PHUONG PHAP GIAI MOT SO DANG
PHUONG TRINH VO TY

Nguyén Anh Tuan, THPT Chuyén Bac Giang

Toan hoc c6 mot vé dep 16i cuén va quyén ril, ai da dam meé thi mai mai dam me.
Trong vé dep day huyén bi d6 thi cdc bai toan lién quan dén Phuong trinh vo ty (chta
can thiic) - ¢6 nét dep that sy xao xuyén va quyén ri.

C6 1& vi 1y do d6 ma trong cac ki thi hoc sinh gidi cac nude, thi hoc sinh gidi Quéc
gia (VMO) ctia chiing ta, bai toan lién quan dén Phuong trinh vo ty thuong c6 mat dé
thach thitc cac nha Toan hoc tuong lai v6i dung nhan muon hinh, muon vé. Roi thi con
trong céc ki thi hoc sinh gidi cap tinh, thi hoc sinh giéi cap thanh phd, thi Dai hoc, ...

That 1a diéu tha vi !

Chuyén dé: "Mot s6 dang phuong trinh vo ty cho hoc sinh giéi" toi viét véi mong
mudn phan nao giip cac Thay co gidgo day Toan, cac em hoc sinh phd thong trong céc
doi tuyén thi hoc sinh gidi Toan c¢6 thé tim thay nhiéu diéu bo ich va nhiéu diéu tha vi
d6i véi dang toan nay. Trong Chuyén dé c6 ca nhiing bai véi cap do giai tri cho hoc sinh
gidi (ren luyén phan xa nhanh).

D6i véi viee giai phuong trinh vo ty thi hau hét cac phuong phap gidi, caAc phuong
phéap bién déi hay déu c6 trong cuén Chuyén dé nay. Cach phan tich dé nhan dang mot
phuong trinh va chon lya phuong phap giai thich hop 1a kho va da dang. Dé c6 kha
ning nay ching ta phai gidi quyét nhiéu phuong trinh va tif rit ra nhitng nhan xét, kinh
nghiém va hay hon nita 1a mot vai thuat giai toan, ciing nhu luu ¥ rang mot bai toan c6
thé c6 nhiéu cach giai khac nhau.

Toi viet Chuyen dé nay v6i mot tinh than trach nhiém cao. Toi hy vong rang Chuyeén

deé sé dé lai trong long Thay co va cac em hoc sinh mot an tugng tot dep.
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V6i méi vi du trong ting phuong phap gidi, ngudi doc c6 thé tuy sang tac cho minh
nhitng bai toan v6i nhitng con s6 ma minh yeéu thich. Tuy nhién Chuyén dé chic chan sé
khong thé tranh khéi nhitng diéu khong mong mudn. Téi rat mong nhan dude sy dong
vien va nhing ¥ kién déng gép chan thanh ctia Quy Thay co va cac em hoc sinh dé
Chuyén dé tiép tuc dugc hoan thién hon.

Toéi xin chan thanh cam on!

2 Mot sdé phuong phap giai phuong trinh vé ty
2.1 Mot sé6 quy uéc khi doc chuyén dé
1. Vt: Vé trai clia phuong trinh. Vt: Binh phuong ctia vé trai phuong trinh.
2. Vp: Vé phai ctia phuong trinh. Vp: Binh phuong ctia vé phai phuong trinh.
3. Vt (1): Vé tréi ctia phuong trinh (1).
4. Vp (1): Vé phéi ctia phuong trinh (1).
5. Dk, dk: Diéu kien. .

6. VMO, VMO: Thi hoc sinh giéi Viet Nam, CMO: Thi hoc sinh giéi Canada.

2.2 Phuong phap dit an phu

2.2.1 Mbét sb luu y

Khi giai phuong trinh vo ty bing phuong phap dit an phu ta c6 thé giap cac dang
nhu: Dt an phu dua phuong trinh dO cho vé phuong trinh dai s6 khong con chita can
thiic v6i an méi la an phuy, hosic dat an phu ma vAn con an chinh, ta c6 thé tinh an nay
theo an kia, hosic diit an phu dé dua phuong trinh vé hé hai phuong trinh v6i hai an la
hai an phu, ciing c¢6 thé hai an gom mot an chinh va mot an phu, thuong khi dé ta dugc
mot he ddi xiing, hodc dat an phu dé duge phuong trinh c6 hai an phu, ta bién déi vé
phuong trinh tich véi vé phai bing 0. Thuong gidi phuong trinh ta hay bién ddi tuong

duong, néu bién déi hé qua thi nhé phai thit lai nghiém.
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2.2.2 Mbét sb vi du
Vi du 1. Giai cac phuong trinh sau:
1. 1822 — 182z — 172 — 8T —2 =0
3
2. 22 —3x+1= —gvx‘*—i-x?%—l
1 1
3.VI—at 42— =4 (vt )
T T
4. 202+ /1 -2+ 221 —22 =1
Huéng dan (HD):
1. Dat /zr =y, y > 0. Khi d6 phuong trinh d6 cho tré thanh

(3y* — 4y — 2)(6y” + 2y + 1) =0,

2+ 10
suy ra 3y? — 4y — 2 = 0, ta dugc y = +T Tu d6 phuong trinh c¢6 nghiém la
14 + 4+/10
r=———":
9

2. Tacoz* + 22 +1= (2> + 1)  —2? = (2 + x + 1)(2* —x + 1) > 0, Vz. Mat khéac
2 =3r+1=2*—-z+1)— (2> + 2+ 1).
2% — 1 s s, aen 3
Diat y = rorts (c6 the viet dieu kién y > 0 hoac chinh xac hon 1a £ <
2??+x+1 3
y < /3), ta dugc

3 3 3
2y2—1:—\/?_y@6y2+\/§y—3:0,tadu’dcy:\/?_(loaiy:—\/?_)

T d6 phuong trinh c6 nghiém la x = 1.
3. Ta thay x < 0 khong théa man.
Khi d6 phuong trinh tuwong duong véi hé
x>0
1
4 — <33 + —> >0
x

(e g) = (= ()
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bat z + i =y, ta dugc
2<y<4 (1)
4—(y" —2) + 25202 - 2) = (4 —y)? (2)
Xét
2) e VI—22 =y —dy+5eyt — 8 +28y* — 40y +16 =0
(do hai vé khong am). Diéu nay tuong duong voi
S (y—2)(y° —6y> +16y —8) =0 (y - 2)[(y — 2)(y° — 4y +8) + 8 = 0.

Dan dén y =2 (do (y — 2)(y* — 4y +8) +8 > 0, Vy thoa man (1)). Tt d6 phuong

trinh c6 nghiém la x = 1.

Nhan xét 1. Bai toan nay ta c6 thé giai bang phuong phap danh gia trong phan

sau.

Ta ¢6 phuong trinh tuong duong véi
V1i—z=1-22"—22V1—2a?
=1 —x=1+42" +42°(1 — 2?) — 42” — 4av/1 — 22 + 82°V1 — 22
sr(l —4V1 — 22 +82°V1 —22) =0
x=0
=
1 —4v1 — 22+ 82°V1 — 22 = 0(1)
Xét (1), dat y =1 — 22, suyray > 0 va 2% = 1 — 2
Ta dugc
1—4y+8y(1—9*)=0a8y° —4y —1=0
SR+ 1)y  —2y—1)=0

1++5
Sy=—7

5—-+5
T

Tu dé suy ra z =+

5—1/5
T

Tht lai ta duge nghiém ctia phuong trinh la x =0 va x = —
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Bai toan nay ta c6 thé giai bing Phuong phéap luong giac trong phan sau.

Vi du 2. Giai phuong trinh: 22 4+ 3z + 1 = (z + 3)Va2? + 1.

HD: Dat Va2 + 1 =y, y > 1. Khi d6 ta dugc y*+3z = (z+3)y & (y—3)(y—x) = 0.
Dan dén y = 3 va y = 2. Tit d6 phuong trinh ¢6 nghiem la z = +/2.

Vi du 3. Giai phuong trinh: V17 — 28 — /228 — 1 = 1.
HD: Dat V17 — a8 =y, y > 0 va v/228 — 1 = z. Khi d6 ta dugc he

y—z=1 z=y—1
: =
2yt + 2% =33 2ut + (y — 1)> =33
Xét 2yt + (y — 1)3 =33 & (y — 2)(2¢y® + 5y? + Ty + 17) = 0. Suy ra dugc y = 2. Tt d6

nghiém ctia phuong trinh la z = +1.

Vi du 4. Giai cac phuong trinh sau:

1. 24+V4—22=24+3xv4— 22

4
2. \3/81x—8:x3—21:2+§a:—2

HD:

1. bat v4 — 22 =y, 0 <y < 2. Khi dé ta duge he

r+y=2+3xy
2 +y? = 4.

Thé hoac lai dat x +y = S, xy = P 16i giai tiép ta dudc nghiém ctia phuong trinh

—2—+14
Br=0 r=2 r=——_Y "
3
4
2. Dat /8lz — :3y:>3x:y3—2y2+§. Khi d6 ta dugc he

4
3 =12 —2y° + ~y

i

3y = 23 —2$2+§x.

x ez 1 1 1 1
Xét higu hai phuong trinh dan dén = = y (do i(a:—y)2+§(x—2)2§(y—2)2+§ > 0).

3+2v6

Thay vao hé va giai phuong trinh ta duge x = 0,z = 3
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Vi du 5. Giai phuong trinh: v/522 + 142 + 9 — V22 — 2 — 20 = 5v/x + 1.

HD: Dk 2 > 5. V6i diéu kien d6 ta bién doi phuong trinh da cho nhu sau:

Vb2 + 1de +9=Va2 —x—20+5V/2 + 1

502 4 14w+ 9 =12% — 2 — 20+ 25(x 4+ 1) + 10/ (z + 1)(x + 4)(z — 5)
2¢% — 5x 42 =5y/(x + 1)(x — 5)Vr + 4

2z +1)(x —5) +3(z+4) =5/ (z +1)(z — 5)Vz + 4.

Dat /y=(z+1)(x—5), z=+vx+4, y>0, 2> 3. Ta dudc
207 —5yz +32° =04 (y— 2)(2y — 32) =0,

tu d6 ta ducce

54161

Néuy:zthitadU(jcx:T(d0x25).

. 3 7
Neu y = 5% thi ta dugc z =8 vaz = T Vay phuong trinh c¢6 ba nghiém trén.

4r 4+ 9
Vi du 6. Giai phuong trinh: 722 4 72 = %, véi x> 0.
a SR . L[4 +9 s
Nhan xét 2. Dang phuong trinh nay ta thuong dat STE ay + b, sau d6 binh

phuong len roi ta "cd ¥" bién déi vé he déi xing véi hai an =, y. T dé ta sé biét duoc
1,
gia tri ctia a, b. VGi bai toan nay ta tim dugc a = 1, b = 7 (Neua =1vab=0ma

gidi duge thi dé 1a phuong trinh qué don gidn, ta khong xét ¢ day).

dr + 9 1 4z + 9 9 1
HD: Dat 4/ = —d en 4/ \/— — tu do . T
a R y+2 oz > 0 nén % > 28>2’ 6y >0.Ta
1

ducc hé
TP+ Te=y+ =
7y2—|—7y:x+§
x, y > 0.
—6 + v/50

Giai hé binh thuong theo dang ta dugec x = — 11
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Vi du 7. Giai phuong trinh: v/22 — 2 = /2 — 23

Nhan xét 3. Khi giai mot phuong trinh khong phai lic nao ciing ¢6 nghiém thue, cé
nhitng phuong trinh vo nghiém nhung khi cho hoc sinh lam bai ta cling kiém tra dugc
nang lirc ctia hoc sinh khi trinh bay 1oi giai bai toan d6. Chang han nhu bai toan trong

vi du nay.

HD: Dat Va2 —2=+/2 — 23 =y, v6i y > 0. Khi d6 ta duge he

{x2 =y +2
2 =2—y

va tit phuong trinh ban dau ta c6 x < —+/2. Xét hiéu hai phuong trinh ctia hé ta dugc
phuong trinh (z + y)(2? — a2y +y?> — 2 +y) = 0.

V6i ¢ = —y thi # = —v/22 — 2, dan dén vo nghiem.

voia? —axy+y? —r+y=(y—x) (1 —2z)+y>>0véimoiy >0 vazr < —v/2. Do dé he

vo nghiém hay phuong trinh da cho vo nghiém.
2.2.3 Mot sb bai tap tuong tu
Bai toan 1. Giai cac phuong trinh sau:

1. 22 +V2 -2 =22 —x.
HD: Dat y = V2 -2, y > 0 ta duge (y — D)(y* +y — 1)(2y*> —y — 4) = 0.

5-1 V3341
Tedoy =1, y = f2 Ly = T+ va duge nghiem clia phuong trinh 1a
V541 V33 +1
r=1y= 9 71/:—T‘

2. 222 4+ 52— 1 ="TVa3 - 1.
?+z+1 .
HD: Tt phuong trinh suy ra x # 1. Dat — 1 Y binh phuong dan den
x p—
y > /24 2v/3. Phuong trinh tré thanh 2y — 7y + 3 = 0, ta dugc y = 3. Tt d6

r =4+ 6.

Bai toan 2. Giai phuong trinh: (4z — 1)v/22 + 1 = 22% + 22 + 1.
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1
HD: bat va?2+ 1=y, y > 1. Tu do6 ta dugec y = 3 hoac y = 2z — 1. Phuong trinh

¢6 nghiém x = 3

Bai toan 3. Giai cac phuong trinh sau:

1. 32+ vz —2)=2v++Vz +6.
HD:Dat vz —2=y, Ve +6=2, y >0, 2>0. T\?_du’cjcx:?)hoacy—l—z:él.
11 —3v5

Twu d6 phuong trinh c6 2 nghiém x =3, z = 5

2. \/Q—ﬂ(x+11)+\4/2m:1.
HD: Dk 0 < z < v/2 — 1. Dat \/2—\/§(x+11):ﬁy@y:\/\/ﬁ—l—xva
V2 =v2z e 2= Vxvéiy>0, 2>0.

Suy ra

{\‘*/i(y+z):1 (1)
Y+t =v2-1 (2

1 1 2
Tt (1) thay y = — — 2z vao (2) ta dude (22 +1)?2 — (—= + 2)" = 0.
(1) thay y = == (2) (> +1) (% )
4 —3v/2
R
Xét hiéu hai binh phuong suy ra z = 5 . Tt do ta duge nghiém cia
4 — 32
Ly [A3V2
. 44/2
phuong trinh la x = 5 )

Bai toan 4. Giii phuong trinh 22 — 2 — 1000+/1 + 8000z = 1000.

] 2% — x = 2000y
HD: Dat 14 /14 8000z = 2y, ta dugc {y2 — y = 2000z. ()

Tu (*) suy ra (r —y)(x +y +1999) = 0 va do = + y + 1999 > 0 suy ra x = y, ta dugc
nghiém x = 2001.

Bai toan 5. Giai cac phuong trinh sau:

r3+1 2
224+2 5
HD: Daty = Vo +1>0, z = va? -z + 1, ta ducc
5 1
syz =202+ %) & 2 =24 126 L=avi=Z
z z z z 2
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x> —1

40? —5r3=g (vOughiem)

= 2 ta duge v +1=2 x2—w+1<:>{
1

= — ta dudc
2

x> —1
Wr+l=vV2—z+1e 5+ /37
r=——

2

(tho&d méan).

2. 2% — 5x + 2 = 44/2) (a3 — 21x — 20)
HD: Dk | D257 71 Dt V2w —8e —10=yva Vot 4 =2 voiy 20,2 >

0. Khi d6 ta duge (y — 2)(y — 3z) = 0. Tu d6 phuong trinh ¢6 bén nghiem la
94193 17 +£3V73
e AT .

Bai toan 6. Giai cac phuong trinh sau:

1. 22 -4 -3 =z +5.

5) t29
HD: Dat vz + :y—2,tadu’ocx:—1,xz+s+.
9. 2x2+4x—,/x;3,v61w21.
3 -3+ V17 .
HD: Dat TS y + 1, duge x = +T < 1 (loai), néu x > —1 thi
-3+ V17
r=—
4
2 4
3. 27Tx* + 18z = I+§,V(51$>0.
-5+ V37

HD: Tuong tu, ta duge z = 13

2.3 Phuong phap danh gia

2.3.1 Mot sb luu ¥

Khi gidi phuong trinh vo ty (chang han f(z) = g(z)) bang phuong phap danh gia,
thuong 1 dé ta chi ra phuong trinh chi ¢6 mot nghiem (nghiém duy nhat).Ta thudng sit
dung cac bat ding thiic co dién C6 si, Bunhiacopxki, dua vé trai vé tong binh phuong
cac biéu thiic, dong thoi vé phai bing 0. Ta cling ¢6 thé sit dung tinh don diéu clia ham

s6 (c6 thé thay ngay hodc sit dung dao ham xét sy bién thién clia ham s6) dé danh gia
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mot cach hgp 1y.

g(x)
Thuong ta danh gia nhu sau: { flx) >C(£C) & f(x) = g(x) = C, hoac danh gia
C (IhC)

f(x) = g(x) hoac f(z) < g().

Ngoai ra d6i v6i bai cu thé nao do ta sé co cach danh gia khéc.

INTV I

Ciing c6 mot s6 phuong trinh vo ty ¢6 nhidu hon mot an ma ta giai bing phuong phap

danh gia.

2.3.2 Mot sb vi du

Vi du 8. Gidi phuong trinh: /42 — 1+ /422 — 1 =1,

HD: Bai toan nay c6 trong dé thi vio Dai hoc Bach Khoa va DHQG nam 2001. Bai
nay c6 nhiéu cach giai, dap an sit dung dao ham.
Ta c6 thé lam don gian nhu sau: Ta thiy = = % la nghiém ctua phuong trinh.
Néux>%thiVT>1:VP.

) 1
Néux<§thiVT<1:VP.

Do d6 phuong trinh khong c¢6 nghiém trong hai truong hgp nay.

1
Vay phuong trinh ¢6 mot nghiém la z = 3

Vi du 9. Giai phuong trinh: /322 + 6z + 7 + V522 + 10z + 14 = 4 — 22 — 22

HD: Bai nay qué don gidn, danh gia Vit > 5 con Vp < 5, do d6 hai vé cling bang 5.

Ta duge phuong trinh c6 nghiém duy nhat 1a x = —1.

Vi du 10. Giai phuong trinh:

Va2 — 2+ 194+ V722 + 8z + 13 + V1322 + 172 + 7 = 3V3(x + 2).

HD: Bai nay cach giai c6 vé hoi mat tir nhién béi cach "c6 ¥" cho nhu vay. Gido vién

va hoc sinh c6 thé sang tac nhing bai kiéu do.
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Dk z > —2. Véi dieu kien do

VT = \/(x—%) +§+ (2x—1)2+3(x+2)2+\/i(2x—1)2+2(4x+3)2

3
>—+\f\ —|—2|+\/7_\4x+3|

>| 5\/§+\/§(x+2)+§(4x+3)\
>3V3(x+2)=VP

Z 2 1 7z 1
Dau dang thic xay ra khi z = 7 Vay phuong trinh ¢6 nghiém duy nhat lax = 3

28 27
Vi du 11. Giai phuong trinh: 2&1/27552 + 24x + 3= 1+ Dk + 6.

HD: Phuong trinh da cho tuong duong v6i phuong trinh

24/(9x+4>2+4=1+ [3(9z + 4)
3 2 '

4
Dk: x>—— bat 9z + 4 = y, suy ra y > 0. Khi do6 ta dugc:

\/%+4—1+\/ (:)4\/ +4—1+—+\/ (binh phuong hai vé).

o 6
Theo bat déng thitc AM-GM ta duge \/6) < % do d6

y2
WG a2+

& 4y +48 < 3y + 12y + 12
& (y—6)* <0.

2
Tu do6 ta duge y = 6, suy ra x = 9 thoa man dk.
. 2
Vay phuong trinh ¢6 nghiém duy nhat 1a x = 9

— 322

Vi du 12. Giai phuong trinh: ‘ +V2t — 23+ T2 - 32 +3=2.

HD: Phuong trinh da cho tuong duong véi

30 —x+4  (20°—z+41)+ (2°+3)
2 B 2

\/(Qx2 —z+1)(22+3) =



Phitong phap giai mot s6 dang phuong trinh vo ty 117

Phuong trinh xac dinh véi moi  1a s6 thuc. Theo Bat dang thitc AM-GM cho hai s6
duong ta duge V(1) < Vp(1).
Dodé (1) & 222 —x+1=2?>+3 < 22 — 2 — 2 = 0. Tt d6 phuong trinh c¢6 nghiem la

r=—1lvaxz=2.
[ 1 1
Vi du 13. Giéi phuong trinh: v2 — 22+ /2 — = =4 — (v + -)
T T
2
~VI< a s—g
HD: Dk
2
gg v <2

V6i diéu kién d6, phuong trinh da cho tuong duong véi phuong trinh

1 1
V2—22+4/2— S+ (z+ =) =4
T i

Theo Bat ding thiic Bunhiacopxki, ta dugc

(V2—224+12)2=v2—221+21)*<4

—
)

|

HM|,_.
+

SH N
e
I

N

|

&le
—_

+

SR
—_

e
[N

W

V2—22+x=2
Suy ra V(1) <4 =Vp(l). Do dé (1) & 5 1 1 _ ,nghiala dau bang trong
2 x
hé xay ra. Tt d6 phuong trinh c¢6 nghiém duy nhat 1a o = 1.
Vi du 14. Giai phuong trinh: 2v2 +Vr=vz+9.
) vr+1

HD: Dk 2 > 0. Theo Bat déng thitc Bunhiacopxki, ta dugc

VT? = (zﬁ# + mﬂf < (z+ 9)(% + ) =VP2

Vr+1 Vo +1 +1 x+1
1
L s 2v2 vV 1
Phuong trinh c6 nghiém khi dau dang thiic xay ra hay V2 _ Vel Sr=_.
vo+1 NI 7
vor+1
. 1
Vay phuong trinh ¢6 nghiém duy nhat la x = -

Vi du 15. Gii phuong trinh: 13v/22 — 24 + 9v/22 + 2% = 16.
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HD: Dk -1 <z <1.

V6i dieu kién d6 phuong trinh tuong duong véi

| 2| (13V1 — 22 4+ 9V1 + 22) = 16 < 2°(13Va2 — 24 + 9vVa2 + 24)? = 256 (1).

Theo Bét ding thic Bunhiacopxki, ta dugc
(13V1 — 22 + 9V1 + 22)? = (VI3V13V1 — 22 + 3V3V3V1 + 22)?
< (13 +27)(13(1 — 2%) + 3(1 + 2?))
=40(16 — 10z?)
Theo Bat ding thitc AM-GM cho hai s6 duong ta dugc

1022 + (16 — 102
102%(16 — 102%) < (— +(2 Ty _ s,

Do d6 V(1) < 4.64 = 256, ta dugc

v 042 2
1022 = 16 — 1022
2
. T d6 dan dén = = j:?\/_
25
Vay phuong trinh ¢6 hai nghiém la z = j:T\/_.

Vi du 16. Giai phuong trinh: Va2 — 2 = /2 — a3,

Nhan xét 4. Trong phan gidi phuong trinh vo ty bing Phuong phap dit an phu ta da

giai bai toan nay, ta ciing ¢ thé giai n6 bing phuong phap danh gid nhu sau.

HD: Dk 2 — 2% >0 &z < V2.
Gia st x 14 nghiém ctia phuong trinh. Khi d6 22 — 2 > 0 <
z < —/2. Mii 6 hai vé suy ra 2? — 62° 4+ 2 + 1223 — 422 — 4 = 0(x
Cach thit nhat ta bién ddi Vt thanh 2° — 52° + 22(2* — 22 + 1) + 1223 — 322 — 4 12 mot
bidu thitc am khi z < —v/2.
Céach thit hai ta bién d6i Vt thanh 2° — 24(62% — 1) + 1223 — 42? — 4 ciing 1a mot biéu
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thiic am khi = < —v/2.
Ta c6 thé bién doi tiép phuong trinh (*) sau khi chia hai vé cho 2 — 1 # 0, ta dugc
2+ o" +a® — b’ —5rt — 42 + 8 + 4 +4=0
(@ +r+1) =5tz +1) —da(x® — 1) +4(22° + 1) =0

vo nghiem vi Vt luon duong khi 2 < —/2. Vay phuong trinh vo nghiém.

Vi du 17. Giai phuong trinh:

VEe+2)2r—1) =3V +6=4—/(x +6)(22 — 1) + 3vz + 2.

HD: Bién déi phuong trinh thanh (vz + 64+ v +2)(v2z — 1—3) = 0, suy ra x > 5.
Vt 1a ham s6 dong bién tren doan [5; +00). Tt d6 dan dén x = 7 1a nghiem duy nhat

cua phuong trinh da cho.

Vi du 18. Giai phuong trinh: 222 — 11z + 21 — /42 — 4 = 0.

HD: Phuong trinh tuwong duong véi

B 12(x — 3)
b= =) = = oV — a4 4

Ta thiy x = 3 la nghiém ctia phuong trinh.

Néu x # 3 thi phuong trinh tuong duong véi
12
20 — 5 = . 1
V(dr —4)?2 4+ 24 —4+4 @
Néu z > 3 thi V(1) > 1 > Vp(1).

Néu z < 3 thi V(1) <1 < Vp(1).

Vay phuong trinh c6 nghiém duy nhat 1a x = 3.

Vi du 19. Giai phuong trinh: 222 — 1+v22 — 32 4+ 2 = V222 + 22 + 3++v22 — 2 + 6.

Nhan xét 5. V6i bai toan nay ta st dung mot danh gia it gap sau day:

>0, g(x) >0

V@) 4 Vo) = V@ k@) + Vo o) e { 02

véi a, b 1a hai s6 thyc duong.



Phitong phap giai mot s6 dang phuong trinh vo ty 120

HD: Bién do6i phuong trinh

V212 —1+4+Va2 =32 +2=/222 - 1+2@+2)+ V22 —32+2+2(x +2)

o 202 —1>0, 22 —32+2>0
z+2=0

T do6 ta duge phuong trinh ¢6 nghiém la x = —2.

Vi du 20. Giai phuong trinh:

16 n 1
Vo —1996  /z — 2008

=10 — vz — 1996 + /y — 2008

Nhan xét 6. Vi bai toan nay, ta thiy day 1a mot phuong trinh gom hai an. Do dé ta
nghi dén bién déi phuong trinh thanh phuong trinh méi c6 Vt la tong céc binh phuong,
con Vp bang 0.

HD: Bién do6i phuong trinh thanh

(Va—T996 - = —4199_6>2 + (V=208 - ﬁy !

T d6 ta duge phuong trinh ¢6 nghiém la (z;y) = (2012;2009).
3
Vi du 21. Giai phuong trinh: xy/y — 1 +2yv/oz — 1 = 5

HD: bkz>1, y > 1.

Ta co

1 3
Ny —14+2yver —1=—y(z —2vVzr —1 —ix y—2y +2xy

= y(VE T 17— ey 11+ Sy

Khi d6 phuong trinh dé cho tuwong duong véi

r>1,y>1
1
y(\/x—l—1)2+§x(\/y—1—1)220

T d6 ta duge phuong trinh ¢6 nghiém 1a (x;y) = (2;2).
2.3.3 Mot sb bai tap tuong tu

Chii 4j: Chuyén dé con tiép tuc hoan thien.
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2.4 Phuong phap lugng giac

2.4.1 Mot sb luu y

Khi gidi phuong trinh v6 ty bang phuong phap lugng giac ta cé thé dat f(z) = sina
néu f(z) € [—1;1] v6i diéu kien o € [— g; g} hosic f(x) = cos a véi dieu kien a € [0; 7.
Ciing c6 khi dat f(x) = tana, f(z) = cota. dé dua phuong trinh d6 cho vé phuong
trinh lugng giac. Giai phuong trinh lugng gidc roi tit d6 tim nghiém ciia phuong trinh
da cho.

2.4.2 Mot sb vi du

Vi du 22. Giai phuong trinh: 4z — 1 + V422 — 1 = 1.

Nhan xét 7. Bai toan nay (da xét & trén) ciing c6 thé gidi bing phuong phap luong

giac, tuy nhién véi bai nay cach gidi bang luong giac chi mang tinh chat tham khao.

HD: Dat

T
ye[ 2

Vaz — 1 = cosy
{ Va2 —1 = siny
Khi d6 ta duge phuong trinh
cos®y — 2cos*y + 8cos® =7 =0
S(cosy—1)(...) =0

&cosy =1

1
Do vay phuong trinh ¢6 mét nghiém 1a x = 3

1 1
Vi du 23. Giai phuong trinh: — + —— = 2/2.
x

V1— a2 B
HD: Dit 2 = cosy, y € (0:7), y # g Phuong trinh da cho tr6 thanh

1 1
+
COSy  4/siny

= 2v/2 & siny + cosy = V2sin 2y.
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bat siny + cosy = z, —V2 <2< V2 suy ra sin2y = z? — 1, ta dugec z = V2 va
V2

z2=——":
2
» . m ) 2
lez:ﬁthlyzz,dodoxzi.
2 11 1 3 2
Vé6i z = —g thiy = 1—;, do d6 x = — ;—\/\5/_ Vay phuong trinh c¢6 nghiém la x = 3
. 1++3
va xr = — .
2v/2

Vi du 24. Giai phuong trinh: 2° + /(1 — 22)% = 24/2(1 — 22).

HD: Dk -1 <z < 1.
. T
bat x =siny, y € [— 5; 5] suy ra cosy > 0.
Khi d6 phuong trinh tré thanh sin® y + cos® y = v/2siny cosy. Dit siny+cosy = 2, z €
[—v/2; —/2] (chinh xéc 1a z € [~1;4/2]), bién d6i phuong trinh ta dugc

B 4V22—3:-V2=02(:z—-V2)(z+V2-1(z+V24+1)=0
ez=V2Vz=1-V2

B 2
Néuz:\/ﬁthiy:%,dodéng.

Néuz=1—+2thisiny+cosy=1—2z=1—+/2, do dé

c4+VIi-22=1-V2e 2= 1_\/__2\/2\/57_1
Vay phuong trinh c¢6 2 nghiém trén.
2.4.3 Mot sb bai tap tuong tu
Bai toan 7. Giai phuong trinh: 42° — 3z = /1 — 22.

(HD: Dat z = cosy, phuong trinh c6 tap nghiém la

S:{COST( T 37‘(}'

g cos g 08 g
Bai toan 8. Giai phuong trinh: 5+ 3v/1 — 22 = 8(2° + (1 — 2%)3).

Bai toan 9. Giai phuong trinh: z + L 2/2.

V1—a22 -



Phitong phap giai mot s6 dang phuong trinh vo ty 123

Bai toan 10. Giai phuong trinh: (\/§ —2x)V1—2a? = V3z — 222
as . s . ox(l+a2?)
Bai toan 11. Giai phuong trinh: . = 3V1 — 22,
—x

1 2\3
Bai toan 12. Giai phuong trinh: 60 (_ 3_023)—1— 6 V14 a2

Bai toan 13. Giai phuong trinh: 222 + /1 — 2 + 22v1 — 22 = 1

2.5 Mot s6 phuong phap khac

2.5.1 Mot sb luu ¥

Ngoai nhitng phuong phap thuong gap & trén, doi khi ta ciing ¢6 nhiing 16i giai khac
la d6i véi mot s6 phuong trinh vo ty. Ciing c6 thé ta sit dung két hgp cac phuong phép

4 tren dé giai mot phuong trinh.

2.5.2 Mot sb vi du

Vi du 25. Giai phuong trinh: /22 — 3v/22 + 9v/22 — 4421 + 16 = 5.

HD: Néu x <0thi Vt >3+4=7>5=Vp (phuong trinh khong c6 nghi¢m).
Néu z > 0 thi ta xét tam giac vuong ABC véi A = 90°, AB = 4; AC = 3.
Goi AD la phan giac cia goc A, lay M thuoc tia AD. Dat AM = z, xét AACM c6
22— 3v22 4+ 9 v xét AABM ¢6 BM? = 22 — 4/2x + 16.
Tt d6 suy ra Vt = CM + BM > BC = 5. Dau déng thiic x4y ra khi M = D, hay

CM 3
—— =~ & 16CM* = 9BM?
Bl 4<:> 6C' 9
) ) 12¢/2
& 16(2% — 3V2z 4+ 9) = 9(2? — 4v2z + 16) @73:—12\/5:5:0@:5:7.

Vay phuong trinh ¢6 nghiém la x =

124/2
-

Vi du 26. Giai phuong trinh:

Vad—22 4+ iz +14+ /22492 —2y—3=5—y+ vVa* — 16.
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Nhan xét 8. Bai toan nay khong kho, chi kiém tra tinh can than ctia hoc sinh ma thoi
vi sau khi dit diéu kién da tim duge gia tri clia . Tuy nhién néu hoc sinh hoc hoi hgt

sé ngoi nhin ma khong lam duge bai.

HD: Dt diéu kién cho phuong trinh xac dinh ta sé duge | © = 2 |. Khi d6 phuong

3
trinh tr6 thanh | y — 1 |= 2 —y, suy ra y = 7 Vay phuong trinh ¢6 mot nghiém 1a

3

(z3y) = (2 5)-

Vi du 27. Giai phuong trinh: V72 +1 - vVa?2 -2 — 8+ Va2 —8x + 1= 2.

HD: Daty = V7o +1; —z2=+va2—x2—8; t = V22 —8x + 1, suy ra

y+z+t=2 1
v+ =8 (1)

Mat khac (y + z +t)% = 8(2).
Tu (1) va (2) ta dugc

y+z=0
(y+z+t) =P+ 22 +8%) =3@+y)ly+2)(z+t)=0& | 2+t=0
t+y=20

y=—2(3)

& | 2= —1(4)

t =—y(5)

Xét (3) ta dugc x = -1V =9, xét (4) duge x = 1 va (5) dugc © = 0V x = 1. Vay tap
nghiém ctia phuong trinh 1a S = {-1; 0; 1; 9}.

Vi du 28. Giai phuong trinh: Va2 — 4z + 20 + /22 + 42 + 29 = /97.

HD: Trong mit phing toa do xét hai véc to a = (z —2;4), b = (—z — 2;5). Khi d6
ta duge a + b = (—4;5), suy ra | @ + b |= /97 va ta ciing ¢6 | a |= Va2 — 4z + 20, |
b |= V2% + 4z + 20. Phuong trinh tré thanh | @ + b |=| @ | + | b |, déng thic do6

x—2_—x—2

4 o

x&y ra khi @ v b cing chiéu < . Tu d6 ta duge phuong trinh ¢6 mot

2
nghiém la r = —.

9
Vi du 29. Gidi phuong trinh: v/ 1 + v2z — 224v/1 — 2z — 2% = 2(x—1)*(22% —42+1)
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. = _ 2 _ _ 2 - -
HD: Dat y = v2z — 22y/1 — (z — 1)2, suy ra (r— 12 =1—12

Ta duge vI+y++T—y=2(1-y*)*(1-2y%) (1)

Mit khiac VT Fy+vI—y>14+/1-92>2—-¢> (2).

Tu (1) va (2), suy ra 2(1 — y?)*(1 — 2y%) > 2 — ¢y Dat z = 9%, ta dugc 0 < 2 < 1 va
201 —2)2(1-22)>2 -2 2(422 - 1024+ 7) <0 & 2 < 0(do 42° — 102 + 7 > 0).

Do d6 z=0,suyray =0 hay 2z — 22 =0 < o = 0 V2 = 2. Vay phuong trinh c6

nghiém la x =0 va x = 2.

3 Mot s6 bai toan thi lap d6i tuyén hoc sinh gidi
tinh Bac Giang

Chon doi tuyén ciia tinh Bic Giang thi hoc sinh gidéi qubc gia cling ¢6 nhitng bai

toan gidi phuong trinh vo ty. Sau day 1a mot sd bai.

4 Mot so bai toan thi hoc sinh gioi cia mot s6 quoc
gia

Thute té bai toan giai phuong trinh vo ty trong ky thi hoc sinh giéi quc gia 1a khong
kho6. Tuy nhien dé lam dudc viec 16n thi trude hét phai lam tét viec nhd, do dé hoc sinh
muon doat gidi tir khuyén khich trd len phéi lam t6t bai toan nay. Du biét vay nhung

khong phai hoc sinh xuét sic nao ciing vugt qua duge.

Bai toan 14 (Lap doi tuyén HSG qudc gia tinh Bic Giang nam hoc 2004 - 2005). Giai

phuong trinh: z/z — 2 — 11v/—22 + 40 — 4 + 14 = 52 + 13/x — 2.

Bai toan 15 (Kiém tra doi tuyen HSG quoc gia tinh Bac Giang nam hoc 2004 - 2005).
Giai phuong trinh: Va2 +2 — V223 —3v+ 1 =223 — 22 — 32 — 1.

Bai toan 16 (Lap tién doi tuyén HSG qudc gia tinh Bac Giang nam hoc 2006 - 2007).
Giai phuong trinh: v/ + 8 + vz + 4 = /22 + 3 + /3.

Bai toan 17 (Dy tuyén toan QG gtii Bo GD-DT ciia Bic Giang nam hoc 2006 - 2007).

Giai phuong trinh: 22 — 22 + 3 = V222 — 2 + /1 + 32 — 322
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Bai toan 18 (Kiém tra doi tuyen HSG quoc gia tinh Bac Giang nam hoc 2007 - 2008).

. /2007 — 2008z 22 + 2009
Giai phuong trinh: . = 22007

Bai toan 19 (Gido su day doi tuyén toan tinh Bic Giang nam hoc 2004 - 2005). Giai

phuong trinh:

1. 2vV1+2+V3 —2=2V1— 22

[\

ANT A+ Vr+ 7=z + 80.

3. YT4+1=202c—1)>

1 5
4. 8:E2+\/j:—.
T 2

3
5. %:g‘f—Q[E
6. 2+ 2x + 4 = 323 + 4.

5 Mot so6 bai toan thi hoc sinh gioi cila mo6t s6 quoc
gia

Thuic té bai toan giai phuong trinh vo ty trong ky thi hoc sinh gidi quoc gia 1a khong
kho6. Tuy nhien dé lam dudc viec 16n thi trude hét phai lam t6t viec nhd, do dé hoc sinh
muon doat gidi tit khuyén khich tré léen phéi lam t6t bai toan nay. Du biét vay nhung

khong phai hoc sinh xuat sic nao cling vuot qua duge.

Bai toan 20 (1995 - Bang A.VMO). Giai phuong trinh: 2% — 322 —8x+40—8v/4x + 4 =
0.

HD: Dk = > —1.
Khi d6 xét f(z) = 2® — 322 — 8z + 40 va g(x) = 4v/4z + 4 trén doan [—1; 400).
Ta duge f(x) = g(x), ap dung Bat dang thitc AM-GM cho bén s6 khong am, ta duge

glr) = /242424 (4o +4) < (2" + 2" +2' + (4o +4) =z +13 (1)

o |
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Diang thitc xay ra khi va chi khi 2* =42 +4 < 2 = 3.
Mat khac
23 =322 —82+40> 1+ 13 (2 —3)(2* —9) >0
s (z-3)2%x+3)>0

Diang thitc xay ra khi va chi khi z = 3.
T (1) va (2), ta duge g(x) < x4 13 < f(z). Ca hai déng thitc déu xay ra khi z = 3,
thoa man dieu kiéen.

Vay phuong trinh c¢6 nghiém duy nhat 1a z = 3.

Nhan xét 9. Ta c6 thé sit dung dao ham dé xét sy bién thién ctia cac ham s6 f(x) va
g(x) trén doan [—1; +00), ta dugc Ef}i%o)ﬂ@ = f(3) =13 va [71{133)(0)9(1:) =¢g(3) = 13.

Hodc ta c6 thé dit 4z +4 =y, v6i y > 0 sau d6 diing dao ham dé khéo sat sy bién
thien ctia ham s6 f(y) = y'2 — 24y® + 16y* — 512y + 2816 (f'(y) = 2(y — 2)h(y) v6i
h(y) >0 ).

Bai toan 21 (1995 - Bang B.VMO). Giai phuong trinh: 222 — 112 +21 —3+/4x — 4 = 0.

HD: bat 4z —4 =y.
Yy’ +4 y® + 8y + 16
Khi d6 z = va suy ra a2 = — 15 T dé ta c6 phuong trinh

%(y6+8y3+16) — %(y?’—l—él) —3y—21=0
Sy —149° — 24y +96=0 (1)
Sy — 22y + 4> + 122 + 18y +14) = 0. (2)
Do y < 0 thi Vt(1) duong, do dé ta xét y > 0, khi d6 y* + 4y + 12y% + 18y + 14 > 0.
Nén tir (2) ta thiy y = 2 hay /4r — 4 = 2, ta dugc z = 3. Tht lai ding.
Vay phuong trinh c¢6 nghiém duy nhat 1a z = 3.

Bai toan 22 (2002 - Bang A.VMO). Gii phuong trinh: /4 — 3v/10 — 3z = z — 2.

HD: Céch 1 (Dap an)
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74 10 N
Dk o7 <z < 3 V6i dieu kién d6 phuong trinh da cho tuong duong véi phuong trinh

4310 -3z =2° —4x +4 < 9(10 — 32) = 2%(4 — 2)*
&t — 8% 4+ 162° + 272 — 29 = 0
& (r—=3)(z+2)(z* - Tz +15) =0
& x =3 (do diéu kien v& 2* — 72z + 15 > 0.
Vay phuong trinh c6 nghiém duy nhéat 1a = 3. Cach 2: Dat /10 — 3z = v, suy ra

4 42
0<y<z()vaz= sp—2=2-_1Y

> 0 v6i moi y théa man (1). Khi do ta
duoc

4 — 9 48y +16
43y = 3y @4_3y:%

syt =82+ 27y —20=0

Sy—-y+4 @y —3y+5) =0
Sy = 1.

Hay ta dugc /10 —3x =1 & o = 3.
Vay phuong trinh c¢6 nghiém duy nhat 1a z = 3.

1 1
Bai toan 23 (1998 - CMO). Giai phuong trinh: z = \/:E - =+ \/1 - -
T T

Nhan xét 10. Day la bai toan thi hoc sinh giéi ctia Canada, c6 thé néi la don gian,

nhe nhang véi hoc sinh tinh ¥ nhung ciing day cam bay véi moi hoc sinh.

That vay, tit diéu kién xac dinh clia phuong trinh ta phai dan dén duge z > 1. Véi

diéu kién d6, phuong trinh tuong duong véi

oy r el = ()
s@2-1)—2v/z(@2 1) +2=0
(Wt —1-v2)’=0
1+

Va2 —1—/x=0. Tt d6 suy ra z = 5

Cing c6 thé tir (22 — 1) — 24/z(22 — 1) + 2 = 0, chuyén /z(22? — 1) sang vé phai 16i
1

. 1 )
binh phuong hai veé, sau dé dat x — 5 =Y ta dugc phuong trinh trung phuong an y > 2

B
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5 1 5
giai phuong trinh nay tim duge y = \/7— T doé suy ra x = 5 nhung cach nay hoi
dai.
. 1 5
Vay phuong trinh ¢6 nghiém duy nhat la x = +2\/_.

Chii g Chuyén dé con tiép tuc hoan thien.

6 Mot s6 bai tap ap dung

Sau day 1a mot s6 bai tap ap dung triyc tiép ma ching ta c6 thé sit dung cac phuong

phép 6 trén.

Bai toan 24. Giai cac phuong trinh sau:

. Vel +z—1+Vr—a22+1=2>—2+2;

2. V1t VI— 22 = a(1+ 1VI—22);

1—x_2x+x2'
r 14227

4. Jr —24+V4—x =22 52— 1;

5. V3x2 — x + 2001 — v/322 — Tx + 2002 — /62 — 2003 = v/2002.

Bai toan 25. Giai cac phuong trinh sau:

1. 22 =22 +3 =222 — 2+ V1 + 3z — 322,

42 60
2. = 0;
\/5—x+\/7—x ’

3. (. =20V —1—+V22+2=0;

4. 3rx+1+ /5 —a+2x—9 — /4xr — 3 =0;
5. 4% — 42 — 10 = /822 — 62 — 10.

Bai toan 26. Giai cac phuong trinh sau:

1. = (2004 + z)(1 — /1 — 2);
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2. \/\/g—x:x\/ﬁ—i-x;
3. \/x—\/x—m:&
4. 162* +5 = 6v/423 + x;
5. 2% — 322 +2¢/(v +2)3 — 62 = 0.

Bai toan 27. Giai cac phuong trinh sau:

1. Vbx — 1+ 9 —2 =222+ 3z — 1;

28 27
2</27x2+24m—|—?:1+ ?x+6;

3. 13vVz —1+9vVx +1 = 16z;

4. Jr+86—Vr—5=1;
5 Va2 =21 — (v —4)vVz — 7 — 3z +28 = 0.
Bai toan 28. Giai cac phuong trinh sau:

2+ +/x 2 — /& _ /3
P iiveive Vievevi VP

2. 202 + 4+ 42—z =922 + 16;

3. 222 — bx 4+ 2 = 44/2(x3 — 21z — 20);

4, 23— 3x = Vo +2;

1 — 2
5. 2t +22% + 227 — 20+ 1 = (2° 4+ )4/ °
T

Bai toan 29. Giai cac phuong trinh sau:

1. V6 + vV +6

—+\/x———x+\/2x——

3. V202 +4r+T=a +423 + 322 — 22— T;
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4. V1—-a24+ Va4 —1+V1—z=1;
9 2
5. vVI—a2 = <§—\/§>
Bai toan 30. Giai phuong trinh
1. 3(vV222 +1—1) =2(1 4 3z + 8V222 + 1);
2. 2(z% +2) =5V’ + 1;

3. 6425 — 1122* + 5622 — 7 =2+ V1 — 22;

4L VI+HVI=2(/(1+2) = /(1 -2 =2+ VI—a%
5 3 —37321 1 — 23
5. V1I+V1I—22(/(1+2)3 —/(1—2) \/§+ .

Bai toan 31. Giai cac phuong trinh sau:

1. 22— 66z +4—4=0;
2. 2(z* — 3z +2) = 3V + 8;

3. Vo+1—Vr—1=+va22-1,

4. Va2 +15=3yx + Va2 +8—2;

5. VT + V(1 =22+ Y1 -2 =1 -2+ Vad + /22(1 — z).

Bai toan 32. Giai cac phuong trinh sau:

1. 22 +1=33x —1;

2. x+ 3: —ﬁ'
‘ 21 12

3. 222 — 11z + 21 — 3V4x — 4 = 0;

4. gt + 423 4+ 622 + 4o + Va2 + 22 + 10 = 2;

Bai toan 33. Giai cac phuong trinh sau:

131
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3x _
V1422
2. (x =1V —1+45Vr—1+4x—4=0;

1. =+

3. 102* — 142% + 19 = (522 — 38)Va? — 2;

4. (z+1)Va2 =2z +3 =22+ 1;

1
5. §—$\/1—x2:1—2x2.

Bai toan 34. Giai phuong trinh

1+ 3y/x _i—o
dr+24+x -

2. 22 =3z —/x+2=0;
3. 823 —4dx — J/6r+1—1=0;
4. 2+ (3 —Vart2)z —2va?2 +2—-1=0;

1.

5. 3x+ Va2 +5—+vVax2+12—-5=0.
Bai toan 35. Giai cac phuong trinh sau:

1. V2(2? +8) = 5V/a3 £ 8;

2. 4x — 2% = 3\/4—3\/m;

3. (z+3)/(4—2)(12 + 1) = 28 — x;

4.2/ +1+6vV9 — a2 +6+/(x + 1)(9 — 22) = 38 + 102 — 222 — 23,

Bai toan 36. Giai phuong trinh

1. \/—daty? + 1622y + 9 — \/22y? — 2y% = 2(3:2 +

1 1 1 1
2.2 x2—1+ x2—1+ +\/x2—4—1+,/x2+x+é—l:2x3+3x2+3x+1.

Trong dé biéu thitc vé trai c6 tat ca 2008 dau cian thiic bac hai.
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