Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwong giac
Chwong 2 Cdc phwong phap chirng minh

Chuong 2 :

Cac phuong phap chirng minh

Chung minh bat dang thic doi hoi k¥ ning va kinh nghiém. Khong thé khoi khoi ma ta
dam dau vao chimg minh khi gdp mot bai bat dang thirc. Ta s& xem xét nd thudc dang bai
nao, nén ding phuong phap nao dé chimg minh. Liic d6 viéc chimg minh bat dang thirc
mai thanh cong dugc.

Nhur vay, dé co thé duong dau véi cac bat dang thirc luong giac, ban doc can nam viing
cac phuong phap ching minh. D6 s& 1a kim chi nam cho cac bai bat ding thirc. Nhitng
phuong phap d6 ciing rat phong pht va da dang : tong hop, phan tich, quy udc dung, udc
lugng non gia, d6i bién, chon phan tir cuc trj ... Nhung theo y kién chu quan ctia minh,
nhitng phuong phap that sy can thiét va thong dung sé& duoc tac gia gidi thidu trong
chuong 2 : “Cac phwong phap chirng minh”.
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2.4.  Kéthop cac bat dang thirc ¢d dién ..........ooooveeiiieiiieeiiiie i) 48
2.5. Téan dung tinh don di€u cua ham 80 et 57
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2.1. Bién ddi lwong giac twong dwong :

C6 thé néi phirong phdp nay la mét phirong phéap “xwa nhw Trdi Bat”. N6 sir dung cac
cong thirc luong gidc va sw blen doi qua lai gifta cdc bat dang thirc. De co the sur dung
16t phwrong phdp nay ban doc can trang bi cho minh nhitng kién thirc can thiét vé bién doi
lwong gidc (ban doc c6 thé tham khdo thém phan 1.2. Cdc ding thirc,bit ding thirc
trong tam gidc).

Thong thwong thi véi phwong phép nay, ta sé dwa bat dang thire can chitng minh vé
dang bat dang thirc ding hay quen thudc. Ngodi ra, ta ciing cé thé sir dung hai két qud

quen thugc |sin x| <1;

Vidu 2.1.1.

.
1—sin— o
CMR : —14>1/3cos—
. £ 7

2sin

Loi giai :

Taco:
T 3z T S5z 3z T 57
1—sin— =sin— —sin— +sin— — sin — + sin — — sin —
14 14 14 14 14 14

T V4 27 3z
=2sin—| cos— + coS— + cos—
14 7 7 7

. T
1=sin~ z 2 3r
:>—14=cos—+cos—+cos— (1)
. 7 7 7
2sin —
14

Mait khac tacod :

7 1 T RY/4 Y4 T 4 27
COS— = —| COS— + COS— + COS— + COS — + COS— + COS —
7 2 7 7 7 7 7 7

T 27 27 37 37 T
= COS—COS— + COS—— COS — + COS— COS — (2)
7 7 7 7 7 7

. T 27 3
bat x=cos—; y=cos—; z =cos7

Khi d6 tir (1),(2) ta c6 bét dang thirc can ching minh tuong duong véi :

x+y+z>3y+yz+zx) (3)

ma x,y,z>0 nén:
B)e (x-y)+(-2)+@z-x)>0 (4)
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Vi x,y,z d6i mot khac nhau nén (4) ding = dpem.
Nhu vy, voi cac bat ddng thirc nhu trén thi viéc bién doi lwong gidc la quyét dinh

song con voi viéc chitng minh bat dang thirc. Sau khi siv dung cdc bién doi thi viéc giai
quyét bat dang thirc tro nén dé dang tham chi 1a hién nhién (!).

Vidu 2.1.2.

CMR : a’ +b* +c¢* > 2(absin3x + cacos 2x — bessin x)
Loi gidi :

Bét dang thirc can ching minh tuong duong véi :
a*(sin 2x+cos® 2x)+ b>(sin x + cos® x)+¢> > 2ab(sin xcos 2x + sin 2xcos x) +

+2cacos 2x — 2bcsin x
= (a2 cos® 2x+b*sin® x+c¢* —2abcos 2xsin x — 2cacos 2x + 2bcsinx)
+(a?sin? 2x — 2absin 2xcos x + b cos” x) = 0

. . 2
& (acos2x—bsinx—c)’ + (a sin 2x—bcosx) >0
Bat dang thtic cudi cing ludn ding nén ta c6 dpem.

Vi dy 2.1.3.

CMR véi AABC bat ky ta ¢6 :

. . ) 9
sin? A+sin? B+sin* C SZ

Loi gidi :

Bat dang thtic can chimg minh twong duong véi :
- cos® A+ 1—-cos2B +1—cos2C 32
2 2 4

& cos’ A+%(cos2B+cos2C)+iZ 0

& cos’ A—cosAcos(B—C)+iZ 0

cos(B—C) ?

@(cosA— j +lsin2(B—C)20
2 4

9 = dpcm. i
Dang thirc xay ra khi va chi khi AABC déu.
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Vi dy 2.1.4.

Cho a,ﬂ,7¢§+k7c (ke Z) la ba géc théa sin> @ +sin® fB+sin’ y=1. CMR :

(tana/tanﬁ+ tan S tan ¥+ tan ytan @

2
3 j <1-2tan” ortan’® Btan’ y

Loi gidi :
Taco:
sin® @ +sin” B +sin’ y=1
& cos’ a+cos’ f+cos’ y=2
1 1 1
2 + 2 + 2 =
l+tana l+tan"f l+tan”y

& tan” atan” f+tan” Btan” y+tan® ytan® @ =1—2tan’ artan” Stan’ y
Khi d6 bat dang thirc can chtrng minh twong dwong voi :
tan ¢ tan £ + tan B tan ¥ + tan ytan
( 3
& (tanartan S —tan Btan ¥)” + (tan Btan y — tan ytan )’ + (tan ytan & — tan ar tan B)° > 0
= dpcm.

2
j <tan’ artan’ B+ tan” Btan’ y+tan’ ytan’ o

tan @ tan § = tan S tan ¥
Ding thirc xay ra < {tan Stan y = tan ytan < tana =tan B =tany
tan ytan & = tan o tan

Vi dy 2.1.5.

CMR trong AABC bat ky ta c6 :

A B C A B C
cot—+cot—+cot— = 3| tan — + tan — + tan —
2 2 2 2 2 2

Loi gidi :
Taco:
A B C A B C
cot— + cot — + cot — = cot — cot —cot —
2 2 2 2 2 2

A B x,y,2>0
bat x=cot—; y=cot—; z=cot£ thi Y
2 2 2 X+y+z=xyz

Khi d6 bat dang thirc can chtrng minh twong dwong voi :
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I 1 1
X+y+z23 —+—+—
X 'y z

3(xy + yz + 2x)
xyz

<:>(x+y+z)2

(:)(x+y+z)2 23(xy+yz+zx)

s k-y)+(-z2+(E-x7=0

= dpcm.
Dang thirc xdy ra < cot A =cot B =cotC

< A=B=C
& AABC déu.

Vi du 2.1.6.

CMR : 1, + 1_ < 2
3+sinx 3-sinx 2+cosx
Loi giai :

Vi —1<sinx<1 va cosx=>-1 nén:
34sinx>0;3—-sinx>0 va 2+cos>0
Khi d6 bat dang thirc can chtrng minh twong dwong voi :
6(2+cosx) < 2(9—sin® x)
& 12+6c0sx <18—2(1—cos” x)
& 2cos’ x—6cosx+4>0
& (cosx—l)(cosx— 2) >0
do cosx <1 nén bat dang thirc cudi cling ludn ding = dpcm.

Vi dy 2.1.7.

CMR V%Sa;ﬂ<%mcé :

;—m( ! —1) L
cosa +cos cosa cos B

Loi gidi :

Tu V%Sa;ﬁ<%:>0<cosa;cos,8£%
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O<cosa+cos <1

do d6 1
0<cosacos B SZ

biat a =cosa+cos ;b =cosacos f
Bét dang thirc da cho tré thanh :

2—aS /1—a+b
a b
2
o 2—a S1—a+b
a b
o @2-a)b<a’*(l-a+b)
oa’—a’—4ab+4b<0

& (a-1)a>-4b)<0

BAt déng thirc cudi cing dung vi a <1 va a* —4b = (cosa —cos 3)° = 0 = dpcm.

Vi dy 2.1.8.

Cho cdc géc nhon a va b théa sin® a+sin*b<1. CMR :
sin? a +sin’ b < sin’(a + b)

Loi gidi :
, . . o7
Taco: sin*a+sin’| = —a|=1
2
nén tir diéu kién sin’a+sin’b <1 suyra:

b<Z_4.0<a+b<™
2 2

Mait khac tacéd :
sin?(a +b)=sin’ acos® b +sin’ bcos’ a + 2sinasinbcosacosb
nén thay cos® b =1—sin” b vio thi bat dang thirc can chimg minh tuong duong véi :
2sin” asin® b < 2sinasinbcosacosb
& sina sinb < cosacosb

& 0<cos(a+b)
(dé y 2sinasinb >0 nén co thé chia hai vé cho 2sinasinb)

Bét dang thirc sau ctng hién nhién ding do 0<a+b < % = dpcm.
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Vi dy 2.1.9.

Cho AABC khéng vuong. CMR :
3tan” Atan’ Btan’ C—S(tan2 A+tan’ B+ tan’ C)S9+tan2 Atan’ B+tan” Btan’ C +tan’ Ctan’ A

Loi giai :

Bat dang thtic can chimg minh twong duong véi :
4tan’ Atan’ Btan’ C—4(tan2 A+tan’ B+tan’ C)—SS (1+tan2 A)(1+tan2 B)(I-Han2 C)

<:>4[ 12 —1)( 12 —1}( 12 —1}—4( 12 + 12 + 12 —3]—8S > 12 5
cos” A cos” B cos° C cos"A cos°B cos° C cos” Acos” Bcos” C

4 1 1 1 1
- + + <
cos? Acos® Beos® C (cos2 Acos’ B cos? Bcos®> C cos” Ccos’ Aj cos? Acos? Bcos® C

3
& cos® A+cos? B+cos? CZZ

l+cos2A 1+cos2B
o + +
2
& 2(cos2A+cos2B)+4cos> C+120

& 2cos(A+ B)cos(A—B)+4cos’ C+120

& 4cos? C—4cosCcos(A—B)+120

& (2cosC —cos(A—B))* +sin*(A—B)>0
= dpcm.

cos’ C Zg
4

Vi du sau ddy, theo y kién chii quan cia tdc gid, thi 16 gidi ciia né ximg déang la bdc
thay ve bién doi luong giac. Nhitng bién doi that sw lat léo két hop cung bat dang thirc
mot cach hop Iy dung ché da mang dén cho chung ta mot bai toan that sw dac sac !!!

Vi dy 2.1.10.

Cho nira dwong tron ban kinh R , C la mét diém tiy ¥ trén nva duong tron. Trong hai
hinh quat noi tiép hai dwong tron, goi M va N la hai tiep diém cua hai dwong tron voi
duong kinh cua niwra dwong tron da cho. CMR :  MN 2> 2R(\/§ - 1)

Loi giai :

Goi O,,0, latam cua hai duong tron. Pat ZCON =2a (nhu vay 0 < a < %)

va 00, =R, ; 00, =R,
Taco:
Z0O,0N =«

£0,0M =§—a
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Vay :
MN =MO+ON =R, cot(%—a]+R2 cota = R, tana + R, cot &
Trong A vudng O,MO c¢:

R, =0,0 sin(% - a’] =(R—R,)cosax

R o
R1(1+cosa')=Rcosa':Rl=L
1+ cosa
Tuong ty :
. ) Rsino
R, =00, sina = (R—Rz)sma: R, :—Sl.n
1+sino
Do 36 :

Rcosa sina+Rsina cosa
l+cosa cosax 1+sina sina
Rsina N Rcosa

MN =

l+cosax 1+sina
sina+cosa +1

(1+sina)(1+cos )

ol . a o
2c0s—| sin— + cos —
_R 2( 2 2]

- 2
sing+cosg 2cos’ a
2 2 2

2R
sina+cosa+1

2R

ma sina+cosa3\/§(0{—%j£\/5:>MN2 :2R(\/§—1):>dpcm.

V2 +1
Ding thirc xay ra (:)CX:%(:)OCJ_MN.

2.2. Sir dung cac bwéc diu co sé :

Cdc bude dau co s¢ ma tdc gid mudn nhdc dén & day la phan 1.2. Cdc déing thirc, bit
ding thirc trong tam gidc. Ta sé dwa cdc bat dang thirc can chirng minh vé cdc bat dang
thirc co ban bdng cdch bién doi va sir dung cdc dang thike co ban. Ngodi ra, khi tham gia
cdc ky thi, tac gia khuyén ban doc nén chitng minh cdac ddng thire, bat dang thire co ban
s dung nhu mot b6 dé cho bai todn.
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Vidy 2.2.1.

Cho AABC . Duong phdn gidc trong cdc goc A,B,C cat dwong tron ngoai tiép AABC
lan lwot tai A,,B,,C,. CMR :

SABC < SAIBICI

Loi giai :

Goi R 1a ban kinh duong tron ngoai tiép AABC thi n6 ciing 1a ban kinh dudng tron
ngoai tiép AAB,C,. A

Bat dang thtic can chimg minh twong duong véi :
2R?sin Asin Bsin C < 2R”sin A, sin B, sinC, (1)
B A A+B

*+C ;BlzcJr ;Clanén:
2 2 2
B+C . C+A . A+B

sin sin
2 2

Do A, =

(1) & sin A sin Bsin C < sin

B C
. A . B.C A B C A B
& 8sin—sin—sin — cos — cos —cos — < cos — cos —cos—  (2)
2 2 2 2 2 2 2 2 2

Vi cosécosﬁcos£ >0 nén: A,
2 2 2
2)= sinésinﬁsin£ < 1 = dpcm.
2 2 2 8

Ding thirc xay ra < AABC déu.

Vidu 2.2.2.

CMR trong moi tam gidc ta déu c6 :

sin Asin B+sin BsinC +sin Csin A < %+4sin§sin£sin£
Loi gidi :

Taco: cosA+cosB+cosC=1+ 4sin§sin§sin%
Bat dang thtic da cho tuong duong vi :

sinAsinB+sinBsinC+sinCsinAS%+cosA+cosB+cosC (1)

ma :
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cosA =sin BsinC —cos BcosC
cosB=sinCsinA—cosCcos A

cosC =sin Asin B—cos Acos B

(1) © cos Acos B+ cos Bcos C +cos C cos A < % (2)
That vay hién nhién ta c6 :

1
cos Acos B+cosBcosC +cosCcos A Sg(cosA+cosB+cosC)2 3)

Mat khac ta co : cosA+cosB+cosCS%

= (3) dang = (2) dung = dpcm.
Ding thirc xay ra khi va chi khi AABC déu.

Vi dy 2.2.3.

Cho AABC bat ky. CMR :
1 1 1 .

+ + >
1+2cosA+4cosAcosB 1+2cosB+4cosBcosC 1+2cosC+4cosCcosA

Loi gidi :

Dit vé trai bat dang thirc can ching minh 1a T,
Theo AM - GM ta co :
T[3 +2(cos A+ cos B +cos C) + 4(cos A cos B + cos Bcos C + cos C cos A)] >9 (1)

\ 3
ma: cosA+cosB+cosCS§

(cos A +cos B + cos C)2

3
= 3+ 2(cos A+ cos B +cos C)+4(cos Acos B+cos BcosC +cosCcos A)<9 (2)

Tur (1),(2) suy ra T >1= dpcm.

va hién nhién : cos Acos B+ cosBcosC +cosCcos A <

<3
4

Vidu 2.2.4.

CMR véi moi AABC bat ky, ta c6 :
a>+b>+c* 2438 +(a-b) +(b-c) +(c—a)

Loi gidi :

Bét dang thirc can ching minh tuong duong véi :
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2(ab +be +ca) > 43S +a® +b* +c? (1)

Taco:
2 2 _ 2
cotaz 2t —a
48
2 22
cotp S ta =b"
48
2 2 2
cotc =Lt =
48
Khi 36 :

(1)4:)4S(.1 + .1 + ‘1 j24\/§S+4S(cotA+cotB+cotC)
sinA sinB sinC

= .1 —CcotA [+ .1 —cotB |+ ‘1 —cotC 2\/5
sin A sin B sinC

= tané+tanﬁ+tan£2 \/5
2 2 2

= dpcm.
Dang thtrc xay ra khi va chi khi AABC déu.

Vidu 2.2.5.

CMR trong moi tam gidc, ta co :
.A. B . B.C . C. A _5 r
sin—sin— +sin—sin— +sin—sin— < —+ —
2 2 2 2 2 2 8 4R
Loi gidi :

Ap dung cong thic : r=4R sin%singsin%, ta dua bat dang thirc da cho vé dang
tuong duong sau :
.A. B .B.C .C.A . A.B.C._5S
sin—sin — + sin —sin — + sin —sin — — sin —sin —sin— < = (1)
2 2 2 2 2 2 2 2 2 8
Tacod: cosA+cosB+cosC=1+4sin§sin§sin%
Do d6:
(1)<:)sinésinﬁ+sinﬁsin£+singsiné—l(cosA+cosB+cosC—1)Sé (2)
2 2 2 2 2 4 8

2
Theo AM - GM, ta co :

cos cos B cos A cos B

B n . A. B n n . A. B
—+—iz 2:>sm551n5 —§+—i 22s1n—s1n5
COS— COS— COS— COS—

2 2 2 2
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= 25inésin£ < 1 sinAtan£+ sinBtané

2 2 2 2
Tuong tu ta ¢ :

2sin E sin sin B tan £ +sin C tan E
2 2 2

2sin £ sin sin C tan é +sin Atan E
2 2 2
T d6 suy ra:

. A. B . B.C . C.A
2| sin —sin — + sin —sin — + sin —sin — | <
2 2 2 2 2 2
< %{tan%(sinB +sinC)+ tang(sinC +sin A)+ tan%(sinA+ sin B)}

= cosA+cosB+cosC =2 sinésin£+sin£sin£+singsiné
2 2 2 2 2 2
Khi d6 :
sinésin£+ sinﬁsin£+sin£siné—l(cosA+cosB+cosC—1)S
2 2 2 2 2 2 4

Sl(cosA+cosB+cosC)—i(cosA+cosB+cosC—1)=i(cosA+cosB+cosC)=i

\®)

\ 3
ma cosA+cosB+cosCS§

= sinésin§+sinﬁsin£+singsiné—l(cosA+cosB+cosC—1)S
2 2 2 2 2 2 4

oo | i

= (2) ding= dpcm.

Vi du 2.2.6.

Cho AABC bit ky. CMR :
( a’*+b*+c? jS < a’b*c?

cotA+cotB+cotC A B C
tan — tan — tan —
2 2
Loi gidi :
Tacé :
2 2 2
+b" +
a c — 48
cotA+cotB+cotC

nén bat dang thirc da cho twong duong véi :
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3 a’b’c?
64S* < (1)

B _C
tan — tan — tan —
2 2 2

Mat khéc ta cling ¢6 :
a’> =b*+c¢* =2bccos A= a® > 2bc—2bccos A

=a’> 4bcsin2§

) 4bcsin? é
a

s Azz%mmA=%

tan — tan —

2
Tuong tu ta cling ¢o :
b* c’
=248 ; =48

B C

tan — tan —
2 2

= (1) diing = dpem.

Vi dy 2.2.7.

CMR trong moi tam gidc ta co :
(1+b+c—bc)cosA+(1+c+a—ca)cosB+(1+a+b—ab)cosC <3

Loi gidi :

Ta c6 vé trai ctia bat dang thirc cAn chimg minh bang :
(cosA+cosB+cosC)+[(b+c)cosA+(c+a)cosB+(a+b)cosC]—(abcosC+bccosA+cacosB)
bat :
P =cosA+cosB+cosC
Q=(b+c)cosA+(c+a)cos B+ (a+b)cosC

R=abcosC +bccosA+cacosB
D&Myps%

Mait khac tacéd :

bcosC +ccos B = 2R(sin Bcos C +sin C cos B) = 2Rsin(B+C)=2RsinA=a
Tuong ty :

ccosA+acosC=b

acosB+bcosA=c

=>Q=a+b+c
Vatalaico:
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2 2 2 2 2 2 2 2 22

abcosC+bccosA+cacosB=a il +b rc —a + & ta b

2 2 2
2 2 2
g4 tb e
2
2 2 2 2 2 2
:>P+Q+RS§+(a+b+c)—a th ke =3—(a ) +{b=1) +(e-1) <3
2 2 3
= dpcm.
Vi du 2.2.8.
Cho AABC bt ky. CMR :
R+r>43s
Loi gidi :
Taco:
R_abc_2R3sinAsinBsinC_\/ S
48 8 2sin Asin BsinC
r—i— S _\/gx/ZsinAsinBsinC
p R(sinA+sinB+sinC) sinA+sinB+sinC
Vay :

2
Theo AM -GMtacod:

R+r>3\/ S\/E\/sinAsinBsinC

3\ 8sin Asin Bsin C(sin A +sin B +sin C)

R+r=— —
2sinAsinBsinC 2 \ 2sin Asin BsinC sinA+sin B+sinC

1\/ S +1\/ S +\/§\/2sinAsinBsinC

343

sinA+sinB+sinCST

343

sin Asin Bsin C ST

= R+r=>3 ﬂ =i/§\/§:>dpcm.
4427343

Vi dy 2.2.9.

CMR trong moi tam gidc ta co :
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2 2
§[i) S ab~ ab +bc\/%+ca\/ca 2§(£]

3\2r)  a+b b+c c+a 3\ R

Loi gidi :
Theo AM - GM ta ¢6 :
ab@ N bc\/% N cavea ab+bc+ca

a+b b+c c+a 2
2 2
Do S=pr:>§ S z—(a+b+c)
3\ 2r 6

Laicé:
ab+bc+ca < (a+b+c)
2 - 6

8(5}2 ab@ bc\/E ca\/z
== —| 2 + +

= vé trai dugc chig minh xong.

3\2r)  a+b b+c c+a
Tacé :
a+b+c=2R(sin A+sin B +sinC)

33

sinA+sinB+sinCST

:>a+b+cS3R\/§
Theo AM - GM ta ¢6 :

5% = pf(p—a)p-b)p-bNp-Wp-cNp-a) < p*%

8

abc

:§(§j2<§. P 9 abe 9abe

3\R) 3 (a+b+cJ2 2 a+b+c (a+b)+(b+c)+(c+a)
33

Mot 1an nira theo AM — GM ta c6 :
9abc < 9abc < abJab N bebe N cavlca
(a+b)+(+c)+(c+a)” 33fla+b)b+c)c+a)  a+b  b+c  c+a
= vé phai chirng minh xong = Bét dang thtrc dugc chirng minh hoan toan.

Vi dy 2.2.10.

Cho AABC bt ky. CMR :
4
at b® c? S [abc\/g J
C

A " B "
cos’~ cos’— cos’— 3R
2 2
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Loi gidi :
Ap dung BCS ta c6 :
a® b* c® (a4 +b* +c4)2

+ + >

cos2é cos2§ cos2£ cos2é+coszﬁ+cos2—
2 2 2 2 2

<

A~ o

ZA ZB 2
cos’ —+cos’ —+cos
2 2

(“—Z’CT = 1652y
R
Vi thé ta chi can ching minh : a* +b* +c¢* 2165
Trudc hétracod : a* +b* +¢* 2 abcla+b+c¢) (1)
That vay : (1) az(a2 —bc)+bz(b2 —ca)+ 02(02 —ab)Z 0
= la2 + (b+c)2kb—c)2 + le +(c+a)2kc—a)2 + lcz +(a+b)2ka—b)2 > (0 (dung!)
Mait khac ta cling c6 :

1652 =16p(p—a)p-blp-c)=(a+b+cfa+b—c)b+c—a)c+a-b) (2)
Tir (1),(2) thi suy ra ta phai chimg minh : abc > (a+b—c)b+c—a)c+a-b) (3)
bat :

¢
2

x=a+b-c

y=b+c—a

z=c+a->b
vi a,b,cla ba canh ciia mot tam gidc nén x,y,z >0
Khi @6 theo AM — GM thi :

B 0 GRS CRao I ety N E) X
8

2 vz=(a+b-c)b+c—a)c+a-b)
= (3) dang = dpcm.

2.3 Pua vé vector va tich vo huéng

Phirong phdp nay luén dwa ra cho ban doc nhitng 1oi gidi bdt ngo va thii vi. N6 déc
tring cho su két hop hodn giita dai sé va hinh hoc. Nhitng tinh chdt ciia vector lai mang
dén 1oi gidi thdt sang siia va dep mdt. Nhung s6 lwong cde bai todn ciia phwong phdp nay
khéng nhiéu.

Vi dy 2.3.1.
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CMR trong moi tam gidc ta co :

cosA+cosB+cosCS%

Loi gidi :

—_— — —

Léy cac vector don vi e, e,, e, lan Iuot trén cac canh AB,BC,CA .
Hién nhién ta ¢6 : A
) ->
(el+e2+e3) >0 e

— — — —

< 3+ 200s(eT,5)+ 2008(62,63)+ 2008(63,61 )2 0
& 3-2(cos A+cosB+cosC)>0

(:)cosA+cosB+cosC£% B >

= dpcm.

Vi dy 2.3.2.

Cho AABC nhon. CMR :

c0s2A+cos2B+cos2C 2> —%

Loi gidi :

Goi O, G lan luot 1 tim dudng tron ngoai tiép va trong tim AABC.
Tacé: OA+OB+0C =30G 2
Hién nhién :

(_> _ —

0A+ 0B +0Cf 20
< 3R? +2R? [cos(OTﬁL @)+ COS(O_B: %)+ cos(O_C:,a&)]Z 0 0

& 3R’ +2R2(0052C+0052A+0052B)20 BUC
& c0s2A+cos2B+cos2C = —%

= dpcm.

_— — —

Ding thirc xay ra © 0A+0B+0C=0o 0G =0 0=G < AMBC ddu.

Vi du 2.3.3.
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Cho AABC nhon. CMR Vx,y,z€ R taco:

1
y7€082A+ zxcos2B + xycos2C = —E(X2 +y? +z2)

Loi gidi :

Goi O 1a tim dudng tron ngoai tiép AABC .

Taco:

.y O
(xOA + yOB + zOC) >0

. . . B
o x>+ 32 + 2% + 2xyOA0B + 2yz0B.OC + 22xOC.0A > 0 UC

& x*+y* + 277 +2xyc0s2C +2yzcos 2A +2zxcos 2B > 0

1
& yzcos2A+ zxcos2B + xycos2C Z—E(x2 +y? +Zz)

= dpcm.

2.4. Két hop cac bat dang thirc co dién :

Vé néi dung ciing nhw cach thirc sit dung cac bdt dang thirc chiing ta dd ban ¢ chwong
1: “Cdc bwoc dau co s6™. Vi thé o phan nay, ta sé khong nhdc lai ma xét thém mot so vi
du phire tap hon, thu vi hon.

Vidu 2.4.1.

CMR YAABC ta co :
A . B . C A B C)._ 93
sin—+sin—+sin— | cot—+cot—+cot— | = ——
2 2 2 2 2 2 2

Loi gidi :

Theo AM - GM ta ¢6 :

. A . B . C
sm§+s1n—+s1n—

\/. A.B. C
2> 3/sin —sin —sin —
3 2 2 2
Mat khac :

A B
COS—COS—COS —

A B C A B
cot—+cot—+cot— =cot—cot—cot— =
2 2 2 2 2 . . B .
Sin —sin —S1in —
2 2 2
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1 A A B B
Z(sinA+sinB+sinC) sin20052+sincos+sinccosc

. A. B.C . A. B.C
sin —sin —sin — 2sin —sin—sin—
2 2 2 2 2

J. A A.B B.C C
3/sIn — COS—SIN—COS— SIN — COS —
272 2 2

>3,
2 . A. B.C
sin —sin —sin—
2 2 2
Suyra:

A . B . A B C
sin—+sin—+sin— | cot—+cot—+cot— | =
( 2 2 2}( 2 2 2)

J. A.B.C.A A.B B.C C
3/s1In—S1n—S1n —S1In — COS—S1IN —COS— S1INn — COS —
2727272 2 2

52
2

. A. B.C
sin — sin—sin —
2 2 2

9 A B C
=Z3/cot=cot—cot— (1)
2 2 2 2

A B C
ma ta cling co : cot—cotzcot— >33

9 A B c_9, 9Vv3
= —-3/cot—cot—cot— = —-3/3J/3 =—— (2
2 2 2 2 2 \/— ( )
T (1) va (2) :
. A . B .C A B C
= |sin—+sin—+sin— | cot-—+cot—+cot— | = ——
2 2 2 2 2 2

=dpcm.

Vi dy 2.4.2.

Cho AABC nhon. CMR :

(cos A+ cos B+cosC)(tan A+ tan B+ tan C) >

Ne)
Ngl
w

Loi gidi :

Vi AABC nhon nén cos A,cos B,cosC,tan A, tan B, tan C déu duong.
cosA+cosB+cosC
3

Theo AM -GMtacod: > 3\/cos AcosBcosC

sin A sin Bsin C

tanA+tanB+tanC =tan Atan Btan C =
cos AcosBcos C
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1. . .
Z(sm 2A+sin 2B +sin 2C) _sin Acos A +sin Bcos B +sin Ccos C

cos Acos BcosC 2cos Acos Bcos C
>§' 3\/sinAcosAsinBcosBsin CcosC
2 2cos Acos BcosC

Suyra:

. i/cos A cos Bcos Csin Acos Asin Bcos Bsin C cos C

(cos A+cos B+cos C)(tan A+ tan B + tan C)Zg
2 cos Acos Bcos C

= %3\/ tan Atan BtanC (1)
Mait khac : tan Atan Btan C > 33

:>%3x/tanAtanBtanC 2%-3\/3\/_ =¥ (2)

T (1) va (2) suyra:

(cosA+cosB+cosC)(tanA+tanB+tanC)2

3
2

=dpcm.

Vi dy 2.4.3.

Cho AABC tity . CMR :

tané+ + tan£+ + tan£+ > 443
2
tan — tan — tan —
2 2
Loi gidi :
. /4
Xét f(x)=tanx Vxe (O;Ej
Khido: f"(x)=
A B

Theo Jensen thi : tanE + tanE + tan% >3 (1)

Xét g(x)=cotx Vxe (0;%)
\ 2 T
Va g"(x) = 2(1+cot x)cotx >0 Vxe (O;Ej
Theo Jensen thi : cotg + cotg + cot% >343 (2)

Vay (1)+(2)= dpem.

The Inequalities Trigonometry 50



Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwong giac
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Vi du 2.4.4.

CMR trong moi tam gidc ta co :

3
1+ ! 1+ ! 1+ ! > 1+i
sin A sin B sinC \/5

Ta str dung bd dé sau :
Bodeé:Cho x,y,z>0 va x+y+z<S thi:

3
(1 +lj(1 +l][1 +lj > [1 +3j (1)
X y 4 S
Chitng minh bé dé :
Taco:

Loi gidi :

VT(l):1+[l+l+1]+($+i+L]+L (2)

Xy Z yz X xyz
Theo AM - GM ta cé :
x y z x+y+z S

Dau bang xay ratrong (3) & x=y=z= %

Tiép tuc theo AM ~GM thi :
S>x+y+z23R/xyz
S? 1 _27

2 > B
:>27 xyz:xyz S’ )

Dau bang trong (4) xayra & x=y=7z =%

Van theo AM — GM ta lai ¢6 :

R I H 5)

Xy yz XYz
Dau béng trong (5) Xayra & x=y=¢z =%
Tir (4)(5) suyra:
1 1 _27

—+—+—2=2— (6
xy yz = S°? (©)

Déu bang trong (6) xay ra < dong thoi c6 ddu bang trong (4)(5) & x=y=z =%
T (2)(3)(4)(6) taco :
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3
VT(1)21+%+£+ 27 =[1+zj

s s S
B6 dé duoc chimg minh. D4u bing xay ra <> ddng thoi c6 dau bang trong (3)(4)(6)
Sx=y=z7= S
r y 3
Ap dung voi x=sinA>0,y=sinB>0,z=sinC >0

33

ma ta co sinA+sinB+sinCS% vay ¢ day S:T

Theo b dé suy ra ngay :

1+ ! 1+ ! 1+ ! >
sin A sin B sinC

Dau bang xay ra <> sinA=sinB =sinC =

=

7\

ST

& AABC déu.

Vi dy 2.4.5.

CMR trong moi tam gidc ta co :

L+, +1 < pJ3

Loi gidi :

A
2bccos—
Taco: 1 =22 ,/P(i‘“):zvbc,/ip(p_a) )
C

b+c  b+c b+c

Theo AM - GM ta c6 ZM
b+c

l,<yplp-a) (2)
Dau bang trong (2) xayra & b=c
Hoan toan tuong tu ta co :

1, <\plp-b) (3)

L. <yplp=c) ()
Dau bang trong (3)(4) twong ing xdyra << a=b=c
Tir (2)(3)(4) suyra:
I, +1,+1, S\/;(\/p—awL\/p—b +\/p—c) (5)
Dau bang trong (5) xay ra <> dong thoi cé dau bang trong (2)(3)(4) @ a=b=c
Ap dung BCS ta co :

<1 nént (1) suyra:
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Chwong 2 Cdc phwong phap chirng minh

Wp—a+yp—b+p—cf <3Bp-a-b-c)
:>\/p—a+\/p—b+\/p—cs\/§ (6)
Dau bang trong (6) xayra & a=b=c
Tir (5)(6) taco: [, +1, +1. < p3  (7)
Ping thic trong (7) xdy ra < ddng thoi c¢6 ddu bang trong (5)(6) @ a=b=c
& AABC déu.

Vi du 2.4.6.
Cho AABC bit ky. CMR :
a’+b> +¢’ 24_2
abc R
Loi gidi :
, abc
Taco: S=-—r=pr=yplp=alp-blp-c)
_2r_ 85" _8plp-a)p-b)p—c)_(2p-2a)2p-2b)2p-2c)
R pabc pabc abc

(b+c—a)c+a-bla+b—c) a’b+ab* +b*c+bc* +cla+ca’ —a’ —b’ —c* —2abe

abc abc

2r a’+b’+¢? a b b ¢ ¢ a a+b>+c?
:4—?:—+6— —t ettt [

abc b a ¢ b a c abc

= dpcm.

Vi du 2.4.7.

Cho AABC nhon. CMR :
[ a + b — cj[ b + < __ aj( ¢ + a__ bj > 27abc
cosA cosB cosB cosC cosC cosA

Loi gidi :

Bét dang thirc can ching minh tuong duong véi :

smA+smB—sinC smB+s1nC_SinA smC+smA—sinB > 27sin Asin Bsin C
cosA cosB cosB cosC cosC cosA
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& %—sinc &—sinA %—sinB > 27sin Asin BsinC
cosAcosB cosBcosC cosCcos A

1—cosAcosB ‘ 1—cosBcosC . 1—cosCcos A >

>27
cos Acos B cosBcosC cosCcos A
A

X =tan— 1-x? 2x

) COSA = > tan A =
B 1+x 1—x2
=tan— 1-vy? 2
bat Y 2 = <cosB = y2 va JtanB= y2
I+y I-y
z=tan— -2 27
2 cosC = Zz tanC = 5
O0<x,y,z<1 I+z 1-z

=2 fi-5?)
I—cosAcosB _ (1+x*fi+y?)  2(x*+y?)
cosAcosB  (1-x*f1-y*) ~ (1-x*)Ji-y?)
il+x2K1+y2i
Mit khactaco: x> +y> = 2xy
1—cosAcosB> 2x 2y

Tacé :

=tanAtan B (1)

2

cosAcosB  1-x? .1—y

Tuong ty : 1zcosBeosC >tanBtanC (2)
cos BcosC

IzcosCeosA >tanCtan A (3)

cosCcos A
Nhan vé theo vé ba bat dang thie (1)(2)(3) ta duogc :

I_COSACOSB-I_COSBCOSC-I_COSCCOSAZtanzAtanthanZC

cos AcosB cosBcosC cosCcos A
Taddbiét: tanAtanBtanC >3+/3 = tan®> Atan> Btan> C > 27
Suyra:

l—cosAcosB.1—cosBcosC'1—cochosA > 97

cosAcosB cosBcosC cosCcos A
= dpcm.

Vi dy 2.4.8.

CMR Y AABC taco:

a’+b>+c’ Zﬁ p2+a_bc
35 p
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Loi gidi :

Bét dang thirc can ching minh tuong duong véi :
22% (a+b+c)2+ 2abc
35 4 a+b+c

a’+b* +c

oy T2abc
+—

& 35(a® +6>+¢2)29a+b+c)
a+b+c

Theo BCS thi: (a+b+c)* <3(a® +b>+¢?)
= 9(a+b+c) <27(a>+b>+c*) (1)

@ > 3 abe

a’+b*+¢? > 3/—a2b202
3
= (a+b+c)(a2 +b? +cz)29abc
= 8(a+b+c)(a2 +b’ +cz)2 T2abc
7261[76' (2)
a+b+c

Laicéo:

(:)8(a2+b2+02)2

Lay (1) cong (2) ta duoc :

27(a® +6> +¢)+8(a> +b% +¢%)=9a+b+c) 12abe_

a+b+c
<:>35(c12+bz+c2)29(a+b+c)2+M
a+b+c
= dpcm.
Vidu 2.4.9.
CMR trong AABC ta co :
B-C C-A A-B
cos 5 cos 5 cos 5
+ + >
. A . B . C 6
sin — sin — sin—
2 2
Loi gidi :
Theo AM - GMtaco:
B-C C-A A-B B-C C-A A-B
cos 5 cos 5 cos 5 cos 5 cos 5 cos 5
> . . 1
A B o | T — W
sin— sin— sin— sin— sin — sin—
2 2 2 2
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ma
B-C C-A A-B . B+C B-C . C+A C-A . A+B A—-B
cos cos cos 2sin cos 2sin cosS 2sin cos
2 2 2 2 2 2 2 2 2
. A . B . C A . A B . B c . C
sin — sin — sin — 2cos—sin — 2cos—sin — 2cos—sin —
2 2 2 2 2 2 2

(sin B + sin C)(sin C + sin A)(sin A + sin B)
sin Asin Bsin C

Lai theo AM-GMtacod:

sin A +sin B = 2+/sin Asin B
sin B+sin C 2 2+/sin Bsin C
sinC+sin A 2 2+/sinCsin A

= (sin B +sin C)(sin C +sin A)(sin A + sin B) > 8sin Asin Bsin C
N (sin B +sin C)(sin C + sin A)(sin A + sin B)

. >8 (2)
sin Asin BsinC
Tir (1)(2) suyra:
B-C C-A A-B
cos 5 cos 5 cos 5 \/_
+ + >338 =
. A ) . C 38 =6
sin — sin— sin —

2 2 2
= dpcm.

Vi du 2.4.10.

CMR trong moi AABC ta co :

2
sin Asin B+sin BsinC +sinCsin A > 9[%]

Loi gidi :
Bat dang thtic can chimg minh twong duong véi :
Rsin Asin B + Rsin Bsin C + Rsin Csin A > 9r°
odb be cag.
22 22 22

& ab+bc+ca2 36r°
Theo cong thtrc hinh chiéu :

B C C A A B
a=r|cot—+cot— |;b=r| cot—+cot— |; ¢ =r| cot—+cot—
2 a 2 a 2 a
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) B C C A 5 C A A B
=ab+bc+ca=r"|cot—+cot— | cot—+cot— |+ r°| cot—+cot— || cot—+cot— |+
2 2 2 2 2 2 2 2

) A B B C
+7r°| cot—+cot— | cot—+ cot—
2 2 2 2
Theo AM - GM ta ¢6 :

cot£+cot£ cot£+coté > 2\/cot£cot£ 2\/cot£coté =4\/cot2CcotAcotB (1)
2 2 2 2 2 2 2 2

Tuong ty :

[cot% + cot g][coté + cot gj 2 4\/cot2 AcotBcotC (2)

[cotg + cot gj(cotg + cot %j 2 4\/ cot’ BeotCcotA  (3)

T (1)(2)(3) suy ra:

C A A B C A A B
cot—+cot— | cot—+cot— [+| cot—+cot— || cot—+cot— |+
[conGreons [eorgrenrd o o e [ g v

+ cot£+coté coté+cotE 2123\/cotzé00t2£cot2£ (4)
2 2 2 2 2 2 2

A B A B
Mit khac ta co : cotEcotEcot% >34/3 = cot’ ECOtZ ECOtZ % >27 (5)

Tir (4)(5) suyra: 123\/cot2§c0t2 gcotZ% >123=36 (6)

Tir (4)(6) suy ra dpem.

2.5. Tén dung tinh don diéu ciia ham s :

Chuwong nay khi doc thi ban doc can cé kién thirc co ban vé dao ham, khdo st ham s6
ciia chwong trinh 12 THPT. Phuong phdp ndy thuwc si ¢6 hiéu qud trong cdc bai bat ding
thire lieong gidc. Pé c6 thé sir dung 16t phwong phdp nay thi ban doc can dén nhiing kinh
nghiém giai toan o cac phwong phadp da néu o cac phan truoc.

Vi du 2.5.1.
. 2x . T
CMR: sinx>— voi xe(O;Ej

4

Loi gidi :
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, sinx 2 . T
Xét  f(x)= —— vO1 xe|0;—
X V.4 2

_ Xxcosx—sinx

= f'(x) ;

X

Xét  g(x)=xcosx—sinx véi xe(O;

NN

J

= g'(x)=—xsinx <0 Vxe (O;%) — g(x) nghich bién trén khoang do.

= g(x)< g(0)=0= f'(x)<0:>f(x)>f(§j=0:>dpcm.

Vi dy 2.5.2.

. 3
CMR : (smxj >Ccosx VoI (O;EJ

Loi gidi :
Bat dang thtic can chimg minh twong duong véi :

1 1
SLLLEN (cos)s

1
& sinx(cos)3 —x>0

1
Xét  f(x)=sinx(cosx)3 —x voi xe (0;%}

2 4
Taco: f'(x)=(cosx)s —%sin2 x(cosx)3 -1

1 7
f'(x)= %(cos x)3(1—sinx)+ gsin3 x(cosx)s >0 Vxe (0;%)
= f'(x) d6ng bién trong khoang d6= f'(x)> £'(0)=0
= f(x) cling dong bién trong khoang 46 = f(x)> £(0)=0= dpcm.
Vi du 2.5.3.

CMR néu a la géc nhon hay a =0 thi ta ¢ :
zsina + 2lana > 2a+1

Loi gidi :
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Ap dung AM - GM cho hai s6 duong 2" va 2™ ta o :
2sina + 2lana > 2\/251na2lana — 2\/251na+lana

A : A , . . r /4
Nhu vay ta chi can ching minh : sina +tana > 2a véi 0<a < B

Xét  f(x)=sinx+tanx—2x véi xe(o;%j

Taco:

3 2 _ _
_,_cos’ x—2cos x+1:(1 cos x)[1+ cos x(1 COSX)]>OVxe[O;%j

f'(x)=cosx+ 5 >
cos” x cos” x cos” x

= f(x) dong bién trén khoang d6 = f(a)> £(0) véi ae (0;%) = sina+tana > 2a

= 2y 3 04[22 = gt

= 2% 42t >0 (khi @ =0 ta c6 ddu dang thirc xay ra).
Vidu 2.54.
CMR trong moi tam gidc ta déu c6 :
13
1+ cosAcos B+cos AcosB+cosAcosB < E(cosA +cos B +cosC)+cos Acos Bcos C
Loi gidi :

Bét dang thirc can ching minh tuong duong véi :

1
1—2cos Acos Bcos C +2(cos Acos B + cos Acos B+ cos Acos B) +1 Zg(cosA+cosB+cosC)
1
& cos” A+cos’ B +cos’ C+2(cosAcosB+cosAcosB+cosAcosB)+1Zg(cosA+cosB+cosC)

& (cosA+cosB+cosC)2 +IS%(COSA+COSB+COSC)

1 <13
cosA+cosB+cosC 6

& cosA+cosB+cosC +
< 3
Datt=cosA+cosB+cosC:>1<tS§
TS X I . 3
Xét ham dic trung : f(t)=r+- voi re 1;5
t
, , 1 3 A A , ,
Taco: f (x)=1——2>0‘v’te 1;5 = f(x) dong bién trén khoang do.
X

= f(x)S f(%j=%:>dpcm.
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwong giac
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Vi du 2.5.5.

Cho AABC ¢6 chu vi bang 3. CMR :

1
3(sin2 A+sin® B +sin’ C)+ 8Rsin Asin BsinC 2

2

Loi gidi :
Bat dang thtic can chimg minh twong duong véi :
3.4R*sin® A+3.4R*sin’ B+3.4R*sin* C + 4(2Rsin A)(2Rsin B)(2Rsin C)>13

< 3a’ +3b* +3¢* +4dabe >13
Do vai tro cia a,b,c lanhu nhaunéntacé thé gid st a<b<c

Theo gia thiét : a+b+c=3:a+b>c:>3—c>c:1£c<%
Ta bién d6i :
T =3a’ +3b* +3c* +4dabc

=3(a® +b*)+3c> +4abc

= 3[(a +b) —2ab]+ 3¢? +4abc

=3(3—-c)’ +3¢* +4abc — 6ab

=3(3—-c¢)’ +3c? +2ab(2c - 3)

=3(3-¢)’ +3c* —2ab(3-2¢)

vi c<%:>2€—3<0:>3—2€>0

2 2 2
va abS(aerj =(3_Cj :—2ab2—2(3_cj
2 2 2

Xét f(c)=c3—§c2+2—7 véi 1<c<>
2 2 2

= f'(c)=3¢?-3¢>0 Vce [1;%) = f(c) dong bién trén khoang d6.

= f(c)= f(1)=13 = dpcm.

Vi du 2.5.6.

Cho AABC bt ky. CMR : +

~ s
(\Y

ﬁ
S
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Loi gidi :

Taco:
Ao [=blp-c)
plp-a)
tan— = —(p—c)(p— ):tanétanétanc \/p i A b P—C
p(p-0b) 2 2 2 p p P
an C = [(p=a)lp-b)
p(p—c)
w ﬁ:i:\/P(P_a)(P_b)(P—C):\/p—a‘p—b.p—c
S p p’ p p P
2
Do d6 : %:tanétanﬁtang
Mat khac :
p_ a+b+c a+b+c _ 2R(sinA+sinB+sinC)

r

2(p —a)tan;1 (b+c—a)tan1§ 2R(sin B +sin C —sin A)tang

cos é cos E COoS—
= 2 2 2 = cotécotﬁcot£
2 2 2

Khi d6 bat dang thic can chirg minh tuong duong vi :

A B C A B 28
tan — tan — tan — + cot—cot —cot— =2 ——
22 2 33
1 A B C 28
= 1 +cot— COt_COtE>T
cot—cot—cot — 33
2 2 2
bat t—cotécotﬁcot— t>3\/_
2 2 2
Xét f(t)=t+% véi 1233
:>f'(t)=1—i2>0 Vi 2343
t
= min f()= f(343)=33 +—— — dpem.

W3 f

Vi dy 2.5.7.
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CMR voi moi AABC ta co :
33
(2R+a)2R+b)2R+¢)<8R’e 2

Loi giai :

Bét dang thtic can chirmg minh twong duong véi :

2R+a 2R+b 2R+c 0
2R 2R
a b c W3
S|l+—|1+—=|1+—|<e?
2R 2R 2R

ﬂ
& (1+sin A)1+sin B)(1+sinC)<e 2

Xét f(x)=In(l+x)—x véi 0<x<l1
= (W)= 1=
1+x 1+x

= f(x) nghich bién trén khoang d6 = f(x)< £(0)=0
=In(l+x)<x

<0 Vxe (0;1)

Lan lugt thay x = {sin A, sin B,sin C} vao bit dang thtic trén roi cong lai ta dugc :
In(1+sin A)+In(1 +sin B)+ In(1 +sin C) < sin A + sin B + sin C
& ln[(l +sin A)(1+sin B)(1 + sin C)] <sinA+sinB+sinC

& (1+sin A)(1+sin B)(1+sin C) < g¥nA+infrin€

3\/5 343

ma sinA+sinB+sinCST: (1+sin A)1+sin B)(1+sinC) < e? = dpcm.

Vi dy 2.5.8.

Cho AABC. CMR :

(1+cos® AL +cos® Bfl+cos’ C) 2 %

Loi gidi :

Khong mét tong quat gia sir C = min{A, B,C}.Tacé:
(1+cos? A)1+cos? B) = (1+ 1+C(2’S 2Aj(1+ 1+C2523j
Xét P = 4(1 +cos’ A)(l +cos’ B)= (3+cos2A4)(3 +cos2B)
= P =9+3(cos2A +cos2B)+cos2Acos 2B

= 9+6cos(A+B)cos(A—B)+%[cos(2A+2B)+ cos(2A—2B)]
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=9—6COSCCOS(A—B)+%[20082(A+B)-l- 200s2(A+B)—2]
=9—6cosCcos(A—B)+cos®> C+cos’(A+B)-1
do |cos(A—B)| <1

= P29-6¢cosC+cos’C =(3-cosC)’
ma cosC >0
= P(l+cos2 C)Z (3—cosC)2(l+cos2 C)

Mat khac ta co : 0<CS600:>COSCZ%
Xét f(x)=0B=x)[1+x*) véi xean
= f'(x)=2(x-3)x-1)2x-1)=0 ‘v’xe[%;lj

= f(x) ddng bién trén khoang dé.

= f(x)> f[%) =%:> (1+cos2 A)(1+cos2 B)(1+cos2 C)Z%:dpcm.

Vi du 2.5.9.

Cho AABC bat ky. CMR :

2(_1 + ‘1 j—(cotB+cotC)S2\/§
sinB sinC

Loi giai :

Xét f(x)=———cotx voi xe(0;7)
sin x
, 2cosx 1 1-2cosx . V1
=f)=-"F Tt = = f)=0ex="
sin“x sin” x sin” x 3
:maxf(x)=f(£j=\/§:> ‘2 —cotx<+/3
3 sin x
Thay x boi B,C trong bat ding thirc trén ta dugc :
- —cotBS\/§
sin B
= dpcm.
- —cotC <43
sin C
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Vi du 2.5.10.
CMR : l <sin20° < l
3 20
Loi giai :

Pat a=sin20°:>0<a<sin30°:0<a<%

Taco: ﬁ =5in60° =sin3.20° = 3sin 20° —4sin> 20° = 3a —4a’ =§
= 4a’ -3a +§ = 0= a la nghiém cta phuong trinh : 4x’ —3x+§ =0
Xét da thuc : f(x)=4x> —3x+§

Ta c6 : f(—1):—1+£:*/§_2<0

2 2

V3

f(0)= - 0= f(-1)f(0)<0 B&i vi f(x) lién tuc trén toan truc s .Do d6 da thirc

f (x) ¢6 mot nghiém thuc trén khoang (— 1;0)
1) 2743-46
3)" " sa N (7
=5 l) <0
7 _ 100033 ~1757 3)7\20
f = <0

20 2000

0

Lai c6:

= dathic f(x) c6 mot nghiém thuc trén khodng (%’ZLOJ

Lai c6 - f[1]= B-2 4y £(1)= V342 >0:>f[%]f(l)<0

2 2 2

= dathic f(x) c6 mot nghiém thuc trén khodng (%;lj

Béivi ae [O;%) = a la nghiém thyc trén khoang [%,210] = dpcm.

2.6. Baitap:

Cho AABC.CMR :
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2.6.1. V3(cos 24 — cos 2C)+ cos B S%

2.6.2. V30824 +2c0s2B +2+/3 cos 2C > —4
2.6.3. (\/g + 1Xcos 2A+cos2B)- (3 + \/g)cos 2C<4+45

2.6.4. tan§+ tang + tan% >4-+3 véi AABC c6 mét gbc > 2?7[
1 1 1 1
2.6.5. —+—+—<—
a’> b* ¢ 4r?
3 3 3
266, ey a b
r I’a rb rc
2.6.7. a4 b <y Sabe <2

b+c c+a a+b (a+b)b+c)c+a)

1 1 1 _ 3

2.6.8. . + — +— 2—+ltanAtanBtanC
sin2A sin2B sin2C 2 2

2.6.9. atané+btan£+ctan£2Lb+c
2 2 ﬁ
2.6.10. sin Asin Bsin C < 1

(sin A+sin B+sinC)* 63
2.6.11. 1+cos AcosBcosC > 9sinésin£sin£

2.6.12. m,+m, +m_ <4R+r
2.613. Wk +hh +hh <p?

2.6.14. a*(p-b)p—-c)+b*(p—c)p-a)+c*(p-a)p-b)< p*R*
2.6.15. (1—cos A)(1—cos B)(1—cos C) > cos Acos Bcos C
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