PHUONG PHAP TOA DO VOI BAI TOAN
HINH HOC PHANG

Ha Vi Anh
Truong THPT Chuyén Vinh Phic

Tém tat néi dung

Trong cAc ky olimpic, bai to4n hinh hoc ¢ dién ludn 14 mot trong nhitng bai
todn hay. Cai hay clia bai toan khong chi & d6 khé cia bai todn, ma cdn an chita
trong két qua ciia bai to4n, nhitng dic trung, tinh chit hinh hoc dugc khai thac.

Vé mit nguyén tic, bat ky mot bai toan hinh hoc ndo ciing c6 thé giai duge bing
phuong phip toa dé (phuong phép dai s6). Tuy nhién, nhiéu bai toan hinh hoc gidi
bing phuong phép téng hgp thong thudng lai di dén két qua mot cach kha nhanh
chéng, va duong nhién 10i gidi ciing dep hon nhiéu. Cing vdy, nhiéu bai toan hinh
hoc dugc gidi mot cdch nhanh chéng, gon gang, néu sit dung phuong phap vecto.

C6 thé néi ring, phuong phép toa dd 14 mot phuong phap van ning, c6 thé giai
dugc moi bai toAn hinh hoc. Nhung viéc gidi nhanh hay cham, lai phu thudc rat
nhiéu vao phuong phép, k¥ ning tinh to4n cta ching ta, phu thudc vao viéc chon
hé truc toa do lic ban dau nhu thé nio.

Cac bai toan dugc trinh bay trong bio c4o nay, déu dugce gidi bing phuong phap
toan d9, mic du ciing c6 thé dugc gidi bing phuong phap khéc. Viéc tiép can, khai
th&c bai toan tit nhidu hudng, nhiéu khia canh sé dem lai nhitmg lgi ich 16n.

Do khudn khé ciia bai viét, trong ban b&o céo nay, chiing toi chi d& cap dén
viéc gidi todn hinh hoc phing trong hé toa d6 Descartes vudng géc, chit khong néu
phuong phéap gidi bing hinh hoc afin, trong hé toa do afin. VA ching tdi ciling chi
trinh viéc chon hé truc toa do nhu thé nao khi tiép can vdi mbi bai toan hinh hoc
¢ dién. Viéc giai toan hinh hoc bing cong cy toa do, khong chi don thuin 1A tinh
todn trén cac biéu thitc. Didu quan trong nhét, can phai chon dugc mot hé toa do
thich hgp; ngoai ra, khai thic t6t cac tinh chit, dic trung hinh hoc clia bai toan sé
giap cho qué trinh todn don gian, hiéu qua va nhanh gon hon.

36 Phuong phap toa do giai toan hinh hoc phang

Khi ding trudc mot bai toan hinh hoc, chung ta thudng xem xét, phan tich kj cang
gid thiét, két luan cla bai toan, nhdm muc dich tim toi 13i gidi cho bai toan.

Néu cac yéu to cho trong bai toan nhu giao diém, trung diém, tinh song song, tinh
vudng goc... thi phuong phép toa do 12 mot lya chon tét dé giai bai toan. Tuy nhién, néu
trong bai todn c6 nhiéu hon moét dudng tron, c6 dudng phan gidc hay dién tich cia hinh,
ta cling c6 thé chon mot hé toa do thich hop dé giai.

Vin dé dit ra 1a hé toa do d6 sé duge chon nhu thé ndo? Chiing ta hiy cing tim hidu
van dé nay thong qua mot sé6 vi du sau.

Vi du 1. Cho diém A ndm trén dudng tron (O) va goi (A) 1a tiép tuyén tai A clia dudng
tron (O). Xét diem M trong mat phing cé tinh chit khoang cach tit M t6i (A)
bang do dai tiép tuyén MT ké t6i dudng tron (T € (0)).
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1. Tim quy tich M

2. Chitng minh ring dudng tron tdm M, ban kinh MT ludn tiép xidc v6i mot duong
tron c6 dinh.

Lot gidi. 1. Chon hé truc toa do Azy sao cho A(0;0), O(R;0) (va do d6 dudng thing A
c6 phuong trinh z = 0).

Khi d6, véi mbdi diém M(z;y) trong hé truc, ta c6MH = d(M; Ay) = |z| va
MT? = MO? — OT? = (z — R)?> + y* — R“.
Vay

MH = MTLz? = (z — R)? + y* — R*Ly* = 2Rx.

Suy ra M cha,y trén para,bol P : y® = 2Rz. :
Ngugc lai, véi mbi diem M(¥5;y) € P thi d(M; Ay) = 47 va

MT2:M02—-R2::: _gz__ 2+y2"“'R2: _yi .
_ 2R 'R/

Do d6 MT = d(M Ay)
Vay, quy tich diém M can tim 13 dudng parabol, c6 dinh tai A, tiéu diém 13 trung

diem I cta AO
Y \

A“’
"

Hinh 1

2. Goi £ 1a dudng chuan cla P, khi d6 £ c6 phuong trinh z = —-—1;5
Tit gid thiét, suy ra, véi M(zg;yo), thi MI = d(M;£) = 2o + == MT + 3 2
Vay, dudng tron tam M, ban kinh MT luén tiép xidc véi dui:"mg tron duong kinh AO
c6 dinh.
Nhan xét.

(i) Néu bo gia thiét A tiép xic véi (O) thi quy tich 14 mét parabol, thu duge parabol
§ trén bing mot phép tinh tién theo phuong dudng thang qua O vudng géc véi A

(ii) Dé ¥ ring, dudng tron tam M, ban kinh MT tryc giao v4i dudng tron (O). Do dé,
phép nghich dao cuc O, phuong tich R? giit bit bién hai dudng tron nay, bién A
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thanh dudng tron dudng kinh AO. Tit d6, do tinh bdo giac va tinh déi hgp clia phép
nghich dao, suy ra dudng tron tam M, ban kinh MT luén tiép xtc vdi dudng tron
duong kinh AO. Két hgp vdi dinh nghia parabol, ta cling dude quy tich ciia M 13
parabol ¢6 dinh A, tiéu diém la trung diém AO

Vi du 2. Cho diém A n3m trén dudng thing A. Xét B, C trong mit phang sao cho
AB = b,AC = ¢, (b,c > 0 cho trudc) va dudng thing A 1a phan gidc cla gbc
LBAC. Goi M ]a dinh thit tut cua hinh binh hanh dyng trén hai canh AB va AC.

. Tim quy tich M.

Lot giai. Trudce het, tit gid thiét ta nhan duge B, C ndm vé cling mot phia cia dudng
thing qua A, vudng géc véi A va cac duong thang AB, AC déi xing nhau qua
dudng thing A. Chon hé truc toa d0 Azy sao cho B (bl, by) E&cl,cﬁ trong dé

—_— —

b + b2 = b2 2+ c2 = c?, va bie; > 0,bycy < 0. Khi d6, do AM=AB+AC nén
M(b1 + c1: 0y + Cg)

+ Néu bic; = 0 thi M(O by + Cz) € Ay

+ Néu b;c; # 0 thi Khong mét tinh tirnh quat, coi b2 = kby,cy = —kcl, vGi
k # 0, 00.

Khi d6 tir gid thiét suy ra

b2 — b2

1 = 14kl

C2 2

1 7 14k2 ( I)
bicy = L€

151 ™ 14k2
DoCn — ~k%be
252 7 T4kZ

Hinh 2
Tu do, véi M(z;y) thi 2 = b; +c¢;,y = by + ¢,. Suy ra
T="0,+ ¢ r? =b+c2+2bjc; Do() I y?
| — —_— =1
{y = k(b1 — c1) {yz = k*(b1 + ¢f — 2b1cy) (b+ C)2+ (b—c)? (*)

Vi vay, M chay trén dudng ehp c0 phuong trinh cho 8 (%)

Vi du 3. Cho ba diém A, B va C thing hang theo thit ty, goi A la dudng thang vuéng
goc vai dm:mg thﬁng AC tai B. V6i mbi diem S € A, goi D 1a giao diém cia
duang thing qua B vuéng géc véi SC véi dudng thing SA. Tim {D}

Lot gidzr. Chon hé toa do Bzxy sao cho A(—a;0),C(c;0)(a,c > 0),S(0,s),s # 0. Khi dé

(SA): —=+2=1,(50): 2+ =1=(BD): Z-¥—¢
C ) S C
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T d6, toa dd cia D la nghiém cua hé

Hinh 3
Khit s tit hg, ta thu dugc —% + £ =z
Hay :
(z+3)° ¢
322 — ac 1 (%)
2 2

Vay, khi S chay trén khip truc tung, thi D chay trén dudng hyperbol ()

Nhan xét. Doi v6i cac vi duy 1,2 thi ching ta khong c6 nhiéu su lya chon trong viéc chon
hé truc toa do. Nhung d6i vdi vi du 3, tit nhién truc hoanh sé van 14 dudng thing
AC, nhung gbéc toa dd hoan toan cé thé chon 14 moét trong ba diém A, B hay C
hosc mot diém bt k¥ nao d6 trén dudng thing. Viéc luya chon gbc toa do tai B
khién cho viéc tinh toan cé v& don gidn hon (viét phuong trinh cic dudng théng,
gidi hé tuong giao, ... )

Vi du 4. (APMO 1998) Cho tam gidc ABC véi dudng cao AD, 6 1a mot dudng thing
di qua D. Lay E, F € 6, khac D, sao cho AE L BE,AF 1 CF. Goi M, N theo
tht ty 13 trung diém cta cac doan thing BC, EF. Chitng minh ring AN L MN

Lor gias.

Chon A lam gbc toa d0, truc hoanh chita dudng thang qua A song song véi 6.
Gia st D(d;a), E(e;a), F(f;a) = N(%'[;a). ‘

Khi d6, duong thang AFE c6é phuong trinh az — ey = 0,
duong thang AD c6 phuong trinh az — dy = 0,
dudng thing AF c6 phuong trinh az — fy = 0.
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T d6, do BE | FA nén BE c6 phuong trinh ez + ay — €2 — a? = 0,
do CF L AF nén CF c6 phuong trinh fz +ay — f2 —a% =0,
do BC L AD nén BC c6 phuong trinh dz + ay — d? — a? = 0
T doé, tlm dudc B(d+ e;a — g) C(d+f a— —i) Suy ra M(d + <tL;a — L;lﬁ)
=5 MN = (—d; d(e”)) =5 MN - AN = —d . i£+<:r, —';%Jl = () diéu phai chfmg
minh.
Nhan xét. Viec chon hé toa d6 sao cho B, C trén truc hoanh, A, D trén truc tung la
hoan toan hdp Iy. Tuy nhién, chung ta sé gdp khé khan khi tim toa d6 E, F.
Cing vay, néu chon A lam gbéc, truc hoanh song song véi BC, thi phuong trinh
cia AE, AF da c6 thé tim dugc ngay, nhung con khé khin khi xac dinh su thing
hang cua E, D, F'. B6i vy, viéc chon hé toa d6 nhu trong 15i giai néu trén la thich
hop nhat.
Vz du 5. Cho tam giac ABC can tai A. Xét D trén -canh AB va diém FE trén canh BC
sao cho hinh chiéu cta DE trén BC c6 d6 dai bﬁng

Chitng minh rang dudng thang vudng géc véi DE tai E luén di qua mot diém cb
dinh.
Lot guiaa.

Hinh 5

Goi O la trung diem BC, chon hg toa d6 sao cho A(0: a), B(—b;0),C(b;0) (hinh 5).
Khi d6 cac dudng thang AB, AC lan ludt c6 phuong trinh

T Y
AB): —— 4+ = =
(AB) b+a 1

(AC) .--+5’--_-1

Goi H la hinh chiéu cta D trén BC. Do EH = 2% nén E € [OC), H ¢ OB].
Vay, néu E(z9;0),0 < zo < b thi H(zg — b;0) va do do D(a:o — b; —-—Q)
Goi A la duong thang qua E vuéng géc v6i DE. Suy ra A nhan DE — (b; —=2) lam
mot vectd phap tuyén, vi vay A : b%z — azgy — b%zy = 0
Phuong trinh nay tuong du’dng le ——(62 + ay)xg + b*z = 0
Suy ra A luén di qua diém (0; ) c¢6 dinh.

Vi du 6. (Poland 1992) Trong mit phang cho trude hai diem A, B. Xét diém C thay
doi trén mot nita mit phing bo AB. Dyng ra ngoai clia tam gidc ABC cac hinh
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vuéng ACED va BCFG. Chitng minh ring dudng thing DG ludn di qua mot
didm ¢6 dinh khi C thay doi.

L&i gidi. Chon hé truc toa do Azy sao cho A(0;0), B(b;0) va C(zo;Yo), Vdi yo > 0. Khi
d6 D(—vyo; o), G(b+yo; b—To). Vay DG = (b+2yp; b—2x0) va do d6 dudng thang
DG c6 phuong trinh

Hinh 6

Tit 46 dudng thing DG luon di qua diém I(3; 3) cb dinh.
Vi du 7. Trong mat phang cho hai didm A, B. Tim quy tich tit ca nhiing diém M sao

cho
|/MAB — ZMBA| = 90°
Loi giaz.

bat LZMAB = a, LMBA =p08(0°<¢a,8< 90°). Khi d6, vi su tdn tai diem M
nén a + G # 180°

Néu o = 0° thi B8 =90° va M = A. Néu 3 = 0° thi a = 907 vd M = B. Vay, chi can
xét o, 8 # 0°,90°

Khoéng mat tinh tirnh quat , co thé coi AB = 2. Chon hé truc toa do Ozy sao cho
A(-1:0), B(1;0)

Do |a — 8] = 90° nén o = § + 90° hoic a = B — 90°. Diéu nay tuong dudng vol
tana = — cot @ hay tich hé sb gbc cla cac duong thing M A, M B bing 1. Vay,
toa d6 cia M la nghiém cia hé

Khit k tit he, thu duge 22 —y* =1
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rH‘th

Vay, quy tich M 1a hyperbol vuong ¢6 hai dinh thyc 13 hai diém A, B da cho.
Nhan zé€t.

1. Ching ta hoan toan c6 thé chon hé truc toa do mot cich tuy ¥, gbc & vi tri bat
ky. Nhung viéc chon hé toa do sao cho A, B ndm trén truc hanh da gitip ta tiét
kiém thdi gian tinh toan va gié,i bai toan di rat nhiéu. Vi cach chon toa d6 nhu
vay, chiing ta sé c6 ngay hé sb géc ctia M A bing tan o va hé sb gbc cia M B bing

— tan g.

2. Dé tranh viéc phai phan chia trudng hop o = 0° hay # 0° (tuong g 3 = 90° hay
# 90°), c6 thé dé ¥ dén MMAB LMBA| = 90°L| cos ZM AB| = |sin ZABM]|,

ching ta ciing thu dugce két qua nhu trén.

3. Viéc coi AB = 2 12 hoan toan ty nhién, bdi vi néu AB = a > 0 thi bang phép vi tu
tam O, ty so = ta, thu dugc ngay AB = 2.

Vi dy 8. (CRUX 2003) Trong mit phing cho tam gidc ABC c¢6 hai dinh B.C cb
dinh, cdon dinh A thay d6i. Tim quy tich diém A sao cho tam duong tron Ole cia
tam gidc ABC nam trén BC.

Lou gidi. Goi I, J, K theo thit ty 13 trung diém cac canh BC,CA, AB va O. H, E 13 tam
dudng tron ngoai tiép, tryc tam, tdm dudng tron Ole cla tam gisc ABC. Khi d6
E 13 tam dudng tron (/JK) va ciing 13 trung diém OH.

Khong mat tinh tirnh quat c6 thé coi BC = 2. Chon hé truc toa do I Ty, sao cho
B(~1;0), C(1;0), Alzo; yo), vGi o # 0. Khi d6 1(0;0), J(L; ) Fe(2s=1. 30 vy
E 1a tam dudng tron (/JK), nén F nam trén trung truc clia doan JK. Tit d6, va
do € BC, suy ra E(%2;0).V1 E' 13 tam duong tron (IJK) nén EI = EJ = EK.

Vi
v,

- Hinh 8§
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T d6 ta ducce

EE:}.+_?3_’_Q=>$2

4 4 4
Ngudc lai, véi A mbi diém A(zo;yo) € H : 2° —y* = 1, b6 di hai diém B, C thi
c6 diem E(%;0) € BC cach déu I, J, K, do d6 tam duong tron Ole cua tam giac
ABC n3m trén BC.
Vay, quf tich dinh A ctia tam giac 1a dudng hyperbol H : 22 — y? =1, b6 di hai dinh
B,C. * |
Nhan xét.
1. D8 § riing "Véi moi tam gisc ABC, tam dudng tron Ole ciia tam gidc nidm trén
dudng thdng BC khi va chi khi [ZABC — /ACB]| = 90°", nén bai ton 8 ciing co
thé dugc giai nhu & bai toan 7.

2. Ta ciing c¢6 thé sit dung nhan xét E 13 trung diem OH dé gidi quyét bai toan, tuy
nhién, viéc tinh toan, tim toa do cia E sé tuong d6i vat va. |

Vi du 9. (IMO 2000) Cho hai dudng tron (O1), (O2) c4t nhau tai hai diém phan biét
M. N. Tiép tuyén chung (gan M hon) tiep xtc véi (O;) tai A;. Duong thang qua
M, song song v6i A; Aa, cit lai dudng tron (O;) 6 diem B;. Cac duong thing A;B;
c&t nhau tai C, cac dudng thing A; N cit dudng thang B,B; 6 D, E. Chimg minh
ring CD =CFE

Ldi gidi. Chon hé truc toa d6 A;zy sao cho A;(0;0), Az(a; 0), 01(0; 1), O2(a;72). Gia
sit trong hé truc toa do M(s;t), khi d6 Bi(—s;t), Bo(2a — s;t). Tu d6 BBy =
20 = 2A,A,, dé ¥ ring A1 A; || EBQ, suy ra _‘é}_}_+ A, theo thit tu 13 trung diém
B,C, B,C, do d6 C(s;—t). Vay CM = (0; 2t), BiBy = (2a;0) suy ra CM 1 B, B,

hay CM 1 DE (1)
Goi K 1a giao diém cia M N véi A1 A,. Ta co

 Pxjon = KA1 = KM KN =Pk, = KA

2

Suy ra K la trung didm A, A,. Tit d6, do A;A; || ByB2 nén M la trung diém DFE

&n

S NANA A
A; Ag

C
Hinh 9

Tt (1),(2) suy ra CM la trung tryc cia DE. dpcm
Nhan xét.
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1. Trong vi du nay, ching ta hoan toan c6 thé chon hé truc toa do sao cho truc hoanh
chita dudng thang O,0,, tuy nhién, khi d6 viéc tim phuong trinh cia B, B, (va do
d6 toa do cua By, B;) khong don gidn.Viéc chon hé truc toa do nhu trong loi giai
G trén la viéc lam khoén ngoan, vi toa d6 clia A;, M, B; tim dudc mot cach kha dé
dang.

2. Trong 101 giai néu trén, viéc viet phuong trinh cla hai dudng tron, giai he phuong
trinh tuong giao dé tim toa do M, N 1a khong cin thiét. O trén, ching ta chi st
dung dén dic diem O;A; 1 trung tric cua doan M B;, va do d6 viéc tim toa do cua
cac diem B; dé dang hon rit nhidu so véi viéc di viét phuong trinh céc dudng tron.

3. Trong loi gidi trén, da két hop giita phuong phap toa do va phuong phap tong hop
(chi ra K 1a trung diém A;A,). Diéu d6 gitp cho 13i gidi ngén gon vi dep hon.

Vi du 10. Trong mit phang cho truéc dudng thing A v mot didm A ZA.Xét B,C € A
sao cho BC = b > 0 cho trudc. Tim quy tich tam dudng tron ngoai tiép tam giac
ABC .'

Lor giat. Goi O 1a hinh chiéu cia A trén A va dit ¢ = d(A; A). Chon hé truc toa do
Ozy sao cho A(a;0),0(0;0) (tic 1a truc hoanh chita A, truc tung chi O A).

Hinh 10

Gia su trong hé truc nay B(zg;0),C(xo + b;0) (vi do dai BC = b). Goi H 13 trung
diem BC, khi d6 H(zo + 2:0) va HB = HC = 2. Goi I(z;y) 1a tam dudng tron
ngoai tiép tam gidc ABC. Khi d6 z = z, + -g- va A = IB suy ra
20y = (zo+3)* — G hayy =& — & ()

Vay khi doan BC' trugt trén Oz thi tam I clia dudng tron ngoai ti€p tam giac
ABC nam trén parabol P c¢6 phuong trinh ()

Ngudc lai, v6i méi diem I € P, d& dang kiém tra dudc d(I;Oz) < IA, do d6 dudng
tron tam /, ban kinh I'A c8t Oz tai hai diém B, C. D& dang kidm tra dudc BC = b.

Vay quy tich tam dudng tron ngoai tiép tam gisc ABC 1a parbol c6 phuong trinh cho
3 (x).

Vidu 11. (APMO 2000) Cho tam gidc ABC. Goi M la trung diém canh BC va N
la chan dudng phan giac clia géc ZBAC. Duong thing vudng gbéc v6i NA tai N
cat cac duong thing AB, AM tai P,Q theo thit tu dé. Goi O la giao diem cua
dudng thing vudng géc véi AB tai P véi AN , chitng minh rdng OQ 1 BC.

Lor giai. Chon hé truc toa do Nzy sao cho A,O ndm trén truc hoanh. Gi3 st AB
c6 phuong trinh y = axz + b, khi d6 A(—-—E;O),P(O; b) va AC ¢6 phuong trinh
y = —az — b (do A thudc truc hoanh, AB, AC dé6i xting nhau qua truc hoanh).
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Hinh 11

‘Do PO L AB nén PO c6 phuong trinh y = —2z + b va O(ab 0) Do BC qua goc toa
dé N, nén BC c6 phu'dng trinh y = cx. Suy ra B c___a' Cbca) C —-‘;_b—a; ——c+a) do

dé6 M(52y; £%5) = AM = TL_T) (¢; a?). Tt d6, dudng thing AM c6 phuong

c"—a c"—a
a2

trinh y = % -z + gf suy ra Q(0; ‘f,f’) Vay dudng thiang QO c6 phuong trinh
T + cy — ab = 0. Suy ra dudng thang OQ, BC vudng gbéc v6i nhau.

Nhan zét. Trong bai toan trén, néu chon hé toa do ma AN khong nam trén truc hoanh,
thi viéc viét phuong trinh phan gidc AN la rat khé. Khi chon hé toa doé nhu vay,
gitp cho ta tranh dugc viéc phai xac dinh toa do cac dinh, phuong trinh cac canh,
cac dudng trong tam giac. -

Vi du 12. Cho dudng tron (O; R) va diém A chuyén dong trén dudng tron. Xét diém
B chuyén dong trén dudng tron (A; R') véi R’ # R. Biét ring A, B chuyén dong
véi cting van tbc goc, nhung nguge huéng, lic ban dau O, A, B thing hang theo
thit tu; tim quy tich diem B.

Lot gidi. Chon hé toa do Oa:y sao cho & vi tri ban dau A B € O:z: Khi d6 OA =

(Rcost; Rsint) va AB = (R cost; —R'sint). Vi OB = OA + AB nén véi B(z;y)

/
i {a: = (R+ R') cost

]

| y = (R — R')sint
Khit ¢ tu hé thu dudce
2 12 ,
(R+ R')? T (R— R)? (%)

Vay quy tich can tim 1a elip ¢6 phlIdng trinh (%)

et I % U \
N—___© -’

NI

Hinh 12
Bing cach lam tuong tu nhu trén, cic ban va cic em hay ty gidi mot so bai tap sau
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10.

11.

12.

. Trong m#t phang cho tam gisdc ABC ¢6 B, C cb dinh, A thay d6i. Goi G va H theo

thit tu 13 trong tam va tryc tam cia AABC. Tim quy tich dinh A, biét r3ng trung
diem GH nim trén BC.

(Viét Nam 2007)

. Cho hai diém D, E tuong ung trén hai canh AB, AC cla tam gidc ABC sao cho,

DE || BC. Goi P la mét diém tly ¥ n¥m bén trong tam gi4e, F, G la giao diém cla
cic dudng thang BP,CP véi DE. Goi O1, O, theo thit tu 13 tam dudng tron ngoai
tiép cac tam gidc PGD, PEF, chimg minh ring AP 1 0,0,

(Iran 1996)

. Trong m#t phang cho A, diém A ¢ A. Cho trudc sé thuc a > 0, tim quy tich nhing

diem M sao cho tdng khoang cach tit M dén A va A bing a.

- Gla st ABC'D la mot ti gidc 16i ¢6 A, B ¢6 dinh, C, D thay d8i sao cho AB || CD.

Biét rdng CD = b, AD + BC = ¢ v6i b, ¢ 1a cac do dai cho trude; tim quy tich giao
diem hai dudng chéo cia t gic. '

. Cho ba diem A, B va C thing hang theo thit ty. Ve cing mot phia clia dudng thing,

dung cac tia Am,Cn L AC. Xét M € Am, N € Cn sao cho ZMBN = 90°. Ching
minh ring dudng thang M N luén tiép xtc véi mot dudng cong cd dinh.

Cho tam gidc ABC. Mot dudng thing cit cic canh BC,CA va AB clia tam giac
ABC tai D, E va F tuong ing. Chimg minh ring truc tam cic tam giac ABC,CDF
va DEB thang hang.

Cho trudce géc vuong zOy, xét M € Oz, N € Oy sao cho MN = a—const. Tim quy
tich trung diéem M N.

. Cho diém A ndm ngoai dudng tron (O). Tim quy tich tam nhitng dudng tron di qua

A va tiép xdc ngoai vdi (O).

. Cho hai dudng tron Cy, C; c6 cung tam O, hai duong thing A;, A, vudng goc tai

0. Mét tia Ot quay quanh O, cit C;, C, tai A1, Ay theo thit tu d6. Qua A; vé dudng
thang Al || A;, tim quy tich giao diém caa A7 va Aj,.

Cho tam gidc ABC can tai A. Goi D 13 trung diém BC, E 13 hinh chibu cta D trén
CA va F la trung diém DE. Ching minh raing AF | BE

Cho hinh chit nhat ABCD. X4c dinh quy tich cac diém M ciia mit phing sao cho
dudng tron ngoai tiép cac tam gisc MAB, MCD ¢6 cung ban kinh.

Cho A, B, C va D thang hang theo thit tu d6. Cac dudng tron wq, wy véi dudng kinh
AC, BD cat nhau tai hai diém phan biet X,Y. Ly Z ¢ (XY), khong trung véi
XY NAD. CZ cit lai w; tai M vA BZ cét lai w, tai N. Ching minh rdng AM, DN
va XY dong quy

(IMO 1995)
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13.

14.

15

16.

17.
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Cho diém P & trong ti gidc 161 ABCD. Duong phan gidc clua cac goc LAPB,
/BPC, ZCPD vAa /DPA cét cac canh AB,BC,CD va DA tai K, L, M va N theo
thit tu d6. Xac dinh vi tri cia P sao cho ti giac K LM N 14 m6t hinh binh hanh.

(Tournament of Towns 1995)

Cho tam gidc ABC c¢6 AC > AB. Ly diém X trén tia ddi cua tia AB, diém Y trén
tia déi cia tia AC sao cho BX = CA,CY = AB. Goi P la gi4o diem clia dudng
thing XY véi dudng trung tryc cua BC. Ching minh rang ZBPC+ /ZBAC = 180°.

(BMO 2006 Round 2)

Cho hinh vuéng ABCD, dung cac tam gidc déu ABK, BCL,CDM va DAN ve phia
trong cia hinh vudng. Chitng minh ring trung diém céc doan thang KL, LM, MN,NK
va trung diém cha cac doan AK, BK,BL,CL,CM,DM,DN, AN la dinh cia mét
thap nhi dién déu.

(IMO 1977)

Cho hai dudng tron (C), (C3) ndm bén trong va tiép xtc trong véi duong tron (C)
tai M, N theo thit tu d6 va (C;) 3 Ca. Truc ding phuong cta (Cy), (C;) cit (C) tai
A, B. Cac duong thing M A, M B cit lai dudng tron (C) & E, F. Ching minh ring
EF tiép xic vdi (Cy).

(IMO 1999)

Cho hinh vuéng ABCD va géc nhon mAn (véi cac tia AM, An ndm giffa, cac tia
AB, AD). Goi B, B, 13 hinh chiéu ctia B trén Am, An va Dy, D, 13 hinh chiéu cta
D trén Am, An theo thit tu d6. Ching minh réng BBy L DD,

Két luan

Qua céc bai toan & trén, tit nhién chua di dé thiy hét nhitng wu diém, nhugc diem

clia phuong phap toa do. Tuy nhién, ciing 14 vita di dé chiing ta c6 the thiy viéc
chon hé toa d6 nhu thé nao 1a thich hgp.

Mubn giidi mot bai toan bing phuong phap toa do, ta can phai chon hé truc toa do

sao cho hinh vé clia ching ta dugc quan sit t6t nhat trén hé truc dé6, viéc tinh
toan cling don gidn nhat. Pé chon duge mét hé truc toa do t6t, ching ta can phai
cin cit vao cac yéu t6 ¢b dinh bai toan da cho, chii ¥ dén tinh déi xing cta hinh.

Tuy nhién, khi da chon dugc mot hé truc toa do tot roi, cling can phai c¢6 phuong

phap tinh va ki nang tinh t6t, thi viéc gidi mot bai toan hinh hoc bang phuong
phap toa do6 méi tré lén dep dé, ngin gon.

Thong qua bai viét nay, ching t6i mubn trao doi véi cdc em hoc sinh va cic ban dong

nghiép mot diéu rang "khéng phai phuong phap toa do lam méat di vé dep cia
hinh hoc, ma phuodng phap toa do lam ting thém vé quyén ri cta hinh hoc."



