VAI PIEU THU VI
VE MOT LOAI TAM GIAC PAC BIET

Ta quy wéc goi mét tam gidc ¢6 dd dai cdc canh la cdc s6 tw nhién lién tiép la “tam
gidc dep” va néu canh nhé nhdt ctia tam gidc la n,n e N thi dé la “tam gidc dep” thi¥ n.
Ta sé tim hiéu mot sé tinh chdt ctia tam gidc loai nay.
I) Cactinh chat co ban
Dwéi day ta xét tam giac ABC la “tam giac dep” thir n c6 AB < BC < CA.
Ta thdy néu n = 1 thi d dai cac canh khong thoa bat dang thirc tam gidc nén chi xétn > 1.
1) Tinh chdt 1:
- Véin =2, ta cé tam gidc ABC tu va day la “tam
gidc dep” tu duy nhat.

A

n n+2 - Véin =3, ta cé tam gidc ABC vudng va ddy la “tam
gidc dep” vubng duy nhdt.
- Véin > 3, ta co tam gidc ABC nhon.
Ta thiy trong tam giac ABC, B 1a géc 1é6n nhit.
Ta c6 cac két qua quen thudc sau:
Véi B la goc 1on nhat, ta dat :
t=AB*+BC* - AC* =n*+(n+1)’ —(n+2)’ =n*-2n-3=(n—1)* —4thi:

- Tamgidc ABCtutai Bkhi t <0< (n—1)Y <d<n-1<2<n<3=>n=2

- Né&u thitam gidc vuéng tai Bkhi t =0 < (n—-1)’ =4 < n=3

- Néuthi ABClatam gidic nhonkhi 1 >0 (n—-1)’ >4 n—-1>2 < n>3.
2) Tinh chdt 2:

Trong “tam gidc dep” ABC phdn gidc AD chia doan BC thanh hai doan cé do dai bdng
nira cdc canh AB, AC.

A * Chirng minh: Theo tinh chit dwong phén giac
trong tam giac, ta co:
DB 4B N DB 4B
DC AC DB+DC AB+AC
DB AB DB AB AB
= = = = = DB=—
BC AB+AC n+l1 2n+2 2
AC

Twong ty, ta cling c6: CD = -

bay chinh la dpcm.




3) Tinh chdt 3:
Trong “tam gidc dep” ABC, doan thdng néi trong tdm G va tdm dwong tron ndi tiép |
song song vdi BC.
A * Chirng minh: Goi H, E 1an lwot 1a hinh chiéu cua A va
[1én doan BC, ro rang IE chinh la ban kinh dwong
tron noi tiép. Ta thiy:

S e = %AH.BC = %AE(AB +BC +CA)

S AH.(n+1)=AE(n+n+1+n+2)
AE _n+l 1
AH 3n+3 3

Suy ra khoang cach tir I dén BC bang %AH :

< s A A S 1
Mat khéc: vi G la trong tdm tam gidc nén: S, = S5 = Siey = SGBC =3
ABC

)

do do, G ciling cAch BC mot khoang bang %AH. Tt hai diéu nay, ta dwoc IG// BC.

4) Tinh chdt 4:
Doan IG c6 do dai khéng doi.

A * Chtg minh: Theo tinh chit 2 thi: BD = g ma
v =" en py =2l on 1
2 2 2
Theo tinh chat 3, doan IG song song v&i DM nén
theo dinh li Thales:
G
| 16 A6 2 16 Zpw-21_1 wenare

DM AM 3 3 32 3
c6 do dai khong doi.

B D M ¢ Day chinh la dpcm.

5) Tinh chdt 5:
Néu H la chdn dwdng cao ké tir A xuéng BC thi HC - HB khéng doi.
*Chirng minh:
Do cac tam gidc ABH va ACH déu vudng & H nén theo dinh 1i Pythagore, ta c6:
AC* =HC? + AH*, AB* = HB* + AH".
Suy ra:



AC* —HC? = AB*> - HB®

& AC? — AB* = HC? — HB®

& (n+2) —n® =(HC + HB)(HC — HB)
< n’+4n+4—-n>=BC(HC - HB)

< 4(n+1)=(n+1)(HC—-HB)

< HC—-HB=4

B " - Tacodpcm.

6) Tinh chdt 6:
Goi H, D, M la chdn dwong cao, phdn gidc, trung tuyén irng véi dinh A ctia tam gidc
ABC va E la tiép diém dwong tron néi tiép 1én canh BC.
Chitrng minh khodng cdch giira cdc diém nay khéng doi.
* Chitng minh: Do E tiép diém dwong tron ndi ti€p 1én canh BC nén:
CA+CB—-AB n+3
2

CE = . Ttr tinh chat 5, ta tinh dwoc:

HC:%[(HC—HB)+(HC+HB)]:HT+5, ma cp=AC_n+2

nén ta tinh dwo;c

HE=HC-EC=1,HM =HC-MC=2,HD=HC-EC :%,
tirc 1a khoang cach gitra cac diém H, D, M, E khong d6i (dpcm).
7) Tinh chdt 7:

Goi O, I ldn lwot la tdm dwdng tron ngoai tiép, ndi tiép tam gidc ABC.
Chirng minh tam gidc AIO vuéng tai L.

* Chirng minh: Goi H, D, M lan lwot la
chan dwong cao, phan giac va trung tuyén
rng v&i dinh A ctia tam gidc ABC. E 1a tiép
diém ctia dwong tron noi tiép 1én BC. Gia st
AD cat OM tai K. Ta thiy:

HAB = OAC =90° —AL;C, ma Al 1a phan

A

giac BAC = IAB = IAC nén: I4H = IAO.
Mit khac: AH//OK nén: I4H = IKO, do d6:
140 = IKO hay tam giac AOK can tai O.

Ta dé dang tinh dwoc:

DE = DM =1 nén: DI = DK hay IK = 2ID.
bong thoi, theo dinh li Thales:




D—AzH—A=3:>£=2:>AI:2DI.
DI IE DI
Do d6: Al = IK hay [ 14 trung diém cta doan AK, suy ra: Ol 13 trung tuyén ctia tam giac
can AOK = OI ciing la dwong cao ctia tam giac AOK.
Vay tam giac AOI vudng tai I (dpcm).

II) Van dé dién tich nguyén cta “tam giac dep”

Truwdéc hét, ta sé tinh dién tich ctia tam gidc ABC theo n. Tt tinh chat 4, ta ¢ thé tinh

n+s5 .. ., ;
= . Tw do, ta co:

dwoc: HC :%[(HC—HB)+(HC+HB)] :%(4+n+1)

2
AH? = AC* —HC? = (n+2) —(”;5) =%(n+l)2 —3:>AH=%«/3(n+1)2 ~12

Do d6, dién tich clia tam gidc ABCl1a: S . = %AH.BC = i(n +1D)3(n+1)* —12.

bé dién tich nay 1a s6 nguyén, trwdc hét ta sé tim cac gia tri n sao cho vi biéu thic

\/3(n+1)’ —12 nhan gi4 tri nguyén (vi biéu thitc ndy khéng thé nhan gia tri hitu ti dworc).
Dit m=3(n+1)’-12 = m’ =3(n+1)’ 12, suyra: m:3,dit m=3k,keZ.
Ta dwoc: 9k =3(n+1)* —12 & 3k* = (n+1)* — 4.

Suy ra: k va n+1 c6 cung tinh chdn 1¢; nhwng ching khéng thé cuing 1é vi khi do:

S sc zi(n+1)«/3(n+l)2 -12¢7Z.

Do do6, k va n+1 cung chan, dit n+1=2x,k=2y; x,yeZ,x >2,thay vao ding thirc
trén, ta duwoc: 3(2x)° =(2y)’ -4 < x> =3y° =1 (%).

RO rang, (x;y) =(2,1)la nghiém dwong nhé nhat cta (*). Gia st (x; y) la mot nghiém
cta (*), khi do:
(2x+3y)° —(x+2y)° =(4x> +12xy+9y*) = 3(x* +4dxy+4y*) = x> -3y =1
nén (2x + 3y; x + 2y) la nghiém cuda (*); khi dé, cac nghiém cuia (*) sé€ 1ap thanh mdt day nhw
sau: (2;1), (7; 4), (26; 15),...Ta sé chirng minh rang ngoai cac nghiém nay, (*) khong con
nghiém nao khac.

Théit vay: gia str ton tai mot nghiém (x’; y’') cda (*) khong thudc day trén. Khi do:



(2x'=3y") = (x'-2y") =(4x"=12x"y+9y"")=3(x"—4x"'y'+4y"?)=x"-3y"” =1 nén
(x';»')=(2x'-3y"; x'-2y") cling1a nghiém cta (*). D€ thiy: x’ <3y’ nén x,'<x% y,'< y".
Ti€p tuc qua trinh nay, dén mot lic nao dé sé c6 1 cdp (x';;»') langhiém cia (*) ma y' <2
hay y' =1, nghia la cac nghiém nay trung véi cac nghiém da néu.
MAu thuan nay suy ra dpcm.
Vay S ;- nguyén khi va chi khi n théa man: n =2x—1véi x dwoc xac dinh nhuw trén.
Cac gia tri cua n dé dién tich tam gidc ABC nguyén lan lwotla: 3,13, 51,...0ng v&i

dién tich cac tam giac la 6, 84, 1170,...

III) Cacbai tap lién quan

1) Cho tam gidc ABC c6 AB = 2, BC = 3, CA = 4. Trén doan thdng CA ldy diém D sao cho
CD =CB.

a/ Chitng minh rang: tam gidc ABC dong dang véi ADB.
b/ Chitng minh rang: Z/ABC = ZA+2/C.

2) Cho tam gidc ABC cé doan thdang néi trong tdm va tdm dwdng tron ndi tiép song
song v&i mot canh ctia tam gidc. Chitng minh rdng ABC la “tam gidc dep”.

3) Cho ABC la “tam gidc dep” c6 dién tich bdng S la mét s6 nguyén.
Chttng minh: S la s6 chan.

4) Tinh bdn kinh dwdng tron ngoai tiép cta “tam gidc dep” thit n va chitng minh rdang
khéng ton tai “tam gidc dep” c6 bdn kinh dwdng tron ngoai tiép la s6 nguyén.

5) Cho tam gidc ABC la “tam gidc dep” c6 AB < BC < CA. Goi M, N Idn lwot la trung diém
ctia AB, AC va AD la phén gidc cia tam gidc ABC. Goi I la tdm dwdng tron ndi tiép tam gidc
ABC. Chitng minh rdng:

a/ IB 1L DM, IC 1 DN.
b/ Pwong tron dwong kinh ID cdat cdc dogn DM, DN tai trung diém ctia chiing.
¢/ Gid st IB cdt DN tai E, IC cat DM tai F.

Chirng minh bén diém B, C, E, F cung thudéc mét dwong tron.



