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Mot s6 ki hiéu dung trong luan van

N, Z, R, C lan luct 1a tap s tu nhién, tap so6 nguyén, tap soé thuc
va tap so phiic.

rad(a) 1a can ctia s6 nguyen a.

a | b ki hiéu cho a la wée cua b.

(a,b) 1a u6c chung 16n nhat ctia hai s6 nguyén a va b.

ged(a, b, ¢) 1a uéc chung 16n nhat ciia ba s6 nguyen a, b, c.

™) 1a dao ham cip n cia ham s6 f.

no(f) 1a s6 cac nghiem phan biét ciia da thic f.

deg(f) 1a bac cua da thic f.

W (f1,..., fn) 1a dinh thitc Wronskian ctia f1, ..., f,.

detA 1a dinh thuc cia ma tran A.
a; 1a tong a; + as + ... + a,.
=1

7

n
H a; la tich a1.a9...Ay.
=1

max a; 1a s6 16n nhat trong cic s6 a1, as, ..., ay.
<i<n

1min a; 14 s6 nho nhat trong cac s6 ai, as, ..., ay,.
<i<n

,u‘} la bac cua f tai a.



Mé& dau

Chiing ta déu biét dinh I cudi ciing cia Fermat phat biéu vao nam
1637 " Phuong trinh 2" + " = 2" khéng c6 nghiém nguyén khac 0
v6i moi s6 nguyeén n > 3 " va chi dude chiing minh bdi Andrew Wiles
vao nam 1995 nhung lai dung mot 1y thuyét hoan toan khong so cap.
Trong nhitng nam gan day sy phat trién ctia s6 hoc chiu anh huéng 16n
clla cac tinh chat cia da thite. Gitta s6 hoc va da thiic c6 su tuong tu
rat 1én nén dé nghién citu cac tinh chat ndo do ctia sd nguyén ngusi
ta thit phat biéu tinh chat nay trén vanh da thic va ngude lai. Dinh
Iy Fermat cho da thic duge chiing minh rat don gian dya vao dinh 1y
Mason va khong biét sé mat bao nhiéu thoi gian néu ching ta ching
minh dinh 1§ trén ma khong ap dung dinh 1y Mason.Tw dinh 1y Mason
cho da thtc ta c6 gid thuyét abe cho cac s6 nguyén, dinh 1y cudi cling
ctia Fermat chi 1a hé qué cta gid thuyét nay.

Muc dich chinh ctiia luan van 1a tim su tuong tu gitta sé6 nguyéen va
da thtc trén trusng sé6 phic. Cu thé tng dung dinh 1y Mason trong
nghién cttu da thic, tim toi nhitng tuong tu s6 hoc ctia dinh Iy Mason
va cac hé qua ctia n6. Dong thai tim hiéu mot s6 két qua gan day theo
huéng md rong dinh 1y Mason.

Noi dung luan van gom 4 chuong.

Chuong 1 chtng toi trinh bay mot so kién thiic co s6 can thiét nhat
dé phuc vu cho viéc ching minh cac két qua clia cac chuong sau nhu
s6 nguyeén t6, bac clia da thitc, bac cia ham hitu ty tai mot diem, wéce
chung 16n nhat, boi chung nhé nhat va radical ctia s6 nguyén ciing nhu
ctia da thic, dinh thiic Wronskian, dic s6 clia mot trudng.

Chtng toi dé cap trong chuong 2 vé dinh 1y Mason va tng dung
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trong nghién cttu da thitc. Trong chuwong nay ching toi trinh bay cac
hé qua ctia dinh 1y Mason va cac bai tap vé da thic dude giai bang
cach ap dung dinh ly nay.

Chuong 3 bao gom cac két qua tuong tu ctia so6 hoc cho cac tinh
chat va bai tap 6 chuong 2. Ching toi trinh bay mot s6 két qua vé dinh
Iy cudi cting ciia Fermat, cac gid thuyét sé hoc va giai quyét mot sb6 bai
toan ve so hoc.

Chuong 4 chtung t6i trinh bay mot s6 két qua gan day theo huéng
md rong ciia dinh 1§ Mason. Cu thé 1a dinh 1§ Mason cho trusng hop
nhiéu da thiic, cho ham nhiéu bién.

Luan van dugde hoan thanh nho su gitp dé tan tinh cia thay gido
huéng dan GS. TSKH Ha Huy Khoai, clia cac thay co gido trong to bo
mon va cac ban trén dién dan Toan hoc Mathscope. Mac du luan vin
ducc thue hien v6i mot noé luc ¢d6 gang hét stic ciia ban than nhung do
kinh nghiém nghién cttu khoa hoc con c6 han ché nén chic chan luan
van kho tranh khoi thiéu sé6t. Chiung toi rat mong nhan duge nhing
g6p ¥ thang thin, chan tinh clia cac thay co gido va ban be dong nghiep
dé cho luan viin duce hoan thién hon.

Nhan dip nay tac gid xin bay té sy kinh trong va long biét on sau
sac dén thay gido huéng dan GS. TSKH Ha Huy Khoai da tan tinh
gitp dd toi trong sudt qua trinh hoc tap va thuc hién luan van.

Quy Nhon, thang 03 nam 2010
Vi Thanh Ta



Chuong 1

Mot s6 kién thitc chuan bi

Chuong nay ching toi trinh bay mot sé kién thiic co ban dé phuc
v cho viéc chitng minh cac két qua clia cac chuong sau.
1.1 Mot sb kién thic co ban vé s6 hoc
Dinh nghia 1.1.1. S6 nguyén t6 1a s6 nguyeén duong 16n hon 1 chi
chia hét cho 1 va chinh né. .
Dinh nghia 1.1.2. Uéc chung 16n nhat clia hai s6 a va b khong dong
thoi bang 0 1a s6 nguyén 16n nhat chia hét ca a va b.

Boi chung nhé nhat ciia hai s6 a va b khong dong thai bang 0 1 s6

nguyén nhoé nhat chia hét cho ca a va b.

Dinh nghia 1.1.3 Cac s6 nguyén a va b dude goi 1a nguyén t6 cling

nhau néu (a,b) = 1. Ta n6i rang cac s6 nguyeén ay, as, . . ., a, 1a nguyéen
t6 cing nhau dong thoi néu (ay, as, ..., a,) = 1.
Ta noéi rang cic s6 nguyen ai, as, ..., a, la nguyén td ciing nhau

tiing cap néu (a;,a;) =1voii=1,2,..,nvaj=12..n.

Dinh nghia 1.1.1. Cho s6 nguyén a, khi d6 tich tat cd cac uéc nguyen

t6 clia a duge goi la radical ciia s6 nguyen a. Nhu vay rad(a) = [] p,
Pl

chang han 18 = 2.32, rad(18) = 2.3 = 6.

Néu a, b 1a hai s6 nguyén khac 0 thi trong truong hop tong quét ta
c6 rad(ab) < rad(a).rad(b). Dang thiic x4y ra khi a va b khong c6 uée
chung khac 1 ( nguyén t6 cuing nhau).



8

Pinh ly 1.1.1.Moi s6 nguyén ducng déu biéu dién duge mot cach duy
nhat dudi dang tich cac sd nguyén to, trong do6 céc thita sd6 nguyén to
dugc viét theo thi ty khong gidm.
Dinh 1y 1.1.2. V6i moi s6 nguyén a va b, ton tai cac sd6 nguyén x va
y sao cho

ax + by = d,
trong do6 d 1a udc chung 16n nhat ctia a va b.
Hé qua: Cac s6 nguyén a va b nguyén té ciing nhau néu va chi néu

ton tai cic s6 nguyén x va y sao cho ax + by = 1.

1.2 Mot so kién thic co ban vé da thiic

Dinh nghia 1.2.1. Gia st f 14 mot da thiic trén truong sd phic va ¢
su phan tich theo cac nghiém nhu sau:

flz)=a.(r—ay)™. (v —a,)",m; € N a; € C,a € C.

Ta dinh nghia can cia f, ki hiéu la rad(f) duge xédc dinh nhu sau
rad(f) = a.(x — ay)...(x — ay).
Dinh nghia 1.2.2. Gia st f 1a mot da thic trén truong s6 phiic va
f(x)=a(x—a))™.. (v —a,)™ m; € N*,a; € C,a € C. Khi do, sb
cédc nghiém phan biét cta f, ki hieu 1a ng(f).

Nhu vay, deg(f) = mq+ma+ ... +m, va no(f) = deg(rad(f)) = n.
R& rang no(f) < deg(f). Néu f, g 1a hai da thitc khac 0 thi trong trudng
hop tong quét ta c6 ng(fg) < no(f) + no(g). Dang thic xay ra khi f
va g khong c¢6 nghiém chung (nguyén t6 cing nhau).

Dinh 1y 1.2.1. Gia st f 1a mot da thiic trén truong s6 phitc. Khi do,
ta co
f

rad(f)

£
That vay, gia su

flz)=a.(r —ay)™. .(v —a,)",m; € N a; € C,a € C.



Khi do,

f _ . ml—l - mn—l
rad(f) (x —ap)™ " — )
va ff = amy(z—ar)™ L (z—a)™ . (2 —ap) ™ +...+am, (z—ay)™ . (z—
mn—l.

az)™...(x — ay)
Nhu vay cac s6 hang ctia f déu chia hét cho %. Do d6, —— 1a
uée cta f.

Dinh 1y 1.2.2. Gid st f, g 1a cac da thiic trén truong s6 phiic va f 1a
ude clia g. Néu deg(f) > deg(g) thi g = 0.

That vay, bang phan chiing gia st rang g # 0.

T f 1a uée clia g ta c6 ton tai da thic h sao cho g = f.h. Ta suy
ra deg(g) = deg(f) + deg(h).

Do d6, néu deg(f) > deg(g) thi deg(h) < 0 ( diéu nay trai véi bac
ctia da thitc 1a mot s6 ti nhién). Do d6 g = 0.

1.3 Mot s6 két qua ctia Dai s6 tuyén tinh

Dinh nghia 1.3.1. Mot hé cac vécto {vq, v, ..., v,} trong khong gian
vécto V dudge goi 1a phu thuodc tuyén tinh néu ton tai cac s6 ag, as, ..., a,
khong dong thoi bang 0 sao cho

aivy + asvy + ... + a,v, = 0.
Trong khong gian R3 cho vy = (1;1;1),v9 = (1;1;0),v3 = (1;1;3). He
{v1, v9, v3}a phu thuoc tuyén tinh do —3v; + v9 + v3 = 0.

Heé vécto khong phu thuoc tuyén tinh goi 1a doc lap tuyén tinh. Hay
néi cach khac hé cac vécto {vy,vs, ..., v, } trong khong gian vécto V la
doc lap tuyén tinh khi va chi khi phuong trinh

aivy + asvy + ... + ayv, =0
chi c¢6 nghiem duy nhat a; =ay = ... = a, = 0.

Ching ta xét vi du don gian sau: Trong khong gian R? cho cac
vécto vy = (1;151), 09 = (1;1;0),v3 = (1; —=2;0). Hé {vy,v9,v3} 1a doc
lap tuyén tinh do phuong trinh ajv; + asvs + agvs = 0 chi xay ra khi

CL1:CL2:CL3:0.
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Mot hée vécto doc lap tuyén tinh thi moi hé con ciia né ciing doc
lap tuyén tinh.

Mot hé vécto phu thude tuyén tinh néu c6 mot vécto ctia hé 1a to
hop tuyén tinh clia cac vécto con lai.

Dinh nghia 1.3.2. Cho hai ham s6 f(z), g(z) ¢6 dao ham trong khodng
(a,b). Khi d6 dinh thic Wronskian cta f va g duge xac dinh nhu sau:

W(f,g):det(j:, gg/> :fg/_flg~

Dinh 1y 1.3.1. Néu hai ham s6 f(z), g(z) ¢6 dao ham trong khoang
(a,b) va phu thudc tuyén tinh thi W(f,g) = 0.

Chang han hé {sinx, cosx} 1a doc lap tuyén tinh. That vay,

SinT Ccosx

W (sinz, cosx) = det ( > =—-1#0.

coST —SInx

Dinh nghia 1.3.1.

Cho n da thtc fi,..., f, nhiéu bién trén vanh Flz1, 2o, ..., 7] cla
truong F kha vi dén cap n—1. Khi d6 dinh thitc Wronskian cta fi, ..., fn
dugc xac dinh nhu sau:

fl f2 fn
W(f1, ..., fn) = det f1 f2 f“

fl(n—l) fz(n_l) o fén—l)

Dinh 1y 1.3.1.

Cho n da thtc fy, ..., f, nhiéu bién trén vanh Flzy, 2o, ..., 7] cla
truong £ kha vi dén cap n — 1. Néu hé f1, ..., f, phu thuoc tuyén tinh
thi W(f1,..., fn) = 0.

Chitng minh ( xem [§]).

1.3.4. Dinh thitc va cac tinh chat cta dinh thiic.
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1.3.4.1. Phép thé bac n: Cho I, = {1,2,...,n}. Mot phép thé bac n
A . . P | 2 e n
la mot song anh o : [, — [, v6i 0 = ( o(1) o(2) .. oln) ) Ta

no6i o la phép thé tréen I,,.
V6i 1 <m < p<n,cap (m,p) goi 12 mot nghich thé néu

a(m) > a(p).
Ki hieu N(o) 1a s6 cac nghich thé ctia phép thé . Khi d6 dau clia o
Ia s(0) = (—1)N),

1 2 3

Chang han o = ( 3 1 9

N(o)=2vas(o) =1.

> c6 o(l) > o(2),0(1) > o(3) nén

1.3.4.2 Dinh nghia dinh thic: Cho ma tran vuong A = (a;;) cap n.
Tap cac phép thé bac n 1a S,, = (01,09, ..., 0,»). Dinh thitc clia ma tran
A la

det A = Z CL10— 1)A20(2)-+-Qne(n)-

Chéng han xét n =2, ma tran
4 ( an an ) |
(21 (22

! 2) c6 N(o1) =0 neén s(o1) =1 va

Cac phép the o, = ( 1 9

Ty = ( ; ? > c6 N(oy) = —1 nén s(oy) = —1.
Khi do
det A = S(Jl)alal(l)a201(2) + 3(02)a102(1)a202(2) = a11022 — G12421.
Heé qua 2 Néu c6 mot hang (hodc cot ) 1a t6 hop tuyén tinh clia cac
hang ( hodc cot ) khac thi dinh thiic bang 0.
1.4. Bac cia ham hitu ty.

1.4.1. DPinh nghia.
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Gia st f 1a ham httu t3, ta viét f dudi dang f = fL trong d6 f1 va
fo nguyén t6 ctiing nhau trén vanh F'(z) ciia truong F. Bac cta f, ki
hiéu béi deg f va dude xac dinh bang degfi — deg fo.
Cho a € F va viét f duéi dang f = (x —a)™. L vé6i gi(a).gz2(a) # 0.

g2
Khi d6 s6 nguyén m dudge goi 1a bac clia f tai a va dude ki hieu 1a Ty

1.4.2. Cac tinh chat vé bac ctia ham hitu ty tai mot diem.

1.4.2.1. Tinh chat 1. Cho f, g 14 hai ham s6 trén vanh F[z] cia
truong F' va a € F', ta co

1.4.2.2. Tinh chéat 2. Cho f 13 ham s6 kha vi cAp k thoa f*) £ 0 va
a € F, taco

fw = —k + [
That vay, gid st f(x) = (x — a)m% , trong d6 ¢g va h nguyén to cling

nhau va khong nhan a lam nghiém. Ta ¢6

o) — (o a1 MIEAE) + (2 = @)y @)h(r) = (@) (2)
() |

Theo dinh nghia 1.4.1 ta c¢6 pj =0, pf > m — 1. Nhu vay

> =1+ pf.
Lap luan tuong tu ta dugc
pon = =1+ pp > =2+ pf,

Ta suy ra pfu) > —k + uf.
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Chuong 2

Dinh ly Mason va &tng dung trong
nghién citu da thiuc

Vao nam 1983, R.C. Mason da cho két qua danh gia vé moéi quan
hé gitta bac clia cac da thiic v6i s6 cac nghiem phan biét ctia tich cac
da thuc do.

Dinh 1y 2.1 (Dinh ly Mason )

2.1.1 Dinh ly Cho A(t), B(t),C(t) la cac da thiic phtic nguyéen t6
cting nhau ting cap, khong dong thoi 1a da thitc hing va thod man he
thic A(t) + B(t) = C(t) thi

Max{deg A,deg B,deg C'} < no(A.B.C') — 1.
2.1.2 Chitng minh dinh 1y : Ti gid thiét A + B = C ta suy ra
é + E =1
c Cc

D@ tien loi trong tinh todn ta dat f = 4 vag = £Z. Khido, f+g =1

nén '+ ¢ =0 va thay f' = —¢ ta dugc
I
I__9__B
g A
! f

Gia stt ta c6 sy phan tich cac ham hitu ty theo cac nghiém cua da thiic

A =a]] (¢ =™ By =T = 5y (1) = e T (¢ = )"

Theo cong thitc dao ham cua tich ta duge

Al(t) . m;
Al D @




Ta lai ¢6
flAC-C.A A
f - AC A O
Tuong tu cho
gl B Bl Cl
g B C°
Do do
E _ a Z tin_ééi B CZ t—lk%
A bzti%j N Czt—lk%
Ta ky hiéu

Dty =[]t —a ]It =s) ]t~

7 J k
Hién nhien D(t) = ng(ABC) va

D(t) D) _ D)

t_@i:no(ABC)—lzt_ﬁj:t_%. (2.1)
Nhan ca tit s6 va mau s6 cho D(t) ta duge
B _ ¢ t_lk% a2 -5 D(t) (2.2)
A e by DO '

Theo (2.1) thi ca t1it va mau & (2.2) déu c6 dang tong clia cac da thiic
c6 bac bang ng(ABC) — 1. Nhu vay % 1a ti sO ctia hai da thiic c6 bac
nhé hon hoiic bang ng(ABC) — 1.

Vi A va B nguyén t6 ciing nhau va tir (2.2) ta c6

g, I
B.D:5) = —A(D-%)

Do d6 A ‘D.% va B ‘DfT/ nén ta suy ra dugc cad A(t) va B(t) déu co
bac nho hon hodc bang nyg(ABC) — 1.
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Talai c6 C' = A+ B nén C cing c6 bac khong vugt qua nog(ABC)—1.
2.1.3 Cach chiing minh khac cho dinh ly Mason

2.1.3.1 Dua vao dinh thic

Vao nam 1999, Andrew Granivin va Thomas J.Tucker da dung Dai

s6 tuyén tinh dé chiing minh dinh 1y Mason nhu sau.

Vi A(t), B(t),C(t) 1a cac da thiic phitc nguyén t6 ciing nhau tiing
cdp va thod man hé thic A(t) + B(t) = C(t) nén A'(t) + B'(t) = C'(t)
R - A(t) B(t) £ : / / — N
va Aq(t) = (A’(t) B(1) # 0, néu nguge lai A.B"— A'B = 0 thi
() =0, suyra B=FkA (voly).

Gia st rang « 1A mot nghiem cta A(t) va (t — )™ la s mi 16n
nhét ciia (t — a) chia hét A(t). Khi do, (¢t — o)™ ! 1a s6 mii 16n nhat
clia (t — «) chia hét A’(t). Do d6, (t — a)™ ! 1a s6 mil 16n nhat cla
(t — «) chia hét Aq(t). Tiic 1a, (t — )™ la uée cua Aq(t).(t — ).

Vi vay, A(t) 1a uée cua

Ar(t). (t— a). (2.3)

Tuong tu cho cac dinh thiic
_( B@) C(@)
Az(t) - (B/(t) Cl(t) ) 7é 0

va

As(t). (t—a) (2.4)

As(t). (t — a). (2.5)



Tu (2.3),(2.4) va (2.5) ta suy ra A(t)B(t)C(t) 1la ude cta
Aq(t)Aa(t)As(t). H (t— ). (2.6)

ABC(a)=0
Mat khac AC" — A'C = A(A+ B')— A(A+ B) = A.B — AB va
B'C— BC'=B'(A+B) - B(A' + B) = A.B — A'B.
Nhu vay, Ai(t) = Aq(t) = As(t) = A(2).
Do do, tur (2.6) suy ra A(t)B(t)C(t) 1a uée cua

A). ] @t-a).
ABC(a)=0
Ta suy ra
deg(A) + deg(B) + deg(C) < degA(t) + deg H (t—a). (2.7)
ABC(a)=0

Hién nhién, bac cia  [] (¢ — ) bang s6 cac nghiém phan biét clia
ABC(a)=0

ABC hay ng(ABC) =deg ] (t—a«). Talaic6éA(t)=A.B'—A'B
ABC(a)=0

nén suy ra
degA(t) < deg(A) + deg(B) — 1.
Vi vay, thay vao cong thite (2.7) ta duge

deg(A) + deg(B) + deg(C) < degA(t) +deg ] (t—«)
ABC(a)=0

& deg(A) + deg(B) + deg(C) < deg(A) 4+ deg(B) — 1 + no(ABC)
& deg(A) < ng(ABC) — 1.
Lap luan tuong tu khi ta ap dung cho
degA(t) < deg(C)+deg(B) — 1 va degA(t) < deg(A) 4+ deg(C) — 1.
Ta suy ra dugc
deg(B) < no(ABC) — 1,
deg(C) < ny(ABC) — 1.

IA

Do do,
Max{deg A,deg B,deg C'} < no(A.B.C') — 1.
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Vao nam 2000 mot hoc sinh cudi cap Noir Schneider da chitng minh
dinh 1y Mason chi la hé qua cta dinh 1y sau:

2.1.3.2 Dinh ly N.Schneider

Dinh ly N.Schneider:

Cho K 13 mot truong va A, B, C' 1a cac da thiic khong dong thoi 1a
hing s6 trong K (t) sao cho A+ B = C va gcd(A, B,C) = 1. Khi do,
néu degA > degrad(ABC) thi A =B =C"=0.

Hé qua:

Cho K 1a mot truong c6 dic sd bang 0 va A, B, C 1a cac da thic
khong dong thoi 14 hing s6 trong K (t) thoa dieu kien A + B = C va
gcd(A, B,C) =1 thi

Mazx{deg A,deg B,deg C'} < degrad(A.B.C’) — 1.

That vay, bing phan ching gia st rang bat dang thic trén khong ding.

Khong mat tinh tong quat, gid st degA > degrad ABC) theo dinh
Iy 2.1.3.2 thi A’ = B’ = ¢’ = 0. Diéu nay trai véi gia thiét ve cac da
thue A,B,C.
Chtng minh dinh ly 2.1.3.2

Gia st ged(A, B) = 1, (vi néu ngugce lai ude chung cia A va B
ciing la wéc ctia C | tir d6 suy ra ged(A, B,C) # 1, diéu nay trai v6i
gid thiét ged(A, B,C) = 1), tit dang thitc A + B = C nén ta dugc
gcd(A,B,C) = ged(A,B,A+ B) =1.

Theo dinh 1y [ xem [1.2.1], trang 9 ] ta ¢6 —5= 1a udc clia C' va

ad
/ 4 c / o / )
C'. Do d6 = |(C'B—C.B).

Tuong tu 15 |(C'B = C.B), i [(A'B - A.B) .

Mat khac,

C'B-—CB =(A'+B)B—(A+B).B =A.B—AB. (28)

A

iy [(©B =B
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N vay - raaigy vy |(C-B — C.BY) .

“rad(B) “rad(C)
Do ged(A, B) = 1 nén rad(A)rad(B)rad(C) = rad(ABC).
Ta suy ra ABC
B / /
—_— B-CDB). 2.9
rad(ABC') I(C CB) (2:9)

Theo gia thiét degA > degrad(ABC) nén ta c6 danh gia sau
degmﬁi%gc) = deg(ABC) — degrad(ABC)
> deg(ABC) — degA = deg(BC) > deg(C'.B — C.B').
Nhu vay, deg—aBC ~ > deg(C'.B — C.B'), két hop véi (2.9) ta dugc

rad(ABC)
0=C".B-C.B.

Theo cong thitc (2.8) ta cing c6 A".B — A.B' = 0. Tu day suy ra dugc
A|(A'B).

Mit khac, ged(A, B) = 1 suy ra A|A’, vi vay A’ = 0. Tuong tu
BC =CB' suyra B|B',dod6 B =0va(C'=A"+ B =0.
2.1.4 Cha §

2.1.4.1 Dinh 1y 2.1 da dugc phat biéu mot cach doc lap béi hai nha
toan hoc R.C.Mason (1983) va Stothers (1981) nhung Stothers lai cong
b6 sau nén dinh 1y con ¢6 tén goi 1a dinh Iy Mason-Stothers.

2.1.4.2 Dinh 1§ Mason khong con dang doi v6i truong c6 dac so 1a so
nguyen to p .

Chang han phuong trinh (1 — 2)? + 2P = 1 cho cac da thitc nguyén
to cingnhau A=1—2,B=2,C = 1.

Ta dé dang tim dugc cac két qua sau: maz{deg A, deg B, deg C'} = p
va rad(ABC) = x(1 — x),deg(rad(ABC)) = 2. Vi vay bat dang thiic
cua dinh 1y khéng thoa méan.

Viéc 4p dung dinh I Mason gitp ching ta co thé giai quyét nhiéu
bai toan tong quat lien quan dén nghiém ciia phuong trinh cho cac da
thiic, cdc bai toan ve su ton tai da thic thod man diéu kién cho truée.
Sau day la cac dinh 1y va cic bai toan dugc chiing minh dé dang dua
vao dinh ly Mason.
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2.2 Ap dung dinh ly Mason vao nghién citu da thic

2.2.1 Cac dinh ly cho da thiic.

Dinh Iy tuong tit cho da thic ciia dinh 1y Fermat dugc biét dén tu
thé ky 19 va da dude ching minh dya vao phuong phap ctia hinh hoc
dai s6. St dung dinh 1y Mason, ta c¢6 cach chitng minh don gidn hon
nhiéu.
2.2.1.1 Pinh 1y cubi ciing ctia Fermat cho da thiic:

Phuong trinh

A™(t) + B"(t) = C"(1). (2.10)
vo nghiém v6i moi s6 nguyén n > 3. Trong d6 cac da thic véi he sb
phiic A(t), B(t), C(t) khong dong thoi 1a hang s6, nguyéen t6 cing nhau
tung cap .

That vay, gia st phuong trinh (2.10) ¢6 nghiém. Theo dinh 1y Mason
ta co

max{deg A", deg B",deg C"} < no(A"B"C") — 1.
Hién nhién, ta c6 cac dang thitc degA™ = n.degA, ng(A") = ng(A) va
no(ABC) = ng(A) + no(B) + no(C) ( do ged(A, B,C) =1). Do dé

n.degA < ng(A) + no(B) + no(C) — 1, (2.11)
n.degA < ng(A) + no(B) + no(C) — 1, (2.12)
n.degA < ng(A) + no(B) + no(C) — 1. (2.13)

Cong vé theo vé cia (2.11), (2.12), (2.13) ta dugc
n.degA + n.degB + n.degC < 3(ng(A) + no(B) +no(C) — 1). (2.14)

Mat khac theo [dinh nghia (1.2.3), trang 6] thi ng(A) < degA. Do dé
(2.14) tuong duong véi

(n — 3)(degA + degB + degC') < —3. (2.15)

Vi vay, néu n > 3 thi bat dang thic (2.15) khong xay ra.
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Nhu vay dinh ly 2.2.1.1 khang dinh ring phuong trinh (2.10) c¢6
nghiém véi s6 nguyén n > 1 thi n = 2 . Chang han

(1 —2%)% + (22%)* = (1 + 22
Vao nam 1965 Davenport da dua ra két qua sau:

2.2.1.2 Dinh ly Davenport: Gia st f(t), g(t) 1a cac da thic phiic,
khéc hing s6, nguyén t6 ciing nhau sao cho f3 # ¢?. Khi do, ta c6

degl(f* — ) 2 5deg(f) +1,

va
1
deg(f* —¢%) > §.deg(g) + 1. (2.16)

Ta chiing minh dinh 1y trén cho trusng hop (f,g) = 1.

Ta phan tich duge f3 = (f? — ¢?) + ¢°, khi d6 theo dinh 1y Mason
thi:

maz{deg(f°), deg(g*), deg(f* — ")} < no[f°.9°.(f* — ¢°)] = 1.

Vi vay, ta suy ra

deg(f°) < nolf.g.(f* —g*)) -1
& 3deg(f) < deg(f) + deg(g) + deg(f* = ¢*) =1
& deg(f) < gldeglg) + deg(f* — ) 1. (217
Tuong tu, ta co
deg(g®) < nolf.g.(f° —¢*)] — 1
& 2deg(g) < deg(f) + deg(g) + deg(f* = ¢*) =1
& deg(g) < deg(f) +deg(f* — ¢°) — 1. (2.18)

Thay (2.18) vao (2.17) ta dugc
deq(f) < 3deg(f) + deg(f* &) — 1+ deg(f* — %) 1

& deg(f* = g%) > g.deg(f) + 1.
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Tuong tu, thay (2.17) vao (2.18) ta dugc
1
deg(f* = g*) = 5.deg(g) + 1.

Nhu vay, ta da ching minh dinh 1y cho truong hop (f,g9) = 1,
truong hop (f,g) # 1 dude dua ve (f,g) = 1 bang cach loai b6t nhan
ti chung nhu sau:

Gia st (f,g) = h, khi d6 ton tai cac da thiic khac hang u, v sao cho
f=hwu,g="hvva (huv) =1

Do do, ap dung dinh 1y Mason cho phuong trinh
ha? = (hu? — v?) + v?
thi ta ducc
maz{deg(h.u®), deg(v?), deg(h.u® — v*)} < nolh.u® v (hau® — v?)] — 1.
Vi vay, ta suy ra
deg(h.u?) < nolhuwv.(hau® —v*)] — 1
& deg(h) + 3deg(u) < deg(h) + deg(u) + deg(v) + deg(h.u® —v*) — 1
& deg(u) < 3[deg(v) + deg(h.u® — v?) — 1]. Két hop véi
deg(v) < deg(h) + deg(u) + deg(h.u® — v*) — 1,

ta ducc .
deg(hu® — v?) > §[deg(u) —deg(h)] + 1. (2.19)

Tu déng thic f3 — ¢> = h*(ha?® —v?) va f = h.u, ta suy ra dugc
deg(h.u?—v?) = deg(f3—g?)—2.deg(h) va deg(u) = deg(f)—deg(h). Do
do, ta bién ddi (2.19) < deg(f*— )—2.deg(h) > L[deg(f)—2deg(h)]+1

& deg(f* - g%) > [deg(f) + 2deg(h)] + 1

& deg(f* - g%) > §deg(f) +1.
Tuong tu ta cling co

deg(hu® —v?) > =[deg(v) — 2deg(h)] + 1, (2.20)

OOI+—~
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va g = h.v. Do d6 (2.20)

& deg(f*—g*) —2.deg(h) > Z[deg(g) —3deg(h)]+1,

W —

& deg(f* — ¢%) > Z[deg(f) + 3deg(h)] + 1,

W —

& deg(f? —¢%) > %.deg(g) + 1.

Nhan xét: Trong danh gia ctia dinh 1y Davenport, tit cong thiic (2.16)
cho ching ta sb mi § 1a tot nhat.

Chéng han khi f(t) = t>+4,g(t) = t3+ 6t thi f3 —¢? = 126> + 64 .

Do d6 deg(f* — g*) = 2 = 3deg(f) + 1. Chinh nho sy danh gia nay,
chiing ta gidi quyét dugce nhiéu bai toan vé ton tai da thiec.

Bang cach chiing minh tuong tu nhu trén, ta c6 thé mé rong dinh
Iy Davenport cho s6 mil luy thita nguyén m va n bat ky.
2.2.1.3 Pinh 1y Davenport tong quat: Cho m,n la cac s6 nguyén
duong 16n hon 1. Gia st f(t), g(t) 1a cac da thiic phiic, khac hang s6,
nguyén té ciing nhau sao cho f™ # ¢". Khi do, ta c6

mn —mn —m
deg(f™ —g") = ——deg(f) +1,
va
mn —m —n
deg(f" —g") > - deg(g) + 1. (2.21)

Tit cong thiic (2.21), ta suy ra duge bat dang thitc sau:
5
deg(f* = g") = 5.deg(f) +1.
Khi do, ching ta da gidi quyét duge bai toan (xem [1]) nhu sau: Cho
f, g 1a cac da thiic v6i hé sé nguyen, sao cho f3 — ¢* khong dong nhat
bang 0. Chitng minh rang

deg(f* —g*) > g.deg(f) + 1.

Tuong tu, viec 4p dung cong thiic (2.21), cho ta cac bat dang thiic
khac cho bac ctia da thiic. Tic 1a ching ta da ching minh duge nhiéu
bai toan tuwong tu nhu bai toan ¢ trén.
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Viéc ap dung truc tiép dinh Iy Mason hoiic cidc hé qua clia no, cling
nhu st dung cic két qua & cac cong thic (2.10),(2.16),(2.21) giup
ching ta gidi quyét dudge cac bai toan vé su ton tai da thic, cac bai
toan vé nghiem trong C[t]. Da s6 cac bai toan nay déu giai duge dya
vao phuong phap phan ching.

2.2.2 Cac bai tap ap dung:

2.2.2.1 Céac bai toan vé nghiém trong Clt]:
Bai toan 2.1: Chiing minh rang phuong trinh X* + Y* = Z2 chi c6
nghiém tam thuong trong Clt].

Hién nhien X = Y = Z = 0 la nghiém ctia phuong trinh. Gia st
phuong trinh trén c6 nghiem khong tam thuong. Theo dinh 1§ Mason,
ta co

maz{deg(X?), deg(Y?), deg(Z%)} < no(X*Y*1Z%) — 1.

Ta suy ra dugc
deg(X*) <nop(X.Y.Z) — 1

& 4ddeg(X) < deg(X) + deg(Y) + deg(Z) — 1. (2.22)

Tuong tu ta co
4deg(Y) < deg(X) + deg(Y') + deg(Z) — 1. (2.23)

2deg(Z) < deg(X) + deg(Y) + deg(Z) — 1. (2.24)
T (2.24) suy ra

deg(Z) < deg(X) + deg(Y) — 1. (2.25)
Cong (2.22) va (2.23) vé theo vé ta dugc
2[deg(X) + deg(Y)] < 2deg(Z) — 2. (2.26)
Thay (2.25) vao (2.26) ta dugc
2deg(X) + deg(Y)] < 2[deg(X) + deg(Y) — 1] — 2.

<0< -4
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Diéu nay vo 1y, vay phuong trinh da cho chi c6 nghiém tam thuong.

Ching ta xét dén phuong trinh c6 dang X?+Y? = Z". Truong hop
p = q = r > 3 thi day 1a phuong trinh Fermat cho da thic va két qua
1a bai todn vo nghiem. Truong hop p, q,r 1a cac s6 nguyén duong bat
ky 16n hon 2 thi két qua van con dang.

Bai toan 2.2 : Cho p, q,r 1a cac s6 nguyén duong 16n hon hodc bang
3. Khi d6, phuong trinh Fermat tong quéat

XP+Yi=7"
khong c6 nghiem khong tam thuong trong C[t].

That vay, gid st ton tai cac da thitc X, Y, Z khac 0 thod méan phuong
trinh. Khi do, ap dung dinh ly Mason ta dugc

mazx{deg(X?),deg(Y?),deg(Z")} < no(X*Y1Z") —1.
Ta suy ra dugc
pdeg(X) < deg(X) +deg(Y) + deg(Z) — 1,
qdeg(Y') < deg(X) + deg(Y') + deg(Z) — 1,
rdeg(Z) < deg(X) + deg(Y) 4+ deg(Z) — 1.
Cong vé theo vé cac bat dang thitc trén, ta dudc
(p—3)deg(X) + (¢ — 3)deg(Y) + (r — 3)deg(Z) < —3.
Diéu nay mau thuan véi p,q,r > 3

Bai toan 2.2 c¢6 thé phat biéu theo dang nghiém hitu ty nhu sau:
Cho n > 3, chting minh phuong trinh " + y" = 1 khoéng c¢6 nghiém
hitu ty khéc hang s6 z,y trong C[t].

Bai toan 2.1 va bai toan 2.2 chi la nhiing truong hgp riéng ctia bai
toan tong quat sau. Do dé viéc gidi bai toan sau cho ta cach giai khéac
déi v6i hai toan trén.

Bai toan 2.3 : Cho p,q,r 1a cac s6 nguyén duong. Néu %%—%%—% <1
thi phuong trinh X? 4+ Y% = Z" chi ¢6 nghiém tam thuong trong C[t].
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That vay, gia st ton tai cac da thiic khac khong va 1a nghiem cia
phuong trinh trén. Khi do, theo dinh Iy Mason ta dugc

max{deg(X?),deg(Y?),deg(Z")} < no(XPY1Z") — 1.
Tu do, ta suy ra
pdeg(X) < deg(X) + deg(Y') + deg(Z) — 1,

o ls deg(X)
p — deg(X)+deg(Y) +deg(Z) — 1

Tuong tu
deg(Y)
deg(X) + deg(Y) +deg(Z) — 1
deg(Z)
~ deg(X) +deg(Y) +deg(Z) — 1
Cong vé theo vé cac bat dang thic trén ta dugc
1 1 1 S deg(X) + deg(Y) + deg(Z)

P q r = deg(X) + deg(Y) + deg(Z) — 1

Diéu nay mau thuan véi giad thiét.

1V

V

1
q
1
r

> 1. (2.27)

Bay gio ta xét dén mot truong hop riéng clia bai toan trén. Day
chinh 1a phuong trinh Catalan cho da thiic.

Bai toan 2.4: Cho p, ¢ la cac s6 duong 16n hon 1. Ching minh rang
phuong trinh X? — Y? = 1 khong ¢6 nghiém I cac da thitc khac hang,
nguyén t6 cing nhau trong Clt].

That vay, gid sit ton tai hai da thitc mot bién véi hé s6 phitc nguyen
t6 cing nhau X (¢), Y (¢) thod man he thic X? — Y7 = 1.

Theo dinh Iy Mason ta co:
mazx{deg(X?),deg(Y?)} < no(XPY?) — 1.
Tu do, ta suy ra
pdeg(X) < deg(X) +deg(Y) — 1, (2.28)

qdeg(Y) < deg(X) + deg(Y) — 1. (2.29)
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Cong vé theo vé (2.28) va (2.29) ta dudc
(p = 2)deg(X) + (¢ — 2)deg(Y) < —2. (2.30)
Vip,q > 2mnén (p—2)deg(X)+(¢—2)deg(Y) > 0. Do dé (2.30) khong
xay ra (dpem).
Bai toan trén c6 thé gidi quyét dua vao dinh 1y Davenport tong

quat va két qua ciia bai toan 2.7 ( xem trang 29) .

Trudng hop 14241 > 1 thi phuong trinh X? + Y7 = Z" s& c6
nghiém véi p, g, 1a cac s6 nguyén duong bat ky. Hién nhién khi c6 it
nhat p, ¢, bang 1 thi bai toan ding.

Bay gio ta quan tam dén nghiém ciia bai toan cho p,q,r 14 cac s6
nguyen duong 16n hon hodc bang 2.

Bai toan 2.5 : Cho p, ¢, 7 1a cac s6 nguyén duong thod 2 < p < ¢ <r
va gid st X(¢),Y(t), Z(t) 1a cac da thic thuoec C[t], nguyen t6 cling
nhau ting cip, khong dong thoi 14 hang s6 va thod man phuong trinh
XP 4 Y= 7", Khi do,

a)(p,q,r) = (2,2,7)v6i r > 2 hoic
b)(p,q,r) = (2,3,7)v6i 3 <r < 5.

That vay, gid st X(t),Y (), Z(t) la cac da thic thuoe C[t] c¢6 bac
lan luot 1a a, b, c.

Theo dinh Iy Mason ,ta c6
max{deg(X?),deg(Y?),deg(Z")} < no(XPY1Z") — 1.
Tu do, ta suy ra
pdeg(X) < deg(X) +deg(Y) + deg(Z) — 1,
Spa<a+b+c—1.

Tuong tu
gb<a+b+c—1,

rc<a+b+c—1.
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Cong vé theo vé ta dudc:

pa+qb+rc<3a+b+c—1). (2.31)

Vip<g<rnén
pla+b+c) <p.a+qgb+r.c (2.32)
Tu ( 2.31) va (2.32) ta duge
pla+b+c) <3(a+b+c)—3.
Tu day, ta suy ra dugec p < 3 ma p > 2 nén p = 2. Do do

pa<a+b+c—1,

suy ra dugc
2<a+b+c—1,
tic la
a<b+4+c—1. (2.33)
Két hop véi
gb<a+b+c—1,
ta ducc

q.b <2b+2c—2. (2.34)

a) Néu ¢ = 2 thi
(p,q,r) = (2,2,7);7 > 2.

b) Xét ¢ > 3.
Tu q < r, két hgp v6i (2.33) ta suy ra
qb+c)<gb+rc<2a+b+c—1)<4(b+c—1) <4(b+c)—4.

Nhu vay
(g—4)(b+c) < —4,

suy ra g < 3.
Khi g =3, tu ( 2.34) ta c6

b<2—2. (2.35)
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Do d6, két hop (2.33) va (2.35) ta dude
re<a+b+c—1<2(b+c—1)<6(c—06),

suy ra r < 6.
Ma 3 =g <rmnéntacé (p,qr)=(23,7r) véi3<r<5.

2.2.2.2 CAc bai toan vé ton tai da thic:

Bai toan 2.6: Cho a 13 mot sd6 phic khac 0. Khi d6, néu ton tai
cac da thitc mot bién véi he s6 phiic f(t), g(t) thod man phuong trinh
f2(t) = ¢*(t) + a thi f va g la cac da thiic hing.

Gia st cac da thic f va ¢ khong 13 cac da thic hang. Theo gia
thiét f2(t) = ¢*(t) +anén f2(t) — ¢3(t) = a # 0 . Khi d6, ap dung dinh
Iy Mason hoic dinh 1y Davenport tong quét ta két luan dude bai toan.
Théat vay, theo cong thiic (2.21), tng véi m = 2,n = 3 ta dudc

deg(f* —g°) > %.deg(f) +1

& deg(a) > %.deg(f) + 1.

Do deg(a) = 0 va deg(f) > 0 nén bat dang thiic trén khong xay ra.
Vay f va g la cac da thiic hing.

Lap luan tuong ty thi bai toan trén van con diang khi m va n la
cac s6 nguyen bat ki.

Bai toan 2.7: Cho a 1a mot sd phiic khac 0. Khi d6, néu ton tai
cac da thitc mot bién véi he s6 phiic f(t), g(t) thoa man phuong trinh
f™(t) = g"(t) + a, v6i m,n > 2 1a cac s6 nguyén duong tuy y, thi f va
g 1a cac da thiic hing.

That vay, gid st cac da thic f va g khong 1a cac da thic hang.
Theo dinh 1y Davenport tong quat ta cé

mn—m-—n

deg(f™ —g") > ————deg(g) + 1. (2.36)

Vim,n >2mnén (m—2)(n—2) > 0.
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Khai trién ta duge mn — (m+n) +4—(m+n)>0.
Dodémn—(m+n)>0(dod—(m+n)<0).
Nhu vay, ®="=" deg(g) + 1 > 1 ma deg(f™ — ¢g") = deg(a) =0
nén bat dang thic (2.36) khong xdy ra.
Vi vay, cac da thic f va g déu la cac da thic hang.

Bai toan 2.8: Khong ton tai cac da thiic f(¢) va g(t) nguyén t6 cuing
nhau trong C[t] thod mén phuong trinh

(f+9)°+g" =

That vay, theo gia thiét (f,g) = 1, ta suy ra ged(f, g, f +g) = 1.
Do do6 ap dung dinh 1y Mason hoéc bai toan 2.2 chop=3,¢q =4,r=5
thi phuong trinh trén vo nghiém.

Bai toan 2.9: Tim cac da thiic mot biénf(t) va g(t) trong C[t] thoa
man phuong trinh
(f+9)°=9g"+f"

Ta c6 thé giai bai toan theo hing dang thic nhu sau:

(f+9°=9"+f
& 3f29+3f5 =0
< 3f.g9(f+g)=0.

Tuy nhién, viéc gidi bai toan cho s6 mil tong quat sé rat kho khin néu
diing hing dang thc.
Bai toan 2.10: Cho n 1a mot s6 nguyén 16n hon hodc bang 3. Tim
cac da thitc mot bién véi he s6 phiic f(t) va g(t) trong C[t] thod man
phuong trinh

(f+9)"=g"+f" (2.37)

Xét truong hop n 1a s6 18.

Gia st (f,g) = 1 thi ged(f,qg,f + g) = 1. Khi d6, ap dung dinh
Iy Mason hoac dinh 1y Fermat cho da thtc, ta suy ra dugce khéong



30
ton tai hai da thic f(¢) va g(t) trong C[t] thodA man phuong trinh
(f+9)"=g"+ "

Ta thay rdang, f(t) = —g(t) hodic it nhat f va g la da thitc 0 thoa
méan phuong trinh (2.37).

Truong hop (f,g) = h , h # 0,h # f. Khi d6, ton tai cac da thic
u, v sao cho f = h.u, g = h.v. Phuong trinh(f + ¢)" = ¢" + f"

< (u+v)" =u"+ 0" (2.38)

Hién nhién (u,v) = 1 nén theo dinh Iy Fermat cho da thiic ta suy ra
phuong trinh (2.38) vo nghiém.

Nhu vay, khi n 1a s6 1& thi phuong trinh da cho chi c6 nghiém
f(t) = —g(t) hodc it nhat f va g la da thic 0.

Xét truong hgp n 1a s6 chén.

Gia st (f,g) = 1 thi gcd(f,g,f + g) = 1. Khi d6, ap dung dinh
Iy Mason hoac dinh Iy Fermat cho da thiic, ta suy ra dugc khong
ton tai hai da thic f(¢) va g(t) trong C[t] thodA man phuong trinh
(f+9)"=g"+["

Ta thay rang, it nhat f va ¢ 1a da thic 0 thod man phuong trinh
(2.37).

Truong hop (f,g) = h, h # 0. Khi d6, ton tai cac da thic u, v sao
cho f = h.u, g = h.v. Phuong trinh(f + ¢)" = ¢" + f"

< (u+v)" =u" +0",

Hién nhién (u,v) = 1 nén theo dinh Iy Fermat cho da thiic ta suy ra
phuong trinh vo nghiém.

Nhu vay, khi n 1& s6 chn thi phuong trinh da cho chi ¢6 nghiém
khi it nhat f va g 1a da thic 0.
Bai toan 2.11: Tim céc s6 nghiém nguyén z ciia phuong trinh

(2% — 4)3 + (4" — 2)3 = (4° + 2 — 6)3

Theo bai toan 2.9 ta két luan ducc 2 — 4 = 0 hoac 4* — 2 = 0 hosc
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4* + 2% — 6 = 0. Vay phuong trinh da cho ¢6 hai nghiém nguyén la
r=2vazx=1.

Bai toan 2.12: Ton tai hay khong da thic v6i he s6 thue P sao cho
moi nghiém thuc ciia P va P + 1 déu la nghiém boi.

Ta dé dang chi ra dudc bai todn c6 nghiém, chang han da thic
P(t) = (1 —t*)3 - 1.

R6 rang, nghiém thuc ctia P(t) 1a ¢ = 0 boi 3 va nghiém thyc cia
Pt)+1=(1—-t)3lat=1,t=—1déubai3.

Khi chiing ta phét bieu bai toan 2.12 trén truong sé phitc va nghiem
phiic thi két qua sé nhu thé ndo? Ro rang, day 1a mot bai toan khoé néu
chung ta khong ap dung dinh Iy Mason.

Bai toan 2.13: Ton tai hay khong da thic v6i he s6 phiic P sao cho
moi nghiém phtc ctia P va P + 1 déu la nghiem bai.

Gia st ton tai da thitic P v6i hé s6 phiic sao cho moi nghiém phiic
ciia P va P 4 1 déu 1a nghiém boi.

Do nghiém boi nhé nhat ctia mot so6 phic 1a boi 2 v moi nghiem
ctia P déu la nghiém boi nen ny(P) < 3deg(P).

Tuong tir moi nghiém ciia P + 1 déu la nghiém boi nén ta ciing c6
no(P +1) < ideg(P +1).

T do, ta suy ra ng(P) 4+ ng(P + 1) < 2deg(P) + deg(P + 1). Hay

ta co
deg(P) + deg(P + 1) > 2[ng(P) 4+ no(P + 1)]. (2.39)

Ta c6 sy phan tich (P+1)— P =1,tacé (P,P+1) =1, vi néu
nguoc lai thi ton tai da thic h 14 uwéc chung 16n nhat cia P va P+ 1,
goi a la mot nghiém phiic ctia da thic h , khi d6 a ciing la nghiém cua
P va P+1. Khi d6 P(a) =0, P(a)+1 = 0, diéu nay suy ra dugc 1 =0
(vo ly).

Nhu vay, (P, P+ 1) = 1, a4p dung dinh Iy Mason cho cac da thtc
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P,1vaP+1taco
max{deg(P),deg(P 4+ 1)} <ng(P.(P+1)) —1.
Tu do, ta suy ra
deg(P) < no(P) +no(P+1)—1,
deg(P + 1) < ng(P)+no(P+1) — 1.

Cong vé theo vé ta ducc

deg(P) + deg(P + 1) < 2[ng(P) + no(P + 1)] — 2. (2.40)
Két hop (2.39) va (2.40 ), ta duge
2[ng(P)+no(P+1)] < deg(P)+deg(P+1) < 2[ng(P)+ng(P+1)]—2.
<0< -2 (vo ly).

Vay khong thé tim dugc da thiic P thoa yéu cau bai toan.

Vao nam 1956 William Lowell da dua ra bai toan ve da thic sau
va bai toan duge trinh bay theo dinh 1y Mason.

Bai toan 2.14: Cho hai da thitc mot bién v6i he s6 phitc P va Q c6
chung tap hop nghiém nhung c6 thé khac vé sé boi ciia nghiem, vi
hai da thic P + 1 va Q + 1 ciing c6 chung tap hgp nghiém nhung c6
thé khac vé s6 bdi ciia nghiem. Ching minh rang, hai da thic P va Q
trung nhau.

That vay, gia st aj, o, ..., @, 14 n nghiém phan biét ctia P va hién
nhién day ciing la cac nghiém cua Q).

B1, Ba, ... Bm 1& m nghiém phan biét ctia P + 1 va hién nhién day
cting la cac nghiém cua @ + 1.

Do vai tro vé bac clia cac da thitc P va @ nhu nhau nén ta c6 thé
gid st rang deg(P) > deg(Q).

Ta c6 sy phan tich (P+1)—P=1va(P,P+1)=1.

Theo dinh ly Mason cho cac da thic P, 1 va P+ 1 ta c6

max{deg(P),deg(P 4+ 1)} <no(P.(P+1)) —1.
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Tu do, ta suy ra
deg(P) < ng(P)+no(P+1)—1,

&S m+n>deg(P)+1>deg(P— Q)+ 1. (2.41)
Mat khéac, (P + 1) — (Q +1) = P — @ nén moéi nghiém ctia P hoic
P + 1 déu la nghiém ctia P — Q. Do d6 m +n < deg(P) .
Ta biét rang, mot da thitc néu cé s6 cac nghiém phan biét 16n hon
bac cua da thtc thi da thice do 1a da thue O .

Vi vay, theo (2.41) ta suy ra P — @ chi c6 thé 1a da thic 0. Ttic 1a,
hai da thic P va () trung nhau.
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Chuong 3

Su tuong tu s6 hoc ctia dinh 1y
Mason va ting dung gia thuyét abc
trong nghién cttu sé hoc

Tu thud xua, cac nha toan hoc da biét chuyén cac két qua sb6 hoc
sang gial quyét trén cac da thic va tit nhitng bai toan va gid thuyét
cho da thtic, ngusi ta phat biéu tuong tu cho s6 hoc. Trong nhitng nam
gan day, su phat trién ctia sé hoc chiu &nh huéng nhiéu tir su tuong tu
gitta s6 nguyen va da thiic. Ttc 14, khi ching minh mot két qua nao do
cho s6 hoc, ngudi ta thit phat biéu va chiing minh xem céc két qua nay
c6 dung cho da thic hay khong. Viéc giai quyét bai toan trén da thic
don gidn hon do da thiic c¢6 phép tinh dao ham. Diéu nay hoan toan
hop 1y, béi tap hop s6 nguyén va tap hop cac da thiic c6 su tuong tu
rat 16n. Ca hai tap hop déu c6 cac quy tac cong, trit, nhan, chia nhu
nhau. Ddi véi s6 nguyeén ta c¢6 s6 nguyen t6 con ¢ da thic ta c6 da thic
bat kha quy. Hai sé nguyén bat ky hoic hai da thiic bat ky ta c6 the
dinh nghia uéc chung 16n nhat va tim duge bang thuat toan Euclide.
Mbi s6 nguyen déu phan tich thanh tich cac thita s nguyén t6, moi
da thic c6 phan tich thanh cac da thic bat kha quy. Cac s6 hitu ty
tuong ting véi cac ham hitu ty. Ta biét deg(P.Q) = degP + degQ va
log(ab) = loga + logb, do d6 bac cia da thic tich twong tu nhu logarit
clia tich hai s6 nguyén duong.

Bay gio, ching ta quan tam dén su tuong tu trong phan tich ra
thita s6 nguyén t6 cho sd6 nguyén va phan tich bat kha quy cho da
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thitc. Tiic 1a tit khéai niém s6 cac nghiém phan biét ctia da thic P ki
higu 1a ny(P) va ng(P.Q) < no(P) + ny(Q), ta dudgc khai niém tuong
tu cho s6 nguyéen a 1a rad(a) va rad(ab) < rad(a).rad(b). Vi vay, dinh
Iy Mason cho da thitc duge phat bieu tuong tu cho s6 nguyén la gia
thuyét abc. Giad thuyét nay da ducgc phat biéu vao nam 1985 béi J.
Oesterle’ trong mot két qua ctia duong cong Elliptic ctia b mon hinh
hoc dai s6, ngay sau d6 D.R. Masser phat bicu dua vao su tuong tu
clia s6 nguyén va da thiec.

3.1 Gia thuyét abc cho cac sé6 nguyén:

Cho a, b, ¢ 1a cac s6 nguyén, nguyén té cting nhau v thod man heé
thiic a + b = c. Khi d6, v6i moi € > 0, ton tai s6 C. sao cho

maz{| al,| b|,| ¢|} < C..[rad(abc)] *e.

Cho dén hién nay, gid thuyét abc van chua duge ching minh va viéc
lay phan vi du cho gia thuyét la diéu khong thé. Béi vi, s6 mit 1 + ¢
lam cho gid thuyét rat manh. Mat khac gid thuyét abe ching té rang
néu trong khai trién ctia cac sb a,b, ¢ c6 cac thita sd nguyén t6 véi so
mil 16n thi cac thita s6 nay dudce bt lai bang mot s6 lugng 16n cac so
nguyen t6 nhd, c6 mat trong khai trién v6i s6 mit 1 .Cac thira sé trong
khai trién véi s6 mit 16n thi chiing dugce b lai béi cac s6 nguyeén t6 16n
v6i s6 mi 1.

Gia st gia thuyét abce dang, khi d6 ta sé chiing minh duge nhiéu
két qué cling nhu cac gid thuyét vé s6 hoc.

3.2 Ap dung gia thuyét abc vao nghién cttu sd hoc
3.2.1 Cac dinh ly va gia thuyét ctia s6 hoc.
3.2.1.1 Dinh 1y cudi cung ctia Fermat.

Phuong trinh 2" + y" = 2" khong c¢6 nghiém nguyén khac 0, véi
moi s6 nguyén duong n > 3.

Duta vao gia thuyét abce ta sé chitng minh dude ton tai mot s6 nguyéen
duong ngy sao cho phuong trinh Fermat v6 nghiém v6i moi n > ny.
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That vay, ta xét truong hop ged(x,y, z) = 1 va gia st cac s6 x,y, 2
déu duong, néu ngudgc lai thi ta lay tri tuyet doi, sao cho 2" +y" = 2".

Theo gid thuyét abc ta co:
mazx{ 2", y", 2"} < C..[rad(z"y"z")] *e.
Chon e = 1, k = maz{ 1,4}, ta dugc

max{ z", y", 2"} < k.[rad(a:”y”z”)]2

n,nsn

Do céc s6 x,y, z déu duong nén rad(z"y"2") = rad(z.y.2) < v.y.z < 5.

Do d6 2" < k.25 hay 2" % <k, do ged(z,y,2z) = 1 nén z > 3. Ta
suy ra 3”79 < k . Lay logarit co s6 3 hai vé ta dudc n < logzk +6 = ny.

Truong hop ged(z,y,2) = d # 1 thi bang cach loai bd thira s6
chung ta dugc phuong trinh =™ + ¢ = 2™ v6 nghiém khi n > 3 , véi
ged(x',y', 2') = 1.

Nhu vay, dinh 1y cudi ciing ciia Fermat chi ding véi n < ny, tic 1a
bai toan bi chan va néu xac dinh duge C. = C; thi bai toan dudc giai
quyét xong. Chang han, chon C. = ¢ = 1 thi dinh 1§ cudi cling cla
Fermat ding khi n > 6 . Cac truong hop n < 6 da dugc chiing minh
trudce d6. Vao nam 1825 Ole da ching minh véi n = 3, tit phuong trinh
z* 4+ y* = 2? khong c6 nghiem nguyén duong ta suy ra dinh 1y cudi
cung ctia Fermat ding v6i n =4 ( Xem [14 ] ), Diricle véi n = 5.

Tuong ti nhu dinh 1y Davenport cho da thic ta c6 gia thuyét Hall
cho s6 nguyéen phat bicu vao nam 1965. Day ciing chinh 1a 15i gidi clia
bai toan da dugc phat bicu vao nam 1921: Tim cac sd ,y nguyéen
duong sao cho 2% — y? = k, v6i k 1a sé nguyen cho trude.

3.2.1.2 Gia thuyét Hall: Gia st z, y 1a cac s6 nguyén duong sao cho
23 —y? # 0. Khi d6, véi moi € > 0, ton tai sd C. sao cho

‘ i yz‘ > C’E:z:%_e.
That vay, trude hét ta co sy phan tich 2° = (2% — 3?) + % Dé tien loi
trong ki hiéu ta co thé gia st 2 — y?> > 0. Theo gia thuyét abc ta co:
333 . y2 y2‘} < CE.[Tad(SIZ3(SIZ3 . y2)y2)]1+5.

Y Y

max{| =°
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Theo dinh nghia [1.1.4, trang 7 | ta ¢6 cac cong thiic danh gia sau:
rad(zyz) < rad(x).rad(y).rad(z)

va rad(z") = rad(z) < .

Do do,
333 < CE[TGCZ(SIZ3(SIS3 o y2)y2)]1+5'
Suy ra
333 < CE[TGCZ(SIZ3)]1+E[TGCZ(SIZ3 _y2)]1+s[rad(y2)]1+s
o 333 < 053314-5(333 . y2)1+5y1+5
PN 332_5 < 05(333 _ y2)1+5y1+5' (31)
Tuong tu

y2 < 053314-5(333 . y2)1+5y1+5
&y < Coate(a® — )T, (3.2)
Thay (3.2) vao (3.1) ta dugc

B (1+¢)2 (1+¢)?
P < O — ) EE e,

1-—5¢ 2+42¢
T < O(x® —yH) e
2+42¢ 12¢

=T S CE(LLB — y2)1755 = Cg(gj:s — y2)2+1755

Nhu vay,

12¢ 12¢ 12¢

Qj%_1*—55 S 05(333 . yz)(2+1,55)(%_1755)

Dic g1 = 22, Khi d6, ta dudc
1-5¢

T3 < OL(aP — y?) G = (o — )
Thc la,
3 < 05(333 _ yz)
& ‘ z® — yz‘ > Cglaz%_sl.
Ta c6 thé bién doi két qua clia gid thuyét Hall nhu sau:
‘ i yz‘ > C’E:z:%_g.

& ‘ x3—y2‘%25 > (C.x



38

& ‘ 2 —yz‘%% > C.a®
12¢

o | 3 y2|6+1725 > O.a’
2|6+€1

@!az?’—y > C.,2°

Bang cach chiing minh tuong tu nhu trén, ta c¢6 thé mé rong gia
thuyét Hall cho cac s mil luy thita nguyén m va n bat ky.

3.2.1.3 Gia thuyét Hall tong quat: Cho m va n la cac sb6 nguyén
16n hon 1. Gid st z,y 1a cic s6 nguyén sao cho a.z™ — b.y" # 0. Khi
do6, v6i moi € > 0, ton tai s6 C. sao cho

m m n n.m.(1+e)
| 2™ < CL| 2™ — y" |

Ching minh | xem [16 |, trang 14, chuong 1 |
3.2.2 Cac bai toan twong tw cho s6 hoc ctia cac bai toan 6 2.2.2

Tuong tu nhu bai toan [(2.2), trang 25 | ta c6 bai toan sau cho s6
nguyen. Day chinh 1a gid thuyét Tijdeman-Zagier.
Bai toan 3.1: (Gia thuyét Tijdeman-Zagier).

Néu p, ¢, 1a cac s6 nguyén 16n hon hoac bang 3 thi phuong trinh

2P + y? = 2" khong c¢6 nghiém nguyén z,y, 2 khac 0, nguyén t6 cling
nhau.

That vay, gid st ton tai cic s6 nguyen z, y, 2 khac 0 nguyén to cung
nhau thod man phuong trinh 2 4+ y? = 2". Theo gia thuyét abc ta dugc

maz{ 2, y!, 2"} < C..[rad(aPy?2")] e,
Ta chitng minh bai toan nay trong truong hop sé6 mi da 16n. Tic 1a,
min(p,q,r) >k, (3.3)
trong do6 k = % + (3 + 3¢).

Khong mat tinh tong quat, ta c6 thé gid st maz{ z, y, 2z} = x.
Khi do,
oP < C..[rad(zPytz")] e,
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ol < Ol (xyz)''e
o P < Ol

N xp—3—3€ S Cg
logC-
log2

& p < + (34 3¢) =k, do logx > log2.

Dieu nay mau thuan vdéi (3.3).

Vay phuong trinh 2 +y¢ = 2" khong c6 nghiém khong tam thuong,
nguyen toé ciing nhau khi p, ¢, r 1& cac s6 nguyén 16n hon ho#c bang 3.
Hay noéi cach khac, néu p, ¢, r 1a cac s6 nguyén 16n hon 2 va théa man
%+é+% < 1 thi phuong trinh 2? 4+ y? = 2" chi c¢6 nghiém tam thuong
trong 7Z hoac cac nghiém c6 wéc chung khac 1.

Van de dat ra la khi %%—%4—% < 1vap,q,r la cac s6 nguyen bat ky,
bo di gid thiét 16n hon hodc bang 3, thi phuong trinh 2? + y? = 2",
véi ged(x,y,y) = 1, c6 nghiém (z,y, z) khong tam thuong trong Z hay
khong? Day chinh 1a gid thuyét Fermat-Catalan.

Bai toan 3.2: (Gia thuyét Fermat-Catalan)

Néu p, q,r 1a cac s6 nguyén duong thod man hé thic %+%+% <1
thi ton tai hitu han cac s6 nguyén t6 ciing nhau z, v, z 1a nghiém cta
phuong trinh 2 4+ ¢4 = 2" .

That vay, gid st ton tai cic s6 nguyen z, y, 2 khac 0 nguyén to ciing
nhau thod man phuong trinh 2 +y? = 2" . Ta c6 thé gid sttp < ¢ < r,
néu nguoc lai thi ta doi vi tri clia cac s6 hodic chuyén vé cho phuong
trinh.

Khi do6, (p,q,7) c6 mot trong cac cip s6 sau: (2,3,7)) véir > 7,
hoac (2,4,r) v6i r > 5 , hodc (2,q,r) véi r > ¢ > 5 , hoac (3,3,r) v6i
r >4, hoac (3,q,r) véi r > q > 4, hoac (p,q,r) véir >q>p > 4.

Trong cac trudong hgp trén thi

1+1+1<41
p q r 42
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1 1 41

Ly
p q r 42
khi (p,q,r) = (2,3,7).
Theo gid thuyét abc ta dugc
maz{ 2, y!, 2"} < C..rad(aPylz")' e (3.4)
Chop & = & va dat maz{| 27|, | y?|,| 2"} = M.
Khi d6, theo (3.4) ta c6
M < C.[rad(z?).rad(y?).rad(z")]"" 7,

V610201.
Do do

&l
(]

M < C(] x| yl] 2])=

1 1 14_3
s M CMyMiM**
43

e M< oMt n
o Mra < (.

Diéu nay ching t6 M bi chin, tic 1a x, y, z bi chan. Vi vay c6 hitu han
cac s6 z,y, 2 nguyén t6 cing nhau thod phuong trinh 2” + y? = 2" khi
p,q,r 1a cac s6 nguyén duong thod man hé thic %+é+% < 1.

Bay gio, ta xét mot truong hgp riéng cua bai toan 3.2. Day chinh
14 phuong trinh Catalan cho s6 nguyén.

Bai toan 3.3 Phuong trinh o — y? = 1 v6i p,q > 2 chi c6 nghiém
nguyén duong duy nhat (z,y) = (3,2).

That vay, theo bai toan (3.2), v6i p = 2,q = 3,7 > 7 thi bai toan c6
nghiem (z,y) = (3,2). Néu p,q > 3, ap dung két qua (3.1) thi phuong
trinh vo nghiém.

Nhu vay, theo bai toan (3.1) thi phuong trinh a? + y? = 2" vo
nghieém khi p, ¢, r 1a cac sd6 nguyén duong 16n hon hoac bang 3, khi do
tacé%+%+%f§1.Tha)bmwmén(32)ﬂﬁ;ﬂnMngtﬂnhxp+@ﬂ::zT
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c6 hitu han nghiém (z,y, z), nguyén t6 cing nhau khi p, ¢, 1a cac s6
nguyén duong thoa man hé thic %+%+% < 1.

Tt hai két qua nay ta suy ra dudc phuong trinh 2 + y? = 2" chi
c6 nghiem khi chi ¢6 duy nhat mot trong ba s6 p, ¢,r bang 2 va thoa
1,11
5+5+F <1.

Chang han, ta c6 cac nghiém ctia phuong trinh nhu sau:
1+2°=3%2 + 77 =347 +137 =2%2" +17° = 71% 3% + 11" = 122
177 4+ 76271% = 210639282 33% + 15490342 = 15613°...

Truong hop %+%+% > 1 thi viéc ton tai nghiém ctia phuong trinh
2P + y? = 2" duge xét gan gidng nhu bai tap [(2.5), trang 27] cho da
thitc. Cu thé nhu sau :

Bai toan 3.4

Cho p, q,r 1a cac sO6 nguyén duong thod 2 < p < g < r va gia st
x,v, z 1a cac s6 nguyén, nguyén to cing nhau ting cap, khi do:

a) Néu %+é+% > 1, tic 1a (p,q,7) = (2,2,7) v6i r > 2 hoic
(p,q,7) = (2,3,r) v6i 3 < r < 5 thi phuong trinh 27 + y? = 2" vo

nghiém hoac c6 vo sd6 nghiem.

b) Néu %%—%4—% = 1 thi phuong trinh z? 4+ y? = 2" khong c¢6 nghiém
khi (p,q,7) = (3,3,3) va (p,q,r) = (2,4,4) nhung c6 nghiém khi
(p,q,7) = (2,3,6), chang han phuong trinh 2% + y> = 2% c¢6 nghiém
Ia (3, -2, 1).

Céc két qua nay dugce ching minh béi Iy thuyét ham Modunlar (
xem [10], [14]), khong thé ap dung dudc gid thuyét abe.

Tuong tu nhu cac bai toan ton tai da thic, ta phéat biéu bai toan
tim s6 nguyen thoa diéu kién cho trudc.

Theo bai toan [(2.6), trang 29]: Cho a 1a mot s6 phiic khac 0. Khi
do6, néu ton tai cac da thiic mot bién véi he sd phic f(t),g(t) thoa
phuong trinh f2(t) = ¢*(t) + a thi f vA g 14 cac da thiic hang.

Do d6, khi ta thay da thic trong bai toin nay bdi cac sd nguyen
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thi bai toan sé c6 nghiém .
Bai toan 3.5
Tim céc nghiém nguyén ciia phuong trinh 23 — 3% = 4.

Chiing ta c6 thé giai bai toan trén dua vao s6 nguyén Gauss( xem
[2]). Tuy nhién phuong phap nay kha phic tap. Ching ta ¢ cach giai
ngan gon hon nhiéu dya vao gid thuyét Hall . Theo gid thuyét Hall ta

co
! i y2|6+€ > C.a’
‘ i y2‘6+€ > Oy
Do do,
46+ > O
45+ 5 Oy,

Nhu vay  va y déu bi chan bdi nhitng sé6 nhd. Mat khac, tit phuong
trinh 2® — y?> = 4 ta suy ra dudc z < y nén ta dé dang thay céic gia
tri cia # va y vao phuong trinh. Phuong trinh c6 nghiém duy nhat
(z,y) = (2,2) .

Tuong tu bai toan trén, ap dung gid thuyét Hall cho cac s6 mi m, n
16n hon 1 v6i cong thic

n.m.(1+¢)

| 2™ < Co| 2™ — y"|mn=n=m (3.5)
ta suy ra dudc dinh 1y Lebesgue: Cho p 1a mot s6 nguyen t6. Khi do6
phuong trinh 2 — 3% = 1 khong c¢6 nghiém nguyén thoa z.y # 0.

Dong thoi viec a4p dung cong thiic (3.5) ta tim duge (z,y) = (0,1)
13 nghiém duy nhat ctia phuong trinh 2% + 1 = y*. Bai toan nay chi 1a
mot trudng hop clia bai toan tong quat sau.

Bai toan 3.6 ( Trich dé thi v dich qudc gia An Do 1998).

Tim cac s6 (z,y,n) nguyén duong sao cho (z,n + 1) = 1 va thoa
man hé thic 2" + 1 = y" .

Bai toan nay dudc giai quyét don gidn khi ta 4p dung gia thuyét
Hall. Ta xét cac truong hgp nhu sau.



43

Néu n = 1, ta dudge phuong trinh # + 1 = y? ¢6 vo sd nghiem
thod diéu kien (z,2) = 1. Ta suy ra z 1a s6 18 v& y chdn. Chang han
(z,y) = (3,2),(15,4),(35,6), ... l]a cic nghiém cta phuong trinh.

Néu n > 1, theo gid thuyét Hall ta c6 : v6i moi € > 0, ton tai s6 C.

sao cho
n.m.(14¢)

| ™| < C.| 2™ — y" [
Thay m=n;n+1=mva|a™ —y"| =1, ta dugc
| 2" < C..1.

Do d6 = 0 va y = 1 thoa hé thic 2" + 1 = y"*1. Mit khac, theo gia
thiét (z,n + 1) = 1 nén phuong trinh da cho vo nghiem.

Vay bai toan chi ¢6 nghiém khi n = 1, z 1é va y chan.
Bai toan 3.7 ( Trich dé thi vo dich Nga 1997)
Tim céac s6 nguyén to p va ¢ thod man he thic sau:
(p+9)°+q¢" =p" (3.6)

Ta c6 thé giai bai toan trén ma khong ap dung gia thuyét abe nhu sau:

Xét truong hop p = ¢, ta duge phuong trinh p*(p> —p —8) = 0 (
loai).

Xét truong hop p # ¢, khi ay ta co:
(p+a) +q' =7,
S q' +¢ +3palp+q) =p° — P,
< qlq*(g+1)+3p(g+1)+3p(g—1)] = p’(p*~ 1)
Két hap v6i p va ¢ 1a cac s6 nguyén t6 nén ta suy ra
{ pllg+1)

q|(p*—1)

Xét kha nang thit nhit { pllg+1)
qllp—1)
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p<(g+1)
Ta suy ra
Y {qﬁ(p—l)

p—1= ¢ map va q la cac s6 nguyén td nén ta suy ra p = 3,q = 2,
thay vao phuong trinh (3.6) khong thoa.

stacla (p—1) < g < (p—1). Ta duge

Xét kh nang thit hai { rllg+1)
ql(p+1)

p<(qg+1)
Ta suy ra ,
Y {qﬁ(pﬂ)

g=p—1hoic ¢ =phoic ¢ =p+1 ma p va ¢ la cac s6 nguyen t6 nén

ticla (p—1) < ¢ < (p+1). Ta duge

ta suy ra p = 3,¢ = 2 hodc p = 2,q = 3, thay vao phuong trinh (3.6)
khong thoa.

Vay bai toan cho v6 nghiém.

Bai toan (3.7) c6 thé gidi quyét that ngan gon khi ching ta diing
dén giad thuyét abc ma truc tiép 1a gid thuyét Tijdeman-Zagier, trong
dor=p+qy=q,2=0p, (pg) =1 va cac s6 mit déu 16n hon hoac
bang 3. Khi d6, phuong trinh (3.6 ) vo nghiem.

Gia stt chiing ta thay doi gia thiét ctia bai toan va néu ta khong ap
dung gid thuyét Tijdeman-Zagier licu c6 gidi duge bai toan sau khong?
Bai toan 3.8 Tim céic s6 nguyén, nguyén to ciing nhau p va ¢ thoa
man hé thic sau:

(p+a)+q¢" =0 (3.7)
Bing cach lap luan tuong ti nhu bai tap ( 3. 7) ta suy ra cic trudng
hop ¢ = p — 1 hodic ¢ = p hoiic ¢ = p+ 1 ma p va ¢ 1a céc s6 nguyen to
ciing nhau nén ching ta khong the thit hét cac gia tri clia cac sé p va ¢
nguyén t6 cting nhau thod man hé thic (3.7). Do d6 ta khong thé két
luan dugc bai toan.Tuy nhién, khi ap dung gia thuyét Tijdeman-Zagier
thi bai toan (3.8) thoa cac diéu kién ctia gid thuyét. Do d6 bai toan vo
nghiém. Bay gi¢ ching ta xét bai toan tuong tu nhu bai [(2.8), trang
30] cho s6 nguyén va ciing c6 cach giai tuong t.

Bai toan 3.9: Tim tat ca cac s6 nguyen a va b thod man phuong trinh

(a+0)® =a® + 0%
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Bai toan 3.7 ta c6 thé gidi theo hing dang thiic nhu sau:
(a+b)° =a®+ b

& 3a”.b+3a.b> =0

< 3a.b(a+b) = 0.
T do6 suy ra a = 0 hoac b = 0 hoac a = —b. Tuy nhién, viéc giai bai
toan cho s6 mii tong quat n > 3 thi sé rat kho khan khi dung hing
déng thitc. Trong truong hop do, ching ta sé ding gid thuyét abc ma
hé qua ctia n6 la dinh 1y cudi ciing clia Fermat cho s6 nguyén dé giai
quyét bai toan. Bai toan (3.9) 1a mot truong hop ctia bai toan sau.
Bai toan 3.10: Cho n 1a mot s6 nguyen 16n hon hoidc bang 3. Tim tat
ci cac sO nguyén a va b thod man phuong trinh

(a+b)"=a"+0b" (3.8)
a) Xét truong hop n 1a sb 18.

Gia st (a,b) = 1 thi ged(a, b, a+b) = 1. khi do6, ap dung gi& thuyét
abc hodc dinh 1y Fermat cho s6 nguyén, ta suy ra ducgc khong ton tai
hai s6 nguyén a va b thod man phuong trinh (a + b)" = a” + b".

Ta thay rang, a = —b hodic it nhat a = 0 hosic b = 0 thod méan
phuong trinh (3.8).

Truong hop khac, khi (a,b) = ¢, hién nhién ¢ # 0, ¢ # a. Khi do,
ton tai cac s6 nguyén u, v sao cho a = c.u, b = c.v. Phuong trinh
(a+b)"=a"+ 0"

& (u+v)" =u"+ 0" (3.9)

Hién nhién (u,v) = 1 nén theo dinh Iy Fermat cho s6 nguyén ta
suy ra phuong trinh (3.9) vo nghiém.

Nhu vay, khi n 1a s6 1& thi phuong trinh (3.8) chi ¢6 nghiem a = —b
hodc it nhat a =0va b =0 .

b) Xét truong hgp n 1a s6 chén.

Gia st (a,b) = 1 thi ged(a, b,a+b) = 1. Khi d6, ap dung gia thuyét
abc hodc dinh 1y Fermat cho s6 nguyén, ta suy ra ducc khong ton tai
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hai s6 nguyén a va b thod man phuong trinh (a + b)" = a” + b".

Ta thay rang, it nhat a = 0 va b = 0 thod man phuong trinh (3.8).

Truong hop (a,b) = ¢, ¢ # 0. Khi d6, ton tai cdc sd nguyen u, v
sao cho a = c.u, b = c.v. Phuong trinh(a 4 b)" = a" + b" tuong duong
v6i phuong trinh

(u+v)" =u" + 0" (3.10)

Hién nhién (u,v) = 1 nén theo dinh ly Fermat cho s6 nguyén ta suy ra
phuong trinh (3.10) vo nghiém.

Nhu vay, khi n 1a $6 ch&n thi phuong trinh (3.8) chi ¢6 nghiém khi
it nhat @ = 0 hodic b=0 .

Trong khi d6, néu ta khong dung dinh 1y Fermat cho sd nguyén ma
ap dung khai trién nhi thiic Niuton thi ching ta sé gip kho khin va
khong két luan dudce bai toan.

That vay, (a +0)" =a" +b"
& Ca" o+ C2a" P 4+ O ab" T =0
S ab(Cla™? 4+ C2a" b+ ...+ C" ") =0
Sé rat kho dé tim a va b thod Cla" 2 + C2a"3b + ... + C" 12 = 0.

Chiing ta phat biéu tuong tu cho sé nguyén ciia bai toan [(2.13),
trang 32.]
Bai toan 3.11 Ton tai hay khong s6 nguyén a sao cho moi u6c nguyén
t6 clia @ va a + 1 déu cé s6 mi boi.

Gia st ton tai sO6 nguyeén a sao cho moi uéc nguyén té ciia a va a+ 1
déu c6 s6 mil boi.

Do mil boi clia mot s6 nguyén nhé nhat 1a boi 2 va moi ude nguyen

t6 clia a déu 1a mi boi nén rad(a) < /a.

Tuong tu moi udc nguyeén t6 clia a + 1 deu 1a c¢6 s6 mit boi nén

rad(a +1) < va+ 1.
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Tu do, ta suy ra

rad(a).rad(a + 1) < y/a.(a+ 1).
Nhu vay, ta co

[rad(a).rad(a + 1) < a.(a +1). (3.11)

Ta c6 sy phan tich (a +1) —a =1, rdo rang (a,a + 1) = 1, vi néu
ngudc lai thi ton tai sé6 nguyen b 1a wéc chung 16n nhat ctia a va a + 1.
Khi d6, (a,a+1) =bsuy ra (a,a+1—a) =0bhay (a,1) =0 (voly ).

Nhu vay, (a,a + 1) = 1, ap dung gia thuyét abe cho céc s6 nguyen
a,lvaa+1taco
maz{a,a+ 1} < C..lada(a + 1)]'*<.
Do do,
a.(a+1) < C..[rad(a(a + 1)]*7%. (3.12)
Két hop (3.11) va (3.12 ), ta duge

[rad(a).rad(a +1)° < a.(a + 1) < C..[rad(a(a + 1)*7*
& 1< O frad(a(a + 1)]* (ding).

Nhu vay, khac véi bai toan [(2.13), trang 32] cho da thiic khong ton
tai. Bai toan (3.11) la ton tai sd a, chang han @ = 8 khi d6 8 = 23 v&
9 =32

Chiing ta phat biéu tuong tu cho sé nguyén ciia bai toan [(2.14),
trang 33].

Bai toan 3.12: Tim hai s6 nguyén a va b sao cho rad(a) = rad(b) va
rad(a+ 1) = rad(b+ 1).

Ta dé dang chi dudc cac sé nhusau: a = 2,0 = 8 vi rad2 = rad8 = 2
va rad3 = rad9 = 3 hoac a = 75,b = 1215.
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Chuong 4

Mot sé6 két qua gan day theo
huéng mao rong dinh 1y Mason

Ta biét rang dinh 1§ Mason phat bieu cho ba da thiic nguyéen t6
cting nhau ting cap, khong dong thoi 14 hang s6. Vay dinh 1y Mason
c6 thé ap dung cho n ham sé n > 3 dudc hay khong? Khi d6 bat dang
thiic trong dinh 1y Mason sé nhu thé nao? Ta di biét dén mot cach
chitng minh khac ctia dinh 1y nay 13 ding dinh thitc ctia Dai s6 tuyén
tinh. Trong nhitng nam gan day, bang k¥ thuat Wronskian ching ta c6
thé md rong dinh 1y Mason cho nhiéu da thitc cling nhu mé rong cho
ham nhiéu bién.

4.1 Dinh 1y Mason mé réng cho nhiéu ham sé mot bién.

4.1.1 Dinh ly: Cho n + 2 da thic fy, fi, ..., fne1 MmOt bién trén truong
c6 dic s6 0, khong ¢6 nghiem chung, khong dong thai 1a cac da thic
hang. Gia st rang ged(f;, fi, fr) = 1 v6i cac s6 khac nhau bat ky
i,75,k € {0,1,..,n+ 1}, fo+ fi+ ... + fus1 = 0va hé fy, f1,..., fn doc
lap tuyén tinh. Khi do

Mazx, deg(f;) < (2n — 1)[no(fo-fr--- fus1) — 1]. (4.1)
4.1.2 Ching minh : Theo gia thiét hé fy, fi, ..., f, doc lap tuyén tinh,
khi d6 theo [Dinh Iy 1.3.2 trang 11] chiing ta dugce dinh thitc Wronskian
W cuaa fy, fi,..., fn khong triét tieu. Do do, dat
P = W(f07 f17 ) fn)
fO'fl“'fn
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Q: fO-fl---fn—l—l
W (fo, frs s fu)

Tu do ta co
Gia st rang o 1a mot nghiém cla
Jo-JiJos1s
theo gia thiét fy, fi, ..., fne1 khong c6 nghiém chung. Do d6, ton tai k,
0 <k<n+4+1sao cho fk(a)#Onénu?k =0.

Mat khac, fo+ fi+...+ foic1 + frg1 + . + fug1 = — [ va ap dung
cac tinh chat cia dinh thic [ (1.3.4.3 ), trang 12] ta ¢6 cac phép bién

doi sau:
f9 f}f;/C f?
W(f())fl)"')fn):det :fo flfk fn
fén) f1(n) o flgn) o fﬁ
R e D ) A
\ i )

f9 f}...fCH_l... f?

et :fo flan fn

f'(gn) fl(n) . "f(ﬂ L fén)
= (_l)n_k+2w(f07f17 "'7fk—17fk+17 "'7fn+1)-

Do do,

o o«
Hofofidnpr — M fofiofe1-Ffrpt st
W(fo.f1,-->In) W(fo.f1o--T—1:Fk+1:Fn+1)
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n+1

- Z #fﬂ - MW(anfla"'afkflakarla---afnJrl).
7=0

Theo dinh nghia dinh thic [ xem (1.3.4.2), trang 11] ta ¢6 dugc két
qud W (fo, fi,ooos foots frorts o fue1) 12 tong clia cic s6 hang c6 dang
nhut sau 8.(fa,) (fo)o(f4), V01 @ € {0, 1, on + TP\{k}; 6 = +1.

Gia st rang ton tai m ham s6 f; sao cho f;(«) = 0. Theo gid thiét
ged(fi, [, fr) = 1 v6i cac s6 khac nhau 4, 5,k € {0,1,...,n + 1}, ching
ta suy ra m < 2.

Nhu vay, c6 nhiéu nhat 1a hai da thic nhan o lam nghiém. Ching
ta biét rang o = —k + pg [xem tinh chat 1.4.2.2, trang 13]. Tu do,
ta co

Hy g 2 D W, — k(= 1), (43)
fi(a)
— ,ual—[;l;rol .faj - (2n - 1)

Dang thiic ¢ (4.3) xdy ra khi « 1 nghiém ctia fé? VA féﬁjﬁ.
Dua vao tinh chat p$,, > min(u$, pg) va pf, = p$ + ), ching ta

suy ra

’u%/(fo,fl,---,fk—l,fkﬂ,...,fnﬂ) > Nal—[;z;rol fa, — (2n — 1)
@”ﬁzmﬂ_ﬂwmﬁwﬂqﬁ%whﬂ§2n—L
V1 vay,

«
Boiongnn <20 — 1
W(fo,f1:--fn)

Két hop v6i o 1a mot nghiem cia fy. fi... fni1, ching ta suy ra



Ta ¢6 sy bién doi P

— W(.anfl ----- fn)

o1

1

fofidn  — ToFiifa det

1 1... 1
L A I
Lo L

IR TR

Nhu vay P la tong clia cac s6 hang sau

véi B; € {0,1, ...

deg f51f52 fﬁn
f51f52 fﬁn

= —(14+2+3+..+n)=

Do do6

f51f52 fﬁn
f51f52 fﬁn

,n},d = £1. Trong mdi s6 hang clia tong, ta co

= deg (;Z)dee <;62)+ +deg<f

/3.

n(n+1)
G

deg(P) < "D

2

Tt cac cong thiic (4.2), (4.4), (4.5) ching ta suy ra

deg(fn—l—l) -

Ta lai c6 22t

deg(P) + deg(Q)

< (2n = Dno(fo-fi---fos1)] —

5— > (2n —1),Yn > 2 nén

deg(fn—l—l)

Khi chung ta dat

P =

Q =

(2n — Dno(fo-fr- far1) — 1],

W (S, fas s fosn)

f1~f2~--fn+1
f0~f1~--fn+1

W (fo, f1, s fa)

n(n+1).

(4.5)
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Vi hé fo, fi,..., fn doc lap tuyén tinh ma fo + fi + ... + foe1 = 0,
bién doi ta ¢6 hé fi, ..., foy1 ciing doc lap tuyén tinh.

Khi dév néu ta thay fO = _(fl + .+ fn—i—l) trong W(f07f17 7fn)
thi ta dugc W(f(), fi, ..., fn) = W(fl, fo, ..., fn+1). Tu do ta co

P.Q = fo.
Lap luan tuong tu ta ciing c6
deg(fo) < (2n — 1)[no(fo-f1-- fas1) — 1].
Twong tu cho cac da thic fi, ..., f,, ta dudgc

Mazx deg(f]) < (2n - 1)[n0(f0.f1...fn+1) — 1]

0<j<n+1

Chtng ta van c6 két qua tuong tu cho ham nhiéu bién.
4.2 Dinh 1y Mason mé réong cho cac ham nhiéu bién.

4.2.1 Dinh 1y: Cho n + 2 da thic fy, fi, ..., fne1 nhiéu bién trén vanh
Flxq, 19, ..., 27] clia truong F c6 didc s6 0, khong c6 nghiem chung, khong
dong thoi 1a cac da thic hang. Gia st rang ged(fi, f;, fr) = 1 v6i céc
s6 khac nhau 7,7,k € {0,1,....n+1}, fo+ fi + ... + fur1 = 0 va he
fo, fi, ..., fn doc lap tuyén tinh. Khi do

Mazx deg(f]) < (2n - 1)[n0(f0.f1...fn+1) — 1] .

0<j<n+1
4.2.2 Chitng minh dinh ly: ( Xem [ 6 |).
Ching ta c6 két qud tuong tu cho dinh Iy Davenport .
4.3 Pinh 1y Davenport mé rong cho nhiéu ham sé.
4.3.1 Dinh 1y Davenport mé rong cho nhiéu ham sé mot bién.

Cho F 1a mot truong déng dai s6 ¢ dic s6 0. Xét cac da thitc mot
bién f1, fo, ..., fr(k > 3) v6i he s6 trén F khong ¢6 nghiém chung, khong
dong thoi 1a cac da thiic hang. Cho céc s6 nguyen duong [;(1 < j < k)
sao cho Iy < Iy < .. < Iy va 300 1 < Kkl + k(k — 1). Gia sit réng he
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bl fiF doc lap tuyén tinh trén truong F. Khi d6 ta c6
k-1
_ < .
{1 z; 3 } max deg(f deg Zf (4.6)
j:

Chitng minh( xem[4])
Khi k = 2,1y = 2,lob =3, f1 = [, Jo = —g, theo cong thiic 4.6 ta
dugc dinh ly Davenport:

11 1
{1 ~(G+ 5)}degg3 < deg(f* —¢") =1 deg <deg(f* —¢°) — 1.

4.3.2 Dinh ly Davenport md réng cho cac ham sé nhiéu bién.
Cho F 1a mot truong dong dai s6 c6 diac sd 0. Xét cac da thic nhicu
bién f1, fo, ..., fr(k > 3) trén vanh F[z1,xs,...,7;] khong c6 nghiem
chung, khong dong thoi 1a cac da thitc hang. Cho céc s6 nguyén duong
(1<j<k)saocholy <l <..<lvadi I <kli+k(k—1). Gia
st rang he f{l, 52, e ,i’“ doc lap tuyén tinh trén truong F. Khi d6 ta

co
k

k-1 |
{1; 3 }1rgj8u<>§€deg(f)<deg(2ff)(k1)~

j=1

Chitng minh( xem [ 5]).

4.4 Ap dung dinh ly md rong cho dinh 1y Mason vao nghién
citu da thitc ham nhiéu bién
4.4.1 Dinh 1y cubi ciing ciia Fermat cho cic da thitc ctia ham
nhiéu bién.
Phuong trinh

o+t = (4.5)
vo nghiem khi m > (n + 2)(2n — 1). Trong d6, cac da thic nhicu
bién fo, f1,..., fux1(n > 2) trén vanh Clxy, 29, ..., 2] nguyén to cung
nhau ting cip, khong dong thoi 1a cac da thic hing. Dong thoi he
T 15 fiy doc 1ap tuyén tinh tren truong C.
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That vay, 4p dung dinh 1§ Mason cho cac ham nhiéu bién ta c6

Max fi" < (2n = D)[no(f1"-f5" - foa) — 1].

0<j<n+1

Do do,

deg f" < (2n— D)[no(fo-fi-o-fusr) — 1,¥5 = 0,1, ..,n + 1.
Ta suy ra

deg f; < M

Vi=01,..n+1.

Lay tong vé theo vé n + 2 cac bat dang thic ta trén duge

[deg(fo) + deg(f1) + ... + deg(fns+1) — 1],

n+1 n+1
2n — 1)(n+2
E degf]_ - Eodegf]_l]
J

Chuyén vé ta dugc

n+1
(1 (2n —1) n+2>2degf]_ 2n—1)(n+2)<0.

m

m

T do, ta suy ra (1 — M) < 0 hay m < (2n —1)(n + 2).
Vay phuong trinh 4.7 chi ¢6 nghiém khi m < (2n — 1)(n + 2).

Truong hop [ = 1,n = 1 ta dude dinh 1y cudi cing Fermat cho
da thiic ctia ba ham s mot bién vo nghiem khi n > 3 [xem bai toan
2.2.1.1, trang 20].

Tuong tu, ching ta c6 dinh 1y sau cho cac s6 mit khac nhau.
4.4.2 Pinh 1y Fermat tong quat cho cic da thiic ctia ham nhiéu
bién.

Phuong trinh

o+ Mt = (4.8)

vo nghiém khi m; > (n+2)(2n —1),Vj = 0,1,....n + 1 . Trong do,
cac da thitc nhiéu bién fo, f1, ..., fur1(n > 2) trén vanh Clzy, 29, ..., 2]



55
nguyen té cting nhau ting cip, khong dong thoi 1a cac da thic hang.
Dong thoi he i, fi*, fi*, ..., f"; doc lap tuyén tinh trén truong C.

That vay, gid sit phuong trinh (4.8) ¢6 nghiem khong tam thuong,
ap dung dinh 1§ Mason cho cdc ham nhicéu bién ta c6

Maz f™ < (20— Dno(fr.fr fm ) — 1]

0<j<n+1"7

Do do,

deg £ < (2n — D)[no(fo. fr-for1) —1,¥5 = 0,1, ...,n + 1.

Ta suy ra

m;degf; < (2n — 1)[deg(fo) + deg(f1) + ... + deg(fns1) — 1],
Vi=0.1,...n+1

Lay tong vé theo vé n + 2 cac bat dang thic trén ta duge

n

> [my = (2n = 1)(n+2)] deg(f;) < —(2n = 1)(n +2) < 0.
j=0
Diéu nay mau thuan véi gia thiét m; > (n+2)(2n—1),Vj =0,...,n+1.
Vay phuong trinh 4.8 vo nghiém.
Truong hop | = 1,n = 1 ta dudc dinh 1y Fermat tong quat cho da
thiic ctia ba ham s6 mot bién vo nghiém khi m; > 3,V = 0,1,2 [ bai
toan 2.2, trang 25] .

Ching ta c6 két qua tuong tu cho phuong trinh Fermat-Catalan
cho cac ham nhiéu bién.

4.4.3 Phuong trinh Fermat-Catalan cho cac ham nhiéu bién

Cho cac s6 nguyen duong m;(0 < j <n+1). Néu

1 1 1 1
— . <

thi phuong trinh

O = (4.9)
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vo nghiém. Trong do, cac da thiic nhiéu bién fo, f1, ..., fur1(n > 2) trén
vanh C[x1, 9, ..., ;] nguyén t6 cung nhau ting cap, khong dong thoi

ma

la cac da thic hiang va gia st rang he [, f1™, f3", .., f

n

Wf:f ' doc lap
tuyén tinh trén truong C.

That vay, gid sit phuong trinh (4.9) ¢6 nghiem khong tam thuong,
ap dung dinh Iy Mason cho cac ham nhicéu bién ta c6

Maz 7 < (2n — Dlno(fo. fm .. fmm) — 1.

0<j<n+1 J ntl

Do do,

deg ;" < (2n — 1)[no(fo-f1--fuy1) = 1],¥5 =0,1,...,n + 1.

Ta suy ra

m;degf; < (2n — 1)[deg(fo) + deg(f1) + ... + deg(fnt1) — 1],
Vi=0.1,..n+1

Thic la

deg(f;) < ——(2n — 1)[deg(fo) + deg(fi) + .. + deg(fs1)] ~

J m;

2n —1

Lay tong vé theo vé n + 2 céc bat dang thic trén ta dude
n+1 n+1

Zdeg fi) < Z 2n — 1)[deg(fo) + deg(f1) + ... + deg(fus1)]

n+1

—(2n—1) ;OmL

Do do
n+1 n+1 1 n+1 1
d : — — — < — — — .
S deutr) <1 S Lo 1)) <ea-n3 Lo
7=0 j=0 "7 j=0 "7
Ta suy ra
n+1 1
1— — _
Z o (2n—1) <0
7=0
n+1
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1 1
= —_— > .
Z m; 2n — 1
7=0
. . n+1 ) ) .
Nhu vay phuong trinh (4.9) c6 nghiém khi ;) o> T Do d6 khi
]:
n+1
>~ -L < L~ thi phuong trinh (4.9) vo nghiém.
j=0 "

Truong hop [ = 1,n = 1 ta dugc phuong trinh Fermat -Catalan cho
da thitc ctia ba ham s6 mot bién

A =0

vo nghiém khi L+ L+ L <1 [ bai tap 2.3, trang 25].

€
my
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Két luan

Luan van trinh bay vé Dinh 1y Mason va ting dung trong nghién
cttu da thite. Trinh bay su tuong tu gitta s6 nguyen va da thitc, mot so
két qua gan day theo huéng mé rong ciia dinh Iy Mason. Céac két qua
nay dudc viét 6 dang cac bai bdo ctia nhiéu tac gid. Do d6, trong qua
trinh thuc hién luan van nay, ching toi chi yéu thuc hién viéc doc hiéu
va trinh bay lai cac két qua da c6 mot cich chi tiét va hé thong. Dong
thoi bo sung thém mot sé bai tap cho phong phi hon.

Luan van da dat dudc cac két qua sau

- Trinh bay hé thong va chitng minh chi tiét dinh Iy Mason va cac
hé qua cua no6: dinh 1y Fermat cho da thiic, dinh 1y Davenport. Suu
tam va sang tao duge mot sd bai tap ve ton tai da thic, cac bai toan ve
nghiem trong C[t], trong d6 van dung céac két qua da duge nghien citu
dé gidi cac bai toan trén. Dic biét 1a két luan dudce su ton tai nghiém
ctia phuong trinh Diophatine cho da thic ¢ dang tong quét.

- Trinh bay hé thong va chitng minh chi tiét cac tuong tir s6 hoc
ciia dinh 1y Mason va cac hé qua ciia n6. Gidi chi tiét cac bai tap tuong
tu s6 hoc da dudc trinh bay & da thiec.

-Trinh bay hé thong va chitng minh chi tiét vé viec mé rong clia
dinh 1y Mason va cac hé qua ctia né. Giai chi tiét cho két qua tong quat
cua cac bai tap da dugce trinh bay dya vao dinh 1y Mason cho ham mot
bién.
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