Bai giang Seminar
1 Nhan dién bai toan

Khi gidi todn bit dang thifc, mot trong nhiing yéu td gitp ta giai quyét bai toan thanh cong 1a & ky
ning phan tich nhin xét dé bai. Néu phan tich tdt, ta c6 thé chon dugc nhitng phuong phap thich
hop d€ giai quyét bai todn nhanh, gon va hiéu qua. Muc dich ctia phan nay, ching t6i mubn dugc
chia sé cting cac ban mot s6 kinh nghiém phan tich dé bai ctia minh.

Chiing ta bat dau véi vi du sau

Example 1 Cho cdc s6 thuc x,y,z # 1 théa xyz = 1. Chitng minh rdng
© \2 y 2 N
—_ >1.
(1) <) () 2

Loi giai 1. Dita = *, b:yy],c—z T
abc = (a—1)(b—1)(c—1), suy raa+b+c—ab — bc — ca = 1. Bét ding thiic cin chiing minh
duge dua vé a®> +bh*+c* > 1.Tac6 1 =2—1=2(a+b-+c—ab—bc—ca) — 1 nén ta c6 thé viét
lai bt déng thiic trén dudi dang a® + b*> +c> > 2(a+ b+ ¢ — ab — bc — ca) — 1. Khong miy khé
khin, ta c6 thé phan tich bit dang thic cubi thanh (@ +b+c —1)? > 0 1a mot bt dang thic hién
nhién diing. Vi thé, phép ching minh ctia ta dudc hoan tit. ]
Loi giai 2. Do x,y,z# 1 va xyz =1 nén tdn tai cdc sb thuc a,b,c¢ sao cho x = % y = b2 z=1%

(chéng han, ta c6 thé chon a = -\ = b= \[ c= \[) Khi d6, bit dang thic da cho dudc viét lai dudi

(IMO 2008)

khi d6 tacox = “l,y:b%],z:c_%.DoxyZ:lnén

dang thuan nhét 14
at b* c*

(@ — bc)? + (b% — ca)? * (c2 —ab)?

> 1.

Ap dung bét déng thic Cauchy Schwarz, ta c6

(a2 +b*+c?)?

VT > .
~ (@®> = bc)? + (b? — ca)? + (¢* — ab)?

Lai c6 (a® + b> +¢?)? — (a® — bc)? — (b* — ca)? — (¢* — ab)? = (ab + bc + ca)? > 0, nén két hop
véi trén, ta dé dang suy ra du’dc diéu phai ching minh. ]
Loi gii 3. Piatx= ¢,y =2 z= < (?7), bt dang thic trd thanh

a? b? Ve
(@—b2 " (b—c ' (c—ap




Ap dung bét déng thic Cauchy Schwarz, ta c6
VT -[(a—b)*(a—c)*+(b—c)*(b—a)*+ (c—a)*(c—b)?*] > [a(a—c) +b(b—a)+c(c—b)]*.

Dén day, véi chii y & dang thiic xy 4 yz+zx = 0 trong d6 x = (a —b)(a—c),y = (b—c)(b—a),z =
(c—a)(c—b), ta thay

(a—b)(a—c)?+(b—cP(b—a)’+(c—a)i(c—b)? = xX*4)*+7
= ¥4y 422 -2y +yz+2x)
= (x+y+2)%

max+y+z=(a—b)la—c)+(b—c)(b—a)+(c—a)(c—b)=ala—c)+b(b—a)+c(c—b),nén
tif trén ta c¢6 ngay diéu phai chiing minh. ]
Nhan xét. 1) Bt dang thifc da cho c6 dang phan thifc nén khé danh gia hon dang da thiic rat nhiéu.
Nhu vay, y tudng ctia ta 1a 1am mét phan thiic. C6 rat nhiéu cach d€ thuc hién viéc nay, nhung c6
18, tu tudng "can gi ¢ ndy" la tu nhién nhit & day, ta chi viéc dat 4n mdi bang mdi phéan thifc roi
bién d6i theo gia thiét ciia dé bai 1a dugc. Ngoai ra, bat dang thiic da cho yéu ciu ching minh cho
cac sé thire nén viée tim nhiing danh gia thich hop 1a khong dé chiit nao. Vi nhiing bét dang thiic
v6i s6 thuc thi phan tich binh phuong 1a mdt trong nhiing phuong phap hiéu qua nhit d€ gidi. D6
chinh la y tudng cuia 16i giai 1.

2) Véi nhitng bit dang thiic chita didu kién thi mot trong nhitng diéu ma ta thudng nghi ti nhat dé
1a thuan nhét héa ching roi danh gid. Tai sao ta khong thit ding phép thuin nhit héa véi bai nay?
Gia thiét bai toan cho ta xyz = 1, ¢6 hai phép thuan nhét héa thong dung lién quan dén gia thiét nay
la dit x = “y= g,z; < hofic x = #.v =",z = ¢ (15i gidi 2 va 3). Ngoai ra, sau khi thuin nhét
hoa, ta thay rang bat dang thic cé dang tong binh phuong, mét dang quen thudc ctia bat dang thic
Cauchy Schwarz, va tu do6, ta cé céac 16i giai 2 va 3.

3) Mot diéu dé thiy 1a bai toan da cho ¢ vo s6 diém ma tai d6 xay ra dang thitc, do d6 cac phuong
phép don bién va SOS 1a khong thé 4p dung cho bai nay.

Bai tap tuong tu. Chitng minh rdng véi moi sé thic a,b, c théa man abc = 1, ta luén c6

at3 | bt3  c43 47
@102 (b-12  (c-1)2-16

(Nguyén Dinh Thi)
Example 2 Cho cdc sé khéng dm a,b,c théa mdn ab + be + ca = 1. Chitng minh rang

Vad+a+Vb+b+vV+c>2Va+b+e.

(Iran 2008)



Loi gidi 1. Tacé @® +a = a® +a(ab+ be+ca) = a*(a+ b+ c) +abe nén 4p dung bit déng thic
Minkowski, ta dudc

SVata = 3 (varhre) + (vabe)

cyc cyc
2 2
> (Za\/a+b+c> +(Vabc+Vabc+\/abc>
cyc
= \/(a—l-b—f—c)3 + 9abc,

do do, ta chi can chiing minh dugc (a+ b+ c)® +9abc > 4(a+ b+ c)(ab+ bc + ca). Khai trién ra,
ta thu dugc bat dang thiic Schur bac 3, vi thé bit dang thiic cudi hién nhién ding. Bai toan dugc

gidi quyét xong. |
Lui giai 2. Ap dung bét déing thitc Holder, ta c6
a’ b? c?
VT?. > (a+b+c)?
<a2+1 T +c2+1> z (atb+c),

tl d6 suy ra ta chi can chiing minh dugc

5 a b c?
b >4 .
(atb+e) = <a2+1+b2+1+02—|—1>
Ta co
a? B a? - 2abc
cyzca2+1 _Cyzc (a+b)(atc) (a+b)(b+c)(ct+a)’

nén bit dang thic trén tuong duong véi

(a+b+c)? > 4_ 8abc

ab+bc+ca~  (a+b)(b+c)(c+a)
tuong duong

@ +b* 8abc

abtbetca (atb)biocta)

Pay 1a mot bt dang thifc quen thudc véi nhidu cich giai. n
Nhan xét. Bit dang thic da cho c6 dang cin thiic, vi thé cac phuong phap don bién va SOS rit kho
danh gid nén ta loai trit chiing di. Nhu vay, muc dich clia ta sé 1a khi cin di. D& khit cin thic thi
don gian nhét 1a ding cac bét dang thifc kinh dién. Ta sé dung nhiing bt ding thiic nao day? Bay
gi0, dé y rang bat dang thifc néu & dé bai c6 dang tdng cin thiic, mot dang dp dung quen thudc ciia
cic bt dang thiic nhu Minkowski va Holder. Vi viy, ta sé thit dung hai bit dang thic nay dé danh



gid. Nhung mot diéu chi y 1a khi 4p dung phai dam bao déu déng thiic cia dé bai (a =b=c = %
vaa=b=1,c=0 cung cic hoan vi).
1) Diing Minkowski. O day, ¢6 18 sé c6 nhidu ban nghi dén ap dung bit dang thiic Minkowski kiéu

Va+a+Vb+b+vVA+c> \/(@+@+@>2+(ﬁ+ﬁ+ﬁ)2

nhung ban nén nhé ring, muc dich cia ta la khit cin, néu dp dung nhu thé nay c6 1 van di dén két
qua nhung chic chin sé kha dai va phiic tap. Vi vdy, ta loai cach dp dung nay. Néu ban nao tinh y,
d€ y ring a® +a = a*(a + b + c) + abc thi c6 thé ap dung Minkowski kiéu nhu trong 15i giai 1 d&
mét ciin rdi thuc hién nhiing danh gia nhu binh thuong.

2) Dung Holder. Thi nhit, ta cdn x4c dinh rd muc tiéu cia minh khi 4p dung bit ding thiic nay, d6
12 mét cin va bit dang thic thu dudc sau ap dung phai cé bac thap (d€ c¢6 16i giai don gian). Vi vay,
y tudng clia ta 12 4p dung 1am sao dé€ cho ra mot biéu thiic gibng véi vé phéi, tic 1a a + b+ c. D&

lam nhu vay, ta chi can d€ y ring a = /(a3 +a) - az"il va nhu thé, 15i gidi chinh 13 xult phat tir y
tudng nay.
Bai tap tuong tu. Cho a, b, c la cdc s6 khong dm, théa man khéong c6 hai sé nao dong thoi bang 0.

Chitng minh rang

a)
a2 b2 c? a+b+c
+ + > ;
b? + bc+c? 2 +ca+a? a’?+ab+b*> ~ \Jab+bc+ca
(Vasile Cirtoaje)
b)

a? b? c?
2 ;T 2 7T 2 > =1
4b% + bc+4c dc* +ca+4a 4a? +ab +4b

(Pham Kim Hung, V6 Qudc B4 Cén)

Example 3 Cho cdc s6 thic khong dm a,b,c, khéng cé hai s6 nao déng thoi bang 0. Chiing minh
rang

1 1 1 9
> .
(a+b)? + (b+c)? + (c+a)? ~ 4(ab+bc+ca)
(Iran 1996)

Loi giai 1. DPay 1a mot bai kho va cach giai bang phuong phap bién ddi tuong duong cé 1é 1a tu
nhién nhit cho né. Nhung bién d6i nhu thé ndo d€ cic tinh todn ciia ta don gidn va nhe nhang 1a
mot diéu ma khong phai ai ciing 1am dudc. Kha nhiéu ngudi dung nhiing con tinh khing khiép dé
giai bai nay. Chiing ta sé khong 1am nhu vy ma chon c4ch khéo 1éo hon. Nguyén nhan khién nhiéu
ngudi dua dén nhiing 10i gidi khong dep 1a ho da dung phép quy ddng cho tit ca cdc phan thic rdi
thu gon, vi thé ma bit dang thifc thu dudc sé c¢é bac cao va cac hé sb rit 16n. Dé tranh diéu nay, ta
c6 thé dung mot phép bién ddi don gian hon 12 quy dong tliing phan, cu thé ta sé 1am nhu sau

4



Nhan c4 hai vé ctia bit dang thic v6i (a+ b)(b+c)(c+a), ta c6 thé viét lai bat dang thic can
chiing minh nhu sau

(a+b)(a+c) N (b+c)(b+a) N (c+a)(c+b) S 9(a+b)(b+c)(c+a)
b+c c+a a+b ~  4(ab+bc+ca)

Bay gid, dé y ring (ﬁ%?“) = “ch’c +ava(a+b)(b+c)(c+a) = (a+b+c)(ab+bc+ca) —abe,

ta c6 thé thu gon bat dang thiic trén thanh

a+bc b +ca *+ab 9abc
- - -
b+c c+a a+b  4(ab+bc+ca)

ap dung bat déng thiic AM — GM, ta ¢6 ab+ bc + ca < (@bl pan ta chi cAn chiing minh dugc
g 3

a*+bc b*+ca c*+ab n 27abc
b+c c+a a+b  4(a+b+c)?

> %(a%—b—l—c),

tuong duong

a?+bc b +ca c*+ab 27abc 5
b > (a+b+c)
(a+ +C)< b+c + c+a + a+b >+4(a—i—b—|—c) _4(a—|— +e)
Ta co ) s
(a+b+c)(a”+bc) :a2+bc+a(a +bc) :2612_~_[)C,_i_a(a—b)(a—c)7
b+c b+c b+c
nén bét déng thiic trén tuong duong véi
ala—b)(a—c) ) 27abc 5 )
——2 472 bc+—-—->= b
C;, b+c + gca +§C c+4(a+b+c) - 4(a+ +e),
hay la
—b)(a— 3 b
XW—F( 2+b2+c2+%c—2ab—2bc—20a> > 0.
& b+c 4 a+b+c

Mit khac, dé thdy 3 ., m;”iw >0vaal+b2+cA2+ ai‘zbic —2ab —2bc —2ca > 0 (theo Schur)
nén bét ding thic dugc chiing minh xong. n
Lui gidi 2. DE y ring bt ding thifc da cho c6 déng thifc xay ratai a = b = ¢ vaa = b,c = 0 (cling
cc hodn vi), diéu nay goi cho ta nghi dén viéc st dung phuong phap don bién d€ gidi quyét bai
toan. Va hién nhién, véi dang thiic xay ra nhu trén thi ta phai don vé& a = b (vi viéc don vé ¢ = 0 sé
4nh hudng dén dang thic thi nhit laa = b = ¢).

a+

Khong mét tinh téng quat, gid st a > b > c. Pitt = Tb, ta sé chiing minh

1 1 9 2 9

_ > _
(b+c)? * (a+c)* 4(ab+bc+ca) — (t+c)? 42 +2tc)’
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hay la
1 1 2 9 9

_ > _ ]
(b+c)? + (a+c)? (t+c)* ~ 4(ab+bc+ca) 4(2+2tc)

RO rang viéc tach binh phu?dng tlI 2+ 2tc — (ab + bc + ca) 1a kha dé (va n6 bang ) nhung
viéc tach truc tiép tir o + i 12 khong don gian chiit ndo. Vi thé, ta can co mot budc

b+c)
tach trung gian nhu sau

a+c) (t+c)

1 1 2 1 1 2 2

b+c? latol (itop b+l Tlator (b+c) at0) atobre (tep

B 1 12 2(12 — ab)
B (b—i—ca—l—c) Jr(a+ c)(b+c)(t+c)?
@ bP . fabp
(a+c)2(b+c)?  2(a+c)(b+c)(t+c)?

nhu viy, ta phai chiing minh

1 1 9
(a+c)?(b+c)? +2(a+c)(b+c)(t+c)2 = 16(¢2 +2tc)(ab+bc+ca)

Viéc chitng minh khé dé dang, ta chi can dé y ring

9 N
= 16(ab+bc+ca)? va

9
16(12+2tc)(ab+bc+-ca)
4(ab+bc+ca) —3(a+c)(b+c) = ab+bc+ca—3c* > 0.

Budc don bién dugc hoan tt. Va cubi ciing ta chi con phai chiing minh

1, 2 ’ >0, tiong duon et —c)’
42 (t+c)? 42 +2tc) — 7 & & 2 (t+2c)(t+c)?
1a mot bit dang thiic diing. n

Bai tap tuwong tw. Chiing minh rang véi moi a,b,c khong dm théa mdan khong co hai s6 nao dong
thoi bang 0, ta déu co

a)
< a >2 < b >2 < c )2 10abc 5.
b+c * c+a * a+b +(a+b)(b+c)(c+a) -

(Duong bic Lam)

3 3 3
a N b L(c n 9abc S5 _4 b G
b+c cta a+b (a+b)(b+c)(c+a) ~ b+c c+a a+b

(Vo Quéc Ba Can, Tran Qudc Anh)

b)




Example 4 Cho cdc sé thuc duong a,b,c théa mdn a+b+c = 1. Chiing minh rdng
a b c l4+a 14b 1+c

2044248 > .

<b+c+a>_1—a 1-b6 1-c

(Germany 2006)

Loi giai 1. D@ thiy bat dang thiic cAn ching minh tuong duong véi

g+é+£> ¢ + b + ¢ +§

b ¢ a b+c c+a a+b 2

Ma § — 54 = 55 néntacé thé viét lai bat dang thifc nay nhu sau
ca n ab n bc >3

b(b+c) c(c+a) ala+b) 2

Pén day, ap dung bét dang thic Cauchy Schwarz, ta dude

VTS (ca+ab+ bc)? _ (ab+bc+ca)?
= cab(b+c)+abc(c+a)+beala+b)  2abc(a+b+c)

Mit khdc, theo bét dang thiic AM — GM thi (ab + bc +ca)? > 3abc(a+ b+ c) nén két hop véi trén,
ta d& dang suy ra dudc bat ding thiic cin phai chiing minh. D& thiy déng thiic x4y ra khi va chi khi
a=b=c= % ™
Lai giai 2. Tuong tu nhu 16i giai 1, ta cling phai chiing minh

§+é+f> e + b + < +§
b ¢ a b+c c+a a+b 2

Pay 1a mot bt dang thiic hodn vi theo a,b,c nén mét trong nhiing y tudng tu nhién nhit khi gip

dang nay sé 12 dung nhiing danh gia thich hop dé dua vé dang d6i xiing. Diéu niy c6 nghia Ia ta sé

tim nhitng ddnh gid lién quan dén % + 2 + ¢ d€ dua bai toan vé dang ddi xing. C6 rat nhiéu danh

gid lién quan dén dai lugng nay, chang han nhu
b ¢ _ (a+b+c)?

Tyl dmore B d
b ¢ a  ab+bc+ca’ b

a ~ abcla+b+c)

b ¢ _ (ab+bc+ca)?
— > ,
c

Vay ta phdi chon d4nh gia nao mdi thich hgp? D€ lam dugc diéu nay, ban chi cAn mot chiit dé y
tinh t& sau: Hiy d€ y ring bac cao nhét clia biéu thifc e T ﬁ + 255+ 2 theo a la bac 1, vi vay
nén ddnh gid cua ta cho 7 + % + ¢ clng phai c6 bac toi thi€u theo a 1a bac 1, néu khong thi khong
thé giai quyét dugc bai todn (ban hiy giai thich vi sao?). Pay 1a mot phan tich nhé va thudng dat
dugc hiéu qua cao trong gidi toan (tit nhién 1 cling c6 nhiing trudng hop ngoai 1), va v6i nhiing
phan tich ny thi, ta thiy chi c6 ddnh gia

a b c_ (a+b+c)?
R S S L
b+c+a ~ ab+bc+ca
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1a thich hgp. Nhu vay, ta sé thi st dung n6 d€ chiing minh bai toan da cho, tiic 1a chiing minh

(a+b+c)2> a_ b 4 € +3
ab+bc+ca ~ b+c c+a a+b 2

Viéc chitng minh khé don gian, cac ban chi can nhéan ca hai vé cho ab + bc + ca > 0 va chi ¥ ring

a(ab+ bc+ ca) a4 abc <& a(b+c)
b+c b+c 4

12 ¢6 thé chitng minh ngay dudc bai todn. ]

2 Mot so kinh nghiém trong viéc xu ly cac bat dang thitc khong thuan
nhat, cac bat dang thirc véi diéu kién la
Déi v6i nhitng bat dang thiic nam mot trong hai dang nay thi viéc gidi ching bang todn so cap, ¢é

1& ba phuong phép sau dy 1 hiéu qua nhat: don bién, thuan nhit héa va phan chiing (v6i mot sb
bét déng thiic diéu kién la). Chiing ta hiy ciing xét mot sb vi du sau

Example 5 Chiing minh rang vdi moi a,b,c duong, ta déu cé
abe+2(a* + > +c*)+8>5(a+b+c).
(Tran Nam Diing, Hello IMO 2007)
Loi giai 1. Pay 1a mot bat dang thic khong dong bac va d6 ciing chinh 1a nguyén nhan khién né
trd nén khé danh gia. Vi vay, ta hiy thit dua n6 vé dang thuan nhit xem sao. Mubn thuc hién diéu
nay, ta hiy dé y ring dang thiic xay ra khi a = b = ¢ = 1 va bét ding thiic da cho c6 chifa céc biéu
thic bac 1,2,3 nén t6t nhit 12 ta sé dua vé dang thuan nhit véi bac la trung binh cong ctia 3 bac

trén, tic 1a bac 2. Ta lam nhu sau
Ap dung bt déng thic AM — GM, ta c6 abc + § = 90etabetl > 3/g2p2c2 vy

5 5 15 5
S(atbte)=2-2-3-(a+btc) < 6[32+(ar+b+c)2] = 7Jrg(aerJrc)z.

Vi vay, ta chi cin chiing minh dugc

3 1 15 5
5\/“ @222 — 5+2(az+bz+c2) +8> 7+6(a+b+c)2,
hay la
3 5
2(a® + b+ ) +§\/3 a?b2c? > 5(a+b+c)2,

tuong duong .
OVa2b2c? > 10(ab + be + ca) — 7(a* + b* +¢*).



Lai 4p dung bit ding thic AM — GM, ta dudc 9V a?b2c? = ?/aich > azzzlfw nén ta chi can chiing
abc

minh dugc
27ab
2 > 10(ab + be+ca) — T(a? + B2+ ).
a+b+c
Theo bit dang thiic Schur bac 3, bat dang thic nay hién nhién ding. Phép ching minh dugc hoan
tht. n

Loi gidi 2. Mic du 1a mot bat dang thiic khong thuin nhét, nhung do bac thip nén ta nghi ring
phép don bién c6 thé dudc 4p dung trong bai toan nay. Tuy nhién, do khong c6 diéu kién rang budc
va & dang "khong gidng ai" nén ta khong thé don bién truc tiép ma dung phép don hai 1an nhu sau
Dit 2t = a + b, ta c6 thé viét lai bat ding thic can ching minh dudi dang

abc + 8> — 4ab +2¢* +8 > 10t + 5¢,

hay la
ab(c—4) 482 +2¢* — 10t — 5¢+ 8 > 0.

Néu ¢ —4 > 0 thi ab(c —4) > 0 nén ta chi can ching minh dudc 8¢ +2¢? — 10t —5¢+8 > 0. Ta
c6 812 — 10 + 2—85 > 0 va2c? —5c¢ > 0 (do ¢ > 4) nén bét dang thifc nay hién nhién diing.

Néu ¢ — 4 < 0, 4p dung bét ding thic AM — GM, ta chi cin ching minh dugc #>(c —4) + 8> +
2¢2 — 10t — 5¢+ 8 > 0, tuong duong (c +4)t> — 10t 4+ 2¢* — 5¢ +8 > 0. Xem day 1a mot tam thiic
bic 2 ctia ¢, ta thiy biét thuc ciia n6 1a & =25 — (¢ +4)(2c2 —5¢+8) = — (2¢+7) (¢ —1)* <0,

ma hé sb cao nhét clia né duong nén hién nhién né khong Am. Bai toan dudgc ching minh. ]
Bai tap tuong tu. Gid sit a, b, c la cdc s6 thic khéng dm bt ki. Ching minh cdc bdt ddng thiic sau
a)

@+ b+ 2abe+3> (a+1)(b+1)(c+1);

(Gabriel Dospinescu, Marian Tetive, Mircea Lascu)
b)
@+ b+ +9abc+4(a+b+c) > 8(ab+be+ca).

(Lé Trung Kién)
Example 6 Cho cdc sé khong dm a,b,c théa man 2(a* + b* +c*) +3abc = 9. Chiing minh rdng
a+b+c<3.
(Vo Qudc Ba Cén)
Loi giai 1. Day 1a mot bt dang thiic v6i diéu kién kha la lung, va dang thiic xay ra tai hai diém la
a=b=c=1vaa=b= %,c = 0 (cung céc hodn vi). Piéu d6 giy trd ngai cho cic danh gid ctia

ta, va c6 vé nhu moi danh gia véi gia thiét nay déu vo hiéu, vi vy, mot cach tu nhién, ta nghi ngay
dén phuong phdp don bién d€ gidi bai toan nay.



Gia stt @ > b > c. D& thiy ton tai ¢t > 1 sao cho 2(2¢% + ¢?) + 3t>c = 9. Khi d6, d& thuc hién don
bién, ta sé chiing minh a + b < 2¢. Tuy nhién, viéc tach binh phuong tit @ 4 b — 2¢ 1a rit kho, nén ta
can mot ti tinh té nhu sau

D€ y ring 41> +3t2c = 2(a® + b*) + 3abc, suy ra 2(2t> — a* — b*) = 3c(ab —t?). Néu ab > ¢* thita
c6 a® +b? > 2ab > 2%, suy ra 2(2t> —a® — b?) < 0 < 3c(ab —t*), vo Ii. Vi vay, ta phai c6 ab < £2,
suy ra a® + b*> < 2¢%. Dén day, ta tinh dugc

(a+b)? -4  a®+b*—212+2(ab—1?)

b—2t =
“t a+b+2u a+b+2
B —3c(ab—1%)+2(ab—1?) _ (4=3c)(ab—1?)
N a+b+2t - 2a+b+2t) T

vie<1vaab <t

Budc don bién dudc hoan tit, va ta chi con phai chiing minh 27 + ¢ < 3 v6i 462 +2¢% 4 3t2¢ = 9.
C6 rét nhiéu cach chiing minh bt dang thiic nay, xin dudc mot cach thi vi sau (du tinh toan hoi
nhiéu) ma li do vi sao tim dudc né, xin dudgc danh cho ban doc

Viét lai bat dang thifc can chiing minh dudi dang

(c—=7)(9—4r —3t2c—2¢%) +42(3 -2t —¢) > 0.
Bing phép nhém cip theo ¢, ta dé dang viét dugc né dudi dang sau
(284 17¢ —3¢*)t* — 84t + 63 — 33¢+ 14c* —2¢° > 0.

RO rang diy 12 mot tam thiic bac hai ctia ¢ v6i hé sb cao nhit duong (do ¢ < 1), va biét thiic ctia n6
la
N = 422 —(28+17¢—3c%)(63 —33c+ 14c* —20°)
= —c(e—1)%(6c* —64c+147) <0,

nén bat dang thic trén hién nhién diing. Phép ching minh cia ta dudc hoan tit. ]
Loi giai 2. Gia st a+b+ ¢ > 3. Khi d6, ta c6

18(a® +b*+¢2) n 8labc  18(a* +b> 4 c?) 8labc

9=2(a’+b>+c*) +3abc =
(@"+b"+¢%) + 3abe 9 27 (a+b+c)? +(a—f—b+c)3’

tu do suy ra
2(a* +b*+c*)(a+b+c)+9abe < (a+b+c),
tuong duong
@ +b 4+ +3abe < ab(a+b) +be(b+c) +ca(c+a).
Pay 1a mot didu vo i, bdi vi theo bt dang thic Schur, ta thiy bt dang thic cé chiéu ngudc lai
ding. Do vdy, khong thé xay ra kha ning @ + b + ¢ > 3. Diéu nay ndi 1én ring, véi moi a, b, ¢ thoa
min gi4 thiét cia dé baithia+b+c < 3. |

10



Bai tip tuwong tu. Cho cdc sé khong dm a, b, c théa mdn a* + b*> + c* +2abc = 1. Chiing minh rdng

a)

b)

1
ab+ bc+ca §2abc+§;

(Marian Tetiva)

2
a+b+c§4(\f2— 1) abe+/2.
(Vo Qudc Ba Cén)

3 Bai tap dé nghi

1.

Cho cic s6 khong 4m a, b, ¢ théa man khong c6 hai s6 nao dong thdi bang 0 va a® +b*> +c* =
1. Ching minh ring

@ b3 A V2
> V2.
b?2 —bc+c? + ¢z —ca+a? +a2—ab+b2 =

(Vo Quéc Ba Cén)

Cho céc sb duong a, b, c théa man a+ b+ c = a® + b3 +¢>. Chiing minh bét dang thiic sau

a h\? b c\2 c a2 _ a+b+c
N R - Iy >
a*+1 (c) +b2+1 (a) +cz+1 (b) -2

(Gabriel Dospinescu)

Gia st a, b, c 1a cic sb duong c6 tdng bang 3. Chiing minh ring

1 1 1
a2+b2+2+b2+02+2+02—|—a2+2

3
< -.
4

(Iran 2009)

Tim tit ca cdc sb thuc & d€ bat dang thifc sau diing véi moi a, b, ¢ duong

a b c 1\°
k k k > k+=] .
< +b+c)( +c+a>( Jra—l—b) _< +2>

(Chon ddi tuyén Viét Nam 2009)

Cho cic s6 khong am a, b, c thda man ab + bc + ca = 1. Chiing minh bét dang thic sau
1 n 1 n 1 ~o. 1
Val+ab+b2 Vb2 +be+2 VA +ca+a® T V3

(Vo Qudc Ba Cén)
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6. Cho céc s6 khong am a, b, ¢ théa man a + b+ ¢ = 1. Ching minh bét dang thic sau

1 1 1 2
+ + > 44
Va2 +ab+b* Vb2 +bc+cr  \cE+ca+a? V3
(Xtar)
Vo Quéc Ba Cin
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