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BAI TAP PHUONG TRINH VI PHAN

1) Giai phuong trinh: 2zy'y” = y? — 1

HD gidi: Daty =p: 2app =p* -1

) . 2pd d
Vi x(p* —1) #0 ta co: pr—pl :%@pQ—lzﬁ Sp=4yCixz+1
d 2 :
p:—y:\/01+1:>y:—(6’1x+1)%+02
dx 301

2) Giai phuong trinh: \/y.y” =y

HD gidi: Daty =p =1y’ = pZ—p (ham theo y). Phwong trinh tro thanh: \/ﬂpg—p =p
y Yy

. X d d
Voip # 0 ta duoc phwong trinh: dp = 7y_ =p=2/y+C & d—y =2/y+C =
Yy xr
dy

- 2\/y + Cy
Tt dé nghiém tong quat: x = N % In|2,/y + C1| + Cy

Ngodi ra y = c¢: hang cung la nghiém.

dx

3) Giai phuong trinh:  a(zy + 2y) = zyy’

HD giai: a(xy’ + 2y) =ayy = :L’(CL — y)y’ = —2ay
a/ _

A 7 A z - 2
Néw y #0, ta co phuong trinh tuong duong voi ydy = iy s r?yte ¥ = C
x

Ngoai ra y = 0 cung la nghiém.

4) Giai phuong trinh: 7 = ¢/ev

y d . . d
HD gidi: Daty' =p= 1y’ = pd—p thay vao phwong trinh: pd—p = pe¥
Y

.. ~dp B dy dy
VO'Zp#O.d—y—ey@p—€y+01$%—ey+ol<:>ey+cl = dzx
.. , dy 1 . eV+Cp—eY 1 evdy Y
1 e . fey—i—cl 4 eV +1 Y C1(y f€y+cl) Cy
aln(ey+01)
da —e7Y néu C; =0
hw vay: =<1 .
e f€y+C'1 —(y —Inl|e¥ + C4]) neu C; #0.

Gy
Ngodi ra y = C : hdng la mét nghiém

5) Giai phuong trinh: 2y = y(1 +Iny —Inx) vdi y(l) =e
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HD gidi: Dua phuong trinh vé: v = g(1 +In Q) dat y = zx duoc: 2/ =zIlnz

d d
e zlnz#0= F Y =02 hayln—-C’a:@y-xeC

zlnz x x
y(l)=e - C=1. Vayy = xe”
6) Giai phuong trinh: (1 +y) =92 + v/

d d d
HD giai: Dit y = 2(y) = 2’ = zd—z thay vao phuong trinh: Zfl - y%
dy
= 1=C 1)=z=C Ci — - =d
z+ 1(y+1)=2z=Ciy+C C'ly+c1—1 T (%)

e (C1=0= (%) choy=C—=x

o Oy #0= (x) cho Oilln|01y—|—(71—1| =+ Oy

Ngoai ra y = C la nghiém.

Tom lai nghiém tong quat: y:C,y:C—x;Cilanly—i—Cl —1=z+Cs

2
7) Giai phuong trinh: o/ =¢* — =
Xz

HD gidi: Bién déi (3) vé dang: %y = (zy)> — 2 (%)
Dat z =xy = 2/ =y + xy thay vao (x) suy ra:

d d -1
P ) DN S N =Cu
224+2z-2 2+
—1
Vay TPT = O3,
ay Q: = xy+2 x
8) Giai phuong trinh: yy” + 9% =1
‘ae ¥ dz
HD gidi: Daty = z2(y) =y’ = 2z.—
dy
- A . \ L d C
Bién doi phuong trinh vé: t =Yoo
1 -2z y y?

dy

Ci
M1+§5

Nghiém tong quat: y*> + Cy = (z + Cy)?

d Ch
=Yg 1+y s+

e =dr=y*+C) = (x+ Cy)?

9) Giai phuong trinh: 2z(1+2)y — Bz +4)y + 221 +2 =0

3r+4 1
x40, z# 1
Qx(x—i—l)y Vr+1 v#0, 27

Nghiém tong quat cia phuong trinh thudn nhdt:
3x + 4 1 Ca?

I =T et =1 sy v = o

HD gidi: ¢/ —
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-~ <A v ~ ]_
Bién thién hang so: C' = ——

1
> =>C0=——+e¢
T T

2
A A . 1
Viy nghiém tong quat: y = \/%(E +¢)
Xz

10) Giai phuong trinh: y” = e thod {y(O) :_0

v d \ 2 \ d 2 2y
HD gidi: Dat 2=y — ¢y’ = zd—z phuwong trinh tro thanh zd—z =e¥ & % % +e
Y Y

1 R N
y(0)=y(0)=0=¢c= —5 Viy 22 =% — 1. Tw do:

d d 5. 1w
z:d—i:\/e%—lé/\/%:x—ka doi bién t = Ve?y — 1

arctgve®¥ —1 =z +¢

A A A L g A 3 s 1
y(0) =0=¢e=0. Vay nghiém riéng thoa diéu kién dé bai: y = 5 In(tg?z + 1).

11) Tim nghiém riéng cua phuong trinh:  zy' + 2y = xyy’
thoa man diéu kién dau y(—1) = 1.

HD giai: Vi€t phwong trinh la: (1 —y)y'

phuong trinh tach bién: ydy P
Y x

= —2y; doy(—1)=1nény#0. Dua vé

A A ’ M A \ ]- A , A
tich phan tong quat: x*ye™¥ = C. Thay diéu kién vao ta duoc C = ~. Vay tich phan
rieng can tim la: x?ye'™v = 1.

12) Bang cach dit y = ux, hay giai phuong trinh: zdy — ydz — /22 — y2dz = 0. (z > 0)

HD gidi: Ddtl y = ur;du = udr + xdu thay vao phwong trinh va gidn wdc x: xdu —
V1 —ulder = 0. Ro rang u — %1 la nghiém. khi v # +1 dua phuwong trinh vé tach bién:
du dx

it TPTQ: arcsinu —Inz = C (doz>0).

Viy NTQ cua phuwong trinh: y = £x; arcsin Y — s+,
T

13) Tim nghiém riéng cba phuong trinh: zy’ = /22 — 32 +y
thod man diéu kién dau y(1) = 0.

HD giai:

2
vy =12 —yity = Y = 1—y_2+%
ddtu:g hay y = ux suy ra y' = zu' +u
s

d d
phuwong trinh thanh: xu' =1 —u? < u ‘

Si—@ @
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< arcsinu =InCux
thod man diéu kién diu y(1) =0 khi C = 1. Vdy nghiém y = +u.

14) Tim nghiém riéng cua phuong trinh: 3/sinz = ylny
y ~ S ‘A N ™
thoa man diéu kién dau y(§) =e.

HD giai:
.. dy dx
ysinx =ylny <= = =
ylny sinx

X
C'tan —

— lny:C’tang — y=e

Xz
tan —

thod man didu kién diu y(g) —ekhiC=1. Vigyy=e 2.

15) Tim nghiém riéng cua phuong trinh: (z +y + 1)dx + (22 +2y — 1)dy = 0
thoa man diéu kién dau y(0) = 1.

HD gidi: Dalz+y=2 — dy=dz—dx

phwong trinh thanh: (2 — 2)dz + (22 — 1)dz = 0; gidi ra v — 2z —3In|z — 2| = C. Vay
r+2y+3hnjz+y—2/=C

thod man diéu kién dau y(0) =1 khi C = 2.

N 1 . Lo ~ .
16) Bang cach dat y = 2 roi dat z = ux,hay giai
phuong trinh:  (2%y? — 1)dy + 2xy*dx = 0

1 w. o3y
HD gidi: Ddt y = — duoc: (2% — 2?)dz + 2zxdr = 0; roi dat z = ux, duoc
z
(u? — 1) (udz + xdu) + 2udr = 0

dr u?—1
= —+
x U+ u

du =0

241 241

Jul u

<= Injz|+1In

1 A
thay u = — duogc nghiém 1+ 2?y?> = Cy.
Ty

17) Tim nghiém téng quat cla phuong trinh sau: ¢ —zy = o + 2

HD gidi:
Day la phuwong trinh tuyén tinh cdp 1 va c6 nghiém tong quat la

22

2
y:CeT.%—i—l
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18) Tim nghiém téng quat cla cac phuong trinh sau: ¢ —y = 2.

HD gidi: Ddy la phwong trinh tich bién va cé nghiém tong quat la

Y
y+1

In | |=2+C.

19) Tim nghiém cua cac phuong trinh sau: o' + e
T

HD gidi:
A \ \ A s, ~ \ z - A Y 7 \ C .
Day la phwong trinh tuyén tinh cap 1 va co nghiém tong quat la y = — + e* — e,
xr s

20) Tim nghiém cua cic phuong trinh sau: 3/ —y = 9.

HD gidi: Ddy la phwong trinh tich bién va cé nghiém tong quat la

C + x =Inly| — arctgy.

21) Giai phuong trinh: ¢/ = % +sin%, voi y(l) =

b |

HD gidi: vy = 22 = ' = 2’x + 2z, phuong trinh tré thanh:

d d
Y1 = sing & —— :—x<:>1n\tgz|:ln|x|+ln0<:>tg
sin 2 T 2

z

2

=Cx

Vay nghiém téng qudt: 1692i =Crx; y(l)= g =C=1.
x
Vay: tgi =uz.
2x

22) Giai phuong trinh:  (z — ycos g)dm + x cos gdy =0
x T

HD giai: Dat Y_ o Y = 2'xv + 2 phuong trinh duoc dua vé dang:
T
, dz )
zcoszz +1=0« [ coszdz=——+C <sinz=—Inlz|+C
x

Viy TPTQ: sin? = —In|z| + C
xr

23) Giai phuong trinh: (v — 1)2%y? +9/(2* —y*) =0

HD gidi: La phuong trinh dang cdp nhung gidi kha phic tap.
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2 2
Xem phuwong trinh bdic hai d6i véiy': A= (2t +9y*)? =y, = y—Q; yh = _;17_2'
T Yy
T d6 c6 hai ho nghiém téng quit: y = ’ s 4y = O
24) Giai phuong trinh: o2 + 2%y = zyy/’
v
HD gidi: Viét phuong trinh lai v = —=

o day la phuwong trinh thuan nhat, gias
ra duoc nghiém tong quat: y* = Cret

25) Tim nghiém riéng cua phuong trinh: (z +y — 2)dz + (z —y + 4)dy = 0
thoa man diéu kién dau y(1) =0.

—u—1
HD gidi: Dl {”” “

thay vao phuwong trinh duoc:
y =v+3. ’

(u+v)du+ (u—v)dv =0, ddy la phawong trink thudn nhdt cé tich phan téng quat la:
u? 4 2uv —v? =C

Vay tich phdn téng quat cia phwong trinh ban dau la: 22 + 2zy — y® — 4z + 8y = C

26) Giai phuong trinh (z +y —2)dz + (z —y +4)dy = 0.

v = X - 1 \ \
HD gidi: Dat . , phuong trinh thanh:
y =Y +3

(X+Y)dX+(X-Y)dY =0

W dX 1—u

7 Y: X i ) 5 _— — .
dat uX dua phuwong trinh ve e + 1+2u_u2du 0

Gidi ra X*(1 +2u —u?) = C hay 2* + 2zy —y* — 4o + 8y = C.

’ , N 2
27) Tim tich phan tong quat cua phuong trinh sau: b) ¥/ Y

HD gidi: Ddy la phwong trinh dang cdp, ta dit = = Y. Khi dé phuong trinh trén
z

- 1 2 1 2 d " , .
tro thanh xz' = M Hay (- — - )dz = & Suy ra nghiém ciua phuong trinh
1—22 z 1+ 22 x

2
ek Czx, C#0. )
Viy nghiém cia phwong trinh da cho la 2 +4? = Cyy, C) # 0.

nay la N

i N , ., N 20 +y—1
28) Tim nghiém tong quat cua cac phuong trinh sau: ¢ = ——.
) ghie gq p g Y Iz +2y+5

HD giai: Ddt u =2z +y phuwong trinh dwa vé dang
du  Hu+9

dr  2u+5
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Giai phuwong trinh nay ta duoc nghiem 10u + 7ln [5u + 9| = 25z + C.
Viy nghiém cua phwong trinh da cho la 10y + 7ln |10z + 5y = 9] — 5z = C.

29) Tim tich phan tong quat clia cac phuong trinh sau:
(x—y+4)dy+ (y+a—2)de=0

HD gidi: Ddy la phuong trinh dwa vé dang ding cdp duoc bang cich ddt x =
dv u-+v
u+1l, y=v-3, ta duoc — =
’ U —u+v

trinh ld v* — 2uv —v? = C

Vay nghiém cia phwong trinh da cho la y* — 22 — 2xy — 8y + 4x = C.

. Giai phuwong trinh ta ¢é nghiém cua phuwong

30) a) Tim mién ma trong d6 nghiém cua bai toan Cauchy cua phuong trinh
sau day ton tai va duy nhdt ¢ = /z — .
b) Tim tich phan tong quat clia cac phuong trinh sau: (22 — 3?)dy — 2zydz = 0.

HD giai:
a) Bai toan Cauchy c6 duy nhdt nghiém trong mién
D={(z,y) ER¥)z —y >0} vdid >0 tuy 7.

LY
22— y?

b) Dwa phuwong trinh vé dang % = Day la phwong trinh dang cdp, ta dat
T

2 =Y. Khi @6 phuong trinh trén tré thanh
X

2
e = AL+
1—22
1 2z dx
Hay (- — dz = —.
“ (z 1—|—22) T ;
Suy ra nghiém cia phwong trinh nay la i Cx, C #0.
Z

Vay nghiém cia phwong trinh da cho la 2> + y* = Ciy, C, # 0.

31) a) Chirng minh rang hé cac vecto {e>*, z¢?*, 2%} 13 hé doc |ap tuyén tinh.
b) Tim tich phan tong quat cla phuong trinh sau: (z — y)dy — (z + y)dz = 0;

HD gii: )
a) Dung dinh nghia ki€m tra hé déc lap tuyén tinh .

b) Dua phuong trinh vé dang v = —$+y. Day la phuong trinh ddng cdp, ta dat
r—y
=2 Khi a6 phiwong trinh trén tro thanh
x

, 142
vy =

1—2"
Gidi phwong trinh nay ta duoc

Vaz+y?= Ceetes

32) a) Chitng minh rdng hé cac vecto {cos? 2z,sin?2z,2} |2 h& phu thudc tuy&n tinh.
Tinh dinh thic Wronski cua ching.
b) Tim tich phan tong quat clia phuong trinh sau: (z — 2y + 1)dy — (z + y)dz = 0.
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HD giai:
a) Hé nay phu thudc tuyén tinh vi 2cos® 2z + 2sin® 2x — 2 = 0.
b) Phuong trinh nay cé thé dwa vé dang ding cdp, ta dugc

Tty
y_a:—Qy—l—l'
’ 1 1, \ L
Dqtu:x—g,v:y—f—g, khi do phuong trinh trén tro thanh
PR e
Ry

Giai phuwong trinh nay ta duvoc Vu? + 202 = Cevaets(Vay)
BI;I)

Hay \/(31' - 1>2 -+ 2(3y -+ 1)2 = Cleﬁamtg(ﬁ3y+l X

33) Giai phuong trinh: o2 + 2%y = 2yy/

HD gidi: Phwong trinh thudan nhdt: daty=z2x —y =2z + 2
P —1 d
Phuong trinh tro thanh = o In|z| =In|z|+C
s

Y mY =z +C
xXr s

z

34) Giai phuong trinh 4? + 2%/ = zyy'.

B

HD gidi: Viét phuong trinh la 1y =

day la phwong trinh thudn nhdt, gidi

SHINS

—1
ra duoc nghiém tong quit: y* = Cze:

35) Giai phuong trinh: " cosy + (v/)%siny = ¢/

HD gidi: y = C : hang la mét nghiém.
) d
y# C (hang). Ddty =p =y’ :pd—p (ham theo y)
Y
d o
thay vao (2): d—p cosy + psiny = 1: phwong trinh tuyén tinh.
Y

Pharong trinh thuan nhdt c6 nghiém téng quat: p = C cosy.
bién thién hang sé duoc C = tgy + C;.

Ny dy . dy
waor dx sy + G cosy siny + C cosy v
g+ 14—~ 2
g_ R —
/ A . A 1 2 2
tich phan di dén: In ¢i G ‘ =24 C,
il vy e Ly L
2 oz
36) Giai phuong trinh: o/ + =0

2x — y?

. \ \ b ’ 1 \ \
HD gidi: Coi x = x(y) la ham cua y ta co: y' = o thay vao phuwong trinh:
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1 1 . £ .
— =0« 2 +2x =y?: phuong trinh tuyén tinh.
x o 2x—y?

Nghiém téng quit cia phuong trinh thuin nhit: © = Ce %

e A v ” 1 1 1
Bién thién hang sé: C'(y) = y?e® = C(y) = §y262y — 53/629 + 162?’ +C
1 1

A - A 7 7 \ 1
Vay nghiém tong quat cia phwong trinh: © = Ce 2 + §y2 5yt

37) Giai phuong trinh: 2y” =/ + 22

HD gidi: Ddt y' =p, (1) tro thanh: xp' — p = 2% tuyén tinh
Nghiém téng quat cia phwong trinh thudn nhdt: p = Cx
Bién thién hang s6 — C(z) =z + Cy

3 22

d x
Suy ra: d—i:x(x—FCl) —>y:§—|—01.5—|—02

38) Giai phuong trinh: 2 +yy” = yy/

> \ ;. d
HD gidi: Dat p=y'(p #0), phuong trinh twong dvong vdi: p* + ypd—p =yp
Y

d w d o,

S p+ yd—p =y, véet y # 0 dua phuong trinh ve: d_p +Po (tuyén tinh)
Y y oy

2 \ W ~ O A A % A

NTQ cua phwong trinh thuan nhat: p = —, bién thién hang so
Y

2
:0@:%+q
2 2
y +2Cl;$@:y +201:> 2ydy N
2y dx 2y y? + 20,
= y? = Aje” + A,.
Chii §: VE trai (yy') = yy' & yy' = C1e® & ydy = Cie*dr < y? = 2C1e* + Oy

Nhw vay: p =

39) Giai phuong trinh:  ye¥ = /(v + 2z¢e¥) vdi y(0) = —1

| . , v 2
HD gidi: y, = — bicn doi phuong trinh vé: @ — Zx = y2e ™V
Yy Y

Nghiém téng quat: x = y*(C —e)
y(0)=—-1=C=ce.
Viy z =y*(e —e™)

40) Giai phuong trinh: oy’ =y +

v \ 2 \ ]-
HD gidi: Dat v = p; phuong trinh tro thanh: p' — —p =1
x
Nghiém téng quat: p= Cz bién thién hdng s6: C =In|z| + C,
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d
ip:d_i:(1n‘x|+Cl)x:>y:/(ln|:c‘—|—01)xdx+02

2 2
:Clx2+%ln|x|—%+02

41) Giai phuong trinh: ¢/ + 2y = 2°

22

HD giai: Nghién téng quit cia phuong trinh thudn nhdty = Ce™ 2
Ny ~ (L'2

bién thién hang sé: C(z) = (2*> —2)e™ 7 +¢

Vay nghiém tong quat: y = ee” 7 + 2% — 2.

42) Giai phuong trinh: (2% — y)dx + 2dy = 0

HD gidi: Phuong trinh viét lai: vy’ —y = —22, phuwong trinh thuan nhdt: vy’ —y =0
¢6 nghiém téng qudt: v = Cxz bién thién hang s6 suy ra C = —x + ¢
Vay nghiém tong qudt : y = —x2 + ex

- N 2 s
43) Giai phuong trinh: ¢ — —y = % vory(l) =1
X xZ
* 9 \ A 7 2 / 3 1
HD gidi: Phuong trinh tuyén tinh: y = C2* C'= — = C=—— +¢
T x

1
yzer—;; y)=1=e=2

. A . 1
Vay nghiém tong quat: y = 2z* — =
T

44) Giai phuong trinh:  (z+ 1)(y/ +?) = —y

) . " 1
HD gidi: Xét y # 0, bién doi phuwong trinh vé dang y + ——.y = —y?

r+1
o1 , 2 5 . w 1
Dil — =z =y = —— = —y*2' dua phuong trinh vée 2’ — z=1
Y z r+1

Nghiém téng quat cia phwong trinh thuan nhdt: z = Cy(z + 1) bién thién hang sé
Ci=h|z+1|+e.

Vay nghiém: z = (x + 1)(In|z + 1| + ¢)

ngodi ra y = 0 cung ld nghiém. ,

Vay nghiém tong qudt: y = v

va y =0 nghiéem ki di.

1 N 1
45) Giai phuong trinh: 22y’ +y = [

- 1 1 \ .
HD gidi: Dua phuong trinh vé dang ' + —y = ———— phuong trinh tuyén
' 2z 2x(1 —x)
tinh cdp 1
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Nghiém téng quat: v = bién thién hang so:

<
V'
, NEA 1. Va+1
A s B Rl by

|+ ¢

Vay nghiém tong qudt: y =

\/_< o ‘?i’* °)

46) Giai phuong trinh: 2y —y = 2?sinx

HD gidi: v — 2 = zsin z, phuong trinh tuyén tinh. NTQ: y = Cz bién thién hang
T

~

50
Nghiém tong quat: y = (C — cosz)x

47) Giai phuong trinh: ¢/ cos®z +y = tgz thoa y(0) =0

HD gidi: Phuong trinh tuyén tinh — NTQ y = Ce™'9%; 3 = tgx — 1 (mot nghiém
riéng)

= NTQ: y=Ce 9 +tgr — 1

y(0) = 0= C = 1. Vdy nghiém riéng cin tim: y = tgx — 1 + 7197,

48) Giai phuong trinh: 3/\/1 — 22 + y = arcsinz thoa y(0) =0

HD gii: Nghiém téng qual cia phwong trinh tuyén tinh thuin nhdt: y= Ce vesine
Dé thday nghiém riéng: § = arcsinz — 1

= NTQ: y = Ce " 4 qresing — 1

y(0) = 0= C = 1= nghiém riéng cin tim: y = e~ + arcsins — 1

1

49) Tim nghiém riéng cua phuong trinh: ' = r—

thoa man diéu kién dau y(1) = 0.

A \ 1 \ \
HD gidi: Xem x la an ham, thay v = ot phwong trinh thanh

1 1
= = 2 —2x=—y°

2w —y?

Day la phuong trinh tuyén tinh cdp mét, nghiém tong quit cia phuong trinh tuyén
tinh thudn nhdt twong tng la x = Ce=2. Bién thién hang s6 duoc NTQ:

2
_ Y y 1
=Ce 2y 24 =
x e 7+ 5 9 + 1
s ~ A PN W 3
thoa man dieu kién dau y(1) =0 khi C = 1
A N ; ~ S\ N % 3 _9 y2 Yy 1
Vay nghiém thoa man dieu kién dau: x = 1€ v+ 7 5 + 7
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50) Giai phuong trinh sau day, bi€t rang sau khi d3t y = % ta nhan duoc
x

mdt phuong trinh vi phan cap hai c6 mét nghiém riéng y* = ée”ﬁ:
22y" + dxy + (2% + 2)y = €.

. L e 2 "2 4 / 6 . .
HD gidi: Dt y = 22 = ¢ = i 5 Sy =20 jx o7 Phwong trinh thanh
T T

2" 42 = €®, c6 mot nghiém riéng la y* = %, NTQ cia phwong trinh thudn nhdt:
z=Cicosz + Cysinz. Vay NTQ ciia phuwong trinh ban ddu lo:
cosS T sin x e’
=C C
4 b2 T x? * 222

51) Tim nghiém riéng cua phuong trinh:  ye¥ = ¢/ (3 + 2we?)
thoa man diéu kién dau y(0) = —1.

1 2
HD gidi: Xem z ld dn ham, thay y = —, phuong trinh thanh o' — —x = y?e™?.
z Y
b \ A P4 W ~ 7z \ C - AN <A 1%
NTQ cua phuong trinh tuyén tinh thuan nhat twong uwng la x = —; bién thién hang
)
~ A \ C ]. N AN W 4 .
56 dugc C(y) = —eV+C. Nhu vay NTQ la x = — — —. Thay diéu kién dau zac dinh
Yy ye
1
e

duocC=—-. Tu do KL.

52) Tim nghiém cua phuong trinh ¢/ —y = cosz — sinz.
théa dieu kién y bi chin khi z — oo

HD gidi: Gidi phuong trinh tuyén tinh ra y = Ce® +sinx
thoa diéu kién y bi chdn khi x — oo khi C =0

53) Tim nghiém riéng cda phuong trinh: ¢/ +siny + zcosy +2 =0

thod man didu kién d3u y(0) = g

HD giai:

y +siny+axcosy+r=0 < y’+2singcos%+x.2cos2gzo

/

Y Y o
7 +tan§+x—0

2 cos? =
2

—

/

dat z = tan% = 7 = y—y, phuwong trinh thanh phwong trinh tuyén tinh
2cos? £

2

Y 4z=—x Gidirta: z=1—2+Ce™

thod man diéu kién dau y(0) = g khi C = 0. Viy nghiém riéng y = 2arctan(1 — ).
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54) Tim nghiém tdng quat cla cac phuong trinh sau: y — ztany =

cosy

HD gidi: Ddt »z = siny, khi dé phuwong trinh da cho tro thanh ¥ — zz = x. Day la
12
phuwong trinh tuyén tinh cdp 1 va ¢6 nghiém téng qudt la z = Ce'z — 1.
2

Vay nghiém cia phwong trink da cho ld siny = z = Ce> — 1

55) Tim nghiém tdng quat cla cac phuong trinh sau: ¢ —ay ==z

HD giai:
Day la phwong trinh tuyén tinh cdp 1 va c6 nghiém téng quat la y = Cez® — 1.

Y

56) Tim nghiém tdng quat cla cac phuong trinh sau: ' + p

= T\/Y.

HD gidi: Day la phwong trinh Bernoulli va c6 nghiém téng qudt la

e 1,
\/E—ﬁ‘i‘gl’.

57) Tim nghiém cua cic phuong trinh sau: o — Yoy
T

HD giai:
Day la phuwong trinh tuyén tinh cdp 1 va c6 nghiém tong quat la
1
=C —zt
y=Cu+ gz

58) Tim nghiém cua cic phuong trinh sau: ' —y = 12

HD gidi:
Day la phuong trinh Bernoulli va c6 nghiém tong quat la
1
2 _
Y = e 1

59) Tim nghiém cua cic phuong trinh sau: 3 + Y~ sing
T

HD giai:
Day la phuong trinh tuyén tinh cdp 1 va c6 nghiém téng quat la

C sinz

y=—+
X X

— COS T.
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60) Tim nghiém cua cac phuong trinh sau: y' —y = z/y.

HD giai:
Day la phwong trinh Bernoulli va ¢6 nghiém tong quat la

@:Ce%x—:c—z

61) Tim nghiém tong quat cua cac phuong trinh sau: ' + 22y = ze™™

HD gidi:

Day la phwong trinh vi phan tuyén tinh cdp 1.
2

Nghiém tong quat la y = (C + %)6_22.

62) Tim nghiém tong quat clua cac phuong trinh sau: o' — 4¥ = /Y.
X

HD gidi: Day la phuwong trinh Bernoulli va co nghiém la

1
VY = §1nx+(]x2.

63) a) Tim mién ma trong dé nghiém cua bai toan Cauchy cia phuong trinh sau
day ton tai va duy nhat o =y + 3z.
1
yv o _y/ —
i

b) Tim nghiém cua bai toan Cauchy sau day
yr=1) =1 vay(ze=1)=2.

HD giai:
a) Ddy la phwong trinh tuyén tinh cip 1 théa dinh 1 diéu kién ton tai duy nhdt

nghiém trén R2.

/

b) Gidi phuong trinh vy — v _ z, ta dwoc nghiém tong quat
x

72
y:C'l—l—C'zx—i-?.

Viy nghiém cua bai toan Cauchy la

64) Tim nghiém cua phuong trinh sau: o' + ytge = cosz

HD gidi:
Day la phwong trinh vi phan tuyén tinh cdp 1.
Nghiém téng qudt la:

y=(C+z)cosz.
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65) Tim nghiém cua phuong trinh sau: o + J_ x( ¢ Y2
T e’ +1
HD giai:
Day la phwong trinh vi phan Bernoulli va ¢é nghiém téong quat cia phwong trinh la

1
Cx —xln(e* + 1)

y:

66) Giai phuong trinh:  (z+ 1)y +2(y)? = o/

HD gidi: Ddt y' = p, phuong trinh tro thanh phwong trinh Bernouili (véi x # —1)

1 X
/ 2
— = — *
p T 1p T 1]9 ( )

Dat 2 =p~ ' #0, dua (*) vé phuong trinh tuyén tinh cdp mét:

2+ ! Pp——
1+2~ x+1
A A ’ b \ W A~ C
Nghiém tong quat cua phwong trinh thuan nhat: z = 1
x
. A v v N 24 C 1 2 1
Bién thién hang so cuoi cung duoc: z = e '=-= Ar+1)
2(x +1) z 2240y
Suy ra nghiém téng quat cia phuwong trinh:
In|z? + Cy| + —arct +C! néeu Cy >0
| 1| \/71 g\/— 2 1
1 T —
In|2? + Cy| + In + C néu C; <0
| 1| \/_—C,l | T+ \/_—C,1| 2 1

Chit § y = C la NKD

67) Giai phuong trinh: 22y = y(z +v)

1 1 -
HD gidi: 2*y' = y(z +y) & ¢y — — = —y° : phwong trinh Bernouilli
y x
1 1
Dit 2=y (y#0): —2'——z2=—.
& Z
NTQ cia phuwong trinh thudn nhdt: z=Cx
- A - A [\ ~ . 1 A ]_
bién thién hang so C: C(x) =¢ —Qﬁ. Viy z = z(e — @)
Vay nghiém téng quat la: y = 2x
ex? —1

68) Giai phuong trinh: yy” — (v/)? = ¢°

y(0) = —%

y'(0)=0

thoa
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HD gidi: Dat y' =p(y); " = p.p, thay vio phwong trinh
dp
PYy—— — p = y )
dy
ddt tiep: p(y) = y.2(y) dua phuong trinh vé
dz 1 d
a2 =22 =2y +C) & ﬁ =yvV[2y + C]

R 1 2z
Do diéu kién y(0) = —5 y(0)=0=C=1. T dé suy ra:

dy V0I2y+1] -1
=yVI[2y + 1/ =In ] ‘:ch.
dz VI2y+1]+1
1
doy(O):—§:>02:O.
o o “w s , v |2 1]-1
Vay nghiém riéng can tim thoa : ‘ 2y + 1] ‘
VI2y+1]+1
y\/_

69) Giai phuong trinh:  ydx + 2xdy = dy thod diéu kién y(0) =

“ 2 2 .
HD gidi: Dua phwong trinh vé dang ' + v = — 22 (Bernoulli)
Y cos?y
v 7/ 1 \
Dit 2 =22 ta ¢é 2/ =2/ + Ea:*%a:’ thay vao (x)
o1 1
zZ+-—z= 5
y  cos?y
Nghiém tong quait: = = € bién thién hang s6':
Yy
o =_Y - C(y) = ytgy + In|cosy| + ¢

cos?y
A 1 €
Vay Z = tgy + —In|cosy| + —
Y Y
J \ 1
Va TPTQ) cua phuong trinh: tgy + —In|cosy| + c_ NG
Y Y

R 1
y(0) =7 =e=0wvay TPR : tgy + —In|cosy| = /&
Y

70) Giai phuong trinh:  aydy = (y* + r)dx

HD gidi: Do y = 0 khéng phdi la nghiém, chia hai v€ cho zy bién déi phwong trinh
“ 1 . . v \ W
vé dang: vy — —y =y~ ! Bernouwilli; Dat z = y* duwa phuong trinh vé dang:
Xz

2
=25 z2=-20+C2?
x
Vay TPTQ: y* = —2z + Ca?

71) Giai phuong trinh:  (y + /Zy)dz = zdy
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“ 1 1
HD gidi: Dua phuong trinh vé dang y — —y = —.y2; ©#0
T Vi
1 1 1 . o Ty
Dat z=y2: 2/ — —z=— phuong trinh tuyén tinh giai ra z = J/x(Inz + C)
2 NS

Vay nghiém tong quat: y = z(Ilnz + C)2

72) Giai phuong trinh: 2y’ — 2272, /y = 4y

g1 gv 1
HD gidi: Phuong trinh Bernouilli, dat z =y'~* = \Jy = 2/ = ﬁ
Y

T 4
phwong trinh tro thanh: 2 — —z = 2x — NTQ z = Ca* — 2
x
Vay nghiém tong quat: v = (Cx? — 1)%z*,

73) Giai phuong trinh: 222y = y*(2xy — y)

HD gidi: Xem x la ham theo bién y : z'y® — 2zy? = —22% Bernouills

y 1 . L 2 2 i
Dat z = —, phwong trinh tro thanh: 2 + i — — TPTQ: y* = xInCy?, nghiém
r Y Yy

ki di y = 0.

74) Tim nghiém riéng cua phuong trinh: 2%y = y(x +vy)
thoa man diéu kién dau y(—2) = —4.

HD gidi: Do y(—2) = —4 nény #0. Dwa phwong trinh vé phwong trinh Bernouilli:

S y C . 1 1

y —ly = y_2 Ti€p tuc dat z =y~ dwa phuong trinh vé PT tuyén tinh 2’ + —z = ——.
xr xr xr

NTQ cia phwong trinh thuan nhdt twong ing: z = Cx, bién thién hang sé duoc

2z

Cz? -1

1 N ] \ W \
C(zx) =Cx— o Nhw vay nghiém cua phwong trinh ban daw la: y =
x
4z
2?2 —1

. Diéu kién

dau cho C = 5 Viy nghiém riéng can tim la y =

75) Giai phuong trinh: o/ — 2y = —x3®

HD gidi: Phuong trinh: o —axy = —xy® la phwong trinh Bernowilli, gidi ra duoc
y*(1+Ce ™) =1

76) Giai phuong trinh: 2y +y = y?Inx.

HD gidi: Phuwong trinh xy' +y = y*Inx la phwong trinh Bernouilli, gidi ra duoc
1

y= 1+Czx+1Inz

77) Tim nghiém téng quat cua cac phuong trinh sau: o — 47 = /Yy
T
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HD gidi: Ddy la phuong trink Bernoulli, bang cich dit z = VY ta dwa phuwong

A 2 \ / <A / \
trinh ve dang 2’ — —z = g va ¢6 nghiém téng qudt la
T
5,1
z=zx (§ln]x| +C).

Vay nghiém téng qudt cia phwong trinh la

1
Yy = :1:4(5 In|z| + C)z.

Yy

78) Tim nghiém tong quat cla cac phuong trinh sau: i + = = y2xtgr.
Xz

HD giai: Ddy la phuong trinh Bernoulli va c6 nghiém téng quat la
1

v Cx + zln|cosxz|’

79) Giai phuong trinh: y%dz + (22y + 3)dy = 0

OP  0Q
. _ .2 — ;| — ===
HD gidi: P(z,y) =v*, Q(z,y) = 2zy + 3; oy oz 2y

(1) & d(zy* +3y) = 0. Viy xy®> +3y=C

80) Giai phuong trinh: e*(2 + 2z — 3?)dr — ye*dy = 0

aP 8 \ YA
HD gidi: = 8_Q = —2ye” suy ra phwong trinh twong duong vdi: d(e”(2z—y?)) =
Y xr

Viy e*(2z — y?) = C.

81) Giai phuong trinh: (42 + 1)2dz + (y2 + 3zy/1 + y2)dy = 0

: orP 0
HD gidi: p = (4 +1)3; Q = y* +3ayy/1+ 12 = 5= a_Q = 3y+/1 + 2 (%)
Y T
Suy ra nghiém t6ng quit cia (%) la:

/P(x,O)da; + /yQ(x,y)dy =C

0

y® 5
(:)§+x(1—|—y2)5:(]

82) Giai phuong trinh: (ycos?z —sinz)dy = ycos x(ysinz + 1)dx

oP  0Q

— = — = ysin2x +coszx
8y oz 7

HD gidi:



www.VNMATH.com 19

NTQ:
T Yy 2
[ P(z,yo)dz+ [ Q(z,y)dy=C < ysinx — % cos’z =C
0

zo=0 Yyo=

83) Giai phuong trinh: (22 + 322%y)dr = (3y? — 23)dy

HD gidi: Phuwong trinh vi phdn toan phdin: 2>+ 2%y —y> = C

2
1
L gygp - W DSy,
siny 2sin“y

84) Giai phuong trinh: (

... OP 0Q T Cosy

D gidi: — = — = —

HD giai dy  Ox sin?y
TPTQ:

y H 2 2
1 1
/P(x,z)dsc+/Q(x,y)dy:C @%—FQ:U— (" +1)
0 T
2

85) Giai phuong trinh: (y + e*siny)dx + (z + e®cosy)dy = 0

HD gidi: Phuwong trinh vi phan toan phin, nghiém téng quat: xy + e*siny = C.

86) Giai phuong trinh: (2 +siny)dz + (x cosy + siny)dy = 0

HD gidi: Phwong trinh vi phan todn phdin: NTQ z* + 2(zsiny — cosy) = C.

1’3

87) Giai phuong trinh: 322(1 +Iny)dz = (2y — —)dy
Y

HD gidi: Phwong trinh vi phdan toan phan: Nghiém téng quat: z3(1+1Iny) —y® = C

512'3

88) Tim nghiém tong quat clia phuong trinh vi phan: 3z2(1+ lny)dz = (2y — g)dy

HD giai: Day la phuong trinh vi phdan toan phin cé tich phan téng quat la:

?(1+Iny) —y*=C

89) Hay tim nghiém téng quat clia phuong trinh: (2 4 siny)dz + (x cosy + siny)dy = 0

HD gidi: PTVPTP cé tich phin téng quit: 2® + 2(xsiny — cosy) = C
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90) Hay tim nghiém téng quat clia phuong trinh:

i) (G )

HD gidi: PTVPTP ¢6 tich phin téng quat: In~ +
Y

91) Tim nghiém tong quat cla phuong trinh vi phan:
(sin zy + 2y cos vy)dx + x* cos vydy = 0

HD gidi: Phuong trinh vi phan toan phin cé nghiém tong qudt la xsin(zy) = C.

92) Hay tim thira s8 tich phan cba phuong trinh: (2 + 3?)dz — 2zydy = 0
suy ra nghiém tdng quat clia phuong trinh.

~ 7 ~ ) \ \ 1 A - ~ 2
HD giai: Thira so tich phan cua phwong trinh la p(z) = —. Nhan hai ve cua
xr
2

phuwong trinh cho thita sé tich phan roi gidi ra x = Ce's .

93) Giai phuong trinh: 2zylnyde + (22 4+ y?\/y2 + )dy =0

A \ \ . A \ W \ ~ 7’ A 1 A
HD giai: Day la phuong trinh vi phan toan phan, thica so tich phan: u(y) = — nhan
Y

\ A~ 7 A N . A b \ A . .. 1 3
thita s6 tich phan vao hai vé cia phuwong trinh roi gidi ra dwoc: 22Iny+=(y24+1)7 =0

3

94) Tim nghiém cua phuong trinh (2 + xy?)dz + (2%y + y*)dy = 0.
thoa diéu kién y(0) = 1.

HD gidi: Ddy ld phwong trinh vi phdn toan phan NTQ la:

ottt =C

théa didu kién y(0) = 1 khi C = 1.

95) Tim tich phan tdng quat clia cac phuong trinh sau: a) — 2zydy + (y + 22)dz = 0

A 7 A 1 \ ~ \/\
HD giai: Ta tim dugc thira so tich phan p(z) = —. Dwa phwong trinh da cho ve
X

dang vi phan todan phan. Khi dé nghiém téng qudt la z* — y* = Cx.




www.VNMATH.com 21

96) a) Chirng minh rang hé cac vecto {e?*,e % cosx} 1a hé déc 1ap tuyé&n tinh.
Tinh dinh thirc Wronski cua ching.
b) Tim tich phan tong quat clia cac phuong trinh sau:

Va2 —ydy — 2x(1 4+ /2?2 — y)dz = 0.

HD gidi:

a) Dung dinh nghia ki€m tra hé déc ldp tuyén tinh.

Dinh thitc Wronski Wy, ya, ys](x) = 3e*(3 cosz — sinz).

b) Day la phwong trinh vi phan toin phan. Tich phdan téng quat cia phwong trinh
la

2
97) Tim tich phan tdng quat cla cac phuong trinh sau: (% —y?)dy — 2zdx = 0.

A 7’ A 1 \ ~ M
HD gidi: Ta tim duoc thwa sé tich phan u(x) = —. Dwa phuong trinh da cho vé
Y
dang vi phan toan phan. Khi dé nghiém tong qudt la 222 + y* = Cy.

98) a) Chirng minh rang hé cc vecto {e”, e>*, 22} la hé doc |ap tuy&n tinh.
b) Tim tich phan téng quat cla phuong trinh sau: (z — y)dy + (z + y)dz = 0.

HD giai:
a) Kiém tra hé phuwong trinh la doc lap tuyén tinh .
2 2
b) Day la phwong trinh vi phdn toan phdn nén ta c6 d(zy — % + %) = 0.

Vay tich phan téng quat la 2® — 2 + 2zy = C.

99) a) Ching minh ring hé cic vecto {1,z,¢”} I3 hé ddc 1ap tuy&n tinh.
b) Tim tich phan tong quat clia phuong trinh sau: (22 — y)dz + zdy = 0

HD giai: .
a) Ding dinh nghia kiém tra hé déc lap tuyén tinh .

~ ’ A 1 \ ~ S
b) Tim thira s6 tich phan, ta duoc p(x) = —. Phwong trinh da cho dva duogc vé
X
dang phwong trinh vi phan toan phan

Y 1
(1-— ﬁ)dx + ;dy = 0.

Gidi phwong trinh nay ta dugcy= Cx — 2.

100) a) Ching minh rang hé cic vecto {e?*,e” 2} 13 hé doc |ap tuyén tinh,
b) Tim tich phan téng quat cla phuong trinh sau: (z — y)dz — (z + y)dy = 0.

HD giai:
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a) Kiém tra hé phuong trinh la doc lap tuyén tinh.
b) Day la phwong trinh vi phan toan phdn. Suy ra tich phan téng quat c6 dang:

2+ — 22y =C.
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BAI TAP PHUONG TRINH VI PHAN (tiép theo)

101) Giai phuong trinh: " + ¢y =2+

HD gidi: Phuong trinh ddac trung N> + A =0& A\ = 0; Ay = —1

Nghiém tong quat cia phwong trinh thuin nhdt: v = Cy 4+ Cye™

Tim nghiém riéng dudi dang § = y1 + yo, trong do yi,y2 la cac nghiém twong wng
cua cidc phuwong trinh: v’ +vy' =z vay’ +y =e

e Vi A\ =0 la nghiém cia phuong trinh ddc trung nén y, = 2(Az + B)

¢ a ~ ~ . 1

Bang phuong phap hé so bat dinh duoc: y, = §x2 —x

o \y = —1 la nghiém cia phuwong trinh ddc trung nén: y, = Aze™®

Thay vao va dung hé s6 bat dinh suy ra: vy, = —xe ™™

RN 1
Cudi cing NTQ: y = C, + Coe™™ + 53:2 —z—xe”

102) Giai phuong trinh: 2y” + 5y = 29z sinx

HD gidi: Phuong trinh ddc trung: 2)\2 +5X =0 A\ =0, )\ = —g

%4
Nghiém téng quét ciia phwong trink thulin nhaty = Cy + Cee 2
Vi +i khong phdi la nghiém cia phwong trinh ddac trung nén tim nghiém riéng dang:
Y= (Az+ B)sinz + (Cx + D) cosx

. . 185 16
Thay vao phuong trinh dugc: A= —-2; B =

. 0=_5 D=_—
29’0 % 29

103) Giai phuong trinh: y” — 2y + 5y = xsin 3z

HD gidi: Phuong trinh ddac trung: N> =2 +5=0& X\ =1—-2i; \y =1+ 2i
NTQ cia phuwong trinh thudn nhdt: y = e*(C) cos 2x + Cy sin 2x)
Do +3i khong phai la nghiém cia phwong trinh ddc trung nén nghiém riéng cia (2)
dugc tim dudi dang: y = (Ax + B) cos 3z + (Cx + D) sin 3x
3 57 1 41
Thay vio (2) ta duge: A=~ =21 c— L. p_ 2
ay vao (2) ta duogc 56 56 C 3 13

104) Giai phuong trinh: " — 2y — 3y = ze* + 22

HD gidi: Phuwong trinh ddac trung: N2 =2\ -3 =0& X\, = —1; \y = 3.

NTQ cia phuong trinh thudn nhdt: y = Cre ™ + Cye®®

Tim nghiém riéng dang y = yy + y2 vdi y la nghiém cua y” — 2y — 3y = xel®
6

_ A B) = 4z f o

v = e (Az + B) 6(5 25)

con yo la nghiém riéng cua iy’ — 2y’ — 3y = 2 ¢6 dang:

2 4 14
Y2 127 + b + Oy 3$ +99: o
elr 6 1 4 14

~ N ~ . o —x 3x - ) = 2_ = R
Vay nghiém tong quat: y = Cre ™ + Cye® + 3 (x 5) 3(3: 3:L’—|— 9)
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105) Giai phuong trinh: 22y — 2y = 23 cosz

biét mét nghiém cla phuong trinh thuin nhat 1a ¢, = 22

) ~ 2
HD gidi: Chia 2 vé cho 2* (x #0): 7 — Sy =1xcosw.
X
Tim nghiém riéng thit hai cia phwong trinh thudan nhdt dang:

p(x) =0; q(z) = —%-

1 — x)dzx 2 dx 1

yzzyl/y—%e Jp@)de gy — o — =3
A A 7z ) \ W ~ \ 1
Vay nghiém téng quit cia phuwong trinh thudin nhdt la: y = Cia? — 02.3—
x

Coi Cy, Cy la ham cia x, ap dung phwong phap hdang sé bién thién:

1
! 1n2 1 —
Cra® + C( —393) 0

Ci2z + C’é(@) =X CosT

, cosw Cn sin & %
Gidira: {1~ 3 1T T3 T
Ch =x%cosw = Cy = x3sinz + 322 cosx — 6xsinz + 6cosw + Ko
) 2 1 K.
Vay NTQ: y = x ngx — 3—(:1:3$inx+3:1:2(:osx—6xsina:+6’cosx) + Kyz* — 3—2
T T

cotgx

2 N 2
106) Giai phuong trinh: ¢+ -y +y =
T

N ~ ‘A ) N N Ny sinx
biet mot nghiém cua phuong trinh thuan nhat la y;, =

t . s L
HD gidi: p(z) = 37 q(z) =1, f(x)= OIT  Tym nghiém riéng thi hai:
1 sinz . 2? 2 sinz , dx cos
— — e~ [p@)dz g, — =) Sde gy — = —
e x e x
=/ Y3 x / sin® x ' x J sin? x x
) . " P sinx cos T
NTQ cua phuwong trinh thuan nhat: y = C, — s
sin COS T
) \ y +C3(——) =0
. - A 2 /\/. x
Bien thien hang so: ,TCOST — sinw ,rsinx +cosx  cotgr
Ol 2 + 02 2 -
x x x
cos? x cos? x 1 —sin®z
= C] = — :>C'1(x):/ - dx+K1:/.—dx+K1
sinx sin sin

d
—/ ’ —/sinxdm+K1—ln\tg%\jtcos:c—i—Kl

sinx

C)=cosx — Cy=sinz+ K,
Vay nghiém tong quat: y = ---

T

107) Giai phuong trinh: " — 2y +y =1+ %
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HD gidi: Phuwong trinh ddac trung: M =2 +1=0 & X=1
NTQ cia phwong trinh thudn nhdt: y = e*(Cia + Cs)
Ding phwong phap bién thién hang sé tim nghiém riéng dang:

U= ay(x).xe” + ag(x).e”.

Vay

a; =—e "+ In|z

ay =z " 4+e -1
Nhu vay nghiem riéng: 5y = (In|z| — e ®)xe” + (ze ™ + % — x)e”
Va nghiém téng quat: y = e*(Ciz + Cy) + ze®In|x| — ze® + 1

108) Giai phuong trinh: " 4+ ¢/ = ze™®

HD gidi: Phuong trinh ddac trung: N> +A=0& X\ =0; Ay = —1
Nghiém tong quat cia phwong trinh thuin nhdt: 7= Cy 4+ Cye™
Tim nghiém réng dang: y = rve *(Ax + B)

2

Két qud: y= Oy + Che™® — (% + x)e "

109) Giai phuong trinh: 37 — 4y’ + 5y = €2* + cosx

HD gidi: Phuong trinh ddac trung: N> —4A+5=0& X\ =2 —i; =241

Nghiém téng quat: y = e*(Cy cosz 4+ Cysin x)

Tim nghiém riéng dang: 7 = y, + yo V61 y; = Ae**; yp = Acosx + Bsiny = y; =
1 1

€2 Yy = — cosT — gsinx

8

A , : 1 :
Nghiém téng quat: y = e**(Cy cosz + Cosinz) + e + g(cos r —sinx)

110) Gidi phuong trinh: y” +4y +4y =14+ *Inx

HD gidi: Phuong trinh ddac trung: N> +4\+4=0& X = -2
NTQ : y=e2(Cix + Cy)
Tim nghiém riéng dang: § = a1(x).xe™* + age”
{0/1 (z).ze™2 + ahe 2 = ()

2x

aj(e™® —2re ™) + af(—2e) =1+e > Inzx

1
aj=e®4+nr — o = §e_zm+mln]x\ —x

1 S | 2
oh=—z(e ¥ +Inz) — ay = 4—16296 + % - Exezx - % Inz
= nghiém riéng = nghiém téng qudt:
_2 P B R
Yy=ce x(0133+02)—|—€ x(ze T — T%—?lnx)

111) Giai phuong trinh: y” +4 = e %(sinz — cos )
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HD gidi: Dat y = e *z thay vao phuong trinh duoc: 2”7 — 2/ = sinx — cos .
Phuong trinh dac trung: > —A=0&A=0, A=1

Nghiém tong quat: z = Cy 4+ Che®.

Tim nghiém riéng dang: z = Acosx + Bsinx = A=1, B=0.

Vay nghiém tong quat la: y = e *(Cy + Coe® + cos )

112) Giai phuong trinh: y” — 4y + 8y = e?* 4 sin 2z

HD gidi: Phuong trinh ddac trung: N> —4\+8=0& X\ =2 —2i; Ay =2+ 2
Nghiém cia phuwong trinh thudn nhit: y = *(C) cos 2z + Cysin 27)
Nghiém riéng dang 3§ = y1 + yo v&i y; la nghiém riéng cia y” — 4y + 8y = =
dang y; = Ae* — A= L la nghiém riéng cua vy’ — 4y’ + 8y = sin 2z
1 1

d = Acos2z + Bsin?2 A=— B=_—.

ang y coi T+ Bsin2x — 10’ 50
Vay nghiém tong quat:

1 1
y = e**(Cy cos 2x + Cy sin 2x) + Zeh — %(2 cos 2z + sin 2z)

113) Giai phuong trinh: " +y =

sinx

HD gidi: Phuong trinh ddc trung: N> +1=0& \ = +i
NTQ : y=Cicosx + Cysinx

Tim nghiém riéng dang: § = aq(x) cosx + ao(z) sinx
Bdng cach bién thién hang sé

1

S T

«

/ ! o . /

oy co08T + aysiny =0 o) =—1 T

L . =4J , cosr = ,

oj(—sinz) + afcosx = 5 = — ay = Insinz
! 2 sin

Vay nghiém tong quat: y = Cy cosz + Cosinx — x cos z + sinz Insin &

114) Giai phuong trinh: y” — 3y + 2y = 222 — 5 4 2¢* cosg

HD gidi: 2 —-3A+2=0 &\ =1; =2

NTQ Yy = 01696 + 026236

Tim nghiém riéng dang: § = ai(z)e® + az(x)e*® bang cich bién thién hang sé:
aje” + ahe*™ =0
aje” + ah(2e*®) = 222 — 5 + 2¢” cos z
o) = —e %(22% — 5) — 2cos L

1
ab = e (202 — 5) + 2 cosg

a; =e *(22% — 4w — 1) — Asin ~
=

1 1 8 1
ay = —5[6*2‘“(2202 —5) + 2(xe** + 56*2‘”)] + g(—e*Q“ cosg + 56*“ sin %)

Tt d6 c6 nghiém tong quit cia phwong trinh.
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115) Giai phuong trinh: " — 4y = (2 — 471)e?*

HD gidi: Nghiém tong quait: y = Cre 2 + Che®

Ca a 2 2
Nghiém riéng dang: y = ve**(Az + B); A = —3 B = 3
A , 2
— Nghiém tong quit: y = Cre 2" 4+ Che®* + Zze? (1 — )

3

x

116) Giai phuong trinh: " — 2y +y = © teosa
x

HD gidi: Nghiém tong quit: y = e*(Ciz + Cy)
nghiém riéng dang: y* = aywe® + age® bién thién hang o

1 I
o = e~ cos a; =In|z| + —e *(sinz — cosx)
1= - ) 2
ay = —(1 4+ ze " cosx) ay = —x — §(xe*x(sinx —cosx)+ e Fsinx)

= Nghiém tong quat

117) Giai phuong trinh: 37 — 2y + 2y = x(e® + 1)

HD gidi: Phuong trinh ddc trung: N2 =22 +2=0& X N =1—i Ay =141
Nghiém téng quat cia phuwong trinh thuin nhdt twong ng:

y=e*(Cycosx + Cysinx)
Nghiém riéng dang § = y1 + yo vdi yy la nghiém riéng cia y’ — 2y + 2y = xe®
c6 dang y; = e*(Az+ B) — A=1, B=0; Vi yo la nghiém riéng ciay’ —2y +2y =z

1
ynga:+B—>A:B:§.

Vay nghiém téng qudt cia phuwong trinh:

1
y=e"(Crcosx + Cysinz) + ze® + 5(1’ +1)

—T

e

118) Giai phuong trinh: 3’ 4+ 2y +y =sinz +
x

HD gidi: Phuong trinh ddac trung N> +2X+1=0< A= —1 (bji 2)
Nghiém tong quat: y = e *(Ciz + Cy).
Tim nghiém riéng dang: § = aq(x)xe ™ + ag(x)xe™™
Bién thién hang so:
1 e’ .
o = e*sinz + — alzg(smx—cosx)—i-lnm
Z €T = T e ZEQ

(s ) + ]
sinz — cosx) + — cos x| — —
2 4
cosx x2e®

2 4

! T Q1
oy = —xe'sine — — as = —|

2

Suy ra nghiém téng quit: y = e *(Ciz + Cy) + ze*In|z| —




www.VNMATH.com

1

sinx

119) Giai phuong trinh: 4" +y =

HD gidi: Phuong trinh ddac trung X2 +1=0 < \ = +i
Nghiém tong quit: y = Ay cosx + Ay sin z.

A =1 :i{Alz—x

Bién thién hang s6:
g Al = cotgx Ay = In|sinz|.

Vay nghiém téng quat: y = (Cy — x) cosz + (Cy + In | sin z|) sin .

120) Giai phuong trinh: " +y = ze® +2¢7*

HD gidi: Phuwong trinh dac trung N> +1 =0 \ = +i
Nghiém téng quat: y = Cy cosz + Cysin .
Tim nghiem riéng dang:

1
24 =1 A=

y=(Az+B)e*+Ce™* > A+B=0 — B:—%
20 =2 =1

. . , : 1
Vay nghiém téng quat: y = Cy cosz + Coysinz + 5(1’ —1e* +e®

121) Giai phuong trinh: 3y’ — ¢/ — 2y = cosz — 3sinx

HD gidi: Phuwong trinh ddac trung > + X —2=0& A\ = -2 X =1

Nghiém téng quat: y= Cre 2 + Che®

Tim nghiém riéng dang:
B-3A=1 A=0

y = Acosz + Bsinx — {—A—3B: 3 — {B: )

Vay nghiém tong quat: y = Cre 2 4+ Che® + sinz

122) Giai phuong trinh: 37 — 2y = 2cos®x

HD gidi: Phuong trinh ddac trung \> —2A =0 X\ =0; Ay =2
Nghiém tong quat: y= Cy + Cye®®.

Tim nghiém réng dang:

y = Ax + Bcos2x + Csin2x

1

—24=1 a _%

Thay vao duge: ¢ —4(B+C)=1 — =—=
AB—-C)=0 i

Vay nghiém téng qudt: y = Cy + Cre®* —

MI&Q oy S
I

- é(cos 22 + sin 2z)

123) Giai phuong trinh: y” +y = sinz + cos 2z
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HD gidi: Phuong trinh dac trung N> +1 =0 \ = +i

Nghiém téng quat cia phwong trinh thuin nhdt: y = Cycosz 4+ Cysin z.
Tim nghiém réng dang:

y=x(Acosz + Bsinz) + C cos 2z + D sin 2z

Thay vao phwong trinh va dong nhat duoc: A = —5 B=0; C=—=; D=0
A A , ) 1 1
Vay nghiém tong quat: y = Cy cosz + Cosine — = cos x — = cos 2.

124) Tim nghiém téng quat cla phuong trinh vi phan: ¢ — 2y = 2cos? x

HD giai:

Phwong trinh ddac trung A2 — 2\ = 0 <= X\ = 0; )y = 2. Nghiém long quait cia
phuwong trinh tuyén tinh thudn nhdt twong ing: y = Cy + Che™.

Tim nghiém riéng
dang:

y* = Ax + Bcos2x + C'sin 2z

1 1 1. ,
Dugec A= —§,B = —é,C =3 Vay NTQ:

1
y = C) + Che™ — g — g(cos 22 + sin 2x)

125) Tim nghiém téng quat cla phuong trinh vi phan:
(z +e¥)da + ev (1 — g)dy ~ 0.

.IQ

HD gidi: Phuong trinh vi phan toan phan cé tich phan téng quat; Y +yev = C.

126) Giai phuong trinh: 3" — 6y + 9y = 25¢% sin .

HD gidi: NTQ ctia phuwong trinh tuyén tinh thudn nhd't twong ingy = (C,+Cox)e®.
Tim nghiém riéng dang: y* = e*(Acosz + Bsinz); dugc A=4;B=3. Vay NTQ:

y = (C) + Cox)e® + e*(3cosx + 4sin )

127) Hay tim nghiém téng quat cla phuong trinh: o/ — 2y + 2y = z(e” + 1)

HD gidi: Phirong trinh ddac trung \> —2\+2 =0 <= X\ = 1+i. Nghiém tong quit
cia phuwong trinh tuyén tinh thudn nhdt twong ing: y = e*(Cycosz + Cysinz). Tim
nghiém riéng dang: y* =y, + ya; v6i y1 la nghiém riéng cua y’ — 2y + 2y = xe®, ¢b dang
Yy = e*(Ax + B) = A = 1;B =0 va vy la nghiém riéng cia y" — 2y + 2y = x, c6 dang

1 R A p
yp=Ar+ B — A =DB'= 5 vay nghiém tong quat:

1
y=e"(Cycosx + Cysinz) + ze® + 5(9& +1)
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128) Tim nghiém tong quat cua phuong trinh: 2%y” — 2y = 23 cos z

biét mot nghiém riéng clia phuong trinh thuin nhit la 4, = 22.

1 .
HD gidi: Tim NR dang y» = uy, = ux® duoc y, = 5 Nhuw vay NTQ: y =
T

Co pir spin 1o 1
Cra? + =2, Bién thién hing sé duoc C'y = —3 CoST; C'y =a’cosw ...
T

129) Giai phuong trinh vi phan sau d3y néu bi€t mdét nghiém riéng cua nd
c6 dang da thiéc: (22 +1)y" —2y=0

HD giadi: Dé thday y, = 2®>+1 la mét nghiém riéng cia phuwong trinh, nghiém riéng
thit hat doc lap tuyén tinh véi y, la:

1 ~ d 1
v = b / eI = (2 + 1) / e~ 2 DG +arctana)
Y1

w2 +1)2 2 2 +1

o + arctan x)

130) Tim nghiém téng quat cla phuong trinh: ¢’ 4+ y = sinx + cos 2z.

HD gidi: Phuwong trinh ddc trung X2 +1 =0 <= X\, = +i. Nghiém téng quit cia
phuong trinh tuyén tinh thudn nhdt twong ing: v = Cycosz + Cysinz. Tim nghiém

rieng dang: y* = y1 + yo; vFi Yy la nghiem riéng cia y" +y =sinz, dugc y, = —5T o8z

. . A A 1 R A ,
va Yo la nghiém riéng cia v’ +1y = cos2x, duoc y, = —3 cos 2x. Vay nghiém téng quat:

1 1
y=Cicosx+ Cysinz — §xcos:z:— gCOSQJI

131) Tim nghiém t6ng quat cta phuong trinh vi phan: " + 10y + 25y = 4e~5*

HD gidi: Phuong trinh ddc trung v* +10r +25 =0 gidi ra ry =19 =5

NTQ cia phuwong trinh thudn nhdt: y = (C + Cyx)e™® va NR cia phuwong trinh
khong thudn nhdt: y* =2z, Viy

NTQ: y = (Cy + Com)e > + 22275

132) Biét rdng phuong trinh zy” + 2y + 2y =0 c¢b6 nghiém riéng dang v = SInU

Hay tim nghiém téng quat cla phuong trinh.

sinx . COS ¥
lay=

HD giai: Nghiém riéng doc lap tuyén tinh véi y = Vay nghiém

tong quat cia phuong trinh la

sin x CcoS T

yzC’l. +Cg
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133) Tim nghiém tong quat cua phuong trinh vi phan: ¢/ 4y = 422"

HD gii: Nghiém tong quat ciia phwong trinh thuan nhdt twong tng: y = C1+Che ™™
Tim nghiém riéng dang: y* = (A12* + Asx + Az)e™®, gidi ra Ay = 2; Ay = —6; A3 = 7.

134) Tim nghiém tong quat cla phuong trinh vi phan: ¢/ + 3y + 2y = asinz

HD gidi: Nghiém téng qudt cia phuwong trinh thuin nhdt twong tng: y = Cie ™ +
Coe™2. Nghiém riéng ctia phuwong trinh khong thudn nhdt duvoc tim dudi dang: y =

- 3 17 1 3
(All’ + AQ) CoS T + (Bll’ + BQ) sinx va tim dUOC Al = _E,AQ = 'B1 = —,BQ = —.

50 10 25

135) Giai phuong trinh tuyén tinh cdp 2 véi hé s8 hang y” — 2y + 2y = ze®

HD gidi: Day la phuong trinh tuyén tinh cdp 2 khéng thuan nhdt véi hé s hang.
Nghiém téng quat la:

1
y =e"(Cycosx + Cysinz) + 5(964— 1)+ ¢€®

136) Giai phuong trinh tuy&n tinh cdp 2 véi hé s8 hang y” +y = cos 2.

HD giai: Day la phwong trinh tuyén tinh cdp 2 khong thuin nhd't véi hé s6 hang.
Nghiém téng quat la:

1 1
y=Cicosx+ Cysinx + 3~ ECOSQI.

137) Tim nghiém tong quat cua phuong trinh: (1 — 22)y” — 221/ + 2y = 0
khi biét mét nghiém riéng y; = .

" .. 2 . .
HD gidi: Chuyén vé dang y” + p1(2)y + pa(2)y = 0. Véipi(z) = 1 ’ 5 nén nghiém
-
tong qudt cia phuwong trink da cho la
[ 225da
e’ 1—=z dl'
1 1 14=x r 14z
—x{(—5+§ln1_x)+(§'2} —C’gx+C’1(§ln1_I—1).

138) Giai phuong trinh tuy&n tinh cdp 2 véi hé s8 hang v’ — 3y’ + 2y = 2 + €*

HD giai: Day la phwong trinh tuyén tinh cdp 2 khong thuin nhd't véi hé s6 hang.
Nghiém téng quat la:
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y = C1e® + Cre® — 2xe”.

139) Giai phuong trinh tuyén tinh cdp 2 véi hé s6 hang y” —y = sin’z.

HD gidi: Day la phwong trinh tuyén tinh cdp 2 khong thuin nhd't véi hé s hang.
Nghiém téng quat la:

1 1
y:(71+026”+§cos:v—§lnx.

140) Giai phuong trinh tuyén tinh cdp 2 véi hé s8 hang y” — 2y + 10y = xe”

HD gidi: Day la phuong trinh tuyén tinh cdp 2 khéng thuan nhd't véi hé s hang.
Nghiém téng quat la:

1
y = Cre” cos 3x + Che” sin 3x — 59&6”“".

141) Giai phuong trinh tuyén tinh cdp 2 véi hé s8 hiang v’ + y = cos 2z + sin z.

HD giai: Day la phuong trinh tuyén tinh cdp 2 khong thudn nhd't véi hé s6 hdang.
Nghiém téng quat la:

1 1
y = Cie” cosx + Coe” sinx — 3 cos 21 — §x COS .

142) Giai phuong trinh tuyén tinh cidp 2 véi hé s6 hang
yn . 2yl+y = re®

HD gii: Day la phuwong trinh tuyén tinh cdp 2 khong thudn nhd't véi hé sé hang.
Nghiém téng quat la:
3

x
y = Cre” + Coxe” + E€$'

143) Giai phuong trinh tuy&n tinh cip 2 véi hé s6 hang
Yy’ +y = cos 2.

HD giai: Day la phuong trinh tuyén tinh cdp 2 khong thudn nhdt véi hé s6 hdang.
Nghiém téng quat la:

1 1
y=0C1 4+ Coe™ + 1—Osin2:p — g cos 2x.

A A 7 ' N 3 ].
144) Tim nghiém téng quat cua phuong trinh y” + —y' + —y =0,
T T

khi biét moét nghiém riéng ¢ dang y; = ~.
T
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HD gidi: Phwong trinh da cho twong duong véi phwong trinh z%y” + 3zy’ +y = 0.

Day la phwong trinh Euler nén ta c¢6 thé dwa vé phuwong trinh tuyén tinh véi hé sé
hang bang cich ddt x = e'. Khi d6 phwong trinh da cho tré thanh y,” + 2y, +y = 0.

Phuwong trinh nay c6 nghiém la y = Cie™ + Cote™t. Viy nghiém cia phuwong trinh

R 1
da cho Ly = &t 1 ¢,
xr T

145) Giai phuong trinh tuy&n tinh cip 2 véi hé s6 hang
a) y’ — 3y +2y = 2e*

HD gidi: Day la phwong trinh tuyén tinh cdp 2 khéng thuan nhd't véi hé s6 hang.
Nghiém téng quat la:

y = C1e” + Coe®® 4 2.

146) Giai phuong trinh tuy&n tinh cip 2 véi hé s6 hang

a 77+ -
)y 4 cos? x

HD gidi: Nghiém cia phuwong trinh thuan nhdt y = C) cosz + Cysinx. Ding phuwong

S A v ~ 5] \ 1

phap bién thién hang so ta duoc Cj(z) = —g va Ch(zx) =
cos? x

cosT
Vay nghiém cia phwong trinh la

sin x 1+sinx
5 In |

y=Cicosx+ Cysinx — 1+

1 —sinx

147) Giai phuong trinh tuyén tinh cp 2 véi hé s8 hang
Yy =2y +2y=x+¢€"

HD gii: Day la phuwong trinh tuyén tinh cdp 2 khong thudn nhdt véi hé sé hang.
Nghiém téng quat la:

1
y =e€"(Cycosx + Cysinx) + 5(3: + 1)+ €".

148) Giai phuong trinh tuyén tinh cdp 2 véi hé s6 hang

Yy’ +y = cos? .

HD gidi: Ddy la phiwong trinh tuyén tinh cdp 2 khong thudn nhdt véi hé s6 hdng.

» P : 1
Nghiém téng quat la: v = Cycosz 4 Cysina + 5~ g o8 2z.

N A 7 ! N 1
149) Tim nghiém tong quat cua phuong trinh zy” + vy — —y =0,
x

khi biét mét nghiém riéng cé dang y, = e
T
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1 . A , . X A 1
HD gidi: y; = — la mot nghiém ciua phuwong trinh. Ta tim nghiém riéng yo = u(x)—.
X x

Thay vao phuong trinh ta tim duoc yo = x. Vay nghiém tong quat cia phwong trinh
la

y:—+C'2x
X

150) Giai phuong trinh tuy&n tinh cip 2 véi hé s8 hing
a) Yy’ — 3y + 2y = 2¢"

HD giai:
Day la phwong trinh tuyén tinh cdp 2 khong thuin nhat véi hé sé hang. Nghiém
tong quat la:

y = Che” + Cye® — 2ze”.

151) Giai phuong trinh tuyén tinh cip 2 véi hé s6 hang
y’ —y =sinzx.

HD giai:
Day la phuong trinh tuyén tinh cdp 2 khéng thudin nhdt véi hé sé hang. Nghiém
tong quat la:
1

1
y = Cy 4+ Cee” + §cosa:— §sinx.

152) Tim nghiém tong quat cua phuong trinh 22y’ — 22y’ — 4y = 0,

khi biét mot nghiém riéng c6 dang y; = —.
x

1 . A , . X A 1
HD gidi: y; = — la mot nghiém cua phuwong trinh. Ta tim nghiém riéng yo = u(x)—.
X xr
Thay vao phuwong trinh ta tim duoc v, = 2*. Vay nghiém téng quat cia phuwong trinh
la
C
Y= 1+ Coz'.
x

153) Giai phuong trinh tuyén tinh cAp 2 v&i hé s6 hang " +y =z + 2€*

HD giai:
Day la phwong trinh tuyén tinh cdp 2 khong thuin nhat véi hé sé hang. Nghiém
tong quat la:

y=Cicosx + Cysinx + x + e”.

154) Giai phuong trinh tuy&n tinh c&p 2 véi hé s6 hang v —y +y = =.
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HD giai:
Day la phuwong trinh tuyén tinh cdp 2 khéng thudin nhdt véi hé sé hang. Nghiém
tong qudt la:

Yy = 62(01COS§1’+CQSHI§$) +1+z.

155) Giai phuong trinh tuyén tinh cAp 2 v&i hé s8 hang " — 2y +y =z + €*

HD gii: Day la phuwong trinh tuyén tinh cdp 2 khong thudn nhdt véi hé sé hang.
Nghiém téng quat la:

1
y = Cre® + Coxe® + 2+ ixQem.

156) Giai phuong trinh tuyén tinh cdp 2 véi hé s8 hang y” +y = sin®z.

HD gidi: Day la phuong trinh tuyén tinh cdp 2 khéng thuan nhd't véi hé s hang.
Nghiém téng quat la:

1 1
Yy = C’lcosx+Cgsinx+§+ 600s2x.

. X x 1
157) Giai phuong trinh tuyén tinh cap 2 sau: zy” — o' — Y= 0.

HD gidi: Day ld phuong trinh Euler nén ta ¢6 thé duwa vé phuong trinh tuyén
tinh voi hé s6 hang bang cach ddt x = e'. Khi dé phwong trinh da cho tro thanh
y' — 2y —y =0.

Phuong trinh nay co nghiém la

Viy nghiém cia phwong trinh da cho la

Y= C’leﬁ + nglf\/i.

158) Giai phuong trinh tuyén tinh cdp 2 véi hé s6 hang sau: y’ — 3y + 2y = 2cosx

HD giai: Day la phwong trinh tuyén tinh cdp 2 khong thudn nhd't véi hé s6 hang.
Nghiém téng quat la:

3

1
y = Cie” + Che® + gcosx - gsin:p.

159) Giai phuong trinh tuy&n tinh c&p 2 v&i hé s6 hang sau: y” —y = sinx + €”.
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HD gidi: Day la phuong trinh tuyén tinh cdp 2 khéng thuin nhdt véi hé s hang.
Nghiém téng quat la:
1

1
y=C} +CQ€I+$€I+§COS.’L'— §sinx.

160) Dung phép ddi ham y = % dé giai phuong trinh vi phan:
x
22y +dxy + (22 +2)y = ¢€”

2a? — 42 + 62

4

z Zx— 2z
HD gidi: y= - =y = —5—; vy =
x x

Phuong trinh tro thanh: 2" + z = e c6 mot nghiém riéng 7 = %
Phwong trinh thudn nhat cé phwong trinh ddc trung N> +1 =0 < X\ = £i
Vay nghiém tong qudt: = = Cycosx + Cysinx + %

COS T sin x e’

dey:C'1 SL’2 +02 1:2 +2132

161) Gidi phuong trinh y” cosz + ' sinz — y cos® x = 0 bang phép bi&n d8i t = sinz

HD gidi: ¢t =sinz: y, = y,.t), = y,cosx
Y pe =Y wcos’x — y;sinz _ .
Thay vao phwong trinh: vy —y =0 — y = Ciet + Cye™t = O1e5% + Che~5in®

162) Tim nghiém riéng clia phuong trinh (z + ev)dz + ev (1 — g) =0
thoa diéu kién y(0) = 2

2
HD gidi: 20 =29 - %5y 20 TPTQ- % 4yei —C
dy Oz y? 2
y(0)=2 = C=2.

163) Giai phuong trinh vi phan y” + y/tgz — y cos®> & = 0 bang phép bi€n ddi t = sinz

HD gidi: Twong tu bai 2

164) Cho bidu thirc: h(@((x—iy —In(z + y))dz + x—iydy).

Hay tim ham s8 h(z) sao cho biéu thirc trén trd thanh vi phan toan phan cla
mot ham F(x,y) va tim ham s§ d6.

HD gidi: Dat P = h(x)(x Jlr y In (x + y))
1

= h(z).

Q= he)

(Diéu kién v+y ; 0) dé Pdx + Qdy la vi phdan toan phéin:
oP  0Q - —h(x)(x+y+1) W(x)(x+y)—h(z)

dy O (r+y)? (x +y)?
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Shz+y)+hz+y) =0 W +h=0& h(zx)=c"
Va F(x,y) =e *In(x 4+ y)

165) Giai phuong trinh vi phan : 2y’ +2(1 —2)y + (x —2)y = e™®
bing phép d6i an ham z = yz

HD gidi: z=yr &y = z; Yy = =..;y =..teong tu bar 1
T

166) Cho P(x,y) = e*siny + 2m?x cosy; Q(x,y) = e*cosy + ma?siny.

Tim m d& P(x,y)dx + Q(z,y)dy 13 vi phan toan phan clia ham s
F(z,y) nao d6 va tim ham 3y.

HD gidi: 8_P oQ

o~ o & 2zsiny(m* +m) =0 Chon m = 0Vm = —1.

1
167) Giai phuong trinh 229" + 221/ + = 0 bang phép bi€n d6i = = i

HD giai:

168) Tim ham p(z? + y?) sao cho u(z? + y?) ((a: —y)dr + (v + y)dy)
la vi phan toan phan cia mét ham F(z,y) nao d6. Tim ham F(z,y)

néu biét u(1,1) = 0; u(v/2,v2) = In2

HD gidi: P(z,y) = h(2® + y*)(z — y); Qz,y) = h(2® + y*)(z + y)

~ \ . A \ W J . , P
Dé h(x — y)dx + h(z + y)dy la vi phan toan phan ta phai co: 2—3/:%
D_dtt:a:2+y2:>h’.2y(x— y) —h=h,2y(z +y)+h
_ G Cy
r x—0 9 x4+ C
:>F(ac,y):011faj 0dw+01f _H‘qjdy—Clarctgg—i-éln(m2+y2)+Cg

F(1,1) = 0; F(v/2,/2) =In2 Cho: C, =2;Cy = —(g +1n2)

169) Giai phuong trinh 22y” + 2/ +y = « bang phép ddi bién z = ¢

. 0 J4 1 byl 77 1
HD gidi: x = ¢ ta ¢6: y, = yg.g; Ve = (Y 1t — yg);

Thay vao phuong trinh: vy +y = €'
Nghiém tong quat cia phwong trinh thudn nhdt: v = Cycost 4+ Cysint

A A 1
Tim nghiém riéng dang: y+ Ae'; A = 5

Vay nghiém téng quat: y = Cycos (Inz) + Cysin (Inz) + =
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170) Giai phuong trinh vi phan: zy” — (z + 1)y —2(x — 1)y + 2% =0
bi€t rang phuong trinh thuin nhat tuong tng c6 moét nghiém riéng y, = e**
véi o 13 hdng s6 can xac dinh.

HD gidi: Thay nghiém vy, = e*® vao phwong trinh roi dong nhdat duoc o =2

“ 1 2(r —1
Dua phuong trinh ve dang: v’ — T Yy — (x )y =—x;, t#0
T x
r+1 2@ —1) B
r+1
—ds
Tim nghiém riéng: yo = €** [e % = dr = —§(3x + 1)e .

Suy ra nghiém 16ng quitl cia phuwong trinh thudn nhdt:
y = C1e* + Cy(3z + 1)

Bié'n thién hang sé:

1 1
Cl=—=Bz+1)e ™ Cy = —(6z +5)e "
0 -1
Cé = §€x CQ = §€m

= NTQ.

171) Giai phuong trinh vi phan z2y” — 4zy’ + 6y = 0 bang phép d6i bién z = ¢'.

1
2

Phwong trinh tro thanh: v’y — 5y, + 6y = 0= NTQ: y = C12? + Coz?

. . 7 1 b)) 79
HD gidi: = =€, ta ¢6: y, = yé.;, Yoo = Y u —Yt)

172) Giai phuong trinh vi phan: y” — (2 + 1)y + ey = 3
bing phép ddi bién ¢ = ¢*.

HD gidi: D6i biént =e* = 9. = y).€%, ¥ 0w =y u.€> + y|.€°

Thay vao phwong trinh: vy — 2y, +y =3

Nghiém téng quat cia phuwong trinh thudn nhdt: v = e'(Cyt + Cs)

Tim nghiém riéng dang y = At + Bt? + Ct + D — y = t3 4+ 6t> + 18t + 24 Két qua
y =€ (Cre” + Cq) + €37 + 6e2* + 18¢” + 24.

173) Giai phuong trinh vi phan: (z —1)y” — 2y +y = (v — 1)%e*
bi€t mot nghiém riéng cua phuong trinh thuin nhit tuong dng ¢é dang y = e*®
(a can xac dinh).

“ 1
HD gidi: Dua phuwong trinh vé: v’ — Y+ Y= (x —1)e*

z—1

Voip(r) = %; q(x) = ﬁ;f{x) — (z—1)e>

Thay y, = e** vao phuwong trinh thudn nhdt twong tng roi dong nhdt suy ra o = 1
Tim nghiém riéng y, = e* [ e 2el 719y = —g

1
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= NTQ: y = Cie* 4+ Cy(—2x)
Bién thién hang so:

—

C| = ze® Cy=we® —e® + K,
1
Cé = €2$ 02 = 562:8 + K2

Vay nghiém tong qudt: y = (g — 1)e* + Kie® — Koz

. A e A A 1
174) Giai phuong trinh vi phan: z%(z + 1)y’ = 2y biét moét nghiém y; =1+ —.
x

A 2
HD gidi: Dua phuong trinh vé: y" — my =0;p(x) =0; f(x) = 0.
Tim NR dang
1 x? 1 1
=1+~ e 10y = (14 =) (z — 21 =
= (14 ) [ e (e = (14 Dle —2Mfe+ 1] = 1)

1
:9(;4—1—ij

1
1 j I e —
n(z+1) »

A A , 1 1 1
Vay nghiém tong quat: y = C1(1+ =) + Co(x — = — 1 + v
xZ T

| 1)2 +1).
- n(z+1)°+1)

175) Giai phuong trinh vi phan (22 + 1)y — 2y =0
néu bi€t mot nghiém cla né cb dang da thirc.

HD gidi: Dé thdy y, = 2> + 1 la mot nghiém riéng cia (1).
Nghiém thit hai: y::yt/—Le‘fﬂ@“dt:(x2+1)/i—lél——
' R (a2 +1)?
1

— (e + 1)

T
o + arctgx)

Vay nghiém tong quat: v = Cy(x? + 1) 4+ Cy(z® + 1)(

o + arctgx).

176) Giai phuong trinh vi phan zy” + 2y — zy = ¢* bang phép d6i ham z = zy.

HD gidi: Dat z =zy = 2 =y +zy; 2" =2y +xy”. Thay vao phuong trinh:
' —z2=e" = NTQ z=C)+ Cye”

a A 1
Nghiém riéng dang: y = Axe® — A = 5
R 1 1
Vay: y = - —(Cy + Cye® + —xe™)
r x 2
, N o0 xn+1
177) Chdng to rang ham: f(x) = Y '
n=0 TV

la nghiém cua phuong trinh 2f'(x) — (z —;1)f(:z:) =
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%) n+1
HD gidi: Dung tinh chdat D’Alembert dé chitng t6 chudéi S

n=0 T

hoi tu voi mor x

n+1

xac dinh voi moi x.

Nhie gy ham f(z) = fj

Hon nwa: f(x) = xi =

n=0 T
= 2f'(z) — (x+ 1) f(x) = x(x + 1)e® — (v + 1)ze® = 0, Vo diéu phdi chitng minh.

x
n!

178) Giai phuong trinh z(z% + 6)y” — 4(2* + 3)y' + 62y = 0
bi€t rang né c6 nghiém dang da thirc.

HD gidi: Ta tim nghiém riéng duéz' dang y = Ar’ + Bo +C =y, = 2% + 2
7‘[ 4(1 +3)d1

nghiém riéng thit hai: y, = f #@+6) “ (g
yi
+6) 2 x
I L Gl ) BT — — +2/2arctg—
(z* + )f(x2~|—2)2 x = (z°+ )(x+($2+2)+ \/_arcg\/ﬁ)
. x
Viy NTQ: y = Cy(2* + 2) + Co[2® + 4a + 2v/2(2? + 2)arctgﬁ]
179) Giai phuong trinh (22 + 1)y” + (22 — 1)y’ — 2y = 2 + = biét rang
L A n 22 +4r —1 2+ 1
n6é c6 hai nghiém riéng y; = — =

HD gidi: Tw hai nghiém riéng y,vy» cia phwong trinh ta suy ra nghiém riéng cia
phwong trinh thudan nhdt la g =1y —ys =22 — 1
Suy ra nghiém thi has:

1
Yo = _/ —e_jp R (22 — 1) / meff L

— 2z —1) / —(2(92“";_1)16; dr = 520 - 1)[——<2(§;_1)Sj + / %dﬂ

= _e—:E

Suy ra NTQ: 5= C1(2x — 1) + Cye™™
2+ 1
2

Vi nghiém tong qudt cia phwong trinh ban dau: y= Cy(2x — 1) 4+ Che™™ +

180) Xac dinh h3ng s6 « sao cho y = ¢*** |3 mdt nghiém riéng clia phuong trinh vi phan:
Y’ +4xy + (42% 4+ 2)y = 0. Tim nghiém tong quat cla phuong trinh 3.

HD gidi: Ta tim nghiém riéng dudi dang y = e** thay vao duoc o = —1 va nghiém

riéng vy = e
1
Nghiém thie hai: y, =y, [ —e~ J P@)de gy — g=a® fezxge_“xdxdx =z,
yi

Viy NTQ: y = Cre™ + Coxe ™.

181) Giai hé phuong trinh: ¢
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HD gidi: Phuwong trinh ddac trung ’3 Z A _;i )\‘ =A=12%?=0& =1 (boi 2)

a=3a—c
A t \ A W W ~ b = b - d

Tim nghiém dang (;j) = (Egis;gt) thay vao hé roi dong nhat duoc: Z: » _SC
c+d=4b—d

Choa:Cl, b202:>02201, d:202—01
xTr = (Clt+02)€t

Viy nghiém téng quat:

d
oy & 2 +vy

182) Giai hé phuong trinh: 5
I =4y —x

HD gidi: Tuwong tu bai 1), phwong trinh ddc trung cé nghiém X =3 (boi 2)

3t
Tim nghiém dang (ngizgzgt) =a=0C, c=C, b=0Cy, d=Cy + Ch

a Tr = (Clt + 02)63t
Vay NTQ:
ay Q {y _ (201t + Cl + 02)6315.

;—f =x—-2y—=z
183) Giai hé phuong trinh: Y —z+2
;
ik
1-Xx =2 —1
HD gidi: Phuwong trinh ddc trung | —1 1— X\ I |=0& AN =-)1-2)=0

1 0 —1—=A
<:>)\1:0, )\2:—1, A3 =2

1— X =2 —1 Py

Véi cac Ny; i =1,2,3 gidi hé: -1 1-=X 1 Pyl =0
1 0 —1-X\ Ps;

DE tim nghiém riéng twong wng. Tt dé suy ra hé nghiém co bdn:
Ty = 17 hn = 07 2 = 17 To = 07 Yo = €7t7 Zy = _Qeit; T3 = 362ta

ys = —2e7 2t 25 = e,

x = O + 3C5e?
Viy hé nghiém tong quit: { y = Che™' — 205¢
z = Cl — 202€_t + 036%

& 3e—0
184) Giai hé phuong trinh: gt
Yy _
% +31:—i—y =0

HD gidi: Phuong trinh ddc trung ’5__3)\ _)\3_ 1‘ =0 =2 (boi 2)
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s a—3b=3d
= nghiém c¢é dang (Zt—td) e* thay vao hé = a+c=0
c+3b=—-3d

Choa:C’l, b:CQZ>C:—Cl, d:%_CQ
V h e Tr = (Clt+02)€2t

ay nghiem tong quat:

Ay g 94 y:<—01t+%—02)€2t.

. d_x =2x — 3y
185) Giai hé phuong trinh: %
%:x—Qy—l—Qsint

HD gidi: Phuong trinh dac trung co hai nghiém A\ 2 = £1

. ST 0 . 3 =3 Y11 . .
+ A\ = —1 guai hé: (O) = (1 _1) (%2> = y11 =72 = 1.

- ST 1 -3 Yo1) 0 __ 9. —
+ Ao =1 giai he: (1 _3) (722) = (0) = Yo1 = 3; Y22 = L.

Hé nghiém co bdn cia hé thudn nhdt tuong ing la:

xy =et Ty = et
_ ot o
Yy =¢€ Y2 =¢€

z(t) = Cre "t + 3Cye!

Viy NTQ cia hé thudn nhdt: {y(t) — Clet + Cyel

Bié'n thién hang sé:

3.
Cle 4+ 3Che! =0 O = 3e!sint . Ci(t) = §et(smt — cost)
Cle '+ Che' = 2sint Ch =e "'sint Cy(t) = _%et(smt + cost)
Viy NTQ: z(t) = C’le_z + SC'gtet —.3 cost
' y(t) = Cre " 4+ Che’ +sint — 2 cost
d
—f =2r—y+z
186) Giai hé phuong trinh: g—i =42y —2
d—j =x—y+2z

HD gidi: Phuong trinh dac trung: (A —1)(A—2)(A—3) =0 ¢6 3 nghiem A\ = 1,
/\2 = 2, /\3 = 3.

2— N\ —1 1 Py, 0
tng véi N; giai hé: 2—X\ -1 Pyl =10
-1 2-N\ Ps; 0

1

1

0 1 1 0 2 e3t
Duge 1] [1]; O) . Suy ra hé nghiém co ban et | ¥ ]: | 0

1 1 1
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x = Oye? 4 Cye¥
de NTQ Yy = Cl€t + 026%

Z = C’let + C’Q@zt + Cg@gt.

187) Giai hé phuong trinh:

d
g—f:y—f)cost
Y

7 _9

7 r+y

HD gidi: Dung phuong phdp khi: Ldy dao ham theo t phwong trinh thi hai:

y” — 2x/ + y/

Dé § phwong trinh dau, dua vé: v’ = 2(y — 5cost) +y <y’ —y — 2y = —10cost.
Day la phuong trinh tuyén tinh cdp hai, gidi ra duoc nghiém téng quat:

y = Cie* + Coe™" + 3cost + sint

" 1 :
Thay vao phuong trinh dau: x = 5016% — Che™t —cost — 2sint

Viy NTQ: x = Ae* + Aye™" — cost — 2sint
Y |y =241€* — Aye" 4 3cost +sint.
a1 A . /: 2 4 5
188) Gidi hé phuong trinh: {y 3y + 2z 1 e
2 =y+2

HD gidi: Nghiém phwong trinh dac trung \y = 1; Ay = 4; NTQ: {

y = Cre® + 20ye®
zZ = —C’lez + 026436

4
X C’/ — _6433 — C x 20 4z 3 5
Bién thién héng s6: { 4 — NTQ Y~ :r " 4x+ 651
Cl = —e" 2= —Cre" + Che™ +e
3
-1 A \ ,:2 - 2 *
189) Giai hé phuong trinh: Y yoadee
2 =3y — 2z + 4€”

HD giai: Nghiém téng quat cia hé thudn nhdt: {

Nghiém riéng cia hé khong thudn nhdt: {

Vay nghiém téng quat: {

y = Cre® + Coe™™
z = (C1e* +3Cye "
2* = (x+1)e".

y = Cre” + Coe™ 4 xe®
z=C1e" +3Ce " + (x4 1)e”.

190) Giai hé phuong trinh: {

Y =2y — 4z + 4e
2 =2y —2z
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A , =C 2 — sin 2 C 2 in 2
HD gidi: Nghiém t6ng quat: Y 1(cos 2z — sin , ©) + 2((;08 v+ sin2z)
| z = C1cos2x + Cysin 2z + e =%,

dy
a7 A~ N o :y+Z

191) Giai hé phuong trinh: %g
e =z —4y.

x

HD gidi: Phuong trinh dac trung N> —2X+5=0. Khi do M\ =1+ 2i, Ay =1 — 2i.
Hé thudn nhd't cé nghiém

y = e”(Cy cos2x + Cysin2z), z = 2e¢"(Cy cos 2z — C sin 2x).

d

& =y+z+e”
192) Giai hé phuong trinh: Cdlg
dzx

=z —4y.

HD gidi: Phuong trinh ddac trung N2> —2X+5=0. Khi do M\ =1+ 2i, \y =1 — 2i.
Hé thudn nhd't cé6 nghiém

y = e”(Cy cos2x + Cysin2z), z = 2e"(Cy cos 2z — C sin 2x).
Vi nghiém cia hé khong thudn nhd't

y = e*(Cy cos2x + Cysin2x), z = 2¢"(Cy cos2x — C sin2z) — e”.

d
Zo—y -
193) Giai hé phuong trinh: %{
e =2z + 4y + e*2.
T

HD gidi: Phuong trinh ddac trung \> —4X+8 = 0. Khi d6 \y = 2+ 2i, Xy = 2 — 2i.
Hé thudn nhd't cé6 nghiém

y = e**(C} cos 22 + Cysin 21), 2z = —2e**(Cy cos 2z — C| sin 27).

Vo nghiém cia hé khong thudn nhdt

1
y = e**(C cos 2z + Cy sin 21) — ZBQx, z = —2e**(Cy cos 2z — O sin 2z).

d =2y+z+e”
194) Giai hé phuong trinh: g]fé

R —
dx : y

HD gidi:
Phuwong trinh ddc trung \* —2X\+5=0. Khi d6 A\, = 1 + 24,
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Ny =1 —2i. HE thudn nhdl cé nghiém
y = e*(Cy cos2x + Cysin2z), z = 2e"(Cy cos 2z — C sin 2x).
Va nghiém cia hé khong thuan nhdt

y = €"(Cy cos 2z + Cysin2x), z = 2e"(Cy cos 2z — C sin 2x) — e”.

d
& =z +2y
195) Giai hé phuong trinh: 23
I =12 — Hsint.

HD gidi: Nghiém tong quit cia hé phwong trinh thudn nhdt:

x = Cre t 4+ 205e*
y = —Ciel + Cye?.

Bién thién hang s6 dé dvoc nghiém:

{x = Chre ! +20%e% + %sint + % cost

y = —Ciel + Cqe® + 2cost — sint.
d
O o—a-yrd
196) Giai hé phuong trinh: (%
g =z + 4y + e,

HD gidi: Nghiém cia phuong trinh ddc trung: vy = 2,79 = 3; tr d6 duwoc NTQ ciia
r = 201€2t + CQ€3t
Yy = —01€2t — 0263t.

Bién thién hang sé dé duoc nghiém tong quat cia hé khong thudn nhdt:

hé phwong trinh thudn nhdt la:

3
x = 201e* + Chedt — Eet + 2te?

1
y = —C1e? — Chedt + §et — (t+ 1)e*.

dx

— =2x+4vy
197) Giai hé phuong trinh: %
dt

=4y — z.

HD gidi: Nghiém cua phwong trinh ddc trung: r = ro = 3. Vay NTQ c6 dang:

r = ()\1 + ,ult)e?’t L, .
V0L Ay = Ay + iy o =
{y — (N + pat)e™. 2 1T My 2 = Ha
x == (Ol + 02t>63t

Tic la:
wew {y = (C'1+C'2+C2t)63t.
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d
) , & = 3z + 8y

198) Tim nghiém cua hé phuong trinh: 5
i —x — 3y

thoa man cac diéu kién: z(0) = 6; y(0) = —2

\ V . d ~ \ . ~ W .
HD gidi: Tw phuwong trinh thi hai: x = —d—? — 3y, lay dao ham theo t hai vé, rou
ey 1 A d? .
thay vao phuong trinh thi nhat cua hé duoe: d_ty —y =0, giai ra: y = Cret — Che™,

suy ra x :N—4Clet — 2C%e™t
théa man cic diéu kién z(0) = 6; y(0) = —2, suy ra Oy = Cy, = —1. Vay nghiém ciia
{a: = 4et + 2¢7t

y = —et— et
d
—;E =3r—-y+=z
199) Giai hé phuong trinh: —?Z =—x+5y—z
d_j =r—y+3z.

HD gidi: Phuong trinh ddc trung: \> — 1122 4+ 36\ — 36 = 0, gidai ra \; = 2; )y =
3:M3 =6. T dé duoc ba hé nghiém co ban:

€2t 0 _€2t
63t : €3t : €3t
€6t 9 eﬁt 66t

Vay nghiém téng qudt:

r = C1€2t + Czegt + Cg€6t
y = Cye3 — 205e%

z = —Clezt + 0262t + 03€6t.
d
o P . & =y+=z
200) Tim nghiém tong quat cua hé phuong trinh: g’zg
— =z—4y.
dz

HD gidi: Phuong trinh ddc trung: (A —1)(A —2) =0, gidi ra \y = 1; A\, = 2. T do

duwoc ba hé nghiém co ban:
e . 2€2m
e ) _362z :

y = C1e® + 205e*
z = —C1e® — 3Cye?.

Vay nghiém téng quat:
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de =2r — 3y
201) Giai hé phuong trinh: %
au =x — 2y + 2sint.

HD gidi: Phuong trinh dac trung co cac nghiem \y = —1; o = 1. Tu do duoc hé

—t t
nghiém co ban: ( Z_t ) : ( B:t ) .
r = Cle_t + 3026t
Yy = Cleit + Cget.
C'e t 4+ 30" =0 C', = 3e'sint
) <~ )
C'ie t+ (%t = 2sint. C'y =etsint.

Vay nghiém tong qudt:
Bién thién hang s
3, .
. Cy(t) = =e'(sint — cost)
Giai ra: 2 1
Co(t) = —Eeft(sint + cost).

z(t) = Cre + 3Cye’ — 3cost

Viy nghiém téng qudat cia hé:
g 74 ’ {y(t) = Cre " + Ce’ + sint — 2 cost.
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