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GIOI THIEU VE DONG DU VA HE DPONG DU

Dong du va phwong trinh dong dw dwoc s dung khd nhiéu trong chwong trinh phé théng, dac biét la cdc cude thi
HSG cdc cdp. Nhung khong it hoc sinh con mo hé vé khdi niém nay. Sau day, téi xin ¢é vai loi gici thiéu ve dong
die thirc va phwong trinh dong dw dé moi cdc ban ciing tham khdo.

I-Gi6i thiéu vé dong du.

Déng du la khdi niem cuc ki co ban va d‘cfy suc manh trong Iy thuyét $6. Khai niém nay do nha toan hoc

Duc Gauss (1777-1855), dwoc manh danh la ong vua toan hoc, mot t rong nhitng nha toan hoc 16 lac cua nhén
logi dwa ra. N6 dugc trinh bay trong tdc pham "Disquistiones Arthmeticcate” ciia 6ng xudt ban nam 1801 khi éng
méi 24 tuoi.

1/ Pinh nghia: Cho sb nguyén dwong n. Hai s6 nguyén a,b el dugc goi la dong du theo mol n va khi do ta ki

hiéu a =b(modn) néu khi chia cho n ching cho ciing mot s6 du. Tir d6 ta c6: a—bin hay a=b+kn (kell).
2/ Tinh chét: Ky hiéu = nhdm nhin manh ring dong du c6 nhiéu tinh chét gidng v6i ding thirc.

a) Néu a=b (modn), c=d(modn)thi a+c=b+d (modn), ac=hd (modn).

b) Véi vkell",a=b (modn) = a“ =b* (modn)

¢) Néu ac=bc (modn), (c,n)=1thi a=b.

3/ Hé thing du.

a) He thing dw diy di. Cho tip hop A={a,.a,...a,}. Gidsir r, v6i 0<r <n-1la s6dukhi chia a cho .
Néu tap céc s6 du tring véi tap {0,1,2,...,n—1} thi ta A 1a h¢ thing du day du (goi tit 1a HDD) theo mod n.
D@ thay: Tap A 1ap thanh mot HDD (mod n) néu va chi néu i = j thi a, = a; (mod n). Ttr dinh nghia ta suy
ra mot sb tinh chét sau:
& Voi Vmell, 3'a, € A sao cho a, =m (modn)
& Voéi Vaell thitdp A+ta={a +a,a,+a,...,a, +a} cling 1ap thanh mot HDD theo mod n.
@ Néu cell,(c,n) =1 thi tap cA = {ca,,ca,,.....,ca,} cling lap thanh HDD.

b) H¢ thing dw thu gon. Cho B={b,b,,..,,} 12 mot tap gdbm k s6 nguyén va (b,n)=1 véi i =1k . Gid sir
b =gn+r ,1<r <n.Khidé déthiy (r,n)=1.Néutap {r,r,,....,r,} bang tdp K gom tit ca céc sd nguyén
duong bé hon n va nguyén t6 véi n thi B goi 13 hé thing du thu gon mod n, goi tét 13 hét thu mod n. D&
théy moét tap hop B={b,b,,...,b,} gém m s nguyén 1ap thanh mot hé thu gon khi va chi khi:
« (b,n)=1
“ b =b; (modn)
@ S6 phan tir cia B 1a ¢(n) trong d6 ¢(n) Ia ham Euler.

¢) Ham Euler. Pay 1a ham dém sé cac s6 nguyén té ciing nhau v6i sé n cho trude, ki hiéu 1a ¢(n). Dé dang

chting minh dugc ham Euler ¢6 tinh nhén tinh, tirc 13 ¢(mn) = ¢(m).¢(n).
Ta s€ di tim cong thtrc tinh cua ham Euler nhu sau:
Kk
Gia st ta phan tich n ra thira s6 nguyén to 1a n=] [ p? = p?.py....p¢" .
i=1
Ta cha y ring néu p 1a mot s6 nguyén té va mot sb i bat sao cho (p,i)=1 thi i khong chia hét cho p. S cac

s6 chia hét cho p ma khong vuot qua p* la p**. Khi do taco ¢(p)=p°—p™* =p° (l—lj. Luc d6
p

p(n)= (P50 ) =405 ) (5 ). ¢(pik)=pfl[l—%j-p§2(l—piJ ------- pik(l—pi}n-ﬁ(l—ij-

1 2 k i=1 pi

4/ Mt s6 dinh ly vé dong du.
© Dinh ly Euler. Cho n 14 s6 nguyén va ael) sao cho (a,n)=1. Khi do, taco a” =1 (modn), tong quét vi

noi s6 nguyén aell ,taco a"=a"*"" (modn)

® Dinh 1y Fecma nho. Néu p 1a mot s6 nguyén té va a el sao cho (a,p)=1.Khi d6 a’* =1 (mod p). Thuc

chét day ciing 1 mot hé qua ctia dinh 1y Euler vi ¢(p)=p-1.

© Dinh Iy Wilson. Cho n>1 14 s6 nguyén dwong. Khi d6 n la sb nguyén t6 khi va chi khi (n-1)'=-1 (modn).

® Dinh Iy thing du Trung Hoa. Cho k s6 nguyén duong n,,n,,.....n, doi mot nguyén t6 cing nhau va k sd
nguyén bat ki a,,a,,.....,a, . Khi do ton tai nguyén a thoaman a=a (modn) Vi=12..k (1)
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S6 nguyén b thoa méan (1) khi va chi khi b=a (modn) & d6 n=n_n,..n, .
5/ S6 chinh phwong (mod n). Cho sé nguyén duong n. S6 nguyén a goi 1a s6 chinh phuong mod n néu ton tai
xel saocho x*=a (mod n).Rd rang mdt sd chinh phuong sé 1a s6 chinh phuwong mod n véi moi n vi luén ton
tai x =+/athoa dé. Vi dy : 2 1a mot s6 chinh phuong mod 7 vi 3 =2 (mod7).
4 Truong hop n =p la mgt s0 nguyén to.
Hién nhién néu p|a < a=0 (mod p) thi a 12 mot s6 chinh phwong mod p, ta chi xét (a, p)=1.

Mot s6 dinh ly: ‘ ,
+* Néu p=2 thi moi s0 a 1& déu 1a so6 chinh phuong (mod 2)
% Néu p > 2, khi d6 a 1a s6 chinh phuwong (mod p) khi va chi khi a®®’2 =1 (mod p), a khong chinh phuong
(mod p) khi va chi khi a®®?’2 =—1 (mod p) .
% Néu p 1a mot s('), nguyén t6 1é thi : )

- Tich cta hai s6 chinh phuong (mod p) la s6 chinh phuong (mod p)

- Tich cta hai s6 khong chinh phuong (mod p) 1a s6 chinh phuong (mod p) |

- Tich cua mot so khong chinh phuong (mod p) véi mot s6 chinh phuong (mod p) 1a mét so khong chinh phuong
(mod p).

- (~1) 1a mdt s6 chinh phuong (mod p) khi va chi khi p = 4k+1.

- Trong tp S ={1,2,..., p—1} ¢6 (p-1)/2 s6 chinh phuong (mod p) va (p—1)/2s6 khong chinh phuong
(mod p).

- Goi n 1a s6 cac s6 chin nam trong khoang (p/2;p), khi d@6 2*"? =(-1)" (mod p).
% Cho p=4k+11a mét s6 nguyén t6 1&. Khi d6 22 = (1) (mod p) , tir d6 suy ra 2 1a s6 chinh phuong mod p
khi va chi khi p=8k+1.
% Cho p 13 s6 nguyén t6 1 (p,3) =1. Goi n 13 s6 cac s6 12 boi cua 3 trong khoang (p/2;p). Khido
3’2 = ()" (mod p). Tir déy ta cling c6 hé qua: Néu p =6k +11a s6 nguyén t6. Khi d6 32 = (—1)* (mod p),
suy ra 3 14 s6 chinh phuong (mod p) khi va chi khi p=12t+1.
* (Lugt twong h,o: Gauss). Cho p, q 12 hai s6 nguyén té 1¢ phan biét. Khi do: )

© Néu co it nhat 1 trong 2 s0 ¢6 dang 4k+1 thi p 1a s6 chinh phuong (mod q) khi va chi khi q 1a s6 chinh phuong
mod p).
( (2] I\?e)u ca hai s6 c6 dang 4k+3 thi p 1a s6 chinh phuong (mod q) khi va chi khi q 1a s6 khong chinh phuong (mod
P)

Ki hiéu Legendre. Gia st p 1a mot sb nguyén t6 1¢, a 13 sb nguyén khong 4m. Ki hiéu Legendre (EJ duoc dinh
p

N a 1 neualasochinh phuong mod p
nghianhusau: | — |= ) .
p -1 neualasokhong chinh phuong mod p

Vi ki hiéu nay ta c6 thé viét cac dinh 1y trén mot cach ngén gon la:

. alPv2 E(%j (mod p)

@.Néu a=b (mod p) thi (%):[3]

QO
® %]1

®. Llj — (-pvr2
p

®. EJ v (_1)(p2—p)/8
p

@. (Luat twong hd). Néu a=q 1a s6 nguyén t6 1¢ thi (ﬂ)(gl = (=1)(p-Da-nie
p/\q

r r r k
4Truwong hop n la hgp so. Phén tich n ra thira s0 nguyén to0 ta dwoc n=]]p .

i=1
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Bo dé: S6 nguyén a véi (a, n) = 1 1a 6 chinh phuong (mod p) khi va chi khi véi méi p,, a 1 s chinh phuong
(mod p).
Chimg minh: Gia sir a 1a s6 chinh phuong (mod n). Khi d6 ton tai x e[ sa0 cho x* =a (modn) = x* =a (mod p*).
Vay a la s6 chinh phuong (mod p?). Pao lai gia sir véi mdi s6 i=1,2,....k a 1a s6 chinh phuong (mod p; ). Khi d6
ton tai x el soacho x?=a (mod pi). Theo dinh 1y thiang du Trung Hoa ton tai x e[l sa0 cho x=x (mod p?) véi
mdii=12,..k.Thanh thir x> =x?=a (mod p{). Suy ra x? =a (modn). Vay a la s6 chinh phwong mod n.
¢ Pinh ly 1: Gia st n=2",s>lvaala s6 nguyén lé. Khi d6 a 1a s6 chinh phuong (mod n) khi va chi khi:

i) a=1(mod4) néus=2.

i) a=1 (mod8) néu s>3.
<% Pinh Iy 2: Gia st n= p° véi p 1a s nguyén t6 1¢. Khi d6 a 1a s6 chinh phuwong mod n khi va chi khi a 14 s6 chinh
phuong mod p. .
Ki hiéu Jacobi: la ky hi¢u mé rong cua ky hiéu Lagendre. Cho n 1a mgt s6 nguyén duong 1é v4i phan tich tiéu
chuan n= ﬁ p? (p, 14 cc s6 nguyén t6 khac nhau). Véi (a, n)=1 ta dinh nghia Jacobi nhu sau: (%) - ﬁ[%) :

i=1 i=1 i

a

D@ thay rang néu a 1a s6 chinh phwong mod n thi ( j =L Vi = (Ej =1 nhung nguoc lai khong dung.
n

6/ Phwong trinh dong du. Cho f(x) 1a da thirc v6i hé s6 nguyén va m 1a mot s6 nguyén duong. S6 nguyén a dugc
goi 12 nghiém ctia phwong trinh dong du f (x) =0 (modm) néu f(a)=0 (mod m).
< Pinh Iy 1: Cho da thirc f(x)=a X" +a, X" " +.....+3ax+a, c6 hé sb nguyén. Xét phuwong trinh dong du
f(x)=0 (mod p) (*), trong d6 m=p 1a mdt s6 nguyén t6. Néu pt (*) c6 n+1 nghiém phéan biét (mod p) thi moi hé s6
a, i =1,n déu chia hét cho p. Noi riéng khi d6 f(a)=0 (mod p), Va (.
% Pinh Iy 2: Gia st m=mm,.....m,_ va cac s6 m, d6i mot nguyén td cuing nhau, khi dé:
i) alanghiém cuia pt (*) khi va chi khi véi moii=1,2,....k l1a nghiém cta pt f(x)=0 (modm.) (**).
i1) Ki hiéu N(m), N(m,) tuong tng la s6 nghiém phén biét (mod m) ciia nghiém phén biét (mod m;) ctia (**) thi
khi d6 ta c6 N(m)=N(m,).N(m,).....N(m,) .
I1- Mt s6 bai toan \rng dung.
©Bai 1: (Vietnam MO 2004, Bing A). Ki hi¢u S(n) 1a téng tAt ca cac chir sb cuan trong co s& 10. Xét tAt ca cac
s6 nguyén duong m thod man m 1a bgi cia 2003, tim gid tri bé nhat c6 thé ¢6 ciia S(m).
Giai: Dat p = 2003, p 14 s nguyén t6. RS rang S(n)>1 vi 10 khong chia hét cho p. Gia st ton tai n 12 boi ciia p va
S(n)=2. Suy ra ton tai k ¢¢ 10 =1 (mod p) . Chu y rdng 2'° =1024=10" (mod p) nén
(25" )2 =2% =10 = (10k )7 =—1 (mod p). Vay -1 1a s6 chinh phuong mod p. Mau thuan vi p khong c6 dang 4k+1.
Tiép theo ta ching minh ton tai n 1a bdi ctia 3 ma S(n)=3. Taco 10" =2 = 2.10"™ = 2" = 20’2 =1 (mod p) Vi
p#8t+1. Vady n=2.10" +1 1a bdi cia p va S(n)=3. Vay gié tri nho nhét ctia S(n)=3.
©Bai 2: Xét s Fecma F =F, =2 +1, n>1. Chiing minh rang F 14 s6 nguyén t5 khi va chi khi 3792 +1:F .
Giai: D@ thay F khong c6 dang 12k +1. Do d6 néu F 1a sb nguyén t6 thi 3 1a sé khong chinh phuwong (mod F). Vay
3F D2 =1 (modF) tirc la 3792 +1iF
Dao lai gia str 32 =—1 (mod F). Goi h 1a cép ctia 3 (mod F). Khi 6 h|(F-1)=2%.Vay h=2' t<2" Néu
t<2" -1 thi h|(F-1)/2 do d6 3?2 =1 (mod F), mau thun véi diéu da gia sitr. Vay t=2"<h=F-1. Vi
h|¢(F) nén (F-1)|¢(F)=F -1=¢(F). Vay F la s nguyén t3.
©Bai 3: Giai phuong trinh f(x) = x* +2x* +8x+9=0 (mod35) .
Gidi: Phuong trinh f(x) =0 (mod 5) c6 tap nghiém la C, ={1;4}. Phuong trinh f(x)=0 (mod7) c6 tap nghiém
a=a (mod5)

. Tr dinh ly thdng du Trung Hoa ta tim dugc a =21a; + 158, . Tir d6
a=a, (modb)

C, ={3;5;6} . Ta phai giai hé {

lan lugt cho a C,, a, €C, ta tim dugc A={6;19;24;26;31,34} .
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