CUC TRI TO HOP

MOT SO DANG TOAN CUC TRI TO HOP, RO
RAC VA PINH HUONG CACH GIAl

Bai toan cuec tri trong t6 hop va roi rac thuwong xuat hién trong cac ki thi
hoc sinh gidi va day thuong la bai khé dung dé phan loai hoc sinh. Cac bai
toan nay thuong khéng c6 moét thuat giai cu thé. Loi giai c6 duwoc cha yéu
dwa vao ning luc te duy sang tao ctia hoc sinh. Nham gitp hoc sinh ¢é
duwoc co sd dé giai cac bai toan vé cuec tri trong to hop va roi rac, chung toi
hé thong mot so bai todn va mot so dinh hwdng cach giai quyét cac bai toan
Vé cuc tri trong to hop va roi rac. Trong bai viét nay, chang téi dua ra mot
sO bai toan thwong gap va dinh hudng giai cac bai toan do.

Bai toan 1. Tim s6 nguyén dwong k nhé nhat (I6n nhat) sao cho moi tap A
ma |A|=k déu c6 tinh chat T nao do.

Vi bai toan nay, ching ta thuong xét mot tap A c6 tinh chat dac biét nao
d6 sao cho |A|=m va A khong thoa tinh chat T, tir d6 suy ra duoc

Kk
tinh chat T, tte d6 ta tim duwoc k

min 3 M +1. Tiép theo ta chizng minh moi tap A ma |A|=m +1 déu c6
min =M +1.
D& chiing minh moi tap A ma |A|=m +1 déu c6 tinh chat T thi ta c6 thé st

dung nguyén li Dirichlet hoac xay dung

Vi du 1. Goi A la tdp tat ca cac so'tw nhién Ié khéng chia hét cho 5 va nho hon 30.
Tim s6'k nhé nhat sao cho mai tdp con cia A gom k phan tie déu ton tai hai so'chia
hét cho nhau?

Loi giai.

Taco: A={1,3,7,9,11,13,17,19,21,23,27,29} , |A|=12
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Xéttap Ay ={9,11,13,17,19,21,23,29}

Dé thay hai phan ti bat ki thudc A, thi khong chia hét cho nhau. Tt d6 ta
suy ra duoc k3 9.

Ta chitng minh k =9 théa dé bai.

Xét S la mot tap con bat ki cua A va [S[=9.

Xét ba cip {21,7} {27,9} {1,11}, ta thay mdi cip la boi ciia nhau.

Néu trong 3 cap trén cé it nhat mot cap thudc S thi bai toan dwoc giai quyét
Gia st trong ba cap trén khong c¢6 cap nao ciing thude S, do [S|=9 nén S
phai chita mot s6 trong moi cip va chia 6 s§ con lai. Tt d6 suy ra trong S
phai c6 cap {3;9} hosc {3;27} va mdi cap nay la bdi caa nhau. Hay ndi cach
khac trong S ludn ton tai hai so chia hét cho nhau.

Vay k 9.

min ~
Nhan xét:
Mau chét trong bai toan trén la ching ta phat hién ra tap Ay dé tr do ta
khang dinh dwoc k® 9 va duw doan K, =9. DEtim tap A, ta liét ké hét
cac so trong A ma khong c6 hai sd nao la boi caa nhau. Véi bai toan nay,
viéc tim ratap Ay kha don gian.

Vidu 2. Cho tip A goém 16 sd'nguyén diweong dau tién. Hay tim s6'nguyén dweong
k nhé nhat cé tinh chat: Trong méi tdp con cd k phin tir ciia A déu ton tai hai s6°

phan bigt a,b sao cho a + b? 1a s6'nguyén t6" (VMO 2004).

Loi giai.
Gia st k 1a s6 nguyén duong sao cho trong moi tap con c6 k phan ti cta

tap A déu ton tai hai s6 phan biét a,b sao cho a? +b® 1a s8 nguyén t&
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Ta xét tap T gom céc s6 chdn thuoc tap A. Khi do [T|=8 va véi moi a,bl T
taco a’ +b? Ia hop s6, do &6 suy ra k3 9.
Xét cac cap so sau:

A={1,4} E{3;2} E{5;16} E{6;15} E{7:12} E{8;13} E{9;10} E {11;14}
Ta thay tdng binh phuong ctia mdi cip trén 1a mot s6 nguyén to.
Xeét T la mot tap con ctia A va [T|=9, khi d6 theo nguyén Ii Dirichlet T sé
chtra it nhat mot cap noi trén, hay noéi cach khac trong T ludn ton tai hai s6
phan biét a,b sao cho a® +b% 1as6 nguyén to.
Vay Kpin =9.
Chuy:
1) Vi gia thiét a% + b? 12 s8 nguyén t6 nén a2 + b? khong thé 1a s& chin hay
a,b phai khac tinh chan, 1é. Dya vao d6 ta xay dung duoc tap T.
2) D€ tim duwoc sy phan hoach tap A thanh hop cua 8 cap roi nhau nhu trén
ta lam nhu sau:
. Taliét ké tat ca cacs§ a;1 A,a,1 A,..,a;s1 A saocho i®+a?(i=1,16)Ia

sO nguyén td . Tir d6 ta c6 dwoc sy phan hoach trén, sw phan hoach trén
khéng phai la duy nhat.

Vi du 3. Cho m¢t da giac déu 2007 dinh . Tim s6'nguyén dwong k nho nhat thao
man tinh chat: Trong méi cach chon k dinh cia da giac, lubn ton tai 4 dinh tao
thanh mat ti# giac 16i ma 3 trong s6'4 canh cua tiz giac la canh cua da giac da cho
(VMO 2007).

Loi giai.

Goi cac dinh cua da giac la Ay, A,,...,Axqg7 -
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Ta thay t giac c6 4 dinh thudc cac dinh cua da giac ¢6 3 canh trong 4 canh
la canh cua da giac khi va chi khi 4 dinh cua t& giac la 4 dinh lién tiép cua
da giéc.

Xeéttap hop X ={A1, A5 Az, Ay,... Axgs. Aggos) (00 di cac dinh A4 va
Ango7)- Taco |X|=1505 va X khong chiia 4 dinh lién tiép cua da giac. Tir
dé suy ra k3 1506 . Ta chitng minh K, =1506.

Goi T latap hop cac diém thudc dinh cta da giac va [T|=1506. Ta xét
2007 - 1506 =501 dinh con lai. Cac dinh nay sé chia dwong tron ngoai tiép
da giac thanh 501 cung, do dé sé cé mot cung chira it nhat 22:(;)173
e u
dinh lién tiép cua da giac. Di nhién 4 dinh nay thudoc T va la 4 dinh lién tiép
cua da giac da cho.

1=

Vay k. =1506.

min
Chay:
1) b€ chitng minh k,,;,, =1506 ta c6 thé lam theo cach sau

Pat T ={A1. A2, A3, AL}, T, ={As5. A6 A7 Ag} ...

Tso1 ={ A2001:A2002+A2003-A2004}  Tso2 ={ A2005:A2006 A 2007}
Néu cé T;1 T,i=1,501 thi bai toan dwoc chiing minh
Gia st T; E T,i=1,501, vi [T|=1006 nén [TCT;|=3, " i=1,501 va Tgpp 1 T
Vi Agoos Aggos  Aggo7 | T hen AT TP Ay Az, Ayl Th Agl T... tasuy
ra duoc Agpr I TP Aggep Agoos Aggoal T
Do d6 Aspp2,Ar003:A2004-Aogos 1 T - Bai toan duge chizng minh.
2) Mau chét bai toan trén 1a chiing ta dua ra duoc nhan xét: Da giac thoa
yéu cau bai toan khi va chi khi 4 dinh cua t giac la 4 dinh lién tiép cua da
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giac . Ttr d6 chiang ta xay duwng tap X khong thoa yéu cau bai toan. Khi xay
dung tap X ta chl y, can xay deng X sao cho trong X khéng chita 4 dinh
lién tiép va X c6 s6 phan tir I6n nhat.

Vi du 4. Cho mot bang hinh vuéng 9° 9. Hoi phai td mau do it nhat bao
nhiéu 6 vudng don vi dé ta ludn chon dwoc mot hinh vuéng 2 2 ¢ chira it
nhat ba 6 duoc td6 mau do. (DS: 46)

Vi du 4. Trong mét cudc hoi thao ciz 10 ngueoi thi ¢ dlng mat ngueoi quen chung.
Tim s6'ngueoi quen lon nhat cza mot ngueoi.

Loi giai. Tt gia thiét bai toan, ta suy ra duoc:

Moi nguoi ¢o it nhat mot nguoi quen.

Gia st c6 k(2 £k £10) nguoi ny,n,,...,n, d6i mot quen nhau. Khi dé sé co
nguoi tht k+1 la ni,; quen véi k nguoi ny,n,,...,N, suy ra (ni)ﬁil doi
maot quen nhau.

Bang cach xay dung nhuw vay ta cé duoc it nhat 11 nguoi (ni)i1:11 déi mot
guen nhau.

Gia str ¢6 nguoi nl (ni)ﬁil va n quen vdi it nhat 1 trong 11 nguoi (ni)ilzll,
ta xét cac truong hop sau:

TH 1: S6 nguoi quen cua n khdng nhé hon 2.

Gia str n quen vdi ny,n,trong (ni)ilzll. Khi d6 nhém gém 10 nguoi
n,ns,..,Nq; €O 2 Nnguoi quen chung la ny,n,, suy ravo ly.

TH 2: n quen dung 1 nguoi trong 11 nguoi (ni)ilzll.

Gia sit n khong quen n,,n,,...,Ny;. Khi do
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11

n,ny,..,N;1,Ny €6 Mot nguoi quen chung la p va pi (ni)i=1

Suy ra p ¢6 khong it hon 2 nguoi quen trong nq,n,,N5,...,N¢;. Ta dua vé
trueong hop trén va dan dén diéu vo Ii.

Vay s6 nguoi quen nhiéu nhat cua mot nguoi la 10.

Bai toan 2: Tim s6 phan t& I6n nhat (nhé nhat ) caa tap A gém cac phan
tie co tinh chat T.

D¢ giai bai toan nay, ching ta thuong thuc hién theo cach sau

Pit

A| =k, bang cac 1ap luan ta chitng minh k£ m (k3 m). Sau d6 ta xay
dung mot tap A' thoa tinh chat T va |A| =m.
Chud y: Néu trong mét bai toan lién guan d€n mot phan tir a thudc giao

A{CA,C..CA, tacdthé di démbd (a,Aq,...,A,) bang hai cach. Tt d6

ta thiét 1ap duoc cac bat ding thic.

Vi du 5. Cho A la tidp hop gém 8 phan tiz. Tim s’lén nhat céc tdp con gom 3 phin
tur cuza A sao cho giao cua hai tdp bit ki trong céc tdp con nay khdng phai la tip
gém hai phan tz.

Loi giai.
Goi By,B,,...,B,, 1aso tap con cua A thoa :

B;|=3, ‘Bi GBy|* 2 (i,j=12,...n)

Gia str ¢0 phan tix a thudc vao 4 tap trong cac tap B;,B,,...,B, (chdng han

a thudc 4 tap By,B,,B3,B,). Khi dé: ‘Bi CBj|*1"i,j=1,2,3,4

Mt khac voi i* j thi B; * B; nén |B; G B;|* 3
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Suy ra‘BiQBj‘zl" i,j=1,2,3,41i1 |
Do d6: |A[3 1+4.2=9 Vo Ii.

Nhu vay moi phan tie thudc tap A thi sé thudc nhiéu nhat ba tap trong s6
cac tap B;,B,,..,B,. Khidb,suyra 3n£3.8P n£8.

Xét A={1,2,3,4,5,6,7,8} vacactap
B, ={1,2,3}, B, ={1,4,5}, B; ={1,6,7}, B, ={3,4,8}
Bs ={6,2,8}, B; ={8,7,5}, B, ={3,5,6}, B3 ={2,4,7}

La cac tap con gom ba phan tir cua A va ‘Bi CBy|* 2.

Vay sd tap con Ién nhat la 8.

Vi du 6. Trong mét cugc thi c6 11 thi sinh tham gia giai 9 bai toan. Hai thi sinh
bit ki gidi chung véi nhau khong qué 1 bai. Tim k I6n nhat 4é’moi bai toan co it
nhat k thi sinh gigi duoc.

Loi giai.
Goi H; la thi sinh thir i va tap cac bai toan 1a {by,b, ..., bg}

Theo dé bai ta cé: ‘Hi C Hj‘ £1," i j.Dat n; 1as6 thi sinh giai dwoc bai b; .

Ta di dém bo (bj,H;,H)), trong d6 bj1 H;C H.

Ta c6 s6 bd nay chinh bang: §
i<j

H; G Hj|

9 9
Miit khéc: s§ bo ny lai bing & C2 . Do détaco: & |H; G Hj‘z &c?
=g i<j =
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9
suyra & (n?- n)£23
i=1 i<j

HigHj‘ﬁz.c:fl:llop 9(k%- K)£110P kE4

9
Voi k=4.Giastontai n; 3 5,suyra § (d?- d;)® 8.12+20=116 v IT.
i=1
Suyran;=4,"i=19p 3
i<j

—Cp -2
HiGHj/=54=C}; - 1

Do d6, ton tai (i;]) sao cho H; CH;=£&

Gia st ngszﬁEva‘HiQHj‘:l, "i<i (i)t (12)

Néu ton tai i d& |H;|£3, " i1 1,2b [H; CH|=1, " tT {1,2,... 11} \{i}
€100

Nén ton tai mot phan tk caa H; thudc it nhat e_sﬂ+1=4 tap H,tti.
€ou

Suy ra ton tai mot phan ti thudc nhiéu hon 5 tap Hj , VO Ii.

11
Suyra|H;|24b §

H;|3 36 +|Hy|+|H,|>36 VO Ii.

Do @6 k£ 3.Vdi k=3 tachi ra nhu sau:
Quy wdéc : s6 1 la thi sinh giai dwoc bai d6

s8 0 14 thi sinh khong giai duoc bai do.
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Vi du 7. Trong mét ki thi, 8 giam khdo danh gia tieng thi sinh chi bing hai tir
dang hodc sai. Biét rang véi bat ki hai thi sinh nao ciing nhan duweoc két qud nhue
sau: ¢ hai giam khao cung cho dUng; ¢6 hai giam khao véi ngueoi thiz nhat cho
ddng va ngueoi thiz hai cho sai; ¢ hai giam khao véi ngueoi thiz nhat cho sai, ngueoi
thit hai cho 4ang; cudi cung cé hai giam khao cung cho sai. Hoi so'thi sinh Ion
nhat c6 thé’bing bao nhiéu?

Loi giai.

Goi n la so thi sinh. Ta xét hinh chit nhat 8xn géom 8 hang va n cot sao cho
6 vubng & hang thir | va cot thir j cho s6 0 (s 1) néu vi giam khao thi i
danh gia thi sinh tht j sai (dang).

T gia thiét dé bai ta suy ra bat ct hai cot nao cuia bang ciing c6 tinh chat:
8 hang cua hai cot nay chiza cac cap sd 00,01,10,11 va mdi cip s6 xuat hién
hai lan.

Ta chitng minh, khéng ton tai bang gom 8 cot c6 tinh chat trén.
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Gia st ton tai mot bang nhu thé.

Do trong mot cot bat ki, ta doi s6 0 thanh s6 1 va nguoc lai thi tinh chat trén
van duoc bao toan. Vi vay ta cé thé gia st hang d4u tién gom céac s 0. Goi
a; lasocacsd0 nam & hang thi i. Ta c6 tdng cac s6 0 1a 8.4 =32, hon nita

sO lan xuat hién cuacap 00 la 2.C§ =56.

8
Mat khac s nay cting bang § Ci_
— |

i=1
3 82 _18 2
Via; =8 néntacod q a;=24. Tedosuyra: a C. = a (aj - &)* 30
i=2 =2 I 2|:2
S 2 _2, 8 2
Do vay: 56 = g Ca_ =Cg+a Ca_ 3 58 vo li.
i=1 i=2 !

Nén ta suy ra so thi sinh nhiéu nhat chi c6 thé'la 7.

Bang sau chirng to c6 thé c6 7 thi sinh.

0/0{0|0|0|0|O
oj1{1|{1/1,0/0
0j1|]1/0/01|1
0/0|0j1/1|1/1
1101|0101
1/0(1{1]0|1/0
1/1/0{0|1|1/0
1/1/0{1]0]0 |1

Vi du 8. Cho bang & vudng kich thiergc 2000x2001 (bang gém 2000 hang va 2001
cot). Hay tim s6'nguyén dwong k I6n nhit sao cho ta ¢é thé'td mau k 6 vudng
con cuza bang thoa diéu kién: hai 6 vudng con nao duwoc td6 mau ciing khong cé dinh
chung (VMO 2001).
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Loi giai.
Ki hiéu (i;j) 12 6 vuéng nam o hang thé i va cot thi j. Ki hiéu k(T) lasd 6
vubng dwoc té mau o cach td mau T.
Xét mot cach t& mau T thoa yéu cau bai toan
Ta thay néu 6 (i;j) dwoc td mau (1£i£1999) thi cac 6 (i +1;j) va cac 0 ké
vGi N6 trong cting mot hang khéng duwoc td mau. Ta xét phép bién ddi sau
doivéi T
Xoa tat ca cac 6 (i;j) ma i 1é va td mau cac 6 (i +1;j). Khi thwc hién phép
bién doi trén ta thu duoc cach td mau T' thoa man dé bai va:

K(T") =k(T)
. T4t ca cac 6 nam trén hang thi 2i- 1 (i= 1,2,...,103) déu khéng duoc to
maul.
Tt diéu kién dé bai, suy ra trong mot hang c6 khéng qua 1001 6 dwoc t
mau. Do d6 k(T) £1001.10°.

Vi vay k(T) £1001.10% véi moi cach td mau T théa yéu cau bai toan.

Ta xét cach t6 mau sau:

To cac 0 (2i;2j- 1) véi i= 1,2,...,103;j =1,2,..,1001. Ta thay cach t6 nay thoa
y&u Cau bai toan va s6 6 duoc td mau 1a 1001.103.

Vay Kp,gy =1001.10°.

Vi du 9. Trén mét dwrong tron cho 2011 diém phan biét. Gia s trong sé’cac diém
nay c6 ding k diém diroc td6 mau den. M¢t cach t& mau dwoc goi la “tot” nél ton
tai it nhat mot cap diém mau den sao cho phin trong ciza mét trong hai cung 46
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tao boi hai diém chira ding 1006 diém cua E. Tim k nho nhdt sao cho moi cach to
mau k czza dié cua E déu “tot”.

Loi giai.

Dit E={0,1,2,...,2010} . Ta s& xét theo mod 2011
Ay A e s e Lt e .., €007
Mot cach t6 &t khi va chi khi ton tai i,j sao cho |i- j|= 3004 (mod2011) (*)

Xétmottap T1 E,|T|=1006. Ta sé chizng minh ton tai i,j thoa (*)
That vay: véi moi il T thitontaiiy® iyl T saocho:
[i- iy|.[i- i,|° 1007,1004
M3t khac, moi al E\T duwoc tinh hai lan.
Suy ra [E\T|=|T|b 1005=1006 Vo Ii

Suy ra n la so tot, do dé ki, £1006.

min
Do 201143 nén E ={3k|k =- 1006, - 1005,... 1004} (mod 2011)
Chon T ={3k]k=0,1,2,...,1004}

€007 . €3K; © 3k; +1007 (1)
o € 004 0 é (mod 2011)

Suyra"itjl T: |i- j|=3‘ki - K| §3ki ° 3k; +1004 (2)

(1) U 3(1005- k; +Kk;j)© - 3(mod 2011) U 1006 - K; +k;li2011 vo Ii.

Twong tu, tir (2) ta suy ra vo li.

Vay K, =1006.

min
Chay: D& danh gia k£m (k3 m) chdng ta c6 thé thiét 1ap cac dang thic
hoic bat ding thic. DE thiét 1ap cac dang thic chiing ta can cha y déh cac
bat bién.
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Vi du 10. Cho mét bang kich thiegec 20127 2012 dwoc dién cac s tw nhién tir 1

déh 20122 theo quy tdc sau: Hang thiz nhat ta dign cc s6'tir 1 déh 2012 tir trai

qua phai, ¢ hang thi¢ hai ta danh cac so'tir 2013 dén 4024 tuwg phai qua tréi, cac
hang tiép theo dwoc danh theo kiél zich zac tweong tie nhue trén. Hay tim cac phi
kin bing trén béi 1006~ 2012 quan co Domino sao cho téhg ciia tich cac so'trén

mai quan co Domino Ién nhat.

Loi giai. Dt A :{1,2,...,20122} |

Goi a;,b; 1a hai s6 duoc ghi trén quan co Domino thit i Voi

n
aj,b;T {1,2,..,1006" 2012} ; i=1,1006" 2012 va S = § a;b; Véi
i=1
n=1006" 2012. Tacantim gia tri nho nhatcua S.

x2+y? (x-y)°
2

nén ta co:;

Vi xy =

10 18
S==8 (af +b{)- =& (a;- by)°
2i=1 2i=1

Mat khéc a;,b; 1a cac s6 te nhién khac nhau thuoc tap A nén
2n
3 (@2 +b?) =3 i% va(a- b)?31

1=1 1=1

&

aan !
Suyra S E%gé i2 - n+. Bang thic xay ra khi va chi khi a;,b; 1a hai s6 tw
i=1 '

@
nhién lién tiép.

Vay d€ S 1én nhat ta pha cac quan co Domino sao cho moi quan co chiza

hai s tw nhién lién tiép.
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Vi du 11. Cho s6'nguyén diwrong n. Cé n hoc sinh nam va n hoc sinh niz xép thanh
mét hang ngang, theo thi tze thy y. Mai hoc sinh (trong so6"2n hoc sinh vira néu)
dwroc cho mét so'keo bing diing sé'cach chon ra hai hoc sinh khéac gigi voi X va
dirng ¢ hai phia cza X. Chizng minh rang téng sé'keo ma tit ¢ 2n hoc sinh nhan

dwoc khong virot qué %n(n2 -1) (VMO 2012).

Loi giai.
Goi a7,a,,..,a, va by,b,,...,b, lavitri cia n nam va n nix trén hang.

Xét nam tai vi tri a;, ta thdy bén trai anh taco a; - 1 vitri, trongdéco i- 1

vi tri la nam, vay nén bén trai anh ta c6 a; - i nt.

Twong ty, bén phaianhtaco n- (a; - i) nt.

Vay nam tai a; duoc cho (a; - i)[n- (a; - i)] keo.

Tuong ty, it tai vi tri b; duoc cho (b; —i)gn - (b; - i)g keo.

Nhuw vay tong s6 keo dwoc cho bang

n

S=a{(@-i)n- (a- ) +(b;-i)(n- (b;- i)}
i=1
= 5 {n(a; +b;)- (@2 +b?)- 2ni- 2i% +2i(a; + b;))}

i=1

chayla{ay,..ay,by,...b,} ={1,2,...2n} néntaco

n 2n n 2n
o > . 2n(2n+1)(4n+1) o . 2n(2n+1
8 (af +b)= § 2= 2NN TDENTD 5 (o b= =200 D
i=1 i=1 6 i=1 i=1 2
n
Ngoai ra a i2 _n(n+1)(2n +l),é i = n(n +1).
i=1 6 i=1 2
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n 2
Thay vao biéu thuc tinh S, ta tim duoc  S= § 2i(a; +b;) - n(7n -;9n +2) |
i=1

Tt d6, ta dua bai toan ban dau vé viéc chitng minh bat dang thaec:

n
T=3 i(a; +b;) £ " +1)6(8” +1)
i=1

Tacéa,+b,£2n+2n-1=4n-1
a,+b,+a,.;+b,.1£4n-1+4n-5
a,+b,+a,. ;+b,.;+..+a;+b;£4n-1+4n-5+...+3
Ap dung cong thitc khai trién tong Abel, ta co
A
T=ai(@+bj)=a,+b,+(@,+b,+a .1 +b, ) +..
i=1
+(@, +b,+ta,_{+b . +..+a; +by)

£4n- 1+(4n-1+4n-5+..+(4n- 1+4n- 5+...+3)

i(ai- 1)= n(n+1)(8n+1)'
1 6

11 Qo=

Vay bai toan dwoc chitng minh.

Vi du 12. Goi hinh chiz nhat 2x3 (hogc 3x2) bi cit bé mét 6 vubng 1x1 ¢ goc
dwoc goi la hinh chiz nhat khuyét don (Hinh 1). Hinh chiz nhat 2x3 ( hodc 3x2)
bi cit bé hai hinh vudng 1x1 ndm ¢ hai géc doi dién 1a hinh chiz nhat khuyét kép
(Hinh 2). Nguoi ta ghép mot so’hinh vudng 2x2 , mgt so’hinh chiz nhat khuyét
don va mgt s6’hinh chiz nhat khuyét kép sao cho khong cé hai hinh nao chom 1én
nhau dé’tgo thanh madt hinh chiz nh4t kich thiréc 1993x2000. Goi s la tohg sé
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hinh vudng 2x2 va hinh chiz nhit khuyét kép trong mdi cach ghép noi trén. Tim
gid tri lon nhit ciia s (Vietnam TST 1993).

Hinh 1 Hinh 2

Loi giai.
Goi y la s& hinh chi nhat khuyét don. Ta c6 dang thuc vé dién tich
4s +5y = 2000x1993 (1)

Dién s6 0 vao cac 6 (2k,2t) véi 1Ek £996,1£t £1000, ta thay c6 1000.996
s0 0 dwoc dién. Dua vao hinh (hinh 3) ta thay:

Hinh vudng 2x2 va hinh chx nhat khuyét kép chira dling mét s6 0
Hinh chit nhat khuyét don chita x s6 0 véi x =1 hoac x=2.

Suy ra 1000.996 =1s+x.y3 s+y (2)

Tie (1) va (2) ta suy ra dwoc: 2000.1993 =5(s +y) - s £5.1000.996 - s
Suy ra s £994000.

Ta xét cach ghép sau (hinh 4) thoa s =994000.
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1 2 3 4 5

1998 1999 2000

1
2 0 0 0 0
3
4 0 0 0 0
5
1991
1992 0 0 0 0
1993
(Hinh 3)
1 2 + 43678 2000
1 ! I A
2 i | _
; !_* N 1 i. |
5 Id-_ d._ '_i _: 1 _.l_ .J\..I.l'\.l--l'
& | |
T I E —— | M
1986 |
| |
| _ -
(Hinh 4)
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Vi du 13. Goi hinh chiz nhat 1x2 (hodc 2x1) la hinh chiz nhat don va hinh chiz
nhat 2x3 (hodc 3x2) bo di hai 6 vudng don vi ¢ hai goc doi dién la hinh chiz nhit
kép. Ngueoi ta ghép khit cac hinh chiz nhat don va cac hinh chiz nhat kép lai véi
nhau dwroc mét bang hinh chiz nhit 2008x2010. Tim s6'nho nhat cac hinh chiz
nhit don c6 thé’'dung dé’ghép (Vietnam TST 2010).

Loi giai.
Ta xét mét hinh chir nhat 2008x2010 théa yéu cau bai toan.
Goi X,y lan lwot la s6 hinh chit nhat don 1x2, 2x1 va z,t la s6 hinh chix
nhat kép 2x3,3x2 dung trong cach pha do.
Cac 6 & hang 1é ta t6 mau tring, cac 6 6 hang chdn ta td mau den.
NX 1: Dua vao dang thuc dién tich, ta co:
2(x +y) +4(z +1) =2008.2010 (1)

NX 2: Trén toan bang moi hinh chit nhat kép 2x3 hodc 3x2 déu co cac 6
mau den bang cac 6 mau tring. Hinh chit nhat don 2x1 duoc ghép doc nén
s& 6 mau den ciing bang s& 6 mau tring. Suy ra s hinh chit nhat 1x2 & cac
hang dwoc td mau den bang sd hinh chit nhat 1x2 & cac hang duoc té mau
trang.

Hon nita c6 tat ca 2008 hang nén ta suy ra x chan, cdng véi dang thiec (1)
ta suy ra dwoc y chan. Hay noi cach khéac ta co x,y chan (2).

Bay gio o tat ca cac 6 hang thit i cua hinh chit nhat ta dién cac so i
(1£i£2008) va f 1a hiéu cua tdng cac s6 ghi trén 6 mau tring va tong céac
sO ghi trén 6 mau den cua cac hinh chir nhat dang xét.

Ta co: f(3x2) =0,f(2x3) =+2,f(2x1) =1

Suyra § f(3x2) =0, § f(2x3)£2z, § f(2x) £y
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(trong d6 § f(3x2) la tong tinh trén tat ca cac hinh chit nhat kép 3x2 dwoc

dung, teong tw cho cac ki hiéu con lai)

Mat khéac tong cac so ghi trén x hinh chit nhat 1x2 1a mot s6 chan thudc
doan §2;2.2008f, ma x la s& chdn nén ta c6 danh gié sau

a f(1x2)£§(2.2008- 2).

1%04 1%04
Ta c6 £(2008x2010)= & 2010[2i- (2i- ]= & 2010 =2010.1004
i=1 i=1

Do d6: 2010.1004 = § f(3x2) + & f(2x3) + & f(2x1) + § f(1x2)
£§(2.2008 - 2)+y+2z=2007x+y +2z (3).

Tiép theo ta xét hinh chixr nhat 2010x2008, 1ap luan vé cac hinh chix nhat
1x2, 2x1, 2x3, 3x2 dwoc dung twong tu nhw trén ta cing xay dung duoc
bat ddng thiec 2008.1005 £ 2009y + X +2t  (4).
T (3) va (4) ta suy ra:
2010.1004 +2008.1005 £ 2008x + 2010y +2(z +t) (5)

Theo (1) thi 2008.1004 =x +y +2(z +t) két hop vai (5) ta co:

2010.1004 £ 2007x + 2009y £ 2009(x +y) b x+y >1004
Ma x +y la s6 chan nén ta suy ra duoc: x+y 2 1006.
Ta chitng minh ton tai cach ghép chi can dung 1006 hinh chi nhat don.

Hinh duwdi day mo ta cach ghép mot hinh chix nhat 10x16, trong do6: cac
hinh chit nhat khuyét duoc td bang 5 mau khac nhau (do, hong, xanh lam,
xanh 14 cay, xanh dam) dé dé dang phan biét; trén hinh cac khai dwoc to
mau xanh 14 ma la cac hinh cht nhat don chic chan phai dung, cac khdi
mau vang thi tay treong hop, co6 thé la hinh chit nhat don ma cting cé thé
la hinh chit nhat khuyét.
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lr_::'sg?_

=

T Khéi 1 Khéi 2/ \Khéi 3 Khoi 4

Hinh chi nhat 2010x2008 c6 thé duoc tao thanh tir hinh trén bang quy téc
sau:
- Thém céc ding bang cach chén vao giita mdi khdi & trén cac hinh c6 dang:

Moi lan ghép nhu thé thi ta c6 thém duoc hai hang méi, do 2010 chia hét
cho 2 nén khi thuc hién viéc nay lién ti€p mét cach thich hop thi khoi nay
sé tang vé chiéu dai, tao thanh cac khéi maéi cé kich thuée 2010° 4 va o
moi khai nhu vay, ta chi ding ding 2 hinh chi nhat mau xanh 1a ma.
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- Thém cot bang cach 13p lai cac khdi 1, 2, 3, 4 ¢ trén hinh (ch( y tinh tuan
hoan gitra cac khai: (1) twong &ng vai (3), (2) twong &ng vai (4)).

Nhu thé thi ta can phai c6 tat ca 502 khdi danh cho 2008 cot. Bong thoi, ¢
khoi dau tién va khdi cudi cung, ta can dung thém mot hinh chr nhat don
mau vang, cac khaoi & gitra thi dung cac hinh ch nhat khuyét mau vang.
Ttc la: 6 hai khoi dau tién va cudi cung, ta can dung 3 hinh chir nhat

don, cac khdi ¢ gitra chi can dung 2 hinh chi@ nhat don thoi.

Khi d6, tong s6 hinh chir nhat don can dung la: 500.2 + 2.3 =1006

Xoay hinh chir nhat 2010x 2008 lai, ta dwoc hinh chir nhat 2008x 2010 can
phai ghép, hinh chit nhat d6 c6 ding 1006 hinh chit nhat don thoa min dé
bai. Do dé, cach ghép trén thoa yéu cau bai toan.

Vay gia tri nho nhat cac hinh chir nhat don can dung la 1006.

Vi du 14. Trén mét ban co 2010x2010 4t vao k hinh 1x2 sao cho khong thé'dat
thém m¢t hinh nao niza (cac hinh 1x2 roi nhau). Tim so’lon nhat cac 6 tw do con

lai.

Loi giai.
Pat n=2010 va t la s 0 tw do con lai cua ban co.

2
Tachitng minh t £ - +2 0.

Goi x; 1256 0 tw do ndam trong bang
X, 1258 6 tw do ndm & trén bién (khong tinh & géc)
X, 1258 6 tw do nam & goc
X la s 0 ty do cua bang.
Taco: X=X, +X; +X3.
Goi y; 1as3 hinh 1x2 nam trén bang, y, 1a s6 hinh 1x2 nam dinh bién
2

n - x
2

Suyray,;+y,=
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Ta d&m sd cap “ s 0 ty do — bién cuia 6 6 dinh véi 1 hinh chir nhat 1x2”
S8 cap nay bang 4x; +3x, +2X3
Mt khac: so cdp nay khong vuot qua 4y, + 3y, nén ta co:

4Xy +3X, +2X3 £4y, +3y, (1)

Do hai 6 tu do nam trén bién lién tiép thi bi tach boi 1 hinh chit nhat 1x2
nén X, +X3 £y, +1 (2).

Lay (1)+(2) ta duoc: 4(Xq + Xy +X3) - X3 £4(y +Yy,) +1

2
2n° +1+X
Suyra4x-x3£2(n2-x)+1|:> XE 3
2 énZ 4 oU
Do x5 £4 nén ta suy ra duoc x£n +2+%b x£§ns—+2q
e e

e.2 u 2
Vi n=2010p x£60 T26=""—1346700.
g 3 g 3

Ta xét cach ghép sau day sé xay ra dau “=".
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Vi du 15. Cho 2006 diém phan biét trong khong gian, khong ¢6 bon diém nao
thing hang. S6'k goi 1a s6'tot néli ta cé thé'dign 1én méi doan thing néi hai diém
trong 2006 diém da cho m¢t so twe nhién khong virot qua k sao cho véi moi tam giac
c6 ba dinh trong 2006 diém da cho thi c6 hai canh duwegc dien hai s6'bing nhau va
canh con lai thi dwoc dién s6’lon hon. Tim so'tot c6 gia tri nho nhit (TST Viét
Nam 2006).

Loi giai.
Ta sé chirng minh sg tot nho nhat 1a 10 .
Truwdc hét ta dinh nghia mot s6 khai niém nhuw sau:

Mot cach dién cac s6 tu nhién khong vuot qua k 18n cac doan thang ndi n
diém trong khéng gian, khdng c6 bdn diém nao dong phang, 1a mot cach
dién tot néu véi moi tam giac ¢ ba dinh trong n dinh da cho thi c6 hai
canh duoc dién hai s6 bang nhau va canh con lai dwoc dién s I6n hon, va
khi d6 ta goi k la so n-tot.

Ky hiéu sd n-t6t cé gia tri nho nhat la f(n). Ta chitng minh f(2006) =10.

: ] . +100
Truoc hét, ta chiing minh £(n) = fagr 241 (1),
2
ee Ug
_ 3 . bn + 100
Voi k>1 taco f(k)2 f(I) nénsuy ra f(n)3 fgeén 13+
&€ 2 Ug
e . , : fn +100 , | . e
bé chitng minh (1) ta chixng minh fgeén 1H+ khong phai la so n-tot va
&€ 2 Ug
+100, . . "
fgéén—l3++1 la s6 n - tot.
&€ 2 Ug
: +100 . e it A4 o A i N .
Giasu fgéén—zl3+ la sO n — tot, khi d6 sé ton tai cach dién cac so ti nhién
ee Ug
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A 7 %n + 106 A 7 ? = A2 Y Ve A A
khbng vuot quéa f‘?éTfﬁ Ién cac canh caa n diem la cach diéen tot.

ug
Ta thay khong c6 tam giac nao c6 ba dinh trong cac diém da cho c6 hai
a&n +1u0

canh bang nhau duoc danh s6 er > u- suy ra hai canh duoc dién
Ug

fgéén i 13_ thi khéng c6 dau mut chung. Do d6 ta c6 thé ki hiéu n diém da

&6 2 Ug

o
chola Aj,A,,...,A,, trong d6 cac canh duoc danh so6 f(}%n +1ﬂ_ la
Ug

AlAZ’A3A4”A2k- 1A2k Va. Ca.C dlem COﬂ Ia' Ia. A2k+l""’An

Ta xét cac diem Aq,Az,.... Aok 1, Ask41:-+Ap (DO 2k <n nén co it nhat

én+1u
6,5 U
& 2 4
noi cac diém do.

diém duoc chon, ta goi m la sé diém dwoc chon) va cac doan thang

0
Do khdéng cé canh nao duwgc danh s6 fgéén 5 13_ nén :
ug

a&n +1u0 a@n+1uo
f(m )Eer g 1< fg , 0=
Ug ee Ug

én+1u
Volldom>e > 0

e u

0
Vay diéu gia st o trén la sai, suy ra f(n) > fgeén ; 13_

ug

Tiép theo ta chitng minh fgéén 1u 1 lasd n-tot

Uﬂ

Xétn diem A, A,,...,A,. Taxét cach dién s6 nhu sau:
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Ta dién so 0 1én cac canh AiAjmait j(mod2)

7= 7 - A2 7 A? “A 7 A \ A %n + l l:lo N 7
Voi cac diem Ag,Ag,... taco the dien cac so tir 0 dén feg——+ Ién cac
&6 2 (g
doan noi no6 sao cho la mot cach dién tét vai cac diém doé nén ciing c6 thé
A 7 A N A %n + 1 ub \ A 7 A A 7= 7 = A2
dién cac so tir 1 dén f9é7a++ 1 sao cho la mo6t cach diéen tot voi cac diem
eé Ug

d6 (2)

~ 7 A? A Ve 4 N A %n + 106 A 7 A
Twong ty ta cting co thé dién cac so tir 1 dén fgru# 1 1én cac canh noi

e¢ 2 Ug
cac diem A,,A,,... sao cho do la mét cach dién tot vai cac diem do (3)

Ta chitng minh cach dién trén la cach dién tot doi véi n diém da néu.
Xét tam giac AjAA .

Néu i° j° k(mod?2), khi d6 theo (2) va (3) ta c6 tam giac AiAAK co hai
canh duoc dién hai s6 bang nhau va canh con lai dwoc dién s& 16n hon

Né&u trong ba s& co hai s& cuing tinh chan lé va khac tinh chan lé véi s6 con
lai, khbng mat tinh tong quat, ta gia s i ° j(mod2),i * k(mod2),j! k(mod2)
Khi do, theo cach dién trén thi cac canh AjAL, AjAy duoc dién s6 0, canh
con lai dién so 16n hon 0.

a&n +1u0

Suyra fca g=+1 1asé n—tot
&6 2 g

Vay ta ¢é: f(n) =f§”_+132+ 1
&€ 2 Ug
Tir d6 suy ra: f(2006) =f(4)+9

Ta tinh f(4).
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Ta c6 s6 0 khdng phai la 4-t6t va s6 1 la 4 - t6t vai cach dién sau
Suyra f(4)=1.
Vay (2006) =10.

Bai tap

Bai 1. Gia st S la tap con cua tap A ={1,2;3;...;14;15} théa man: tich 3
phan tk bat ky thudc S khdng la s6 chinh phwong. Tim s6 phan ti 16n nhat
cua S.

Bai 2. Cho tap hop P gom n diém phan biét trén mit phang (n3 3),trong
d6 khoéng c6 3 diém nao thing hang. Mdi cip diém thudc P duoc ndi boi
mot doan thang té6 mau do hoic td mau xanh.Tim s6 nho nhat cac doan
thang td mau dé sao cho bat ki tam giac nao véi 3 dinh thudc P déu co it
nhat mot canh mau do.

Bai 3. Trong khdng gian cho 2006 diém ma trong d6 khong c6 4 d&iém nao
dong phang. NGi tat ca cac cip diém da cho boi cac doan thing. SG tu nhién
m duwoc goi 1 t6t néu ta c6 thé gan cho mdi doan thang mét sd tw nhién

k £m sao cho tam giac tao bdi 3 trong s6 cac di€ém da cho déu c6 hai canh
bang nhau va canh con lai dwoc gan mot s& 16n hon hai s8 d6. Tim s& tot
nho nhat.

Bai 4. Trong mot giai bong da cé 20 doi tham gia, thi dau vong tron mot
lwot (két thac giai moi ddi da voi mdi doi con lai dang mot tran). Tim sd k
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I6n nhat sao cho sau moi k vong dau (mdi ddi dau k tran) luén tim duoc 3
doi déi mot chwa da vai nhau.,

Bai 5. Cho mot bang 6 vubng 5x5. Goi A la tap hop céc dinh cua cac hinh
vubng don vi trir cac dinh cua bang. Hoi ta c6 thé chon duwoc tir A nhiéu

nhat bao nhiéu diém dé trong sé cac diém da dwoc chon khong c6 ba diém
nao lap thanh maot tam giéac can.

Bai 6. Trong mit phang, cho tap hop A gom 2010 dism phan biét dwoc
danh sd tir 1 dén 2010 sao cho ba diém bat ki nao trong ching cting
khéng thang hang. Mét t& giac (I6i hodc 18m) duoc goi 1a "dep" néu cac
dinh ctia n6 thudc A va duoc danh sd bang 4 s6 thoa man mot trong hai
diéu kién sau:

i) D6 la 4 s6 tw nhién cach nhau 2010 don vi.

ii) D6 1a 4 s6 tw nhién lién ti€p va néu trong 6 c6 chira so chia hét cho 2010
thi s6 d6 phai la I6n nhat.

NOi tat ca cac diém thudc tap hop A lai véi nhau sao cho diém nao thuoc A
cting thudc dang mét tix giac. Tim sé 16n nhat t& giac "dep" duoc tao thanh.

Bai 7. Cho mot da giac 16i 67 dinh cac dinh dwoc noi véi nhau boi cac doan
thang. Chon n doan bat ky va mdi doan duoc té bai mot mau trong 10 mau
cho trudce. Tim so n nho nhat sao cho vaéi bat ky cach té nao ctang luén tim
dwoc mot dinh ma cé it nhat 7 canh xuat phat tie d6 cung mau.

Bai 8. Goi G la tap hop cac diém c6 toa d6 (x;y) trén mit phing toa dd voi
x,yI ¢,1£x,y£2011. Mot tap con S cua G duoc goi la tap "hinh binh hanh
tw do" néu khong c6 4 diém nao trong S tao thanh hinh binh hanh (tr
truong hop ching thang hang). Xac dinh ¢& 16n nhat cua S.
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Bai 9. Cho n - giac I6i (n3 4). Chia da giac nay thanh cac tam giac roi nhau
c6 cac dinh 1a dinh ctia da giéc, roi to cac tam giac nay bang 2 mau do va
tring sao cho hai tam giac cuing chung canh thi duoc td hai mau khéac nhau.
Trong tat ca cac cach chia tim s6 tam giac nho nhat duwoc té6 mau do.

Bai 10. Gia sit M la tap con cua tap gom tat ca cac cap so tw nhién i <k
khong vuot qua so tie nhién n (n3 2) cho trueéc.Trong dé néu cap i<k

thuoc M thi khéng c6 cap k <m nao thudc M. Hay xac dinh so cap Ién nhat
c6 thé co6 cua tap M.

Bai 11. Cho tap M ={1,2,...,40} . Tim s& nguyén duong k nhé nhat sao cho
ton tai k tap A, A,,..., Ay thoa cac diéu kién sau:

k

i=1
i) Khong ton tai tap A; sao cho ton tai ba phan tir a,b,cl A; (a,b,c khéng

nhat thiét phan biét) saocho a+b=c.

Bai 12. Trong mot dai hdi ¢6 51 dai biéu. Dai biéu dwoc chia thanh n nhém
sao cho moi dai biéu thudc vao ding modt nhom. Moi dai biéu ghét ddang 3
dai bidu khéac. Biét raing néu A ghét B thi khong nhat thiét B ghét A. Tim s6
n nho nhat sao cho ta ludn cé thé chia n nhém sao cho khéng cé dai biéu
nao ghét dai biéu khac trong nhém cua 6ng hoac ba do.

Bai 13. Trén ban co vua kich thudc 8x8 duoc chia thanh 64 6 vuéng don vi,
nguoi ta bo di mot 6 vubng don vi nao do & vi tri hang thit m va cot th n
(LEmE£8;1£n£8). Goi S(m;n) Ia s hinh chir nhat duoc tao boi mdt hay
nhiéu 6 vudng don vi cta ban co sao cho khéng cé 6 nao trung vai vi tri
cta 6 bi x6a bo ban dau. Tim gia tri nhé nhat va gia tri I6n nhat caa S(m;n).
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Bai 14. Cho tap S ={1,2,..,2012} . Hay tim s& nguyén duong k nhé nhat c6
tinh chat: V6i moi tap con A cua S ma |A| =k thi trong A ta luén tim duoc

ba phan tk x,y,z saocho x=a+b,y=b+c,z=c+a trongdé a,b,c 1a3
phan tir thuoc tap S (CMO 2010)

Bai 15.(Vietnam TST 2012) Trén mot canh dong hinh chi@ nhat kich thuwéc
m’ n 6 vudbng gobm m hang va n cot nguoi ta dat mot s6 may bom nwée
vao cac 6 vudng. Biét ring mdi may bom nudc c6 thé twsi nwde cho cac 6
vuong c6 chung canh vai nd va cac 6 vudng cung cot vai no va cach no
dang mot 6 vudng . Tim sé nhé nhat cac may bom nude sao cho cac may
bom nudc c6 thé twdi hét ca canh dong trong 2 treong hop:

a)m=4

b) m=3
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Phan VII. Tai liéu tham khao
[1] Li thuyét t6 hop va &ng dung - Vi Dinh Hoa
[2] Tim hiéu vé dai s6 t6 hop — Ngb Thuc Lanh
[3] Tuyén tap 200 bai toan vo dich (Tap 7: T6 hop) — Nguyén Quy Dy
[4] Chuyén dé chon loc T hop va Roi rac — Nguyén Van Mau (chu bién)
[5] Cac bai thi Olympic Toan THPT — Toan hoc va tudi tre
[6] Céc tai liéu tir internet

[7] Céac trang web Vvé toan: http://math.vn/, http://forum.mathscope.org/
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