dong la mdt phan todn hoc.

Moi céc ban theo dbi 101 gidi cua thiy tro ching toi.
Cadch gidi 6
Ta co:
1
3yz=x(x+y+z)>3x3xyz —)xS\/y>z—>x2 Syzsz(y+z)2

—2x<y+z
Bit dang thirc can chimg minh twvong dwong véi :
x3+3x2(y+z)+3x(y2+22+yz)£2(y+z)3(**).
1 3
VT., sg(yﬂf+3yz(y+z)+5(y+z)[(y+z)2_yz}:

:g(y+z)3+%yz(y+z)£2(y+z)3.

Cdch giai 7

Goi a,b,c 13 ba sb thuc duong co téng béng 3. Thé thi ton tai mot sb thyuc

duongtsaocho: x=ta,y=th,z=tc.

Tu dicé:u kién bai toan suy ra: a =bc.

Bat dang thtre (*) tuong duong :

(a+b) +(b+c) +3(a+b)(a+c)(b
<

<—>(2a-|—b+c)3—6a(a+b)(a+c)
& (a+3) -24a<5(3-a)
<—>(1—a)(6—a)20

¢)< 5(b+c)3

)

+
(b

Tacd: b+c>2Vbe =2Ma —»a=3-(b+c)<3-2Ja —»a<l.
Viy : (1—a)(6—a)20 dlng.

Cdch giai 8

. a+b-c a+c—-b b+c—a
bat x= V= ,Z= .
2 2 2

Tur di€u kién bai toan ta suy ra :

ERERp. —abAM;GM (a +b)2 ~ (a +b)2
B 2 4

—>Sc'>ab.



Bit ding thirc (*) twong duong :
a +b+3abc<5¢ & (a + b)(a2 +b’ - ab) +3abc<5¢

> (a+b)c’ +3abc <5¢ dung. DO ban tai sao !

Cdch giai 9

Day la cach gidi sang tao va khong kém phéan  1éu linh” !
Goi a, b, ¢ 1a ba canh ctia mot tam giac ABC.
a+b-—c a+c-b b+c-a

bit x = 5 V= 5 ,Z= S Diéu ndy bao gio ciing thoa.

Tur diéu kién bai toan ta suy ra :
¢*=a’+b* —ab— C =60" (kinh nghiém day minh !).
Theo dinh 1y ham sin thi :

a b ¢ 23

sind sinB sinC 3

C.

Bit ding thirc can chimg minh tuong dwong :

15J—

sin’ A+ sin’ B+¥sm/l sin B <—— (*%),

VT, = %(sinA + sinB) —%(sin?»A + sin3B) + %sinAsinB

(**)
n A-B 1. 3(4-B) 33
= —sin—Cc0S——— ——Sinm coS +

2 2 2 2

:3ﬁ(cosA;B+cos(A—B)j 33 sf

cos(A—B)+ﬂ

y —— <—— dpem. An thua minh 1éu !

Cdch giai 10

Pt a =222 va h=""Y Bét ding thirc (*) <> @’ + b’ +3ab<5.
y+z y+z

Taco:
x(x+y+z)+yz_2x(x+y+z)—2yz
(v+z)  (y+2)
(x+y) +(x+2)
(v+2)

Vay () a+b+3ab<5.
Ta thay :

ab=

>Sab+1= —a'+b>a+b =a+b.




(a-l—b)2

Sa2+b2:1+ab§1+i(a+b)2—>a+b£2

Ma a+b+3ab£a+b+%(a +h) <5 dpem.

Cing hoi mét moi khi tim 101 giai va gd vi tinh. Nhung 15 yéu BDT rdi nén
phai chiu. Tiép tuc hai cach con lai.

Cach gidgi 11

Dit y =ax,z=>by. Hiénnhién a>0,b>0.

Tir diéu kién dé dang suy ra :
a+b+1=3abe>3ab=a+b+1>1+2Jab - ab>1.
Bat dang thirc (*)

o (a+1) +(b+1) +3(a+1)(b+1)(a+b)<5(a+b)
o(a+b+2) —6(a+1)(b+1)<5(a+b)

< (3ab+1) -24ab <5(3ab-1)

27(ab) ~12ab+1<2(3ab -1y

< (3ab-1)(9ab-1)<2(3ab-1)

& Tab< 6(ab)2 +1

Bit dang thirc cudi cung dung do ab>1.

Cich gidi 12

C6 nguoi bao dao ham 1a mot cong cu manh dé giai toan BDT. Ngay
ca méy cau hoc sinh 16p 8,9 cling doi hoc dao ham vi théy cac anh chi dung
no tuyét voi qué. Nhung duc tdc thi bat dat! Mdi cac ban xem chung toi1 tung
chiéu sau cung la sir dung “hang nong” 1a dao ham.

Tir diéu kién suy ra:
9x2(x+y+z):27xyz£(x+y+z)3—>2x£y+z.

L XSy (R A 1
* Néu thi (*) hién nhién dung.
x<z

* Do vai tro cia y va z nhu nhau nén ta ¢6 thé cho rang: z<x<y.
Thé thi bao gio ta cling tim dugc hai s6 khong am a,b sao cho a>b va:

y=x+a
x=z+b



Diéu kién twong duong: 2x(a—b)=3ab.
Truong hop @ =b 1a tim thuong. Bay gio ta chi xét a > b.

Khi do :

()¢ (2x+a) +(2x=b) +3(2x+a)(2x-b)(2x+a~b)<5(2x +a-b).
Dat t=2x+a—b>2x—>x<%.

(*) > (2x+1) = 6x(4x" +2ab) <5

& 8x’ — 61" =31°x+ 21 +12abx > 0

Bay gi¢ ta chirmg minh :
f(x)=8x"—60 =3'x+26 > 0.

t /3t
4

That vay : f'(x)=3(8x" —4tx—1*)=04>x= . Lap bang bién thién

ctia ham s6 f trén (O;%) thi thay f(x) > f(%j =0,Vx e (O;%) :

Tur day ta co diéu phai chirng minh.
Vai di€u chia sé cung dong nghiép.

“Thanh cong khong phai 1a so chién thing ban c¢6 dwoc ma 1a nhiing
ngon nui ban da vwot qua” (Booker Taliaferro Washington )

Moc Hoa thang 8 nam 2009.
Tran Thanh Tung



