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Loi cam on

Quyén tuyén tip nay chic chin sé khong thé thuc hién dugc néu khong c6 su déng gép cla nhing
ngudi ban cia to6i. Ho da truc tiép dong vién toi thuc hién, glii cho toi nhitng bai todn hay gitip toi
c6 thé tuyén tap lai mot cach t6t nhit ¢ thé cac bai toan bat dang thiic. Xin dugc néu ra diy nhiing
ngudi ban than thiét da gidp dd toi rat nhiéu trong qud trinh thuc hién quyén tuyén tip nay

1.

2.

Nguyén Vin Diing - Giang vién Hoc Vién Ky Thuat Quéan Su Ha Noi.

Tran Quang Hung - Cao hoc toan truong Dai Hoc Khoa Hoc Tu Nhién, PHQG Ha Noi.

. Cao Minh Quang - Gido vién trudng THPT Chuyén Nguyén Binh Khiém, Vinh Long.

V6 Thanh Vin - L6ép 12 Toén, trudng THPT Chuyén, PHKH Hué.

. Nguyén Manh Diing - L6p 12 Toén, khéi Ph Thong Chuyén Toan — Tin, trudng DPHKHTN,

PHQH Ha Noi.

Tran Anh Tuén - dang cap nhat thong tin.

www.mathvn.com



=2

Nhirng bai bat dang thirc tir cac cudc thi giai toan

Bai O1. Gid sit a,b,c la cdc sé thuc khong am théa man a® + b* + ¢* + abc = 4. Chiing minh ring
0<ab+bc+ca—abc <2.

(USAMO 2000)
Lui giai 1 (V. Q. B. Can). Bit ding thiic bén trai 1a hién nhién, bdi vi tir gia thiét, ta suy ra cé it nhét
mot sd trong ba s6 a, b, c khong 16n hon 1. Gia st s6 d6 1a ¢, khi d6 ta sé c6

ab+bc+ ca—abc = ab(1 —c¢) +c(a+b) > 0.

Bay gid, ta sé chiing minh bit dang thiic bén phai. Thay abc = 4 — (a®> + b” 4 ¢?) vao, ta c6 thé viét
lai bt dang thic nay thanh a? + b% 4 c2 4 ab + bc + ca < 6. Ta sé diing phuong phap phan chiing dé
ching minh bt déng thiic nay. Gia st ton tai mot bo sd (a,b,c) gdm cac s6 hang khong 4m sao cho
a’>+b* +c* +abc = 4 va a’> + b* + c* + ab + bc + ca > 6. Khi do, ta sé ¢6

6(a®>+b*+c*)  6v/6abc

4=a®+b*+c+abc = +
6 6v6

6(a’>+b*+c?) 6+/6abc

a>+b>+ct+ab+bc+ca  (a?2+b2+c2+ab+be+ca)’d/?’
suy ra

3v/6abc
2(ab+bc+ca) — (> +b*+¢*) > .
( )= ) Va2 +b2+c2+ab+bc+ca

Mit khéc, 4p dung bt ding thiic Schur bac 4 (& dang phan thiic), ta thiy

6abc(a+b+c)
2(ab+b — (@ b+ <
(ab+bc+ca)—(a”+b"+c )_a2+b2+62+ab+bc+ca’
nén tu trén ta suy ra

6abc(a+b+c) - 3v/6abe

A2+t +ab+bet+ca’ R+ +2+ab+be+ca

Diéu nay ching t6 ring abc > 0 va v/2(a+b+c) > \/3(a? +b% +c% +ab + bc + ca). Didu nay vo
Ii, boi vi ta ludn co

3(a®> 4+ b* +c* +ab+bc+ca) —2(a+b+c)* =a® +b*+¢* —ab—bc—ca > 0.

Nhu viy, khong thé nao tdn tai cic sb a, b, ¢ thda man gia thiét ctia dé bai sao cho a® +b* + > +ab +
bc + ca > 6, hay néi mot cach khac, véi moi a, b, ¢ khong am sao cho a? + b* + ¢? 4+ abc = 4, ta phai
co

ab+bc+ ca—abc < 2.

Bai todn dugc chiing minh xong. Dé thiy bét dang thic bén trdi dat dugc diu béng khi (a, b, c) 1a mot
hoan vi ctia bd s6 (2,0,0); va bit ding thiic bén phai dat dugc diu bing khi (a,b,c) = (1,1, 1) hoic
(a,b,¢) 1a mot hodn vi ciia b 6 (ﬁ V2, o) . n
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Nhifng bai bat ding thiic tir cdc cudc thi gidi todn 5

Lai giai 2. Day 1a mot chiing minh rit hay va dic sic cho bit dang thiic bén phai. Trong ba s6 a, b, c,
ludn ton tai it nhit 2 sb sao cho hiéu ctia chiing khi trit cho 1 c6 cuing d4u v6i nhau. Khong mét tinh
t6ng quat, gia st hai s6 d6 1a a va b, khi d6 ta c6 c(a—1)(b—1) > 0, suy ra abc > ac + bc — ¢. Mit
khéc, theo bit dang thic AM — GM thi 4 = a* + b* + > + abc > 2ab + ¢* + abc, suy ra ab < 2 —c.
Tu day, ta thu dugc

ab+bc+ca—abc < (2—c)+bc+ca— (ac+bc—c) =2.

]
Loi giai 3 (V. Q. B. Can). Xin dugc gi6i thiéu thém cuing ban doc mot chiing minh khéc cho bat
dang thiic bén phai. Tir gia thiét, ta dé dang chiing minh dudc tdn tai cac s6 khong 4m x, y,z sao cho

Na=-——2  p—_ D . _ 2 V5 phép dit thud
(x+y)(y+2z)(z+x) >0vaa= —— b= === c = ——E—. Vi phép dit thuin

nhét nay, ta c6 thé dua bai toan vé ching minh

Axyz <1.

S (x+y)/( x—i—z)(y—i—z) () O0+) () T
Ap dung bét dang thiic AM — GM, ta c6

2

2

Xy 1 1
<Z +
cye x+y x+z)(y+z) cycx—i_y Xtz y—l—z

B xy xy
I Y e By e e

cyc

B xy zx
_Zf (x+y)(x+2z) +Z’ (x+y)(x+2z)

cyc cyc

x(y+2) 4xyz
S (x+y)(x+2) (x+y)(y+2)(z+x)
Vi thé bat dang thifc trén 12 hién nhién ding, va phép chiing minh ciia ta dugc hoan tét. n

Bai 02. Cho a,b, ¢ la cdc s6 thuc duong théa mdn ab + be 4 ca+ abe = 4. Chiing minh rdng
a+b+c>ab+bc+ca.

(Viét Nam, 1996)

Lui gidi 1 (V. Q. B. Cén). Tu gid thiét, suy ra ta c6 thé dita = 25,6 = 2 vie = 2 véix,y,z la

cic sb thuc duong. Khi d6, bt dang thifc cin ching minh c6 thé dugc viét lai thanh

X y z 2xy 2yz 2zx
> + :
y+z z+x x+y  (x+z2)(v+z2) O+x)(z+x)  (z+y)(x+y)

Ap dung bét déng thiic AM — GM, ta ¢

1 1 Xy Xy
VP <) xy + = 4
;C’ (x+z)2 (y+2)? Czy;(zjtx)z ;C’(y+z)2
xy x
= =y —=VT.
g;‘ (y+2)? g;‘.(erz)z Sey+z

Phép chiing minh ctia ta dudc hoan tit. D& thiy déng thic xay ra khi va chi khi x = y = z, tiic la
a=b=c=1. ]
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6 Let the solutions say your method - V6 Quéc B4 Can

Loi giai 2 (V. Q. B. Can). Ta sé ding phuong phap phan chitng. Gié sit ring ton tai cic sb ducng

a,b,c sao cho ab + bc+ ca+abc =4 vaa+b+c < ab+ bc + ca. Khi d6, ta c6 a,fj,f’;i‘a <1, dan
dén

4= (ab+bc+ca)-1+abc-1
atbte \’ atb+c \’
b+b N be- | —————
> (ab+bc+ca) (ab+bc+ca> +abc <ab+bc—|—ca>

_ (a+b+c)*  abc(a+b+c)
"~ ab+bc+ca  (ab+bc+ca)®

Tur day, ta tim dudc

abc(a+b+c)?

2(ab+b — (@b + ) >
(ab+bc+ca)— (a”+ b~ +c¢) (ab+ be+ca)?

Nhung ma theo bit dang thiic Schur bac 3 & dang phan thiic thi 2(ab + bc + ca) — (a® + b> +¢?) <

9abc ‘A > X A
a+bic- Piéunay dan dén

9abc - abc(a+b+c)
a+b+c” (ab+bc+ca)?’

suy ra abc > 0 va 9(ab + bc + ca)? > (a+ b+ c)* (mau thuin bdi vi ta ludn ¢ (a+b+c)? >
3(ab+ bc+ca) theo AM — GM). B&i vy, ta khong thé ¢c6 a+ b+ ¢ < ab+ bc + ca v6i moi a,b,c > 0
thda man gia thiét ctia dé bai. Diéu nay ching td ring a + b+ c > ab+ be + ca, day chinh 1a diéu phéi
ching minh. ]
Loi giai 3 (V. Q. B. Cin). Ta sé sit dung phuong phap don bién dé chitng minh bt ding thic da
cho. D€ y ring ngoai diém dang thifc 12 a = b = ¢ = 1 thi bt dang thiic di cho con c6 mot diém
"nhay cam" la a = b — 2,¢ — 0 (cung cdc hoan vi). Diéu nay goi cho ta gia sit ¢ = min{a,b,c} va
diing phép don bién dé dua hai bién a,b vé bang nhau va bing mot sé + duong nao d6. Mubn vay,
viéc trude tién ta phdi 1am d6 1a dam bao gia thiét clia bai todn, tic 1a bd sb (¢,¢,¢) phai thda man
1> +2tc+1t>c = ab + bc + ca+ abc = 4. Vi ta cin don bién it (a,b,c) Vé (t,t,c) nén ta phai ching
minh

a+b+c—ab—bc—ca> 2t+c—t2—2tc,

tuong duong
(a+b—2t)(1—c)+ (> —ab) >0. (%)

Mit khéc, tif cach chon clia t, ta c6 c(a+b —2t) = (c + 1)(t* — ab). Ta sé chiing minh a + b — 2t va
t> — ab 1a nhiing s6 khong am. That vay, gia st a+ b — 2t < 0, khi d6 ta cing c6 1> — ab < 0. Piéu
nay dan dén ab > 1> > % > ab (vd 1i). Vi vay, ta phai c6 a+b—2t > 0 va 1> —ab > 0. Ngoai ra,
tir gia thiét ctia ¢, d& thiy ¢ < 1. Va nhu thé, bit ding thic (x) 12 hién nhién diing. Phép don bién da
dudgc hoan tét, cong viéc con lai clia ta chi 1a chiing minh 27 + ¢ — 1> — 2t¢ > 0 v6i 1> + 2tc +12c = 4.
Day 1a mot cong viéc rit don gian, bdi vi tir 12 + 2tc 4 t2c = 4, ta tim dudc ¢ = % > 0, dan dén

(2—1)(t—1)?

>0.
t

2—1
2t+c—t2—2tc:2t+T—t2—2(2—t):

|
Lui giai 4 (V. Q. B. Cén). Dé& thy ring trong ba sb a, b, c c6 it nhit hai s6 c6 hiéu khi trit cho 1 1a
nhitng s6 cling du vé6i nhau. Gia st hai s6 d6 1a a,b, khi d6 ta sé ¢6 c(a—1)(b—1) > 0, din dén
abc > ac+ bc — c. Tu day, ta thu dugc

a+b+c+abc> (a+b)(c+1).

www.mathvn.com



Nhifng bai bat ding thiic tir cdc cudc thi gidi todn 7

Miit khac, ap dung bat dang thiic AM — GM, ta lai c6

b)? b)?
4 =abc+c(a+b)+ab< (a+b) -c+c(a—|—b)+(at1 ) ,
suy ra
2
N 4 4 (avb) 4 .
- %+<a+b> Ller Cl+b ’

Cong 1 vao hai vé ctia bit dang thiic nay rdi nhan cho a+ b > 0, ta thu dugc ngay (a+b)(c+1) > 4.
Do d6, két hop véi trén, ta dugc a+ b+ c+abe > (a+b)(c+ 1) > 4 = ab+ bc + ca+ abc, hay n6i
mot cach khac

a+b+c>ab+bc+ca.

Bai 03. Vdi a,b,c la cdc sé thuc duong bdt ki, hdy tim tdt cd cdc s6 thuc k dé’ cho bdt ding thitc sau

dung
a b c 1\°?
k k k > k+= .
( +b+c>( +c+a>< +a+b> _< +2>
(Viét Nam, 2009)

Li gii (V. Q. B. Cén). Ddu tién, ta choa=b = 1, bit déng thiic da cho tré thanh (k+ 11)* (k+ §) >
(k + %) . , tuong duong

(c—1)*(4k>c+4k> + 2k — 1)
8(c+1)>
Pén day, cho ¢ — 0, ta thiy bat dang thic chi ding néu 4k> + 2k — 1 > 0. Ta sé chiing minh ring,
nghiém clia bat phuong trinh ndy chinh 1a tip hop tit ci cic gid tri ctia k théa min yéu cau bai toan,
tiic 1a ching minh vé6i 4k> +2k — 1 > 0 thi

a b c 1\°
k+——) |k k+—— | > k+=) .
( +b+c> ( +c+a> ( +a+b> - < +2)
That V@y, dit x = £4,y = 22z = 2% thi hién nhién xy + yz 4 2x 4 xyz = 4 V% bt dang thiic trén
dugc viét lai thanh (2k +x)(2k +y)(2k+z) > (2k+1)3. Bay gid, p dung bat dang thic AM — GM,
ta dé thdy xyz < 1. T d6, st dung két qua bai O2, ta thu dudc

> 0.

(2k +x) (2k +y) (2k +z) = 8k +4k> (x +y +z) + 2k(xy + yz + 2x) + xy2

> 8k + 4k? (xy + yz +2x) + 2k(xy +yz + 2x) + X2

= 8K 4 (4 + 2Kk) (4 — xyz) +xyz

= 8> 4 16k + 8k — (4k* + 2k — 1)xyz

> 8Kk + 16k + 8k — (4k> + 2k — 1) = (2k +1)°.
Nhu vdy, phép chiing minh ctia ta da dudc hoan tit. Diéu nay ciing ching té ring khing dinh cta ta
& trén 1a ding, tdc 13 tip hop tat ca cic gid tri cAn tim cla k chinh 12 nghiém ctia bit phuong trinh
4k*+2k—1>0. n
Bai O4. Cho a,b,c,d la cdc sé thuc duong théa man

1 1 1 1
=1.
a4+1+b4+1+c4+1+d4+1
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Let the solutions say your method - V6 Quéc B4 Can

Chiing minh rdng

abcd > 3.
(Latvia 2002)
Loi giai 1 (V. Q. B. Can). Ap dung bit déng thitc Cauchy Schwarz, ta cé
PN SR BN S
B R e N B LN
2
bk Ghrheded
e B B R R - B B
Twdosuyra k+h+ b+ h+a> (et b+ L) vch
1 1 1 1 1 1
22 a2b?  a’c?  a?d?  bic?  b2d? + c2d?’

N Ao 28 . s 1 1 1 1 1 1 6 A LA 4
Ma theo bat dang thic AM — GM thl 5 + 5+ 27 + 2 + 2z T 222 2 e 1€N ket hop voi

trén, ta d& dang suy ra dudc bat dang thic can chiing minh. Pang thic xay ra khi va chi khi a = b =

c=d= 3. []
Loi gidi 2. Ditx= g,y = jlq,2= g var= gz thitacdx+y+z+1=1va
a4:1—x:y+z—|—t’ b4:z+t—|—x’ C4:t—|—x+y’ d4:x—|—y+z.
x X y z t
Tit d6, dé chiing minh bt déng thiic abcd > 3, ta thay ring ta chi can chiing minh dudc
y+z—|—t.z+t—|—x‘t—|—x+y.x—|—y—|—z>81
x y z t -
Nhung bt déng thiic nay hién nhién diing bi vi theo AM — GM, ta c6
y+z+t.z+t+x_t+x+y_x+y+z>3w3/yzt_3€/ztx_3.3/txy.3,3/xyz_81
x y Z t - X y F4 t
Phép chiing minh cta ta dudc hoan tat. n
Bai O5. Cho cdc sé duong a,b,c théa mdan
1 N 1 n 1 51
a+b+1 b+c+1 cH+a+l—
Chitng minh rdng
a+b+c>ab+bc+ca.

(Andrei Ciupan, Chon d6i tuyén Romania du thi Junior BMO 2007)
Loi gidi 1 (Andrei Ciupan). Ap dung bit dang thiic Cauchy Schwarz, d& thiy (a+b+1)(a+b+
c?) > (a+b+c)?. T d6 dan dén

1 1

| < n c+a+b?
~“a+b+1 b+c+1

(a+b+c)?’

b+c+d?
(a+b+c)?

1 a+b+c?
+ <
cta+1~ (a+b+c)?

suy ra
(a+b+c)* <2(a+b+c)+a +b*+c?,
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Nhifng bai bat ding thiic tir cdc cudc thi gidi todn 9

tc la
a+b+c>ab+bc+ca.
Bit dang thiic clia ta dudc chiing minh xong. Pang thic x4y rakhi vachikhia =b=c=1. ]

Li giai 2 (Cezar Lupu). Tir gi thiét, st dung bit ding thiic Cauchy Schwarz, ta c6

1 1 1
2> 1——F- l—— l————
_( a+b+1>+< b+c+1>+< c+a+1>

_a+tb b+c c+a

T atbil brctl ctatl

S [(a+b)+(b+c)+(c+a)?

T (a+b)la+b+1)+(b+c)(b+c+ 1)+ (c+a)(c+a+1)
2(a® +b* +c*) +4(ab+ bc + ca)

(@>+b2+c?)+ (ab+bc+ca)+ (a+b+c)

Tur day, ta suy ra dudc
(a* +b* + %)+ (ab+bc+ca) + (a+b+c) > (a*> +b* +c*) +2(ab + be + ca),

tic la

a+b+c>ab+bc+ca.
DAy chinh 12 diéu phai chiing minh. ]
Lui giai 3 (V. Q. B. Can). Ta sé dung phuong phap phan ching dé chiing minh bit déng thic nay.
Gia st ton tai cac s6 duong a, b, c sao cho >1vaa+b+c<ab+bc+ca.
Khi d6, ta c6 1 < 42tbetea " qin ¢én

1 1 1
a+b+14kb+o+14fc+a+l

a+b+c
1 < al;ilﬁf “ _ ab+bc+ca .
a+b+1 a+b+7"€;’ﬁ;‘” (a+b)(a+b+c)+ab+bc+ca
Va ta thu dugc
Z ab+bc+ca -
Si(a+b)(a+b+c)+ab+betca”
tuong duong
1>Z 1— 2(ab+ bc + ca)

(a+b)(a+b+c)+ab+bc+ca)’

cyc

hay la

1>y a*+ab+b*
Se(a+b)(atb+c)+ab+bctca

Tuy nhién, theo cic bét dang thiic AM — GM va Cauchy Schwarz thi

2 2
VPZEZ (a+0) > 3(a+b+c)
4% (a+b)(a+b+c)+ab+bc+ca ™ Y[(a+b)(a+b+c)+ab+bc+cal
’ cyc
b+c)? b+c)2 .
_ 3(a+b+c) S 3(a+b+c) _ | (méu thudn).

2(a+b+c)*+3(ab+bc+ca) ~ 2(a+b+c)?+(a+b+c)?

Vi viy, takhong thé ¢6 dicu gid sit trén, tiic 1a véi moi a, b, c duong théa man 7 + oy + gy >
1 thi bat budc ta phai ¢6 a + b+ ¢ > ab + bc + ca. Phép chiing minh dugc hoan tat. ]
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10 Let the solutions say your method - V6 Quéc B4 Can

Bai 06. Cho n > 2 la mot s6 nguyén bat ki. Tim hdng s6 C nhé nhdt dé'bdt ddng thitc sau

Y x (e x2) < Clxy oo x)

1<i<j<n
luén diing véi moi sé thuc khong dm xy,x2, ..., Xp.
(IMO 1999)
Lai giai (V. Q. B. Cin). V&in =2, chox; =x, = 1, ta d& thiy C > %. Xét truong hop n > 3, cho
X1 =x3=1,x3=---=x, =0, ta cling tim dugc C > é. Ta sé ching minh ring % cling chinh la gia

tri nho nhét clia C d€ bat déng thiic trén diing, tic 1a

[

L s+ < gl bttt

1<i<j<n

That viy, ap dung bat dang thiic AM — GM, ta ¢

1<i<j<n 1<i<j<n ki kA ] 1<i<j<n

l n
1<i<j<n i=1

2

n

2 Y xixj+ Y N
1 1<i<j<n i=1 1 Zx'
2 2 A=

<

Nhu thé, khiang dinh ctia ta da dudc chitng minh xong. Diéu nay cho phép ta di dén két luan hing sd

C nhé nhét théa man yéu ciu cla dé bai 1a Cpin = §. .

Bai O7. Chiing minh ring véi moi sé thue dwong a,b, c,x,y, z, bt ddng thitc sau luén dugc théa man

@ by cz <(a—|—b—{—c)(x—|—y+z)
a+x b+y c+z” atb+ct+x+y+z’

(KMO Weekend Program 2007)
Loi giai 1 (V. Q. B. Can). Bit d.‘fmg thic can chiing minh c6 thé dugc viét lai nhu sau

atx  ax b+y by ctz  « >a+b+c+x+y+z_(a+b+c)(x+y+z)
4  a+x 4 b+y 4 c+z) 4 at+b+c+x+y+z’

hay la

(a—x)? (b—y)2+(c—z)2>(a+b+c—x—y—z)2
a+x b+y c+z = a+btctxt+y+z

Theo bét dang thic Cauchy Schwarz, ta dé thiy

[(a—x)+ (B —y)+(c—2)]?

VI 2 (a+x)+ (b+y)+(c+2)

—VP,

va nhu thé, bit dang thiic clia ta da dugc chiing minh xong. n
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11
Lui giai 2 (Sanghoon). Ap dung bit bat déng thic Cauchy Schwarz, ta c6

[(a+b+c)*x+ (x+y+2)%d|(a+x) > [(a+b—|—c)\/x>a—|—(x+y—|—z)\/a7x]2

—ax(a+b+c+x+y+z)>,
tu do suy ra

ax__ (a+b+c)x+ (x+y+2)%a
at+x~  (a+b+c+x+y+z)?
Bing cach thiét 1ap hai bt dang thiic tuong tu cho hai biu thiic con lai, ta thu dudc

ax_ by L« <(a+b+c)2(x+y+z)+(x—i—y+z)2(a+b—i—c)
at+x b+y c+z~ (a+b+c+x+y+z)? a+b+ct+x+y+z’
Bai toan dudc chiing minh xong.

_(latbto)xty+2)

]
Bai 08. Cho cdc s6 thic dwong a,b,c. Chitng minh bdt ddng thiic sau

a b
-+

b c>a+b b+c
b c

1.
a b+c a+b+

(Belarus 1998)
Lai giai 1 (V. Q. B. Cin). DE y ring bit déng thic da cho tuong ducng véi

a b c a+b b+c
b —t-4+-=3)> b -2
(a+ +c)<b+c+a )_(a—i— +C><b—|—c+a+b )

va nhu thé, n6 c6 thé dudc viét lai thanh

@ b * ab bc ca

(a+b+c)(a——c)?
T WA S abte) >
R e LR SO Pen ST 7ws
Theo bat déng thic AM — GM, ta d& thdy “2 + % + €4 > g+ b+c. Vi thé, ta chi cAn chiing minh dugc
a b

(a+b+c)(a—c)?
Y aabie) >
b+c+a (a+b+c)> @ib)btc)
hay la

<abb>2 N <bcc>2 L le=aP _ (a+b+c)a—cp

a (a+b)(b+c)
Ap dung bit ding thic Cauchy Schwarz, ta cé (a;b)z + (b;c)Z > (’;:C)z . Do d6, ta chi can chiing minh
dudc
1 n 1 a+b+c
b+c a = (a+b)(b+c)

1a mot bat dang thiic hién nhién ding bdi vi né tuong ducng véi

bla+b+c) 0
ala+b)(b+c) —

Phép chitng minh ctia ta dugc hoan tat. Pang thifc xay ra khi va chi khia =b = c.
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12 Let the solutions say your method - V6 Quéc B4 Can

Loi gidi 2. Ditx= 9 vay= ¢, taco

c_y atb_ x+1 b+c 1+y
x’ b+c 14y a+b 1+x

Do d6, bit dang thiic can chiing minh c6 thé dudc viét lai thanh

1 x+1 +1
x+7+X2 +2
y x  y+1 x+1

tuong duong
XY+ 2+ x4y +y* > xPy+ 200 + 2xy.

Theo bét dang thiic AM — GM, ta c6

x3y2+x 5 x3y2+x+y3+y3
— >y

72X 5 >2xy?, va x>+y?>2xy

nén bit ding thic trén hién nhién ding. Bai todn dugc chiing minh xong. ]
Bai 09. Chiing minh rdng véi moi sé thie duong a,b,c, ta déu co
, 2
1 1 1 1 (Cl‘f‘b‘l‘C‘i‘\/dbC)

+ + + >
a+b b+c c+a 2Vabe ~ (a+b)(b+c)(c+a)

(Titu Andreescu, MOSP 1999)
Lai giai 1 (V. Q. B. Cin). Ap dung bét ding thic Cauchy Schwarz, ta c6

2
2 &2 b2 (\3/abc>
VT =
c(a+b) +az(b—kc) +b2(c+a) T abe
2 2
(a+b+c+ \3/abc> (a +btc+ \3/abc>
= =VP

2 2latb) +@bto) + P (cta)+2abe  (a+b)bro)cta)

Bai toan dudc chiing minh xong. Pang thiic xay ra khi va chi khia = b = c. n
Loi gidi 2 (V. Q. B. Cin). Nhén ca hai vé ctia bt dang thiic da cho v6i (a+b)(b+c)(c+a) >0, ta
c6 thé viét lai n6 dusi dang

Y (a+b)(a+c)+ <“*“§?;%2“*“) = (ot bes Vabe)

hay la

b)(b
ab+bc+ca+ (a+b)( 3+c)(c—i—a) > 2v/abc(a+ b+ c) + Va2b2c2.
2vabc

Vi ab + be + ca > 3v/a?b2c? (theo AM — GM) nén ta chi cin chiing minh dudc

b)(b
at )é 3+;)(c+a) +2Va2h2c? > 2¥/abe(a+ b +c),
abc

tuong duong
(a+b)(b+c)(c+a)+4abc > 4V a?b2c2(a+b+c).
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Nhifng bai bat ding thiic tir cdc cudc thi gidi todn 13

D€ chitng minh bt dang thiic nay, ta sé gia st @ > b > ¢, va viét lai n6 nhu sau

(b+c) [(a +b)(a+c)— 4\3/a2b2c2} > 4V a2b2 2 (a — M) ,

hay la
(b+c) (a2 +ab+bc+ca—4V a2b202> > 4V a2 b2 <a —V abc> .

Lai st dung danh gid ab+ be + ca > 3v/a?b2c2 mot 1an niia, ta thiy ring bit déng thic trén dudc suy
ra tu

(b+c) (a2 - W) > 4vVa2h22 (a - %) , tuong duong (b+c) (a+ %) > 4V a2 h2c2.
Theo bét ding thiic AM — GM, ta c6

(b+c) <a+ \3/@) > 2v/be -2\ av/abe = 4V a2 2.
Do d6, bit dang thiic cubi hién nhién diing va phép ching minh ctia ta dudc hoan tit. n

Bai 010. Gid si a,b,c la cdc s6 thuc duong bdt ki. Chiing minh bdt ddng thiic sau

(Qa+b+c)>  (2b+c+a)> (2c+a+b)? <3
2a*+ (b+c)?  2b2+(c+a)?  2c*+(a+b)2 —

(USAMO 2003)
2 o s L s
5, nén ta c6 thé viet lai bat dang thic

Lisi gidi 1 (V. Q. B. Céin). D€ y ring 3 — 20t = 2pted

can chitng minh duéi dang
2(b+c—a)® 2(c+a—-b)? 2(a+b—c)?
262+ (b+c¢)> 202+ (c+a)®> 2c24(a+Db)* —

Ma theo bét dang thic Cauchy Schwarz thi

2(b+c—a)? - 2(b+c—a)? (b+c—a)?

202+ (b+c)? — 2a®2+2(b2+c?)  a?+br+ct
Do dé, ta chi can chiing minh dudgc
(b+c—a)*+(c+a—b)*+(a+b—c)* > a*+b*+c%

Bit dang thiic nay dudc suy ra tit bt ding thic sau > ¢? (ding theo Cauchy
Schwarz) va hai bit ding thic tuong tu. Nhu vdy, bai toan clia ta da dudc chiing minh xong. D&
thiy dang thiic xay ra khi va chi khia = b =c. n
Lui giai 2. Bit ddng thiic da cho 1a mot bat dang thic thuin nhét bac 0. Vi thé, ta ¢ thé chuin héa
cho a+b+c = 1, khi d6, né dudc viét lai thanh

(b4c—a)*+(c+a—b)?
2

(a+1)2 (b+1)? (c+1)?
2@+ (1—a? 202+ (1-b)2 224 (1—cf =

Bay gid, stt dung danh gia sau

(a+1)* 1 2(4a+1) —1+ 2(4a+1) <1+2(4a+1)
2a2+(1—a)? 3 9a2—6a+3 3 (3a—1)2+273 2
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14 Let the solutions say your method - V6 Quéc B4 Can

ta thu ducgc

(a+1)> (b+1)? (c+1)2 1

1 1
<4 (dat 1)+ +@b+1)+ =+ (4c+1) =8.
2@+ (—ap T (=bp T2@+(—ep =3 T HaTDF A (et D)

D6 chinh 1a diéu phai chitng minh. ]

Bai O11. Cho x1,x2,v1,Y2,21,22 la cdc s6 thuc théa mdn x1,x; > 0,x1y; > Z% va xpyp > Z%. Chiing

minh rdng
1 1 8

+ > .
xiyi—25 xye—23 (i +x)+y) — (21 +22)?

(IMO 1968)
Loi giai 1 (V. Q. B. Can). Tir gia thiét, d& thiy y;,y, la cdc s6 duong. Diéu nay cho phép ta sii dung
bét dang thiic AM — GM nhu sau

(X1 +x2)(y1 +¥2) = x1y1 + X292 + (X1y2 +x2¥1) > X1¥1 +X2y2 +24/X1y102)2.

Tur ddnh gid nay, dit x;y; —z3 = a > 0 va xay> — 25 = b > 0, ta thu dudgc
(1 +x2) (v1 +32) — (21 +22)* > x1y1 + %22 + 2¢/Xyix0y2 — (21 +22)°
= (a+z)+(b+23)+2\/(a+z)(0+23) — (a1 +2)*
> (a+2})+ (b+25) +2 (@—Fzmz) —(z1+2)°
= (\/Zz+ \/15)2.
Do d6, dé chiing minh bit dang thitc da cho, ta chi can chiing minh dugc

271 1 o .
(\/54— \/l;) — + — | > 8 (hién nhién ding theo AM — GM).
a

b
Bai toan dudc ching minh xong. Pang thic xay ra khi va chi khi x; = x2,y; = y» va z; = z2. ]
Loi giai 2 (V. Q. B. an). Ap dung bat dzzmg thic Cauchy Schwarz, ta co
(21 +2)° <\/)T 4oL >2<(x +x)<z%+z§>
1+22)" = | VX1 —= 20— Sa+x)| -+,
VAT VX2 X1 X
suy ra
2 2
2 ia_2
(1 +x2) (V1 +y2) — (21 +22)7 = (x1 +x2) <Y1 +y2— P xz)
X1y1—2F | X2 — 723
= (x1 +x2) +
X1 X2
2 _2
N g e
X1X2

= 4\/(X1y1 —2}) (xoy2 — 23).
Mit khéc, theo bat ding thiic AM — GM thi
1 1 2
5+ 5> .
T 2T \/(xlyl —27) (022 — 23)
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Nhifng bai bat ding thiic tir cdc cudc thi gidi todn 15

Vi thé
1 1
[(x1 +x2) (1 +32) — (21 +22)7] ( 5+ 2> > 8,
X1y1—27 X2Y2—133
tic 1a
1 1 8
7t 7 2 2"
xiy1—2z; x—2z  (+x2)i+y2) = (21 +22)

Bai toan cua ta da dugc chiing minh xong. ]

Nhan xét. Hoan toan tucng tu, ta cé thé chiing minh dudc bat dang thiic tdng quét hon van con ding

NEU X1,X2, - .o, X, V1, Y2, -+ -y Y0 VA 21,22, - -+, 2n (1 > 2) la cdc s6 thuc sao cho x; > 0 va
XiYi >le thi
n 1 3

Bai O12. Chiing minh ring vdi moi s6 thuc xy,x2, . .., Xy, bdt ddng thitc sau luén duogc théa mdan

n—2g
Y kit === )l
i=1

1<i<j<n
(Chon ddi tuyén Romania dy thi IMO 2006)

Lui giai (V. Q. B. Can). V6i n = 2, bit déng thic 1a hién nhién. Véi n = 3, bét ding thiic da cho trd
thanh

1
Xy 22| + X2 +x3] + a3 4+ x40 > 5(|Xl\+|XZ\+|X3\)-

Trong ba s6 x1, X2, X3 ¢6 it nhit hai s6 cing diu véi nhau, gia sit d6 1a x, va x3, khi d6 ta c6 |2 +x3] =
|x2| + |x3|, suy ra bat ding thiic trén c6 thé dudc viét lai thanh

1 1
|X1 —|-XZ| + ]xl +X3| + §|X2 +X3‘ > §|x1].
St dung bét dang thic tri tuyét ddi, ta cé

1 1
X1 +x2| + x1 +x3] + E\Xz +x3] > E(Im +x2| 4 |x1 +x3] + |22 +x3])

—_—

1
> ,‘(xl +X2)+(X1 +X3) — (XQ+X3)’ = ]x1| > §|x1\.

[\

Vay bt dang thifc da cho ciing diing cho n = 3. Biy gid ta xét trutng hop n > 4. R rang néu tit ca
cic sd x; déu cing ddu véi nhau (tic 1a cing am hodc cuing khong 4m) thi bat dang thic da cho la
hién nhién. Vi thé, trong chiing minh cta ta, ta chi can xét trudng hop thi ba, tifc 1a trong day x; ton
tai viia s6 Am 14n s6 khong Am. Do vai trd ngang nhau gitta c4c bién nén khong mét tinh tdng quat, ta
cothégiasting < - <x <0< xppg <--<x,. Neu2 <k <n—2thitacé
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16 Let the solutions say your method - V6 Quéc B4 Can

Z |x,-+xj|: Z |X,'+Xj|+ Z |X,'+)Cj|+ Z \xi—l—xj]

1<i<j<n 1<i<j<k k+1<i<j<n 1<i<k
k+1<j<n
—kZ|x,|+ n—k) Z |x]|+z Z |xi +x;]
Jj=k+1 i=1 j=k+1
>kZ]x,|+ n—k) Z \x,|+z Z (xi +xj)
Jj=k+1 i= lj k+1
n
—kZ|x,|—|— n—k) Z |xj|+ (n—k)xi+ Y, |xl
j=k+1 =1 Jj=k+1
n k n
Y0 MEIRACECID MATIRN ) y) (PSP RAY S
i=1 Jj=k+1 i=1 Jj=k+1
k k n
=k il +(n—k) Z i+ | (=) Y bl =k ) Il
i=1 Jj=k+1 i=1 Jj=k+1

Néu k = 1 hoic k = n— 1 thi thuc hién tuong tu, ta ciing c6 danh gid nhu trén. Nhu vy, ta can chiing
minh

n

k n k n
kY bal+(n=k) Y bl+|(n—k) ) bl =k ) bl >

i=1 j=k+1 i=1 j=k+1

2 (i‘* y |xj>.

j=k+1

PitA=Y%  |x;|vaB = Yk x| thi bét dang thiic nay tré thanh

-2

kA+ (n—k)B+|(n—k) 5

(A+B).

Néu (n—k)A > kB, ta c6
n—2 n—2 n+2 n+2—4k

VT VP =kA+(n—K)B+(n—k)A kB~ "= "A— "= "B=""“A+ "B
n+2 k n+2—4k (n—2k)*+2n
> . B B = B>0.
ST a2 2n—k) 7

Néu (n—k)A < kB, ta c6

-2 -2 2 4k+2-3
VT—VP:kA+(n—k)B—(n—k)A+kB—nz A—”2 B:”; B+ +2 "A
n+2 n—k,  4k+2-3n (n—2k)*+2n
> A+ A > A>0
Bai toan dudc ching minh xong. [

Bai 013. Cho a,b,c la cdc s thuc duong sao cho a < b < ¢ va x,y,z la cdc s6 duong bdt ki. Chiing
minh rang
(a+c)?
4ac

(x+y+2)2 > (ax+by+cz) (§+%+§) .

(Olympic todn Ao 1971)
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Nhifng bai bat ding thiic tir cdc cudc thi gidi todn 17

Loi giai (V. Q. B. Cin). Ap dung bat déng thiic AM — GM, ta c6

2
4ac(ax+by+cz) (2-1—%4—%) < [(ax+by+cz)+ac (Z—l—%—i—%)} )

Vi vy, ta chi can chiing minh dudc

(a+¢)(x+y+2z) > (ax+by+cz) +ac (g+%+§) ,

hay 1a

y(a— bl))(b —c) > 0.

Bit dang thiic nay hién nhién diing do a > b > ¢. Do d6, phép chiing minh ciia ta dugc hoan tit. m

Bai O14. Cho n+ 1 sé thute xo,x1, . .., X, théa man xo = 0,x; > 0 véi moi i = 1,2,...,nva x; +x2 +
-+ +x, = 1. Chitng minh rang

Xi

Z\/l—Hc(ﬁ— XX+ —i—x,,

N‘\ S|

(Olympic todn Trung Qudc 1996)
Loi gidi. Dau tién, ta sé chiing minh vé bét dang thiic bén trai. Theo bét ding thiic AM — GM thi

Xi

) =
VT +x0+ X1Vt X

HM:

X i
(lt+xo+- - +xig+xi+o+x A

VE bén trai dudc ching minh xong. Biy gio, ta sé di dén ching minh vé bén phii. Tir gi4 thiét cho
phép ta dit xo+x; + - +x; =sino; (0 < o < §) v6i moi i =0,1,...,n. Khi d6, d& thay

(I4x0+-+xi 1) x4+ +x)=1—(x0+-4+x_1)> = 1 —sin® ; = cos’ a;,

va nhu vy, bt dang thiic cAn chiing minh c6 thé dugc viét lai thanh

i sinQ; — sin o;_q < T
= COS Q1 -2
Ta c6 danh gia sau
. . .0 — OG- o+ 0 . O — O
sing; —sin¢;_; = 2sin > cos > < 2sin — COS O
o — OG—1
<2 % -cos 0y = (0 — 0—1)cos a1,
suy ra
n : : n
SIn O — SIN O — g — 0O 1 COS O T
Z; Z — = -0 =0 < <.
~ CoS Q| e~ COS 01 2
= i=1
Bai toan dudc ching minh xong. [

Bai O15. Chiing minh rdng vdi moi 0 < x < Z. bdt ddng thiic sau luén dugc théa mdn

(cosx)°** > (sinx)*in*,
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18 Let the solutions say your method - V6 Quéc B4 Can

(MOSP 2004)
Li giai (V. Q. B. Can). Ta viét lai bit dang thiic cin chiing minh dudi dang sau

2

cotx > sin” x.

2 )cotx

(cosx)®™* > sinx, hayla (cos“x

Ap dung bt dang thic Bernoulli véi d€ y rang cotx > 1 Vx € (O, %), ta dugc
(cos®x)®° = (1 — sinx)*°¥(1 + sinx)*°* > (1 —sinx-cotx)(1 +sinx- cotx) = sin’x.

Déng thiic xdy ra khi sinx = 0 hodc cotx = 1, nhung ca hai diéu nay 1a khong thé xdy radox € (0, ).
Vi vay, ta di dén

2

2 )% > sinx.

(cos”x

D6 chinh 1a diéu phai ching minh. |

Bai 016. Cho n > 2 la mét s6 nguyén duong cho trudc va x1,xa, ..., X, la cdc sé thuc duong bdt ki.
Ddt
. { 1 1 1 }
Sp=minq x;, —+x2,...,—— +Xx,,— ¢
X1 Xn—1 Xn
Hdy tim gid tri I6n nhdt ciia S,, theo n.
(Tap huén ddi tuyén Viét Nam du thi IMO 2009)

Loi giai (V. Q. B. Can). Ta sé chiing minh rang gi tri 16n nhét ctia S, 1a 2cos - That vay, gid st
S, > 2cos ﬁ, khi d6 ta c6

. { 1 1 1 } T
minq x;, — +x3,..., + Xy, — p > 2c0s .
X1 Xn—1 Xn n+2

- (i+)m » .
bita; = S.n",-j,z véimoii=1,2,...,n thi ta dé thay ¢; > 0 va
e

1
A= —4a) == +a, = — =2co0s
! ai 2 ano1 | an n+2

Bay gid, ta sé ching minh ring x; > a; v6i moi i = 1,2,...,n. Khi d6, theo gia thiét phan chiing, ta sé

co
1 1 T
< — < —=2co0s

2cos .
n+2 x, a, n+2

D6 1a diéu vo 1i, va ta sé c6 ngay diéu phai chiing minh. D€ chiing minh khang dinh trén, ta hiy dé y
rang néu ¢6 mot s6 k (k < n—1) nao d6 ma x; > ay thi

1

1
2cos = — 4+ agy1 > — +a41-
ai Xk

n+2

Ma theo gi4 thiét phan chiing thi é ~+ X1 > 2cos ﬁ nén két hop véi trén, ta c6 ngay x| > gy .
Diéu nay chiing té ring néu khang dinh ctia ta diing véi & thi n6 ciing ding cho moi i =k,k+1,...,n.
Nhung 16 rang x; > a; (theo gia thiét phan ching) nén tir d6, ta suy ra dudc x; > a; v6i moi i =
1,2,...,n. Tt chiing minh nay, két hop vdi 1ap luan & trén, ta thiy rang danh gid S, > 2cos i la
khong thé xay ra, hay n6i mot cach khac, v6i moi n 2 2 thi S, < 2cos Fﬂz Dé thiy dfalng thuc xay ra
dudc khi x; = a; nén day cling chinh la gid tri 16n nhat cda S,,. Bai toan dugc giai quyet xong. ]
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Nhifng bai bat ding thiic tir cdc cudc thi gidi todn 19

Bai O17. Cho ay,as, . .. ,a, la cdc s6 thuc théa man |a;| < 1 vdimoii=1,2,....nvaa; +ar+---+
a, = 0. Chitng minh rdng ton tai mét sé k € {1,2,...,n} sao cho

2k+1
|y +2ay + -+ +kay| < T+

(Tap huén ddi tuyén Viét Nam du thi IMO 2009)
Loi giai (V. Q. B. Can). Dit by = 0,b; = aj + -+~ +ia; v6i moi i = 1,2,...,n thi ta c6 a; = 201
véimoii=1,2,...,n. Nhu vay, tii gia thiét ta c6 |b; — b;_1| <iva

W bi—biy by S (b b by " b by
G=) = 1+l.; i it +n_2i(i+1)+n'

Khong mét tinh tong quat, ta c6 thé gia st by > 0, bdi vi néu by = 0 thi bai toan hién nhién dugc thoa
man, con néu by < 0 thi ta c6 thé thay a; bdi —a;, lic nay gid thiét clia bai todn vin khong d6i nhung
ta sé& c6 by > 0. Bay gio, tir gia thiét ndy, ta thiy ring trong day by, ..., b, ton tai it nhit mot s6 khong
duong, ta goi k 1a chi s0 nhd nhat sao cho by <0, khi dé ta cd by_; > 0, va

k> ’bk—bk,1| = |bk’—|—|bk71|.

Néu |by| > 22H va by | > L)H thi ta co

2%+1 2(k—1)+1
+

= k (mAu thuan vdi trén).
n ) ( )

‘bk| + ’bk_ﬂ >

2(k—1)+1
4

Vi vay ta phéi ¢6 |b| < 25 hodc |by_| < . Bai toan dugc chiing minh xong. |

Bai O18. Cho uy,us, ... ,un,vi,V2, ...,V la cdc s thuc bdt ki. Chitng minh rdng

iul—i—v, <= <1+Z ><]+gv’2>'

(Du tuyén IMO 1970)
Lai giai (V. Q. B. Can). Ap dung bt déng thic Cauchy Schwarz, ta c6

—I—;v 2 (;Lﬂ) (;ﬁ)

Vi vy, dé ching minh bit dang thiic da cho, ta chi cin chitng minh dugc

n n
(i +vi)* = Y uf + Y vi +2

™=
m=
uM:

Il
—
Il
—_
Il
—_

4
§(1+az)(1+192) >a’+b*+2ab+1,

trong d6 a = /Y" ju? vab= /¥ v}. Tacé
4(1+a*)(14+b*) =3(a®>+b*+2ab+1) = (a—b)* + (2ab—1)> > 0,

nén bt dang thic trén hién nhién diing. Bai toan dudc chiing minh xong. D& thdy dang thiic xay ra
khiVéchikhiui:vivéu%—l—u%—i—-n—}—uﬁ:%. [

www.mathvn.com



20 Let the solutions say your method - V6 Quéc B4 Can

Bai 019. Chitng minh rdang vdi moi a,b,c,d duong, ta déu co

a+c b+d c+a d+b>
a+b b+c c+d d+a—

(Du tuyén IMO 1971)
Lui gidi. Ap dung bit dang thic AM — GM, ta c6

atc c+a (a+c) 1 n 1 S 4(a+c)

=(a+c .
a+b c+d a+b c+d)  a+b+c+d
Hoan toan tuong tu, ta ciing co

b+d d+b_ A(b+d)
b+c d+a a+b+c+d

Cong tuong ting vé véi vé hai bit dang thic nay, ta dé dang thu dugc bit dang thitc can chiing minh.
Diéng thiic x4y ra khi va chi khia =cvab=d. n
Bai 020. Cho a,b, ¢ la cdc s6 thuc duong cé tong bing 3. Ching minh bét ddng thiic sau

a n b n c >3
b+c? c+a®> a+b? 2

(Pham Kim Hung, TAp huAn ddi tuyén Viét Nam du thi IMO 2009)
Loi giai (V. Q. B. Can). Sit dung bit déng thiic Cauchy Schwarz, ta d& thiy

2
VT -[a*(b+c*) +b*(c+a*) + P (a+b*)] > (a\/5+b\/l;+cﬁ> .
Bit ding thifc can chiing minh dudc dua vé
2
2 (a\/ﬁ +bVb+ C\ﬁ) > 3(a*b+ b c+c*a) + 3(a*b* + b P + c*a?).

Nhan ca hai vé ctia bat dang thiic nay cho 3, rdi sit dung cac danh gia sau

2b2

(af+bf+cf> =6y’ + 12  abVab > 6 a*+24 "

cyc cyc cyc L}C

B 3 *(a+b+c)

-2(xe) (o) gy

=2 a a|+8Y db? ab’
(£0) (xe) ssper e

va

9(a®b+b*c+c*a) =3(a+b+c)(a*b+bc+cta) =3(a’b+bPc+a) +3Za2b2 +3acha

cyc cyc

< (a® +b*+c*)? —|—3Za2b2 +3acha,

cyc cyc
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Nhifng bai bat ding thiic tir cdc cudc thi gidi todn 21

ta c6 thé dua bai toan vé chitng minh bt dang thiic manh hon la

b
2 Za3 Za +82a2b2+8abcza— 22a4+142a2b2+3ab02a,
cyc cyc cyc cyc a+b cyc cyc cyc
tuong duong

cyc cyc cyc cyc cyc cyc

Theo bit dang thiic Schur bic 4 thi
Za4 +abc) a> Z’ab(a2 +b%).

cyc cyc cyc

Vi vy, bat dang thiic trén dudc suy ra tir

3Y ab(a®>+b*) — 6 a*b* > 4abc (Za -2y a‘fb) :

cyce cyc cyc cyc

Khong miy kho khiin, ta c6 thé dé dang viét lai bat dang thiic nay dudi dang x(b —c)? +y(c —a)* +
z(a—b)? > 0, trong d6 x = 3bc — i‘fcc va cdc biéu thiic y, z tuong tu. Khong mét tinh téng quat, gia
stta > b > ¢, khi d6 ta dé thay z > y > x, lai ¢6

2abc B 2abc > 3ac 4 3be — 2abc _ 2abc

=3 3bc —
Xty ac+abe b+c a+c b a

=ac+bc >0,

nén x+y > 0, ti d6 ta suy ra dugc z > y > 0. Dén day, vdi chi y ring (a —c)? > (b—c)?, tacé
x(b—c)* +y(c—a)* +z(a—b)*> > (x+y)(b—c)* +z(a—b)* > 0.
Bai todn dugc chiing minh xong. Dé thiy dang thifc xay ra khi vachikhia =b=c = 1. ]

Bai 021. Cho a,b, c la cdc s6 thie khong dm théa mdan khong co hai sé nao trong chiing dong thoi
bing 0 va a+ b+ ¢ = 1. Chiing minh bdt ddng thiic sau

b+ a n b bt c <l
¢ b+c cd c+a a a+b) — 4

(Tap huén ddi tuyén Viét Nam du thi IMO 2009)
Loi giai (V. Q. B. Can). Khong mét tinh tdng quat, gia sit @ = max{a,b,c}. Khi dé, ta c6 bién ddi
sau

<ca+ b ><ab+ < >:a2bc+ ca + ba =+ be
c+a a+b a+b a+c (a+b)(la+c)
bc? b%c bc
a+bia~|—c+(a+b)(a—|—c)

c b (a+b+c)?
a+b a+c (a—i—b)(a—kc)}

=d*bc+b*+c* —

=(b+c)* +bc [a2—2—

= b+ rbe [GZ_H (a+b[;2a+c)} '
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22 Let the solutions say your method - V6 Quéc B4 Can

DétA:a2—1+(

a+b7 (dé thay A < 0), bt dang thiic can chiing minh c6 thé dugc viét lai dudi
dang

N

1 A
[(b+c)*+Abc] < ) < —, tuong duong a(b+c)+Ab*c* +be [bj—c +

7 (b+c) ] <

b+c

(b+c a)?

Tacé 3 —a(b+c) = > 2bc(b+c —a)? va Ab*c? < 0 nén bit ding thiic nay dugc suy ra tit

A A
bc[a +(b+c)2}§2bc(b+c—a)2, hay la 2(b+c—a)22ba

b+c).
hrc +(b+c)

Cc

Dén day, ta dit t = 2¢ < 1 thi d€ thiy (

2 ~ s X . . A 2 -,
5 ; 7z nén ta chi can chiing minh bat dang thiic

s A
manh hon la

2o 4| 2 r* 2

Thay a = 1 — 2t vao, bat déng thiic nay trd thanh

2(4z—1)2>ﬂ (1-21)> =1+ & +4r°
-2 (1—1)? ’
tuong duong
t(1—2t)
204r =12 —4> > (1-20)(2t —2)+ ———~
( ) > ( )( )+2(1—;)2’
hay 1a
t(1—2t)
2(16:2 =11t +2) > —~— =2
(16 + )_2(1—t)2

Taco4(1—1)? >4(1— %)2 =0 >1val6rr —11r+2—1(1—2r) =2(1—3t)* > 0 nén bat ding
thitc cubi hién nhién diing. Bai todn dugc chiing minh xong. Dé thdy dang thifc xay ra khi va chi khi

a=b= %,c:Ocﬁng céac hodn vi tuong tng. ]
Bai 022. Cho p, q la cdc s6 tu nhién théamédn q > p. Xétn+1 (n > 2) s6 thuc ag=0,ay, ... ,ay_1,a, =
1 thoa man

ak_% Vk=1,2,....n—1.

Chiing minh rdng

(p+1) Z (g+1) Z aj.
k=1 k=1
(Chon doi tuyén Romania dy thi IMO 2006)
Loi gidi. Tir gia thiét,tadéthly0 =ap <a; <---<a,=1,va0<a;=a;—ap<ay—a; < --- <
a, — ay—1 = 1 —a,_. Mot nhan xét hitu ich gidp ta c6 thé dua bai toan vé trudng hop kha don gian,
d6 1a ta chi can chiing minh bét ding thiic da cho trong trudng hop ¢ = p+ 1 1a di. Bay gio, st dung
cong thiic tong Abel, ta c6

k

n n n—1
ZaPH Zak-a,f:anZa,f— Z(ak+l —ak)Zaf.
k=1 k=1 k=1

i=1
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Nhifng bai bat ding thiic tir cdc cudc thi gidi todn 23

+1 — +1 N N %
Péyringa, =1nén Y} al" =Y dl" +1vaa,Yi al =Yr_ af =¥~ |a} +1, vi thé

=

n—1
pHl_ 14
Za Zak Z (g1 —ay) Yy ai.
k=1 i=1
Doa;—a;—1 <ayy1 —ap véimoii=1,... k, nén
k k

Lai c6 pa’™" +a! > (p+1)a;_1a” (theo bit ding thic AM — GM suy rong), nén
p—H p+1
IS a; 4 )
(a ai— 1) l = p+1
Tir nhiing 14p luén nay, ta thu dugc
n—1 41 n—1 n—1 k
Y <Y - Y @-ad
k=1 k=1 k=1i=1
n—1 n=1 k P+l _ p+11
S ai _ Z Z i l
k=1 i—i—t Pl
© 1 nil ptl
= L% o L%
=1 P+l
Do d6
n—1 —1 i
(P+D) Y @ >(p+2) } @,
k=1 k=1
hay néi mot cach khac, bt déng thitc da cho diing trong trudng hop ¢ = p+ 1. Vi vay, phép chiing
minh ctia ta dudc hoan tit. Pang thic xay ra khi va chi khi p = ¢, hoic a; = --- = a,_; = 0, hoic
sz,qleéak:%. n

Bai 023. Chitng minh rdng véi moi sé thuc duong a,b,c,d, ta déu co

(a—b)(a—c) (b—c)(b—d) (c—d)(c—a) (d—a)(d—D>b)
a+b+c * b+c+d * c+d+a + d+a+b =0

(Du tuyén IMO 2008)
Loi giai (V. Q. B. Can). Dit P(a,b,c,d) la vé trai clia bat dang thiic da cho. Khong mét tinh
tong qudt, ta thiy ring ta c6 thé gia st (a —c)(b —d) > 0. That vay, néu (a—c)(b—d) <0, ta
lay a; = b,by = c,c1 = d,dy = a thi ta cling c6 P(ay,b1,c1,d1) = P(a,b,c,d), va lic nay ta lai c6
(a1 —c1)(b1 —dy) = —(a—c)(b—d) > 0. Bay gio, ta hiy dé y ring

(a—b)(a—c) (c—d)(c—a) _ (a—c)? ~(a+2c)(a—c)(b—d)

a+b+c c+d+a atb+c (a+b+c)(atc+d)’
T 0-90-d) @-ad-b) _ b-d? | (p42)a-b-d) _ (b-d)
b+c+d d+a+b b+c+d (b+c+d)(d+a+b) ~ b+c+d
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24 Let the solutions say your method - V6 Quéc B4 Can

Do d6, bit dang thiic da cho dugc suy ra tir

(a—c)?  (b—d)? N (a+2c)(a—c)(b—d)
a+b+c btc+d ™ (a+b+c)at+c+d)’

Theo bét dang thiic AM — GM, ta c6

(a—c)? N (b—d)? S 2(a—c)(b—d)
at+b+c btctd ™ \flatb+c)bt+ct+d)

Vi thé, ta chi can chiing minh dugc

[atb+
2(a—|—c—|—d) ﬁZCH—ZC

Néu a > d thi ta c6 ﬂfi{‘l > 1va2(a+c+d) > a+2c nén bit dang thic nay 1a hién nhién. Néu

d > a thi ta dé thdy 4/ ch’jrr:i > /%S nén bit dang thic trén 12 hé qué ciia

2(a+c+d)vVa+c> (a+2c)Ve+d.

Ta co
2a+c+d)Vatc=2Va+c+d\/(atc+d)(a+c)>2(a+c)Vatctd
>2(a+c)Ve+d > (a+2c)Ve+d,
nén bit dang thic cubi hién nhién ding. Bai toan dugc chiing minh xong. Dé thiy dang thiic xay ra
khivachikhia=cvab=d. u

Bai 024. Cho cdc s6 thuc duong a, b, c,d théa man dong thoi hai diéu kién abcd =1 vaa+b+c+d >
5+ % +5+ % Chitng minh rdang

b ¢ d a
-+—-+—-+-=->a+b+tc+d.
a b ¢ d

(Du tuyén IMO 2008)
Loi giai (V. Q. B. Cén). Sit dung céc bat ding thiic Cauchy Schwarz va AM — GM, ta c6

g+é+£+é + é+5+ngE =(a+c) L +(b+d) L
b ¢ d a a b ¢ d \b"a a c

(a+c)(b+d)< +1>

1
(ate)(b+d) E ) (o=t )

l\J\'—‘ N\'—‘

2 2
(a+c)(b+d) b d>
te b Jacy/bd
=(a+b+c+d)+(a+b+c+d)
a b ¢ d
><b+c+d+ >+(a—|—b+c+d)
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Nhifng bai bat ding thiic tir cdc cudc thi gidi todn 25

Tir do ta suy ra

b ¢ d a
-—+—-+—-+-=>a+b+c+d.
a b ¢ d

D6 chinh 1a diéu phai ching minh. |

Bai 025. Cho a,b,c,d la cdc s6 thuc théa mdn diéu kién % a*+b>+c*+d* < 1. Tim gid tri l6n
nhdt va gid tri nhé nhdt ciia biéu thitc sau

Q= (a—2b+c)*+(b—2c+d)?+(b—2a)*+(c—2d)*.

(Chon dbi tuyén Viét Nam du thi IMO 1993)

Loi gidi (V. Q. B. Cn). Trudc hét ta s& tim gid tri 16n nhét ciia Q. Pit k = 1/ ¥3=L, ap dung bét
déng thic Cauchy Schwarz, ta c6

(@a—2b+c)? = (%-k+(—b)+(—b)+c>2 < (2 +3) (;;2 262+ ¢ )

(b—2c+d)* = <b+(—c)+(—6)+2[‘k>2§ (k*+3) <b2+zc +;§>

2 2a
b—2 Zz(ﬁ.k gy —b) < (2K +1 »),
d  d 2 24°
(c—2d)* = <k-k+k-k+(—c)> < (2K +1) (kz—i—c )
Cong tuong dng vé vdi vé cac bt dang thic nay, ta thu dugc

Q<5 <1 klz> (> +d®) +5(k>+2)(b* +2).

=k24+2= 3+\f , vithé tacé

Do k= ‘[lnen1+k2—

1545 15455
Q< f( 24 d> 07+ Z)SJ.
2 2
Ping thic xay ra khi va chi khi k2=—b—c——% ticlha=+_ K  p—_a ._a g_
ang thic xdy rakhiva chikhi ¢ % 57 5 0 © claa= b e d=

—a. Vi dédng thic c6 thé xay ra nén 15+5‘f ciing chinh 1a gia ti 16n nhét ctia Q.

a—2b+c=—5x

Bay gid, ta sé& di tim gid tri nhd nhit ctia Q. D€ tién hanh, ta s& dit Z §Z+ = g —> , khi do6 ta
c—2d = -5t

a=3x+2y+4z+t¢
. b:6x+4y+32+21 2 A 2 2, 22 . A 1A ~ .
O 4y G by+2z43 Deén day, ap dung bat dang thic Cauchy Schwarz mot 1an nua, ta co

d=2x+3y+z+4t
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26 Let the solutions say your method - V6 Quéc B4 Can

2 1\?
(Bx+2y+4dz+1)? = (x@-x@x+\f2-\f2y+2k-kz+k-k>

< (5k% 45) [ 36 +2y? +4i+ e

(6X+4y+3z+2t) (f 6-v6x+2- 2y +/3k- \[Z-i-\[k \fl‘)

372 22
< (104 5k%) <6x2+4y2+ =t k2>

(4x+6y+2z+31) = <2 2x+v6-V6y+v2k- fz—i—fk ft)

222 312
< (10+45k%) <4x2—|—6y2+ T+ k2>

2\
(2x+3y+z+41)° = <ﬁ-ﬁx+f3-\f3y+k-li+2k-k>

2 42
< (5K +5) <2x 3 L +kg)

Cong tuong dng vé v6i vé cac bat dang thifc nay, ta thu dudc

3
P40+ +d> <253k +5) (K2 +y*) +25 <2+k2>(z2+t2).

Do k=4/ f ! nén 3k% +5 —2+k2 = 7+3‘f . Lai c6 theo gia thiét thi a® + b*> +c* +d? > % nén tu
trén ta thu duQc

1
25(x +y? 4+ 22 +1
Q =25(x"+y* %) > WA
t
2 . N ” . X=y= ) N
Pang thuc xay ra khi va chi khi k ticlax=y==+ 1
& ¥ { 25(x* +y +2 1) = oo Y 5y/(14+6V5) (k+1)

vaz =1 = k’x = k*y, tli ddy ta dé dang tim dudc a, b, c,d théa man dang thifc xay ra. Va ciing vi dang
thiic c6 thé xdy ra nén 7+; 7 ciing chinh 1a gia tri nhd nhit ctia Q. Bai toan dudc giai quyét hoan

toan. []

Bai 026. Cho n > 3 la mét s6 nguyén cho truéc va x; > 1 (1 <i < n) la cdc s6 thuc théa man

2
Xi

x,‘—l

n
>S=Yx Vi=12,...n
i=1

Tim gid tri 6n nhdt co thé co ciia S.!
(Olympic toan Romania 2008)

ITrong d& bai gbc, bai toan dugc cho gia thiét 1a n > 2 va yéu ciu tim supS, nhung xét thiy véi n = 2 thi 16 rang
sup S = +oo nén chiing toi da sta lai thanh nhu trén.
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Nhifng bai bat ding thiic tir cdc cudc thi gidi todn 27

Loi giai (V. Q. B. Cén). Tir gi4 thiét, ta d& thiy

2 n
A 2in:xi+2xk>xi+(n—1)le-—i—Z,
i=1 ki

suy rax? > (x;—1)(x;+2), hay 1a 1 < x; <2 v6i moi i = 1,2,...,n. D& giai bai todn nay, ta cin xét
trudng hop sau: S > 4, khi d6 ta sé chiing minh rang x; < @. That viy, bat dang thiic x[_xizl >S
c6 thé duge viét dudi dang tuong duong 1a f(x;) = x? — Sx; + S > 0. Ta thiy ring f(x;) 1a mot tam
thidc bac hai clia x; v6i hé sb cao nhét duong va c6 hai nghiém phan biét 1a Si@ va S*@. Vi
vay, d€ f(x;) >0, tacan c6 x; < @ hoic x; > @. Tuy nhién, kha nang thi hai la khéng
thé xdy ra, bdi vi néu n6 xdy ra ta sé c6 x; > 5, ma x; < 2 nén ta thu dudc S < 4, diéu nay mau thuin
v6i gia thiét ma ta dang xét, d6 1a S > 4. Nhu vy, ta phai c6

S—/S2—4S
= 2

X; Vi=1,2,...,n.

Tur do, ta suy ra dugc

S—\/SZT_4s

—

Dén day, bing mot chiit bién d6i don gian, ta dé dang thu dugc S < % Trong trudng hgp thi hai,
x o 2 N

S <4, khi d6 ta dé dang kiém tra dugc S <4 < n”’j, nén trong moi trudng hop ta déu cod

S=x1+x2+-+x, <n-
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Nhirng bai bat dang thirc tw sang tao va swu tam

Bai CH1. Gid sit a,b,c la dé dai ba canh ciia mot tam gidc, hdy chiing minh bdt ddng thitc sau

be n ca n ab < 3
a*+2b%2c2 b +2c%2a? At +2a?b? T a2+ b2+ %

(Vo Qudc B4 Cén)
Li giai (V. Q. B. Can). Nhin ca hai vé ctia bt ding thiic da cho v6i a?b? + b*c? 4 c2a® > 0, ta c6
thé viét lai n6 dudi dang

3Y a’b?
b 2b2 b2 2 2.2 o=
Z be— c(a*b*+ b*c* +c*a”) Lo —ZbCZO,
a*+2b2c? Y a?

cyc cyc

cyc
tuong duong

212 2 32 2
be(@ — ) (@ — &) 35,661 b —g,cab(a +b )—g,ca bc
>0
Z a* +2b%c? Y a? -

cyc

cyc

hay 1a
2ab +2ac —b* —c*) (a—b)(a—
be(@® — b2 (@ — ) C%L( a ac c )(a )(a—rc)
Z — >0.
a* +2b%c? Y a?

cyc

cyc

Bit ddng thiic cudi nay c6 dang X (a—b)(a—c)+Y(b—c)(b—a)+Z(c —a)(c —b) > 0, trong d6

v 2bc(a+b)(a+c)(a*+b*+c?)

S T + 02+ —2a(b+c)+ (b—c)?,

va cdc biéu thiic Y,Z tuong ty. Pay 1a mot dang ciia bt déng thiic Vornicu Schur nén ta nghi ngay
dén viéc st dung bat dang thiic nay dé giai bai toan da cho. Mudn nhu vy, yéu cau dau tién ta cin
phai thoa man dé 1a X, Y, Z 1a nhiing dai lugng khong 4m, va may man thay, diéu nay luon ding. That
viy, bit dang thiic X > 0 (céc bit dang thiic Y > 0 va Z > 0 dudc xét tuong t) tuong duong véi

2bc(a+b)(a+c)(a® +b*+c?)
a*+2b%c?

+b*+c*—2a(b+c)+ (b—c)* > 0.

Theo bét dang thiic AM — GM thi

(a+b)(a+c)(a®+b>+c?) _ (a*+bc)(a*+2bc)

> 1.
a*+2b%c? a*+2b%c?

Vi thé, ta ¢c6 X > 2bc +b> +c* —2a(b+c) = (b+c)(b+c — 2a), din dén két luan cia ta 1a hién
nhién néu b+ ¢ > 2a. Xét trudng hop a > t = %, ta s& chiing minh ring

(a+b)(a+c)(a®+b*+c?) > 3a* +6b°c2. (*)
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Nhifng bai bat ding thifc tu sdng tao va suu tim 29

Khi d6, ta sé c6 X > 6bc +b*> +c?> —2a(b+c)+ (b—c)?> =2(b+c)(b+c—a) > 0, chinh 1a diéu ma
ta dang tim cich ching minh. Dt x = bc < ¢? thi bit ding thic (%) c6 thé dugc viét lai thanh

(a® +2ta+x)(a* + 41> — 2x) > 3a* + 6x2,

hay la
—8x% + (41 —dat — a*) x+ (a* + 41*) (a* +2ta) — 3a* > 0.
Do 4t> —4at —a® < 0 nén
VT > —8t* + (4> —dat — a*)* + (a* + 4¢*) (a* + 2ta) — 3a*
= (2t —a)(2a® + 2a*t + ar* — 26%) > 0.
Nhu vay, khang dinh trén ctia ta da dudc chiing minh. Bay gid, gid st a > b > ¢, ta cé X (a —b)(a —
¢)>0vaa—c—"2(a—b)= w > 0 nén

ZX(a—b)(a—c) >Y(b—c)(b—a)+Z(a—c)(b—c)

cyc

b bZ—cY)(a—b)(b—
S V(b)Y b—a)+Z-2(a—b)- () = PE=XNa=b)b=c)
c c
Vi thé, ta chi can chiing minh bZ > cY 1a bai todn dudc gidi quyét xong, diéu niy tuong duong véi
viéc chiing minh

b*(a+c)  c*a+b)

2,32, .2
2a(a”+b"+c*)(b+c) 2P+ 2R b

+2(b—c)(a®+b*+c* —ab—ac) > 0.

Dé dang déanh gia dugc 2(1;121?4 2 222“21?4

chiing minh xong. Pang thlIC xay ra khi va chi khi @ = b = ¢ hodc a = 2b = 2¢ va cac hoan vi tuong
ung. [

nén bit ding thiic nay hién nhién ding. Bai todn dugc

Bai CH2. Cho cdc sé thuc khéng dm a,b,c théa man khong co hai sé nao dong thoi bang 0. Chiing
minh bdt déng thiic sau

ab n bc n ca S 14 9abc
(a+c)(b+c) (b+a)(c+a) (c+b)(a+b) = 2(a+b+c)(ab+bc+ca)

(Duong dic Lam)
Lui giai (V. Q. B. Cin). St dung céc bt déng thic Cauchy Schwarz va AM — GM, ta c6

o Zm Vab (Vab+c)

5e (atc)(b+c) _Cyc (a+c)(b+c)

_ZCHCb—l-\/aTZ\[

cyc )(b + cyc (b + C)
Ve 2abc
_”‘/‘IWZC b+ (a+b)b+)(cta)

Do d6, dé chiing minh bat dazlng thidc da cho, ta chi can ching minh dugc

— 2abc 9abc
abc Z 2 ’
S latc (b—l—c) (a+b)(b+c)(c+a) ~ 2(a+b+c)(ab+bc+ca)
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30 Let the solutions say your method - V6 Quéc B4 Can

tuong duong

9vabc(a+b)(b+c)(c+a)
Z\E(a—I—b)—Z\/@z 2(a+b+c)(ab+bc+ca)

cyc

. 2
Dén day, ta hay d€ y rang ¥ \/c(a+b) — 6V abc = ¥ \/c (\f— \/l;) va

cyc cyc

Vabcy c(a—b)?

9vabc(a+b)(b+c)(c+a) _ aabe — eye ’
2(a+b+c)(ab+bc+ca) 2(a+b+c)(ab+bc+ca)

suy ra bat dang thiic trén 1a hé qua ctia bat dang thic sau

cVabc(a—b)?
(a+b+c)(ab+bc+ca)’

2
_ >

(a2

hay la
2
ua+b+d@m+bo+a0zcvm«vﬁ+v@>.
2 2 2

Pay 1a mot bit déng thic ding bdi vi 2(a+b+¢) > 2(a+b) > (\/a n \@) (theo Cauchy Schwarz)

va ab+ bc+ca > bc+ca > 2cv/ab (theo AM — GM). Va nhu vay, bai toan da cho da dudc ching
minh xong. Dé thiy dang thiic xay ra khi va chi khi @ = b = c hoic a =0 hodc b =0hoicc=0. m

Bai CH3. Cho cdc sé thitce duong a,b théa man a+ b = a* + b*. Chitng minh rdng
a*b? <1 Sa“Sbb3.

(Vasile Cirtoaje)
Loi giai (V. Q. B. Can). Trudc hét, ta sé chiing minh bét ding thiic bén trai. D& thiy ring né tucng
duong v6i alna +bInb < 0. St dung bit dang thitc quen thude Inx < x— 1 Vx> 0, ta cé

3alna — (a* —a) <3a(a—1) — (a* —a) = —a(a+2)(a—1)* <0,

tu do suy ra
3(alna+bInb) < (a* —a)+ (b* —b) = 0.

Va nhu thé, bt dang thic trén trai da dudc chiing minh xong. Biy gid, ta sé ching minh bét dang
thiic bén phai. Ciing tuong ty nhu trén, ta sé lay logarith nepe hai vé va viét lai bat déng thiic dudi
dang @*Ina+ b*Inb > 0. Xét ham s6 sau véi x € (0,2) : f(x) = 3Inx— 2x tach

3

X — ¥ — X2
Fly=dog 2 =D+

X B x3

Suy ra phuong trinh f’(x) = 0 chi c6 mdt nghiém duy nht trén khoang (0,2) 1a x = 1. Mit khic, qua
1 thi f’(x) d6i dAu tif 4m sang duong nén ta tim dugc f(x) > f(1) = 0 véi moi x € (0,2). Pén day,
stt dung gia thiét ciia bai toan va bit dang thiic trung binh lily thita, ta c6 a+ b = a* +b* > %,
suy raa-+b <2, maa,b la cic sb duong nén a,b € (0,2). Vi thé, 4p dung bit dang thic vita chiing
minh, ta co

4 b*—b
3(a3lna+b3lnb) 2a3-aai3a+b3-7 =d*+b*—a—b=0.
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Bit dang thiic bén phai dudc chiing minh xong. D& thiy & c hai bit dang thiic (bén trdi va bén phai)
déng thiic chi xy ra tai mot diém 1a (a,b) = (1,1). [ |

Bai CH4. Chiing minh rdng véi moi sé thuc khong dm a,b,c théa man khéng cé hai sé nao trong
chiing cé thé @ong thoi bing 0, bdt ding thitc sau luén duoc théa man

a b c (a+b+c)
2 T T3 < 2
a’>+3bc  b>+3ca  c?+3ab ~ 4(ab+ bc+ca)
(Duong dic Lam)
Loi giai (V. Q. B. Cin). Nhan ca hai vé ctia bit ding thic cho ab + bc + ca > 0, va dé€ ¥ ring
B a(af:écbtca) _ a(“a;i)gj) + az‘ffgbc, ta ¢ thé viét lai né nhu sau
ala—b)(a—rc) 1 (a+b+c)
————————~+ab — b >0.
;’ a*+3bc T Cczyciaz—i—Sbc 4(ab+ bc + ca) (a+btc)=

9

= a’+b2+c2+3ab+3bc+3ca nén bat dang thic

Ap dung bit dang thiic Cauchy Schwarz, ta c6 ¥ e +13bc
cyc

trén dudc suy ra tu

a(a—b)(a—c) 9abc (a+b+c)?
- b >0
; a* +3bc +612—l—bz—i-cz—|—3ab—|—3bc+1’>ca—i_4(ab—i-bc—|—ca) (atb+c)=0,
tucng duong
ala—b)(a—c) (a+b+c)®+9abe 9abe 9abe

> — .
(a+b+e) = 5 " T2 13y ab

cyc cyc cyc

)y a® +3bc 4(ab+ bc+ ca)

cyc

Tacé (a+b+c)*+9abc—4(a+b+c)(ab+bc+ca) = Yala—b)(a—c) va

cyc

a® +b* +c — (ab+ bc + ca) =Y (a—b)(a—c),

cyc
nén bét dang thic trén tuong duong véi

yala=pia—g FVCT0 Sl hero

a2 +3bc 4(ab+ bc+ ca) = 4<Zab> <Za2+32ab>.

cyc cyc cyc

cyc

Ta thiy bit déng thiic nay c6 dang X (a —b)(a—c)+Y(b—c)(b—a) +Z(c —a)(c —b) > 0, v6i

X—a 4a(ab+bc+ca) 9abc
B a? +3bc a2+ b2 +c2 +3(ab+bc + ca)
4a(ab+ bc + ca) 9abc

> _
ZOt L 2 3(abtbotca) @ +D2+ 21 3(ab+botca)

_ala®+Ta(b+c)+ (b—c)?]
a2 +b2+c2+3(ab+be+ca) T

)
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va cdc biéu thiic Y, Z tuong tu. Bay gid, gia st rang a > b > c, ta sé chiing minh aX > bY, tuong
duong

2 b? bc(a—b
(az—b2)+4(ab+bc+ca)< ? ) Sabc(a —b)

_ > :
a*+3bc  b>+3ca) ~ a*>+b*+c?+3(ab+ be+ca)

Mot diéu dé thiy 1a - > 52— vaa® + b + > +3(ab + be+ca) > 12bc, suy ra

2452 +c?+3(ab+be+
VT—VPz(aZ—bZ)_%'“ ¢ 12(a ¢ ca),(a_b) _ (a—b)(a+4b) N

0.
a*+b%*+c?+3(ab+bc + ca) 4 -

Dén day, v6i d€ y ring Z(c—a)(c—b) > 0vaa—c > 4(b—c) > 0, ta thu dugc

ZX(a—b)(a—c) >X(a—b)la—c)+Y(b—c)(b—a)

cyc

> X(a—b)- 2o ) 1Y (b )p—a) = KTPNEZDOZE)

Bai toan dudc giai quyét xong. Pang thifc xay ra khi va chi khi a = b = ¢ hoic (a,b,c) 1a mot hoan
vi ctia bo s6 (¢,1,0) véi t 1a mot sé duong bt ki. n

Bai CHS. Cho cdc s thuc dwong a,b,c théa mdn ab + bc + ca+ abc = 4. Tim tdt cd cdc s6 thuc k
sao cho bdt ddng thitc sau luén duoc théa méan

(k+bc)(k+ca)(k+ab) > (k+1)%.

(Vuonga2khtn*2)
Li giai (V. Q. B. Can). Choc=7>0vaia=b= 1%1 thi ta dé thiy ab + bc + ca + abc = 4 va bit
ding thic da cho tré thanh (k+ 2;) [k + ﬁ} > (k+1)%, tuong duong

(t —1)2[(k* +k—1)t> + (2k* — 2k — 6)t + k> — 3k — 1]

> 0.
(r+1)* -

Va nhu vy, theo yéu ciu cta dé bai, ta can c6 (k* +k — 1) + (2k> — 2k — 6)t +k*> — 3k — 1 > 0.
Vé trai ctia bit dang thifc nay 1a mot tam thiic bac 2 ciia ¢, va chiing ta déu biét ring dé né khong
am v6i moi ¢ duong thi mot diéu kién cin 12 hai hé s6 cao nhit va thip nhét phai khong am, tiic 1a
K2 +k—1>0vak?—3k—1>0.Tuddy, ta tim duge k < —15Y5 hojic k > Y3 Ta s chiing minh
day chinh 1a tap hop tit ca cac gid tri can tim cta k, tic 1a

(k+bc)(k+ca)(k+ab) > (k+1)°.

Dé chiing minh, chiing ta sé chia lam 2 trudng hop
+ Xétk > % Khi d6, 4p dung két qua bai 02, ta c6

(k4 be) (k+ca) (k+ab) = k> + k*(ab + be + ca) + kabc(a+ b+ ¢) + a*b*c?
> k> + k% (ab + be + ca) + kabc(ab + be + ca) + a*b>c?
= I + k*(4 — abc) + kabc (4 — abe) 4 a*b*c*.

ZNhitng bai ma chiing t6i khong biét tén that ciia tic gia va chi biét nickname, chiing i s& ghi nickname kém theo diu
* & phia sau. Khi nao biét dudc tén that sy clia tac gia, chiing toi xin sifa lai va ghi ding tén ctia ngudi dit ra bai toan.
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Ma k* + k*(4 — abc) + kabe(4 — abe) + a*b*c* — (k+ 1) = (1 — abe)[(k— 1)abe + k* —3k—1] >0
(do 1 > abc (d4nh gid nay dugc suy ra truc tiép tit gia thiét), (k — 1)abc > 0 va k> — 3k —1 > 0) nén
hién nhién

(k+bc)(k+ca)(k+ab) > (k+1)°.
+ Xét k < —HT‘B < —1.bat \/cE:x,\/b»:y,\/@:zthitacéx2+y2+zz+xyz:4, va ta phai
chitng minh (k+x?)(k +y?)(k+4z?) > (k+ 1)3. Ap dung bt dang thiic Schur bac 3, ta c6

9x2 22 2.2, 2\2
4 Ay
(Y2 +y* 2 +224%) < JEa 5+ +y" +27)
912
=+ @d-1)(t=xz<1).
4—1
Tir d6 suy ra
(k+22)(k+y*) (k+27) = (k+ 1)’ = (P +y* +2° = 3) + k(Y +y° 2+ 72 =3) +17 — 1
o
x4+
>kP(1—1)+k Q 34121

_ k(1> — 20t + 16)
=(1—-1) [k2+4(4_t)— —1]

Lai c6
k(1> —20¢t 4 16) e tl(k+4) —16(k+ )] _ t[(k+4)r —16(k+1)1] _ 3% (5k+4) -0
4(4—1) 4(4—1) - 4(4—1) 4(4—t) — 7
" 5 k(t? —20t+16) 5
k +w—f—12k +k—12>0.
Nhu vay, khang dinh ctia ta da dugc chiing minh xong. Va do d6, tip hop tit ca cic gid tri ciia k thda
min yéu cau clia dé bai la k € (—00, —HT\E} U [%J’%@, +<>0> . [

Bai CH6. Cho a,b,c,d la cdc s6 thuc khong am théa man a® + b* + > +d* = 1. Chitng minh rdng
S+ +E+B+8(1—a)(1—-b)(1—c)(1—d) > 1.

(Pham Van Thuéan)
Loi giai (V. Q. B. Can). Chuing t6i xin dudc gidi thiéu cung ban doc chitng minh sau. Médc du [a mdt
chiing minh khong dep nhung né lai 1a mot y tudng mdi vé bat dang thiic (chuyén tit bat dang thiic
thuan nhét sang dang khong thuan nhét). Tur gia thiét, ta d& dang suy ra dudc a,b,c,d € [0,1] va ta
ciing c6 thé viét lai bat dang thic can chﬁng minh dudi dang P(a,b,c,d) > 0, trong d6

P(a,b,c,d) Za+ Z 248(1—a) l—b)(l—c)(l—d)—é.

cyc cyc 4
Bay gid, ta sé chiing minh bt ding thiic P(a,b,c,d) > 0 ding v6i moi a, b, c,d € [0, 1] ma khong can
thiét phai thda man a® + b> + ¢> +d? = 1. That vay, ta c6

a a a—b)*[6(a — — o)1=
P(a,b,c,d)—P( ;b, ;b,c,d>:( b)2[6(a+b)+1—16(1—c)(1 —d)]

8 )
P(a,b,c,d)—P(a+b,0,c,d) = _abl6(a+b)+1 —216(1 —o)(1 _d)]7
Plabe.d)~Platb—1,1e.d) = 1= —b>[6<a+b>2+1 —16(1—o)(1 -d))
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Tir ddy, ta thiy néu 6(a+b)+1—16(1 —c)(1 —d) > 0 thi P(a,b,c,d) > P(“F2, %2 c,d). Néu
6(a+b)+1—16(1—c)(1—-d) <0vaa+b<1thi Pla,b,c,d) > P(a+b,0,c,d). Néu 6(a+b)+
1-16(1—¢)(1—d)<O0vaa+b>1thi Pla,b,c,d) > P(a+b—1,1,c,d). Nhitng 1ap luan nay
ching t6 ring, dé chiing minh bit dang thic da cho, ta chi cin chiing minh né ding trong ba trudng
hop sau 1a dti @ = b,ab = 0 va (1 —a)(1 —b) = 0. Hoan toan tuong tu, ta ciing thiy ring chi can
chiing minh bét dang thiic diing trong ba trudng hop ¢ = d,cd = 0 va (1 —¢)(1 —d) = 0 thi bai todn
cling dugc gidi quyét xong. Két hop hai 14p luan nay lai va loai b6t nhitng trudng hop tring nhau, ta
c6 thé dua bai toan vé xét trong 4 trudng hop sau

+ Xét a = b va ¢ = d. Khi d6, bit dang thiic cAn chiing minh tré thanh

a2+c2

5
2a° + 20 + +8(1—a)2(1—c)2—120.

o N 2 . IR P
biatt=a+cvax=ac <0§x§ %),taco thé viet lai n6 nhu sau

12 —2x

5
21(1> —3x) + +8(1—t+x)2—120,

tuong duong
F(x) =32x% +4 (15 —22¢) x + 8> + 341> — 641 +27 > 0.

Néu 412 — 221+ 15 < 0 thi ta c6 f'(x) = 64x+4(15—22¢) < 1612 +4(15—22¢) = 4(41> —22¢ + 15) <
0, dan dén f(x) 1a ham giam véi moi x < %, va ta thu dugc

fx)>f <i> = (22— 106 4+27)(t —1)*> > 0.

Néu 15 — 22¢ > 0 thi bat déng thiic 12 hién nhién diing bi vi ta luén c6 8> + 341> — 641 +27 > 0 véi
moi ¢t > 0.
Néu 15—221 <0 va 42 — 22t +15 > 0 thita c6 13 <1 < U=Y6L khj 46 d& thdy

A =4(15—220)* — 32(817 4 341% — 641 +27) = —4(641> — 2121* + 148t — 9) < 0,
nén f(x) ludn dat gia tri khong &m v6i moi a, ¢ € [0, 1]. Trudng hop thii nhit dugce gidi quyét xong.
+ Xéta = b vad = 0. Khi d6, bt dang thiic cAn chiing minh tré thanh

2a* + ¢? 5

2a3—|—c3+aT+c+8(1—a)2(l—c)—Z20,
tuong duong
2 1—¢)(27—5¢—4c?
2a3+a2—8a(2—a)(1—c)+( 2l . c=4) o,
Do 1 —c¢ > 0va27—5¢—4c? > 27 —9c¢ nén ta chi can chiing minh dudc
2

9(1—c)(3—

2a3+‘;_8a(2_a)(1_c)+(c)(6)207

hay la
f(c) =9¢* —4(8a® — 16a+9)c + 8a° 4 34a*> — 64a +27 > 0.

Néu 16a*> —32a+9 >0 thitacé f'(c) = 18c —4(8a> — 16a+9) < 18 —4(8a> — 16a+9) = —2(16a> —
32a+9) < 0nén f(c) 1a ham giam v6i moi ¢ < 1, va ta thu duge f(c) > f(1) = 24*(4a+1) > 0.
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Néu 164> —32a+9 < 0 thi 4*4ﬁ < a < 1, khi d6 bing cach tinh biét thiic ctia f(c), ta dé thiy

A =4(8a% —16a+9)* —9(8a’ + 34a” — 64a +27) = 256a" — 10964’ + 1294a> — 576a+ 81 < 0,

din dén f(c) > 0 va trudng hop thi hai cling dugc gidi quyét xong.

+ Xét b = 1. Khi d6, bit dfing thic cAn ching minh trg thanh @® + ¢3 4+ d® + £+ > 0, 1a mot bét
déng thitc hién nhién diing do a, ¢,d 1a nhitng s6 khong am.

+ Xét b =0 vad = 0. Khi do, ta phai chiing minh

2 2
@ e +8(1—a)(1—c)—% > 0.

a+c+
o N 2 %, 32 . N 5 N
batt=a+cvax=ac (O <x< %) , bat dang thuc nay trd thanh

12 —2x

5
1(r* —3x) + +8(1—1+x) =7 >0,

hay la
6(5—2t)x+ (1 —1)(27 — 5t —4¢*) > 0.

Néu ¢ < 1 thi bét diing thic cudi 12 hién nhién béi vi ta c6 6(5 —2¢)x > 0 va (1 —¢)(27 — 5t —4t%) > 0.
Trong trudng hop ngudc lai, st dung danh gid (1 —a)(1 —c) > 0, ta suy ra dudc x > ¢ — 1, din dén

6(5—2t)x+ (1 —1)(27 — 5t —4t?) > 6(5—21)(t — 1) + (1 —1)(27 — 5t — 4¢?) = (41 —3)(t — 1)* > 0.

Trudng hop thi tu ciing dudc gidi quyét xong. Va nhu thé, phép chiing minh ciia ta ciing dudc hoan
tht. D& thiy ding thiic xay ra khi vachikhia=b=c=d = % hodc a=1,b =c =d =0 va cic hoan
vi tuong dng. [

Bai CH7. Cho cdc sé thuc duong a,b,c théa man a+ b+ c = a> + b + 3. Chiing minh bdt ddng
thitc sau

(S ey e (b T atbte

a?+1 \b »r+1 \c¢ A+1 \a) = 2 °

(Gabriel Dospinescu)
Lai giai (V. Q. B. Cin). Ap dung bét ding thic Cauchy Schwarz, ta dé thiy

241 P41 A+1 b\ 2
vr (S T EEY S (6400
a b c b ¢ a

Do d6, ta chi can chiing minh dudc
¢ a b\’ 1 1 1
2| =+—-+-) >(a+b+c)|a+b+c+-—+-+-).
b ¢ a a b ¢

Ta thiy ring bat dang thic nay chinh 1a tdng cla hai bit dang thic sau

C+a+b2>(+b+) 111
c,a,9 a Y
b ¢ a) — a b ¢/’

va
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Bit dang thiic thit nhét tuong duong véi

N+pé+f+a+b+ AL
b? b abc’

< B2 2 2 N ~ % 2 P N .2 i
ma 2—2—1—2—2—1—“—2 > %(é—i-%%-%) > g—k%—i-% va %+§+§ > 3 nén bat dang thiic nay hi€n nhién
Xét bt dang thic thit hai, 1iy cin bac hai hai vé, ta thiy ring bat déing thifc nay tuong duong véi

b ¢ a
- +-+-—>a+b+c.
a b ¢

Tit gia thiét, 4p dung cdc bat dang thic Chebyshev va AM — GM, ta c6
3a+b+c) =3 +b+) > (a+b+c)(d®+b +c%) >3V 2 (a+b+c),

suy ra 1 > abc, va ta thu dugc
b+c+a 1 2b+a +l 2a+c +1 2C+b
a b N c b) 3\b a
3/192 / s/ a+b+c
> b+c.
ac ab \3/abc Zatbe

Bai toan dudc chiing minh xong. Dé thiy dang thifc xay rakhi vachikhia=b=c=1. ]

Bai CHS. Cho cdc sé thuc khong dm a,b, c théa mdn

1 1 1 1
M+M+M+M+@+M*ﬂ'

147

b+c>104/ —.

a+b+c > 3
(Yongyao*)

Lai giai (V. Q. B. Can). D¢ y ring = + TR bzi 72 + ) S - nén (U gid thiét, ta c6 thé dat dudc
1 —x 1 _ 1=y 1 1—

m = i = aam — a7 voixyzlacdc ) thu’c khﬁng am nam trong doan [0, 1]. Tir

phép dit nay, chiing ta c6 thé dé dang suy ra dugc x+y+z = 2 4, va ta phai chiing minh

\/x N y +\/ z 10
1—x 1—y 1-z7 /23

Khong mét tinh tSng quat, ta ¢ thé gid st z = min{x,y,z}. Khi d6, dé thiy x+y > 3 (x+y+2z) > 3
dén dén

Chiing minh bdt ddng thitc sau

2 3 3 3y—2 )2
x2+y2—(x3+y6-—(”2y) +(xjy) _ (Bx+43y 4)(x y) <o0.

Tir day, ap dung bat dang thic Holder, ta thu dudc

(x+y)3 > (x+y)3 /25 —24z
1— 2(1—x) +y3( - X+y X+y 234247
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Vi thé, d€ ching minh bit dang thiic trén, ta chi can chiing minh dudc

o [P 210
V23+2az  \V1-27 V23

Viéc chiing minh bét ddng thiic nay kha don gian, xin dugc danh cho ban doc. ]

Nhan xét. Véi cing mot céch 1am nhu trén, ching ta ¢6 thé chiing minh dugc mot két qua dep hon
rat nhiéu Ia

1 1 1 _ 1
a*+47 + b2+47 + c2+47 T 24

Véi moi s6 thuc khéng dm a, b, c théa man min{a,b,c} > 1va
thi
a+b-+c>15.

Va mot didu thi vi hon nita 1a bat dang thiic nay tuong duong véi két qua sau (rit dep va kho) ctia tac
gia Vasile Cirtoaje trén tap chi Crux Mathematicorum

V6i moi s6 thic khong dm x,y,z théa man khong c6 hai sé nao dong thoi bang 0 thi
48 48 48
1+ — 1+ 22 14 22 >,
y+z Z+x x+y
)

Bai CHY. Cho cdc sé thuc khong dm a,b,c théa man khong co hai sé nao dong thoi bang 0 va tong
ciia chiing la 1. Tim gid tri I6n nhdt va gid tri nhé nhdt ciia biéu thiic sau
a—b b—c c—a

P= + + .
Va+b b+c c+a

(Pham Kim Hung)
Lui giai (V. Q. B. Can). Ditx=a+b,y=+/b+cvaz=/c+a, tadudc
_z2+x2—y2 b_x2+y2—z2 C_y2+z2—x2
B 2 T 2 T 2 ‘
Tir d6 suy ra
Z(Z2+x2_y2)_(x2+y2_Z2)
2x

Pl =

a—>b
;;\/a+b
2y
L,

cyc

cyc
(=9 ==Xty +a)] |02 =y =) =) (x+y+7)]
xyz xyz(x+y)(y+2)(z+x)
_ ((a—b)(b—c)(c—a)| (Vat+b+Vb+c+y/c+a)
V(a+b)(b+c)(c+a) (Vatb+atc)(Vbtc+veta)(Vbtc+vbta)

Khong mét tinh téng quét, gia st rang ¢ = min {a,b,c}, ta c6 thé d& dang kiém tra dugc cic danh gia
sau

(a—b)(b—c)(c—a)| < ab(a—b)],
1 1
V(a+b)(b+c)(c+a) = Vab(a+b)’
1 1

(Vatb+va+e) (Vbrervbra) — (Jatvatd) (Vo+va+h)

www.mathvn.com



38 Let the solutions say your method - V6 Quéc B4 Can

va

Va+b++b+c++/c+a L Vva+b 14 Va+b
vVb+c++/c+a vatc+vb+c Va++vb

Nhitng danh gid nay gitp ta thu dudc bét dang thic sau
. ]ab(a—b)](ﬁ—i—\/g—l-\/a—kb)
Pl <
Vab(a+0b) (va+a+0) (f+ Va+ ) (\f+ xf)

1

T Vatbtc \/a+b
1 a— b f \f
= a+b|vVa+b JM[ \f‘ \/a+b

<. a N f b1 N
Datx——a+bth1taco—a+b—1 X, va

Vbva o1
a+b+ \/m =X (1 x)—i—\/ﬁ \/;6—2)C \/;C—l-\/ﬁ l—f()C).

Tinh dao ham f(x), ta dugc f/(x) =2 — Giai phuong trinh f’ ( ) =0, ta tim dugc hai

1
Z\f 2/ 1—x"
8—/46—2v17 _ « 8—1—\/46 2V17

nghiém ctia n6 trong khoang (0,1) 1a x; = ~———"— vax; = . Tt d6, bing cach lap
bang bién thién, d& thy ring f (8—41662> <fx)<f (8+ W) , hay 1a —/ =117 <

flx) <4/ 1= ”*F . Vi|P| <|f(x)| nén ta cling suy ra dugc

1—17 < 71 -17v17
- 32 )

Mat khac, cho a = 8+W b=5= 4;56 217 ,c =0 thi ta dé thiy P = (5—\/77)3246—2\/T7;

:8_V4166_2 ,b:8+v4166_2‘r,c:0th‘1P: (5= \ﬁ) 46 217 , nén ta di dén két luan

71 —17/17 R 71—17
maxP = 3 va minP = —

Bai toan dudc giai quyét xong. ]

va cho

Bai CH10. Chiing minh rdng vdi moi sé thic duong a,b,c, bdt ddng thiic sau ddy luén duogc théa
man
a n b n c < 3
2a>+3b+2  2b2+3c+2 2c2+3a+2 T

(Phan Thanh Nam)
Lai giai (V. Q. B. Can). Do tinh hodn vi vong quanh nén ta c6 thé gi st b 1a s6 hang nim giita a va
c. Khid(’),C(’)2tru6ngh(_5pdéxétléc2bZaVéaZch.
+ Xét truong hop ¢ > b > a. Ap dung bat dang thiic AM — GM, ta c6

a a b b c c
262 +3b+2 ~ 4a+3b° 2b2+3c+2 ~ 4b+3¢c’ 2c2+3a+2 ~ 4c+3a’
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Nhifng bai bat ding thifc tu sdng tao va suu tim 39

Vi thé, d€ ching minh bit dang thiic da cho, ta chi can chiing minh dugc

a 4 b n c <§
4a+3b 4b+3c 4c+3a T

tic 1a
15(ab® + be* + ca®) > 8(a*b + b*c + c*a) +2labe.

Nhung bét ddng thiic nay hién nhién ding bdi vi ta c6 8(ab® + be? + ca?) > 8(a’b + b*c + ca) (do
¢ > b > a) vaT(ab® + bc® + ca®) > 2labe (theo AM — GM).
+ Xeét truong hop a > b > c. Liic nay, c¢6 2 kha ndng xay ra nhu sau

o Khd ndng thit nhdt a < b+ 3c. V6i gia thiét nay, thuc hién tuong tg nhu trudng hop thd nhét &
trén, ta thiy ring bat dang thic clia ta sé dudc chitng minh néu ta c6

15(ab® + bc* + ca®) > 8(a*b + b*c + c*a) + 2labe,

hay la
f(a) = (15¢ — 8b)a* + (15b* — 21bc — 8¢*)a + 15bc* — 8b*c > 0.

Néu 8b > 15c¢ thi f(a) 1a mot tam thic bac 2 theo a v6i hé s6 cao nhit am, vi thé f(a) >
min {f(b), f(b+3c)}.Ma f(b) =Tb(b—c)> >0, f(b+3c) =Tb* —17b*c —38bc> + 111> >
0 nén hién nhién f(a) > 0.

Trong trudng hgp 15¢ > 8b, tinh dao ham f”(a), ta c6
f'(a) = 2a(15¢ — 8b) + 15b* — 21bc — 8¢*
> 2b(15¢ — 8b) + 15b* — 21bc — 8¢* = (8¢ —b)(b—c) > 0,
tlr d6 suy ra f(a) 1a ham dong bién, va ta suy ra f(a) > f(b) > 0.

o Khd ndng thit hai a > b+ 3c. Trong kha ning nay, sit dung bét dang thic AM — GM, ta thu
dudc cac danh gia

a < 1 Cw c < c < c '
2a*+3b+2 = 2,/2(3b+2) 2¢2+3a+2 = 4c+3a = 3b+13c

Do d6, ta chi cAn chitng minh bit dang thic sau ding v6i moi 0 < ¢ < b thi bai todn dugc giai
quyét xong
1 b c
= +53 +
2./2(3b+2) 2b*4+3c+2 3b+13c

3
g(c) < 7

Ta sé chiing minh bt dang thiic nay diing v6i moi ¢ > 0 ma khong cin phéi thda man ¢ < b.
That vay, ta cd
1 1

/ =3p — .
g [(3b+ 13c)2 (2621 3c+2)2

Phu’dngﬂ tri{lh g'(c) = 0 chi c6 mot nghiém duong duy nhit 1a ¢y = %gbﬂ > 0. Qua ¢ thi
g'(c) ddi dau tir duong sang &m nén v4i moi ¢ > 0, ta cé

0 < 20 —3b+2\ 1 N 2b* +7b+2
s/ =48 10 T 2/2(3b+2) 2602 —9b+26
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40 Let the solutions say your method - V6 Quéc B4 Can

Miit khéc, dé dang kiém tra dudc rang

1 N 202 +7b+2 3
21/2(3b+2) 260> —9b+26 "7’
do do, két hop vdi trén, ta dudc g(c) < 2.
Bai todn dudc ching minh xong. Pang thic xay rakhi vachikhia=b=c=1. ]

Bai CH11. Gid sit a,b,c la cdc sé thic khong dm théa mdn khong c6 hai sé nao dong thoi bang 0 va
t6ng ciia chiing la 2. Chitng minh ring khi dé, bdt ddng thiic sau luén dugc théa man

a+b b+c ct+a \/5
>2 —.
\/a2+ab+b2+\/b2+bc+cz+\/c2+ca+a2_ + 3

(Vo Qubc B4 Cén)
Lui giai (V. Q. B. Can, T. Q. Anh). Xét cic sb thuc x,y,z sao cho x,y > z > 0, d& thiy
xX+z xX+z xX+z 1

= > - .
az+? (x4+5) (x+z)—dz(x—z) ~ (x+35)(x+z) x+3

Ngoai ra, ta cling c6 danh gia sau
xX+y > X+y+z
24 xy4+y2 — z)2 z z )%’
ATy (x+35)"+(x+3) (0+5)+ (0 +3)

That vay, bat dang thiic nay tuong ducng véi

(3" (r3) O+3) + (+8)° | xbyde
X2+ xy+y? T x4y

1,

tuong duong
3z(2x+2y+=z) Sz

42 +xy+y?) ~ x+y
Bay giv, trd lai bai toan ciia ta. Do tinh ddi xting nén ta c6 thé gia st ring a > b > ¢, khi d6 tit hai
danh gid trén, ta dugc

(hién nhién diing).

b+c S 1 cta S
b>+bc+c? ~b+§ AHcata® T a+§

va
a+b S a+b+c

FHDEE " (s (ar ) (o 5) + (05)
Nhu vay, ta chi cin chiing minh dugc

1 N 1 N / 2 >2+\f
Vi v w>+uv+v: 3’

trongddu=a+35vav=>b+7.

Day 12 mot bai tap rat tot cho phép cin bing hé sb trong viéc sit dung bit dang thiic AM — GM. Xin
dudc danh cho ban doc dé hoan thién ndt chiing minh nay. Chi y rang & bat déng thiic da cho, dang
thic xdy ra khi va chi khi a = b = 1,¢ = 0 va cac hoan vi tuong tng. ]

Nhan xét. Hoan toan tuong ty, ta ciing c6 thé chiing minh dugc két qua téng quét hon van con ding
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Gid sit a,b,c la cdc sé thuc khong dm théa mdn a+b+ ¢ =2 va k la mot s6 thuc khong
dm bdt ki, khi do

a+b k b+c k ct+a k 2 k
— |5 ) =2+([=] .
a?+ab+b? b? +bc+c? 2 +ca+a? 3
&

Bai CH12. Cho a,b,c la cdc sé thuc bdt ki khdc nhau ting déi mot. Chitng minh bdt ddng thite sau

a2 +1  b:*+1 FdP+1 3
7+ 7+ 2 25
(a—b) (b—rc) (c—a)

5

(Nguyén Vin Thach)
Li giai 1 (V. Q. B. Can). Bit ding thiic da cho c¢6 dang khong thuan nhit, cho nén y tudng ciia ta
sé 1a cb ging dua né vé dang thuan nhit d€ giai, vi & dang thuan nhit sé c6 rat nhiéu phuong phap
gitip ta gidi quyét tron ven bai toan. Ap dung bét ding thiic AM — GM, ta c6

a’b? 1 a’b? 1
i e M i M e |

cyc cyc cyc cyc

Miit khéc, dé thiy

1 1\’ . a*b? b\
Z(a—b)2:<za—b> ;v Z(a—b)z:<za—b> ’

cyc cyc cyc

nén ti danh gia trén, ta thu dugc

1 ab
VT 22 (Za—b> (Za—b>
cyc cyc

2(a? +b* +c? —ab — bc — ca)(a*b* + b*c* + c*a® — a’bc — b*ca — c*ab)
(@a=b)*(b—c)*(c—a)? '

Do dé, ta can chiing minh

12(a* 4 b* + ¢ — ab — be — ca) (a*b? + b*c* + 2a® — a*be — b*ca— c*ab) > 9(a—b)* (b—c)*(c —a)*.
DE y ring 2(a® + b* +c* —ab—bc—ca) = (a—b)* + (b—c)* + (c—a)? va

6(a*b* +b*c* + c*a® — a*bc — b*ca— c*ab) = (2bc — ca— ab)? + (2ca— ab — be)? + (2ab — be — ca)?,

bat dang thiic Cauchy Schwarz cho ta

cyc cyc cyc

2 2
VT > Z(b—c)(Zbc—ca—ab)] :9<Za2b—2ab2> =9(a—b)*(b—c)*(c—a)*=VP.

Bai toan dudc ching minh xong. [
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Bai CH13. Cho cdc sé a,b,c,d lan luot la dj dai cdc canh ciia mot it gidce. Chitng minh rdang

9 1+1+1+ 1\, @+ +c’+d?
7 b? d*) — abed ’

Lai giai (V. Q. B. Can). Khong mit tinh tdng quat, ta c¢6 thé gia st a > b > ¢ > d. Khi d6, nhan ci
hai vé ctia bt déng thifc da cho véi abced > 0, ta c6 thé viét lai n6 thanh

9 [bcd a(b*c® +c*d* +d*h?)
7

SA2LP Ll dR
a—l— bed }_a%—b—i—c—l—d

Ap dung bét déing thiic AM — GM, ta c6

bed N a(b>c* +*d* +
a 27bcd

a’v?) _ 2
> 5 \/ 3(b2c2 + 2d? + d2b?).

Nhu vy, d€ chiing minh bit dang thic da cho, chiing ta chi cAn chitng minh bat ding thiic manh hon

26 (bc cd db
21 d b

2
?\/3(b2c2+c2d2 d?b?)+ a ++>za2+b2+c2+d2.
C

Ditr = <52, Khi d6, ta d& dang kiém tra dugc b2c? + c2d* + d?b* > 2b°t* +1*. Bay gio, ta sé chiing

minh ring
26 (bc cd db 2 26 t? )
—a|l —+—+— 2 —2t°.
21a<d+b+c> BT <b+b> !

That vay, bit dang thic nay tuong duong véi

26 [b(c—d)2+cdb—t2] 26 {b(c—d)z (c—d)z]z(c—d){

— >c?4+d> -2, hayla — —
20 o S C R T 4b 2
Ta c6 g?a (L —L)>%2a-3 >20p. 2 =12 > ] nén bt ding thic trén hién nhién ding, va khing

dinh cta ta du?(jc ching minh. Nhu’ Vay, ta chi can chiing minh dugc
26 2, 32 2
3(2b2t2+t4)+21 2b+b >a”+b"+2t°.

Dit f(a) = VT — VP thi ta dé thiy f(a) 1a mot tam thic bac hai ctia a v6i hé s6 cao nhét am, do
d6 n6 1a mot ham 16m. Piéu nay khién ta lién tudng dén tinh chit sau cia ham 16m: Moi ham f(x)
lién tyc va 1om trén doan [x;,x;] thi £(x) > min{f(x1),f(x2)}. Ta hdy cb thd s dung tinh chét nay
d€ gidi bai toan di cho xem sao. Mubn vy, can phai xdc dinh dudc mot doan chin gid tri ctia a lai,
rit don gian, ta hdy d€ y dén gia thiét ctia dé bai a,b,c,d 1a do dai bdn canh ctia mot td gidc va
a=max{a,b,c,d}. V6i nhiing gia thiét nay, ta c6 thé dé& dang suy ra dugc b+ 2t > a > b, va nhu thé
fla) >min{f(b), f(b+2¢t)}. Taco

26 t? s o
y/3(2b2t2+t4)—|—fb 2+ ) —2p? =2
16 2 10 16
\/ 3222 +14) + —b* — 2>7 324+ + —1t2— —12>0
+ -7 ( + )+21 21 >

flb) =

BV SRR
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va
2 S . 26 r? 2 2 o2
f(b+2r) = 7 3(2b%t —I—t)—i—i(b—I—Zt) 2b+3 —(b+2t)"—b"—2t
2 26 t?
> 7(2bt+t2)+(b+2t)<2b+b)—(b+2t)2—b2—212
_26(b+21)r* 10b2 32 . 40t2_52z3 10b2 32 . 94t2
N 26 2 21 7 21b 21 21 21
52t(2bt —b*) 10 , 32 94, 10 )
> ——— 4+ —b'+—bt— —t"=—(b—1)">0
- 21b L TERET 21 21( )20
nén hién nhién f(a) > 0 va bai toan cta ta da dugc ching minh xong. ]

Bai CH14. Cho ay,as, . .. ,a, la cdc s6 thuc duong bdt ki. Chitng minh bdt ddng thitc sau
at+ay+--+a,—nyaray---a, > (V/ai —,/an)2.

Lai giai (V. Q. B. Can). D¢ y ring (ai— \/(Tn)2 = ay +a, — 2\/aan, ta c6 thé viét lai bit ding
thic can chiing minh du6i dang

Vvara,+ara,+ay+---+an—1 > nyarax---ay.

Theo bét ding thiic AM — GM, ta c6

VT > n(/\/alam/alanaz cedp_1 =n/ayay---a, =VP.

Bai toan dudc ching minh xong. [

Bai CH15. Chiing minh rdng véi moi sé thic dwong x va moi s6 nguyén duong n, bdt ding thitc sau
luon duoc théa mdn

ix]’zz n(n+1)

(Graham Denham, Crux Mathematicorum)
Loi giai 1 (Kee Wai Lau). Trudc hét, ta sé chiing minh bat dang thiic sau véi moi sb thuc duong y
yn+2

2
—y">0.
n+1 Y

fn(y) =1+

2(n+1)
n-+2

L (24D L 2(nt1) %_1 no (2m+1)\
n+1 n+2 n+2 N n+2 n+2

Day la mot gid tri duong. That vay, véin=1,tacd 1 — 1+2 (2(1+])> =1- % > (. V6in > 2 thi

7 2
<n+2) _ <1+,1,> 22>2(n+1)’

. < s . 1/n
Bang cach dung dao ham, ta dé thay f,(y) dat dugc gia tri nhd nhat tai y = ( ) , va gia tri d6

bang
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va né da chiing té diéu ma ta vira khang dinh & trén. Bay gid, quay trd lai bai toan da cho. Ta sé chiing
minh né bing quy nap theo n. Véi n = 1, bat dang thic da cho trd thanh dang thic. Gia sif rang bt
déng thiic nay ding v6i mot gia tri nao d6 (khong nhd hon 1) ctia n, khi d6 ta c6

n+1)? (1) (142)

—X 2

2

ntl xk (n+1)(n+2) n(n+1) x(
——x 2 2x 2 +

k n+1

(n+1)(n+2)
n(n+1) 2 n(n+1) n+1
= <1++1—x”+1>—x 2 fn<x2)>0.
n

Diéu nay ching t6 ring né ciing diing cho n + 1. Theo nguyén ly quy nap, ta suy ra dugc né ding véi
moi n nguyén duong. D6 chinh 12 diéu phéi chiing minh. [
Lui giai 2 (Graham Denham, Walther Janous). Ap dung bit déng thiic AM — GM, ta c6

k=1

n 2 1
Zk;l kx” (ng:1k3) i
Yioihk

Do Y} k= = (X7_, k)* nén tit dénh gia trén, ta thu dugc

" n+1) n(n+1)
Lk o

Tur d6 suy ra

L X 24 nn41) % awin_y n(nt1)
kg’k—Z/kxk dx > /0x2 dx=x"7 .

D6 chinh 1a diéu phai ching minh. |
Bai CH16. Vi moi n > 1, ta ddt a, = 1 + 24 /3 + - - -+ /n. Chitng minh ring

Yk 2n+1+1n2n

; ,% n+1+ %ln2 n
(Mihaly Bencze, Crux Mathematicorum)
Loi giai (V. Q. B. Can). V6i n = 1,2,3 thi bt ding thiic cAn ching minh hién nhién ding. Xét
truong hdp n > 4, khi d6 v6i moi 3 < k <n, taco

tu do suy ra

"k 2 V3 & Vk 2 V3 1 1

2—2:1+£2+£2+Z—2<1+£2+£2+ (—)

=1 9% a; az =4 9 a; az  j=p \-1 Gk
2 V3 1 1 2 V3 1 8
SR NP T N
as as as ay a; az as 5

Mait khac ta lai c6

2n+1+1In? 1 1 8
nEANT oo >0 m18322..> %,
n+1+5Inn n+1+ Inn 441+ 5In"4 5
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nén bat dang thic da cho hién nhién diing. Bai toan dudc chiing minh xong. ]

Bai CH17. Cho day a,, duoc dinh nghia nhu sau

1 1
a =7, va apy) = Z(a"+ 1)2 véimoin=1,2,...
Tim s6 thuc C, nhé nhdt sao cho véi moi by sé thuc khéng dm xi,xa, ..., xp, bdt dcing thitc sau luén
ding
n
xp—k
Z - 5 < Cua,.
i=1 (Xk+---+xn+W)
Loi giai (V. Q. B. Can). Pith; = — 31 vab =b_; + 2k v6imoi k> 2, ta
g (o D)2 : (st 22
s& chiing minh ring
ax
b < Vk=1,2,...,n—1.
PR X)L (SXIE
That viy, gia sit bit dang thiic nay diing v6i mot sb k bat ki, khi d6 ta c6
X1 — (K+1
Pt = bt i <k12)k1 2?2
(mﬁ--~+xﬁ%)
< akk12 R Xey1 — (k+1) i
X1 +"'+xn+w <Xk+1 et (k+1)2,2(k+1)+2)

_ (a+ Dy +a (o + - +x0) taX — (k+1) <X: (k+1)2—(k+1)+2)
(et -2 +X)° 2
((ax+ Do +acbosa + - +x) + X — (k+ 1)) (4 +1)°
- (@ + 1) (g1 + -+ +3) + (@ + 1)X)?
((ax + Dxps1 + ax(Xesa + -+ +x0) + X — (k+ 1)) (ax +1)?
(e Dt + ag(esa+ -+ 20) +aX — (k+ 1)+ 22+ + %+ X +k+ 1)
(ax+1)? Ai+1

T At X D) gy, 4 (2 )

Diéu nay chiing t6 ring khang dinh ciia ta ciing diing cho & + 1, ma hién nhién né diing véi k = 1 nén
tir day, ta suy ra né ding cho moi k = 1,2,...,n— 1. Biy git, sit dung khang dinh nay, ta c6

X, — N an_| X, —n

4
2 = n2—n+2 2
2 + 2
(x" - 2” 2) n 2 (x” - 2n 2)

(a1 Dxy+ap Y —n (Y B n2—n+2)
(xn+Y)2 2

((an—1+ D)xp+an_1Y —n) (ay—1 +1)*

a ((@n1+1)(xa+Y))>?

~ ((an—1+ Dxy+ap—1Y —n) (an—1 +1)*

B ((an—1+ 1)x,,—|—an_1Y—n—i—Y—i—n)2
(an-1+1)* 2

= 4 +n) 2nt2™m

VT =b,_ 1+
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<. X A 2 - N 9 N N, SN N . o 2 <. .
Ngoai ra, dé t%lay dang thiic ludn xay ra nén tu danh gia nay, ta tim dudc minC, = . Bai toan
dudgc giai quyet xong. ]

Bai CH18. Cho ay,ay,...,a, la cdc sé thuc bdt ki cé tong bang 0. Tim hang s6 C = C(n) tot nhdt
sao cho bdt ddng thiic sau diing

CZ|a,]< Z

1<1<J<n

(Walther Janous, Crux Mathematicorum)
Lui giai (V. Q. B. Cén). Choa; = l,ap =+ =a, = —-1;, ta tim dugc C < %. Ta s& ching minh
rang, dy chinh 12 gid tri ma ta cAn tim, tifc 13 v6i moi ; thda man gia thiét ctia dé bai thi

n

Y la-al=3Y lal

1<i<j<n i=1

Do tinh ddi xiing nén khong mét tinh tdng quat, ta c6 thé gia st dudc a; > ar > --- > a,. Mit khdc,
laicéa;+ar+--+a,=0nénton taimdt s k (1 <k<n—1)saochoa; >--->a; >0>ap >
-+ >a,.Khidd, tacéay+---+ar = —(ags1+- - +ay) va

Y lai—ajl= Y (ai—a;)=

(agE

(n+1-2i)a, Z]a,\ f2Za,

1

A
A
~.
A
=
n
A
~
A
=
i

BAt dang thifc can chiing minh c6 thé dugc viét lai thanh

k k n k
(n+1-2i) aIZnZal, tic la Z(n—i—l—Zi)ai—i— Z (n+1—2i)a,~2n2a,~.
1 i=1 i=1 i=k+1 i=1

™=

Tacéa; >--->apvan+1—2-1>--->n+1—2-knén theo bt dang thiic Chebyshev,

(n+1-2i)a; > - (i (n+1-2i) > ( ai> :(n—k)zk:a,-
i=1 i=1

Tuong ty, tacang cé agy1 > - >a, van+1—2-(k+1)>--->n+1—2-n,nén

i (n+1—2i)ai2n1k<.zn: (n+1—2i)> < Xn: >——k ) a,—kZal

i=k+1 i=k+1 i=k+1

gl
gl

Il
—

=1

Tir day, ta thu dugc
k k k
VT > (n—k)Zai—i—kZa,- = nZa,- =VP.
i=1 i=1 i=1
D6 chinh 1a diéu phdi chiing minh. Va nhu vay, ta di dén két luan maxC(n) = 5 ]

Bai CH19. Chiing minh rdang vdi moi sé thuc duong a,b,c, ta déu co

—
p—
—

N S
c+iTa+l byl el

c

(Vasile Cirtoaje)
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Loi giai (V. Q. B. Cin). Khong mit tinh tdng quét, gia st ¢ = max{a,b,c}. Khi d6, ta c6

<b+(11> <c+i> — <b+i> <C+cll> = (a_cc)lib_c) > 0.

[ S B
b+l e+l Tp4l gl

T d6 dan dén

Vi vdy, dé€ chiing minh bit dang thic da cho, ta chi cAn chitng minh dugc
1 4 1 S 1 . 1
at+i b+l Ta+l bl

Bing mot sb tinh toan don gian, ta thiy ngay bat ding thiic nay tuong duong véi

(a—b)(a*—b?)

I+ (1+52) > 0 (hién nhién dung).

Phép chitng minh ctia ta dudgc hoan tat. Pang thifc xay ra khi va chi khia =b = c. ]

Bai CH20. Cho 2n s6 thuc ay,az, ... ,an,b1,by ..., bythéaman0<a; <---<a,va0<b; <---<b,.
Chiing minh bdt ddng thitc sau

2 2 2
(o) () = (2) (2) (0]
4\ = i=1 i=1 i=1 i=1
(Darij Grinberg)

Loi giai (V. Q. B. Cn). Ta sé st dung phuong phap quy nap theo n. V6i n = 2, bt déng thiic cin
ching minh tr thanh

1
(@ +a) (b +b2)* > (af +3) (b7 +b3) — (arby +azba)’.

Do (a2 +a3) (b3 + b3) — (a1b) + a2bs)? = (a1by — azby)? nén bit déng thiic nay c6 thé duge viét lai
thanh
(a1 +az2) (b1 +b2) > 2|a1by — azb|.

Ta co (a1 +a2)(b1 +b2) — 2(a1b2 —agbl) =a1b; +3axb; +b2(a2 —a]) >0, va
(a1 +a2)(by +b2) +2(ar1by — azby) = ar1by +3a1by +ax(by — by) > 0,

nén bit dang thic trén hién nhién diing. Viy khang dinh cia ta ding khi n = 2. Gia sit khang dinh
ding cho n = k (k > 2), khi d6 ta s& chiing minh ring né ciing diing khi n = k+ 1. That vay, khi
n = k+ 1, bit dang thiic ctia ta c6 dang

| [kl 2 /el \ 2 k1 k1 k1 2
d(Be) (B = (B) (£9) - (Bon)
i=1 i=1 i=1 i=1 i=1

Pita=Y*  a;, b=Y"  b; va véichi y ring

ket 1 k1 ket 1 2 k k k 2
(Z a%) (Z b?) — (Z a,b,-) = ( a,2> (Z b%) — (Z a,‘b,‘> —i—Z(akHbi—aika)z,
i=1 i=1 i=1 i=1 i=1 i=1 i=1
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ta c6 thé viét lai bt dang thiic trén dudi dang

2
1 k k k
Z(ak+1 +a) (br+1 +b (Za ) (Zb?) — (Za,b,-) + (akHbi—aika)z.
i=1 i=1 i=

1

PEyring0<a; <---<a va0 < by <--- < by nén theo gia thiét quy nap, ta c6

(i a?> (fl b%) - (fl aibi)z < Lep,

A~

Mt khic, d€ thiy (a1 +a)? (bgs1 +b)* > ai, | (biy1 +b)* +a*b* + b, (a® +2ax11a) + 2ay.4 1ab?,

nén ta chi can chiing minh dugc
22 (2 2 - 2
sy (st +b)* + by (@ + 2a1410) +2ax1ab” > 4 Y (ap1bi — aibes1)*.
i=1

Dén day, ta c6 danh gia sau

™=

k k k k
2 2 2 2 2
(ak+1b —daj bk-i—l) = ak+1 Zb +b k+1 Zai —2ay41by11 Zaibi < djqg Zbi + by Zai )
1 i= i=1 i=1 i=1 i=1

do d6 bét dang thiic cudi dudc suy ra tir
k k
g1 (st + ) + b3y (@ + 2a 1) + 2ap1ab> > dag, Y b7 +4b; Y af,
i=1 i=1
hay la
ar, <bk+1 +b* 42y b — 4Zb2> +bE, <a +2ax 10— 4): ) + 2ay 1ab® > 0.
i i=1

Ta co

k k k k
bp 0>+ 201 b—4Y b =bp,, + (Zb,) +2bi1 Y bi—4Y b7
i=1 i=1 i=1 i=1

| \/
/\

ib,) +2bk2b 42172

i=1

k
> i+ ) b +2bk):b +2bk2b 42192
i= i=1 i=1

k—1 k—1

=4b Y bi—3Y b} >0,
i=1 i=1

ma ag1 > ak, 2410 > 2axa, 2ay.41ab* > 2arab® > azb® nén ta chi cin ching minh dugc

k
<bk+1 +b? 4+ 2by b — 42192) —|—bk+1 <a2+2aka—42a%> —i—a,%bz >0,
i=1 i=1
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tuong duong

k k
a <2b2+2bk+1b—42b?> +bi, <a,§+a2+2aka—42a%> > 0.
i=1 i=1

Dya trén 1ap luan & trén, ta d& thdy 267 + 2by1b —4YK | b? > 0 va a? +a® +2ara — 4Y5_ a2 > 0,
tir d6 suy ra khing dinh ctia ta ciing ding véi n = k+ 1. Theo nguyén ly quy nap, ta suy ra n ding
v6i moi n > 2. P6 chinh 1a diéu phai chiing minh. |

Bai CH21. Cho a,b,c,d la cdc sé thuc dwong bdt ki. Chitng minh rang

(a—c)2a+c) (b—d)(2b+d) (c—a)(2c+a) (d—a)(2d+Db)
(a+b+c)? (b+c+d)? (c+d+a)? (d+a+b)> —

(Park Doo Sung)
Loi giai (V. Q. B. Can). Dit P(a,b,c,d) 1a vé trii ciia bt ding thiic da cho. Khong mét tinh tng
quat, ta c6 thé gid st (a —c)(d — b) > 0. That vay, néu (a —c)(d — b) < 0,14y a; = b,b; = c,c| =
d,d) = a thi ta c6 P(a,b,c,d) = P(a1,b1,c1,dy) va (a1 —c1)(dy —b1) = —(a—c)(d — b) > 0. Nhu
viy ta hoan toan c6 thé gia thiét nhu trén. Bay gio, vdi gia thiét nay, ta sé chi ra ring ta c6 thé gia
st mot cach khong mét téng quat rang a > ¢ va d > b. That vy, néu a > ¢ thi hién nhién d > b do
(a—c)(d —b) > 0. Ngugc lai, néu a < c thi ta ¢6 b > d, lic nay dit a; = ¢,b, =d,cy = a,d» = b
thi ta dé thdy P(a,b,c,d) = P(az,ba,c2,dz), hon nita ta c6 (ay —c2)(da —b2) = (a—c)(d —b) >0 va
a, > ¢a,dy > by. Bay gid, ta hiy d€ y ring

(a—c)(2a+c) (c—a)(2c+a):

(a+b+c)? (c+d+a)?
 (a—c¢)? +(a—c)(d—b)(20+a)(2a+b+20+d)>
~ (a+b+c)? (a+b+c)*(c+d+a)? -

(a—c)?
(a+b+c)?’

va

(b—d)2b+d) (d—a)2d+b)  (d—b)?  (a—c)(d—b)(b+2d)(a+2b+c+2d)

(b+c+d)? (d+a+b)? — (b+c+d)? (b+c+d)?(d+a+b)?

Do d6, ta chi can ching minh dudc

(a—c)? N (d—b)? o (@=c)(d=b)(b+2d)(a+2b+c+2d)
(a+b+c)?>  (b+c+d)? — (b+c+d)*(d+a+b)?

Ap dung bét dang thiic AM — GM véi chd y ring (a — c)(d — b) > 0, ta thiy ngay bét dang thiic nay
12 hé qua ciia bt dang thiic sau
2 - (b+2d)(a+2b+c+2d)
(a+b+c)(b+c+d) — (b+c+d)*(d+a+b)?

Nhan ca hai vé ctia bt dang thiic cubi cho (a+ b+ ¢)(b+c+d)*(d +a+b)* > 0, ta c6 thé viét lai
n6 dudi dang

fle)=2(b+c+d)(d+a+b)*—(b+2d)(a+2b+c+2d)(a+b+c)>0.
Dé thy f(c) 1a mot ham 16m cta ¢, ma 0 < ¢ < anén tacé f(c) > min{f(0), f(a)}. Lai c6

f(0)=2(b+d)(d+a+b)*— (b+2d)(a+2b+2d)(a+b) = ab(a+b) +2d*(b+d) >0,
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fla)=2(d+a+b)* —2(b+2d)(a+b+d)(2a+b) =2(a—d)*(a+b+d) >0,

nén hién nhién f(c) > 0. Bai toan dugc chiing minh xong. Péng thiic xay ra khi va chi khi a = ¢ va
b=d. |

Nhian xét. Hoan toan tuong tu, ta c¢6 thé chiing minh dudc két qua tuong tu sau

Vi moi s6 thiee duwong a, b, c,d thi

(a—c)2a+c) (b—d)(2b+d) (c—a)(2c+a) (d—b)(2d+b)>0
a+b+c b+c+d ct+d+a d+a+b

Bai CH22. Cho x1,x2,...,X, la cdc s6 thuc duwong bdt ki. Chitng minh rdang

Fyya<ay (z)

=1

(Gord Sinnamon va Hans Heinig, Crux Mathematicorum)
Loi giai (Gord Sinnamon, Hans Heinig). Ta dé dang kiém tra dudc ring

n k j o n il k o n n—k4+2 >1 n . 12
,;;;Xl_,;(n_ + );xj—]; ) x"—i,;(n_ +1)"xz.
=1j=1i= = j= — —

Vi vy, st dung bat dang thitc Cauchy Schwarz, ta thu dudc

n k k n k
2 ) (n—k+1) Z k;n k+1) I/Q(Z)@)x;m

M\
Nek

X =
k=1j=1i=1 k=1 j=1
-1/2
n 1/2 n k 2 /
< | Y (n—k+1) DR ES
k=1 k=1 \j=1
-1/2
n k Jj 12 n k 2 /
s(2XXrx] |LiLw)
k=1 j=1i=1 k=1 \Jj=1
Tur day, ta dé dang suy ra dugc
n k j n k 2
Z Z le 2 Z Z X;j x;l.
k=1 j=1i=1 k=1 \Jj=1
D6 chinh 1a diéu phai chiing minh. |
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Bai HH1. Cho tam gidc ABC néi tiép duong tron (0), I la tdm dwong tron néi tiép, M la diém bat ky
trén cung nhé BC. Chitng minh rdng

MA+201 > MB+MC > MA —20I.

(Tran Quang Hung)
Loi giai (T. Q. Hung). St dung tinh chit phép chiéu vector, ta c6
MA
MA? = 2M—0>-m, suyra MA = 2MO- 2.
MA
Tuong tu, ta cling c6
MB=2MO-——, MC=2MO - —.
0 MB’ ¢ 0 MC
Vay tif ba dang thiic trén, ta thu dugc
MB MC MA
—
MB+MC—-—MA=2MO- | —+—=——— |- 1
+ (MB + MC MA) M

St dung bét dang thitc Cauchy Schwarz dang vector, ta cé

MB MC MA MB MC MA MB MC MA
MO\ = B o [ o -l <Moo -2 ()
MB  MC MA MB MC MA MB MC MA
Do M € (0) nén MO = R, chiing ta sé tinh |35 + J1€ — 474 . That vay
— — — 2 — — — — — —
MB+MC MA 349 MB MC MB MA MC MA
MB  MC MA| MB MC MB MA MC MA
— — — — — —
=3+2(cos(MB,MC) — cos(MB,MA) — cos(MC,MA))
=3 —2(cosA+cosB+cosC) (do M nam trén cung nhé BC)
R R
:3—2% (do cosA +cosB+cosC = ;—r)
R*—2Rr OP
= T’. = F (Céng thuc Euler)
Tir day suy ra
MB MC MA
Mo|— +~—_""|=olI 3
OMB+MC MA 0 ©)

Vay tir (1), (2), (3) ta thu dugc bat dang thiic MA 4201 > MB +MC > MA — 201, va ding thiic xay
ra chi khi ABC 1a tam gidc déu. [

Bai HH2. Cho tam gidc ABC, truc tdm H, bdn kinh duong tron ngoai tiép R. Vi moi diém M trén
mdit phéng, hdy tim gid tri bé nhdt ciia biéu thitc

3
MA3 + MB> + MC? — 5R~MH2.
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Loi giai (T. Q. Hung). Bing bt dang thiic AM — GM, chiing ta c6

MA3  R*4+MA%?  MA3
Miahs > +R.MA > 2MA?,

R 2 T R
suy ra
MA3 _ 3 R?
> “MA? — —
R T2 2
Tuong tu, ta c6
MB* 3, R MC*_3 , R
— >"MB*——, ——>-MC*——
R —2 2’ R T2 2

Nhu vay

MA3 +MB3+MC?® 3 3
+ m + > Z(MA* +MB* + MC?) — SR R

[\

Goi O 1a tam ngoai tiép tam gidc ABC ta c6

2 2 2 2 2
MA? + MB*+ MC* = (MO + OA)? + (MO + OB)? + (MO + OC)
2 —_— = — 2
=3MO? +2MO(OA + OB + OC) + 3R

2 —_— — 5 —_— = = —
=3MO”+2MO-OH +3R* (do OA+ OB+ OC = OH)

=3MO* — (OM?* + OH* — MH?) + 3R*
=2MO? — OH? + MH? + 3R>
> 3R> — OH? + MH>.

Vay tu (1),(2), ta suy ra

MA3+MB3+MC3 _ 3 3
i = i >~ (3R> — 0H2+MH2)—§R2.

t\)

Nhan ca hai vé ciia bat dang thifc nay vdi R, ta thu dudc

3 3
MA3 +MB> + MC? — 5R-MH2 > 3R — 5R -OH? = const.

(Tran Quang Hung)

ey

2

D@ thay déng thitc xay ra khi M = O, vi vy gia tri trén ciing chinh 1a gia tri nhd nhit ctia biéu thic

MA3 +MB? + MC® — 3R - MH?. Bai todn dugc gidi quyét xong.
Bai HH3. Cho tam gidc ABC va diém P bdt ky bén trong nd. Chitng minh rang

(AP+BP+CP)? > v/3(aPA +bPB+ cPC).

(Nguyén Lit Khoa, Mathematical Reflections)
Loi gidi (T. Q. Hung). Ching ta lan luot dit /BPC = a, /CPA = B, /APB=y,khid6 o+ B + 7=

27. B&i dinh ly ham s6 cosine, ta c6

a®> = PB*+ PC* —2PB-PCcosa, suyra a°PA=PA(PB*>+PC*) —PA-PB-PCcosa.
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Tuong ty, ta tinh dugc b>PB, ¢>PC. Tit bt ding thiic co ban coso 4 cosf + cosy > —% véi moi a, B,y
thoa man o + B + vy = 2, ta thu duge
a*PA+b*PB +c*PC =
= PA(PB* 4 PC?) + PB(PC* + PA®) + PC(PA® + PB*) — 2PA - PB - PC(cos 0 +cos 3 +cos y)
< PA(PB? + PC?) + PB(PC? + PA*) 4+ PC(PA* + PB*) + 3PB - PC - PA
= (PA+PB+PC)(PB-PC+PC-PA+ PA-PB)

< Z(PA+PB+PC)*.

Q| =

Nhu vay

(PA+PB+PC)* = (PA+ PB+ PC)*(PA+ PB + PC) > 3(a*PA + b*PB+ ¢*PC)(PA + PB + PC)
> 3(aPA+bPB+ cPC)2 (Cauchy Schwarz).

LAy ciin bic hai clia hai vé, ta thu dugc
(PA+PB+ PC)* > \/3(aPB +bPB+ cPC).

D6 chinh 1a didu phai chiing minh. Pang thic xy ra khi va chi khi ABC 1a tam gidc déu va P tring
vGi tdm cua nd. [
Bai HH4. Gid sit a,b,c la ba canh ciia tam gidc va mg,my,, m. lan luot la cdc trung tuyén tuong iing
vdi chiing. Chitng minh bdt ddng thitc sau

mg  mp  me V3(@+b4ct)
b2 2 2abc

)
(Bodan*)
Loi giai (T. Q. Hung). BAt dang thic tuong duong

mgbe  myca meab\’ 3
a + b + c Z 7(a2+b2+6‘2)2.
a b c 4

Ta lai c6

2
mgbc  mpca meab (mpca) - (mcab) )
( e TTh e ) 23) e =3 mym.

cyc cyc

Ta s& chiing minh ring

3
3Za2mbmc > Z(a2 +b2 )2, ticla 4Za2mbmc > (a®+ b+ )2

cyc cyc

That vay, chuyén qua tam gidc trung tuyén véi ba canh 1a my, my,m. v6i chi y rang a> = %(Zmlz7 +

2m2 —m2) vaa® +b* +c? = %(mg +m2 +m?), ching ta can chiing minh ring

Z(Zmz +2m2 — m2Ymyme > (m? +mi +m?)?.
cyc

Bing céc bién d6i tuong ducng, ta thiy ring bit dang thiic nay tuong duong véi

3 X0 (o~ me)?)my — ) > 0.

cyc
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BAt ding thiic nay ludn ding bsi vi my > |my, —me|,my > |me —my|,me > |m, —my|. D6 1a didu phéi
ching minh. ]

Bai HHS5. Vi moi tam gidc nhon ABC, cdc trung tuyén mg, mp, Mg, cdc bdn kinh bﬁng tiép Ta» Thy T
nita chu vi s, chitng minh bét ding thitc

ma'ra"i'mb'rb"i'mc'rcgsz-

(Darij Grinberg)

Loi giai (Darij Grinberg). Goi A’ 1a trung diém BC va O 1a tam dudng tron ngoai tiép tam gidc ABC,

ta c6 O nam trong tam gidc vi ABC la tam gidc nhon. Vay OA’ = OCcosA’OC = RcosA, tit d6 suy ra
2A a A

A
ma:AA'§OA+OA':R+Rc0sA:2R0052§:ﬁ cos” 5 =5 cotg

N6i cach khic m, < 5 : tan%. Ta lai c6 tan% =, dodom, <§:" = 7> Nhan ca hai vé cho r,, ta
a

thu dugc m, - r, < . Tuong tu cho céc dinh B, C thi my, - 1, < % vam-r. < 5. Vanhu thé

as bs c¢s a+b+c
Mg Tad+mp-rp+mere< —+—4 —=——"——.5=5-5=5°.

2 2 2 2
D6 1a diéu phai chiing minh. ]
Bai HH6. Cho tam gidc ABC. Chiing minh rdng
B C 3
sm— cos’ = — ¥ cos = cos — < —
pong s (B -penfen) <3

(Tran Quang Hung)
Loi gidi (T. Q. Hung). Khong mét tinh tdng quat, ta c6 thé gid st A < C < B. Khi d6 ta c6

A inB tanC < Lls N BZ+
in—-+sin— +sin— < — 1n— sin
S 5 S 5 S <5 S cos
! 1 + sin? —|—snzB —|—sn sn cosAcosB s'nAs'nB
== 1 1 n—sin —~ = COS— —S8In—sin —
2 2 2 2 2 2
1
:2<3—cos — —CoSs 2> cos—cos—
301 A B\?
:2—2<cosz—cos2> 1)
Ta sé chiing minh rang
1( A B>2 1 < B c)
—lcos—-—cos— | >— cos——cos— | = cos? = — cos—cos— 2)
2 2 2 4; 2 ;;' ;

That véy, bt dang thiic nay tuong duong véi tiing bit dang thifc trong diy sau

A B\’ . A C 2+ B c\?
COS 2 COS 2 = COS 2 COS 2 COS 2 COS 2 s
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A B C A B
—2cos—cos§ > 2 cos? 5 — 208 —cos — — 208 — COos

2772 27
A c+ B C A B C>o
C0820082 C0820082 C0820082 COS 2

C B A C >0
cos2 cos2 cos2 0052 > 0.

Diéu nay luén ding béi ta c6 cos§ > cos§ > cos § (do gia thiet A < C < B). Vay ti (1),(2), ta cé

N\D>
l\)\

<3_
=3

Y sin

cyc

(zcos _Zcoscos>

cyc cyc
Bai toan dudc chiing minh xong. ]

Bai HH7. Cho tam gidc ABC. Chiing minh rdng

B-C C—-A A—B 3A 3B 3C
+cos +cos > sin — + sin — —+ sin —.

€8s 2 2 2 2 2

(USAMO 2002)
Loi gidi (T. H. Son). Thuc hién cac bién ddi tuong duong, ta thiy ring bt déng thiic da cho tuong

duong vé6i
Z cos > Z sm

cyc cyc
ZZsm—sm——l—Zsm— Zsm——4Zsm
cyc cyc cyc cyc

4Zs1n ——i—ZZsm—sm— > ZZsm—

cye cyc cyc
Ta sé chiing minh rang
A B C A B A B
2 <sin3 5 +sin’ 2) + sin 5 <sin2 + sin 2> > sina + sin 5 (D)

That vy, ta thdy bat dang thic nay tuong ducng vdi tiing bt dang thifc trong diy sau

2 A A . B » B C
2 ( sin® = — sin = sin = + sin®> = —i—sm2 > 1,

2 22 2
A+B A—B C
1 —cosA+1—cosB+cos + —cos +sin— > 1,
2 2 2
C A
1+2sin 52 > cosA +cos B+ cos (hlen nhién ding).

Tuong tu, ta c6

2 ( sin® B +sin’ 9 =+ siné sin B + sin 9 > sin B 4+ sin 9 2)
2 2 2 2 2/ 2 2’
C A B C A C A

2 (sm3 ) +sin’ 2) + sin 5 <31n2 + sin 2) > sin ) + sin 5 3)
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Vay tur (1),(2) va (3), ta suy ra

4Zsm +2Zs1n—s1ng > 22“smi21

cye cye cyc
D6 1a didu phéi chiing minh. Dé thiy dang thic xy ra khi va chi khi ABC 1a tam gidc déu. [

Bai HHS. Cho tam gidc nhon ABC, P la diém bdt ky bén trong tam gidc ABC, duong thing AP cdt
duong tron ngoai tiép tam gidc BPC tai mét diém thit hai Ay, tuwong tu ta cé By va Cy. Chiing minh
rang
(a)
PAy-PBy-PCy > 8PA-PB-PC;
® PAy PBy PC
0 0 0
— >6.
PA + + PC —
(Zhaoli*)
Loi giai (Yimin Ge). St dung bit déng thic Ptolemy, ta c6

PB-CAy+ PC-BA
BC '

bit x = sin ZBPCy = sin ZCPBy, y = sin ZBPAy = sin ZAPBy, z = sin ZCPA(y = sin ZAPCy. Theo
dinh ly ham sb sine, ta c6

PAy >

CAy z BAO_X
==

'BC  x’ BC
Tir d6 ta thu dudc
PAy > PB+YPC. 1)
X X
Tuong tu cho By, Cy, ta co
PBy > >PC+PB, )
yoy
y X
PCy>2PA+pPC. 3)
Z Z

Nhan cdc bat dang thic (1), (2),(3), ta dugc

PAo-PBy-PCo > [T (SPB+2PC) > 8PA-PB- PC.
X X

cyc

D6 1a bat dang thic phan a). Bay gio ta sé chitng minh phan b). St dung bit dang thiic AM — GM két
hop véi cac bat dang thic (1), (2),(3), ta dugc

PAO Z(ZPB yPC>>6
o P Se\xPA  xPA '
Bai toan dudc ching minh xong. [
Bai HHY. Cho tam gidc ABC va diém M bdt ky trén duong tron ngoai tiép tam gidc. Chitng minh
rang

MA MB MC_ b cc aa b,

BC CA AB — b’a c¢'b -
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(Johnmclay*)
Loi giai (Darij Grinberg). Ta dé thiy vé sau khong nhé hon 2, ta chi phai chiing minh
MA MB MC . [b cc aa b
b >ming o, o, o
a b c c b'a c¢c'b a

Dit E=min{2+£, ¢+ 2 ha b1 Khong gidm ESng quat, ta c6 thé gia st rang M nam trén cung
BC cua dutng tron ngoai tiep khong chira A. Tu dang thic Prolemy, ta suy ra CA- MB+AB-MC =

BC-MA. Néi cich khic, b-MB+c-MC = a- MA. Nhu vay, MA = bMBeMC Ty gg,

MA  MB MC ‘PPN MB MC _MB-(5+7)+MC:(G+)

a it i c
a b c a + b + c a
>MB-(g+g)+Mc-(g+g) _MB-E+MC-E _
= MB+MC =  MB+MC

Nhu vay, ta da chitng minh dudc

]
Bai HH10. Cho tam gidc ABC, M la diém bdt ky bén trong noé, hdy tim gid tri lon nhdt ciia biéu thiic
PAsin ZBPC + PBsin ZCPA + PCsin ZAPB.

(Manlio)
Ldi giai (LevonNurbekian*). Ta sé chiing minh ring

AB+BC+CA
PAsin /BPC + PBsin /CPA + PC'sin /APB < AB+DBC+CA

That vay, dit ¢ = ZPAB,8 = ZPBC,w = /PCA,o = /BAC, 8 = ZABC,y = ZBCA. St dung bién
doi lugng gidc, ta ¢, bat dang thifc phai ching minh tuong duong véi

o s :
cos ¢ cos 8 cos @+ cos(a — @) cos(f — ) cos(y— ) < — +Sl;ﬁ + smyj
hay 1a
—

Zsin(xcos <+2ﬁ+}’+ ©—0— (0) <sino+sinf +siny.

cyc
Diéu nay hién nhién, va ddu bing xay ra khi va chi khi ¢ = z,0= %, 0= %’ , khi d6 P trung tim ndi
tiép tam gidc ABC. |
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Swu tam cac bai viét hay vé bat dang thirc

1. Cauchy — Bunyakovski — Schwarz Inequality’

TRAN NAM DUNG, GABRIEL DOSPINESCU

Together with Arthimetic mean — Geometric mean (AM — GM), Schur, Jensen and Holder inequality,
Cauchy — Bunyakovski — Schwarz inequality* (CBS) is a fundamental result, with remarkable applica-
tions. The main question is how do we recognise an inequality that can be solved using this method?
It is very hard to say this clearly, but it is definitely good to think of CBS inequality whenever we have
sums of radicals or sums of squares and especially when we have expressions involving radicals.

Let us first consider some problems in which it is better to apply the direct form of CBS inequality

(Zl a,-b,) 2 < (fi a%) (2‘1 b%) :

The main difficulty is to choose a; and b;. We will see that in some cases this is trivial, while in the
other cases it is very difficult. Let us solve some problems now:

Example 1. Prove that if x,y,z are real numbers such that x> +y* 4+ z> = 2, then the following in-
equality holds
x+y+z<2+xyz.

(IMO Shorlist, proposed by Poland)
Solution. Why do we shoud think of CBS inequality? The reason: the relation we are asked to prove
can be written as x(1 — yz) +y -+z < 2 and we are bound to consider the sum x* + y* + z2. However,
there are lots of ways to apply CBS. The choice

x(1—yz) +y+2* < [P +y* + 272+ (1 —y2)°]

does not help. So, maybe it is better to look at y + z as a single number. Observe that we have the
equality when x = 1,y = 1 and z = 1 (for example), the choice

x(1=yz)+y+z< \/[x2+(y+z)2][1+(1 —yz2)?]

becomes natural. So, we must prove that 2(1 +yz)(2 — 2yz+y%z?) <4 or y3z® < y?z2, which is easy,
since 2 > y? +72 > 2yz. [

Another non-trivial application of CBS inequality is the following problem.

Example 2. Let a, b, c,x,y,z be positive real numbers such that ax + by + cz = xyz. Prove that

x+y+z>Va+b+Vb+c++e+ta.

3Bai viét nay dudc trich tit tap chi Todn hoc va tudi tré.
4Trong quyén sich nay, ching ta goi 12 bt ding thic Cauchy Schwarz.
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Solution. We write % + % + x‘—y = 1 and now the substitution @ = yzu,b = zxv and ¢ = xyw becomes
natural. So, we must prove that

Vz(yu4xv) +/x(zv +yw) +/y(zu+xw) < x+y+zforutvtw=1.

One can see the form of the CBS inequality

[\/z(yu—l—xv) + /x(zv +yw) + \/y(zu—i-xw)] < (x+y+z)(yutxv+zv+yw+zu+xw),
and the latter is of course smaller than (x+y+z)?, since u +v+w = 1. |

We have seen that CBS inequality can be applied when we have sums. What about products? The
following example will show that we need some imagination in this case:

Example 3. Let n (n > 2) be an integer and let ay,ay,...,a, be positive real numbers. Prove the
inequality
(@i +1)(a3+1)(ay +1) > (afar + 1)~ (azar +1).

(Czech — Slovak — Polish Match, 2001)
Solution. We try to apply CBS inequality for each factor of the product in the RHS. It is natural to
write (1+a}az)? < (1+a3)(1+aja3), since we need 1+ a3, which appears in the LHS. Similarly,
we can write

(1 +a%a3)2 <(1 —1—03)(1 —|—a2a§), s (1 —i—azal)z <1 —|—a,31)(1 +ana%).
Multiplying we obtain
[(afaz+1) - (apar + 1) < [(@] + 1) (a3 + D][(1+ @163) --- (1 + apa})]. ()

Well, it seems that CBS inequality does not work for this one. False! We use again the same argument
to find that

(1+a@d)-- (1+aad) < (@ +1)- @+ D[@a+1) - (@a+D. ()

Thus, if (a2az +1) -+ (a2a; + 1) > (14+a1a3) - - (1 +aya?), then (x) will give the answer, otherwise
() will. |

It is now time to solve some harder problems.
Example 4. Given x > 0,y > 0 such that x*> +y*> > x> +y*. Prove that
X4y <2

(Russia, 1999)
Solution. The idea is to majorize x> +y> with A(x® +y*) for a certain A, which seems reasonable,
looking at the exponents. We can try some tricks with CBS and AM — GM:

X +yr 453 +y3>2

(4P < (0 ) £ R ) < (S

Thus we have established that x> 4y < x> +y2. However (x> +y?)? < (x+y) (x> 4+y?) and so x> +y* <
x+y < +/2(x2+y2). Hence x> +y? < 2 and consequently x> 4 y* < 2. n
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Example 5. Prove that if x,y,z € [—1,1] satisfying x+y+z+xyz = 0, then

Va+1+/y+1+Vz+1<3,

Solution. We first try CBS inequality in the obvious form:

Va+T+y+1+Vz+1<\/3(x+y+z+3).

But is the RHS smaller than 3? Well, if x +y+z <0, it is. Let us suppose it is not the case. Thus
xyz < 0. Let z < 0. It follows that x,y € (0, 1]. We will not give up and try to use again CBS inequality,
but for the first two radicals:

Vit T+ y+1+Vz+ 1</ 2x+ 2y +4+Vz+ 1.

We have to prove that

V2x+2y+4+Vz+1<3,

which is equivalent to

2(x+y) < 2 or —2z(1 +xy) < 2
24 2xF2y+4 T 14741 24+2xF2y+4 T 1++/z4+1

that is

2xy+2(1+xy)Vz+1 < \/2x+2y +4.

Since 1 +z= w, everything comes down to proving that

1+xy
/T =)(m) 1+

We would like to use CBS inequality such that 1 — x vanishes from the LHS. Specifically:

xy+/(T=x)(1=y)(1+xy) = Va- Vo2 + VI —x-/T+xy—y— 12

g\/1+xy—y§1§\/1+¥

Maybe the hardest example of them all is the following problem:

Example 6. Prove that for all positive real numbers a,b,c,x,y,z, we have

b xy+yz+zx
_ >3 -
b+c (y+z)+c+a(z+x)+a+b(x+y)_ x+y+z

(Walther Janous, Crux Mathematicorum)

y+z
(g:‘b—i-c)

Solution. We have

Lyt piea= (o) (35 3
)

cyc

Z(b+ c)

cyc
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‘We will show that

2 3Zyz
(ZJyT) > +2Zx (1)

cyc cyc

from which our result will follow.
(1) is equivalent to

Z<x+ \/x2+xy+yz+zx>

cyc

(; ) > 3§y2+2 (;x>2

Since

2
Z\/xz—i—(xy—i—yz—l—ZX) > (Zx) +9) vz

cyc cye e

Hence, it is enough to show that

(zx> (zx)zwzyz 2 3Y et (z)

cyc cyc cyc cyc cyc
which becomes obvious when we square both sides. ]

We will now take a look at most used trick in past year constest problems. It is a direct variant of

CBS inequality:
2
n 2 ( Z ak)
Z i =1/
b 9y
k=1 Z b
for all real numbers a; and positive numbers by (k=1,2,...,n).

An easy application of this trick is the following problem given at the Tournament of The Towns
competition.

Example 7. Prove that for all positive real numbers a,b,c, we have the following inequality

a’ n b’ n A3 S a? +b* + ¢
a2+ab+b> b 4+bc+c? Z+ca+a? T a+b+c

Solution. If we write the RHS as %, we will know what we have to do
2
Z @ _ Z (“2)2 > <C>):”Ca2)
Sea?+ab+b?*  Sta(a*+ab+b*) ~ Ya(a®+ab+b?)

cyc

So, we will be able to prove the inequality if ¥ a(a®> +ab+b?) < (a+b+c)(a® +b*>+ c?), which is
cyc
in fact verified with equality occur. ]
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There are cases when it is impossible to find a; and b;. Let us discuss some problems in which it is
not easy at all to use the trick.

Example 8. Prove that for all positive real numbers a,b,c, we have the inequality

(b+c—a)? (c+a—b)? (a+b—c)? >§
a?+(b+c)? b+ (c+a)? A+(a+b)? 5

(Japan, 1997)
Solution. The most natural way would be:

2
btc _
g brea? g (5o (£ 3)
Gra+(b+e) G4y ()’ 43

a
cyc

because this way we obtain a nice inequality in three variables, whose properties are well-known.
Thus, we have to show that if x = w,y e 2= M , then

3
(x+y+z-32>Z(F*+y* +2°+3),

9}

which is equivalent to

<2x>2_ 15) x+3) xy+18>0.

cyc cyc cyc

Unfortunately, we cannot use directly the fact that xy 4+ yz+ zx > 12. So, we should look for some
thing like xy + yz + zx > k(x+ y +z). The best would be k = 2 (so as to have an equality when
x =y =z=2). Indeed, after some computations this can be written as

Za3 +3abc > Y ab(a+b),

cyc cyc

which is Schur inequality. Hence, we can write

2 2
(Zx) —15) x+3) xy+18> (Zx) —9) x+18>0,
cyc cyc cyc cyc cyc

the last one being obvious since x+y+2z > 6. [

At IMO 2001, problem 2 was a challenge for the contestants. Here we suggest an approach, which
leads to a nice generalization.

Example 9. Given positive real number k > 8. Show that for positive real numbers a,b,c, we have

a n b n c > 3 ‘
Va2 +kbc Vb +kca Vc2+kab  Vk+1
(Generalization of IMO 2001)

Solution. We have, by CBS inequality
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Now, apply CBS inequality again for the second sum, we have
2

Yava +kbe| =Y Va-Vadtkabe | < (Y a Z(a3—|—kabc) :

cyc cyc cyc cyc
All we have to do now is to show that

3
k+1)(Ya| > 92(513 + kabc).
cyc cyc
But it is equivalent to
(k—8)(a®+b*+ ) +3(k+1)(a+b)(b+c)(c+a) > 2Tkabe,
which is obvious by AM — GM inequality. |
Practice problems
1. Given x,y,z > 1 such that % + )1 + % = 2. Prove that

Vaty+z> Va—14+y—1+vz—1.

(Iran, 1998)

V3’

a) —ap aj) —dajs asz —daq asq —das as —de ae —ay

2. Prove thatif ay,ay,...,a¢ € [i \@} , then we have

>0
a+azy azt+as astas astas ast+a ajta

(Vasile Cirtoaje)
3. Givenx € [0,1]. Show that
(13VT=2+9vT+2) <16,
(Olympiad of 30 April of Vietnam, 1996)

4. Prove that for 2n arbitrary real numbers ay,a,...,a, and x;,x>,...,x,, we have

n n n 2 n n
Z a;x; + Z 6112 Z)Clz > — a; Xi ).
i=1 i=1 i=1 n\;= i=1

When does equality hold?

(Kvant 1989)

5. Given real numbers a,b,c,x,y,z such that (a+b+c)(x+y+z) =3 and (a® + b* +¢?)(x* +
y? +7%) = 4. Prove that
ax+by—+cz > 0.

(Mathlinks contest 2005)
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Giup ban giai toan

Hién tai chua c6 bai 6 muc nay.
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