Chuyén dé Semina ngay 21-10-2009 T6 Toan tin

MOQT PHUONG PHAP CHUNG MINH BAT PANG THUC
CO PIEU KIEN TiCH CAC BIEN BANG 1.
LE XUAN PAI
(GV Trwong THPT Chuyén Vinh Phiic)
Co mot sb bai toan bat [ang thirc (BDT) véi n bién s duong a,,a,,....a, thoa man [iéu kién
tich clia ching bang 1 (ta thuong gap voi n=3). Vi loai bai toan nay thuong cé kha nhiéu phuong
phap chimg minh. Chuyén (& nho nay xin [irgc gidi thiéu mot ki thuat [6i bién sé dang

k k k
alz(%j ,azz[%j an:[%j ,trong [6 Xx,,X,,...,.x, duong (ta thuong chon k=1).
1 2 n

Xin duwa ra mot sé vi du minh hoa cho phwong phdp nay

Thi du 1. Cho basb a,b,c duong thoa man abc=1. Chimg minh rang;

a b
- (1)
ab+1 bc+1 ca+1 2

Loi gidi. Ton tai x,y,z duong sao cho a= X b =X,C:E, khi [6 BDT (1) tro thanh
y z X
xly . ylz N z/x 2§
x/2)+1 (y/x)+1 (z/y)+1 2
= e + Xy + yz >§ (2

XY+YZ XZ+YyZ Xy+xz 2
BDT (2) [ting theo BDT Nesbit’s. Pang thtrc xay ra khi va chi khi a=b=c=1.
Thi du 2. Cho basb a,b,c duong thoa man abc=1. Chimg minh rang;

3+§+9+32a+b+c+1+l+l (1)
c a a b c

Loi gidi. Ton tai x,y,z duong sao cho a==,b =X,C:E, khi [6 BDT (1) tro thanh
z X

X

y
x> y* 22 X'y zy z X

Jt— 4+ —>—+Z+=4+24+—4+= (2
yZ X2 Xy y zZ X X Yy z
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Taco )= X2+ y> + 22 +3xyz > Xy + Xy + Y°2+ yz° + X°2+ XZ°
BDT nay [ing theo BDT Schur. Vay bai toan [irgc chirng minh
Ding thirc xay ra khi va chi khi a=b=c=1.

Thi du 3. Cho bdn sb a,b,c,d duong thoa min abed=1. Chtrng minh rang:

1 1 1 1
+ + + >2 (1)
al+b) b@+c) c@+d) d@+a)
e e AL X z ot Y e . s
Loi gidi. Ton tai x,y,z,t duong sao cho a=—,b=—,c=—,d = Khi [6 BDT (1) tré thanh:
y X z
y X z t
+ + >2

+ >
X+z z+t y+t X4y
Ap dung BPT Cauchy-Schwarz ta Ciroc:

y X,z t g (X+y+z+1)°
X+2 z+t y+t X+y Y(X+2)+X(Z+t)+z(y+t)+t(xX+Yy)

(X+y+z+1)° S
Y(X+2)+X(Z+t)+z(y+t)+t(X+y)

2 (2)

Taching minh

Tacd 2) & x> +y* + 22 +t? > 2(yz+xt) & (x—t)*+(y—2)*>0. Do [6 BDT (2) [ing

Vay (1) [roc ching minh. Dang thirc xdy ra khi va chi khi b=d=

[
Ol

Thi du 4 (IMO 2000). Cho ba sb duong a,b,c thoa méan abc=1. Chimg minh rang:

o 2ferd)a

Loi gidi. Ton tai x,y,z duong sao cho a= i,b = X,c: E, khi [ BDT can chirng minh tré thanh
y z X

(x—y+z)(y—-z+x)(z—x+y)<xyz

BDT nay [a quéa quen thudc voi ching ta. Bai toan [irgc chirng minh.

Thi du 5 (IMO 2008). Cho ba sb x,y,z khac 1 thoa mén xyz=1. Ching minh rang:
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2 2 2
X y z

=+ =+ =21 (1)
x-)° (y-1° (z-2)

Loi gigi. Ton tai a,b,c dwong sao cho x = %,y = E,z = E, khi [6 BDT (1) tro thanh
C a

1/(a+b 2 b+c 2 c+a 2
o= +1] + +1] + +1] (=21 (2
4 b b-c c—a

_a+b  b+c f_cta

DPé chirng minh BDT (2) ta [Ht u= V= , . taco nea
g (2) ta [ b o o " oa gay

U+DH(v+)H(t+)=(u-D(v-)(t-) = uv+vt+ut =-1.

Khi [6 BDT (2) twong [irong voi
WAV HtP+2u+v+t)>1
S @u+v+t)’+2u+v+t)—2uv+ve+ut) >1
S @u+v+t)’+2u+v+t)+1>0

S @u+v+t+1D?>0
Vay bai toan [irgc chung minh hoan toan.
Thi du 6. Cho basb x,y,z duong thoa mén xyz=1. Chimg minh ring:

21 +21 +21 2§ (1)
X“+xy y +yz z°4+zx 2

Loi gigi. Ton tai a,b,c duong sao cho x = \/E,y = \/%,z = \/E , khi [6 BDT (1) tr¢é thanh
a C

3

a b ¢
+ + > =
b+vac c++ab a++bc 2

Tacs vac < Ciab < a;b;@gbzc Do [
a N b N C S 2a N 2b N 2c
b++vac c++ab a++bc a+2b+c a+b+2c 2a+b+c

Tass chimg minh; — 24— ° ¢ 3 (9
a+2b+c a+b+2c 2a+b+c 4

Ap dung BDT Cauchy-schwar ta Ciroc:
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a N b N c S (a+b+c)?
a+2b+c a+b+2c 2a+b+c a(a+2b+c)+bla+b+2c)+c(2a+b+c)
(a+b+c)? S (a+b+c)? _3

:(a+b+c)2+(ab+bc+ca)_ 4

(a+b+c)2+:13(a+b+c)2

Vay BPT (2) [wroc chirmg minh. Pang thire xay ra khi va chi khi x=y=z=1.

Cudi ciing la mgt s bai tap twong tuw

Bai 1. Cho bdn S5 x,y,z,t duong thoa min xyzt=1. Chimg minh rang;

1 1 1 1
> +— +— +— =22
X"+Xy y +yz z°+zt t"+tx

Bai 2. Cho nam s6 a,b,c.d,e duong thoa man abcde=1. Chimg minh rang:

a+abc N b +bed N c+cde N d+dea N e+eab >E
l+ab+abcd 1+bc+bcde 1+cd+cdea 1+de+deab l1+ea+eabc 3

Bai 3. Cho n s dwong x,,X,,....X, (n>3)thoa min x,x,..x, =1. Ching minh rang:

1 1 1
+

+ +... >1
1+ X, + XX,  1+X,+X,X, 1+ X, +X.X,

Bai 4. Cho a,b,c duong thoa min abc=1. Chtrng minh rang:

2 2 2
2 2 + 2 2 + 2 2
@+Dd°+b°+1 (b+D)°+c°+1 (c+D"+a"+1

<1
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