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Chuyén muc: Dai s6 va Giai tich - Olympic
Chuyén dé vé da thuc
Minh Huyén
Tho tw, 18 Thang 9 2013 07:35
Pa thirc 1a moét trong nhirng khai niém trung tam cta toan hoc. Trong chwong trinh phé théng, ching ta

da lam quen véi khai niém da thirc tir bac trung hoc co sé, tir nhivtng phép cong, trir, nhan da thirc dén
phan tich da thirc ra thira s6, dung so dé Horner dé chia da thirc, giai cac phwong trinh dai sd.

Bai giang nay sé& hé théng hoa lai nhirng kién thirc co ban nhat v& da thirc 1 bién, cac dang toan thuwéng gap vé
da thire. O cudi bai sé dé cap 1 cach so lwoc nhat V@ da thire nhiéu bién.

1. Pa thirc va cac phép toan trén da thirc

1.1. Dinh nghia. Pa thirc trén trwdng sb thwe la biéu thirc cé dang

P(x)=a_{n}xXn}+a_{n-1}xNn-1}+...+a_{1}x+a_{0}, trong d6 a_{ij\in \mathbb{R} va a_{n}\neq 0.

a_{1} dwoc goi la cac hé sb cta da thirc, trong d6 a_{n} dwoc goi la hé sé cao nhét va a_{0} dwoc goi 1a hé sé tw
do.

n dwoc goi la bac cla da thirc va ki hiéu la n=deg(P). Ta quy wdc bac cla da thirc hang P(x)=a_{0} Wi moi x la
bang 0 néu a_{0}\neq 0 va bang néu a_{0}=0.

Pé tién loi cho viéc viét cac cong thirc, ta quy wéc woi da thire P(x) bac n thi vAn c6 cac hé s a_{k} wi k>n,
nhwng ching déu bang 0.

Tap hop céc da thirc 1 bién trén trwdng cac sb thuwe dwoc ki hiéu 1a R[x]. Néu cac hé sé dwoc lay trén tap hop
cac s6 hivu ty, cac sb nguyén thi ta cé khai niém da thirc voi hé sb hiru ty, da thirc voi hé sé nguyén va twong
trng la cac tap hop Q[x],Z[x].
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Hai da thirc P(x)=\sum_{k=0ymla_{k}x"{k},Q(x)=\sum_{k=0}"n}b_{k}x"(k} b&ng nhau khi va chi khi

m=nva a_{k}=b_{k)\forall k=0,1,2,...,m.$

1.3. Phép cOng trir da thirc.

Cho hai da thirc P(x)=\sum_{k=0}¥m}a_{k}xNk},Q(x)=\sum_{k=0}¥n}b_{k}xNk}. Khi dé phép cdng va trtr hai da
thirc P(x) va Q(x) dwgc thuwe hién theo tirng hé sbé clha x_{k}, térc la

P(x)\pm Q(x)=\sum_{k=0}{max\begin{Bmatrix} m,n \end{Bmatrix}}(a_{k\pm b_{k})x{k}

Vi du: (XN3}H 3N 2% +2)+ (XN2)+x-1)=x N33+ 4xN2)+1

1.4. Phép nhan da thuc

Cho hai da thirc P(x)=\sum_{k=0/\ma_{k}x{k},Q(x)=\sum_{k=0}n}b_{k}x(k}. Khi d6 P(x).Q(x) I3 mot da thirc
c6 bac m+n va co6 cac hé sb xac dinh bdi

c_{k}=\sum_{i=0Wk}a_{i}b_{k-i}

Vi du: (XN X2 3x+2)(XN21+ 3x+1)= (1. 1)XABI(1.3+ 1.1 )X N+ (1.1+1.3+3. 1)x A3} (1.1+3.3+2. 1 )x 2+
(3.1+2.3)x+(2.1)=X B+ AXNA+ TxX N3+ 12x 21+ 9x +1

1.5. Bac cua téng, hiéu va tich cta cac da thirc

T cac dinh nghia trén day, dé dang suy ra céc tinh chat sau day

Pinh ly 1. Cho P(x),Q(x) la cac da thirc bac m,n twong rng. Khi do

a) deg(P\pm Q)\leq max\begin{Bmatrix} m,n \end{Bmatrix} trong d6 néu deg(P)\neq deg(Q) thi dau bang xay ra.
Trong trwérng hop m=n thi deg(P\pm Q) cé thé nhan bét ct gia tri nao \leq m.

b) deg(P.Q)=m+n

1.6. Phép chia c6 dw

Pinh ly 2. V¢&i hai da thire P(x) va Q(x) bat ky, trong d6 deg(Q)\geq 1, ton tai duy nhat cac da thirc S(x) va R(x)
thod man déng thoi cac diéu kién:

P (X)=Q(x).S(x)+R(x)

ii)deg(R)<deg(Q)

Chirng minh. Tén tai. Ta cé thé chirng minh bdng quy nap theo m=deg(P). Néu deg(P)<deg(Q) thi ta cé thé
chon S(x)\equiv 0) va R(x)=P(x) thod man ddng th&i cac didu kién i) va ii). Gid st m\geq n va dinh ly da dwoc
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chirng minh Wi da thirc c6 bac nhé hon m. Ta chiyng minh dinh ly ding wi cac da thirc bac m. Gia st

P(x)=\sum_{k=0}{m}a_{k}xMk},Q(x)=\sum_{k=0}¥n}b_{k}x{k}
Xét da thire

H(x)=P(x)-\dfrac{a_{m}Kb_{n}x¥m-n}Q(x)

=(a_{mpxANmi+a_{m-1}x¥m-1}+...+a_{1}x+a_{0})-\dfrac{a_{m}}Hb_{n}}x{m-n}(b_{n}xXn}+...+b_{0})

=\begin{pmatrix} a_{m-1}-\dfrac{a_{m}b_{n-1}Kb_{n}} \end{pmatrix}x{m-1}+...

Do hé sé cta x{m} & hai da thirc bi triét tiéu nén bac clta H(x) khédng weot qua m-1.

Theo gia thiét quy nap, ton tai cac da thirc S*(x) va R*(x) sao cho

H(x)=S*(x).Q(x)+R*(x)

Nhung khi d6

P(x)=H(x)+\frac{a_{m}Kb_{n}x{m-n}Q(x)=(\frac{a_{m}}b_{n}x{m-n}+S*(x)}+R*(x)

Vay dat S(x)=\frac{a_{m}}b_{n}x{m-n}+S*(x) va R(x)=R*(x) ta dwgc bidu di&n can tim cho P(x)

Duy nhét. Gia st ta c6 hai biéu dién P(x)=S(x).Q(x)+R(x) va P(x)=S*(x).Q(x)+R*(x) thod man diéu kién ii). Khi do
Q(x).(S(x)-S*(x))=R*(x)-R(x).

Ta c6, theo didu kién ii) va dinh Iy 1 thi deg(R*(x)-R(x))<deg(Q). M&t khac, néu S(x)-S*(x) khéng ddng nhat bing 0
thi

deg(Q(x).(S(x)-S*(x)))=deg(Q(x))+deg(S(x)-S*(x))\geq deg(Q).
Mau thuan vi hai v& bang nhau.
Theo ky hiéu cta dinh ly thi S(x) dwoc goi la thwong sé va R(x) dwoc goi 1a dw sb trong phép chia P(x) cho Q(x).

Phép chirng minh ndi trén cling cho ching ta thuat toan tim thwong sé va dw sb cla phép chia hai da thirc, goi
la phép chia dai (long division) hay so’ dé Horner

Vi du: Thyc hién phép chia 3x{3}-2xN2}+4x+7 cho x2}+2x dwgc 3x-8, dw 20x+7.

1,7. Sw chia hét. U'éc va boi.

Trong phép chia P(x) cho Q(x), néu dw sé R(x) déng nhat bang 0 thi ta néi ring da thirc P(x) chia hét cho da thirc
Q(x). Nhw vay,

P(x) chia hét cho Q(x) néu ton tai da thirc S(x) sao cho P(x) = Q(x).S(x). Trong trwdng hop nay ta ciing noi
Q(x) chia hét P(x),Q(x) 1a
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w&c cla P(x) hoac P(x) la béi clia Q(x). Ky hiéu twong trng la Q(x) | P(x) va P(x)\wdots Q(x).

Cho P(x) va Q(x) la cac da thirc khac 0. Uéc chung I&n nhét cha P(x) va Q(x) la da thirc D(x) thod man dong thoi
cac diéu kién sau:

D(x) la da thirc don khéi, tirc la cé hé sb cao nhat bang 1

ii)D(x) la wée chung ctia P(x) va Q(x), tire 1a D(x) | P(x) va D(x) | Q(x)

iii) Néu D’(x) cling 1a wéc chung ctia P(x) va Q(x) thi D(x) ciing la wéc cta D'(x).
Tuwong tw, ta cé khai niém boi chung nhé nhat cla hai da thirc.

Cho P(x) va Q(x) la cac da thirc khac 0. Boi chung I&n nhét cta P(x) va Q(x) la da thirc M(x) thod man dong thei
cac diéu kién sau:

iVM(x) la da thirc don khéi, tirc l1a cé hé sé cao nhat bang 1
Vv)M(x) la bdi chung cua P(x) va Q(x), tlrc la P(x) | M(x) va Q(x) | M(x)
vi) Néu M’(x) cling la bdi chung clia P(x) va Q(x) thi M’(x) cling |a bdi ctia M(x).

Ky hiéu UCLN va BCNN cla hai da thirc P(x), Q(x) 1a GCD(P(x),Q(x)), LCM(P(x), Q(x)) hay don gian hon la
(P(x),Q(x)),[P(x), Q(x)].

Hai da thirc P(x),Q(x) dwoc goi 1a nguyén té cung nhau néu (P(x), Q(x))= 1.
1.8. Thuat toan Euclide
Pé tim wéc chung I&n nhét ca hai da thire P(x), Q(x), ta st dung thuat toan Euclide sau day:

Pinh ly 3. Gia s c6 hai da thirc P(x), Q(x), trong d6 deg(P)\geq deg(Q). Thwc hién phép chia P(x) cho Q(x) dwoc
thwong sé la S(x) va dw sé 1a R(x). Khi d6

Néu R(x)=0 thi (P(x),Q(x))=a{*-1}Q(x), trong d6 g"* 1a hé sb cao nhét cta da thirc Q(x)
Néu R(x)\neq 0 thi (P(x),Q(x))=(Q(x),R(x))

Chirng minh: Néu R(x)=0 thi P(x)=Q(x).S(x). Khi d6 da thirc q{*-1}Q(x) rd rang thod man tat ca cac diéu kién cla
UCLN.

Né&u R(x)\neq 0, dat D(x)=(P(x),Q(x)), D'(x)=(Q(x),R(x)). Ta ¢é D(x)|P(x)-Q(x).S(x)=R(x), suy ra la wéc chung cla
Q(x),R(x), theo dinh

nghia ctia D'(x), ta cé D'(x) la wéc cta D(x). Mat khac D'(x)|Q(x)S(x)+R(x)= P(x), suy ra D’(x) la wéc chung cla
P(x),Q(x), theo dinh

nghia ctia D(x), ta c6 D(x) 1a wéc cla D’(x). T day, do D va D’ déu la cac da thirc don khéi, ta suy ra D=D'.
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Dinh ly trén giai thich cho thuat toan Euclide dé tim UCLN cua hai da thirc theo nhw vi du dwéi day:
Vi du: Tim wéc chung I&n nhét cla hai da thirc xA5-5x+4 va x"3-3x2+2
Ta lan lwot thwe hién cac phép chia
x"5-5x+4 cho x"3-3x"2+2 dwoc x"2+3x+9 dw 25x"2-11x-14
x"3 — 3x"2 + 2 cho 25x"2 —11x — 14 dwgc \frac{25x — 64}{625}, dw \frac{354}{625}(x-1)
25x"2 — 11x — 14 cho x-1 dwgc 25x + 14 dw O
Vay (x5 —5x +4, x"3-3x"2+ 2)=x - 1.

Lwu y, trong qua trinh thwe hién, ta cé thé nhan cac da thirc Wi cac hang sb khac 0. Vi du trong phép chia cubi
cung, thay vi chia 25x"2 — 11x — 14 cho \frac{354}{625}(x-1) ta da chia cho x — 1.

1.9. Tinh chat ctia phép chia hét

Nh&c lai, hai da thirc P(x),Q(x) dwoc goi l1a nguyén té cing nhau néu (P(x), Q(x))= 1. Ta c¢6 dinh ly thu Vi va c6
nhiéu (ng dung sau V& cac da thirc nguyén td cung nhau:

Dinh ly 4. (Bezout) Hai da thirc P(x) va Q(x) nguyén t& cung nhau khi va chi khi tén tai cac da thirc U(x),V(x) sao
cho P(x).U(x)+Q(x).V(x)=1.

Chirng minh. Gia st ton tai cac da thirc U(x) va V(x) thod man diéu kién P(x).U(x)+Q(x).V(x)=1.

bat D(x)=(P(x),Q(x)) thi D(x)|P(x),D(x)|Q(x) suy ra D(x)[1=P(x).U(x) + Q(x).V(x). Suy ra D(x)=1.

Nguoc lai, gid st (P(x),Q(x)) =1. Ta chirng minh tdn tai cac da thirc U(x) va V(x) sao cho

P(x).U(x)+Q(x).V(x)=1. Ta chirng minh bang quy nap theo m=min\begin{Bmatrix} deg(P),deg(Q)\end{Bmatrix}.

Néu m = 0 thi diéu can chirng minh 1a hién nhién. Chang han néu deg(Q)=0 thi Q=q la hdng sb va ta chi can chon
UX)=0,V(x)=qN-1} thi

ta dwoc P(x).U(x)+ Q(x).V(x)=1.

Gia st ta da chirng minh dinh ly ding dén m. Xét hai da thirc P(x), Q(x) cé min\begin{Bmatrix} deg(P),deg(Q)
\end{Bmatrix}=m+1.

Khéng mét tinh tdng quat, gia s m+1=deg(Q). Thwc hién phép chia P(x) cho Q(x) dwoc thwong la S(x) va dw 1a
R(x). Khéng thé xay ra

trwdng hgp R(x)=0 vi khi d6 1=(P(x),Q(x))=g’{*-1}Q(x). Vivay, ta co 1=(P(x),Q(x))=(Q(x),R(x))

Luc nay, do min(deg(Q),deg(R))=deg(R)<m +1 nén theo gia thiét quy nap, tdn tai cac da thirc U*(x),V*(x) sao cho
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Q(x)V*(x) + R(x)U*(x) = 1. Thay R(x)= P(x-Q(x).S(x), ta dwoc
QX)V*(x) + (P(x) — Q(x)S(x))U*(x) =1
Hay
POU*(x) + Q(x)(V*(x) = S(x)U*(x)) =1
Pat U(x) = U(x),V(x) = V*(x) — S(x)U*(x) ta duworc dpem.
Tinh chat cua phép chia hét
Q| P, QIR suy ra Q|P+R hay téng quat hon Q|P.U+R.V wi U,V la cac da thirc bat ky.
ii)QIP,P|R suy ra QIR (tinh bac cau)
iii)Q|P, P|Q suy ra tén tai s6 thuc khac 0 a sao cho Q=aP (ta goi P va Q la cac da thirc ddng dang)
iv) Néu Q_1|P_1va Q_2|P_2 thi Q_{1}.Q_{2}|P_{1}.P_{2}.
v) Néu Q|P.R va (P, Q)=1 thi QJR.
vi) Néu Q|P,R |P va (Q, R)=1 thi Q.R|P
Chirng minh. Céac tinh chét i)-iv) la hién nhién xuét phat tir dinh nghia Q|P tén tai S sao cho P=Q.S.
DPé chirng minh céac tinh chét v) va vi), ta sé& ap dung dinh ly Bezout.
v) T gia thiét Q|P.R va (P,Q) =1 suy ra tén tai S sao cho P.R = Q.S va U,V sao cho P.U+Q.V=1
Khi d6 R=(P.U+Q.V).R=(P.R)U+Q.V.R=Q.S.U+Q.V.R=Q.(SU+VR) suy ra Q|R.

vil) Tir gid thiét Q|P, R|P va (Q, R)=1 suy ra P=Q.S. Vi P=Q.S chia hét cho R, ma (Q, R)=1 nén theo V) suy ra S
chia hét cho R,

tirc 14 S=R.S1. Vay P=Q.S =(Q.R).S1 suy ra P chia hét cho Q.R.
1.10. Cac vi du cé 1&i giai
Bai toan 1. Tim t4t ca cac cap s6 a,b sao cho x™+4x"3+ax"2+bx+1 1a binh phwong ctia mét da thirc.

Giai: Néu xM+4x"3+ax"2+bx+1 |a binh phwong ctia mét da thire thi da thire d6 phai cé bac 2. Gia st
xM+4x"3+ax"2+bx+1=(Ax"2+Bx+C)"2

\Leftrightarrow x"+4x"3+ax"2+bx+1=A"2x"+2ABx"3+(2AC+B"2)x"2+2BCx+C"2

DPoéng nhét hé sé hai V&, ta duoc
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AN2=1,2AB=4,2AC+B"2=a,2BC=b,C"2 =1.

Khéng mét tinh téng quat, cé thé gid str A=1, suy ra B=2. C c6 thé béng 1 ho&c -1. Néu C = 1 thi a=6,b=4. Néu C
= -1 thi a=2,b=-4.

Vay c¢6 hai cap s6 (a, b) thod man yéu cau bai toan la (6,4) va (2,-4).

Bai toan 2. Cho da thirc P(x) va hai s6 a, b phan biét. Biét rang P(x) chia cho x-a dw A,P(x) chia cho x-b dw B.
Hay tim dw cla phép chia P(x) cho (xa)(xb).

Giai: Gia st P(x) = (xa)(xb)Q(x) + Cx + D. Lan lwot thay x = a,b, ta dwoc
A=Ca+D,B=Cb+D

Tl d6 suy ra C = \frac{ABKab}, D = A — AB\frac{a}{ab} = \frac{aB — bA}{ab}.

Bai toan 3. Tim dwv trong phép chia x{100} cho \left ( x-1 \right )"2.

Giai: Gia str x{100}=\left ( x-1 \right }*2Q\left ( x \right }+Ax+B. Thay x=1, ta dwogc
1=A+B.

LAy dao ham hai vé rdi cho x = 1, ta dwoc

100 = A

Tl d6 suy ra dw la 100x — 99.

Tran Nam Diing

M¢&i ban thdo luan thém tai day
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