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BAI TAP LUYEN THI OLYMPIC TOAN HQC TOAN MIEN NAM LAN THU XVIII
Chii dé: LUQNG GIAC- HINH HQC PHANG
( VAN PHU QUOC- GV. TRUONG PH QUANG NAM)
1. Gia st M 1a diém niam trong aABC . Goi A',B’,C’ lan luot 1a hinh chiéu cia M trén cac dudng

2 2 2
thang BC,CA, AB . Chimg minh rang; MA + MB + __Mc >
MB'+ MC' MC’+ MA’ MA’+ MB’

HD:
Ta co: MB’+MC’_ MB + MC —sin MAB' +sin MAC'
MA MA A
. MAB'+MAC'  MAB'-MAC' . . A
= 2sin .COS <2sin—
2 2
Suy ra: !VIA -2 l :
B A C MB'+MC' 2sin A
Chirng minh tuong tu ta dugc: MB > ! MC > !

MC'+MA’'  2sinB ' MA'+MB’ 2sinC’

2 2 2
Khidé:( MA j+( MB J+( MC jz% ! + ! + !

MB'+MC’ MC'+ MA’ MA' + MB’ sinc® sin?B 52 &
2 2
A L 42 , . 1 1 1 1
Ap dung bat dang thitc AM-GM ta co: + + c > 3.3 A B C
sin® = sin® —  sin®* sin®> —sin® —sin® —
2 2 2 2
Ta c6 bat dang thirc: sin2sinBsinC <1
2 2 2 8

Do do: ! + ! ! Jl =12.

+ >3 >
sinzé sian sin29 3 1j
2 2 2 g

2 2 2
Viy MA N MB N MC >3
MB'+ MC' MC’+ MA’ MA’+ MB’

Déu "=" xay ra <> aABC déuva M I trong tdm tam giic nay.
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2. Cho aABC. Cac duong phan giac xuat phéat tr A,B,C cat duong tron ngoai tiep aABC tai A, B’,C’

twong ung. Chirng minh: AA'.BB'.CC’>16R*r .

HD:
Ap dung dinh 1y Ptolemy cho tir gisc ABA'C ta co:
AA'.BC = AB.A'C + AC.A'B hay aAA'=cA'C +cA'B

Do AA’ latia phan giac BAC nén A’ la diém chinh gitra cua cung BC.

Suyra: aAA'=(b+c)A'C = (b+c)2Rsin§ ( theo dinh 1y sin)

BWC 2R(b+c) A

n = AN =" sin .
a 2

2R(a+c)sinE ; CC’=2R(a+b) . C
b 2 c

3
8R (b+c)(a+c)(a+b)SinésinEsing
abc 2 2 2

Chtrng minh tuong tu ta dugc: BB’ =

Khi d6: AA'.BB'CC'=

Do r =4Rsin§sin%sin% va (b+c)(a+c)(a+b)>8abc nén AA'BB'.CC'>16R%r .

3. Cho aABC thoa m, +m, +m, =§(a+b +¢). Ching minh rang it nhat mot trong ba bat dang thirc
sau Xdy ra: m, =£a, m, =£b, m, =£.
2 2 2
HD:
A Theo gia thiét: ma+mb+mc=£a+—3b+—30 (1)
2 2 2
2 2 2
Pa biét: m? +m? +m? = ﬁa o 30 4 e 2)
2 2 2
5 c
Tu (1) va (2) suy ra: mym, +m,m, +m.m, =—3a—3b+£b£c+£c£a 3
2 2 2 2 2 2
Binh phuong hai vé cuia (3) ta duge: m,mm_ = Ta.gb.gc (4)

B, B,

Tur (1), (3) va (4) suy ra: Ta 5 5 ——¢ la 3 nghiém ctia mdt phuong trinh bac 3.
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VB, B, VB
2 2

Gia s aébﬁc:Taé—bé—

Ta c6 két qua quen thudc sau: m_ <m, <m_.

B3

Tir cac nhan xét trén dé dang suy ra: m, = Tb :

4. Cho aABC c6 3 goc nhon véi truc tim H . Goi dién tich cac tam giac HAB, HBC, HCA lan luot 1a:

2(51+Sz+53)>5

S,,S,,S,. Chimg minh rang aABC déu<

27 r
HD:
A Ta co:
- B' 8(Sl+32+33)3: 1| (Si+8:)+(S,+55)+(S; +S,) 3
27S5,5,  SS,5, 3
H
> S, +35, . 5, +5; . 545, ( bit dang thic AM-GM).
S, S, S,
B A c

Goi A',B',C’ lan luot 1a cac chan dudng cao.

Taco SitS:_HB_HB HA sinHAB 1 _  cosB
" S, HB' HAHB' sinHBA sinHAC cosAcosC
Chirng minh tuong tu ta dugc: S, +5, _  C0sC ; Si*5 _ COSA :
S, cos AcosB S, cosBcosC
Khi dé: S1+Sz_sz+83.83+81: 1 S 8
S, S, S;  cosAcosBcosC  (cos A+cosB)(cosB+cosC)(cosC+cosA)
1 4R

> -
- . A.B.C r
SIn—SIn—SIn —
2 2 2

S,=S,=S
A=B=C

Déu "=" xay ra < { * <aABC déu.

5. Goi A,B,C 1a3g6c ciia aABC . Ching minh ring:

33
1+coszé 1+cos2E 1+00329 < 1+£ .
2 2 2 4
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HD:

Ap dung bét dang thire AM-GM ta co:

3
1+coszé 1+coszE 1+00529 <— 3+cos’ A+cos B+cos29 (1)
2 2 2 27 2 2 2
P4 bidt: cos? 2+ cos? S+ cos? & <2 (2)
2 2 2 4
3 B
Tu (1) va (2) suy ra: 1+coszé 1+cos2E 1+00529 3+ 9 - 1+E (3)
2 2 2 2 4 4
V3 3 33
Ap dungbat dangthuc Bernouli ta co: l+Z_1+\/—\£ [14_?] :(1+%) <(1+§J 4)

A B C N
Tu (3) va (4) suy ra: (1+ cos? Ej (1+ cos’ EJ [1+ cos’ Ej < [1+ T] :

6. Cho aABC . Chirng minh rang: m, +m, +m_ < 97R

HD:
A D4 biét: sin? A+sin? B+sin2C§%.

Ap dung bét dang thirc Cauchy-Schwarz ta co:

m, +m, +m, S\/S(m§+m§+mf) =\/3%(a2+b2 +c2)

Bvc
= JoR* (sin? A+sin’ B+sin’C) < [or?. 2 = 2R

4 2

2 2 2
7. Ching minh rang: aMA? + SMB? +yMC? Za—ﬁ}/(a_+b_+c_j , Va,B,y >0, VM €(ABC).
a+p+y By

HD:

Dung diém | e (ABC) sao cho: alA+ BIB+y1C = 0(:)0:( M + MA)+ﬁ(I

s (a+p+y)IM (aMA+ﬁMB+yMC < 1IM = ¢ MA+—P  NB+—T NC
a+ﬁ+y a+p+y a+p+y

patx=— % y-_ B 7

a+,8+;/’ a+p+y a+ﬁ+7/'
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Khi do:

IM = —(xm+ ymﬂ/M—C)
= IM? = X*MA? + y*MB? + z2*MC? + 2xyMAMB + 2yzMBMC + 2zxMAMC

= X’MA’ + y’MB? + 2°MC? + xy (MA® + MB? — AB® ) + yz(MB? + MC’ - BC? )+ 2x(MC’ + MA? - AC?)
Do IM? >0 nén suy ra duoc diéu phai chimg minh.
Déu "="xayra<> M =1 .
8. Cho ~ABC. Chimg minh rang: m_.m,.m_> pm
HD:
Taco: S=pr=(p-a)r,=(p-b)r,=(p-c)r,.
Suyra: S‘=p(p-a)(p-b)(p-c)rhrr=Srnrr=S=JrLrr (1)

2(b*+¢*)-a’ s (b+c)’ —a*> (b+c+a)(b+c-a)

Mit khac: m? = 2 > . = 2 =p(p-a)=m,>,/p(p-a).
Tuong ty chirng minh dugc: m, > ,/p(p-b) ; m > /p(p-c).
Suy ra: mm,m_ > p\/p(p—a)(p—b)(p—c) = pS 2)
Tu (1) va (2) suy ra: m,.m,.m, > py/r,.L.r.r.
9. Cho aABC . Chirg minh rang; £+£2ﬁ.
R r 2p

HD: Tac6: abc =4R.S =4Rrp.

Ap dung bét ding thirc AM-GM ta cd: (2p)° =(a+b+c)’ >27abc=27.4Rrp = p2 > 2—27 Rr (1)

(p—a)+(p-b)+(p-c) :
_S_Jp(pa)(pb)(pcu\/p{ 3 }

Mar=—
p p p 33

Suyra: p=3J3r  (2).
Tu (1) va (2) ta duge: p° z#mz = 3/4; . >ﬂ
r

SETS

Lai 4p dung bét dang thirc AM-GM ta Cé:£+£=£+i+i23‘3/ L 5 Zﬁ
R r R 2r 2r 4Rr 2p
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2012

10.Cho 2012 diém A, A,,..., Ay, thudc duong tron tdm O ban kinh R=1 sao cho: » OA =0. Hay xac
i=1

2012
Sey

dinh vi tri diém B thudc mit phing chira dudng trdn ndy sao cho: M = so— l6n nhét.

>en

i=1

HD: Véimoi i=1,2,...,2012 ta co:
o4 {5 - O Oe|-{0% ~08[(0% 080 -0 ~050A

2012 _ 2012
Suyra: Y BA >2012-0B.) OA =2012.
i=1

i=1
Dau "=" xay ra<> BA TT OA v&imoi i=12,..,2012 < B=0.

Khong giam tinh tong quat, gid si: BA <BA, <..<BA,,,.

" . e BA <BA <..<B
Ap dung bat dang thirc Trebusep cho hai ddy don di¢u tang: { A <B4 P ta dugc:

BA’<BA’<..<BA),

(20212 BAJ[%Z BAf’jS 2012(2'0212 BA{‘j: M <1
BA =BA, =...=BA,,,

< B=0.Vay maxM =1
B=0O

Déu "=" xay ra < {

11. Trong tat ca cac tt giac 16i ABCD ¢d chu vi bing 1, tim tir gidc sao cho biéu thirc:

AB* BC* CcD* DA*

—+ S — — dat gia tri nh6 nhit.
(AB+BC)sinB (BC+CD)sinC (CD+DA)sinD (DA+ AB)sin A

HD:
a’ b? c? d?

bat: AB=a,BC=b,CD=c,DA=d va S= + + + .
a+b b+c c+d d+a

a’-b*> b*-c* c¢?*-d®> d?-a’ . a?+b?> b*+c® c*+d? d?*+a’
Do + + + =0 nén 2S = + +

a-b  b-c c-d d+a a+b  b+c " c+d d+a

Ap dung bit dang thirc Cauchy-Schwarz ta c: 2S 2%(a+b)+%(b+c)+%(c+ d)+%(d +a)=1.
Déu"="xayrac>a=b=c=d = % Lai 4p dung bat dang thirc Cauchy-Schwarz ta co: %S S?<..<4P.

Suyra: P> % Déu "=" xay ra < ABCD la hinh vudng c6 canh bang %
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12. Cho tt giac 16i ABCD c6 dién tich bang % thoa AB+BD+DC <2.Tim AC?

HD:
. Giase AB=x,BD=y,CD=1z.Khido: x+y+z2<2
) ¢ Sopm S2XV, Sico S2 V2 Suep == S 2 y(x42) = y(x+2)21
2 2 2 2
Nhung x+2<2-y< y(x+2)<y(2-y).
Suy ra: y(2—y)21c>(y—1)2£0c> y=1; x+z=1 vatit ca cic
. ) bat dang thic tro thanh ding thic.

Nhu vay AB L BD,CD L BD
Ha AK vudng goc v6i dudng thing CD.
Ap dung dinh ly Pythagore trong tam gidc vudng AKC :

AC =JAK? +KC? =12 +12 =/2..

4 £ A 0 . p X 4 2 2)? 2 2\?
13. Tam gidc ABC c6 C =45". Chimg minh rang: AB* =(BC” — AB?)" +(CA’ - AB’) .
HD:
Ap dung dinh 1y ham s6 cosin ta ¢6:
c2=a?+b?—2abcos45’ =a? +h* —+/2.ab

A

b a?_c?=2ab-b? |(&° —cz)2 = 2a%h? - 24/2ab® +b*
= = ,
b”—¢? =+/2ab-a’ (0® —¢?) =22’ -2\2a%h +a’

? ¢ :>(a2—c2)2+(b2—cz)z:(a2+b2—\/§ab)2:(cz)2.

14. T giac ABCD noi tiép dudng tron thm O, ban kinh R = V5. Hai duong chéo cua tir giac vudng goc
v6inhau tai K va OK =1. Goi S 1a dién tich cua tam giac KCD .Chirng minh: 1<S <4,
HD:

V& duong kinh AE . Khi d6 BD//CE = CBDE la hinh thang can, din d¢én BC = DE .
Mit khic, KA® + KB+ KC? + KD? = AD*+BC?* = AD*+DE*=AE*=20 (1)
4 4

Lai c6: KAKC = KBKD =|OK*-R?|=4= KA= o KB= @)

Thay (2) vao (1) ta co: 20=(KC2+KD2)(1+%j
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> 2KCKD[ 14— )_gs(14+20 |-, 20
KC?KD " 4s? s

<:>528+§©82—58+4§0©1£S£4.

S=1<KC=KD=+2
S=4< KC=KD=22.

15. Trong tir giac 16i, tong cac binh phuong cac canh va dudng chéo bang m. Ching minh rang dién tich
A , M
cua tir gidc khong vuot qua 3

HD: Theo diéu kién bai toan ta co:
m=a’+b*+c*+d*+e?+ f?>2ab+2cd + 2ef

VaSABC_;ab SAACD_ cd

Suyra: S é%(ab+cd).

Mat khac S =%ef Siﬂ(pé%ef < 2S <ef .

Laico: 2S <ab+cd < 4S <2ab+2cd.

Nhu viy m>8S < 5 <™

bc

 [pte-ayste
16. Tinh céc gbc cua tam giac ABC biét rang:

. A. B.C .
8sin—sin —sin—=+/3(2—-+/3
SIn > SIn > SIn 2 \/_( \/_)

HD:
4p(p-a)<hbc (1)
Diéu kién bai toan:
smésmEsmE=2\/E 3 (2)
2 2 2 8
2 2
(1)c>(a+b+c)(b+c—a)£1©(b+c) -a e 2bc(1+cosA)Sl
bc bc bc
@COSZASEZSMZAZEQS ézi (v‘|0<é<£). (3)
2 4 2 4 2 2 2 2
A A

VT(2)=sin—sinEsin9:£sm— cos B-C —COs B+C
2 2 2 2 2 2 2
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1.A( .Aj 1.,A 1. A 1(.2A.Aj
<—sin—|1-sin— |=——=sSiIn“"—+—SIn—=——| sin“ ——-sIn—
272 2) 27 2 272 2 2 2

(. A 1Y 1| 1 1 A 1Y
=—=||sin——=| —=|==—=|sihn——=| .
2 2 2) 4| 8 207 2 2

8 212 2 8
cosB;C:]_ :2_7[
Déu "=" xay ra khi va chi khi =y 3
. A 3 T
sin—=— B=C=—
2”2 3

17. Cho tam gi4c ABC thoa méan diéu kién: S =a® —(b—c)’. Ching minh ring: tan A= %
HD:

Taco: S=a° —(b—c)2 @%bcsinA:b2 +c?—2bccos A—b? + 2bc —c?

o %bcsin A=2bc(l-cosA)= bcsin?cos? = 4bcsin2§

A A A1l
= C0S— =4sin—=>tan—=—.
2 2 2 4
2tan A 1 8
Tir do ta co: tan A= 2A 21 =
1-tan? 2 11—+ 1
2 16 ‘ ,
18. Goi X, Y, z la khoang cach tir diém M thudc mién trong cia aABC ¢0 3 gbc nhon dén cac canh BC,

a?+b?+c?

CA, AB. Ching minh rang: Ix+ y+ Jz< T

HD:
Ap dung bét dang thirc Cauchy-Schwarz ta co:

&+\/§+I=%J&+%\/®+i\/c_z

2
< (1+1+1J(ax+by+cz)= (1+£ EJZS (1 i 1Ja_bc__ /ab+bc+ca /a +b +c?
a b c a b ¢ a b ¢

19. Cac duong phan giac AA',BB',CC’' cua aABC bit ky cit nhau tai diém K . Chu:ng minh ring:

\/KA’ \/KB’ \/KC’

HD:
Ta s€ chung minh: KA__a ?
b+c
bit AB=x=> A'C=a-x.Taco: L=E=E<:>bx=ac—cx<:>x=£.
a-x AC b b+c
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ac
KA =AB=§= brc__28 . Chtirng minh tuong tu ta dugc: KB = b ; KC ——
AK AB ¢ C b+c BK a+c CK a+b

Bt dang thuc can ching minh c6 dang:\/ a +\/ b +\/ ¢ >2
b+c Va+c \Va+b

b+c

—+1
ApdungAM-GMtacé: a 2,/b+c<:>£2 E
2 a a a
b+c p

oo

Chirng minh tuong tu ta dugc: JL > b ; S >
a+c p a+b

Cong vé theo vé cua ba bit dang thirc nay ta dugc diéu phai ching minh. ‘
20. Cac duong phan giac AA',BB',CC’ cua aABC bat ky cat nhau tai diém K . Ching minh rang:

[AK BK CK _2
AA' BB’ CC' ™ 3’

x a+b)(b+c)(c+a
Dé dang chirng minh dugc: AK’. BK,. CK, = ( I )(3 ) ; A—K’B—K,C—K, =
AA" BB' CC (a+b+c) AA" BB' CC
Str dung bét ding thirc AM-GM ta suy ra dwoc dpem.
21. Cho tam giac ABC va diém M tly y trong mp(ABC). Tim gié tri nho nhat cta biéu thie:
MA MB MC
= + +
a b C

HD:

P

HD:
a?+b?+c?
23

Taco: 4m? :Z(b2 +C2)—az = 2(b2 +c? +a2)=4m§ +3a’ > 4m,ay/3 = am, <

Goi G latrong tam aABC.

knido: MA_MAGA, WAGA _ 33y griga= 3P (G GA+on)
a aGA a+b+cg a‘+b+c a‘+b+c
2J3 '3
Lam tuong ty voi @; M—C
b c
. 3\/é 2 2 2
Suy ra; sz(GA +GB’ +GC?)

Dé y rang: GA? + GB? + GC? =%(a2 +b? +C2)

Suyra: P>.3.
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22. Cho aABC . Ching minh rang: T—a+ﬁ+&23‘3}% :

a Ib Ic

Tacd: h, = 2: 2\/p (p- a(ap b)(p—¢) ;= bic be.p(p-a)
h_(b+o)y(p=b)(p=c) _ 2{p-b)(p—c)
1, av/bc N a

h h
Lam tuong tw cho — ; I—° ?

b

m_g>{«pbﬂp®+«pcxpa+«anpw}

Suy ra: ( bt dang thire AM-GM)

ha
Suyra: 2+—=+
S P a b c

Lai 4p dung bét ddng thirc AM-GM ta co:

J(p-b)(p—c) AWQW—Q«AWMW—)3$DﬂKWMW—®

a b

Suy ra: —= by, h°>6\/(p a)(p b)(p-c) _pr i/:
[ . p4R 4pR

23. Cho lyc giac 16i ABCDEF thoaman AB =BC, CD =DE, EF =FA.
BC DE FA_ 3
BE DA FC 2

Chirng minh rang;

HD:
c Ap dung bét dang thirc Ptolémé cho tir gidc ACEF, ta ¢6:
AC.EF +CE.AF > AECF = AF (a+b)>cCF =+~ >
5 FC a+b
D
Chirng minh tuong tu cho E BC ?
DA ' BE

KhdoBC DE+FA a+b+c>3
BE DA FC b+c c+a a+b 2

A
v ( bt dang thirc Nesbit)
E

F

24. Cho aABC. Ching minh rang: r? + 2 +r’>>m?+m? +m? (1). Dau "=" xdy ra khi nao?
HD:

Jp(p-b)(p-c)

p—a

Taco: S :\/p(p—a)(p—b)(p—c) =(p-a)r,=r,=

\ 3
Va m§+m§+mf=z(a2+b2+cz).

Khi do: (1)< p (p—l;)_(z—c)+(p—(;)_(g—a)+(p—z)_(:—b) 2%(a2+b2+cz) 2
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Pp=X+y+1z

bat x=p-a,y=p-b,z=p-c .
! P y=p P :{a=y+z;b:z+x;c:x+y

(2) thanh: (x+ y+z)(%+ﬁ+ﬁj2§[()’+ Z)z +(Z+X)2 +(x+ Y)ZJ (3)

y z 4
Ta s& ching minh bét dang thic (3)
That vay, VT (3) =Xy + yz+zx+ X’ (1+Ej+ y?2 (§+Ej+zz[ﬁ+lj
z y z X y X

> XY+ YZ+ X+ 2%+ 2y% + 277 2%(x2+y2+zz+xy+ yz+zx):VP(3).
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