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KE HOACH VA CONG TAC CHUAN BI HOI THAO KHOA HOC
CAC CHUYEN DE TOAN HOC BOI DUONG HOC SINH GIOI
NAM 2012

I. Thoi gian, dia diém, thanh phan:
1. Thoi gian: 3 ngay (25,26,27/04/2012)

2. Dia diém: Phong hop, Hoi trusng Trusng THPT Chu Van An Ha Nai
3. Thanh phan:

- Bo Giao duc va Dao tao: Lanh dao Bo, Lanh dao vu GD Trung hoc;

- Lanh dao LH CHKHKT HN

- Céc tap chi: Toan hoc tudi tré, Toan tudi tho;

- Hoi Toan hoc Ha Noi; Hoi Toan hoc VN,

- Cac tac gia ¢6 bai dang ky tham du Hoi thao;

- Céc phong Gido duc va Dao tao, huyén, thi, mot s6 truong THCS (c6 danh sach kem theo);
- Truyén hinh, bao, dai.

4. Ban T6 chiic va Ban chuong trinh Hoi thao (kém Quyét dinh):

II. N6i dung chinh ctia hoi thao:

- Ddi méi cong tac quan 1y gido duc giai doan 2012-2015 va nhitng dinh huéng méi.

- Danh gia thuc trang phuong phap day hoc Toan, nhitng thuan lgi, khé khan trong doi méi
phuong phép day hoc; dé xuat céc giai phap cu the, kha thi vé déi mdi phuong phap day hoc bo
mon.

- Dac biét cac chuyén dé dao tao, boi dudng hoc sinh, sinh vién giéi, tham gia cac ky thi hoc
sinh gidi cac cap hang nam, ...nham nang cao chat lugng dao tao.

ITI. Céng tac chuan bi

Truée 30/03/2012 - Thanh lap Ban T6 chitc, Ban chuong trinh

Lanh dao So GD va DT
Trude 15/04/2012
- Chuan bi noi dung Hoi thio: Thong bao va tap hop céc bai viét, In an ky yéu

(Ban to chic, Hoi TH, S¢ GD)

- Chuan bi chuong trinh vin nghé, luyén tap
(Truong THPT CVA)
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- In va gt gidy moi (Ban to chic, Hoi TH, S¢ GD)

- Lién hé cac don vi lién quan dam bao an ninh, an toan giao thong, dién, nudc, ...
Sd GD va DT HN, Truong THPT CVA (Anh Ding)

-Trang tri, khanh tiét: Khau hieu, Hoi trudng 16n, 2 Hoi truong nhd, hoa, nudc ubng ...
Truong THPT CVA (Anh Ding)

- Chuan bi hoi trudng, am thanh, 4nh sdng, may chiéu,..
Truong THPT CVA

- Tong vé sinh toan truong Truong THPT CVA

- Chuan bi nha khach (4 phong), phuong tién di lai Truong THPT CVA
Sang 26/04,/2012

Dén tiép dai bicu Truong THPT CVA

Ghi danh sach dai biéu va phat ky yéu
Truong THPT CVA

B6 trf chd ngoi trong Hoi truong (Danh 3 hang ghé gitta cho dai bicu)
Truong THPT CVA

Phu trach chuong trinh vian nghé chao ming (néu co)
Truong THPT CVA

Phuong tién trinh chiéu, loa dai
Truong THPT CVA
26/04/2012 No6i dung chuong trinh Ho6i THHN

Trua 26/04 Chuan bi an trua
S¢ GD va Anh Ding (HT THPT CVA)

Chiéu 26/04/2011
Tit 13h30-16h00  Noi dung va diéu hanh 2 Hoi thao chuyen dé
Hoi THHN

16h15-17h30 Hoi thao tong két phien toan thé
BTC (Anh Mau+Anh Dg)
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Téi 26/04/2011

An t6i (cho céc dai biéu & xa (40 xuét))
Sd GD va DT (Anh Quang), Anh Ding (THPT Chu Van An)

Ngay 27/04/2012 Chuong trinh Toa dam ban tron
Chuéan bi phuong tien dua don,
S¢ GD (Anh Tuan)

Noi dung hoat dong
Hoi THHN (Anh H(f), S¢ GD (Anh Tuan), Truong PT DTNT Ha Noi (Anh Phi)

Cac ngay Hoi thao: Quay phim, chup anh va tu liéu
Hpi THHN (Tham Ngoc Khué)
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CHUONG TRINH CHI TIET

Ngay 25/04/2012
14h30-16h30 Hop Ban T6 chtic va Ban chuong trinh, tong duyét béo céo.

Nguyén Van Mau, Nguyén Hiu Do

Ngay 26/04/2012

08h00-8h30 Don tiép dai bicu Phong GDPT va Truong THPT CVA

08h30-9h00 Van nghé chao ming Truong THPT CVA

09h00-9h05 Tuyén bd 1y do, gisi thidu dai biéu Dam Xuan Quang, Pho Van Phong
09h05-9h15 Phat biéu khai mac Nguyén Hitu Do

Phét bicu dé dan Nguyén Van Mau

09h15-09h25 Phét biéu ciia dai biéu

-GS TS Vi Hoan Chu tich Lién hiép cic Hoi KHKTHN
- TS Vit binh Chuan Vu truong Vu GDTH By GD va DT

09h25-11h30 Céc bao céo phién toan thé

1. NGUT Han Lien Hai:
Mot s6 i kién vé van dé boi dudng hoc sinh gici hién nay
2. PGS Tran Huy Hé:

Vai tro cia Hoi THHN trong cong tdac hop tac dao tao vdi cic s6 GD vé hoat dong chuyén

mon va boi dudng hoc sinh gidi

- ThS Chit Xuan Dang (HT THTH CVA):

Ve hoat dong chuyén mon cia CLB Todn hoc HN
- TS Pham Thi Bach Ngoc:

Vai tro ciia Tap chi TH va TT trong boi duong HSG pho thong
- ThS Vi Kim Thuy:

Hoat dong ctia Tap chi Todn Tuoi tho
- ThS Tran Van Khai (HN-Amsterdam);

Ve cac chuyén dé boi dudng hoc sinh gidi ciia HN
- ThS Leé Dai Hai:

Ve to chiic cdc ky thi HSC ¢ Thi do HN

11h30-13h00 Nghi an trua
14h00-17h30 Céac bao cédo chuyen dé Toan hoc boi dudng GV va cac van dé lien quan.
Dieu hanh THCS: GS. Nguyén Van Mau, ThS. Chit Xuan Ding

1. PGS Ha Tién Ngoan

Tong s6 cdc cach phan chia mot tap hop thanh cdc tip con 10 nhau
2. TS Nguyén Viet Hai

Nhaimg bai todn thi hoc sinh gidi lop 9 vé s6 hoc
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3. TS Nguyén Van Ngoc

Mot s6 dang todn vé chia da thiic doi xing
4. ThS Nguyén B4 Dang

Duong thing Simson
5. ThS Lé Thi Thanh Binh

Mot s6 phuwong phdp gidi phuong trinh ham bac THCS
6. GV Nguyén Thi Minh Chau

Mot s6 dang todn lien quan dén day s6 c6 quy ludt ¢ cap THCS
7. ThS Ho Quang Vinh

Phép nghich dao va ing dung
8... Cac bao cao mdéi dang ky tai hoi thao.

Diéu hanh THPT: PGS. Tran Huy Ho, PGD S¢ Lé Ngoc Quang

1. PGS Hoang Chi Thanh
Mot vai ki thuat gidi tich trong to hop
2. PGS Nguyén Thuy Thanh
Mot cach tiép can dinh nghia ham mi
3. PGS Vi Dinh Hoa
Bai todn to mau do thi
4. GS Pham Huy Dién
Ham s6 ma - van dé "Biét roi - kho ldm - ndi mai” ma van chua hét
5. GS bang Huy Ruan
Phuong phdap Graph
6. TS Trinh Dao Chién
Mot s6 lop phuong trinh ham dang Pexider va dp dung
7. PGS Dam Van Nhi
Tham s6 héa do thi phdng va todn so cap
8... Cac bao cao mdéi dang ky tai hoi thao
Phién tong két: GS. Nguyén Vin Mau, ThS Nguyén Hiu Do

18h00-19h30 An t6i (danh cho cic dai biéu & tinh xa)

Ngay 27/04/2012

-Cac bao cao khoa hoc hoi nghi ban tron.
- 11h30: An trua
- 16h00: Xe xuat phat vé Ha Noi.
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L.OI NOI DAU

Nguyén Van Mau, Chu tich hoi Toan hoc Ha Noi
Nguyén Hitu Do, Gidm ddc sé GD va DT Ha Noi

Hoa nhip v6i cd nuéc chao ming ngay gidi phong mién Nam, thong nhat dat nude va ngay
Québc té lao dong 01.05 va thuc hien cac chuong trinh déi méi gidgo duc Thi do, Sé Gido Duc va
Dao tao Ha Noi phdi hop véi Hoi Toan hoc Ha Noi dong to chite Hoi thao khoa hoc Céc chuyéen
dé Toan hoc boi dudng hoc sinh gidi tai truong THPT Chu Van An, thanh ph6é Ha Noi vao cac
ngay 26-27/04/ 2012

Day 1a hoi thao dau tién theo tinh than ky két phéi hop hoat dong gitta S& Gido Duc va Dao
tao Ha Noi va Hoi Toan hoc Ha Noi ban vé lien két boi dudng hoc sinh giéi va boi dudng hoc sinh
gidi mon toan Trung hoc pho thong va Trung hoc co sé.

Hoi thdo khoa hoc 1an nay duge tién hanh tit 26-27/4/2012 tai thanh phd Ha Noi han hanh
duge doén tiép nhiéu nha khoa hoc, nha gido 1do thanh, cidc nha quan 1y, cac chuyén gia gido duc
va cac nha toan hoc bao céo tai cac phien toan thé va cac can bo chi dao chuyén mon tit cac s6
Gido duc va Dao tao, cac thay gido, co gido bo mon Toan dang tryc tiép boi dudng hoc sinh gidi
mon Toan béo céo tai cac phién chuyén dé ciia hoi thao.

Ban t6 chitc da nhan duge gan 30 bao céo toan vin gii téi hoi thao. Song do khuon kho rat
han hep vé thai gian, khau ché ban va thoi lugng clia cudn ky yéu, ching toi chi c6 thé dua vao
ky yéu duge 20 bai, nhiing bai con lai sé duge ché ban dé giii quy dai biéu khi thyc hién chuong
trinh bao cdo chuyén dé chinh thic ctia hoi thao.

Noi dung ctia ky yéu lan nay rat phong phi, bao gom hau hét cac chuyén dé phuc vu viéc boi
dudng hoc sinh gi6i toan tit 1y thuyét do thi, to6 mau, dai s6, gidi tich, hinh hoc, s6 hoc dén cac
dang toan lien quan khac. Ban doc c6 thé tim thay ¢ day nhiéu dang toan tit cac ky olympic trong
nuée va quoc té...

Ban t6 chiic xin chan thanh cAm on sy hop tac va gitp dé hét siic quy bau ciia quy thay gido,
o giao va dic biet 1a toan thé thanh vien semina toan DHKHTN va cac cau lac bo toan Ha Noi
da tich cyc tham gia dé c6 duge cudn ky yéu véi noi dung thiét thice va rat phong phi nay.

Vi thoi gian chuan bi rat gap gap, nén cac khau hicéu dinh va ché ban cuén ky yéu chua duge
day du, chi tiét, chic chan con chita nhiéu khiém khuyét. Rat mong duge sy cAm thong chia sé
ctia quy dai biéu. Nhitng v kién déng goép lien quan dén cudén ky yéu nay xin gui vé dia chi: Hio
Toéan hoc Ha Noi, phong 303 nha T1, 334 Nguyén Trai, Ha Noi.

Xin tran trong cam on.

TM Ban T6 Chiic
Nguyén Van Mau, Nguyén Hiu Do
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MOT CACH TIEP CAN DINH NGHIA HAM MU

Nguyén Thuy Thanh, Truosng DPHKHTN Ha Noi

Moi phan s6 thuong ma mau s6 1a liy thita khong am ctia 10 duge goi 1a phan s6 thap phan.
3 32 123

Chang han: 10° 100° 100 1a nhitng phan s6 thap phan. Thong thuong ngudi ta viét cac phan s6
- 3 32 1234
thap phan dudi d kho 6 mau so, tic la — =0,3; — = 0,32, —— =1, 234.
ap phan dudi dang khong c6 mau so, tic 1a 75 = 0.3; 705 = 0,32, 500 = 1,

Ta luu ¥ dén tieu chuan:
Dé s6 hitu ti duong biéu dién béi phan s6 t6i gian P khai trién duge thanh phan s6 thap phan
q

hitu han diéu kién can va da 13 mau sd p ciia né khong cé cac ude nguyen t6 ngoai 2 va 5.

Nguoc lai, phan s6 thap phan hitu han bat ki:

Qp, A1 Xa...0y,
1a s6 hitu ti
Qp, 01 Q9.0
10m ’
trong do6 tit s6 o, 1 tz...0%, 1a s6 nguyén gom o, don vi, a,,_q, chuc, o,_o tram...

T tieu chudn trén suy rang cac phan s6 con lai chi ¢6 thé c6 khai trién thap phan vo han
00y, (10020, tidc 1a phan s6 thap phan ma ddi véi s6 tu nhién & bat ki tim duge sd ty nhién [ > k
sao cho a; > 0.

Néu phan s6 thap phan vo han ma ké tit mot chit s6 thap phan nao dé clia né mot nhém cac
chit s6 1ip lai vo han lan theo mot thit ty nhat dinh dude goi 1a phan s6 thap phan vo han tuan
hoan va nhém cac s6 dé duge goi 1a chu ki. Chang han ta c6

Qp, A1 0g...0lp =

1,21,353535... = 1, 21(35).

Quy tdc I. Mot phan sb thap phan vo han tuan hoan thuan bing mot phan sé thuong ma ti s6
1a chu ki v& mau s6 gom toan chit s6 9 v6i s6 lugng bang s6 chit s6 ciia chu ki.

Quy tdac II. Mot phan sé thap phan vo han tuan hoan tap bing mot phan sé thuong ma tit sb
clia n6 c¢6 dude bang cach lay sé dude bicu dién béi cac chit s6 thap phan ding trude chu ki thi
hai trit di s6 dugc biéu dién béi cac chit s6 thap phan ding trude chu ki thi nhat, con mau s6 1a
s6 dugc viét béi s6 chit s6 9 bang s6 chit s6 clia chu ki va sd chit s6 0 tiép theo d6 bang s6 chit s6
thap phan ditng sau dau thap phan nhung truéc chu ki thit nhat.

Bén canh cac phan s6 thap phan tuan hoan con ton tai cac phan s6 thap phan vo han khong
tuan hoan. Chang han s6: 0, 101001000,..., tiic 1a sau dau thap phan ta viét lien tiép céc s6 10,
100, 1000, ..., hay s6 0,123456... dugc thanh 1ap theo quy tic 1a sau dau thap phan ta viét lien
tiép moi s6 ty nhién. Cac phan s6 thap phan vo han khac nhau dude coi 1a nhitng s6 khac nhau

10
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nhung c6 mot ngoai 1é: mot phan s6 thap phan hitu han duong c¢6 thé viét duwosi bén dang hitu
han duong c6 thé viét dusi bén dang sau:

Qp, A1 Qg...0
=y, alag...akOO...
=y, OélOéQ...(Oék - 1)99

=, aphay...(o, — 1)9

Bén céch viét nay xac dinh ciing mot s6. Chéng han 2,5 = 2,5000... va 2,5 = 2,499... 1 xac
dinh cting mot s6.

Ngoai moi tinh chat ma tap hop cac s6 hitu ti c¢6, tap hop s6 thic R con ¢6 mot tinh chat rat
ddc biet phan biét n6 v6i tap hop Q- d6 1a tinh chat lien tuc. Tinh chat d6 dugde dién dat dudi
dang hinh hoc béi tien dé Cantor:

Gia stt cho day cac doan thing

opn={r€R:a,<x<b,, n=12 ..}

long nhau va that lai, tic la

i) 0, Copy1, n=12,...

ii) Do dai d[a,, b,] = b, —a, — 0 (n — o).

Khi d6 ton tai duy nhat mot diém ~ (s6) dong thsi thudc moi doan thang o,,.

Tt tien dé Cantor ciing tryc tiép rit ra rang s6 v thudc moi doan théng ciing la giéi han chung
cho day cac dau mut bén trai va diay cdc dau mut bén phai. Ta hdy hinh dung ring néu duong
thang c6 mot chd khuyét thi ta c6 thé tim dude mot day nhitng doan 1ong nhau thit lai & chd
khuyét d6. Va nhu vay khong c6 diem nao chung cho moi doan dé ca (hinh vé), trai véi Tien dé
Cantor.

Xét xap xi thap phan s thie béi cac s6 hitu ti. Cho s6 duong tuy ¥

a = g, Q10s... (1)
duéi dang sd thap phan. S6
a'n) = ag, mas...a, (n=0,1,2...) (1%)
dude goi 1a xap xi thap phan thiéu thit n clia s6 a. D6 1a mot s6 hitu ti
Tiép theo xét liiy thita v6i s6 mil vo ti.
Trong bao cdo nay ta xem xét lily thita v6i s6 mil tir nhién, am, khong va hitu ti cuing cac tinh

chat clia ching la da biét. Dé dinh nghia ham mil ta chi con xét lity thita v6i s6 mit vo ti.
Xay dung ¥ niém di dén dinh nghia Ity thita s6 mii vo ti va chiing minh cén cit ctia dinh nghia.

11
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NGUYEN LY CUC HAN VA MOT SO AP DUNG
Tran Nam Ding, Truong Dai hoc KHTN TP HCM

Bai viét nay duge phat trien tit bai viét “Céc phuong phap va ki thuat ching minh” ma ching
toi da trinh bay tai Hoi nghi “Cac chuyén dé Olympic Toan chon loc” tai Ba Vi, Ha Noi, thang
5-2010 va giang day cho doi tuyén Olympic Viet Nam diy IMO 2010. Trong bai nay, chiing toi tap
trung chi tiét hon vao cac ting dung ctia Nguyén 1y cuc han trong giai toan.

Mot tap hop hitu han cac s6 thuc luon ¢6 phan ti 16n nhat va phan t nhé nhat. Mot tap con bat
ky ctia N luon c¢6 phan tit nhé nhat. Nguyéen 1y don gidn nay trong nhiéu truong hop rat co6 ich
cho viéc chitng minh. Hay xét truong hop bien! D6 1a khau quyét ciia nguyen 1y nay.

Xét phuong phap phan vi du nhé nhat.

Trong viéc chiing minh mot sé tinh chat bing phuong phap phan ching, ta c6 thé c6 thém mot
s6 thong tin bd sung quan trong néu st dung phdn vi du nhé nhét. Y tudng la dé ching minh mot
tinh chat A cho mot cau hinh P, ta xét mot dac trung f(P) ctia P 1a mot ham c6 gia tri nguyen
duong. Bay gis gia sit ton tai mot cau hinh P khong c6 tinh chat A, khi d6 sé ton tai mot cau hinh
Py khong ¢6 tinh chat A véi f(FPy) nhd nhat. Ta sé tim cach suy ra diéu mau thuan. Lic nay, ngoai
viéc ching ta ¢6 cau hinh Py khong c6 tinh chat A, ta con ¢6 moi cau hinh P véi f(P) < f(P)
déu c6 tinh chat A.

Nguyén 1y cuyc han c6 thé dugce iing dung dé chiing minh mot qua trinh 14 dimg (trong cac bai
toan lien quan dén bién déi trang thai) trong bai toan vé do thi, hay trong céc tinh hudng t6 hgp
da dang khac. Cac ddi tuong thuong duge dem ra dé xét cyc han thuong la: doan thing ngin nhat,
tam gidc c6 dién tich 16n nhat, géc 16n nhat, dinh c¢6 bac 16n nhat, chu trinh c¢6 do dai ngan nhat . ..

Tai liéu tham khéo

[1] Nguyén Van Mau, Cdc chuyén dé Olympic Todn chon loc,Ba Vi | 5-2010 .

[2] Doan Quynh chu bién, Tai lieu gido khoa chuyén todn - Dai s6 10, NXB GD, 2010.
[3] http://fermatslasttheorem.blogspot.com/2005/05/fermats-last-theorem-n-4.html

[4] vi.wikipedia.org/wiki/Dinh ly Sylvester-Gallai

[5] www.mathscope.org

[6] www.problems.ru
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MOT sO LOP PHUONG TRINH HAM DANG PEXIDER VA AP DUNG

Trinh Dao Chién, Trusng Cao Dang Su Pham Gia Lai
Leé Tién Diing, Truong THPT Pleiku, Gia Lai

Phuong trinh ham Pexider 1a phuong trinh ham tong quat truc tiép ctia phuong trinh ham
Cauchy quen thudc. Bai viét nay dé cap dén mot s6 dang tong quat clia Phuong trinh ham Pexider
va vai ap dung clia n6 trong chuong trinh Toan phd thong.

Phuong trinh ham Pexider co ban gdm boén dang dudi day (16i gidi c6 thé xem trong [1] hodc

ggi toan 1.1. Tm tat cd cdac ham s6 f, g, h xdc dinh va lién tuc trén R théa man diéu kién
flety)=g@)+h(y), Yo,y eR. (1)

Bai toan 1.2. Tum tat cd cdc ham so f, g, h zdc dinh va lien tuc trén R théa man diéu kién
flety)=g@)h(y), Yo,yeR. (2)

Bai toan 1.3. Tim tat cd cac ham so f, g, h xdc dinh va lién tuc trén RT théa man dieu kién

fzy)=g(x)+h(y), Yo,y e R". (3)

Bai toan 1.4. Tim tat cd cac ham so f, g, h xdc dinh va lien tuc trén RY théa man dieu kién

flzy)=g(x)h(y), Yo,y € R (4)

Xét mot sé6 dang tong quat ctia phuong trinh ham Pexider. Duéi day 1a mot s6 dang tong quat
ctia phuong trinh (1) gan giii v6i chuong trinh cia hé pho thong chuyen Toan.
Bai toan 2.1. Tim tat cd cdac ham so f, f; (i = 1,2,....,n) zdc dinh va lién tuc trén R théa man

dieu kién
i=1 i=1

Bai toan sau day la mot dang tong quéat kha co ban, ma phuong phap quy nap khong thé ap
dung trong 16i gidi. Mot s6 phan chitng minh c6 stt dung mot s6 kién thitc co ban, khong qua kho,
ctia Dai s6 tuyén tinh va Phuong trinh vi phan, thudc chuong trinh co s ctia Toan cao cap.

Bai toan 2.2. Tim tat cd cdac ham s6 f, fi, gi (i = 1,2,...,n) xdc dinh va ton tai dao ham (theo
maoi bién s6 doc lap x, y) trén R théa man diéu kién

fle+y) = fi(@) g (), Yo,y €R, n>2. (6)
k=1

13
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Phuong trinh ham Pexider tong quéat c6 nhiéu ap dung trong viéc nghién citu mot sé6 van deé
lien quan ctia Toan pho thong. D6 1a mot s6 ap dung lien quan dén cac phép chuyén doi béo toan
yéu t6 goc clia mot tam giac.

Bai toan 3.1. Tim tat cd cdc ham so f, g, h zdc dinh va lién tuc trén R théa man diéu kién
sau: “Néu A,B,C € R, A+ B+C =7, thi Ay + B, +C, =77, trong d6 A, = f(A), B, = f (B),
Cr = f(0).

Ta thay rang, véi ba goc clia mot tam giac cho trude, cé thé tao ra duge ba géc ciia mot tam
gidc méi v do dé c6 theé suy ra duge nhiéu hé thic luong giac lien quan dén céc goc ciia tam giac
dé6. Hon nita, bang cach phéi hop nhitng phuong phap khac nhau, ta con cé thé tao ra duge nhiéu
déng thic va bat déng thic lugng giac khac, vo ciing phong phi. Sau day 1a mot vai vi du.

TAI LIEU THAM KHAO

[1] J. Aczél (1966), Lectures on Functional equations and their applications, Chapter 3, pp.
141-145, Chapter 4, pp. 197-199.

[2] Nguyén Van Mau, Mot s6 Idp phuong trinh ham da an ham dang co bin, Ky yéu Hoi théo
khoa hoc "Céc chuyén dé chuyén Toan boi dudng hoc sinh gidi Trung hoc phd thong", Ha Noi,
2011.

[3] D.S. Mitrinovic, J.E. Pecaric and V. Volenec (1989), Recent advances in geometric inequal-
ities, Mathematics and its applications (East European series), Published by Kluwer Academic
Publishers, the Netherlands, Chapter V, pp. 64-69.
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PHUONG PHAP GRAPH
Dang Huy Ruan, Truong Pai Hoc Khoa Hoc Ty Nhién Ha Noi

RAt nhiéu bai toan khong mau miec c6 thé giai bang cach thong qua dd thi ma suy ra dap an.
Phuong phap nay dugc goi 1a phuong phap graph (hay phuong phap do thi)

Dé giai bai toan bang phuong phap graph can thic hién lan lugt hai bude sau:

1. Xay dung do thi mo td quan hé
Lay cac diém trén mat phang hodc trong khong gian tuong tng véi cac déi tuong da cho
trong bai toan. Diing ngay ky hiéu hodc tén céc déi tugng dé ghi trén cac diem tuong tng.

Cap diém z,y tuy ¥ dude ndi véi nhau bang mot canh v6i “ddc diém ¢’ khi va chi khi céc
déi tugng ,y ¢6 quan hé (t) véi nhau. Khi dé bai toan da cho duge chuyén vé bai toan D
trén do thi.

2. Duya vao cac két qua ctia 1y thuyét do thi hodc 1y luan truc tiép ma suy ra dap an ctia bai
toan D bang ngon ngit do thi.

3. Can ctt vao viéc dat tuong tng khi xay dung dinh va canh ctia do thi, ma “dich” dap an tir
ngon ngit do thi sang ngon ngit thong thuong, tic 1a dap an clia bai todn 7.

Dé qua trinh giai toan duge don gian ngudi ta thuong thuc hien gop bude 2 va bude 3.

Van dung tinh chat cia chu trinh Hamilton

1. Cuoc hop c6 it nhat ba ngusi. Méi dai biéu dén du hop déu bat tay it nhat mot nia sé dai
biéu c¢6 mit. Chitng minh rang luén ludn cé thé xép tat ca cac dai biéu ngodi xung quanh mot ban
tron, dé mdi ngudi déu ngoi gitta hai nguoi, ma dai biéu nay da bat tay.

2. Tap M gom it nhat 3 s6 nguyén khong am. Mdi s6 déu c6 udc chung vé6i it nhat mot nita s6

s6 thuoc tap M. Khi d6 c6 thé ghi tat ca cac s6 thudc tap M lén mot dusng tron, dé mdi sé déu
ding gitta hai s6, ma né c6 uéc chung.

Tai liéu tham khao
[1] Claude Berge Théorie des Graphes et ses applicatious. Dunod, Paris 1967.
[2] Vi Dinh Hoa Dinh Iy va van dé vé do thi hitu han. Nha xuat ban Gido duc Ha Noi 2001.
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[3] Dang Huy Ruan, Ly thuyét do thi va ing dung. Nha xuat ban Khoa hoc ky thuat 2000

[4] Dang Huy Ruan, Bay phuong phap gdai cic bai toan 1ogich. Nha xuat ban khoa hoc ki
thuat 2002.
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MOT SO TINH CHAT CUA HAM LOI, LOM BAC CAO VA AP DUNG

Ha Thi Mai Dung, THPT Amsterdam - Ha Noi

0.1 M3 dau

Trong nghién cttu cic bai toan hay va kho, cac bai toan thi hoc sinh gidi, ta thay viéc khio st
cac ham s6 kha vi ¢6 mot vai tro rat 16n. Dic bigt, viéc nghién cttu tinh 16i (16m) clia cac ham s6
kha vi bac 2 cho ta rat nhicu két qua tha vi, dua ra dude nhitng tinh chat ctia ham s6, ma tir do,
dan dén nhitng phat hiéen mdi trong cach giai cac bai toan tng dung, nhat 1a trong cac bai toan
cyc tri. Khong nhitng thé, déi v6i ham sé kha vi vo han, viéc nghién citu ham s6 16i (I16m) c6 bac
tlly ¥ con gép phan xay duyng day di hon nita hé thong cac ham 16i (16m) bac cao.

Dinh nghia 1. [xem [1]] Ham s6 f(z) dugc goi 1a ham 16i (161 dudi) trén tap [a;b) C R néu véi
moi 1, 5 € [a,b) va v6i moi cap s6 duong a, 8 ¢6 tong o+ 8 = 1, ta déu c6

flaxy + Bry) < af(ry) + Bf(12) (1)

Néu dau dang thitc trong (1.1) x4y ra khi va chi khi 2; = z thi ta néi ham s6 f(z) la ham 16i
thuc su (chat) trén [a, b).

Ham s6 f(z) dugce goi 1a ham 16m (161 trén) trén tap [a,b) C R néu v6i moi xq, o € [a,b) va
v6i moi cap s6 duong «, 3 ¢6 tong o + 5 = 1, ta déu c6

flaxy + Bxg) > af (x1) + Bf(x2) (2)

Néu dau dang thic trong (1.2) x4y ra khi va chi khi z; = 2, thi ta n6i ham s6 f(x) 14 ham 16m
thuc su (chat) trén [a, b).

Tuong ty ta ciing ¢6 dinh nghia vé ham 16i (16m) trén cac tap (a,b), (a,b] va [a, b]. Ta st dung
ki higu I(a,b) dé nham chi mot trong bon tap hop (a,b), (a, ], [a,b) va [a, b).

Xét biéu dién ham 16i.
Dinh 1y 1 (xem [1]). Ham f(x) 1oi trén I(a,b) khi va chi khi ton tai ham g(z) don diéu tang trong
I(a,b) va so c € (a,b) sao cho

Tuong ti, ta ciing c6 biéu dién doéi véi 16p ham 16i nhiéu bién.
Xét ham s6 thie nhiéu bién F (1, s, . .., x,). Gid si, tng v6i moi bo s6 (21, 22, ..., 2,) Ma

2122222,

ta deu ¢6

F(xy,z9,...,20) 2 F(21, 29, ..., 2) +Z(1’, I
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Ham s6 thuc nhiéu bién théa man diéu kien trén dudc goi 1a ham 16i nhiéu bién. Khi dé, hién
nhién
- oF
F(xy,20,...,2,) =max | F(z1,29,...,2,) + T — i) — | .
(72, = | P2 20 4 3 (= 205

Tiép theo, ta xét 16p cac ham 16i bac cao vA mot s6 tinh chat co ban clia ching. Truée hét, ta
nhic dén cic tinh chat dic trung va ciing 1a dinh nghia ctia ham dong bién va ham 16i quen biét.

Tinh chét 1. [[2] Dang noi suy] Ham s6 f(x) dong bién trén tap I(a,b) khi va chi khi v6i moi
cap 86 w1, 72 € I(a,b), ta déu c6
f(z1) 4 f(x2)

Ty — T2 To2 — T

> 0. (3)

Tinh chat 2. [[2] Dang noi suy] Ham s6 f(z) 1i trén I(a,b) khi va chi khi v6i moi bo ba sb phan
biét zg, x1, o € I(a,b), ta déu c6

f (o) n f(z1) n f(x2)

(xo - xl)(ﬁfo - 1’2) (Il - 552)@1 - xo) (56’2 - xo)(ﬁfz - 1’1)

> 0. (4)

Dinh nghia 2. [[2]] Ham s6 f(z) dugc goi 1a n—10i trén I(a,b) khi tng v6i moi bo n + 1 s6 phan
biet trong I(a,b), ta déu co

~ f(z)
flzo, 1, ..., zy) == g - >0,
’ = ¥ ()

trong do

n

w(zx) = H(:.E — ).

k=0

Tuong tu ta c¢6 ciing c¢6 dinh nghia ham lom bac cao.

Dinh nghia 3. [[2]] Ham s6 f(x) dugc goi 1a n—16m trén I(a, b) khi ting v6i moi bo n+ 1 6 phan
biet trong I(a,b), ta déu co

~ f(z)
flzo, 1, ...,z == - <0,
’ ;w(%)

trong do

St dung khai trién Taylor, ta dé& dang ching minh bat ding thic sau ddi véi 16p ham 15i bac
bon. Cac két luan nay ciing ding doi véi 16p ham 16i bac chén tuy .
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Dinh 1y 2 ([2]). Cho ham s6 f(x) ¢6 dao ham bac bon khong am trong (a,b), tic la
f@) =0, Vze(ab).

Khi dé ta luon co bat dang thic sau:

" (@o) (@ = xo)*  ["(wo) (& = 20)°
2! 3! ’

f(@) = f(xo) + f'(wo)(x — x0) +
Vz,zo € (a,b).
Tuong tuw, néu ham so f(x) cé dao ham bac bon luon khong duong trong (a,b), tic la
f9 () <0, Vze(ab).

thi ta luon cé bat dang thite sau:

f(x) < f(xo) + f(wo)(x — o) + f”(%)(; — x9)? n f”’(mo)éx! — xo)?”

Vz,zo € (a,b).
Heé qua 1 ([2]). Vdi moi da thic bac bon
P(z) = 2* + az® + ba® + cx + d,

ta déu coé
P(x) > P(x0) + (423 + 3axd + 2bxo + ¢)(z — x0)

(1222 + 6axg + 20)(z — 22)  (24z¢ + 6a)(z — 20)?

+ 5] + 3 )

Vr,xy € R.

Ciing tuong ty nhu phép bicu dién ham 16i (16m) thong thuong.

Tai liéu tham khao
[1] Nguyén Van Mau, 2005 Bat dang thiic, Dinh lj va dp dung, NXB Gido Duc.
[2] Nguyén Van Mau, 2007, Noi suy va dp dung, NXB Gido Duc.

[3] Nguyén Van Mau (cht bién), Tran Nam Diing, Nguyén Vi Luong, Nguyén Minh Tuén, 2008,
Chuyén dé chon loc - Lwong gidc va dp dung, NXB Giao duc.

[4] Nguyén Thi Thu Hing, Mot s6 phuong phdp chiing minh bat dang thiic higng gidc dang khong
doi zimg, Ky yéu HNKH "Giai tich hien dai trong nghién cttu va tng dung", Hai Duong
14-15/6/2008, 138 - 141.
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MOT SO DANG TOAN LIEN QUAN DEN DAY SO cO QUY LUAT 6
cAp THCS

Nguyén Thi Minh Chau, Truong THCS Lé Quy Don, Cau Giay, Ha Noi

Tém tat noéi dung

Trong chuong trinh s6 hoc 16p 6, ngoai cac bai tap tinh toan don gidn dya trén cac quy tac,
tinh chat co ban clia cdc phép tinh ma cac hoc sinh duge ren luyén thong qua cac bai tap trong
SGK va SBT, con c6 mot dang bai tap tinh toan trén cac day s6, day phan s6 c¢6 quy luat ma dua
vao nhitng quy luat tinh toan do, hoc sinh c¢6 thé giai toan mot cach sing tao, logic, dem lai nhiéu
hitng thi say mé trong hoc hoc tap, phét trién tu duy, trf tué, phat huy nang luc sang tao, ning
khiéu toan hoc ctia hoc sinh.

Trong chuyén dé nay, dé cap mot s6 dang toan tinh toan trén cac day so, day phan sd ¢6 quy
luat va mot vai trai nghiem dinh huéng tu duy hodc phat trien tu duy hoc sinh nhim boi dudng
nang lic hoc toan cho cac em hoc sinh ¢6 kha niang hoc gioi toan.

Noi dung kién thiic:

Véi dang bai tap ve day cac s6, day ciac phan s6 c6 quy luat, ta thuong ding cac phuong phap
sau:

- Phuong phap phan tich s6 hang tong quat roi khit lien tiép dé tinh tong cac day s6, diy phan
sO c6 quy luat, gidi toan tim x, va cic bai toan c6 lien quan.

- Phuong phap lam troi dé chitng minh bat dang thitc va cac bai toan lien quan. V6i phuong
phap nay ta thudng ding tinh chat ctia bat ding thitc dé dua mot vé ctia bat dang thiic vé dang
tinh dugc tong hitu han hoiic tich hitu han.

Dé tinh tong

Sn:a1+a2+a3+---+an.

Ta biéu dién a; (z = z,—n), . qua hieu hai s6 hang lién tiép ctia mot day so6 khac. Chéang han
a; =by —by;ay =by —b3;...;0, = b1 — by

=S, =a+a+a3+---+a,=0b -0,

Dé tinh tich hitu han P, = a;.as.a3. . .a, ta bién déi cac a; vé thuong ctia hai s6 hang lien tiép

nhau :
bl . b2 bn—l

a; = — T Qp =

n

b
by b by, b
:>Pn:a1.a2,a3....an:b—:.b—z,,, bnl_b;

Tiép theo, xét bai todn tim s6 cac sd hang ctia mot day s6 c6 quy luat
Bai toan 1. Tim n sao cho tong ctia 2n s6 hang
1 1 1 1 1 14651

3724 35 T 2 D.nr ) T 2n@n+2)  19800°
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Bai toan 2. Tim s6 nguyén duong n théa man
2.22 +32% 442" +52° 4+ ... 4 n.2" =210

N 2 Z N 1
Bai toan 3. Ching to6 rang tong ciia 100 so hang dau tién ctia day sau nho hon 1

54571177 2217 357’
Bai toan 4. Chiing minh ring

3 8 15 2499
A=y oy 2 e
1 9T T g0 M

Bai toan 5. Chiing minh ring

a) n!>2""1 (n>23)
1— bn—l

b) 1+b+b2+-~-+b”:ﬁ (b#1)
1 1 1
Bai toan 6. Cho cac s6 duong ai;as;...;a, . Ching minh rang
of 1 1 1 1 1 1 1
Cn( bt — -t ottt )2
aiaz  aiaz  a104 a1anp  G2a3 G204 Ap—10Gn

1 1 1 1 1 1 1
4( + + + ot + + +~-~—|—7)
artay ay+ay a;+a ay+a, a+a ax+ay Ap—1 + Qp

Tim diéu kién ctia ap(k = 1;2;3;4;...;n) dé c6 dang thic.

Bai toan 7. Cho cac sb tit nhién a; < as < --- < a,. Chitng minh ring tong A:

as — a as — a Ay, — Oy 1 1 1
Aa=Yoom  Vem Ve e L
az as G 2 3 n?

C6 rat nhiéu bai tap khac vé day s6 va day cac phan s6 c6 quy luat. Cac ban c6 thé tham khao
them trong béo Toan hoc tudi tré, bdo Toan tudi tho, cac sach Chuyén dé toan tham khéo.

Bai hoc rat ra

Tt nhitng dang toan da néu trén gitip duge cho hoc sinh cac kién thitc va k§ nang :

e Ren k§ nang tinh toan

e Ren ki nang phan tich va tong hop kién thitc toan hoc

e Rén kha ning tu duy logic, sang tao, phat huy tri luc cho hoc sinh

e Ren kha ning suy luan tit don gian dén phic tap, tit cu thé dén viec tdng quat héa cac bai
toan gitip hoc sinh nhin nhan cac van dé mot cach thau dao, toan dien.
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DIiNH LY LAGRANGE VA CAC PHUONG TRINH HAM LIEN QUAN
Hoang Dat Ha, Truong THPT Tran Dai Nghia, Dak Lak

Phuong trinh ham 1a dé tai dang ngay cang dugce nhiéu ngudsi quan tam nghién cttu. Bai toan
phuong trinh ham thuong xuyén xuat hién trong cac ky thi hoc sinh gidi, thi Olympic quéc gia,
khu viyc va qubc té. Cac dang bai toan vé phuong trinh ham rat da dang va phong pht. Tinh
chat dic trung clia mot s6 ham sé sinh ra 16p phuong trinh ham tuong ting. B4o cdo vé dinh 1y
Lagrange va cac phuong trinh ham lién quan nhim trinh bay tong quan mot sé dang phuong trinh
ham sinh ra tit biéu thitc ctia dinh 1y vé gia tri trung binh Lagrange cting mot s6 ting dung trong
viéc chiing minh bat ding thiic va tao ra cac bai toan bat dang thiic.

0.1 Cac phuong trinh ham lién quan dén dinh 1y Lagrange
Chiing ta déu quen biét dinh 1§ gia tri trung binh ctia phép tinh vi phan.

Meénh dé 1. Néu ham f: R — R dat gia tri 16n nhat hodc gia tri nhé nhat tai mot diém c¢ trong
khoéng (a,b) thi f'(c) = 0.

Meénh dé 2. Ham f : R — R luon dat dugc gia tri 16n nhat va gia tri nhé nhat trén bat ki mot
doan déng va bi chan [a, b].

Dinh 1y 1 (Dinh ly Rolle). Néu f lién tuc trén [x1,zs], khd vi trén (z1,12) va f(z1) = f(z2), thé
thi ton tai mot diém n € (x1,22) sao cho f'(n) = 0.

Dinh 1y 2 (Dinh Iy Lagrange). V6i moi gia tri thuc, ham f kha vi trén mot khoang I va véi tat
ci cic cap x1,To trong I, ton tai mot diém n phu thuoc xq, x9 sao cho

f(fl) - f(%)

T — T2

= ['(n(z1, 72)). (1)

Dinh 1y Lagrange cho phép ching ta uéc lugng ti sd

f(b) = f(a)

b—a
do d6 n6 con duge goi 1a Dinh 1y vé gia tri trung binh (Mean Value Theorem).

Dinh nghia 1. Cho cac s6 thic phan biét z, zs, ..., x,. Ty sai phan cia ham f : R — R dugc
dinh nghia
flea] = (1)

va
f[x1,$2,...,l'n] _ f[xlax%"wxn—l] _f[x27x37"'7xn]’ vn22
Ty — Tp
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T dinh nghia trén, ching ta c6

f[x17x2] =
1 — X2

m (23 — ) F (1) + (21 — 23) f(2) + (w2 — 1) f(x3)

(Il - $2)(SL’2 - $3)($3 - 56’1)

Theo Dinh nghia 1, phuong trinh (1) tré thanh

[y, xa] = f/(n(w1, 22)). (2)

bat f'(n(zy,z2)) = h(z, x2), ching ta ¢6 phuong trinh ham

f[36’1,$2,$3] =

f[xlalé] = h(l'l,l’g).
Dinh 1y 3. Cdc ham f,h: R — R thoa man phuong trinh ham
fleyl=hlz+y), =#y (3)

néu va chi néu
f(z) = az® + bz +c va h(z) = azx + b,

trong dé a,b, c la cdac hang so thuc tuy 4.
Heé qua dudi day dudgc suy trice tiép tit Dinh 1y 3

Hé qua 1. Ham f : R — R théa man phuong trinh ham

1) = 0 = - nr (T5) ot

néu va chi néu
f(z) =az®+bx+c

v6i a, b, ¢ 1a cic hang sb tiy .
Dinh ly 4. Néu da thiic bac hai f(z) = az® + bz + ¢ vdi a # 0 la nghiém cia phuong trinh ham

flz+h) = f(z) = hf'(z+0h) (4)
vdi moi s6 thic x 6 € (0,1) va h € R\ {0} thi 6 = 3.
Ddo lai, néu mot ham f théa man phuong trinh

fle+h) = f(z) =hf'(z+ Sh)

thi nghiém la mot da thic bac hai.

23



www.VNMATH.com

Dinh 1y 5. Gia st s,t 1 hai tham s6 thuc khac khong. Ham f,¢,h : R — R théa man phuong

trinh Fa) W)
r)—gly
=2 =h t )
p— (s +ty), (5)
voi moi z,y € R,z # y néu va chi néu
( ax+b néu s=0=t

ar +b néu s=0,t#0
_ ar +b néu s#0,t=0
fx) = atz’ +axr+b néu s=t#0
@—l—b néu s=—t#0

| Bz +b néu  s? #t?

( ay+b néu s=0=t
ay+b néu s=0,t#0
ay + b néu s#0,t=0

9(y) = aty?’ +ay+b néu s=t#0
@—l—b néu s=-t+#0

L By+b néu 52 £ t2
[ty ¥ v6i h(0) =a néu s=0=t
a néu s=0,t#0
a néu s#0,t=0
hiy) = ay+a néu s=t#0
#vL(C_—yb)t néu s=—t#0,y#0
\ I& néu s? £ 12

vii A: R — R 1a mot ham cong tinh va a, b, ¢, o, 8 1a cac hing s6 thuc tuy ¥.

Heé qua 2. Cac ham f, ¢ : R — R théa man phuong trinh ham

) —
O =10 _ v
r—=y
véi moi 7,y € R vA o # y néu va chi néu
( ax+b nétu s=0=t

ar +b néu s=0,t#0
ax +b néu s#0,t=0
fx) = atr?’ +axr+b néu s=t#0
@“"b, néu s=—-t#0
| Bx+b néu  s? #t?

24



www.VNMATH.com

tuy v néu s=0=t1
a néu s=0,t#0
a néu s#0,t=0
oy) = ay+a néu s=1t#0
%_‘_(C_—yb)t, néu s=—t#0,y#0
néu 52 £ 12

\

4 day A: R — R 1a mot ham cong tinh va a, b, ¢, o, 8 1a cac hang s6 thuc tiy .
Dinh 1y 6. Néu f 1a ham kha vi théa man phuong trinh ham
fle oy, 2] = hz +y+2) (6)

thi f(x) = az® + bx? + cx + d, trong d6 h 1a ham s6 lien tuc va a, b, ¢, d 1a cac hing s6 thuc tuy .

Tai licu tham khao
[1] Nguyén Van Mau, 1997, Phuong trinh ham, NXB Gido Duc.

[2] Nguyén Van Mau (chu bien), 2010,Cdc chuyén dé chuyén todn boi dudng hoc sinh gidi trung
hoc pho thong, Ki yéu hoi nghi khoa hoc.

[3] Nguyén Van Mau, Dang Huy Ruéan, Nguyén Thtuy Thanh, 2002, Phép tinh vi phan va tich
phan ham mot bién, NXB DHQGHN.

[4] Nguyén Van Mau, 2006, Bat dang thic dinh lij va dp dung, NXB Gido Duc.

[5] P.K.Sahoo, T.Riedel, Mean Value theorems and Functional Equations, World Scientific, River
Edge, World Scientific 1998.
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VE MOT SO BAI TOAN VE PHUONG TRINH HAM GIAI BANG
PHUONG PHAP SAI PHAN

Lée H6 Quy, Truong THPT Duy Tan, Kon Tum
Pham Xuan Thanh, Truosng THPT Lé Lgi, Kon Tum

Phuong phéap giai cac bai toan veé day s6 (ham s6 xac dinh tréen N), phuong trinh ham rat da
dang nhu chinh yéu cau ciia ching. Trong bai viét nay, ching ta sé ding phuong phap sai phan
dé giai mot s6 bai toan vé day s6, phuong trinh ham.

Cong thitc truy hdi 1a mot biéu thitc tuyén tinh
Ta xét truong hgp hé thitc truy hoi da cho 1a hé thiic tuyén tinh

A0Tnik + 1Ty g1+ -+ apzy, = f(n)

V6i ag,ay,...,ax(ag # 0,ar # 0) la cdc hing s6 thi bai toan c6 thé duge xem nhu mot phuong
trinh sai phan tuyén tinh.

Vidu 1 (Anh 1980). Tim tat ca cac day s6 (a,) théa man a,,; = 2" — 3a, va (a,) 1a mot day s6
tang.
Loi giai. Xét phuong trinh sai phan

Ant+1 = 2" — 3a, (1)
bat a, = u,.2". Thay vao (1), ta duge

3 1

Up1. 2" = —3.0,.2" + 2" & upyq = —5tn+ 5

Phuong trinh nay cé nghiém tong quat 1a
3

Up, = C.( — 5)n +-Sa,=0(-3)"+ %.2”.

Vi day (a,) tdng nén a,.1 > a,. Do do

2 1
—3C.(=3)" + 2" > C.(=3)" + £ 2", Vn €N,

1
= 4C.(-3)" < 5.2", Vn € N. (3)
1 n .
Véi C > 0 thi (3) tuong duong 200 > (— g) , Vn € N. Ta khong chon duge C, vi khi n chan thi
( - g>n — +00. 1 ;
Véi C < 0 thi (3) tuong duong 200 < ( - 5) , Vn € N. Ta ciing khong chon duge C, vi khi n 1é

thi (— g)n — —00.
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1 .
Vé6i C' =0 thi a, = 3.2” la day so tang.
Vay day s6 can tim la a, = 5.2".

Tiép theo, xét cong thiic truy hoi la bicu thitc tuyén tinh véi hé sé bién thién chii yéu bang
phuong phép dat day sé phu, dua vé phuong trinh sai phan tuyén tinh v xét bai toan tinh tong
céc sO6 hang ctia day so.

Xét mot sd bai toan nang cao.

TAI LIEU THAM KHAO

1 Nguyén Van Mau, Nguyén Thiy Thanh, Gidi han day s6 va ham so, NXB Gido Duc, 2002.
2 Nguyén Van Mau, Mot so6 bai todan chon loc vé day s6, NXB Gido Duc, 2003.

3 Nguyén Van Mau (Chu bién), Chuyén dé chon loc Day s6 va dp dung, NXB Giao Duc, 2008.

4 Nguyén Van Mau (Chu bien), Mot so chuyén dé Gidi tich boi dudng hoc sinh giéi Trung hoc
pho thong NXB Gido Duc, 2010.

5 Phan Huy Khai, 10.000 Bai todn so cap Day s6 va gidi han NXB Ha Nai, 1997.
6 Vit Duong Thuy (Chu bién), 40 ndm Olympic Todn hoc Quoc té, NXB Gido Duc, 2002.
7 Lé Dinh Thinh (Cht bién), Phuong trinh sai phan va mét so ing dung, NXB Gido Duc, 2001.

8 B J Venkatachala, Functional Equations, Prism Books PVT LTD, 2002.
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MOT VAI KY THUAT GIAI TiCH TRONG TO HOP

Hoang Chi Thanh, Truong Dai hoc Khoa hoc Ty nhién Ha Noi

Khi gidi quyét mot van dé hoc bia nao doé ching ta thuong hay nghi dén viéc 4p dung cac cong
cu khoa hoc hién dai, phiic tap ma it chid ¥ t6i cac cong cu khoa hoc ¢6 dién, don gian. Néu biét
van dung cac cong cu khoa hoc don gian ding chd thi nhiéu bai toan hoc bia van c6 thé duge giai
quyét mot cach nhanh chéng. Trong bai nay ching toi trinh bay hai ki thuat giai tich don gidn
hay duge dung khi giai cac bai toan to hgp. D6 1a ki thuat ham sinh v nguyén 1y theém - bét.

1. Ky thuat ham sinh

Gia st c6 mot day s6 thuc vo han: ag, ai, as, as ... Ta lap chudi luy thia:

D nt” (1)

Dinh nghia 1. Néu chudi luy thita (1) hoi tu dén mot ham A(z) nao do6 thi ta goi ham A(z) 1a
ham sinh ctia day s6 ag, ai, as, as. . .

Trong nhiéu trudng hop ta chua biét day sé nhung bang nhing 1y luan hop 1y ta lai biét ham
sinh ctia né. Tt ham sinh lieu ta c6 tim dude day s6 sinh ra né hay khong? Nhin vao dang thic:

A(z) = i anx"
n=0

Ta dé& dang thay ring day la khai trien Maclaurine ctia ham A(x). Thé thi:

1 dr
tn = — 7 A@)jamp, 1 =0,1,2,3.. (2)

Nhu vay, cong thitc (2) da cho ta mot cach tim day s6 tit ham sinh ctia né. Khi gidi cdc bai
toan to6 hop, viec tim sb cac nghiém ciia bai toan thuong la cong viec dau tien phai lam. V6i nhiéu
bai toan phan viéc nay tuong déi khé khan. K§ thuat ham sinh gitp ta gidi quyét kha nhiéu bai
toan hoc bia trong thic té.

2. Nguyén ly thém - bét
Gia st ta c¢6 hai tap hop A va B. Hién nhien:
|AUB| =|A|+|B| - |AN B|
Bay gio thém mot tap C nita. Thé thi:

|JAUBUC| =|A|+|B|+|C]=|ANB| - |ANC|—|BNC|+|AnBNC|.
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Vay véi n tap hop thi két qua sé nhu thé ndo?
Nguyeén ly thém - b6t: V6i moi bo n tap hop Aq, As, ..., A, thi:

Jal =Y 14— > JAn4l+ > JAnA4NA4l =+ ()" AN AN N A,
i=1 i=1 1<i<j<n 1<i<j<k<n

Tinh ding dan ctia nguyén 1y trén dé dang chitng minh bang quy nap theo s6 cac tap hop.

Tai lidu tham khao
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82, 2007, pp. 55-57.
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(3] W. Lipski, Kombinatoryka dla programistéw, WNT, Warszawa, 1982.

[4] D. Singh, A.M. Ibrahim, T. Yohanna and J.N. Singh, An Ouverview of the applications of
Multisets, Novi Sad J. Math., Vol. 37, No. 2, 2007, pp. 73-92.

[5] Hoang Chi Thanh, Gido trinh T6 hop, NXB DHQG Ha Nai, 1999.
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THAM SO HOA DO THI PHANG VA TOAN SO CAP

Dam Van Nhi, Truong Dai Hoc Su Pham Ha Noi

0.1 Tham so héa
Xét mot do thi quen biét trong mit phang R? cho bdi phuong trinh dudi day:
(0):y* = 2* + 2°.

Day 1a mot do thi di qua gbc toa do O(0,0). Dé mo ta cac diém khac nita trén do thi, ta thuc hien
phép bién déi bang cach dat y = t va thay né vao phuong trinh do thi. Ta c¢6 t?2? = 22 + 3. Khi
r = 0 ta co diem O(0,0). Khi x # 0 ta cé diém (x = t>—1,y = t(t*—1). Diém nay sé tré thanh diém
gbc toa do khi t = 1 hodc t = —1. Vay moi diém trén do thi (¢) c6 toa do (£ — 1,t(t> —1)),t € R.
Mot diéu lam ta phai chd y d6 1a diém O(0,0) sé tuong ting v6i hai gia tri khac nhau ctia ¢, con
nhitng diém khac chi tuong tng v6i mot gia tri cla t.

Dinh nghia 1. Cho da thic f € R[z,y] \ R. Tap V(f) tat ca nhitng diém (a,b) € R? théa man
phuong trinh f(x,y) = 0 dugc goi 1a mot do thi phang.

Vi tat cd nhiing da thic f, g € Rlx,y] v6i f = Mg, A € R\ {0} hoac f",r € N*, xdc dinh cing mot
do thi phang nén ta chi xét da thitc f = f,... fs v6i cac da thiic bat kha quy phan biét f; thuoc
R[z,y]. Néu da thic f 1a kha qui, chang han f(z,y) = g(z,y)h(z,y) va cd hai da thitc nay déu co
bac 16n hon 0, thi V(f) = V(g) UV (h) v6i V(g) duge xac dinh béi phuong trinh g(z,y) = 0, con
V(h) boi h(z,y) =0 va V(g) # V(h).

B6 dé 1. Cho hai da thitc f,g € R[z,y] khong c6 nhan tit chung. Khi d6 V' (f,g) = V(f) NV (g)
la mot tap hitu han diém.

f(x,y) =0
Meénh dé 3. Heé phuong trinh (A) < g(x,y) =0 duge gidi qua phuong trinh da thitc mot an.
/19 € Rlz,y]

Dinh nghia 2. Do thi phing V(f) dugc goi 1a do thi phdang hitu tyj néu c6 hai ham hitu ty
o(t),¥(t) € R(t) ctia bién t va ci hai khong dong thoi thuoc R thoa man f(p(t),1(t)) = 0.

Do thi phang hitu ty c6 quan hé t6i viec tim cac nghiém (a,b) € R? ctia phuong trinh f(x,y) = 0
hoiic tim cac diém thuoc do thi phéng véi toa do 1a nhitng s6 hitu t¥ hay xac dinh nhiing diém
khong tam thuong véi toa do nguyen thuoc da tap Fermat V : 2™ + 9" — 2" = 0,n > 3.

Khi bicu dién do thi phang V(f) qua # = o(t),y = ¥(t) € R(t), ta néi ring da tham sé hoa
dugce V(f). Viec tham s6 hoa do thi phang qua cac ham hitu ty nhu sau: Chon diém P € V va
viét phuong trinh tham s6 ctia duong thang (d) qua P sao cho (d) cit V tai ding mot diem thi
hai khac P.
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Mot vai ap dung
Vidu 1. Véi a € QF, chiitng minh ring hé phuong trinh sau day c6 khong qua 12 nghiém hitu ty:

(2* +y°)? = a(2® — ¢?)
2922y — > — 1 = 0.

30 425 020 =0
Vi du 2. Giai hé phuong trinh sau trong Z : {:c Tre— Y

or +y = 21z.
C Y
Bo6 dé 2. Giai hé phuong trinh trong Z : ¢ 9 4
3r 4+ Ty = 9z.

Vi du 3. Xét bo ba Pythagor (u,v,w) € Z* véi uvvw # 0 va u® + v* = w? Van dé dat ra: Tim
céc bo ba Pythagor nguyeén thuy, c6 nghia: (u,v,w) = 1.
s z? yP
Bo6 dé 3. Giai phuong trinh 5 o= 2? trong N.
Vi du 4. Tim céc s6 nguyen z,y, z thda man (2% + y?)? = 22%(2? — y?).
Vi du 5. Tim tat ca céc bo ba (u,v,w) € Z* véi uvw # 0 théa man

wu? — u® — vwPw — Suw? — 3w = 0.
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BAI TOAN TO MAU DO THI

Vit Dinh Hoa, Truong Dai Hoc Su Pham Ha Noi

0.1 Dinh nghia do6 thi va vi du
Dinh nghia d6 thi

Khai niem do thi trong cuén sach nay la mot moé hinh toan hoc c6 thé ding dé giai quyét kha
nhiéu bai toan va van dé toan hoc. Mot do thi c6 thé hiéu don gian la mot hé théng cac dinh va
céc canh ndi cac dinh nay v6i nhau.

| [7%%3 CAU GIAY |

' . MTEl. Bai 46 xe

S " L 1 -

'§_ Trudng —

Hk .

Phé o Gy * Nha
HIC Che CBu Gidy s \K ‘

Bl py
5
=

DHNT  Vion QHQT @ DiPL

Hinh 1: Ban d6 khu virc Cau giay.

Vi du 1. Mot ban do giao thong 1a mot do thi. Cac dinh ctia do thi la cc nit giao thong (nga
ba, ngd tu dudng...), con cac canh ctia né 1a cdc con dudng giao thong noi cac nit giao thong véi
nhau. Trén ban do giao thong cac canh (cac dudng di ctia nd) c6 thé c6 hudng (néu la duong mot
chiéu) hoiic khong c¢6 huéng (néu né khong phai 14 dudng mot chiéu, xem hinh 1).

Bén dd trong hinh 1 c6 thé bi¢u dién thanh mot so do cac duong di va nit giao thong . Ban
do giao thong trén c6 thé biéu dién thanh do thi véi cac dau ngd tu va nga ba la cac dinh cta do
thi, con cac pho noi ching 1a canh.

Dinh nghia 1. Mot do thi dude hiéu 1a mot bo hai tap hop httu han: Tap hgp dinh va tap hgp
canh né6i cac dinh nay véi nhau.
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Hinh 2: D6 thi Petersen va hai cach biéu dién trén mat phang.

Vi du 2. Ngudi ta hay biéu dién céc cong thitc héa hoc dusi dang do thi.

Thong thuong ngudi ta hay biéu dién do thi léen mit phang véi dinh ciia dd thi 1a cac diem
dugc to6 dam hoac khuyen tron ... , con canh la cac dudng cong hodc doan thang néi cac dinh nay
v6i nhau. V6i hai dinh a va b ctia d6 thi, ta ki hi¢u canh khong c¢6 huéng ndi a v6i b béi (a, b)
va canh ¢6 huéng néi ching bdi [a,b]. Trong trudng hgp ¢6 nhiéu canh ndi a véi b thi ta goi cac
canh nay 1a canh kép va ki hiéu canh thit n ndi ching béi (a,b,n) (néu dé 1a canh vo huéng) hodc
[a,b,n] (néu d6 la canh c6 hudng).

Nhiing canh dang (e, e) v6i e 1a dinh ctia do thi vo huéng duge goi 1a khuyén ctia do thi.

Do thi dude phan loai theo tinh chat canh ciia chiing. Mot d6 thi dudc goi 1a do thi vé hudng
néu tat ca cac canh ctia ching déu la canh vo huéng. Hai dinh khac nhau ctia d6 thi vo hudng
duge goi 1a ké nhau hodc ldng giéng ctia nhau, néu nhu chung duge ndi véi nhau bdi mot canh.
Néu hai dinh a v& b ctia mot do thi G = (V, E) 1a ké nhau, ta c6 thé viét (a,b) € E.

D6 thi dude goi 1a do thi ¢6 hwdng néu tat ca cac canh clia né 1a déu 1a canh c¢6 huéng. Dinh
xuat phat clia mot canh c6 hudng con dude goi la dinh dau, va dinh két thac clia canh duge goi
1a dinh cudi ctia noé.

Trong truong hgp mot do thi c6 ci canh vo hudéng ciing nhu canh c¢6 huéng thi do thi duge goi
1& do thi hon hop. Mot do thi dude goi 1a do thi don néu né khong c6 khuyen va khong c6 canh
kép. Ngoai ra, ta goi do thi diém la d6 thi c6 ding mot dinh va khong ¢6 canh ndo. Do thi rong
diing dé goi mot do thi khong c¢é dinh va canh nao ca.

Khi biéu dién mot do thi trén mat phang, ching ta thay cé nhiéu khi hinh biéu dién ctia ching
14 nhitng cum tach roi nhau khong duge noéi v6i nhau. Tuong ing v6i moi hinh rdi nhau nhu vay
13 mot do thi thanh phan ctia do thi da cho ma ta sé goi 1a mot thanh phan lién thong ctia do thi
cho trudec.

Dé chinh xéac hoa khai niém lién thong, trudc hét ching ta néi hai dinh ctia mot dd thi cho
truée 1a lién thong v6i nhau néu c6 mot day canh ké tiép ndi ching véi nhau trong do thi da cho.
Tat nhien 14 mot dinh cho trude luon duge coi la lien thong véi chinh né (duge nodi véi chinh no
bdi mot day canh ké tiép c6 do dai 0).

Dinh nghia 2. Cho truéc mot do thi G va mot sé ty nhién k& > 2, ta néi G 1a mot do thi k-lién
thong (dinh), néu nhu G 1a mot do thi lien thong va néu nhu b di mot s6 ¢ < k dinh tuy y, do
thi thu dude van la mot do thi lien thong.
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Vi du 3. Do thi Petersen trong hinh 2 14 mot do6 thi 3-lién thong, vi né 1a mot do thi lien thong,va
chi khi bé di t6i 3 dinh, ta méi c6 thé thu duge mot do thi khong lien thong va khi bo di 2 dinh
tly ¥, do thi Petersen van con lién thong.

Tuong tu khai niém lién thong dinh, ta goi mot do thi lien thong 1a do thi k-lien thong canh
néu nhu bé di it hon k canh, tit dd thi ban dau ta van thu dugc mot do thi lien thong. Khai niem
lién thong canh it dugc nghién cttu téi hon khai niém lién thong dinh.

Thong thuong ta ki hiéu sé thanh phan lién thong clia mot do thi G cho trude bdi w(G). Néu
G 1a mot do thi ¢6 n dinh roi nhau, thi w(G) = n.

Dinh nghia 3. Cho truéc mot do thi G. S6 tu nhién bé nhat théa man dieu kien: G 1a do thi
k-lien thong (dinh) nhung khong k + 1- lien thong (dinh), duge goi 1a chi s6 lien thong (dinh) cla
do thi G.

Vi du 4. D6 thi Petersen trong hinh 2 ¢6 chi s6 lien thong la 3.

Tuong tu nhu vay, ta c¢6 thé dinh nghia chi s6 lién thong canh cia mot do thi G cho trude, 1a
s6 nhé nhat sao cho G 1a mot do thi k-lien thong canh ma khong k + 1- lién thong canh. D6 thi
Petersen trong hinh 2 1a mot do thi c¢6 chi s6 lién thong canh 1 3.

Khi dinh nghia dudng di ndi hai dinh @ va b ctia mot do thi, ta luon gid thiét rang cac dinh a
va b nay phai khac nhau. Trong truong hop a va b duge néi véi nhau bdi mot canh, thi khi them
canh (a,b) vao, ta thu duge tit con dudng da cho mot chu trinh. Nhu vay chu trinh 14 mot day
canh ké tiép khép kin sao cho méi dinh ctia do thi duge di qua khong qua mot lan.

Chu trinh dugc ki hiéu béi viec dua ra cac canh va céc dinh lién tiép nhau trén chu trinh.
Chéng han, néu chu trinh C di qua céc dinh py, ps, ..., pr VA céc canh ey, e, ..., e, thi ta viét

C = (p1> €1,P2,€2, ..., Pk, 6kapl)-

Trong truong hop do thi 1a mot do thi don, thi thay vi viét 16 cac canh va cac dinh, chu trinh
duge xac dinh duy nhat qua viéc goi tén cac dinh noé di qua. Chang han, chu trinh C dé cap & trén
c6 thé viét thanh:

C = (p17p27 cee 7pk7p1)-
S6 canh ctia chu trinh duge goi 1a do dai clia chu trinh va thong thudng hay duge ki higu béi £(C).
Mot khuyén lap thanh mot chu trinh c6 do dai. D& thay rang mot do thi cho trude chi c6 chu trinh
c6 do dai 2 néu nhu n6 c6 canh kép. Trong mot do thi don mdi chu trinh c¢6 do dai it nhat 1a 3.
Mot dd thi khong don hién nhién luon c6 it nhat mot chu trinh (c6 do dai 1 hodc 2). Trong do thi
don khong phai lic nao ta ciing c6 thé tim thidy mot chu trinh. Chang han trong cac cay la céc
do thi ta sé noi t6i & chuong sau ta khong tim duge mot chu trinh nao ca.

Cac bai toan to mau c6 3 loai chu yéu:

1. To mau cac dinh (sdc sd)

2. T6 mau canh (chi s6 Ramsey)

3. To6 mau mién (bai toan 4 mau, gia thiét Hardwiger)
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RAt nhiéu bai toan to mau ching té ring ching la nhitng bai toan rat khé va tha vi, ching
han nhu bai toan 4 mau. Tu lau cudi thé ki 18, nhiing ngudi thg t6 ban do 6 Anh da nhan thay
rang dé t6 mau ban do chi can 4 mau la di sao cho hai qubc gia c6 bién gisi chung sé dudc to
mau bdi nhitng mau khac nhau. Dinh 1i gan nhu la hién nhién sau day cho ta mot phuong phap
dé xac dinh duge can dudi ctia sic sb.

Dinh 1y 1. Cho mdi do thi G véi bac 16n nhat A, ta ¢
X(G) <A+ 1.

Dinh 1y 2. Mot do thi cho trude G véi it nhat mot canh c6 sac s6 bang 2 khi va chi khi G khong
¢6 chu trinh 1é canh.

Van dé to 4 mau lan dau tien duge dé cap vao nam 1852 béi Francis Guthrie khi ong thit to
mau ban dd nuée Anh va 6ng nhan ra ring chi can bén mau khac nhau la dii. Ong da dem van dé
nay hoi nguoi anh trai la Fredrick, lic dé dang la sinh vién cta truong Dai hoc Hoc vién London
(UCL). Fredrick da dua van dé nay héi thay ctia minh 14 nha toan hoc Augustus De Morgan nhung
ngudi thay cling chua biét rdé van deé nay.

Ngudi dau tien gi6i thieu van deé ra trudce cong ching 1a nha toan hoc Arthur Cayley vao nam
1878 tai Hoi Toan hoc London, 6ng da chi ra nguoi dé cap van dé 14 De Morgan.

Ngudi dau tién chiing minh dinh 1y nay 1a Alfred Kempe vio nam 1879. Nam 1880, c¢6 thém
mot cach chitng minh khéc ctia Peter Guthrie Tait. Nhung dén nam 1890 Percy Heawood da chi ra
sai lam trong cach chiing minh ctia Kempe, va dén nam 1891 Julius Petersen chi ra sai lam trong
cach ching minh ctia Tait.

Trong viéc chi ra sai lam clia Kempe, Heawood con chiing minh réng tat ca cac Do thi phang
¢6 thé t6 dude bdi nam mau khéc nhau.

Trong nhing nam 1960 va 1970, nha toan hoc ngudi Dic 1a Heinrich Heesch da phat trién
phuong phap st dung may vi tinh cho viéc chitng minh van de.

Nam 1976, cudi cung thi dinh 1y ciing dudc chitng minh bdi Kenneth Appel va Wolfgang Haken
tai truong Dai hoc Illinois v6i sy trg gitp ciia may vi tinh.

Bai toan 4 mau. Ngudi ta ¢ thé diing 4 mau dé to caAc mién clia mot do thi phing sao cho
khong c6 2 mién nao cliing mau c6 canh chung?
Luu yj.  Bai toan 4 mau 1a truong hop dac biét clia gia thuyét Hardwiger.

Dinh Iy bén mau 1a dinh 1y 16n dau tien duge chiing minh bang may vi tinh. Tuy nhién mot s6
nha toan hoc khong dong tinh véi cach ching minh nay, béi vi con ngusi khong thé kiém ching
trye tiép duge cach chitng minh. Do vay, mudn tin vao chitng minh nay thi ngudi ta phai cong
nhan sy chinh xac ctia Trinh bién dich v phan ciing may tinh duge stt dung dé chay chuong trinh
ching minh.

Tuy vay cfing phai néi ro 1a dinh 1y chi ding véi nhitng quoc gia la viing mién lién tuc, khong
diing trong trudng hop cac qubc gia cé thé cau tao tit cac vimg dat xé 1é nhu trong hinh 3.

Bai toan 1. 1. Trén mit phing 6 vudng c6 danh dau mot sé 6 vuong. Chitng minh ring c6
thé diing 4 mau dé t6 mau cac 6 vuong nay sao cho khong c¢6 2 6 vuéng nao cling mau co
dinh chung.
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Hinh 3: Ban do khong t6 dugc bdi 4 mau.

2. Trén mat phang c6 mot do thi phang cac mit 1a cac tam gide dude t6 mau bdi 2 mau den
tring sao cho cac mat cting mau khong cé canh chung. Chting minh ring cé thé danh sb céc
dinh ctia n6 béi 1, 2 va 3 sao cho mdi tam giac khong c¢6 2 dinh ndo duge danh béi cing mot
sO.

3. Trén mat phing c6 mot do thi phang cac mat 1a cac tam gidc ma céc dinh ctia né duge danh
s6 béi 1, 2 va 3 sao cho mdi tam giac khong c6 2 dinh nao dude danh béi ciing mot s6. Chitng
minh rang c6 thé t6 mau cac mat béi 2 mau den tring sao cho cac mit ciing mau khong c6
canh chung.

4. Chtng minh ring cac mit ctia dd thi phing t6 dudc 4 mau sao cho khong c6 2 mién nao
cing mau c¢6 canh chung néu nhu n6 ¢6 chu trinh Hamilton (chu trinh di qua tat ca cac dinh
ctia do thi).

Tai liéu tham khao
[1] Sach, H, Graphentheorie Leipzig 1970.
[2] Flachsmeyer, J., Kombinatorik VEB Deutscher Verlag der Wissenschaften Berlin 1972.

[3] Va Dinh Hoa, Todn roi rac, NXB DHSPHN 2010.
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MOT sO TINH CHAT CUA TU DIEM TRONG MAT PHANG

Nguyén Dang Phat, Truong Dai Hoc Su Pham Ha Noi

0.1 Gi6i thigu

Dinh nghia 1. Hinh tao béi bén diém phan biet A;, Ay, A3, A4 trong mit phang, trong dé khong
c6 ba diém nao thang hang, goi 14 mot “t1 diém phang" (hay hinh “tit dinh"), ki hiéu t¢ diém
{Ay, Ay, As, A4} nhu tap hop clia bon diém A;,, i = 1,2, 3, 4.

Tam giac 7; c6 cac dinh la cac hinh chiéu vuong géc ciia dinh A; ctia t1t diem {A4;, Ay, Az, Ay}
trén cac canh ctia tam giac A; (A;A,A;) xac dinh béi ba dinh con lai A;, Ay, A; goi 1a tam giac
chiéu hay tam gidc ban dap (pedal triangle, orthic triangle) ctia A; trén tam giac A\;, ki hi¢u T;,
i=1,2,3,4, {i, ], k, [} 1a mot hoan vi ndo d6 ciia tap hop bon s6 {1,2,3,4}.

T diém c6 cac dinh 1a hinh chiéu vuong goc ciia cac dau mit ctia mot cap canh déi dien
A;A;, ALA; trong céc phép chiéu vuong goc canh nay lén canh kia, goi 1a “ti diém chiéu" cta ti
diem {A;, Ay, Az, Ay} trén cap canh ddi dien A;A;, A, A; clia nd, ki hieu Qyj x-

Néu bon diem A;, Ay, Az, Ay khong dong phang thi ta c6 tit diém {A;, Ay, A3, A4} khong dong
phang va khi d6 ti diém ciing 1a ti¢ dien A; Ay AzA,. Dé don gidn, ta ki hiéu ti diém (phang hay
khong dong phéang) 1a {A; Ay A3 AL} thay cho ki hisu {A;, As, A3, Ay}

Sau day la mot s6 tinh chat clia tit diem phang ngoai tinh chat chung dugc néu dudi day ma
chiing ta quen thudc (chiing t6i khong trinh bay chitng minh) ctia moi t diém bat ky (dong phing
hay khong dong phang). Ky hiéu P hay K la mat phang hay khong gian Euclid 2 hosic 3 chiéu.

Dinh 1y 1 (chung cho moi tit diém trong P hay K). Trong mot t1t diem bat ky {A; A A3 A4}, tich
CT@ dai cac Céulp canh dél dlén A2A3A4A1A3A1A4A2 va A1A2A4A3 bléu thl CT@ dai cac Canh cua
mot tam gidc (7) nao d6. Tam gidc T nay dugc goi la tam gidc sinh béi tid diem {A; Ay Az Ay}, ki
higu 1a T(A1A3A3A,) hodc T (AxAs. A1 Ay, A3A1. AyAy, A1 As A3 AyY).

Tam gidc 7 nay suy bién thanh doan thing khi v& chi khi t& diém {A4,A45A434,} dong vien
hodc thang hang (tic la ciing thuoc dudng tron hay mot dudng thiang).

Goi A;j va Aj; t tu 4, j khac nhau, tuong ting 1a hinh chiéu vuong goc ctia A; va A; tren dudng
thang A, A; ({i, 4, k,1} = {1,2,3,4}).

Sau day la mot s6 tinh chat da biét va nhiéu tinh chat mdi ciia cac tit diém phang dudc tac
gid bai viét nay mdi phat hién them.

Tinh chat 3. Ba tit diém chiéu Ay cla tid diém {A;A;A3A,} dong dang thuan véi nhau va
cling dong dang nghich véi t diém {A;A4;A3A4,}. Cu thé la,
A9 Ag1 Asg Ayz ~ AigAgg A1 Agp ~ Ay AgzAgo Ay o~ A1 Ay AsAy.

Tinh chat 4. a) Bén tam giac chiéu T;(A;AxA;), (i = 1,2,3,4) dong dang thuan véi nhau.
b) Bon tam gidc chiéu T;, (i = 1,2, 3,4) bang nhau khi va chi khi ching suy bién thanh doan
théng, ing v6i truong hop tt diém dong vien, hoidc khong suy bién thi triing nhau, ing véi truong
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Tinh chat 5. Bon tam gidc chiéu 7;, i = 1,4 doi mot thau xa véi nhau. Tam thiau xa By, cla
hai tam gidc chiéu 7; va 7; ndm trén duong thing chia canh Ay A;, d6i dién v6i canh néi hai dinh
tuong ting A;, A;, dong thoi ciing la mot trong hai giao diém ctia cac dudng tron (v;), (v;) ngoai
tiép cac tam giac chiéu 7;, T;. Cu thé la, 7; va T; 1a hai tam gidc thau xa, thi (theo dinh nghia),
cdc dudng thang A;; A, A Aj va A,lA]k ndi cac cap dinh tuong tng dong quy ¢ mot diem (diém
thong thuong) B;; thuoc duong thang Az A; va ciing 1a mot diém chung ciia (v;) va (vJ) hay dac
biét song song v6i nhau. Néi cach khac, trong truong hop nay thi B;; duge xem la diém xa vo tan
chung ciia ba dudng thang song song AijAji, AigAj va Ay Ajp.

Tinh chat 6. Bén duong tron (v;) ngoai tiép bon tam giac chiéu 7;, i = 1,2, 3,4, dong quy ¢ mot
diém; ky hiéu diém dong quy nay la w. !

Tinh chat 7. Bon dudng tron Euler C; ctia bon tam gide A;(A;A5A;) ¢6 cac dinh 1a ba trong
bon dinh cta tid diem {A; Ay A3A,} ciing dong quy ¢ mot diém, tring véi diém dong quy w clia
bén dudng tron (v;) noi tren.

Tinh chat 8. Diém dong quy w ctia tam dudng tron (hoac duong thang) (v;) va (C;), i =1,2,3,4
la tam dong dang chung clia sdu phép dong dang thuan (phép vi tu quay) Z;; bién 7; thanh 7;. N6
ciing la tam dong dang chung ctia ba phép dong dang thuan (vi tu quay) Ziosa, Zi12,34, va Zia23
bién ti diém chiéu nay ctia {A;4,A43A4,} thanh ti diem chiéu kia ctia {A;4,A43A4,}.

Q12,34 — Q13247 Q12,31 = Q1a,23, Va Q1324 — Q14,23

Tinh chéat 9. Goi O; la tam dudng tron (v;) ngoai tiép tam gidc chiéu 7;. Thé thi ti diém
{0,0,050,} déng dang nghich véi tit diem {A; A, A3A,} va do d6, {O,;0,050,} dong dang thuan
v6i ba tit diém chiéu Qy;x clia tit diem {A; A;A3A,}. Diém dong quy w ctia tam duong tron (v;)
va (Cy), 1 = 1,2,3,4, n6i § tren (Tinh chat 5) cling 1a tam dong dang chung ctia ba phép dong
dang thllal’l blén ta dlém {01020304} thanh m@t tI‘Ol’lg ba ti diém chiéu 012’34, Q13724, va Q14’23
cla tu dlém {A1A2A3A4}.

1Chit thich: Cac dudng tron (v;) nay tré thanh dudng thang (dusng thing Simson ting véi dinh A; ddi v6i tam
giac T;) khi va chi khi & diém {A4; A3 A3A,4} dong vien.
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MOT SO DANG TOAN VE CHIA DA THUC POI XUNG
Nguyén Van Ngoc, Vién Toan hoc

Trong tai lieu nay gidi thieu mot sd bai toan vé tinh chia hét ctia cac da thic d6i xiing va phan
doi xing. Mot da thic dude goi 1a déi xiing, néu gia tri ctia né khong thay doi khi ta déi chd hai
bién bat ky va duge goi 1a phan déi xtng, néu né doi dau khi ta doi chd hai bién bat ky. Dé giai
cac bai toan veé tinh chia hét gitta cac da thitc ta thuong sit dung Dinh 1y Bézout, hé qua dudi day
va cac ky nang phan tich thanh nhan ti.

Dinh ly Bézout. So du trong phép chia da thic f(z) cho x — a bang f(a).

Hé qua. Da thiic f(x) chia hét cho x — a khi va chi khi f(a) = 0, tic la, v = a la nghiém cia
@,
Xét mot so bai toan sau day.
Bai tap
1. Chiing minh réng (z + y)" — 2™ — y™ chia hét cho 22 + zy + y? khi va chi khi n = 6k + 1.
2. Chitng minh rang (z + y)?" ™! + 2""2y"*2 chia hét cho 2 + xy + y* véi moi n € Z™.
3. Chiing minh réng, néu da thiic d6i xing f(x,y) chia hét cho 2 — »?, thi né chia hét cho
234+ — (v +y)y.
4. Chitng minh ring v6i moi s6 tir nhién p, q thi da thiic

,’L’pyq + yqu + prq _ qul’ _ yqu _ qup

chia hét cho (z — y)(z — 2)(y — 2).
5. Chiing minh rang, v6i moi cac sb6 tu nhién k,m,n, thi da thic

l,kymzn + ykzmxn + Zkl,myn o xnymzk o ’yan[L’k o kamyk

chia hét cho (z —y)(z — 2)(y — 2).
6. Cho da thiic
f(l’,y,Z) _ xmyn + ymzn 4 Mg xnym o ynzm — g™
Ching minh réng, néu f(x,y,z) chia hét cho (z + y)(x + 2)(y + x), thi né chia hét cho (2? —
P — 2 - ).
7. Ching minh rang, da thiic
at(B* + 2 —a®)P + (P +a® = )P+t a® + b — )P

chia hét cho a* + b* + ¢* — 2a2b? — 2a%c* — 2%,
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SU DUNG SO PHUC DE GIAI TOAN TO HOP
Tran Viét Anh, truong THPT Nguyén Tat Thanh, Ha Noi

S6 phiic ¢6 rat nhiéu tng dung trong nhiéu nganh toan hoc khac nhau nhu hinh hoc, dai so,...
Trong béo cao nay chiing toi sé trinh bay nhitng ting dung ctia s6 phiic trong viéc giai cac bai toan
t6 hop. Diéu tha vi va la ling & day 1a: S6 phiic, mot san pham tudng tugng ciia tri tué con ngudi,
mot su "bia dit toan hoc", mot vat "ado", lai bat ngd gitp ta giai duge nhiéu bai toan t6 hgp kho,
rat that, mang ban chat to hop + s6 hoc: dém cac déi tugng mang mot tinh chat nao dé. Qua do,
cac ban c6 thé thay dugc nhing vé kieu diém va sy tinh té ctia Toan hoc. Chiing t6i trinh bay lai
mot s6 két qua co ban vé s6 phiic. Mot s6 két qua chung toi khong chiing minh ma xem nhu 13
nhitng bai tap, ban doc c6 thé tu ching minh ching khong khé khan 14m.

Bai toan 1. Cho p 1a mot s6 nguyén t6 1é. Tim sb cac bo (z1, 22, ...,2,_1) gom p — 1 s6 nguyén
duong thod man diéu kien tong x1 + 2z9 + -+ + (p — 1)z, ¢6 s6 du bing 1 khi chia cho p, trong
d6 mdi s6 1, o, - , Zp—1 déu khong 16n hon p — 1.

. — 1P =1
Dap sé: LV~ 1

p

Bai toan 2. Cho p la mot s6 nguyen t0 1. Tim s6 cac bo (@1, g, . .., Zp—1)41) gom (p — 1)1+ 1
sO tu nhién thod méan diéu kien tong @1 + z2 + -+ + (1)1 chia hét cho p, trong d6 mdi so
T1,T2, -y T(p—1)1+1 déu khong 16n hon or—1 _ 3.

(2p-1 _ 9 (p—1)14+1 1
Dap so: ( ) R 1.

p

Bai toan 3. Cho p 1a mot s6 nguyen to6 18. Tim s6 tap con X cua tap {1,2,...,2p+ 1} biét rang
X chita ding p phan tit va tong tat ca cac phan ti ctia X khi chia cho p c¢6 s6 du bang 1.

2p + 1
()
NP/

Déap sb:

p
Bai toan 4. Cho p 1a mot s6 nguyen t6 16 va s6 nguyén duong n. Tim s6 cic bo (x1, 12, ..., x,)
gdm n s6 tur nhién sao cho tong @, + @2 + - - - + x,, chia hét cho p, trong dé mdi s6 x1, T, ..., Tp

déu khong 16n hon (p — 1)!.
. —HhHr —(=1)"
i s (2= D" (1)

+(—1)m
p (—1)
Bai toan 5. Cho ba s6 nguyén duong m,n,p trong dé n + 2 chia hét cho m. Tim s6 cac bo
(21,29, ...,7,) gdm p s6 tu nhién sao cho tong a1 + x3 + - - - + x, chia hét cho m, trong dé méi s6
T1,Xg,. .., 2, déu khong 16n hon n.

. )P+ (=1)Pd -1 é hia hét ch
Dap s6: (n+ 1)+ (1) (p),trongdéé(p): " Hew pera e ('307,%

m —1 neu p khong chia hét cho m

40



www.VNMATH.com

Bai toan 6. Cho p 1a mot s6 nguyeén t6 16. Tim s6 tap con X ctia tap {1,2,...,10p+ 2} biét rang
X chita diing 2p phan ti va tong tat cd cac phan tit cia X khi chia cho p ¢6 s6 du bang 1.

10p + 2 45
2p

Déap sb:

p
Bai toan 7. Cho p la mot s6 nguyen t6 1&. Tim s6 cac bo (21, xa,...,2p—1) gom p — 1 s6 nguyéen
duong thod man diéu kién tong x1 + 229 + -+ + (p — 1)x,_; ¢6 s6 du bang 1 khi chia cho p, trong
d6 mdi s6 z1,xg, . ..,x, 1 déu khong l6n hon 2?7 — 1.

_o9p(p-1) _q
Dap so: ———.
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CHUNG MINH BAT DANG THUC BANG PHUONG PHAP THAM SO
HOA

Quéach Van Giang, THPT Amsterdam - Ha Noi

Cac bat déng thic dai s6 bac hai dang khong déi xing déi véi cac bién khi dau déng thic
trong cac bat ding thiic xdy ra tng véi cac gia tri khong bang nhau (bo s6 khong déu). Trong
chuoung trinh pho thong thi cac bat dang thiic ¢ dién nhu Cauchy, Bunhiacopski lai dugce phat
biéu dusi dang ddi xitng, Dau dang thitc xay ra khi cdc bién bang nhau hoic ti lé. Viéc ap dung
cac bat dang thitc c¢o dién trén dé giai cac bai toan cuec tri khong doi xiing can duge quan tam mot
cach thich dang. Qua bai viét nay toi mudén néu mot phuong phap giai bai toan cyc tri khong doi
xting bang cach st dung cac bat déng thitc c6 dién thong dung goi la phuong phap tham sb hoa.

Noi dung chti yéu ctia phuong phap nay nhu sau tit viec phan tich tinh khong déi xitng clia cac
bién c6 trong bai toan cyc tri, thuong duge cho dudi cac dang

Dang 1. Hé s cac bién trong biéu thiic can tim cyc tri 1a kh"ng bing nhau.

Dang 2. Cac bién thuoc cac mién khac nhau ciia tap so thuc.

Dang 3. Diéu kién rang budc clia cac bién trong gid thiét bai toan 1a khong ddi xting véi cac
bién.

Ta thém vao cac tham s6 phu can thiét thuong 1a cac hé s6 ho#ic luy thita clia cac bién c6 trong
cac danh gia trung gian, sau d6 chon cac tham s6 phu dé tat ¢ cac Dau dang thic x3y ra, tit do
nhan duge 1 hé phuong trinh ma an 1a cac bién va cac tham sé phu. Tham sé phu duge chon hgp
1f chi khi hé phuong trinh tuong tng c6 nghiém. Trong bai viét nay toi néu mot sd 16p bai toan cic
tri khong doi xing thuong gap , tac gid nghi rang nhitng moé hinh cu thé nay that sy ¢6 ¥ nghia
vi v6i két qud ciia cac bai toan nay sé cho ta mot 16p bai toan cuyec tri khong déi xing cu thé mién
1a xay dung dudc bo bién thod man diéu kién rang buoc tuong ting

Bai toan 1. Cho x,vy, 2 la cic so thuc duong thay doi thod man diéu kién
Yy +yz+zr =1,
va cho a la so thuc duong khong doi. Tim gid tri nhé nhat cia biéu thie
P =a(z® +y%) + 2%

Loi gidi.
Phan tich. Diéu kién rang buoc déi xing véi x, y, 2.
Biéu thiic P déi xting v6i z, y; vai tro clia z trong biéu thitc P la dbi xing véi x, y.

22

Do vay, ta c6 thé nghi rang diém cyc tri sé dat duge khi x = y, va 5 = ar = ay.

Tt phan tich trén ta cé thé trinh bay 15i giai ctia bai toan nhu sau.
Véi a > 0 (chon sau), 4p dung bat ding thitc AG cho 2 s6 duong, ta c6

2 2
5 2 a 5 2 a a, 5 a
— =2/ = — =2 = — > 24/ =xy.
a:l:+2/ \/ga:z, ay+2/ \/gyz, \/g(x +vy°) \/gxy
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Cong vé cac bat ding thic trén ta nhan dugc

<a+ %)(x2+y2) + 22 > 2\/g(xy+yz+zx) = \/g.

Chon « sao cho

hay

Déau dang thic xay ra khi va chi khi

22 2 2
{?—al’ =y

hay
S |
r=Y= Y1+8a?
y— Y1+8a—1
— 2¥1+¥8a
Két luan:
—1++/1+8
min P = * * a‘

Bai toan 2. Cho a,b,c la cic s6 thuc duong thod man dieu kién
ab+bc+ ca =1;
va u,v la cdc s6 duong ¢ dinh. Tim gid tri nhé nhat cia biéu thic
P = ua® + vb* + .

Loi giai.
Mot cach tu nhién tir 16i giai ctia bai toan 1 thi ta phan tich

u=z+y, v=z+t 1l=m+n,

trong d6 x,y, z,t,m,n 1a cac s6 duong sé duge chon sau.
ap dung bat dang thitc AG cho 2 s6 duong, ta c6

xa® +th? > 2V xtab, ya2 +nc? > 2\/ynac, 202 + mc? = 2V znbe.
Cong vé cac bat ding thic trén ta nhan duge

P > 2vztab + 2\/ynac + 2V znbc.
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Dau déng thiic x4y ra khi va chi khi

za? = tb?
ya? = nc?
2b? = mc?
hay
z _ b0
t a2
n_ a?
y 2
z_c
m b2
Suy ra
Tzn = ytm.

Chokn z,y, x,t, m,n sao cho
Tt =yn =rm = «
thoa méan (1)
Ta c6

) e (@x+y)z+t)(m+n)=uv
& (zz+at+yz+yt)(m+n) =uv
< rzm + xtm 4+ yzm + ytm + xzn + xtn + yzn + ytn = wv
S (@x+y+m+n+t+z)+2zzn = uv.

Ma (zzn)(ytm) = o néen zzn = vas.
Dit ¢ = /o thi
¢+ u+v—1)¢ —uv=0.
+(utv+1) -uv=0 (2)
R0 rang (2) ¢6 nghiem duong duy nhét g
Vay min P = 2qy v6i ¢p 1a nghiéem dung duy nhat ctia phuong trinh (2).
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TiNH LA ON DINH CUA MOT SO DANG PHUONG TRINH HAM
DANG CAUCHY

Lé Thi Anh Doan, THPT Chuyén Lé Quy Don -Khéanh Hoa
Trong noi dung bai viét nay, ta quan tam dén khai niem 6n dinh ctia phuong trinh ham. Chang
han ta néi phuong trinh ham (Cauchy) nhan tinh 1 6n dinh néu né théa man tinh chat sau:
Gia stt G 1a mot nhoém, H(d) 1a mot nhém metric va f : G — H, v6i moéi € > 0 thi ton tai
0 > 0 sao cho
d(f(zy), f(x)f(y) <9, Va,y € G

va do do6, ton tai mot dong cau M : G — H sao cho

d(f(z), M(z)) <e, YV € G.

0.1 Tinh 6n dinh ctia phuong trinh ham (Cauchy) céng
tinh
Trude hét ta nhdc lai phuong trinh ham (Cauchy) cong tinh (A)
fla+y)=fz)+ fy) (A)

Gié stt ham f : X — Y théa man (A), véi X va Y 1a hai khong gian Banach. Khi d6 f duge goi
la ham cong tinh.

Dinh ly 1. Gid stt, ham f: X — Y thoa man, v6i moi € > 0, ta c6

[f(x+y) = fz) = fly)l <e, Vr,y e X. (1)
Khi d6 ton tai gi6i han sau
A(w) = lim 277 (2'0) @)

v6i moéi € X va ton tai duy nhat ham cong tinh A : X — Y théa man
If(z) = A(z)[ < e, Vo e X. (3)
Vi du 1. Nghiém ctia phuong trinh Cauchy hai an ham.
Bai toan 1. Tim cip ham f, g : R — R théa man phuong trinh sau
fle+y) =glx)+9ly) Ve,yeR (4)

Tiép theo ta xét tinh on dinh nghiém ctia phuong trinh (4).
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Meénh dé 4. Gid st ham f,g: R — R théa man
[flz+y)—glx) —gly)| <e ()
vdi € la s6 duong tuy i cho trude va vdi moi x,y € R. Khi dé ton tai duy nhat mot ham cong tinh
A:R — R sao cho
|f(z) — A(z) — f(0)] < 4e
{ 9(x) — A(z) — g(0)] < 3¢
vdi mot x € R.
Vi du 2. Nghiém ctia phuong trinh Pexider.
Bai toan 2. Tim tat cd cac ham f, g, h: R — R théa man phuong trinh sau
flz+y)=g(x)+h(y) Ve,yeR (6)
Tiép theo ta xét tinh 6n dinh nghiém ctia phuong trinh (6).
Meénh dé 5. Gid st ham f,g,h: R — R théa man
[f(z+y) —glx) —h(y)| <e (7)
vdi € la s6 duong tuy 1§ cho trudc va vdi moi x,y € R. Khi dé ton tai duy nhat mot ham cong tinh

A:R —= R sao cho
|f(z) — A(z) — f(0)] < 6e
lg(z) — A(x) — g(0)] < 4e
|h(x) — A(z) — h(0)] < 6

vdi mot x € R. )
Tiép theo ta xét tinh on dinh nghiém cia phuong trinh (77).

Ménh d& 6. Gid stz ham f : R — R* théa man

1Y) = V@) < - ®)

vdi mot x,y € R va
|f(z) = f(=2)| <6 (9)
vdie,d la cdc s6 duong tuy ij cho trude. Gid si ton tai f(a)™t, khi dé ton tai mot ham E : R — RT
sao cho
|E(x+y) - E(@) - E@y)|<a, Vaz,yeR (10)
va

(E(z)— E(—2))| < B, VreR (11)

F@) -5

véi o, B la cdc hing s6 nao do.
Tai liéu tham khao

[1] Nguyén Van Mau, Phuong trinh ham, Nha zuat ban Gido duc, 1997.

[2] Pl. Kannappan, Functional Equations and Inequalities with Applications, Springer, 2009, 295-
325.
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MOT sO PHUGNG PHAP CHUNG MINH BAT DANG THUC LUONG
GIAC TRONG TAM GIAC

Pham Thi Nhan, S¢ Gido Duc va Pao Tao Quang Ninh

Trong cdc ky thi hoc sinh gidi quoc gia, Olympic Todn quoc té va khu vuc thuong zudt hién cdac
bai todn vé ching minh cdc bat ddang thic lugng gidc trong tam gide hay cde bai todn tim cuc tri
biéu thic ligng gidc trong tam gide. Do ciing la mot trong cic dang bai todn khé doi vdi hoc sinh.
Bdo cdo nay nham dé cip dén mot vai cach ching minh cdc bat dang thic liong gidc dang khong
doi xiing trong tam gidc vdi vé trai la cdc biéu thite dang

zf(A) +yf(B)+2f(C)

va mot so bai todn lien quan.
Tat ca nhiing ai quan tam dén cdc bat dang thic luong gidc trong tam gide déu biét dén nhiing
dang bat dang thitc quen thudc sau va da biét cach gidi quyét ching:

sinA—l—sinB—l—sinCé#, (1)

3v/3
2

sin 2A + sin 2B + sin 2C' < , (2)

tan Atan Btan C' > 3v/3, (3)
cos A + cos B + cos C < g, (4)

dugc goi la cde bat dang thite dang doi zimg trong tam gidc phu thudc vao tong va tich cic ham so
lugng gidc co ban.

Bai toan 1. Chiing minh ring trong moi tam giac ABC, ta déu c6
. . 3
sin A+sin B —cosC < 5

Bai toan 2. Chiing minh ring trong moi tam giac ABC, ta déu c6

1 5v/3
sin A+sin B — —cos C' < Tf

V3

Téng quat hon ta co
Bai toan 3. Chiing minh ring trong moi tam giac ABC, ta déu c6

1 2492
sinA+sinB——cosC’<m i .
m 2m
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Bai toan 4. Chiing minh ring trong moi tam giac ABC, ta déu c6

4
sin A + sin B + v/3sinC < g

Ta c6 bai toan tong quat sau:
Bai toan 5. Cho cac sd duong z, v, 2. Chiing minh réang v6i moi tam giac ABC, ta déu c6

2+ y* + 22 > 2(—1)""(yz cosnA + zz cosnB + xy cosnC), (1)
Bai toan 6. Cho cac sd duong x,y, 2. Chiing minh rang véi moi tam giac ABC, ta déu co

1
xcosA+ycosB—|—zcosC’<—(%+%+ﬁ), (7)
2"z x Y
Gidzi.
Bai toan 7. Chiing minh riang véi moi tam gidc ABC, ta déu co

769
3cosA+4cosB+5cosC < 50"

Bai toan 8. Tam gidc ABC, thod man diéu kién gi néu :

cos A n cos B n cosC )
3 4 5 12

cos A N cos B n cosC' 119
5 12 3 780

a)

b)

cosC
c)cos A+ cos B+ =2.
) 7

Bai toan 9. Cho a,b, ¢ la ba canh tuong ting v6i 3 goc A, B, C cua tam gidcABC. Chiing minh
rang véi moi tam gidc ABC, ta déu c6
a’ +b? + 2

bccos A+ cacos B+ abcos C < 5

Bai toan 10. Cho ABC la tam gidc nhon. Chiing minh ring v6i moi x thuocR ta déu co :
72
cos A+ (cos B+cosClr < 1+ 5 (12)
Bai toan 11. Cho z,y, z déu duong. Chitng minh ring trong moi tam giac ABC, ta déu c6

. . . C 1=z z oz
xsm§+ysm§—l—zsm§<§(7y—l—y;+?), (13)
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Bai toan 12. Cho cac sd duong x,y, z thod man diéu kién

== (5)

1 1 1
2 22

2y
Chitng minh rang v6i moi tam giac nhon ABC, ta déu c6

xcos A+ ycos B+ zcosC < /2?2 + 42

Bai toan 13. Cho z 1a s6 thuc khong am va a, b, ¢ 1a ba canh tuong tng véi 3 géc A, B, C cua
tam giacABC'. Chitng minh rang véi moi tam giac ABC, ta déu c6 :

(a® 4+ 0" + ).

N —

a®*cos A+ b*cos B+ c*cosC <

Bai toan 14. Cho cac s6 duong x,y, z thod man diéu kien

1 1
<=+~
r oy

1
<=
z

SHE
<L | =

Tim gi4 tri 16n nhat cta bicu thic :P = x cos 24 4 y cos 2B — z cos 2C.
Bai toan 15. Cho cac s6 duong z,y, z thod man diéu kien

1
+ =
z

— - <

1
- <
z

SR
SR

< |

Tim gia tri 16n nhat ctia bicu thitc :P = xcos A + y cos B + zcos C

Tai liéu tham khao

[1] Nguyén Van Mau, Pham Thi Bach Ngoc "Mot so bai todan chon loc vé higng gidc", NXB Gido
duc 2002.

[2] Cac tap chi Kvant, Toan hoc va tudi tré, T liéu Internet.

[3] Tran Phuong "Cdc chuyén dé bat dang thic va cuc tri higng gigc" , NXB Ha noi 2006
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MOT sO LOP PHUONG TRINH HAM DA AN SINH BOI PHI PANG
THUC
Tran Viét Tuong, Truong THPT Tran Phu - Da Nang

Trong toan hoc pho thong cac bai toan vé phuong trinh ham 1a céc loai toan thudng mdi va rat
kho, thuong xuyén xuat hién trong cac dé thi hoc sinh gioi quoc gia, Olympic Toan khu vie va
Qudc té, Olympic sinh vién gitta cac truong DPai hoc va cao déng Lién quan dén cac dang toan
nay 14 cac bai toan vé cac dic trung khac nhau ctia ham s6 va cac tinh chat lien quan véi chung

Dé hé théng cac phuong trinh ham, can thiét phai he thong cac kién thiic co ban va nang cao vé
cac dang phuong trinh ham ciing nhu’ cac ing dung cua chung.

Déi véi cac bai toan vé phuong trinh ham véi nhiéu an ham trong cac 16p ham cu thé: lien tuc,
kha vi, tuan hoan, 161 16m,... can nim dugc mot sb ki thuat vé bién doi ham sb, khao sat cac tinh
chat co ban cia ham thuyc va cac phép bién hinh trén truc thuec.

0.1 Phuong trinh ham sinh b&i phi dang thic o® + > #
gla+b)h(a —b)

Bai toan 1. Tim cac ham s6 f, g, h xac dinh va lién tuc trén R théa man diéu kien

f@®+y?) = g(z +y).hx —y), Yo,y €R. (1)
Bai toan 2. Tim tat ca cac ham s6 f, g, h xac dinh va lién tuc trén R théa man diéu kién
fl@® = y?) = g(z —y) + h(z +y), Yo,y €R. (2)
Bai toan 3. Tim tat ca cac ham s6 f, g, h xac dinh va lién tyc trén R théa man diéu kién
f@® —y*) = g*(x) = P*(y), Va,y €R. (3)
Bai toan 4. Tim cac ham s6 f, g, h lién tuc v xac dinh trén R théa man diéu kien
f(@) = g(y) = xh(y) — yh(z), Yo,y € R. (4)
Bai toan 5. Tim tat cd cdc ham s6 f, g xac dinh va lién tuc trén R thoa man diéu kién
f@) = fly) = (&t +y)glz —y), Yo,y eR. ()
Bai toan 6. Tim tat cd cdc ham s6 f, g xac dinh va lién tuc trén R thoa man diéu kién
f(@) + f(y) + 22y = (+y)g(z +y), Yo,y eR. (6)
Bai toan 7. Tim tat cd cdc ham s6 f, g xac dinh va lién tuc trén R thoa man diéu kién
f(x)-9(y) = 2* — y*, Va,y €R. (7)
Bai toan 8. Tim tat ca cac ham s6 f, g, h xac dinh va lién tuc trén R théa man diéu kién
fle+y)+g(e—y)=hlzy), Vr,y eR. (8)
Bai toan 9. Tim tat cd cidc ham s6 duong f, g, h xac dinh va lién tuc trén R théa man diéu kien
f@+y).g(x—y) = hlzy), Ve,y eR. (9)
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Tai liéu tham khao
[1] Nguyén Van Mau, 1997, Phuong trinh ham, NXB Gidao Duc
[2] Nguyén Van Mau, 2006, Cdc bai todn noi suy va dap dung, NXB Gido Duc.

[3] Nguyén Van Mau, 2009, Phuong trinh ham vdi nhém hitu han cdc bién doi phan tuyén tinh,
Ky yéu HNKH "Céc phuong phap va chuyén dé toan so cap" tai Bac Giang, 27-29/11/2009.

[4] Christopher G. Small, 2000, Functinal equations and how to solve them, Springer.
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MOT SO UNG DUNG TiCH VO HUOGNG CUA HAI VECTO
Truong Ngoc Dac, Truong THPT Chuyén Lé Quy Don, Binh Dinh

Bao cao xét tinh chat ciia tich vo huéng clia hai vecto, goc giita hai vecto va cac ménh dé co
ban vé ting dung tich vo huéng ciia hai vecto.

Ta xét ba ménh dé co ban van dung tich vo huéng ciia hai vecto dé lam nén tang giai cac bai
toan hinh hoc 6 chuong sau (day 1a ba bai todn co ban trong SGK Hinh hoc 10 Nang cao, trang
A7 - 49).

Tiép theo, trinh bay mot s6 ng dung tich vo huéng ciia hai vecto nhu tinh toan cac yéu t6
hinh hoc, dua vao cac déng thiic vecto trong tam giac, ta cling ¢ cac dang thitc vé do dai cac yéu
t6 trong tam giac, cac bai toan cuc tri hinh hoc.

Bai toan (2007-England). Goi H 1a tryc tam tam gidac ABC, P 1a diém nim trong mit phang
tam giac ABC khac A, B, C. Cac diém L, M, N lan lugt 1a chan duong vuong géc ha tit H dén
dudng thing PA, PB, PC. Goi X, Y, Z lan lugt la giao diém ctia LH, MH, NH véi BC, CA va AB.
Chitng minh ring ba diém X, Y, Z thang hang.

Bai toan. Cho duong tron (O, R). Xét tam gidc ABC noi tiép duong tron (O, R). Xac dinh
gi4 tri nhé nhat cta biéu thitc: S = AB? + BC?2 — C A%
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HAM sO MU - VAN DE "BIET ROI - KHO LAM - NOI MAI" MA VAN
CHUA HET

Pham Huy Dién, Trung tam Tin hoc, Vien KH vi CN VN

Chéc rang hau hét hoc sinh 16p 12 (tham chi ¢4 16p 11 nita) déu cho rang ham s6 mi 1a thi
“da biét r6i”. Ranh ranh trong cac sach giao khoa déu da dua dinh nghia hén hoi! Vay no6 la gi?

Mudn biét ham s6 mii, trude hét phai biét thé nao 1a luy thita bac b ciia mot s6 a (tic ab ).
Néu b 1a mot sé hitu ty thi dinh nghia ching khé khin gi, moi sach déu dua ra dinh nghia giéng
nhau va dung: khi b 14 s6 tu nhién thi lity thita bac b ctia mot s6 duge dinh nghia nhu phép nhan
cia s6 ay v6i chinh n6 ( b 1an); khi b 14 s6 nguyén am thi liy thita bac b duge dinh nghia nhu
nghich ddo ctia luy thita bac —b; phép khai can bac nguyén duong ciia mot s6 duge dinh nghia
nhu phép tinh nguge clia phép nang lén luy thira; khi b 13 mot s6 hitu ty (nghia 12 b = p/q, v6i p
14 s6 nguyéen va ¢ la s6 ty nhién) thi liy thita bac b mot s6 duge dinh nghia nhu 1a hgp ctia 2 phép
toan: nang lén luy thita (v6i bac p) va khai can (vé6i bac q).

Van dé tré nén thuyc sit nan gidi khi b 14 mot s6 vo ty.

Dé dinh nghia luy thita v6i s6 mii vo ty, sach gido khoa toan pho thong da timng phai dua vao
mot ménh dé “ khong thé chitng minh duge chiit ché trong khuon khé chuong trinh pho thong”.
Dai ¥ ctia ménh dé d6 1a: v6i mdi s6 a > 1 ¢6 duy nhat mot ham lién tuc nhan gia tri thyc ma tai
cac diém hitu ty ¢ thi né nhan gia tri 1 a?. Ngay hoc sinh dai hoc ciing phai dau hang tinh “than
bi” ctia ménh deé nay, vi n6 dung dén 2 van dé rat hoc bia: Khi nao thi mot ham s6 xac dinh trén
tap s hitu ty c6 thé “thac trién duge” thanh mot ham lién tuc trén toan bo truc sé thuc? Va néu
dugc thi khi ndo sy théac trién 1a duy nhat? Tat nhién, v6i mot dinh nghia nhu vay thi ta khong
thé lam gi hon ngoai viéc tiép tuc cong nhan cic tinh chat duge dua ra sau dinh nghia (vi khong
thé chitng minh dugc).

Sach Giao khoa Thyc nghiem “Dai s6 va Giai tich 11”7 (danh cho he chuyén ban A, NXB Gido
duc - 1995) ciing da ting dua dinh nghia “Luy thita co s6 a v6i s6 mit vo ty b (ky hieu béi a®) 1a

lim a*, trong d6 {z,} 13 mot day s6 hitu ty gan dung thiéu ctia z”. Tiéc rang sach khong cho
n—oo

biét nhiéu vé khai niem day s6 hitu ty gan ding thiéu ctia sd vo ty nén ta khong biét tong clia 2
day s6 hitu ty gan ding thiéu (clia 2 s6 vo t¥) thi ¢6 1a day s6 hitu ty gan ding thiéu (clia tong
clia 2 s6 vo ty do6) hay khong. Cho nén ta ciing khong biét cic tinh chat ctia luy thita bac hitu
ty dugc chuyén sang cho luy thita bac vo ty nhu thé nao. Tuy nhién, diéu &y ndy nay chang may
chéc ciing bi “che phit” béi diéu 4y ndy 16n hon, khi ta thay tinh lién tuc clia ham mi ciing duge
dua ra mot cach “vo dieu kien”.

Ro6 rang, nhitng cach dinh nghia nhu vay la chua thé théa man duge nguyén vong ciia nhiing
ngudi mudn hiéu cac khai niem toan hoc mot cach “dén noi dén chén”. Tom lai: Mudn biét ham
56 mii I gi thi “hay doi day!!l”.

Doi dén bao gio day?

Chua c6 ai tra 18i cau hoi nay, nhung ngusi da qua dai hoc 16i thi ¢6 thé cho ban 18i khuyén
dich thyc la: ding hy vong gi nhiéu & chuong trinh bac dai hoc, vi & d6 ngusi ta thuong cho rang
“ham mil da duge day tit thoi pho thong!”.

Néu ban khong mudn chs dgi thém thi hay cting ching toi lam “mot cudce chen ngang”, kham
pha ban chat ctia ham sd mil ngay trong long chuong trinh 16p 11. Chiing ta sé thiét lap khai niem
ham s6 mil mot cach chiit ché vé mat toan hoc, ma khong can vay muon bat ¢ mot két qua nao
tit chuong trinh dai hoc. Trude hét, ta can thay rang day 1a mot ham khong don gidn hon (néu
khong néi 1a khé hon han) cac ham lugng giac, cho nén viéc xay dung né can mot sy dau tu vé
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thoi gian va cong stic khong qua eo hep so v6i nhitng gi ta da danh cho cac ham lugng gidc (gan
nhu ca nita quyén sach gido khoa 16p 11). Ban than s6 vo ty da dudc coi nhu gi6i han ctia day s6
hitu ty, cho nén viéc xay dung luy thita bac vo ty khong thé khong duya vao khai niem nay.
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PUONG THANG SIMSON
Nguyén Ba Dang, S6 GD va DT Hai Duong

Robert Simson la mot nha toan hoc ngusi Scotland, gido su toan hoc cia dai hoc Glasgow.

Ong sinh 14 thang 10 nam 1687tai West Kilbride vi mét ngay 1 thang 10 nam 1768 tai Glasgow.

Trong nhiéu nam gan day cac ki thi trong nuéec, quoc té ciing nhu khu viie thuong sit dung
dudng thang Simson vao giai toan hinh hoc phéng. Xin gidi thiéu dé ban doc tham khao.

1. Dudng thang Simson

Bai toan 1: Cho tam giac ABC noi tiép duong tron (). M la diém tuy ¥ trén (), goi D, E, H
1 hinh chiéu ctia tren BC, CA, AB. Chiing minh D, E, H thing hang.

Bai toan 2: Cho tam gidc ABC, M la diém trong mat phang chita tam gidc ABC. Goi D, E, H
1 hinh chiéu ctia M lan lugt trén cac canh BC, CA, AB va D, E, H thang hang. Chiing minh M
nam trén dudng tron ngoai tiép tam gidc ABC.

Vi du 3. Cho tam giac ABC, M la diém trén duong tron ngoai tiép tam giac ABC. Goi K, P, Q
lan lugt 1a cac diém déi xiing ctia M qua BC, CA, AD. Chitng minh P, K, Q ndm trén mot dudng
thang va luon di qua mot diém ¢ dinh, khong phu thudc vao diem M thay déi trén dudng tron
ngoai tiép tam giac ABC. (Olimpia Japan 1996)
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PHEP NGHICH DAO VA UNG DUNG
Ho Quang Vinh, Tap chi Toan hoc va Tudi tré

Trong sudt bai viét ching ta ki hieu X * 13 anh ctia X qua phép nghich ddo dugc xét.

Tit dinh nghia trén ta thay réng, qua phép nghich ddo cic diém trén duong tron (k) ding
nguyéen tai chd, cic diém nim trong (k) bién ra ngoai, con cac diem nam ngoai (k) thi bién vao
trong. Néu diém A bién thanh A*, thi diém A* qua phép nghich ddo dé bién thanh diém A, tic
la (A*)* = A.

Cac tinh chat. Qua mot phép nghich ddo tam O véi ban kinh r:

1) Mot dudng thang qua O bién thanh chinh né.

2) Mot dudng thang 1 khong di qua O bién thanh duong tron di qua O, tam ciia dudng tron
dé 1a diem C* (C la diém déi xiing véi O qua dusng thang 1)

3) Mot duong tron véi tam la diem C qua O bién thanh mot duong thing khong di qua O,
vuong goéc véi OC.

4) Mot duong tron khong di qua O bién thanh mot duong tron khong di qua O ( Hai duong
tron nay khong nhat thiét bang nhau ).

5) Su tiép xtic clia cdc dudng tron va cac dudng thang duge bdo toan, néu nhu tiép diém khong
tring véi tam nghich dao; con néu trung thi nhan dugc mot cip duong song song.

6) Goc gitta hai dudng tron (géc gitta duong thang va dudng tron, gitta hai dusng thiang) bao
toan qua phép nghich dao.

Theo truyen théng tit thoi co Hy Lap, trong hinh hoc thuong xét phép dung hinh bing compa
va thuée ké. Nhung ciing c6 thé tién hanh dung hinh bing compa khong c6 thuée ké. Bing compa,
tat nhien khong thé dung ngay dudc tat ca cac diem ctia dudng thang, do do ta sé coi ring dudng
thang da dugc duyng néu nhu da dyng duge tat cd cac phép dung ma c6 thé thuc hien duge nhs
compa va thudc ké. Dé dung hinh chi bang compa chti yéu la nhd né cé thé dung dude anh cia
diém qua phép nghich dao déi véi mot dudng tron cho trude véi tam cho trude.

St dung phép nghich ddo, ching ta c6 thé gidi dude kha gon nhitng bai todn khé trong cac Ki
thi chon hoc sinh gi6éi Toan Quéc gia , cic Ki thi Olympic Toan hoc Qubc té.

TAI LIEU THAM KHAO

[1] V.V Praxolov. Cac bai toan vé hinh hoc phang, Tap 2, Nha xuat ban Dai hoc Quéc gia TP.
Ho6 Chi Minh, nam 2003.

[2] Cac bai dy tuyén Olympic Toan hoc Qubc té, Nha xuat ban Gido duc, Ha Noi 2003.

[3] 1999 National Contests Problems and Solution, Published and distributed by Mathematical
Association of America.

[4] Mathematical Olympiad Problems and Solutions From Around the Wolrd, 1995 - 1996, 1996
- 1997, 1997 - 1998, 1998 - 1999, 1999 - 2000, 2000 - 2001, Edited by Titu Andreescu, Zuming
Feng and George Lee, Jr Walter Mientka. Published and distributed by Mathematical Association
of America.

[5] Mot s6 Tap chi Toan hoc va Tudi tré cac nam tit 2003 - 2007.
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NHUNG BAI TOAN THI HOC SINH CGIOI LOP 9 VE SO HOC
Nguyén Viet Hai, Tap chi THTT

Trong bai nay céc chit déu biéu thi s6 nguyén, néu khong 14 sé nguyeén sé ghi chi riéng.

Chuyén dé 1. Mot s6 bai toan vé sy chia hét va su chia c6 du

I. Kién thtic co ban

1. Cac dau hieu chia hét cho 2, 4, 5, 3, 9, 11, 7.

2. Cac tinh chat ctia phép chia hét. Luu y :

a) Néu a va b déu chia hét cho m ( m # 0) thi a + b vd a - b déu chia hét cho n.

b) Néu a chia hét cho n va b khong chia hét cho m (m # 0) thi a + b va a - b déu khong chia
hét cho m.

3. Céc tinh chat co ban ctia u6c chung 16n nhat (UCLN) va boi chung nhé nhat (BCNN ) clia
hai s6 trong SGK .

4. Cac tinh chat co ban ctia nhiing s6 nguyén t6 va hop s6 trong SGK .

5. Cac tinh chat co ban clia nhitng s6 nguyén t6 ciing nhau.

6. Cac hing dang thitc dang nhé dang (a + b)?, (a — b)?, ...

7. Su chia hét ctia da thiic

8. Diéu kién c6 nghiém nguyén ctia tam thiic bac hai

9. Su chia hét cta tich cac s6 nguyen lién tiép

I1. Cac bai toan vé su chia hét va chia cé du
A. Cac bai toan ve su chia hét
B. Cac bai toan ve su chia c6 du

Chuyén dé 2. Mot sb bai toan vé sd chinh phuong va sb lity thira

[.Tinh chat ctia s6 chinh phuong

II. Mot s6 dang toan vé so chinh phuong va so liy thita

A. Bai toan chting minh mot s6 khong 13 s6 chinh phuong

B. Bai toan chitng minh mot s6 1a s6 chinh phuong

C. Bai toan xac dinh gia tri clia bién dé mot biéu thitc s6 1a s6 chinh phuong

Chuyén dé 3. Mot sb bai toan vé day sb

A. Tinh chat ctia phép chia va clia cac s6 nguyén to ciing nhau

B. Phuong phap phan ching

C. Nguyen tac Dirichlet trong S6 hoc

D. Phuong phap cuc han

E.Bai toan chon sb trong day s6

Bai toan 3.7. a) Chiing minh ring trong 100 s6 nguyén duong cé thé chon duge mot hay nhicu
s6 ma tong clia ching chia hét cho 100.

b) Chitng minh ring trong 100 sé nguyén duong c6 thé chon duge mot hay nhidu s6 ma tong
céc binh phuong ctia chiing chia hét cho 100.

Bai toan 3.8. a) Trong 2n s6 nguyén tit 1 dén 2n chon n + 1 s6 nao d6. Chiing minh ring trong
cac s6 duge chon c6 it nhat mot s6 bang tong hai s6 ciing duge chon ( hai s6 nay c6 thé bang nhau
hodc khéac nhau).
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b) C6 thé lay nhiéu nhat bao nhieu s6 trong 2n s6 nguyen duong dau tien dé mot s6 bat ki
dugc chon khong bang tong clia clia hai s6 cling duge chon ( hai s6 nay c6 thé biang nhau hoac
khac nhau ).

C.Bai toan tim cuc tri clia mot biéu thic chita cac s6 thuoc mot day sb
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MOT SO BAI TOAN DUCC XAY DUNG TU CONG THUC TAYLOR
Dao Xuan Luyén, THPT Chuyén Lé Quy Don, Binh Dinh

Trong qua trinh giang day, ta thuong gip mot sd bai toan vé phuong trinh, vé bat ding thic
ma mot vé 1a ham siéu viet nhu ham luong gidc, ham mii, hay ham logarit va vé con lai 14 mot
da thiic. Cau héi dit ra tai sao lai c6 dude cac modi quan he d6 va “d dau” nguoi ta lai c6 cac bat
déng thitc dep dén vay.

Trong bai viét “ Mot s6 bai toan xay dung tit cong thiic Taylor” tac gid sé lam 16 duge phan
nao cau hoi do .
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MOT SO PHUGNG PHAP GIAI PHUONG TRINH HAM BAc THCS
Lé Thi Thanh Binh, THCS Binh Minh, TP Hai Duong

Ham s6 14 mot trong nhitng khai niem méi va khé do6i véi hoc sinh THCS nhung thoi luong
danh cho noi dung nay § trong chuong trinh rat han ché (28 tiét hoc chia ra ¢ 16p 7 va 16p 9). Vi
vay, day cho hoc tro nam chic cac khai niem va khéo sat dudge mot s6 tinh chat ciia cdc ham don
gian 1a cong viec khong dé. Cang kho hon mdi khi phai giai bai toan nguge: xac dinh ham s6 ti
mot vai tinh chat cho trude ctia né. Chuyén deé sau day cung cap mot s6 phuong phap don gian
dé tim ham s6 trong khuon kho clia chuong trinh Toan bac trung hoc co s6.

Tim mot ham s6 thod man mot s6 dieu kién nao d6 goi 1a gidi phuong trinh ham. Trong bai
nay trinh bay chi tiét cic phuong phap co ban gidi phuong trinh ham bac THCS:

. Phuong phap dat an phu

. Phuong phap dua vé giai hé phuong trinh

. Phuong phap stt dung tinh chat ctia da thiic

. Phuong phap dong nhat hé s6

. Phuong phap xét céac gia tri diic biét clia bién s6

. Gidi mot s6 dang bai tap khac thong qua gidi phuong trinh ham
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[1] Nguyén Van Mau. Da thic va ap dung, NXBGDVN 2008.
[2] Tap chi Toan hoc va tudi tré - NXBGDVN.

[3] Tuyén chon cac dé thi tuyén sinh.

DT W N =

60



www.VNMATH.com

CHUYEN DE CHO DAI sO 9: PHAN NGUYEN VA UNG DUNG
Pham Thi Bach Ngoc, Tap chi TH va TT
Trong bai nay xét cac tinh chat clia phan nguyén va cic bai toan lien quan. Tiép theo xét mot

sO ting dung vé chiing minh mot s6 bai toan s6 hoc, gidi phuong trinh c¢6 chita dau phan nguyén
va khdo sat bat phuong trinh chita phan nguyeén.
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