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LOI CAM ON

Toi xin tran trong cam on PGS.TS Phan Huy Khai, nguoi thay da truc tiép
giang day, huéng dan vatao moi diéu kién gitp téi hodn thanh luan van nay.

Toi xin trén trong cam on Ban gidm hiéu, Phong Bao tao sau Pai hoc Truong
Pai hoc Khoa hoc — Pai hoc Thai Nguyén va céc thay gido, cd gido da truc tiép
giang day, gitp d& téi trong sudt qué trinh hoc tap tai truong.

Toi xin bay to 1ong biét on dén cha me, nguoi than, ban bé va tat ca nhitng

ngudi d8 gilp d&, dong vién téi trong sudt qué trinh hoc tap va hoan thanh luan van.

S6 héa béi Trung tam Hoc liéu — Bai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn



www.VNMATH.com
3

LOI NOI PAU

B4t dang thic & mot trong nhitng chuyén muc ¢ tinh hip dan nhét trong gido
trinh giang day va hoc tap bd mén todn & nha truong phd théng. N6 1a mot dé tai
thudng xuyén cd mat trong céc dé thi vé toan trong céc ky thi tuyén sinh quéc gia,
ciing nhu trong céc ky thi Olympic vé todn & moi cap.

Luan van ndy danh dé trinh bay mot nhanh caaly thuyét bat dang thirc — Cac bat
dang thirc théng dung.
Ngoa phan m¢ dau va danh muc tai liéu tham khao luan van gdm c6 5 chuong:

Chuong 1 véi tiéu dé “Phuong phép st dung bat dang thac Cosi” danh dé trinh
bay vé bit dang thic Cosi.

Bat dang thirc Cosi 1a bt ding thirc quan trong nhét va cé nhiéu ang dung nhat
trong chirng minh bat dang thic. Trong chuong ndy ching téi danh dé trinh bay céc
phuong phép co ban nhat dé sir dung c6 hiéu qua bat dang thirc Cosi.

Chuong 2 “Phuong phép sir dung bat dang thirc Bunhiacopski” trinh bay céc
rng dung cua bt dang thic Bunhiacopski va bat dang thirc Bunhiacopski mé rong.

Mot trong nhitng phuong phép hay sir dung va co tinh hiéu qua dé chitng minh
céc bat dang thirc 1 s dung bat dang thuc véi cac day don diéu. Céc két qua ndy
dugc trinh bay trong chuong 3.

Chuong 4 danh dé trinh bay mot 16p bét dang thac don diéu dic biét (d6 1a bat
dang thac Trébusép).

Sau hét trong chuong 5 trinh bay mot ap dung 1y tha céc két qua caa giai tich 15
dé chitng minh bat dang thirc — d6 1a sir dung tinh 16i cua ham sb dé ching minh

bat dang thic.
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Chwong 1

PHUONG PHAP SU DUNG BAT PANG THUC COS

1.1 BAT BPANG THUC cOsSl.
1.1.1 Pinh ly. Véi n sb khdng am: a,,a,,...,a,(n>2) taco:

+a,+..+
! azn a“zﬂn/al.az...a\q.

bangthicxayra < a =a,=..=a,.

Chang minh
e Hién nhién bat dang thirc ding véi n= 2.
e Gia sir bat dang thuc d¢a ddng cho n sd khdng am thi bat ding thire ciing ding véi
2n sd khdng am.

& +8,+..+ay,
2n o

Taco:

1 A A
E(Q/al.az...a\1 +Q/a\1+1.a\1+2...a2n)2 2la.a,..a,, , Nén bat

dang thirc ddng khi n bang mot luy thira caa 2.

e Gia st bat dang thtc ding véi n sb khdng am, ta ching minh bat dang thirc ddng

V6i n—1 sb khong am. That vay, dat A=a, +a,+..+a,, ; a, =——.

n-1
Taco: A+ nAl >n.p ai'azr;"ai‘l'A = A>(n-1)"Ja.a,..a, .

Két hop badiéu trén suy ra bat dang thirc Cosi diing véi moi n nguyén duong

(n>2) = dpcm.
1.1.2 H¢ qua. Véi n 5 duong: a,a,,...,a, (n>2) taludn co:

11 1
e R S
8 & a,

>n?.

(a+a,+..+a,)

bangthicxay ra < a =a,=..=a,.
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Chang minh
Theo bat dang thiac Cosi, tacod: a +a,+...+a, >nya.a,..a, >0, (1)

LN S L @)
a a & \aa a

Nhan tirng vé cua (1),(2) suy radiéu phai ching minh.
Nhan xét: e Bat ding thirc Cosi chi &p dung duoc cho céc sb khong am.

e Bit dang thic Cosi 1a bt diang thirc quan trong nhat, quen thudc nhit,
va co mdt tdm ung dung rong rédi trong cac bo mén caa todn hoc so cap. bic biét 1a
dung dé chitng minh bat diang thic. Sy thanh cdng caa viéc &p dung bat dang thic
Cosi dé chizng minh céc bai todn vé bat dang thirc hoan toan phu thudc vao sy linh
hoat cia tirng nguoi sir dung va ki thuat cach choncac sb a,a,,.....a, .

Sau day 1amot sd phuong phép van dung bét dang thirc Codsi d¢é ching minh bat
dang thuc.
1.2 SU DUNG BAT DANG THUC COSI CO BAN.
1.2.1 N§i dung phwong phép.
Qui wéc: Goi hé qua cua bat ding thuc Cos 1a “Béat dang thiac Cosi co ban”. St
dung hé qua dé chitng minh bat dang thirc goi 1a phuong phép “Str dung bat dang
thirc COsi co ban”.
Tur “Bat dang thire csi co ban” tong quét, ta cd hai trueang hop riéng sau:

) ) , 1 4
Vé&i moi a,b>0,taco: (a+b >4 h —+ >_ "
* ) ( )(a ) Y- a b a+b

Ding thuc xay ra < a=b.

1

e Vi moi a,b,c> 0, taco: (a+b+c)[1+;+ ]>9hay " %> 9

J1. 1.9
b “a+b+c
Ping thuc xay ra <> a=b=c.

1.2.2 Mot sb thi du minh hoa.

Thi du 1.1 (Pé thi tuyén sinh Pai hoc, cao dang khbi A — 2005).

Cho x,y,z> 0 vathoa man: E+£+E = 4. Ching minh:
X 'y z
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1 n 1 n 1 <1.
2X+y+z X+2y+z X+y+2z
Bai giai
Ap dung bit dang thirc Cosi co ban hai 1an lién tiép, ta co:
1 1| 1 1 11 11 1 1 1(1 1 1
— - <D= < | =4 24 S s ——— <+ —+—|. (1
2Xx+y+z 4 2x+y+z 4 2x+4[y+z} 2x+y+z 8 x+2y+22} @)
) 2X =
Déngth&ctrong(l)xéyra@{ X_ y+z<:> X=Yy=2.
Hoan toan tuong tu, ta co: ;gi i+£+i (2
X+2y+z 8|2x y 2z
X+y+2z 8|2x 2y z
Cong tirng Vé (1),(2),(3) tadugc:
1 1 1 111 1

+ + <—
2X+y+z X+2y+z x+y+2z 4

—+—+£leédpcm.
X 'y z

Pang thic xay ra< dong thoi dang thie trong (1),(2),(3) xay ra < x=y=z= %.
Nhan xét: Taciing co bat dang thic Casi co ban sau:

Vdi a,b,c,d > 0 thi:

1 1 1 1 1 1
at+b+c+d)|l—+—+-+—-[(>16= ————— < —
( )[a b c d]_ a+b+c+d 16

Ly
a b ¢ dJ

Ap dung vao thi du trén, ta co:

1 1 11 1 1 1 1 2 1 1
= R B e e e e I H
2X+y+z X+Xx+y+z 16(x X y z 2X+y+z 16 y z
Tuong tu suy ra ;gi 1+E+1 va ;<i 1+£ 2 _
X+2y+z 16|x y z X+y+2z 16|x y z
1 1 1 11 1

= + + <—
2X+y+z X+2y+z x+y+2z 4

—+—+£}:1 = dpcm.
X 'y z

pang thirc xay ra < x=y = z:%
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Thi du 1.2 (Bat dang thirc Nesbit 3 bién).
. . a b c 3
Cho a,b,c> 0. Ching minh rang: >, 1
g ang b+c+c+a+a+b_2 &)
Bai giai
. a b c 9
Deé thay (1 1+— |+ 1+—|+[1+—|>=
© ay()(i)[ijch]jL[+c+ajL +a+b_2
@2(a+b+c)[ Lt Llso
b+c c+a a+b
1 1

>9. )

& [(a+hb)+(b+c)+(c+a)

a+b+b+c+c+a
Theo bat dang thirc Cosi co ban thi (2) ding = dpcm.

pang thirc xay ra <» a=b=c> 0.

Nhan xét :

e Bit ding thac Neshit ciing [ mot trong cac bat dang thic théng dung, thuong
duing 1am bt dang thac trung gian d&é chitng minh mot bat diang thic khac, nham rit
gon phép chirng minh mot bat dang thic.

e Xin duaramot thi du hinh hoc ly thti minh hoa cho bt dang thirc Nesbit sau:

Cho AABC. Vé ba phan gi&c AA'BB',CC'. Goi k,,k, k. twong ung la khoang
céch tir A'B',C' d&én AB,BC,CA. Goi h ,h,h tuong ang la ba chiéu cao ha tir
A, B,C. Chirtng minh: £+5+£2§ .

h h h 2
Bai giai
Taco: S,y = Susa + Siac (HiNh 1.1)

1 1 1
= ~ah =>ck +-b
¥ =tk bk

_ k__a
=>aha—kd(b+c)=>ha_b .

Hoan toan tuong tu, ta co: =— % =,
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s k, k
Toudosuyra —2+-—2

h, h,
Theo thi du 1.2 = (*) dang = dpcm.

k. .3 a b c 3 .
+E>> o + + >
h — 2 b+c c+a a+b 2 ®)

Ding thuc xay ra < AABC déu.

Y 2 <3
x+1 y+1 z+1 4

Thidu 1.3 Cho x,y,z>0 va x+ y-+ z=1. Chixng minh:

Bai giai
X z 1 1 1 1 1 1

co—2 4 Y 4 g = 4= 4= 3| = 4= 4= ]
Xx+1 y+1 z+1 X+1 y+1 z+1 X+1 y+1 z+1

Theo bt dang thirc Cosi co ban ta co:

1 1 n 1 S 9 B
x+1 y+1 z+1 x+14+y+1+2z+1

%, (do: x+y+z=1).

X + Y + z §3—9:§=>dpcm.
4 4

Vay:
Xx+1 y+1 z+1

Déng thirc xay ra < {ii:;ji:i: Z+1<:> X=y= z:% .
Nhan xét:
e Xin duaramot minh hoa lugng giac cho thi du trén:
Chtrng minh ring trong moi AABC , ta ludn co:

. A. B . B_.C . C_ A
sSn—.sin— sn—.sin— sin—.sin—
2 2, 2 2, 2 2
A-B B-C C-A
COS——— cos

2 2 2

3
<7 1)

COos

That vay, taco (1) tuong duong voi:

. A_ B . B _ C . C
In—.sin— Sin—.sN— Sin—.sin—
+ 2 2 n 2 2 <3
A B . A_B B _C, . B._ C A . C_. A4
COS—.COS— +9Nn—.sin— COS—.COS—+9N—.sin— COS—.COS_—+SNn—.9Nn—
2 272 272 2772 272
tan 2 .tan © tan > tan © tn < tan 2 3
e—2 2 . 2 2 , 2 2 > )
A B B_C C _A 4
tan_.tan—+1 tan_.tan_+1 tan_.tan_+1
272 272 272

bit a=tantan2 ; b—tanStanS c:tanE.tané,(a,b,c>O).
2 2 2 2 2 2
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X LA A B B C C A
Deé thay: a+b+c= tan—.tan— + tan—.tan— + tan—.tan— = 1. 3
y-atb+ 2 2+ 2 2+ 2 2 ()

a b c 3
+ + <-.
a+l b+l c+1 4

Khi d6 (2) tré thanh: (4)

Theo thi du 1.3 thi tur (3),(4) = (1) dang = dpcm.
pang thirc xay ra <» a=b=c« A= B=C < AABC déu.
e Theo céch giai trén, ta ciing ching minh dugc dang téng quét cuathi du 1.3 sau:

Cho x,X,,...,x, >0 thoa man: x +x, +...+x, =1.

Chingminh: —% 4% 4 4 % . N

x+1 x+1 X 4+17 n+l’

Thi du 1.4 Cho x,y,z> 0. Chizng minh rang:
X y z < 3

= + + <-—.
2X+y+z X+2y+z x+y+2z 4

Bai giai
X+y+z 1 X+y+z 1 X+y+z
2X+y+z X+2y+2z X+ y—+2z

1 1
+ + =
2X+y+2z X+2y+z x+y+22}

COM=1—

=3—(x+y+2)

1 1
+ + :
2X+y+2z XxX+2y+z x+y+2z

= 3—%[(2x+ Y+ 2)+ (X+ 2y + 2) + (x+ y+ 22)]
Theo bt dang thirc Cosi co ban, ta co:

1 1

+ + >9
2X+Yy+2Z X+2y+7Z X+y+2z

[(2X+ y+ 2)+ (x+ 2y + 2) + (X + y + 22)|

1 3
Vay M <3—-=9=—=dpcm.
ay M < 2 2 p

pang thiac xay ra < x=y =z

Thidu 1.5 Cho a,b,c>0 va ab+ bc+ ca = abc. Ching minh:

1 1 1 3
+ + <.
a+2b+3c b+2c+3a c+2a+3b 16
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Bai giai
Ap dung bét dang thirc Cosi co ban, ta co:

1 + 1
a+c 2(b+c)

1

4

1 1

a C

1 1 < 1

1
= — <
a+2b+3c (a+c)+2(b+c)” 4

4

TN
4\2b 2c

1 < 1 1 1 1 1 1 3

= =+ 1
a+2b+3c 16a+16c 32b 32¢c 16a 32b 32c &)

a+c=2b+c)
Ding thuc trong (1) xay ra < Ja=c sa=b=c=0.
2b=2c

Diéu ndy khong xay ravi theo gia thiét a,b,c> 0.

1 1 1 3
< + .
a+2b+3c 16a 32b 32c

1 1 1 3
<+ =+,
b+2c+3a 16b 32c 32a

. 1 1 1 3
va —————— < — 4+ —+—.
c+2a+3b 16¢c 32a 32b

)

Vay taco:

3

Tuong tu:

(4)

Cong ting vé cua (2),(3),(4) ta dugc:

1 S L <[i+i+i
a+2b+3c b+2c+3a c+2a+3b

()

16 32 32Jla b c

111]

Theo gia thiét: ab+bc+ca:abc=>§+%+%=1. *)

1 1 1 3
Suy ra(5 + + < — =dpcm.
yra() « a+2b+3c b+2c+3a c+2a+3b 16 P

Nhan xét: Ciing theo bt dang thirc Cosi co ban ta co cach giai khéc cho thi du trén:
That vy, theo bat ding thac Cosi co ban, ta co:

1

4

1 <E
a+2b+3c 4

1 1 1
+—|<=
a+2b 3c]_4

1,10, 1
a 2b 12c
1 1 1 1
= < + +—.
a+2b+3c 16a 32b 12c

, a=2b
Pang thuc trong (6) xay ra )
ing thic rong (6)xiy ra {7 *)

(6)
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1 < 1 1 1

Tuongtwtaco: 4 s =1eb T 320 12a’ @)
rerE et ©

Ping thiee xay ratuong ang trong (7),(8) 14 {Z::sz va{zczzng .

Cong ting vé cua (6),(7),(8) ta dugc:

T T e PR ReT] FEe ®

Ding thuc trong (9) xay ra < ddng thoi dang thirc trong (6),(7),(8) xay ra
s a=b=c=0.VAly, vi ab,c>0 nén ding thic trong (9) khéng thé xay ra

1 1 1 17 3
— <— =dpcm.

Theo (* 9 <
O =0 3 "brzci3 cr2ar®d % 16

Nhan xét: Bing cach ndy ta chizng minh duoc bat ding thirc “tot hon” bat dang

thirc ban dau.

Thi du 1.6 Cho AABC nhon. Ching minh rang:

1 1 1 1 1 1
At =gt > t+—gt—¢.
cos cos cosC sn® snP sn~
2 2 2
Bai giai
Ap dung bét dang thirc Cosi co ban, ta co:
it s : :ABZAB:CZABZZC
cosA  cosB ~ cosA+cosB A+B A 6nC cosA™ snC
2 2 2 2 2
I B U 2C_ o
cosA cosB ™~ o C
2
cosA= cosB
bang thac trong (1) xay ra < A—B < A=B.
costl
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Tuong ty, ta co: 1 — 1 2 2

cosB  cosC — 4 A

2

1 1 2
+ > : 3
cosC cosA~ _ B )
2

In

Cong ting Vé (1),(2)(3) = —— + >t T dpom.
cosA cosB cosC sinz sinz sinE

Ding thuc xay ra < dong thoi ding thac xay ratrong (1),(2),(3) & A=B=C
& AABC déu.
Thidu 1.7 Cho AABC ndi tiép trong duong tron. Goi AA',BB',CC' labaduong

cao lan lugt cit duong tron tai A, B,,C, . Chitng minh: ':2 BB, CCT 9

BB, CC, 4
Bai giai
Goi H latructdm AABC (Hinh 1.2), tacé:
A T T
A'H=A'A ,B'H=B'B,,C'H=C'C,. 1) ff"‘ ‘j_-_;{{:
| | s ."; \'k__ ) _'/-' \
oMM BB CC_  AA L BB /o \ NP
AA' BB' CC' AA' BB' N i,’ ! P, '||
el o N |
c'C AH B'H C'H e > SR Vg RN
+1+4 L =3+ + + . 2 | e~ : !
cc’ AA" ' BB' ' CC' @ \ /.~ ‘”' N/
1 1 1 L\{’: - v - “':j_-_'!'.l'\.'
. PN . A'H B'H C'H B A
Theo ding ly Séva, thi: =1. ~ I -
g ly =&va, A BB CC ~d__ o
AT
AA BB, CC, X
=(2) & =4, 3 Hinh 1.2
) PR (©) ( )
Theo bt dang thirc Cosi co ban, ta co:
B CCl|| AA* BB' CC'
A'Al,+ B{+ : + >9. (4
AA' ' BB' ' CC'|| AA, BB, ' CC

Tir (3),4) = A L BB L CC 9 pem.
AA BB CC 4

Ding thic xay ra < H latrong tm caa AABC < AABC déu.

S6 héa béi Trung tam Hoc liéu — Bai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn



www.VNMATH.com
13

Thi du 1.8 Cho AABC néi tiép trong duong tron. Goi AA',BB',CC' 1a ba trung
tuyén tuong ang lan luot cat duong trontai A, B, C,.(Hinh 1.3).

Chang minh: AN + BB'+ cc' 9
AA

BB, CC, 4
Bai giai
aZ
Taco: AA'.A'A&:BA'.A'C:I
= AA'AA, =AA"(AA'+ A'A) =
2 2 2 2 2
, a 2b°4+2c°—a° a
= +—: +__
m 4 4 4
2 2
~ AaAg =2 ;C
LA AAZ  2m?
AA  AAAA b*+4c?
2b® +2¢* —a® 1 a° .
1 2 1 2
Tuong tu ta co: E:1—3 zb > cC :1—3%.
B 2c +a CC, 2 a +b
1 1 1 2 2 2
Tfrdc’)=>AA+BB+CC§g<:> 1 2a 2+2b 2+2c zﬁg-
AA BB CC 4 2|b°+c® c"+a a +b 4

®a2+b2+c2>§.
b*+c¢® c+a® a’+b® 2
Theo thi du 1.2 thi (1) ding = dpcm.
Pang thirc xay ra < a=b =c < AABC déu.
Nhan xét: Pay 1amot minh hoa hinh hoc nita cho bét diang thirc Nesbit.
Thi du 1.9 Cho hinh chop tam giac S.ABC, trong d6 SA, SB,SC d6i mot vubng goc

D

véi nhau. Ké duongcao SH . bat ASH =a ,BSH =3 ,CSH = v(Hinh 1.4).

Chang minh:

cos’a cos’3 cos’y .3 . ()
dn’B+sin’y  sin®y+sinfa sn®a+sn’3 " 4
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Bai giai
D& thay: cos’a+cos?’3+cos’y=1 (1)
= sina+sin®3+sin®y = 2. 2
Dit x =sin®a+sin® 3,
y =sin*3+sin’~,
z=sin"vy+sn’a.

Khi d6, tir (2) = x+y+z=4. (3)

(Hinh 1.4)

@1—005%—00527 1— cos’ o — oS’y 1—coszﬁ—cosza<3

Tu (1) = (= . . . . <
(D= () sin® B3 +sin’ v sn®y+sin’a sinfa+sn*p " 4

sny+sin’ -1 sina+sin®y—1 sin2a+sinzﬁ—1<§
sin® 3 4s€in®y sina 4sin® vy sinB+sna ~ 4

1 1 1) 3 1 1 1_9
s e B e TR (4)

& 3— <— >
X vy zJ 4 x y z 4

Theo bt dang thirc Cosi co ban, tacod:  (x+ y+ 2) [1 LY (5)
Xy

4

Tu (3),(5) = (4) dung = dpcm.

pang thirc xay ra< x=y=z< a ==~ < SABC lahinh chop déu véi céc goc
¢ dinh latam dién vuodng.

1.3 SU DUNG TRUC TIEP BAT PANG THUC COSl.

1.3.1 Noi dung phwong phap.

Phuong phép ndy thich hop véi nhitng bat dang thiec c6 thé truc tiép &p dung
ngay bat ding thirc Cosi, hoic sau nhitng bién déi so cip don gian 1aco thé sir dung
ngay dugc bat dang thuc Cosi. Lép céc bat dang thuc ndy rat rong, vi thé phuong
phép ndy ciing |a mot trong nhitng phuong phép théng dung dé chang minh bat
dang thuc

K thuat chu yéu |a lya chon céc sb thich hop dé sau khi &p dung bét dang

thirc Cosi vai céc s Ay S8 cho tabat dang thirc can chitng minh .
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1.3.2 Mt sb thi du minh hoa.

Thi du 1.10 (Pé thi tuyén sinh Pai hoc, cao dang khdi B — 2005).
Chang minh: 1—52] +

1;] +[§] >3 4 4° 45, V6i VxeR.

Bai giai
12 15 20

Do [E] >0, [Z] >0, [?] >0, Vx € R. Theo bat ding thac Cosi ta co:

8o o

Ding thuc trong (1) xay ra < [%] = [1745] & x=0.

Tuong tu, ta co: [1745] +[2—:] > 2.5%,

Bk

>24".
3

Cong ting Vé (1),(2),(3) tadugc:

i

Ding thuc xay ra < dong thoi dang thac xay ratrong (1),(2),(3) < x = 0.

E
4

+[2—??] >3+ 4" +5 = dpcm.

Thidu 1.1 Cho x,y,z>0vA—— 4+ 11 _ 5 Changminh: xyz<~.
1+x 1+y 14z 8
Bai giai
Tir gia thiét tace: —— —1-—+ 49+ Y 2
1+x 1+y 1+z 1+y 1+z
Ay 42 . A 01 yz
Theo bat dang thac Cos, tacd: ——>2. ———— > 0.
1+x (1+y)(1+z)
Ding thuc trong (1) xay ra@L—i@)y—z
1+y 1+z '

S6 héa béi Trung tam Hoc liéu — Bai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn
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‘. 1 ZX
Tuong tu ta co: m > 2. m >0, 2
1 Xy

2 > 2. m >0. 3

Nhan tirng vé caa (1),(2),(3) taduoc:
L > 8 Xz 2: 8z

1+ x)2+y)2+2) ~ "\ (@+x)(1+y)1+2) 1+ x)(1+y)(1+2)

& 1>8xyz & xyzg% = dpcm.

Pang thirc xay ra < dong thoi dang thirc trong (1),(2),(3) xay ra < x=y=z= % :

Nhan xét: Véi cach 1ap luan trén c6 thé xay dung céc bat ding thirc tuong tu sau:

e Choxyzt>0va— 4+~ + 1 1 3 changminh: xyz <~
1+x 1+y 1+z 1+t 81

L 1 . 0 1
e Cho a,a,..,a >0(n>2) va Y —— =n-1. Chirtng minh: < )
Aty > 0122 VA D T gminh: [ [a <=

Thidu 1.12 Cho a,b,c>0vaa+b+c=3.

. a b c 3
Chirng minh: + + >
g 1+b*> 1+c¢® 1+a* 2

Bai giai
Theo bt dang thic Cosi, tacd: 1+b* > 2b.
a ab? ab? ab

= ——=a-— >a———=a——. 1
1+ b? 1+b* ~  2b 2 @

bing thuc xay ra < a=Db.

b bc ) c ca

Tuong tu ta co: >b—— ; >c_2 2

wong t 1+¢2 2 1+a* 2 @)
a b c ab+bc+ca

Tu (1),(2) = + + >(a+b+c)—-———M—. 3

(1).(2) 1+b* 1+4¢° 1+a2_( ) )

D& thiy: (a+b-+c)” >3(ab+bc+ca)= ab+bc+ca<3 (doa+b+c=3).

S6 héa béi Trung tam Hoc liéu — Bai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn
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a b c 3

Nén tu (3) suy ra: + >= = dpcm.
(3) suy 1+b* 1+c¢® 1+a®> 2 P

Ding thuc xay ra < dong thoi ding thac xay ratrong (1),(2) < a=b=c=1.
Nhan xét:
e V6i cach 1am trén ciing chirng minh dugc mot bat dang thirc tuong tu véi 4 s5:
Cho a,b,c,d>0vaa+b+c+d=4. Changminh:

a n b c n d <
1+b*> 1+c¢® 1+d? 1+a®

e Néu tasir dung ngay bit dang thuc Cési véi mau sb thi s8 khong thu duoc két
qua. Tuy nhién, khi ta sir dung phép bién déi so cip don gian sau d6 &p dung bat
dang thac COsi véi mau thi thi du dugc giai quyét mot cach don gian va dé hiéu
hon, nén s3 thu duoc két qua theo yéu cau.

e Theo céch suy luan trén, ta cd i giai cho cac thi du sau:

Thi du 1.13 Cho a,b,c,d >0 va a+b+c+d= 4. Chang minh:

Mo L 1 1 1
1+a®> 1+b®° 1+c¢® 14+d*
Bai giai
e 242 , an z a’ a? a
Theo bat dang thirc Cos, ta co: > =1-— s>1-—=1——. @
1+a 1+a 2a 2
Ding thuc trong (1) xay ra < a? =1< a=1.
Tuong ty ta co: %21—9 ; %21—3 ; %21—9. (2
1+b 2 1+c 2 1+d 2
a+b+c+d

Tr (1,2 =M >4- = 2 =dpcm.

Ding thuc xay ra < dong thoi ding thac xay ratrong (1),(2) < a=b=c=d =1.

Thidu 1.14 Cho a,b,c>0 va a+b+c=3.

a+l b+1 c+1
2+ + 2+ + 2+ 23
b"+1 c¢c"+1 a +1

Chang minh: M =
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Bai giai
Theo bt dang thirc Cosi, ta co:
a+1 (a+1)b? (a+1)b? ab+b
——=a+1l-——F"—>a+1—-———=a+1- : 1
b* +1 b>+1 2b 2 @
Ding thuc trong (1) xay ra < b> =1< b=1.
.. b+1 bc+c
Tuong tu ta co: >b+1- : 2
gtutacs: 5= > ; @
1, cp1-Bta 3)
a +1
. a+b+c—(ab+bc+ca
Cong ting ve cua (1),(2),(3) taduoc:M >3+ th+c—(ab+bo )23=>dpcm.

2
Ding thuc xay ra < dong thoi ding thac xay ratrong (1),(2),(3) < a=b=c=1.
Nhan xét: Tuong ty ciing chixng minh duoc bat dang thac vai 4 sb:
Cho a,b,c,d >0 va a+b+c+d = 4. Chiang minh:

a+l b+1 c+1 d+1
2+ + 2+ + 2+ 2+ > 4.
b*+1 ¢ +1 d°+1 a +1

Thidu 1.15 Cho a,b,c,d > 0. Chiang minh:

a® b* c? d? a+b+c+d
2 2+ 2 2+ 2 2+ 2 2 Z + + + )
a“+b” b°+c® c°+d° d°+a 2
Bai giai
I . . a ab® ab® b
Theo bat dang thuc Cosi, taco: ——=a—-———5>a—-—=a——. (1
a +b a“+b 2ab 2
Ding thuc trong (1) xay ra < a=b.
Tuong tu, ta co: b—3>b—E 2
o C b4t T 2]
c? d
———>Cc——, 3
cc4+d> 2 )
d? a
——>d-——. 4
d*+a®> ~ 2 4)

Cong ting vé cua (1),(2),(3),(4) taduoc:
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a® b® c? d? at+b+c+d
2 2+ 2 2+ 2 2+ 2 2Z
a“+b b®+c c"+d d“+a

= dpcm.

Ding thuc xay ra< ddng thoi dang thire trong (1),(2),(3),(4) xay ra

Sa=b=c=d.

Thi du 1.16 (Bat dang thirc Minkowski).
Cho a,,a,,a, > 0; b,b,,b, > 0. Chirng minh:

i(a, +1,)(a +b,)(a +b,) > Yaaa +bbb;. (1)
Ba giai

o Néu (a, +D)(a, +b,)(a, +b,)=0=VT =0. Ngoa ratén tai k (1<k <3) ma
a +b =0=a =h =0(do a >0,b, >0)= VP = 0= bit dang thirc (1) ding.
o Néu (a, +h)(a, +b,)(a+b,)> 0. khi do:

(1)©#a1 8, & +§/bl b, b, @
a+ha+ba+b Y\a+ha +b a +h

Theo bt dang thirc Cosi, ta co:

#% % & a8 & | ©)
a+h a+b &b ~3\ath a+b a+h
#q b b _1fb b b ) @
a+h a+b &b ~3\ath a+b a+h

Cong tirng Vé (3),(4) = (2) dung .
Ding thuc trong (2) xay ra < Dong thoi dang thiee trong (3),(4) xay ra

a _ 3 _ &
- a+h  a+b a+b a8 _a
by b, b, b b b

a+bh a+b a+h
Két hop hai diéu trén = (1) dung = dpcm.

Jk(l<k<3):a =h =0
bang thic trong (1) xay ra <|a,  a, &,

b b b
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Nhan xét: e Xin duaramot minh hoa hinh hoc cho bat dang thirc trén.

Cho AABC. Goi M,N,P ladiém bén trong canh BC,AC va MN . DitS=S,,..;

S =Suen S = Sy - Chang minh: /S, +3s, <¥/s. (5)
Ba giai
bit BM =a; CM =a,; CN=h; AN=hb,; MP=¢; NP =c,. (Hinh 1.5).
Taché: i:i.M
SACMN S
__bg ba,
b(a+c,)(b+b)(a+a,)
— aZbZCZ . 6
A a)bb)are) c
LS abc 3
Tuong tu, ta co: 3_(a1+a2)(bl+bz)(cl+c2) @) (Hinh 1.5)
Tur (6),(7) suy ra (5) « gfabe, +Jabc, <3(a +a)(b+b)(c +c,). (8)

Theo thi du 1.16 thi (8) dung = dpcm.
e Hoan toan theo c&ch ching minh trén ta ciing chirng minh duoc dang téng
quét caa bat dang thiec Minkowski sau:

Cho hai ddy 6 khéng am: a,,a,,....a,; b,b,,...b, (n>2,ne ¢). Taco:

Q/(a1+b1)(az +b,)..(a, +b,) > aa,..a, +ybb,..b, .

Thidy 1.17 Cho n>2,ne¥. Chingminhrang: C°CL.C"<

n-1
2" 2J

Bai giai
ViCl!=Cl=1,néntacd: C’C..C'=C!CZ.C"". (@)

Ap dung bét dang thirc Cosi, ta co:

Cl4+C24..+CM > (n—1)nyCt-.C2...C™ 2.

VIC +Cl+..4C ' =Cl+C+C2 +..4+CI +Cl —(C7 +C))

=(1+1)"-2=2"-2.
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= 2"—2>(n-1ct.c?...cM . )

n n-1
Tu (2),(2) suy rac C°.CL.C" < 2 _12J = dpcm.
N ’ ” 1 2 n-1 n= 2
bangthacxayra < C. =C; =...=C, S| g

Thi du 1.18 (B4t dang thirc Cosi suy rong).
Cho n s6 khéng am: a,,a,,...,a, VA oy, ,,...,o, |A CAC SO hitu ti duong cb tong bang
1. Chung minh: a,a, + @, + ...+ o8, > a*.a,%..a,".

Bai giai

Viaq, >00q €0 (kz]?l) Vé.zn:ak =1
k=1

P

Nen dit o, =2 0, =2 P

G =y = , trong d6: p,, p,,.... p, ;M lacéc sd nguyén

duwongva p,+p,+..+p, =M.
Ap dung bat dang thirc Cosi cho p, S0 &, p, SO a,,..., p, S a, taco:

a+a+.+a+ta,+..+ta,+..+a +..+a
M

Z M aipllazpzluar?n

o P Py
M

P P P > gM gM
Sty atetra >aral..a

& o+ o,a, ..+ a,a, > atanr..a = dpem.

Pangthacxay ra < a =a,=..=a,.

= % , ta co bat dang thirc Cosi dudi dang:

a+a +..+a >naa,..a .
e Theo 101 giai caathi du trén ta chirng minh dugc bit dang thac sau
(Bt dang thirc Holder).

Nhan xét : e Khildy a,=a,=..=«

n

Cho hai dy sd khéng am: a,,a,,..,a vab,h,,...b, p va q laha sb hitu ti
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duong sao cho: % +é =1. Ching minh:

That vay, theo thi du 1.18 taco két qua sau:

Néu a>0,b>0thi —aP + b > ab. (1)
P g

Ap dung (1) véi a— % ;b= B vk=1n . Taco:

e

=1

ia ibo ab, | )

p . p q % q n Tl) n
EYOEY (e[
k=1 k=1
Vi (2) dang v6i moi k=1,2,...,n nén cong tirng vé n bat dang thirc trén ta co:
>_ah,
k=1

Sef (o]

1
q

©)

1,1
p q

1
q

Do 1+1 =1, néntu (3) = dpcm.
P q
Pic biét: Néu p=q=2 thi tir bat dang thuc Honde ta c6 dugc bat dang thirc

2

Bunhiacopski: (& +a; +...+a})(b’ +1 +..+bf) > (ab, +ab, +..+ap,)

Thi du 1.19 Chang minh rang, trong moi AABC taluén co:

cos A+ cosB + cosC >E
sn? A+sn?B+sin’C ~ 3r

(1)
Bai giai
Ap dung h¢ thirc r = 4Rsing‘singsin%, taco:

cos A+ cosB + cosC S 1
. 2 . 2 . 2 - -
Sn” At+sin"B+sn°C 1zsingsin';s;ng

1)< (2)
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Ap dung bét dang thirc Cosi, ta co:
(snA+sinB+sinC)(sin* A+sin’ B+sin’ C) > 9sin AsinBsinC . ©)
Ding thuc trong (3) xay ra < A=B=C.

Mit khéc, trong moi AABC thi cosA+ cosB + cosC <

N w

T (3) suy ra

(SnA+sinB+sinC)(sin® A+sin’ B+sin’ C) > 6sin AsinBsinC(cosA+ cosB + cosC)
N cos A+ cosB + cosC >sinA+sinB+sinC
sn” A+sin®B+sin°C ~ 6sinAsinBsinC
4cos£‘cosEcosE
cosA+cosB+cosC S 2 2 2 B 1
sn’ A+sin’B+sn’°C —

48sinésinEsinEcosécosEcosE 123inésinEsinE.
2 2 2 2 2 2
Vay (2) dung = (1) dugc chirng minh.
Pang thirc xay ra <+ A= B=C < AABC déu.
Nhan xét :

e Trong thi du ndy, ngoai sir dung bat ding thirc Cosi, con sir dung dong thoi
céc hé thuc luong giée, bat dang thie luong gidc co ban da biét trong tam giac va
phép bién doi twong duong dé chirng minh. Viéc van dung nhiéu phuong phép khéc
nhau, nhiéu két qua toan hoc khéc nhau dé chirng minh mot bai todn [a mot diéu ma
ngudi hoc todn, [am todn can quan tam.

e Thong qua vi du ndy cho thiy viéc phan loai cac phuong phép chang minh
chi c6 tinh chat tuong d6i mathai.

1.4 THEM BOT HANG SO KHI SU DUNG BAT PANG THUC COSl.
1.4.1 N§i dung phwong phép.
Tahay bt dau bang mot thi du don gian:

2(a+h
Cho a,b,c > 0. Chitng minh: %+%+%—1gw.

Bai giai

Biéu thic dudi dau can bac 3 1amét tich caa hai thira sb. Dé c6 thé sir dung dugc
bat dang thirc Cosi tacanviét: ab=ab.1; bc=bc.l ; ca=cal.

S6 héa béi Trung tam Hoc liéu — Bai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn



www.VNMATH.com
24

N6i khéc di, ta d& thém vao thirasd 1 (hang sd & day 1a 1).

Khi d6 theo bit ding thirc Cosi taco: 3fab — Jab1 < 2T 2F1 (1)
9o = Ybe1 < EEEE, @
%=@§C+Z+l. 3
Cong tirng vé cua (1),(2),(3) tadugc: ¥ab + Ibc + ¥ca < M +1 =dpcm.

Ding thuc xay ra< ddng thoi dang thirc trong (1),(2),(3) xay ra<> a=b=c=1.

Phuong phép giai nhu trén goi 1& phuong phép thém bot hiang sb khi sir dung bat
dang thac Cosi.

Van @& quan trong & chd can chon hang sé nhu thé ndo dé co thé 4p dung duoc bat
dang thirc Cosi vao bat dang thire can chizng minh. Bong thoi phai chon ding hé sb
khi ghép cap dé dang thirc co thé xay ra duoc.

1.4.2 Mt sb thi du minh hoa.

SN

Thi du 1.20 Cho x,y,z> 0 Va x+ y+ z=1. Chang minh: x+\/@+«3/xyz§§.

Bai giai

Tach: x++/xy+3xyz= x+%\/x.4y+%€/x.4y.162.

X+4y+ x+4y+162.
12

Ap dung bét dang thirc Cosi, ta co: %\/ XAy + %3/ x4y.16z <

=>x+\/7+«/ x+y+z (do X+y+z=1) = dpcm.

[ 16
X="—
X=4y 2:
Pang thuc xay ra < {4y =16z < y:i.
X+y+z=1 1
z=—
21
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Thidu1.21 Cho ab,c>0 Va a+b+c:%

Chang minh:  #a+3b+3#b+3c+ 3c+3a<3.

Bai giai
Ap dung bét ding thirc Cosi, taco: /a+3b = §(a+3p).1.1< %, (1)
§/b+3c:§/(b+3c).1.1§thL3cTM, )
%/c+3a:§/(c+3a).1.1§%+1+1. (3)
Cong ting vé cua (1),(2),(3) tadugc:
4 b 6
Ja+3b+3Ib+3c+3Yc+3a< (a+b+c)+ = 3= dpcm.
Pang thirc xay ra < ddng thoi ding thiee trong (1),(2),(3) xay ra < a=b=c= 711 :

Thidu 1.22 Cho a,b,c>0 va a* +b* 4 ¢* = 48. Chirng minh: ab® 4 bc® + ca® < 24.

Ba giai
Theo bét ding thirc Casi, taco: a* +b* +b* + 2 > 4¥/a* b*b* 2* = 8ab?, (1)
b* ¢t + ¢t +2° > adfbt ¢t ¢ 2* = 8bc?, (2
¢t +at a2t >4dctatat 2" —8cal. (3)

Cong ting vé cua (1),(2),(3) taduoc:
3(a* +b" +c')+48>8(ab’ +bc* +ca’®) < ab®+bc® +ca’ <24 = dpem.

Ding thuc xay ra < dong thoi ding thuc trong (1),(2),(3) xay ra < a=b=c= 2.

Thi du 1.23 Cho a,b,c>0 va a+b-c=3abc. Ching minh: i+b_13+i23.
a
Bai giai

£ o , 1 1 11 3
Theo bat dang thac Cés, tacd: —+—=+1>33——-.1=—. 1
g 2 b NP ab &)
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bing thuc xay ra <> a=b=1.
.01 1 3

Tuong tu, taco: §+?+1ZE’ 2

N NEE ®

c a ca
n \ A ) 1 1 1 1 1
Cong ting ve cua (1),(2),(3) taduoc: 2[ +—=+= ]+3 3[ +—]. (4

b ab bc
1 1 1

Theo gia thiét: a+b+c= 3abe = -+ +—=3. ®)
T (4),(5) =>i+;3+i>3 = dpcm.

Ding thuc xay ra« ddng thoi dang thirc trong (1),(2),(3),(5) xay racs a=b=c=1.
Nhan xét: Qua céc thi du trén ta da thay rd cach thém céc hing sb thich hop s& gitp
ich rat nhiéu trong chirng minh. O thi du 1.20, 1.21 hing s6 thém vao |a hing sb
nhan, con hang sb thém vao trong thi du 1.22 va 1.23 1a hang s6 cong. Tuong tu ta

cO 1o giai cho céc thi du sau:

Thi du 1.24 Timgiatri I6n nhat ciaham sb: f(x) = x*(2— x)° trén [0,2].

Bai giai
co 109=3(%] (2-x"
3
= 0= 53x] 5;] 53](2 X)(2—X)(2—x)(2—Xx)(2—X).
8 8 5
Theo bt dang thirc Cosi ta co: f(x)g33 . 35_;+5(2_ )H g:ig _3185 _
Déngthﬁ:cxéyra@5—;:2—X@X:§€[O;Z]_

3

Vay Maxf () =

Nhan xét: C6 thé dung dao ham dé giai thi dy trén.

S6 héa béi Trung tam Hoc liéu — Bai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn



www.VNMATH.com

27
3 3 3 2 2 2
Thi du 1.25 Cho x,y,z> 0. Ching minh: X—+y—3+z—zx—2+y—+z—.
y> 2 Xy 7 X
Bai giai
. , ) X3 X3 X6 X2
Ap dung bat dang thac Cési, tacO: — + -~ +1>3.3— =3~ Q)
y3 y3 y6 y2
y Y Y LY
?+?+1Z3-3?=3?, (2
2 7 z° z
3 3 2 2 2
Cong ting vé cua (1),(2),(3) tadugc: 2|~ v +32/ +X +3>3 %jt%jt%} 4
3 3 3
Mit khéc, theo bat dang thirc Cosi thi: X+ 4+ 2—32 XY 7 _g (5)
y: z y: 72 X
3 3 3 2 2 2
T (4),(5) suy ra X—3+y—3+z—32X—2+y—2+z—2 = dpcm.
Yy VA X Yy VA X

Ding thuc xay ra < dong thoi ding thac trong (1),(2),(3),(5) xay ra < x=y = z.

1.5 THEM BOT BIEN KHI SU DUNG BAT PANG THUC COSl.
1.5.1 Noi dung phwong phap.

Phurong phép sir dung trong 1.5 ciing tuong ty nhu phuong phép trong 1.4. Piéu
khéc nhau chi 1a ¢ chd thay cho thém hing sd, thi viéc thém bét vao bat diang thic
can chirng minh & day 1a céc biéu thirc chira bién.

1.5.2 Mt sb thi du minh hoa.

5 5 5
Thidu1.26 Cho a,b,c>0. Chang minh: M :%+b—2+c—22a3+b3+c3.
C a

Bai giai

5 5
Theo bt dang thirc Cosi, ta co: % +ab? > 2, /E—Zab2 = 2a°. 1)

S6 héa béi Trung tam Hoc liéu — Bai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn



www.VNMATH.com

28
< , 9 a5 2
bang thirc trong (1) xay ra < o= ab* < a=»b
z. b5 2 3 . C5 2 3
Tuongtytacod: —+bc”>2b ; — +ca” >2c”. 2
c
Tir (1),(2) suy ra M +(ab® +bc® +ca’) > 2(a’ +b° +¢°). (3)
Tachtng minh: a® +b® +¢® > ab® +bc® +ca’. 4)

That vay, theo bat dang thirc Cosi ta co:

& +a®+c®>3¥a%ac =3ca? = 2a° +¢* > 3cal .

Tuong tu tacd: 2b° + a® > 3ab? ; 2¢® +b® > 3oc?.
T d6 = a® +b*+c® > ab® +bc® +ca® = (4) ddng.

Cong ting vé cua (3),(4) tadugc: M > a® +b® + ¢ = dpem.

Ding thuc xay ra < dong thoi ding thac trong (1),(2),(4) xay ra < a=b=c.

] . , : X y? zZ _ 3
Thidu 127 Cho x,y,z> 0 va xyz=1. Chang minh: >=
5 y vz g 1ty 1tz 11x~ 2
Bai giai
2 2
Theo bét ding thac Cos, taco: — flEY o, [ X Y (1)
1ty 4 1+y 4
2
Ping thic trong (1) Xay ra < — S N 1+y.
1+y 4
2 2
Tuong tu ta co: y +E_y ; z +1+—Xzz. (2
4 1+ x 4
2 2 2 3X Z
Te )@ syra X 4 ¥ Z 8xty+z) 3 3)
1+y 1+z 1+x 4 4
Theo bat dang thirc Cosi thi: x+ y+ z> 33/xyz = 3. (4)
2 2 2
T (4,5 = X Y z >§ = dpcm.

e
1+y 1+z 1+4+x 2
Ding thuc xay ra < dong thoi ding thac trong (1),(2),(4) xay ras x=y=z=1.
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Thidu1.28 Cho x,y,z> 0 va xy\/xy + yz\yz + 2a/2x =1.

6 6 6 1

Yy y4
- - >=.
X3+y3 y3+23 23+X3_2

Chang minh rang;

Bai giai
bit a= x*,b= y?,c= Z*. Khi d6 bai toan tr¢ thanh:

Cho a,b,c> 0 va/ab ++/bc ++/ca =1.

2 2 2
Chang minh: M = a b + ¢ zl.
a+b b+c c+a 2
A Ly 2l , A &l a+b a® a+b
Ap dung bat dang thic Cos, ta co: —>2/ — =a. 1
P dung bat dang thu a+b+4_ at+b 4 @)
2 , , a’ a+b
bang thac trong (1) xay ra < =——&a=h.
a+b 4
.. b b+c
Tuong tu ta co: +——>b, 2
vong b+c 4 — @
2
c_,ctas.. 3)
c+ta 4
Cong ting vé cua (1),(2),(3) taduge: M +a+Tb+C >a+b+c=M zw. (4
D& thiy vé6i a,b,c>0 thi a+b+c>+/ab++/bc++ca=1. (5)
Tir (4),(5) = M > % _ dpcm.
Ding thuc xay ra < dong thoi ding thuc xay ratrong (1),(2),(3),(5)
1
<:>a:b:c<:>x:y:z:§.
Thi du 1.29 Cho a,b,c>0 va a+b+c = 3abc. Ching minh:
bc ca ab (1)

>1
a(ci2) blatzc) (br2a)-
Bai giai

bat x= ,y:%,z:%. Khi @6 (1) tro thanh: Cho x,y,z> 0 va xy + yz+ zx= 3.

|~
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, : X y? z
Chang minh: M = + + >1.
y+2z z+2x X+42y

Ap dung bét dang thirc Cosi, ta co:

ox® ox® 5
2 >2 2 = 6X°, 1
yon YT \/y+2z(y+ 2)x =6 @)
9y’ 9y° 2
2 >2 2 =6Yy°, 2
z+2x+«z+ @y_ Jz+2¢¢+ @y y @)
or +(x+2y)z>2 923(x+2y)z:622. (3)
X+ 2y T\ x+2y

Cong ting vé cua (1),(2),(3) taduoc: OM +3(xy+ yz+2¢) > 6(X° +y* + ). (4)

Taludn co: x* +y* + 2z > xy+ yz+ zx vado xy+ yz+ zx= 3. (5

Ay X3 Y z
Néntx (4) suyra M = + + >1 =dpcm.
y+2z z+2x X+42y

Ding thuc xay ra < dong thoi ding thac trong (1),(2),(3),(5) xay ra

SX=y=z=1lsa=b=c=1.

Thidu1.30 Cho a,b,c>0. Chirng minh:

3 3 3
a 4 b 4 c 22a+b+c.
(b+c)” (c+a) (a+b) 4
Bai giai
Ap dung bét dang thirc Cosi, ta co:
8a’ 3 2
———+(b+c)+(b+c)>3; (b+c)” =6a. 1)
2 2
(b+c) (b+c)
Ding thuc xay ra < b+c = 2a.
8b3
Tuong tu ta co: ot +(c+a)+(c+a)>6b, 2
8C3
atbf +(a+b)+(a+b)>6c. 3)
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3 3 3
Cong tirng vé cua (1),(2),(3) taduogc: 8 a >+ b >+ ¢ ~|>2(a+b+c)
(b+c)” (c+a) (a+b)

3 3 3
a b C >a+b+c

& >+ >+ 5> = dpcm.
(b+c)” (c+a) (a+b) 4

Ding thuc xay ra < dong thoi ding thac trong (1),(2),(3) xay ra < a=b=c.

Thidu 1.31 Cho x,y,z€ j thoa mén:3—1x+3—1y+3—12:1. Chirng minh :
X y z X i V4
9 n 9 n 9 23 +3 +3 .
3x +3y+z 3y +32+X 32 +3x+y 4

Bai giai
bit a=3b=3",c=3" = a,b,c>0 va ab+bc+ ca= abc. Khi d6 thi du trén tro

thanh: Cho a,b,c > 0va ab+ bc+ ca = abc. Chung minh:

a’ b? c? a+b+c
+ + > ) 1
a+bc b+ca c+ab ™ 4 (1)
, a’ b c a+b+c
Co(1) & + + > . 2
&) a’+abc b*+abc c*+abc 4 @)
Thay abc= ab+bc+ ca vao (2) , taduoc:
a’ b ct a+b+c
2) & + + > . 3
(2 (a+b)(a+c) (b+c)(b+a) (c+a)(c+b) 4 3)
Ap dung bét dang thic Cosi ta co:
3 3
a a+b+a+c23.3 a .a+b.a+c:§. 4)
(a+b)(a+c) 8 8 (a+b)(a+c) 8 8 4
2 , , a’ at+b a+c
bang thac trong (4) xay ra < = = s a=b=c.
J Iy e 8 8
3
Tuong tu: b b+c b+a2§’ )
(b+c)(b+a) 8 8 4
ct c+a c+b_ 3
+ > 6
(c+a)(c+b) 8 8 ~ 4 ©)
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Cong ting vé cua (4),(5),(6) ta dugc:
a® b* c? at+b+c
+ + > dpcm.
(@aiblatc) (brcbra) (crajcib - 4 P

Ding thuc xay ra < dong thoi ding thac trong (4),(5),(6) xay ra

<:>a:b:c:%<:>x:y:z:0.

Thidu 1.32 Cho x,y,z> 0 va xyz=1. Chiang minh:

X3 VP 5 5
(1+ Y)(1+ Z) + (1+ Z)(1+ x) . (1+ X)(1+ Y) ZZ.

Bai giai
Ap dung bét dang thirc Cosi, ta co:

+

3 3
X Lty 1+223i/x (L+y)1+2) 3x

1+y)(1+z) 8 8 64(1+y)(1+z) 4
3 _
Pang thirc xay ra < X :1+y:1+z©{y—z
1+y)(1+2z) 8 8 2x=1+y
Tuongtutacod: y 1+Z+1+X2ﬂ,
1+2z)(1+x) 8 8 4
3
z 1+ X n 1+y > 3z .
1+x)(1+y) 8 8 ~ 4
Cong ting vé cua (1),(2),(3) taduoc: M +% > # .

Theo bat dang thirc Cosi thi: x+ y+ z> 3¥xyz =1.
Tir (4),(5) = M zg _ dpem.

Ding thuc xay ra < dong thoi ding thac xay ratrong (1),(2),(3),(5)

Sx=y=z=1
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1.6 NHOM CAC SO HANG KHI SU DUNG BAT PANG THUC COSl.
1.6.1 Dang 1.
1.6.1.2 Noi dung phwong phap.

Khi ching minh bt dang thuc, ta can sir dung nhiéu bat dang thic phu. Bé dau
dang thuc xay trong bat dang thie chinh ta can dong thoi co dang thire trong céc bat
dang thuc phu xay ra. Viéc nhdm céc sb hang trong biéu thirc caa bat dang thac ban
dau phai ¢am bao duoc tiéu chi do.

Xét mot thi du don gian sau: Cho x,y,z > 0. Chirng minh:

Mo_X_y¥yrz, ¥y ,z¥x, z  xty. 15 (1)
y+z X Z+X y X+y z 2
Néu ta thyc hién phép nhém: M = +y+zJ+ y | zXp |z | X+y
y+z X Z+Xx Yy X+y  z

vadé y rang, theo bat diang thirc Cosi thi mdi biéu thirc trong ngoic déu > 2, suy ra
M > 6. Nhu thé chua chitng minh duoc (1).
Mt khéc, dang thire xay ra: NghialaM = 6

X +y+z:2 X _y+z
y+z X y+z X X=y+2z
& y +Z+X:2@» y :Z+X¢>y:z+X@x:y:z:O.
Z+ X y Z+ X y
Z=X+Yy
z +x+y:2 Z _ Xty
X+y z X+Yy z

Diéu ndy mau thuin vai gia thiét x,y,z>0.Vay M > 6.
Nguyén nhan khéng ching minh duoc (1) vi phép nhém céc s hang trén chua thich
hop.

Dang 1 xét c&c phép nhom thoa mén tiéu chi: thoa mén yéu ciu bai toan vadam
bao céc bat dang thirc phu dong thoi xay ra dang thic.
1.6.1.2 Mt sb thi du minh hoa.
Thi du 1.33 Cho x,y,z> 0. Chirng minh:

Mo_X_ ¥tz ¥y ,z¥x, 2z  xty. 1> (1)
y+z X Z+X y X+Yy z 2
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Bai giai
Dithdy: M—| X 4+ Y , 2 }+5 z+y+z}+z z]
y+z z+Xx Xx+y| |y X z y)] (x z
Taco (theothidu 1.2): — X+ Y 42 >3 @)
y+z z+4+X X+y 2
Pang thirc xay ratrong (2) < x=y = z.
Theo bt déng thic Cosi, thi: ~+Y>2 : Y1252 ; 2. %59, (3)
y X z y X z

Pang thirc trong (3) xay ra < x=y = z.

Tir (2),(3) suy ra M zg+ 6= %5 _ dpem.

Ding thuc xay ra < dong thoi ding thac trong (2),(3) xay ra < x=y = z.
Nhan xét: e Céch giai ndy ly giai vi sao phép nhém biéu thirc M trinh bay trong
phan ma dau khdng thé diing dé chang minh bat dang thirc trong thi du 1.33 trén.

e Dé sir dung dugc bit ding thirc Cosi, ta da khéo |éo tach vé trai cua
bt dang thirc can chang minh thanh cac nhém, réi danh gia tirng nhdm nho bt
dang thac Cosi. Phép nhom trong thi du ndy da dam bao duoc tiéu chi: Cac bat dang

thirc str dung trong khi chirng minh xay ra dang thac dong thoi.

Thi du 1.34 Cho a > 3. Chirng minh: N:a+£21—§.
- a
Bai giai

. a 1| 8a

CON=|—+=|+—
9 a 9
Theo bt dang thirc Cosi, ta co: a ls, al_2 (1)
9 a 9a 3

Ding thuc trong (1) xay ra < g = i & a=3.

Tir giai thiét: a23=>8—9azi—8%. )

Ding thuc trong (2) xay ra < a = 3.
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Cong ting vé cua (1),(2) tadugc: N > % +§ = % = dpcm.

Ding thuc xay ra < dong thoi ding thuc trong (1),(2) xay ra < a= 3.
Nhan xét:

e R6 rang khong thé sir dung truc tiép bat dang thic Cosi: a+§ > 2.

Vi diu dang thiee khong thé xay rado a>3 = a+ i > 2, nén chuathé chirng minh

duoc thi du trén.

e Ly giai vi sao lai chon cach tach va nhém nhu trén:

Théng thuong ta s& viét: N :ka+§+(1— k)a, voi k> 0.
A Ly 42 , ~ . 1
Khi sir dung bat dang thic Cosi: ka+522\/E .

Pang thirc xay ra < ka = i & ka® =1. *)
Mt khéc, néi chung dang thirc thuong dat duoc tai cac dau mat caadiéu kién. O
day a> 3, thi dang thuc thuong xay rakhi a= 3. Thay lai vao (*) taco k = é :

, 8
2,

a1
9

Vi vay taphéan tich dugc: N = -

e CO thé ding phuong phép khéc dé giai thi du trén (phuong phép sir dung
chiéu bién thién caa ham sd) nhu sau:

X ét ham s f(x)=x+5 , Vi x> 3.
X
Co f'()=1- >0, khi x>3 = f(x) laham sb ddng bién khi x> 3.
X

Doa>3 = f(a> f(3)<:>a+§21—??¢dpcm.

Ding thuc xay ra< a = 3.
e So sanh hai céch giai trén cho thiy, mot thi du c6 thé c6 nhiéu cach giai

khéc nhau. Céch giai ndy 1a don gian, toi wu véi thi du ndy nhung chua hin dalatoi
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wu Véi thi du khéc (chang han trong thi du 1.34 giai theo phuong phép chiéu bién
thién caa ham sd vira ty nhién, vira gon gang va sang saa hon rat nhidu so Véi

phuong phép sir dung bét dang thirc Cosi).

Thidu 1.35 Cho a>2. Chang minh: M :a+i22%
- a
Bai giai
, 1 3a
com=|248, 21,28
8 8 ] 4
L2 . , a a 1 aal 3
Theo bat dang thuc Cosi, tacd: — —>33/———:—. 1
g 8+8+a —\88a* 4 &)
2 , , a 1
Dangthucxayra<:>§:7<:>a:2.
a
Theo gia thiét azz;»%zg. )

Ding thic xay ra < a= 2.

T (1),(2 suyra M > i+§:%¢dpcm

Ding thuc xay ra < dong thoi dang thac trong(1),(2) xay ras a= 2.
Nhan xét: Tuong tu thi du 1.34 ta c6 nhan xét sau:
e Ly giai vi sao c6 cich nhom trén:

=|ka+ ka+é]+(l—2k)a, Vvéoi k> 0.

Khi st dung bat dang thirc Cosi: ka+ ka+— > 33/ka. kat = k* tasd triét tiéu
a’
duoc bién a.

Pang thirc xay ra < ka = iz & ka® =1.
a

Do a> 2 nén théng thuong dang thirc xay rakhi a= 2, khi d6 k= % . Vivay taco

céch nhém nhu trén.
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e DUNg phuong phép khéc dé giai:

X ét ham s f(x):xjti2 , VoI x>2 .
X
Taco f'(x):l—%>o, khi x>2 = f(x) laham sb dong bién khi x> 2.
X

Véi a>2 = f(a)> f(2)<:>a+i22%=>dpcm.
a

Ding thuc xay ras a= 2.

e Tuong tu taco loi giai cho cac thi du sau:

18

Thi du1.36 Cho a>6. Chang minh: M :a2+7236+3\/5.
a
Bai giai
L . a’ 18 1
Viétlai M duéidangg M = — + —+|1——|a°.
FYTo% a [ 26

< a2 g . a’ 18 a’ 18 %a/a

Ap dung bét dang thac Cosi, tacd: —— + —=>2 |2 = —2/7¥% > 6/6. (1
P dang bt déng 26 Va2 N2dova N\ e @
Ding thuc trong (1) xay ra < a=6.

a’>36-3V6. 2)

Theo gia thiét a>6 nén

1
1——
26

Ding thuc trong (2) xay ra < a=6.
Tu (1),(2) = M >6J6+36-3/6=36+3/6 = dpcm.
Ding thuc xay ra < dong thoi ding thuc trong(1),(2) xay ras a=6.

Thi du 1.37 Cho x,y >0 V& x-+y > 4. Ching minh: M :2x+3y+§+1—5218.
Ba giai

Viétlai M dudi dang: M :%(x+y)+3—zx+g+5—2y+l—$.

Ap dung bét dang thirc Cc”)si,tacé:s—zxjtgzz\/%:& (1)
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5y 10,5y 104 2)
y 2.y
Xty
Theo gia thiét: x+y>4 =212 o 22 (©)

Tu (2),(2),8) suyra M >2+6+10=18=-dpcm.
Pang thirc xay ra < ddng thoi ding thize trong (1),(2),(3) xay ras x=y =z

2 3
Thi du 1.38 Cho x,y >0 va x+ y > 4. Chirngminh: X +4. 2+y 3

4x y> T2
Bai giai
.. 3 +4 2+y3 x 1 y y| x+y
Taco: 2 —. 1
4x y? X y+8+8JjL 2 @)
1 x 1
Theo bt dang thirc Cosi, ta co: Z+ >2/Z—:1, 2
X
N 1 vy vy 1 yy 3
va 2| S 4+Z+2(>233=.2 2 ==, 3
v 8787y 88 2 @
Theo gia thiét thi: %22. (4)
2 3
Cong ting vé cua (2),(3),(4) vatheo (1) ta duoc: 3X4+ 44,2 +2y > g = dpcm.
X
Ding thuc xay ra < dong thoi ding thuc xay ratrong (2),(3),(4) < x=y =2.
Thidu 1.39 Cho x>y>0. Chingminh: x4+ — % >3
—y)(y+1)
Bai giai
X+ 4 S =(x—y)+ yrl y+i, 4 ~—1. (1)
(x=y)(y+1 22 (x=y)(y+)
Theo bt dang thirc Cosi, ta co:
1 1 4 x—y)(y+1)° .4
(x_y) YEL vl Yl h K ®)
22 (x=yy+y A(x=y)(y+1)
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T (1,2 = x+ 4 > >4—1=3=-dpcm.
(x=y)(y+3
bang thic xay ra < (x—y) = y+ri_ 4 . @{XZZ.
2 (x—y)(y+Y y=1

1.6.2 Dang 2
1.6.2.1 Noi dung phwong phép

Trong khi nhém céc sd hang cua biéu thirc trong bat dang thirc can chitng minh,
giong nhu trong dang 1, viéc nhém ding déng mot vai trd quyét dinh dén thanh
cdng trong tim 11 giai mot bat ding thuc.

Viéc nhom ndy thudng dwa vao gia thiét caa cac thi du, va di nhién tuan thu theo
yéu cau dé ratrong dang 1.
1.6.2.2 Mt sb thi du minh hoa.
Thi du 1.40 Cho a>3,ab>6,abc>6. Chingminh: M =a+b+c>6.

Bai giai
L a b a b|] a
Tacdh: M=|—+—=—+c|+|=+=|+—.
[3+2jL +3+2+3
Ly 22 , a ., a b abc
Theo bat dang thirc Cos, ta co: §+§+c233?23, (do abc>6) D
a b ab
Z4=>2/5=>2. (doab>6 2
3+2_ 32 ( =6) @
Theo gia thiét a> 3 ;»%21. (3)

Cong ting vé cua (1),(2),(3) tadugc: M >3+ 2+1=6=dpcm.

a=3
Ding thuc xay ra < dong thoi ding thac trong(1),(2),(3) xay ra < {b=2 .
c=1

Thi du 1.41 Cho a,b,c>0 ; g+cg2 : E+2+c§3; c<1.

3
Chang minh: M:£+E+E21—l.
a b c 6
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Bai giai
. 1(3 2 1} 1(2 1 1
Taco: M=>|"4=4 2|+ =+ +—.
3a+b+c]+6 b+c]+20
5 Ky 22 , ~ . , ., 3 2 1 9 9
Ap dung bat dang thirc Cosi co ban, taco: —+—-+=> >==3, D
a b c a b 3
—+—+cC
3 2
2yl 4 54, @
b c 9+c 2
2
Theo gia thiét: c<1 ;»%21. ©)
Tu (2),(2),3) suyra M 21+E+%—1€1=>dpcm.

a=3
Ding thuc xay ra < dong thoi ding thac trong (1),(2),(3) xay ra < {b= 2

c=1

Thidu 1.42 Cho x,y,z> 0 va xyz=1. Chiang minh:

1,11
X 4+2y*+3 Yy +27°+3

<1
ZZ4+2x*+37 2
Ba giai
Taco:M = 1 + 1 + 1
(x2+y2)+(y2+1)+2 (y2+zz)+(zz+1)+2 (zz+x2)+(x2+1)+2

Theo bat dang thirc Cosi, thi: X2 +y2 >2xy ; y>+1>2y.

1 1
2y )+ (VY +2>2(xy+ y+1 < : 1
é(x y) (y ) =20y +y )$x2+2yz+3_2(w+y+1) @

Ding thuc xay ra < {Xi y

Tuong tu ta co:

S X=y=1.
1 y

1 < 1

Y +22+37 2(yz+2z+1)’

va

1 1

< .
ZZ+2x*+37 2(zx+x+1)

S6 héa béi Trung tam Hoc liéu — Bai hoc Thai Nguyén

http://www.Lrc-tnu.edu.vn



www.VNMATH.com
41

7 1 1 1 1
Cong tung ve caa (1),(2),(3) taduoc: M <= + + 4
g g ( )( )( ) 2Ixy+y+1 yz+z4+1 =zX+x+1 ( )
Theo gia thiét: xyz=1, nén; — ~ = % _ % (5)
VZ+z+1 XPZ4xyzZ+Xy xy+y+1
va Y : 6)

24X+l XZAxy+y xy+y+l

lLy—}_l—l:;dpcm

Thay (5),(6) vao (4 M < =
2y (5).(6) veo (4) = M < 5. F =

Ding thuc xay ra < dong thoi ding thac trong (1),(2),(3) xay ra < x =y =1.
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Chwong 2
PHUONG PHAP SU DUNG BAT PANG THUC BUNHIACOPSK|
2.1 BAT PANG THUC BUNHIACOPSKI (B.C.9S).

2.1.1 Pinh ly.
Cho 2n SH tuy y: a,a,,...a ; b,b,,...b . Khi d6taludn co:

(@b, +ab,+..+ah) < (af +a +..+a7) (0’ + b +..+b). 1)
Pang thirc xay ra @%:%:...:%. (Qui wécnéub =0,i=1n ,thi a =0).
Ching minh

Pit A= a’+a’+..+a> ; B=.bI+b2+. . +b’.

e Néu A=0 hoic B=0= (1) hién nhién ding.

o Xé A::OVétB::O.Détai:%;ﬁi:% Vi=1n.

Thé thi anaf :anﬁf =1,Vi=1Ln,
i=1 i=1

O‘i2 + Biz
2

Theo bat dang thic Cosi, taco: |« 4| < ,Vi=1n,

of +aj+..+al +ﬁf+ﬁ§+...+ﬁ§ _
2 2

1

= |alﬁl| + |0z2ﬁ2| +..+ |anﬁn| <

& |ab|+[ab,|+...4+]a k| < AB = \/af +ai+..+a .\/bf+b§+...+bn2 .
= (1) ddng.
Két hop hai diéu trén = (1) duoc chirng minh.
2.1.2 Nhin xé.
Cung véi bat dang thire Cosi, bt diang thirc Bunhiacopski (B.C.S) ciing 1a mot

trong nhitng bat ding thirc thudng xuyén duoc sir dung.
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Gidng nhu khi diing bat ding thirc Cosi, dé co thé &p dung thanh cong duoc bat
dang thiee B.C.S 1a tng véi mdi bat dang thic can chirng minh phai lva chon ra
duoc hai ddy sb: a,a,,..,a,va b,h,,...b. thich hop (khdng doi hoi diéu kien> 0
nhu trong bt dang thuc Cosi). Viéc lya chon s& dugc minh hoa cu thé trong céc thi
du sau:

2.1.3 Mt sb thi du minh hoa.
Thi du 2.1 ( Pé thi tuyén sinh Pai hoc, cao dang khdi B — 2003).

Cho —2< x< 2. Chitng minh: —2< x++/4—x% < 2J2.

Bai giai
Hién nhiéntacd: x+v4—x2 >—2 (do x>—-2 vav4—x2 >0). (1)

Ding thuc trong (1) xay ra < x = —2.
Xét hai day sb: x ; V4—x2 va 1; 1.
Ap dung bét dang thirc B.C.S cho hai day sb trén, taco:

[ (4| (2 +22) 2(x+ 4—x2)2 &8> (x+ 4—x2)2

<22 = x+4—x2 <242. 2)

@‘xjt 4—x?

. 2
Ping thic trong (2) xay ra < {X_04 X o x=42.
x>

Tu (2),(2) = dpcm.
Thidu 2.2 Cho x,y,z€ j thoa man: xy+ yz+zx=4.

Chang minh:  x* +y*+2* > 1—5 :

Ba giai
Ap dung bét dang thirc B.C.Scho hai ddy sb: x%;y?;22 val; 1; 1, taco:
(x“+y4+z4)(12+12+12)2(x2+y2+zz)2. (1)
Pang thirc trong (1) xay ra < x% = y? = 22,

Tiép tuc &p dung bat ding thuc B.C.Scho hai day s6: x,y,z vay,z, X
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taduoc: (xz+y2+zz)(y2+zz+xz)2(xy+yz+zx)2@(x2+y2+zz)2216. 2
A . 4 4 4 16
Tr (D), suyra x*+y*+z 23 = dpcm.

Ding thuc xay ra < dong thoi ding thuc trong (1),(2) xay ra

X2= zzzz
S1—===— &
R Ly, 2B
wH+yz+x=4 |77 3
. , _— X y z
Thidu 23 Cho x,y,z> 0. Chiang minh: + + >1.
y+2z z+2x Xx+2y
Bai giai

Ap dung bét dang thirc B.C.S cho hai déy so:

\/yji(Zz’\/ijZX’\/ijZzy va \/X(Y+22)’\/Y(Z+ 2x),\/z(x+ 2y)

[ x y z 2
ta co: 2 2 2y)| >
)/+22+z+2x+x+2y}[X(yjL )t y{zt 2+ 2lx 2y)] 2 (xky+2)
X z (x+y+2)
+—¥ 4 > - (1)
y+2z z+2x x+2y  3(xy+yz+ )
Pang thirc trong (1) xay ra < x=y = z.
D& thdy (x+y+2)" >3(xy+ yz+ ). (2)

Pang thirc trong (2) xay ra < x=y = z.

Te @), =+ + 2 >1—dpcm.
y+2z z+2x Xx+2y

Ding thuc xay ra < dong thoi ding thuc trong (1),(2) xay ra < x=y = z.

Nhan xét: Bang cach giai trén ta chizng minh céc bat dang thirc sau:

Thi du 2.3.1 (Bat dang thirc Nesbit 3 bién).

Cho a,b,c> 0. Ching minh: + + >
b+c c+a a+b

a b c 3
>
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Ba giai
Ap dung bét dang thirc B.C.S cho hai déy so:
\/ 2 \/ b \/ °_ va Jalb+c),fo(c+a),Jc(a+Db) tadugc:
b+c Vc+a Va+b i

a n b n c
b+c c+a a+b

[a(b+c)+b(c+a)+c(a+b)>(a+b+c)

a b c (a+b+c)
24> - 3
“bic cta a+b ™ 2(ab+bc+ca) )
a b C 3
Theo (2 3 > = dpcm.
()é()®b+c+c+a at+b™ 2 =ap
Ping thuc xay ra <> a=b=c.
Thi du 2.3.2 (Bat dang thirc Nesbit 4 bién).
. a b C d
Cho a,b,c,d > 0. Chirng minh: + > 2.
g b+c+c+d+d+a a+b
Bai giai
Ap dung bét dang thirc B.C.S cho hai déy so:
a b C d R
: : : va ./a(b+c), /b(c+d), /c(d+a),,/d(a+b
\/b+c \/c+d \/d+a\/a+b \/ ( )\/( )‘/( )\/ ( )
. % a+b+c+d)
tadi den: + b + c d > ( ) . (4)
b+c c+d d+a a+b  ab+bc+ac+bd+cd+ca+da+db
Ding thuc trong (4) xay ra < a=b=c=d.
Taching minh: VP(4) > 2. 5)
That vay (5) < (a+b+c+d)” > 2ab+ 4ac+ 2bc + 4bd + 2cd + 2da
& a’ +b? +c®+d? >2ac+ 2bc < (a—c) +(b—d)* >0. (6)

a==¢

Do (6) dling nén (5) dling va dang thic xay ra < {b 4

a b c d > 2 =dpcm.

Tu (4),(5
u’()():}b+0+c+d d+a a+b™

Ding thuc xay ra < dong thoi ding thac trong (4),(5) xay ra < a=b=c=d .
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Thi du 2.3.3 Cho a,b,c, p,q> 0. Chirng minh:

a b c 3
+

M >

= + .
pb+gc pc+ga pa+gb p+q

Bai giai
Ap dung bét dang thirc B.C.S cho hai déy so:

E 2 e i ot e

pb+qc’\ pc+0a’\ pa-+ab
tadugc: M.[a(pb+qc)+b(pc+ ga)+c(pa+ ab)| > (a+b+c)
< M.(p+q)(ab+bc+ca)>(a+b+c).
T (2),(7) =M Zp%q = dpcm.

Ping thuc xay ra <> a=b=c.
Pic biét: Néu p=q=1 thi tir thi du 2.3.3 tathu duoc thi du 2.3.1.

Thi du 2.4 Cho x,y,z> 0 va xyz=1. Tim giatri nho nhat caa:

Mo+ .1 1
X(y+2z) y(z+x) Z(x+y)
Bai giai
Détazi,bzi,c:i.
X y z

Theo gia thiét x,y,z>0va xyz=1 = ab,c>0 va abc=1.
a’bc b’ca clab a’ b? c?

- = - - .
b+c c+a a+b b+c c+a a+b
Ap dung bét dang thizc B.C.S cho hai déy so:

Khi do: M =

a b c
Jb+c'Jet+a Ja+b

vab+c,\/c+a,/a+b taco:

M.(b+c+c+a+a+b)>(atb+c)

at+b+c

= 2M (a+b+c)>(a+b+c)f =M > )
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Theo bt dang thirc Cosi, tacd:a+b+c>3¥abc =3 (do abc=1). (2)

Tir (1),(2) = M zg _ dpem.

Ding thuc xay ra« ddng thoi dang thire trong (1),(2) xay ra
sa=b=c=1ex=y=z=1.

Vay Min M :g khi x=y=2z=1.

X+y+z=a

Thidu 2.5 Cho x,y,ze i thoa man: { . *)
Xy+yz+zx=D>b

Chtng minh: Max{x,y,z} — Min{x,y,z} < g\/az —-3b.
Bai giai
Do vai tro binh dang gira x,y,z néntacd thé gia sir x<y< z.

Khi d6 bat diang thac can chang minh ¢é dang: z— x < g\/ a>—3p

& (z—x) S%G[(H y+2) —3(xy+yz+ zx)}

& 9(z—x)° §16(x2+y2+zz—xy—yz—zx)

& 9(z—x)2 §8[(x—y)2 +(y— z)2 +(z—x)2} & (z—x)2 §8[(x— y)2 +(y—z)2}. Q)
Ap dung bét dang thirc B.C.Scho hai ddy sb: x—y,y—zva 1,1 taco:
[(x—y)2+(y—z)2}(12+12)2[(x—y).1+(y—z).1]2

@(z—x)zg2[(x—y)2+(y—z)2}. 2
T (1),(2) = dpcm.

Ding thuc xay ra < dong thoi ding thac trong (1),(2) xay ravathoa man (*)

X=y=Yy—-2 x:y:z:E
& (x—y)2+(y—z)2:0<:> 2 3
(*) b=
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Thidu 2.6 Cho a,b,c>0 va ab+ bc+ ca= abc. Chirng minh:

1 1 1 3
+ + <=,
a+2b+3c b+2c+3a c+2a+3b 16
Bai giai
Ap dung bit dang thic B.C.Scho hai ddy sb: +/a;+/2b;+/3c  va 1.1.1
a b Ve
ta co: (a+2b+3c)[ 1.1 (1+\/_+\/§) (1)
Ping thuc trong (1) xay ra < a=/2b=/3c.
Theo gia thiét: ab+bc+ ca= abc=>;+i+£:1 2
1
Tu (21),(2) = < : 3
a+2b+3c (1+ﬁ+@)2
Tuong tu, ta co: 1 ! (4)
b+2c+3a (1+\/—+\/§)
1
®)

c+2a+3b (1+[+@)

Ping thirc xay ratrong (4),(5) tuong tng l& b=+/2c=+/3a va c=+/2a=+/3.
Cong ting vé cua (3),(4),(5) ta dugc:

1 1 1 3 3 3
+ + < > <—<-— =dpcm. (6)
a+2b+3c b+2c+3a c+2a+3b (1+\/§+\/§) 17 16

Nhan xét: e Do dang thirc khdng dong thoi xay ratrong (3),(4),(5) nén trong (6)
dang thac khong thé xay ra.
That vay, dé dang thirc trong (3),(4),(5) xay raddng thoi

a=+/2b=+/3

& Ib=+2c=+/3a< a=b=c=0. Mauthuin véi gia thiét a,b,c>0.
c=+2a=+/3

e Qualoi giai trén, tathu duoc bat dang thuc “tot hon” bat dang thirc ban dau.

o Xem loi giai khac trong thi du 1.5 Chuong 1.
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Thi du 2.7 (Bat dang thirc Svacxo).
Cho a,a,,a, ; b,b,,b,trongdo b,b,,b, > 0.

2 2
Chirng minh: i+a2+&_(a1+a2+a3) )
b b b b+b+b
Ba giai
A Ay a2 , Lo AL S, Ay o
Ap dung bt dang thirc B.C.S cho hai day sb: —2, 2 va \Jb,\b, b
NCRNCRNGY
o 2
taco: |- +-2+-2|(b +b, +b)>(a +a +a).
2 0+ +0) > |
Do b +b, +b, >0, nén: i+&2+&22(a1+a2+a3)2 = dpcm.
b b b b+b+b
Pingthac xay ra < 2 -% _ %
b, b

Nhan xét: e Nhu vay, bat dang thic Svacxo la trudng hop riéng cua bat dang thic
Bunhiacdpski.

e Liy h =ac >0 (i=123) taco:

Cho a,a,,a,; ¢,C,,c, trongdd ac >0(i =12,3)
2 2 2 2

i &, & & (atata)
at &G &G Al + 0 + a6

e Vi céach chang minh trén, &p dung bat dang thic B.C.S cho hai day:

2 2
ta co: ijtijt...jta’“2<al+ag+ H%).
b, b, ~ bb+.+b,
pingthicxayra o 2 -2 _&
b b b,
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S4+Z=1. *)
y z

Ching minh: H = 1 + 1 + !
aXx+by+cz bx+cy+az

Thi du 2.8 Cho x,y,z>0;a,b,c>0 va 1+ 11
X

1
cx+ay+bz~ at+b+c

Bai giai
Pit M =a+b+c> 0. Ap dung bat dang thirc Svacxo ta co:

a b ¢ _(a+tb+c) 1 a b ¢
+—> = +—+-|.

-+ <1_
ax X y z

by cz  ax+tbytcz axtbytcz M?

(1)

a b c

Pang thirc trong (1) xay ra< { ax :b_y: CZ& X=y=2z=3.
*)

Tuong ty, tacd : ! < 12
bx+cy+az M

b ¢ a
X Yy z

: )

1 < 1
cX+ay+bz™ M?
Cong ting vé cua (1),(2),(3) tadugc:

el

2

c a
X y z

: 3

a

1 1 1
—+—+%+b
X y z

1 1 ﬂ
—4+Z+=l+c
X 'y z

1 1 1 a+b+c 1
4| = - = .
X y z (a+b+c) a+b+c

(do(*)vaM =a+b+c) =dpcm.

Ding thuc xay ra < dong thoi ding thac trong (1),(2),(3) xay ra< x=y = z= 3.

Thidu2.9 Cho a,b,c,d > 0. Chitng minh:

a b c

d
= +
b+2c+3d

+ +
c+2d+3a d+2a+3b a+2b+3c
Bai giai

>3
-2

2

. a b? c? d?
Co: M = + + +
ab+2ac+3ad bc+2bd+3ba cd+2ca+3ch da+ 2db+ 3dc

. r , a+b+c+d)
Ap dung bat dang thirc Svacxo taco: M > (a+b+c+d) : D
4(ab+bc+cd + da+ac+ bd)
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D& thiy: (a+b+c+d) =a+b? +c* +d? +2(ab+bc+cd + da+ ac + bd)

va a’ +b’+c?+d*>=(ab+bc+cd+da+ac+bd)

wlin

(ab+bc+cd +da+ac+bd). 2

wl oo

= (a+b+c+d)>

Te (1,2 = M > % _ dpcm.

Ding thuc xay ra < dong thoi ding thuc trong (1),(2) xay racs a=b=c=d .
Thidu2.10 Cho x,X%,,....X, >0 va a= X + X, +....+ X, . Chirtng minh:
2

2 2

M =%+ | %t | At x| 20D 2
=% . 2| T X =Nt
Bai giai
Ap dung bét dang thirc B.C.S cho hai déy so:
\ 1 1 1 ‘.
Lingl va X +—%+—,..X +— taco:
nso1 . % o
2 2 2 2
n[xpLi x| + +xn+i > 1%+ X, + +xn+i+i+ 41
x) 17 % )|~ X % X,
1 1 1)
=nM>lat+—+—+..+—| . @D
6% X
2 , , 1 1 1
bangthac trong () xayra < x +—=%+—=..=X,+—.
X % X
2 2
Theo bét déng thirc Cosi co ban, thi: =+ 4 4+ 1> n L)
X % X, Xt+X 4.+ X, a
Pang thirc trong (2) xay ra<:>xl:x2:...:xn:%.
)’ 1 n?\’ a n)
Tr(1),(2suyra nM >|la+—| &M >=la+—| =n|—+—] .
a n a n a

Ding thuc xay ra« ddng thoi dang thire trong (1),(2) xay ra

a

<:>xl:x2:...:xn:ﬁ .
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Nhan xét: e Trong chuong 1 tadé chitng minh bat dang thic (2) theo bét ding thirc

Cosi vathay ré duoc tam quan trong caa bat dang thirc ndy.
e Taciing co thé chirng minh (2) bang bat dang thiac B.C.S nhu sau:

Do X,X%,,..,x, >0, nén &p dung bat dang thirc B.C.S cho hai dy sb:

1

NEIN N P \/7\/7 )%tacé:

11 1
St
X X

2

> n?

(% 4% 4.+ X,)

1 1 1 n
& —+—+.+—2=>
X X% XN XEXttX

. Vay (2) dugc chirng minh.

Thi du 2.11 Cho a,b,c>0 va asinx+bcosy =c.

: cos’x sin’y 1 1
Chtrng minh: + <4
J a b “a b a+b’

Bai giai
, 1-sin®x  1— cosy 1 1 c? sinx  cos’y c?
Tacdo(l) & + — +
@D a b ~a b a+b a b a’+b’

Theo bat ding thirc B.C.SVéi hai day sb: >
NERED

)
taco: |21 x+cots)2y (a® +b°) > (asinx+bcosy)” = ¢?
sinx  cos’y c?
& + > = (2) = dpcm.
a b ~a’+b’ (2) =dp
sinx  cos sinx—i
2 , , > = zy a’+b’
bangthacxay ra < { a b & e
asinx+bcosy=c |cosy=——°_
Y a’+b’

Thi du 2.12 Cho n lasd nguyén duong. Chirng minh:

JCi +C 4.+ yJCr < n(2"—1).
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Ba giai
Ap dung bit ding thirc B.C.SV6i hai dy sb:  |/C2,4/CZ.....y/C] VA Lylpad.
nsd 1
Tace: (|G +y/CZ ..+ c:)zgn.(c;+c§+...+c:). w0

Theo nhj thic Newton: (a+b)" =) "Cka'b™™, véi a=b=1, tacd:
k=0

2’=C’+C;+..+Cl & C +C2 +..+C' =2"—1.

Vay tir (1) suy ra: \/C7§+\/C7§+...+\/C7:§,/n(2”—1) = dpcm.

pang thic xay ra < Ct=C2=..=C" < n=1,

Thi du 2.13 Chitng minh rang, trong moi tam giéc taludn co:

JSnA++/sinB ++/snC < \/cosg‘ +\/ng +\/cos% .
Bai giai
Ap dung bét dang thirc B.C.S cho hai ddy sb: +/snA;+/snB val;1

A+BaBA_B
2 2

tacs: (VSnA++snB) <2(snA+sinB)=4sin

=>x/sinA+\/sinB§2‘/cos%. Q)

snA=snB

bangthuctrong (1) xayra<{ A_B < A=B.
cos——=1

Tuong tu tacd: VsinB ++/sinC <2, /cosg‘ : (2

\JsinC +\/sinA§2‘/cosg. (©))

Cong ting vé cua (1),(2),(3) ta dugc:

JsinA++/sinB ++/snC g\/cosg‘+\/cosg +\/cos% = dpcm.,
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Ding thuc xay ra« ddng thoi dang thire trong (1),(2),(3) xay ra
& A=B=C < AABC déu.

Thi du 2.14 Chang minh rang, trong moi AABC ta co:
I+, +1, gg ab+bc+ca.
(voi 1,11 1ado dai baduong phan gide trong xuat phét tir badinh A B,C).
Bai giai
2bc A

Taco: |, =-""cos—. Theo bit dang thirc Cosi thi:
b+c 2

b+c22«/&=>la§\/&cos§.

Tuongty: |, < \/a.cosg ; |, < \/%.cos% .
A B C
P R \/E.cosE jtﬁ.cosE + \/%.cosE : (1)

Pang thirc trong (1) xay ra <s a=b=c< AABC déu.
Ap dung bét dang thirc B.C.Sta co:

A B cY A _,B C
\/bc.cosE + x/ca.cosE + x/ab.cosE < (bc+ ca+ ab)|cos 008 =+ cos’ S| 2
A B C
7 cos. oS, coSy
bang thuc trong (2) xay ra < = = :
g g (2) xay e = ™

(Chl y rang néu AABC déu thi diéu kién trén thoa man)

3
3+°
Talai co: coszg‘+coszg+coszgz 3+COSA+ZOSB+COSC < 22 :%. (3)

Pang thirc trong (3) xay ra < A= B =C < AABC déu.
Tir (),(243) = |+, +1 Sg«/ab+bc+ca.

Ding thuc xay ra < dong thoi ding thac trong (1),(2),(3) xay ra
& AABC déu.
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2.2 BAT PANG THUC BUNHIACOPSK| MO RONG .
2.2.1 Dinhly

Cho m day sb KhONg 8M: @y, 85,18y} Bpy»Bnpsees Bop jeer) By @y B
Taco: (af} +aj) +...+aj | (ap +ap +...+ ap | ..(ay +am, +...+ay,)
> (8- By + BBy B v BB B ) -

Dang thac Xay ra < a,,: @y, .8, =8, 8y .8, =..= 8, 8, ..., .
Chang minh

1 1

DatA = (a] +ag +...+ap )" A = (a) +ap +..+aj )™

1
i A= (am Al o an
e Néu A =0, (i =1,m) thi bat dang thirc ludn dung, do 2 vé déu bang 0.

o XEt A ::O,(i:],_m).

bat Xll:%;xﬁ:%;“';xln:%;Xm:%;xzzz%;---;xzn: 21;
Ay . A . A
1Xml:_,xm = —, ,)(mn:
A A, A
Khi @o ZX{E:ZX;(: :Z m=1
k=1 k=1 k=1

Ap dung bat dang thirc Cosi cho m sb: X7, X%, ...,

75

ta co: Xy Xog e Xy < Xa %o oot X
m

Tuong tu: X, X...X, < Xy + X+ + X0,

Xln'XZn"'an —

Cong ting vé n bat dang thuc trén ta duoc
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n

n 1(n - n - .
D Xy Xy Xy S| D X+ X et Y Xn | =1
k=1 mi = 1 ”

=1

L BBy By | Bp8peBuy | BB g
AA.A,  AA.A, AA,.A,

& Q.88 + 8,858, T+ 388 SAALALL

Két hop hai diéu trén=-dinh Iy dugc chiang minh.

Nhan xét: e Trong chirng minh trén tasir dung bat dang thirc Cosi cho m so: X
(i=1m j=1n) néncandiéukién x, > 0. Dodd khi m chin thi dinhly trén khdng
can gia thiét x, > 0.
e Khi m= 2, tathu duoc bt dang thirc Bunhiacopski thong thuong.
2.2.2 Mt sb thi du minh hoa.
Thi du 2.15 (Bat dang thirc Minkowski).
Cho a,b >0,(i =1,n). Chang minh:

Ja+b) (@ +b,)-(a, +b,) > as,a +bb,b,
Bai giai
Ap dung bét dang thirc B.C.S mé rong, ta co:

(Q/alaz...a\1 +Q/blb2...bn)n :(Q/aq/gﬁjtg/ag/bjﬁ)n
<|(da) (4R | (42 + (W) |- |(da )+ (4
=(a,+b)(& +b,)..(a,+b,).
& if(a+b)(a,+b,)..(a,+b) >aa,.a, + bbb, = dpcm.

pingthicxayra o 2 -2 _&
b b b,
Nhan xét: Tir thi du trén thu duoc céc két luan sau:
: (1+n/al_a2...a\1)n§(1+a1)(1+a2)...(1+a\1),v6i a >0(i=1n). (1)

- 1+8nl < g(n+2)r. )
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That vay, theo thi du 2.15thay b =h, =...=h =1, taduoc:

(144224, ) <(1+a)1+8,)..(1+a,) = (1) ding = dpcm.

Pang thuc trong (1) xay ra < a, =a, =..=a,.

Twong tu, trong (1) thay: a, =1a, =2,...,a, =n tathu duoc: 1+ Yn! < Q/m
= (2) ding = dpcm.
Ding thuc xay ra < n=1.
Thi du 2.16 Cho a,b,c>0; m,n lacéc sd nguyén duong. Chizng minh:
a™” +b"c" +cMa" <a™" +b™" 4™,
Bai giai
Ap dung bét dang thizc B.C.Smé rong cho (m-+n) bo basd: Gom m bd (a,b,c)
van bo (b,c,a) taduoc:
(™" +b"c" + c"‘a”)m+n <

m+n

< (am+n + pmn + Cm+n)m (bm+n + cmn + am+n)” _ (am+n + pmn + Cm+n)
Ping thuc xay ra <> a=b=c.
Thi du 2.17 Cho a,b,c> 0 va n la s nguyén duong. Chirng minh:

n n n
a b c>3

+ + >
b+c c+a a+b™ 2

(1)

a+b+ c]”‘l
2 .

Bai giai

a b . ¢ -3 Theothidy23.1= (1) ding.

Véi n=1= (1) tr¢ thanh: + +
’ @ b+c c+a a+b™ 2

e VGi n> 2. Ap dung bét dang thirc B.C.S mé rong, ta co:

b* , C [(b+c)+(c+a)+(a+b)](iﬂjﬁ%%%%§ﬂ

o L
“|b+c c+a a+b
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a" n b" n c"
b+c c+a a+b

&(atb+c) < 2(a+b+c).3"?

at+b+c
3

@a”+b”+c”>3
b+c c+a a+b™ 2

n-1
] = (1) dung = dpcm.

Ping thuc xay ra <> a=b=c.

Nhan xét: Thi du 2.17 Ia thi du m& rong caa hai thi du 2.3.1 (khi n=1) vay (1)
cuathi du 2.4 (khi n=2). Tuy nhién, bang lugc db giai trén khéng thé &p dung dé
chitng minh khi n=1, tic 1a tir céch chirng minh bat dang thac trén khdng thé suy
ra chirng minh bat dang thic Nesbit ba bién (khi n=1 ta phai chang minh doc 1ap
véi phuong phép giai trén). Day ciing la cai hay caa bat dang thirc tong quét ndy.
Thi du 2.18 Cho x,y,z p,q>0 va n lasd nguyén duong.

n n

n n-1 n-1 n—1
Chang minh: M = X + y + z > X Ty 2 . (1)
py+0z pz+0ogx px+qy p+q
Ba giai
Vi n=1, taduoc: y , z . 3

+ > .
py+0z pz+gx px+aqy p+q
Theo thi du 2.3.3 = (1) dung.

e Vi n> 2, theo bat ding thac B.C.Sta co: (x”‘l +y" z”‘l)2 =

\/ﬁ/)‘+ﬁ yn+\/ﬁ. z
X"?(py+0z) oy + a2 y"?(pz+ o) Y z"?(px+qy) Y

2

< M [ p(x”‘2y+ y lz+ z”‘zx) + q(x”‘zz+ y" X+ z“‘zy)] . (2)
Theo thi du 2.16,tacd: x"?y+ y" ?z+ 2" ?x< X"+ y" 4+ 2", (3)
Xn—22+ yn—2X+ Zn—Zy S Xn—l + yn—l + Zn—l. (4)

Thay (3),(4) vao (2) tadugc: (X' +y™* + z"‘l)2 <M.(p+a). (X" +y"t + 2.

Xn—l + yn—l + Zn—l
pP+q

Do x"* +y" + 2" >0, nén: M > = (1) ding=- dpcm.

pang thic xay ra < x=y =z

S6 héa béi Trung tam Hoc liéu — Bai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn



www.VNMATH.com
59

Chwong 3

PHUONG PHAP SU DUNG BAT PANG THUC
VOl CAC DAY PON PIEU

3.1 BAT PANG THUC VOl CAC DAY BON DIEU.
3.1.1 Pinhly.
Cho hai ddy don diéu cungtang: a <a,<..<a,vab <b,<..<b;
hoac cung giam: a, >a,>..>a vab >b,>..>b .
Néu i,,i,,...,i. lamot hodn vi tuy y ciia 1,2,...,n thi ta co:

ab +ab, +..+ab, >ab +ah, +.+ah .

Ding thuc xay ra < A=%= =4
b=b=..=hb
Ching minh

e R6 rang bat dang thirc ding khi n=1.

e Gia sir bat dang thirc ding dén n=k —1.

o Xétkhi n=k.Goi i,i,,....i, 1amot hodn vi bat ky cia1,2,...k vagia s i, =1.
Taco: ab, +ahb, +..+ab +..+ab =(ab +ab)+(ab, +..+ahb, ).

Do a <aj;;b <hb =ah +ahb <ah +ab.

Lai 6 a,<a,<..<a, ; b,<h <..<b, néntheo gia thiét quy nap taco:

ab +ap+..+ah >ab +..+ab =ab+ab +..+ah >abh +ah, +..+akb, .
Vay bat ding thic ding ¢én n= k. Theo nguyén ly quy nap = dpcm.

3.1.2 Hé qua.

Tt dinh ly trén tasuy ratruc tiép duoc hai hé qua sau:
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3.1.2.1 Hé qua 1. Néu hai day: a,,a,,...a, va b,b,,..,b co tinh chat
a >a, < h >b; vanguoclai Vi, j (hai day d6 goi lacung mot thir tu).
Khi dotacd: ab +ab,+..+ab >ab +ab +..+ab,

trong dé i,,i,,....i, lamot hoan vi bat ky cia 1,2,...,n

3.1.2.2 Hé qua 2. Néu ha ddy: a,a,,...a, va b,b,,...b cdtinh chit:
a >a, < h <b; vanguoc lai Vi, j (hai ddy do goi languoc thir ty).
Khi détacd: ab +ab, +..+ab <ab +ab +..+ab,

trong do i,,i,...,i_ 1amot hodn vi bat ky cia 1,2,...,n

3.2 MOT SO THIi DU MINH HOA.

8 3 8
Thidy 3.1 Cho a,b,c>0. Chungminh; &2 t¢ 1, 1,1 0
a’b’c a b c
Bai giai
. @ b 1 1 1
COM e startay2atpto )

1 1
b’c®'c’a® 'ah®)’

Xét hai day sau: (a°,b%,c°) va rd rang day la hai day cung thu tu.

Theo hé qua 1 taco:

a’ b° c s 1 s 1 s 1 a? b* c?

+——+ bt =S 3
b’c® c*a® ah® —  cad a’b® b’c* ¢ a b 3)
Tuong ty, &p dung hé qua 2 cho hai day nguoc thir ty: (a®,b°.c*) va a_13b_13 C—ﬁ]
a? b* c 1 1 a b* .1 1 1
taduoc: — +— +— < a’. b2_+ 2_@_+ e 4
T a p o a’ [ S o b® " a b c “)

a° b° c® 1 1 1
b3c3+c3a3+ 3b3_ +b+ =dpcm.

Ding thuc xay ra < dong thoi ding thuc xay ratrong (3),(4) < a=b=c.

T (3),(4) suy ra

Thi du 3.2 Cho a,b,c labacanh caatam giac. Chirng minh:

a+b+c<\/a+\/b+\/c
a+b b+c c+a \b+c V\c+a Va+b’
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Bai giai
Do vai tro binh dang gitra cac bién a,b,c nén c6 thé gia sir:a>b >c> 0. Khi d6 hai

déy sau cung thir ty: (a,b,c) va 1 1 law
b+c ct+a a+b

a+b+c>a+b+c
b+c c+a a+b a+b b+c c+a’

(1)

Ping thuc xay ra <> a=b=c.

Vi a,b,c labacanh caatam giéc nén: 0<i<x0<i<l‘0<i<1.
b+c c+a a+b

. a b C a b C
Do do: > . 2
\/b+c+\/c+a+\/a+b b+c+c+a+a+b @)

T (1), = a + b + ¢ <\/ a +\/ b +\/ ¢ = dpcm.

a+b b+c c+a b+c c+a a+b

Thi du 3.3 Cho a,b,c ladd dai bacanh ciatam giac, p lanuachu vi.
Chung minh: ab + be + & >4p. Q)
p-¢c p-a p-b

Bai giai

bit x=a+b—-c; y=b+c—a; z=c+a—h
Do a,b,c labacanh ciatamgiac nén x,y,z>0.Tacd x+y+z=a+b+c=2p.

Lai c6: (x+y)(y+z)=4bc ; (y+2z)(z+x)=4ac ; (z+ x)(x+Yy)=2ab,

VA p_C:a+b—c:§; p_azwzz; p_b:a+c—b:3

2 2 2 2 2 2

X+ Z)( X+ X+ +z +Z)(Zz+ X
e KHAEY) (xENYED rDER
2y 2z
<:>x+y+z+%+x+y+z+%+x+y+z+%24(x+y+z)
©E+§+ﬁ2x+y+z. (2
X 'y z

Do vai trd binh dang gitra x, y, z nén co thé gia st x>y > z> 0.
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= =<

X | =

<1=>yz§zx§xy.
z

< |k

Ap dung bat dang thiee véi hai ddy cung thar tu: (yz, 26 xy) va |=,=,

X |~
N |~

1
y

E+ﬁ+ﬁ2yz_l+zx_i+xy_§:x+ y+2z = (2) ding = dpcm.

X y z Ty z

Pingthucxay ra < x=y=2z < a=b=c < AABC déu.

Thi du 3.4 Cho a,b,c labacanh caatam gidc. Chirng minh rang:

a’(b+c—a)+b*(c+a—b)+c*(a+b—c)<3abc.

Bai giai

C6 (1) < a®+ b’ +c® +3abc > a’b+ a’c+ b’a+b’c+ c’a+c’b
& a(a” +bc) +b(b* +ca) +¢(c® + ab) > a(b” + ca) + b(a® + bc) + c(ac + be) .
Do vai tro binh dang gitra a,b,c nén gia st a>b>c> 0= a?+bc >b? +ca.
Ap dung véi hai day cling thir ty: (a,b) va (a® + be,b” + ca) taco:

a(a’ +bc)+b(b® + ca) > a(b” + ca) +b(a® + bc),
tiép tuc &p dung véi hai day cling tha ty: (b,c) va (a,c) taco:

ab+¢® > bc+ba = ¢(c” + ab) > ¢c(bc+ ab).
Cong ting vé cua (3),(4) = (2) dung = dpcm.
Ding thuc xay ra < dong thoi ding thuc trong (3),(4) xay ra

& a=b=c< AABC déu.

Nhan xét: e CO céch giai khac cho thi du trén:
Taco (1)« a(b® +¢” —a®)+b(c® +a° —b?)+c(a’ +b” —c*) < 3abc.
Theo dinh Iy ham sb cosin trong tam gi&c thi:

(5) & 2abc.cosA -+ 2abc.cosB + 2abc.cosC < 3abc < cos A+ cosB + cosC < g :

ta co:

(1)

)

3

(4)

()

(6)

Dé thay (6) dung (day 1a bat dang thic lugng gidc co ban trong tam giéc ) = dpem.
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e Céch giai trén van dung khi a,b,c> 0. Chay rang khi a,b,c> 0 thi khéng thé
dung cach giai ngin gon nhd hé thuc luong gidc trong tam giac dugce. Luc ndy

phuong phép st dung bat ding thirc véi céc ddy don diéu to ré hidu qua caano.

Thi du 3.5 (Bat dang thirc Nesbit ba bién).

. . a b c 3
Cho a,b,c> 0. Ching minh rang: + + >,
g g b+c c+a a+b™ 2
Bai giai
" Ly or 2 L o o 1 1 1
Khong mat tinh tong quét, giasira>b>c>0= > > .
b+c c+a a+b
Ap dung cho hai ddy cung thi: tu: (a,b,c) va 1 , 1 , ! | tace:
) ) b+c c+a a+b
a b c > b n c a (1)
b+c c+a a+b " b+c c+a a+b
VA a n b n c S c n a n b %)

b+c c+a a+b b+c c+a a+b’

Cong ting vé cua (1),(2) ta duoc:

a b c b+c c+a a+b
+ + >2rc, cra, ar
b+c c+a a+b) " b+c c+a a+b

a b c 3
+ > — = dpcm.
b+c c+a a+b™ 2

bing thuc xay racs a=b=c.

Thi du 3.6 (Bt dang thirc Cosi)
Cho a,b,c> 0. Chang minh: HTbchzé/%.
Ba giai
e Néua=0vb=0vc=0thi VP=0, VT >0 = Bat dang thirc ddng.
e Xét khi a,b,c>0.Dbat B=¥abc, khi d6 tacé hai day sau languoc tht tu:

2 3
a E,B—,B— theo hé qua 2 ta cé:
a ab abc

a ab abc) .
v 5y o Vi
B B* B®
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aB aB?> abhcB* aB® aB abcB?
——t =t —<——t S5 —+——
Ba B°ab B abc Babc B“°a B° ab

o 3< a+g+c© a+b+c23

abc = dpcm.

bPing thuc xay ra <> a=b=c.
Nhan xét: Hoan toan tuong tu nhu chirng minh trén ciing dé dang chirng minh dugc

bat dang thirc Cosi dang tong quét:

Cho a,a,,...,a, > 0. Chang minh: a1+a2:..+a\1 >rla.a,..a, .

Thi du 3.7 (Bat dang thirc Trébusép).
Cho hai ddy don diéu cing chiéu: a,,a,,...a, vab,b,,...,b .taco:

(& +a,+..+a,) (B +b,+..+b)<n(ab +ab,+..+ab,).
Bai giai
Ap dung lién tiép bat dang thirc vé cac ddy don diéu cling chiéu, ta co:
ab +ab, +..+ab, >ab +ab +..+ab,
ab +ap, +..+ab >ab +ab,+..+ahb
ab+ab,+..+ab, >ab +ab,+..+ab,

ab +ab, +..+ab >ab +ab +..+ab ,
Cong tirng vé n bat ding thuc trén ta co:
n(af +ab, +..+ah,)
>a (b +b+..+b)+a(b+b,+..+b)+..4+a,(b+b,+..+b,).
= (a,+a,+..+a,) (b +b+..+b)<n(ab +ab,+..+ab,) =dpcm.

a=2a=.=23,

Dbing thuc xay ras .
J Yy —p = b,

Nhan xét: e V&i hai ddy nguoc chiéu, taco bat diang thirc theo chiéu nguoc lai:
(& +a,+..+a,) (B +b,+..4+b)>n(ab +ab,+..+ab,).
e Bit dang thirc Trébusép 1amét trong céc bt dang thirc théng dung,
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thudng dung (varat hiéu qua) 1am bat dang thirc trung gian dé ching minh bt dang
thirc khéc (xem ng dung cua bt dang thac Trébusép Chuong 4).

Thi du 3.8 Cho n s6 nguyén duong phan biét: a,a,,...a,.
Chtng minh: Zi > Zi .
o k® Tk
Bai giai
Xéplai n sb dachotheothi tw ting dan:a, <& <..<a_, trong do iy, i,,...i, lamot

hoanvicual?2,..,n

11 1
F,?,...,F

ta co: Zkz Z : 1)

k=1

Ap dung cho hai day nguoc thu ty: 4,8 ,...a va

bang thic trong (1) Xdy ra < a_=a,, Yk=1n.
Via <a <..<a lan sb nguyén duong phan biét, nén hién nhién ta co:

a >k,vk=1n. Do vay: Z%—Zkz Z— )

k=1 k=1

Pang thuc trong (2) xay ra < a, =k, vk=1,n.

T (1),(2) = zak E ~ dpem.

k=1

Pang thic xay ra< dong thoi dang thic trong (1),(2) xay ra < a, = k,vk=1,n.

Thidu3.9 Cho a,a,,..,a,>0.Cheng minh: a*a>..a> >a*a>..a*.
Bai giai
Do vai tro binh dang gittacéc a,vi =1n,néngiasi: 0<a <a, <..<a.
=1Ina <Ina, <..<lIna,.

Ap dung véi hai day cling tht tu: (a,a,,...,,.) va (Ina,Ina,,...,Ina,) taco:
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a.lna +a,.lna,+...+a,.lna, >a.lna, +a,.Ina, +...+a,.lna, ,
& In(afl.a;‘Z...a\f")2In(af2.a§3...a\fl) & arar.ar >a*ar..ar = dpcm.
Pbangthacxay ra < a =a, =..=a, > 0.

Thidu3.10 Chox>x,>..>x, vay,>y,>..>y,.Gasr z,z,..,z la
mot hodn vi bt ky caa y,, Y,,..., Y, -
n 2 n 2
Ching minh: 3 (x —y,) <>-(%—32) .
i=1 i=1
Bai giai

Do z,2,,...z, |amot hodn vi bat ky cua v,,y,,..., y,, nén theo bat dang thic voi hai

day don diéu cung chiéutaco: > xy >> xz . (1)
i=1 i=1
Theo gia thiét, hién nhiéntaco: > y*=> 7. 2)
i=1 i=1

Tr(1),2Q= Y X +D V-2 %y <> X+ 7 -2) x7
i=1 i=1 i=1 i=1 i=1 i=1

n 2 2
> (x-Yy) <> (x—z) =dpcm.
i=1

n
i=1

Pangthacxay ra < x =y, =z ,Vi =1,n.
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Chwong 4

PHUONG PHAP SU DUNG BAT PANG THUC TREBU'SEP

4.1 BAT PANG THUC TREBUSEP(T.B.S).
4.1.1 Pinhly.
Cho hai ddy dondiéu cling chiéu: a <a, <..<a vahb <b <..<h

(hoac: a >a,>..>a vab>b >..>b).

Khid6tacod: (a+a,+..+a,) (b +b+..+b)<n(ab+ab +..+ab,).

Ding thuc xay ra < A=%= =4
b=b=..=b
Ching minh

pit a= 22T F& gy 5 <a <..<a, néntdntai chisdi sao cho:

=}

a<a<.<a<a<a,<..<a,. Liysdb tuyy saocho:
b

b<b <..< <..<b.

b
Taco: (a —a)(b —b)>0,(vk=1n) =ah, —ba —ab +ab>0,(vk=1n). (1)

Cong ting vé n bat ding thuc dang (1), ta duoc:

i:akbk—bi:ak—aiq +nab > 0. 2

Taco: nab—bZ:ak :b[(a1+a2+...+an)—2a4:0.

k=1 k=1

Tu (2) suy ra Zi)akbk —ai)bK >0& Zi)aka —EZn)ak-Zn)bK > 0.

N &=

& (a+a,+..+a,) (b +b+..+b,)<n(ab +ab, +..+ah,) =dpcm.
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4.1.2 Nhén xét.
e Bit ding thuc Trébusép (T.B.S) duoc phét biéu dudi dang twong duong sau:
Cho hai ddy don diéu nguoc chiéu: a, <a,<..<a vab>b >..>b
(hoac: a <a,<..<a,vab>b,>..>b).

Khi d6taco: (a,+a,+..+a,) (bh+b,+..+b,)>n(ab+ab,+..+ah,).

a=2a=.=3,

Dbing thic xay ra < .
J y lqzqzm:q

That vay, dat b, = —b ,(vk =1,n] thitacd: b <b, <..<h .
2 n

Ap dung bat dang thirc T.B.S cho hai ddy ciing chiéu {a, }:{b,} ,(Vk = J,_n)

tacd: > a.> b <nd ah < ->"a.> b <-ndy ah
k=1 k=1 k=1 k=1 k=1

k=1

<> a.> b >n> ahb = dpcm.
k=1 k=1 k=1

e Bit ding thuc Trébusép 1ahé qua caa bat ding thuc véi cac day don diéu
(xem thi du 3.7).

e Sir dung bit dang thirc Trébusép dé ching minh bat dang thirc 1& mot trong
nhitng phuong phép hiéu qua thuong dugc st dung. N6 ¢6 nhiéu ung dung hay va
lam cho bai todn duoc giai quyét don gian hon trong kha nhiéu truong hop. Piém
dac biét caa bat dang thuc Trébusép (ciing nhu bat diang thirc voi cac ddy don diéu)
|4 bat dang thirc dung cho hai déy sb sip tha ty (hai ddy don diéu ciing chiéu hoic
nguoc chiéu) va sd hang cua cac day khéng can phai duong. Tuy nhién bat dang
thirc Trébusép it duoc dung dai tratrong nha truong phd thdng.

4.2 MOT SO THi DU MINH HOA.
Thi du 4.1 (B4t dang thiec Cosi co ban).
1 1

LR )
a & a,

Cho a,a,,..,a,>0. Chungminh: (a,+a,+..+a,) >n’.

Bai giai
Do vai tro binh dang gitta a,,a,,....a,, khdng lam mét tinh tong quét co thé gia sir:
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1_ 1

1
a>a,>.2a>0==—<—<..<—.
a & a,

Ap dung bét dang thirc T.B.S cho hai day trén, ta co:
e
FRL Lt

1 1 1
—+—+..+—|>n
a, a, a, a,

a+a,+..+a,
< 5

11 1
St
24 a,

& (a+a,+..+a,) 2 >n’ = dpcm.

Pangthacxay ra < a =a,=..=a,.

Thi du 4.2 (Bat dang thirc Nesbit ba bién).

b ¢ .3

. a
Cho a,b,c> 0. Chang minh: + + >
g b+c c+a a+b™ 2

Bai giai
Khoéng lam méat tinh tong quét, gia si: a>b>c>0 =b+c<c+a<a+b (1)
a,b ¢ 2)
b+c c+a a+b
Ap dung bét dang thirc T.B.S cho hai ddy ngugc chiéu (1),(2), ta co:

a+b+c
b+c c+a a+b

va

>3(a+b+c)

[(b+c)+(c+a)+(a+b)]

a b c

3

b+c+c+a+a+b 3)

~ a b c 3

Do , héntu (3 >= = dpcm.
a+b+c>0 u(%$b+c+c+a a+b_2:$ p

>3(a+b+c).

& 2(a+b+c)

Ding thuc xay ra« dang thic trong (1),(2) xay ra

a=b=c
<l a b
b+c c+a a+b

Nhan xét: Hoan toan tuong ty nhu chitng minh trén, ta ciing chirng minh duoc bat
Cho a,b,c>0 va n lasb nguyén duong, khi d6 ta co:

c & a=b=c.

dang thac sau:
b c >§ a'+b"+c .

a
+ + > =,
c+ta a+b 2 a+b+c

b+c
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Thidu4.3 Cho ab,c>0vaa*+b*+c?>1.

. a b c? 1
Chirng minh: + + >,
g b+c c+a a+b 2
Bai giai
Khéng lam mat tinh tong quét, gia si: a>b>c>0 = a?>b? > c? (1)
va a_s b >_C 2

b+c c+a a+b’
Ap dung bét dang thirc T.B.S cho hai ddy cing chiéu (1),(2) ta co:
a® b* c?
btc cta atb|

a b c

+ + <3
b+c c+a a+b

3

(a2 + b? +c2)

Theo thi du 4.2 ta co: a 5 b +-° 2§ vatheo gia thiét a? +b> +c? >1.
b+c c+a a+b ™ 2

Neén tur (3) suy ra a + o + ¢ >E=>dpcm
b+rc c+a a+b 2 '

a’=b*>=c’
a b ¢ V3
b+c c+a a+b 3
a?+b*+ct=1

Pang thirc xay ra<

% 4 p?® 4 2 - a+b+c

Thidu4.4 Cho ab,c> 0. Ching minh: e D g *)

Bai giai
Khéng lam mét tinh tong quét, gia si: a>b>c>0 (1)
_ 2008, [y2008 ~, 2008 )
Ap dung bét dang thirc T.B.S cho hai ddy cing chiéu (1),(2) ta co:

(a+b+ c)(azoo8 + b2 4 c2°°8) < 3(a2°°9 + b2 4 02009)

a%® 4 pP® 4 ¢ - a+b+c

> = dpcm.
a.2008 + b2008 + C2008
2 thire X2 a=b=c
bang thiac xay ra< 08 _ e _ 0s < a=b=c.
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Nhan X€t:
o Néu thém diéu kién abc >1 vao thi du 4.4 vado a,b,c> 0, nén theo bat dang
thirc Cosi tacd: a+ b+ c> 3¥/abc = 3. Khi do:
(*) < @ 4+ 42 > a*™ + ™ 4 ¢*® tadugc dang khéc cuathi du 4.4.
¢ Vay, theo cach 1ap luan trén vatheo loi giai caathi du 4.4 ta ciing chirng minh
duoc dang tong quét sau:
Cho a,a,,..,a, >0 Vva a.a,..a,>1. Ching minh rang, véi moi m nguyén duong
thitaco: a™* +a)" +..+a" >a"+a) +...+a’.
pangthicxay ra < a =a,=..=a, =1.
Thidu45 Cho x,Xx,,...,X,>0. Ching minh:

1
(X X, )0 <o (1)
Bai giai
Cé (1) @)%(xljtxz+...+xn)ln(xl.xz...xn)gxllnxl+lenx2+...+xnInxn

S (% + %+t % )(Inx +Inx, +..4+Inx) <n(x Inx + % Inx, +...4+Xx,Inx, ). (2)

Khong lam mét tinh tong quét, gia st x, > X, >...>x >0 (3)
=Inx >Inx,>..>Inx, . 4

Ap dung bét dang thirc T.B.S cho hai ddy cing chiéu (3),(4) ta co:

(X + %+t % )(INX +1In3%, +..4+Inx ) <n(xINX + % InX, +...4+ X, Inx, ).

Vay (2) dung = dpcm.

X =% =..=X, -
Inx, =Inx, =...=Inx,

Thidu4.6 Cho a,a,,..,a, lacac canh ciamot dagiéc 16i n canh. Goi C lachu vi

Pang thuc xay ra< X =X ==X

cuadagiac 6. Ching minh: 4 % 4 4 & >N
C—-2a C-2a, C—-2a, n-2

Bai giai
Khong lam mét tinh tong quét, gia si: a,>a,>...>a >0
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=C—-23 <C-2a,<..<C-2a, Q)

va & > % o o & 2
C-2a C-2a, C-—2a,

V

Ap dung bét dang thirc T.B.S cho hai ddy nguoc chiéu (1),(2) ta co:

(C—2a,+C-2a,+..+C—2a))

a a, a, >
C—2a1+C—2a2+'"+C—2ahJ >

>n(a,+a,+..+a,).

8 & &,
C-2 >nC
&[nC-2(a,+a,+ +%ﬂ&}2q+c_z%+ e |2
! + 2 +..t & > nc___n = dpcm.
C-2a C-2a, C-2a, nC-2C n-2
C-29=C-2a,=..=C—2a,
2 . C
bangthicxayra<| a  a, = a, Ga=8 == ="
C-2a C-2a, =~ C-2a

« dagiéc da cho ladagiac déu.

Thidu4.7 Cho a,a,,...,a,>0va & +a +..+a>>1. Chang minh:
3 3 3
M=—2 & | &
a—a a—a, a—a, n-1

Bai giai

,V6I a=a,+a,+...+a,.

Khong lam mét tinh tong quét, gia si: a, >a,>...>a >0

sa>a>..>a (1)

va & > % 5 5 & )
a—a a—a, a—a,

Ap dung bét dang thirc T.B.S cho hai ddy cing chiéu (1),(2) ta co:

2 4% 4 45

. <nM
a—a a—a, a—a,

(& +a+..+8)

R BN

S M>—. .
a—a a—a, a—a,

n

3
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Taco:

Theo thi du 4.1, ta co:

1 1 1 n? n?
+ +.ot > = : 5
a—a a—a, a—a, a—-ata—-a-+..+a—a, na—-a

n2

na—a

a

Tir (3),(4),(5)= M z%

n :il = dpcm.

5%

pangthuc xay ras a =a, =..=a, =

(Néu n = 3 taco duoc thi du 4.3).

Thi du 4.8 Cho AABC nhon. Chirng minh:

SNA-+sinB+sinC < tan AtanB.tanC
CosA + cosB + cosC ~ 3 '

Bai giai
Do vai tro binh dang gitra A B,C néngia sir 0<C<B< A<%

= CosA < cosB < cosC 1)
va tanA>tanB>tanC. 2

Ap dung bét dang thirc T.B.S cho hai ddy nguoc chiéu (1),(2) ta co:
(cosA+ cosB + cosC)(tan A+ tan B+ tanC) > 3(cos A tan A+ cosB.tan B + cosC.tanC)

¢ (cosA+ cosB + cosC)(tan A+ tan B+ tanC) > 3(sin A+sinB+sinC). (3)

Do AABC nhon = cosA—+ cosB + cosC > 0
va tan A+ tanB +tanC = tan AtanB.tanC,

SNA-+sinB+sinC < tan A tanB.tanC
CosA+ cosB 4 cosC 3

nén = (3) & = dpcm.

cosA=cosB = cosC
tanA=tanB=tanC

Ding thuc xay ra< & A=B=C < AABC déu.
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Nhan xét: Theo [di giai trén, déy ringnéu 0< C < B< A<l 5 thi:

sinA>snB>sinC va cot A< cot B < cotC . Nén theo bat dang thirc T.B.S ciing

dé dang suy raduogc 1oi giai cho thi du sau:
Cho AABC nhon. Khi @6 taluén co:

cosA+cosB -+ cosC < cot A+cot B+ cotC
SiNnA+sinB+snC ~— 3 '

pang thirc xay ra <> A= B =C < AABC déu.
Thi du 4.9 Chtng minh ring, trong moi AABC taludn co:

a b c RJ3
hih hoih hih o 2

Bai giai

Khéng lam mat tinh tong quét, gia st a<b<c
= —<-—<—=h>h>h=h+h <h+h <h +h

N 1 > 1 > 1 .
hy+h ~h+h —h+h
Ap dung bét dang thirc T.B.S cho hai ddy nguoc chiéu (1),(2) ta co:

1 1 1
hih hih hih)oo

Trong moi tam giac AABC , taludn co:

a b c

(a+b+c) m+hc+hc+ha+ha+m .

at+b+c= 2R(smA+smB+smC)<2Ri 3V3R.

Theo bt dang thirc Casi co ban, thi:

A S <i+iJ+[i+iJ+[i+iJ
h+h h+h h+h ~h h) (h h) (h R
SN SR S — <1i+i+i]:i.
h+h h+h h+h —2(h R hj] 2

a b c <R«@

Tu (4),5 =)« ho+hc+hc+ha+ha+ho_ 2r

= dpcm.
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Ding thuc xay ra< ddng thoi dang thirc trong (3),(4),(5) xay ra
& a=b=c«< AABC déu.
Thi du 4.10 Cho AABC khéng co gbc tu. Chang minh:

3a+b+c)<m

a b ¢
— =+ —]. 1
A+B+C] @

Bai giai
Theo dinh Iy ham sb sin trong AABC , ta co:
snA sinB snC
+

1)< 3(sinA+sinB+snC) <
(D= 3( + + )< A 5 + c

)

D& thiy ham s5 1 (x) = 2™ nghich bién khi 0<x<Z,
X
sinA<sinB<sinC.
- B — C
Ap dung bét dang thirc T.B.S cho hai ddy ngugc chiéu trén, ta co:

néngiasr A >B>C=

snA sinB snC
+

(A+B+C) g >3(sinA+sinB+sinC)

sinA snB sinC
+ +
A B

>3(sinA+sinB+sinC) = (2) ding = dpcm.

Pang thirc xay ra <> A= B =C < AABC déu.
Nhan xét: e Trong thi du ndy, dé xéc dinh duoc hai day ti Ié khi chitng minh (2) ta
phai st dung dén tinh don diéu caa ham sb, cu thé trong thi du nady 1a tinh nghich

I SRS sinx .
bién caaham f (x)==—, vdi Vxe
X

O;z
2

e Vi 1ap luan nhu trén, ta co duoc céc bat dang thire tuong tu (2) sau:

« Ham £ (x)= 2™ 4dng bién trén [O%] nénnéu A>B>C thi
X

ta;A > tagB > tagC. Theo bat dang thirc T.B.Sta co:

tanA tanB tanC
+ +
A B

3(tan A+tanB+tanC) > w[ , V&I VAABC nhon.

Pang thirc xay ra <> A= B =C < AABC déu.
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«Ham f (x)= 2% nghich bién trén [o;%]  taco:
X

COSA n cosB cosC
A B

3(cosA+ cosB+cosC)§7r[ , V&I VAABC nhon.

Pang thirc xay ra < A= B =C < AABC déu.
Thi du 4.11 Chirng minh ring, trong moi AABC taluén co:
Sin2A+sin2B +sin2C < +/3(cos A+ cosB + cosC).
Bai giai
Khong |am mat tinh tong quét, giasit A>B>C.

Do y = cosx nghich biénkhi 0< x < 7, nén cosA< cosB < cosC . (1)

e NéUO<B< A§%=>sinAzsinB.

e Néu %<A<w$0< B+C<% c6 snA=sin(B+C)>sinB.

Vay trong moi AABC néu A>B>C tacd: sinA>sinB>sinC. (2)
Ap dung bét dang thirc T.B.S cho hai ddy nguoc chiéu (1),(2) ta co:

(sinA+sinB+sinC)(cosA+cosB+cosC)2g(sin2A+sinZB+sinZC). (3)
Trong moi AABC taludn co: smA+smB+smC§T. (4

Tir (3),(4) = sin2A+sin2B +sin2C < /3(cos A+ cosB + cosC) = dpem.

Ding thuc xay ra« ddng thoi dang thirc xay ratrong (3),(4)
& A=B=C & AABC déu.
Thi du 4.12 Chang minh rang, trong moi AABC taluén co:

A B cC_4/. ., A . , B . ,C

tan’ — +tan’ — + tan’ = > —|sn* = +sin* — +sin* = |.

2 2 2 3 2 2 2
Bai giai

Khéng lam mét tinh tong quét, gia st A>B>C

: (1)

~snf>dnB>anC oA an? B gn?
o =S5 =8NS 2 >

N O
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va cosg‘gcosggcos%é 1AZ 182 1C' 2
cos’ — cos"— COS —
2 2 2

Ap dung bét dang thizc T.B.S cho hai ddy cing chiéu (1),(2) ta co:

. ,A . .B ,C 1 1 1 > A , B 2C
sn E+sm 2+smE A+ B+ c < 3|tan? E+tan E+tan >
coszE coszE coszE

(©)
Theo bt dang thirc Cosi co ban, ta co:

1 1 1
AT BT ,c< ° c )
coszE coszE coszE cos® — +cos2 +0022

Mit khac, trong moi AABC taludn cé:

3
3+—
COSZé—i—COSZE—i—COSZE:3+COSA+COSB+COSC_ 2:9_ 5)
2 2 2 2 2 4

A B C A . , B . ,C
Tu (3),(4),(5) = tan®*— +tan® +ta12—> sn’— +sin> —+sin>=| = dpcm.
( )( )( ) 2 2 2 3 2 2 2 P

Ding thuc xay ra < dong thoi ding thac trong (3),(4),(5) xay ra
& A=B=C < AABC déu.

Thi du 4.13 Chitng minh riang, trong moi AABC ta co:

a__ P ¢ s/atvbiie.
Jb+c—a +ec+a-b +Ja+b—c

Bai giai

Khong |am mét tinh tdng quét, gia st a>b>c=+a>+b>+/c D

Va\/azjbz\/c. @
b+c—a c+a—>b at+b-c

Ap dung bét dang thirc T.B.S cho hai ddy cing chiéu (1),(2) ta co:

a b C
(\EjL\EjL\E) \/b+c—a+\/c+a—b+\/a+b—c} =
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a b o

<3 + - : 3
Job+c—a c+a-b Ja+b—c] )

Ap dung bét dang thirc Cosi, ta co:

a b o abc

>3. . 4
\/b+c—a+\/c+a—b+\/a+b—c_ f/(b+c—a)(c+a—b)(a+b—c) )
Talai co: abc>(b+c—a)(c+a—b)(a+b-c). (5)

a b c

Tu (3),(4),(5 = Joic_a * Jet+a—b +\/a+b—c

>a++b++/c = dpcm.

Ding thuc xay ra« ddng thoi dang thirc trong (3),(4),(5) xay ra
& a=b=c< AABC déu.

Nhan xét: ¢ Pit x=b+c—-a>0; y=c+a—-b>0; z=a+b-c>0.
Taco: (x+y)(y+z)(z+ x) = 8abc.
Theo bét ding thuc Cas, thi: (x+ y)(y+ z)(z+ x) > 8xyz = (5) dling.

e Theo |6i giai trén, tacd |oi giai cho dang tong quét caathi du 4.13 sau:

Trong moi AABC vavdi Vx,y>0; x>y, tacé:
a” n b* n c

y y yZaX_y+bX_y+Cx_y' (6)
(b+c—a)” (c+a-b) (a+b—c)

a>b>c

That vay, giasr a>b>c= > >
b+c—a c+a—-b  a+b-c

aX—y > bX—y > CX—y

= y y

b
c+a—->b

a
b+c—a

at+b-c

c ]y : *)

Ap dung bét dang thizc T.B.S cho hai ddy cing chiéu trong (*), ta co:

a* b* c*
+ +

>
(b+c—a) (c+a-b)" (a+b-c)
1 a ) b c
> Z(gq%y X—y X—y
_3(a b Ae ) b+c—a c+a-—>b a+b—c]
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y

abc

> g%V bx—y x—y.
(btc_ajcra bjarbc)| — o = °

> (@ + 0 + 07 i/

( Theo (4),(5) ). Vay (6) dugc chirng minh.

Pang thirc xay ra <> a=b = c < AABC déu.

Thi du 4.14 Ching minh rang, trong moi AABC ta co:

(M2 + ¢+ ) (2 + 1 + R > 2787, (2)
v6i m,m,m;hh,h lan luot tuong tng lado dai ba duong trung tuyén va ba
duong cao cua AABC, S=S, ¢ -

Bai giai
2b®+2c°—a® _ 2¢? +2a> —b* _ 2a° +2b° — ¢

Trong AABC, taco: = ; ;
g e 2 me 2 m; 2

émfl+m§+m§:§(a2+bz+cz)

= ()< (a® +b° +¢*) (2 + 1 +h) > 365" 2
Khéng lam mat tinh tong quét, gia st a>b>c = a% >b? > ¢? (3)
vz‘a%sgz—:gz—f@hagmghc. (4)

Ap dung bét dang thirc T.B.S cho hai ddy nguoc chiéu (1),(2) ta co:

(a® +b” +¢*)(h2 + K +1?) > 3(a’h? +b°H +ch}). (5)
Mait khéc, trong moi AABC talubn co: a’h? = b’ = ¢’ = 4S°. (6)
Tir (5),(6) = (a° +b” +¢*)(hZ + K +h’) > 365" = (2) ding = dpcm.

Pang thirc xay ra < a=b = c < AABC déu.

Nhan xét: Véi phép suy luan trén, taciing c6 thé chirng minh duoc cho dang téng

quét caa (2) sau:  Ching minh rang trong moi AABC , VaVéi Vn € ¥ taco:
(@"+b"+c")(hy +h +hH')>9.2"S".

Pang thirc xay ra< a=b=c < AABC déu.
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Thi du 4.15 Cho AABC khéng ti. Tim giatri [6n nhat caa biéu thuc sau:

a’cosA b?cosB c¢?cosC
= - - .
bc ca ab
Bai giai

M

Taco: M =4—18(azsin2A+bzsin28+czsin2c).

Khong lam mét tinh tdng quét, gia sir 0<C<B< A<’

-2
=a>b>c=a’>b’>c’ (1)
va sin2A<sin2B<sn2C. 2
Ap dung bét dang thirc T.B.S cho hai ddy (1),(2) ta co:
1 . . . a’+b*+c? . . .
M <—(a®>+b*+c?)(sin2A+sn2B+sin2C)=———— = sinAsinB.sinC.
—125( +b” + ¢ + + ) 2

2 2 2 2 2 2
-m<2 +§S+C .222 :%.a *412“’ :%(sinzA+sinzB+sinZC)

=M<

wlin
N w

x Hlo©

Pang thirc xay ra <> a=b = c < AABC déu.
Vay MaxM =g dat duoc khi AABC déu.
Nhan xét: Trong chirng minh trén, d& sir dung mot s hé thic lwong co ban trong

tamgiac: e sin2A+sin2B +sin2C = 4sin AsinB.sinC.

e sSinAsinB.snC = Sz.
2R
2 2 2
. sin2A+sinzB+sin2C:$.

o sin2A+sinzB+sin2C§%.
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Chwong 5

PHUONG PHAP SU DUNG BAT PANG THUC JENSEN

5.1 DPINHNGHIA HAM LOI.

Cho ham s5 y = f(x) x&c dinh trén [a,b]. HIM s5 f(x) dugc goi 1aldi trén do,
néu nhu thoa man diéu kién sau: Vx,,x, €[a,b] va Yo, 3 >0 sao cho a + 8 =1 thi

flax +8%)<af(x)+8f(x). «y
V& mat hinh hoc, thi (1) c6 y nghia nhu sau:
Néu goi A(x, f(%));B(x,, f(%)) lahai diém ndm trén duong cong y = f (x); Véi

a<x <X<x, <b, thi moi diém nam trén cung AB cia do thi déu nam dudi cét
tuyén AB. CO thé thiy ngay toa d6 cia diém C 1a C(ax +8x%;af(x)+ 8 (%)),

con toa d¢ ciiadiém D & D(ax + 8%,; f (ax + B%,)). (Hinh v§).

F s

f'ﬁ To )

af(xy)+ 5f(z)

flawy 4 Sag)

£7
yla )

ff ()

1!'""'

O
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Nhan xét: Nguoc lai, néu ham sb y = f(x) xéc dinh trén [a,b] duoc goi 1a18m trén
d6, néu nhu thoa man céc diéu kién sau: Vx,,x, €[a,b] va Ya, 3 > 0 sao cho
a+B=1thi f(ax +08%)>af(x)+8f(x,).
5.2 PIEU KIEN U VE TINH LOI CUA HAM SO.
Cho hamsb y = f(x) lién tuc dén dao ham cip 2 trén (a,b).

e Néu f"(x)>0,vxe(ab) thi f(x) [ahamIdi trén (ab).

e Nguoc lai, néu f"(x) <0,vxe(ab) thi f(x) [ahamIdmtrén (a,b).
5.3 BAT PANG THUC JENSEN.
5.3.1Pinh ly.

Cho f(x) laham 16i trén [a,b]. Gid sit x,%,,...,X, €[a,b]; o; >0 (Vi =1n) sa0

cho: ) o, =1.Chang minh: f

i=1

Zaixi
=

Ching minh
e V6i n= 2 thi (1) ding (theo dinh nghia ham 16i).
e Giasir (1) dingdén n=k—1.

giaif(x)- (1)

_ k
o Xétkhi n=k.Gid S ,%,...% €[a,b] VA, >0(Vi=1k) saocho: y o, =1.

i=1

k k-2
Taco: Zaixi :Zaixi X T o 2
i—1 i—1

k—2
bat a =) ax = 0<a <1, vithe tir (2) suy ra:

i=1

k k-2 a o a a
X = X 1— k-1 . k ’do k—1 k :1
;a'x ;Q'H( o) Nt TN O,
N * e} [0
ma x_,, % €abl=x = 1_“; Xk_1+1_ka X € [a,b].

Ap dung gia thiét qui nap véi k—1 diém x.,%,,...,%_, X vabo sb:

Qy, Qyyeey Oy, 1= (taCO: oy +0y +. 0y, H1—ar=1).
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k k—2 . k-2 .
f Zaixi}:f Z:ozi)(i +(1-a)x SZaif()(i)+(l—a)f(X). 3
i=1 i=1 i=1
Mt khéc, theo dinh nghia ham 16i ta co:
FX) = F 2k ] e f (%) (4)
-« 1- 1-«

Thay (4) vao (3), taduoc:

Zax
k

f Zaixi

i=1

K
f Zaixi
i—1

Vay bat ding thic Jensen ddng khi n= k

<Zaum+aa) A,

k-2
<D oo 00+ e (%) F o f (X
i1

Szaif(xi)'

Theo nguyén ly qui nap suy radiéu phai chizng minh.
5.3.2 Hé qua.

Tudinhly, néu o, =, =...=q, :% ta suy ratruc tiép duoc hé qua quan trong
sal: Cho f(x) laham14i trén [a,b], thi ¥x,x,,.... X, €[a,b], taco:
+X+...+ 1
(% N Xn]gﬁ[f (%)+ f (%) + .t F(x)].

5.3.3 Nhan xét.
e Bit ding thuc Jensen con dugc phét biéu dudi dang sau:

Cho f(x) lahamI8m trén [a,b]. Gia Sit X,%,..., €[a,b]; a; >0 (vi =1n) se0

cho: ) o, =1.Taco: f
i=1

Zaixi
i1

e Phuong phép diing bat dang thirc Jensen 1a mot phuong phép hiéu qua

>30T (x).

dé chizng minh bat dang thirc. Tuy nhién, vi bat ding thirc Jensen khéng dugc gidi
thiéu trong chuong trinh todn trong nha trudng phé théng, nén hoc sinh phd théng it

co diéu kién tiép xuc va sir dung bat ding thuc nay.

S6 héa béi Trung tam Hoc liéu — Bai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn



www.VNMATH.com
84

5.4 MOT SO THI DU MINH HOA.
Thi du 5.1 (Bat dang thic Cosi).

Cho a,a,,...,a, > 0. Chang minh: a1+a2:..+a\1 >rla.a,..a, .

Bai giai
o Xéthamsd f(x)=—Inx, VSi x>0.
L. 1. .. 1
Taco: f'(xX)=—=; f'(X)==>0,vx>0.
X X
= f(x) = —Inx 15i khi x> 0. Theo bit diang thic Jensen, ta co:

f[x1+x2+...+xn]
n

<2F (0)+ F00) ot (%)

Xttt X <_Inxl+lnx2+...+lnxn
n N n

< 1In X“LXZ:”LX” >1Ing/% %, X,

+X 4.+
SAT% - % > %X, X,

Pang thac xay ra < x, = x, =...= x, > 0.

=

e Xét n s5: a,a,,..,a, >0, cO hai kha ning xay ra:
-Néua =0, i=1n thi(1) hiénnhién ddng.

-Néu a >0,i=1n theo (2)tacd:

+a,+...+
! azn a“zﬂn/al.az...qq.

Vay (1) ding Va >0,i=1n = dpcm.

Pangthacxay ra < a =a,=..=a,.

Thi du 5.2 (Bét ding thirc Bunhiacopski).
Cho 2n sb thuc: a,a,,..,a, vab,b,,...,b,. Chirng minh:

2

(af+azz+...+a\f)(bf+b§+...+b§)2(a1b1+a2b2+...+qun)
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Bai giai
Xéthamsd f(x) = x2, VSi x€ j .

Tach: f'(x)=2x ; f"(x)=2>0Vxe j = f(x)=x%lahamloitrén j .

Theo bét dang thirc Jensen, tacd: Vo, >0,%, i=1nva» a; >0, thi:

i=1

Oy

N 42

. ot et — < .
Z o Z o Z o = Z o
i i—1 i=1 i=1

N (cuX + X, +...+anxn)2 _ X2+, 4o X

= (X + X, + . +anxn) <(q+a,+..+a )(al>(f+azxzz+...+anxf). (2)

=0,i=1n (vinfutdntai b =0, tachi canloai cip (a,b) di, vacilam

Giasi b ,

nhu thé cho dén khi chi con lai cac cap (a;;b; ) voi b, =0).

bit o, _bzvax_% ,i=1n.Nént (2) suy ra
(@b, +ab,+..+ah) <(af +a+..+a)(b’ +1 +..+ 1) =dpcm.

a,

a_a_ _a
b,

Y
Thi du 5.3 (Bét ding thirc Minkowski).

Dangthac xdy ras x, =% =..=x, & +=2=_.=

b,

Cho a,b > O,(i :171). Ching minh:

Yfaa,.-a, +bb, b, <f(a+h)(+b)..(a,+h,).
Bai giai
Xéthamsd f(x)=In(1+€"),véi ¥ xe€ j .

€ f(=—2—0 >0, Vxei.
+e (1+e)

Co f(x) =
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= f(x)=In(1+¢") laham6i trén j . Theo bat dang thirc Jensen, ta co:

gl[f (%) + f () +-4 F(x)].

n

f[x1+x2+...+xn]
n

Chon x _in ,i=1n.Taco:
a

14 eﬁ[|n2+...+lnz"n} Sll

n

142

a

b,

In In 1+ =
a,

+1In +...+1In 1+& }
a,

<m$%+QX%+@»%%+m)
N a,.3,...a,

©1+§/m§s/(aﬁbl)(aﬁbz)“'(an*bn)
82,4, aa.a

& ifa.a,.a, +iob,.b <y(a+h)(a+b,)..(a +b,) = dpcm.

pingthacxayra < 2—-2% _ &
b b by
Thi du 5.4 (B4t dang thic Svacxo).
Cho a,b vah >0(i =Ln). Chang minh:

2 2 2
L& +32(a1+a2+...+ah) |

b, = b~ b+b+..+b
Ba giai

(1)

O |,

Xéthamsd f(x)=x?, Voi x€ i .

Taco: f'(x)=2x ; f"(X)=2>0,¥xej = f(x)=x2lahamlditrén j .

Theo bt dang thirc Jensen, ta co:

f(aX +ap% +.ota,X) <o f () +a, f(6)+..4+a, f(X,) . (2)

Véia, >0 (Vi =1n) seo cho: Zaizl.Chonai:nL ; >§=% Vi=1n.

i=1 Z bj
j=1
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2 2
Tu (2) = nbl %+...+ nb” % < nbl [% +..+ nb” [%J
’ b, ’ b, ™ z:Q z:Q n
j=1 j=1 j=1 j=1
2 2 2 2
& (B+a+.+a) <& %, 45 = dpcm
b+b,+..4+b, b

Pang thirc xay ra < %:ﬁ: =

Thi du 5.5 (Bt ding thac Nesbit ba bién).

. a b c 3
Cho a,b,c>0. Chuang minh: > 1
g b+c+c+a+a+b_2 &)

Bai giai

DétA:a+b+c>O.Khidc’)(l)<:>Aaa+ b_, ¢ zg.

Xét ham sb f(x):AL, V6i x€ (0 A).

A 2A

Co f'(x):m (%) _>0, V3i V¥ xe(GA).

(A

— f(X)=—— lahamIdi trén (0 A).
A—X

Ap dung bét dang thirc Jensen, ta co: f

><1+X2+X3}<1

- 5l f )+ T 0e)+ ()]

at+b+c <1

3A—(a+b+c) 3

3 a b c
< - < + +

2 b+c c+a a+b

a b c
+ +
A—a A-b A—c

= dpcm.

Pang thirc xay ra< a=b=c> 0.

Nhan xét: e Bat dang thirc Nesbit ba bién ngod céach chang minh trén, da duoc
chirng minh bang c&c phuong phép: bat dang thuc Cosi (thi du 1.2), bt dang thic
Bunhiacopski (thi du 2.3.1), bat ding thirc véi cac day don diéu (thi du 3.5) va bt
dang thirc Trébusép (thi du 4.2).
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e Ciing nhu bt ding thirc Nesbit: bat dang thirc Cosi co ban, bat dang
thirc Svacxo va mot sb bat dang thuc, thi du khac cho thdy, mot bat dang thuc co
thé chang minh bing nhiéu cach khac nhau. Qua d6 ciing cho thiy dugc sy da dang

va phong phi vé c&c phuong phép trong chizng minh bat dang thuc.

Thidu 5.6 Cho a,a,,...,a, >1. Chang minh:

1 1 1 n
T > :
1+a 1+a, 1+a, 1+ya.a,..a,

Bai giai
Xéthamsd f(x) = 1 -
1+ €
. - e‘(e -1
CoOf'X)=——; F'"(X)=—"L, Vx>0.
( ) (1+ex)2 ( ) (1+eX)3
= ham sb f(x):ljiL — 16i khi x> 0. Theo h¢ qua cia bét ding thic Jensen, ta
e

g%[f (%)+ f (%) +t F(x)].

& f[x1+x2:...+xn]

Chon x =Ina, Vi=1n. Tacd:
1 <1
1+t/a.a,..a, N

1 1 1 n

S 4+ >
1+a 1+a, 1+a, 1+ya.a,..a,

1 1 1
+ Fot .
1+a 1+a, 1+a,

= dpcm.

pangthicxay ra < a =a, =..=a, >1.
Thidu 5.7 Cho a,b,c> 0. Chiang minh:

a+b+c

(b+c)(c+a)’ (a+b) <

2
— b
3(a+ +c)

(1)
Bai giai

aln(b+c)+bin(c+a)+cin(a+b) _

Co(l) = <
at+b+c

In

: )

2
— b
3(a+ +c)

S6 héa béi Trung tam Hoc liéu — Bai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn



www.VNMATH.com
89

Xéthamsb f(x)=—In(a+b+c—x), véi xe(0,a+b+c).

, 1 1
CoOf'(x)=— ; f' ()=
) at+b+c—x ) (@a+b+c—x)?

>0, voi xe(0,a+b+c).

= f(x) laham14i trén (0,a+b+c).
Ap dung bét dang thirc Jensen, ta co:

a b c

at b C<aH®+N@+d@X
a+b+c a+b+c a+b+c

- at+b+c

& —Injfa+b+c—

&’ +b7+c*) _ —aln(b+c)—bin(c+a)—cIn(a+b)
at+b+c | at+b+c

[ 28b+2bc+2ca aln(b+c)+blin(c+a)+cin(a+b)
a+tb+c a+b+c '

< (3)

D& thiy, voi a,b,c>0=a?+b?+c?>ab+bc+ca
= (a+b+c)” >3(ab+bc+ca)

2(ab+bc+ca)
a+b+c

=>§(a+b+C)Z

2(ab+bc+ ca)

>1In
at+b+c

= In %(a+b+c) (4)

Tu (3),(4) = (2) dung = dpcm.
Ding thuc xay ra < dong thoi ding thac trong (3),(4) xay ra < a=b=c> 0.

a+b+c

Thi du 5.8 Cho a,b,c> 0. Ching minh: a’b°c® >

a+b+c]

Bai giai

Xéthamsd f(x) = xInx, voi x> 0.

Tact: fi()=1+Inx ; f“(x):§>0,VX>O.

= f(X) = xInx laham16i khi x> 0.

Ap dung bét dang thirc Jensen, ta co: f

w]<%[f(a)+ £(b) + (c)].

S6 héa béi Trung tam Hoc liéu — Bai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn



www.VNMATH.com
90

a+b+c, a+b+c alna+blnb+cinc
< 3 n 3 = 3

%M]M% <In (aabbcc)

& In

at+b+c
©—

a+b+c
3 ] <a®b’c® = dpcm.

pang thirc xay ra <» a=b=c> 0.
Nhan xét: Vi céch giai trén ta ciing ching minh duoc dang tong quét cho thi du
58sau: Cho a,a,,....a, > 0. Chirng minh rang:

a+a,+..+a,
n

a+ay+..+a,
ar.az.ar 2[ ]
Ppangthacxay ra < a =a, =..=a, > 0.
(Néu n= 3 tathu duoc thi du 5.8).

X+y
a+b’

Thidu5.9 Cho ab,x y>0. Ching minh: xIn§+yln%2(x+ y)In
Bai giai
Xéthamsd f(x) = xInx, v6i x>0.

Co F'()=Inx+1 : F'(X)=2>0,véi x> 0.

X
= f(x) laham15i khi x>0.
Pit o, ——> : —Léa'a >0vaaq,+a,=1
. 1 a+ ! 2 a+b 112 1 2 -
X y
== X =2
"3 > b
Theo bat dang thirc Jensen, taco: f (ayx + a,%,) < ay F(X) +a, f(%,).
o XY oA X b fz]
a+b) a+b (a) a+b b

S XY XY o X p X, Y
a+b a+b a+b a a+b

< xInX 4 ylnz = dpcm.
a b

nY
b

X+y
|
& (x+y) naij
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X=Yy

Ding thuc xay ra < {

Thi du 5.10 Chang minh rang, trong moi AABC taluén co:

1 1 1
> .
— AT LB Lc=t?
an” — SIN™ — SN —
2 2 2
Bai giai
Xéthamsd f(x)=———, voi xe(0,7).
Sin™ X
i in2 2
Tacs: f(x)= 200X . fuyy _ 2SI XFOOSX iy x e (0,7).
Sn” X SN X

= f(x) laham i trén (0, 7).

Ap dung bét dang thirc Jensen, ta co:

3
+
v

12 = dpcm.

2 2
pang thirc xay ra <> A= B =C < AABC déu.
Nhan xét:

e Theo thi du trén cho thiy, ngoadi cac phuong phép da dung dé ching minh bit
dang thirc lwong gidc thi phuong phép ding tinh 16i caa ham sb (Bat dang thic
Jensen) ciing duoc van dung mot cach ¢ hiéu qua dé chirng minh bat dang thic
lwong giéc, dic biét 1a cac bat dang thirc luong giéc trong tam giéc.

e V6i cach lam trén co thé xay dung dugc cac bat dang thuc tuong tu sau:

- Trong moi AABC tacé: 12 + 12 +— 12 >
sn“A sin"B sin“C

- Véi vx €(0,7),i =1,n thi:— 1 +— :ZL F ot — :ZL > n .
sn’x  sin’Xx, sin® x. Sinz><1+x2+...+xn

n
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, , — 1 1 1
Thidu5.11 Cho AABC . Ching minh: A+ B+ CZG'
sn— sn—- sin—
2 2 2
Bai giai
Xé& hamsb f(x)=—, véi xe(0,7).
SInNX
e COSX . .. Sin? X + 2c0s°X ..
Taco: f'(X)=—— ; f'(X)= — >0, Vol V xe (0,m).
SN~ X Sin™ X
= f(x) laham i trén (0, 7).
Ly 22 , . 1 1] 1 1 1
: 1
Theo bat dang thirc Jensen, ta co: A B C 3" At gt c
—+—+— sin"- sn— sin—
§n2 2 2 2
3
& 1 + 1 + 1 >6 = dpcm.

. A . B . C
sn— sin— sin—
2 2 2
Pang thirc xay ra <> A= B =C < AABC déu.
Nhan xét:

Hoan toadn tuong tu nhu thi du 5.10 ta ciing c6 dugc céc két qua tuong duong sau:

e Trong AABC taludn co: T N <]
snA sinB sinC
1 1 1 n
— + — +.ot— > :
snx,  sinx, sinx, ~ g XX et

o V6i Vx €(0,7),i =Ln thi:

Thidu5.12 Trong AABC taluén co: 1A+ 1B+ 1 > 24/3.

Bai giai
z N X 1 I T
Xéthamso f(x)=——, Véi xe(0,—~).
COSX 2

sinx . .. C0S’X + 2sin’ X
, F'(x)= 3
cos*X cos’x

Co () = >0, Voi VXG(O,%).
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L f()=—2_ lahamdi trén (0,7 .
COSX 2
Ap dung bét dang thirc Jensen, ta co: AlB CS% t 1 1
4= COS_ COS— COS—
c0s2 2 2
3
PR 1B+ 1C22\/§ = dpcm.

A
COS— COS— COSs—
2 2 2

Pang thirc xay ra< A= B=C < AABC déu.

Nhan xét: Tur thi du trén suy ra duoc cac két qua sau:

e Trong AABC nhon, taludn cé: L + L > 6.
cosA cosB cosC
o V3i VX € —z,z],i:ﬁtm: 1 + 1 +..+ 1 > n :
22 COSX,  COSX, COSX. COSXl—l—XZ—i—...—i—Xn

n
Thi du 5.13 Chitng minh riang, trong moi AABC taluén co:

t ot 1y

coszé coszE cog =~
2 2 2

Bai giai

0,1].
2

e 2sinx . 200S°X + 6sin’ x
Co: f'(x)= o f"(x)= oc'x

X ét ham sb f(x):?,v@i X €
X

>0, Vol Vxe

o,f].
2

1
cos® X

Ap dung bét dang thirc Jensen, ta co:

= f(x) = laham [di trén (o,%).

S6 héa béi Trung tam Hoc liéu — Bai hoc Thai Nguyén http://www.Lrc-tnu.edu.vn



www.VNMATH.com
94

& 1 + 1 + 1 >4 = dpcm.
ZA ZB ZC
Ccos"— Cc0s"— Ccos”—
2 2 2

pang thirc xay ra <> A= B =C < AABC déu.

Nhan xét: Tur thi du trén suy ra duoc cac két qua sau:

e Trong AABC nhon, taludn cé: < 12 + 12 + ! >12.
cos’A  cos’B  cos’C
Vi vx e|-Z T 1i=1n thi:
V6w e[ -5 i=1
1 1 1 n
Fot——> .
coS’ X,  COS X, 008" X, e Xt Xt X,

n

Thi du 5.14 Chitng minh riang, trong moi AABC taluén co:
. A . B _.C A B C 3
Sin—+sin—+4sn—+tan—+tan—+tan— > ~/3+—.
2 * 2 * 2 * 2 * 2 * 2 [+ 2

Bai giai

X ét ham sb f(x):sing+tan§, Véi x e (0,7).

(1)

1 X 1 sini X
Co f'(x):Ecos§+ ” ; T'(X) = 2 [4—005“—]>0,V(yi vV xe (0,7).
2c08” 4c08’ =~ 2
2 2
= f(x) laham i trén (0, 7).
Theo bat dang thirc Jensen, taco:  f [i?fc] g%( f(A)+ f(B)+ f(C)).

.nA+B+C

g +tanA+B+C<

1
6 6 3

A . B . C A B C 3
& Sin— 4+ sSin— 4+ sin— 4+ tan— 4 tan— + tan— > /3 +—= = dpcm.
2jL 2jL 2jL 2jL 2jL 2_[ 2 P
Pang thirc xay ra< A= B=C < AABC déu.

Nhan xét: Trong AABC taluén co: sing‘+sing+sin gg
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N A B C
va tan—+tan—+tan—>+/3.
2 2 Z_I

Hai bat dang thirc ndy nguoc chiéu nhau, vi thé khéng thé cong tirng vé caa hai bt
dang thirc ndy dé suy ra bat dang thic (1). Cho nén phuong phép sir dung bat ding
thirc Jensen t6 rd hiéu qua trong thi du nay.

Thi du5.15 Chang minh rang, néu n nguyén duong thi ta co:

, VGi X e[O,w](i:Ln).

Snx, +snx,+..+sinx, cgplatXettX
n N n

Bai giai
Xéthamsb f(x)=sinx, Vvéi xe[0,x].
Co f'(x)=cosx ; f"(x)=-sinx<0, voi ¥xe[0,x].
= f(x) [aAhamIdémtrén [0, r].
Ap dung bét dang thirc Jensen ta co:

f[x1+x2+...+xn]zl[f (%) + (%) 4t £ ()

n n
o gnXtXto X snx +sinx +..+snx, . dpem.
n n
Pang thac xay ra < x = x, =...= x. .

Nhan xét:
e T thi du trén, 8p dung vao trong tam giac, nguoi ta thuong xét cac truong

hop riéng quan trong sau:

* sinA+sinB+sinC§¥. (D)
A . B . C 3
sin—+sn—+4sin—<—. 2
* Sng SN hsnS =5 (2

e Tuong tu v4i cach giai thi du trén, ta co 161 giai cho céc thi du sau:

™
—

,i=1n.
2 2 .

Thi du 5.15.1 Chung minh ring, néu n nguyén duong va x €

COSX, +008%, +..+C0SX, _ X +%+..+X,
n -~ O n .

Thi ta co:
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Bai giai

_z.z]
2’20

CO f'(X)=—sinx ; f"(X)=—cosx<0,Vdi V xe

Xétham sb f(x) = cosx, Véi xe

_z.z]
2’20

— f(x) lahamI6m trén l—ﬁ;”

Ap dung bét dang thirc Jensen, ta co:

f[x1+x2+...+xn]
n

> 2 (4)+ £ )+t ()

X+ X 4.t X, S COSX; + COSX, + ...+ COSX,
n B n

& CoS = dpcm.

Pang thac xay ra < x = x, =...= x. .
Nhan xét: Ap dung két qua trén vao trong AABC taco:

* cosA+cosB+cosC§g. (©))

o2

(4)

* COS£\+COSE+COSE<
2 2 2

Thi du 5.15.2 Cho n 1a s nguyén duong va x ¢

O;%], i =1,n. Chang minh:

tanx, +tanx, +...+tanx, > tan X+ X+t X, .
n n

o;ﬁ]_
2

Co f'(x)=1+tan’x ; f"(x)=2tanx(1+tan’x]>0, Véi ¥xe

Bai giai

Xétham sd f(x)=tanx, VGi xe€

O;z].
2

= f(x) laham1di trén [o;%].

Ap dung bét dang thirc Jensen, ta co:
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<2F (0)+ F00) ot (%)

f[x1+x2+...+xn]
n

tan X+ X+ X, < tanx, +tanx, +...+tanx,
n B n

= = dpcm.

Pang thac xay ra < x = x, =...= x. .

Nhan xét: e Ap dung két qua cuathi du trén vao trong AABC taco:
+ tan A+ tanB+tanC > 3//3. (5)
% tang‘+tang+tm%2@. (6)

e Céc bit ding thirc tir (1) dén (6) duoc suy ratur thi du 5.15; 5.15.1 va
5.15.2 goi |a céc bat dang thirc luong gidc co ban trong tam giée, cac bat dang thuc
ndy thuong duoc sir dung 1am bt dang thac trung gian dé chirng minh céc bat dang
thirc luong giac khéc.
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