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Chu y. Hau hét cac bai toan da dugc giai quyét. Nhap vio cac 6 s6 thit ty dé dén topic thao
ludn cua bai toan.
Cho ham s6 bac hai f (z) = —2? + 4px — p+ 1. Goi S 1a dién tich tam gidc c6 cac dinh la giao
diém ctia parabol y = f (z) véi truc Ox va dinh ctia parabol ay. Tim tat ci cac s6 hitu ty p sao cho

S 1a s6 nguyen.

2z — 1

Ching minh rang do thi ham s6 sau c6 ba diém ubén thing hang y = ORI
22—

Trong mot 16p hoc, mdi hoc sinh c6 khong qué ba ngusi ban than. Chiing minh ring c6 thé

chia 16p ra lam hai t6 sao cho ¢ mdi t6 mdi ban c6 khong qua mot ban than.

Cho tam gidc ABC vuong can ¢c6 AB = AC = 10. Tam giac DEF vuong can ¢ D noi tiép
tam giac ABC (D thuoc AB, F thuoc AC, E thuoc BC). Xac dinh vi trf cia diém D dé dién tich
tam giac DEF nhé nhat.

Giai phuong trinh nghiém nguyén

23 B4 =4n B

(6] Tim céc nguyén ham sau
z° 3+ 1
I= | ————dv; J =
/xﬁ—x3—2m /:U3 5x2—|—6 nQ= / x10+1

Tim diéu kién ctia tham s6 m dé phuong trinh sau c¢6 ding mot nghiem

r—2mvVr—1+m—-—4=0

Cho trude sé6 nguyén duong n, chiing minh rang

i M 2!
—

“(2k+1) (3)  (@n)!(2n+1)!

[9] Ben trong hinh vuong canh 100, ta dat mot duong gap khic L ¢6 tinh chat 1a méi diém ctia hinh
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vuong déu cach L mot khodng khong 16n hon 0, 5. Chting minh rang khi d6 trén L c6 hai diém ma
khoang cach gitta ching khong 16n hon 1 nhung khoang cach doc theo L gitta chung khong nho hon
198.

Cho ti dien ABCD ¢6 M, N lan luot 1a trung diém ctia BC, AD biét AB = CD = 2a
va géc giita duong thing AB va C'D la 60°. Tinh dién tich thiét dién ctia hinh chép tao bdi mat
phing qua MN va song song véi AB.

Tim tat cd cic song anh f : N* — N* sao cho

n+ f(n)

5 , VneN*

f(f(n) <

Giai phuong trinh

Vi —p+2rP—1=zx

V6i p 1a hing s6 thuyc.

x: 24 0 s 1, .. . ,
Trong cudc tranh giai co tudng, moi dau tha gianh duge 5 so diém ctia minh trong cac tran dau
v6i cac d6i thit xép ¢ cudi bang. Hoi ¢6 may dau thu tham gia tranh gidi? Biét rang trong mot tran

dau téng s6 diém ctia hai dau thi bang 1, thing 1 diém, thua 0 diém, hoa 3 diém.

Cho bén s6 duong a, b, ¢, d. Chiing minh bat ding thic

Vab+¥ed < fat b4 )t et d)

Cho hinh thang can ABCD (AD || BC) ngoai tiép (O;1lecm) va noi tiép (I). Goi M la trung
diém canh AB , biét M I = 4cm. Tinh dién tich hinh thang ABCD.

Tam thitc bac hai f () luon duong v6i moi z. Chitng minh ring f (x) c¢6 thé viét dudi dang
téng binh phuong ciia hai nhi thiic bac nhat.

Cho mot da giac 16i, khong c¢6 hai canh nao song song véi nhau. V6i mdi canh ctia da giéc,
ta xét géc ma dinh xa nhéat véi canh dé nhin trén canh dé. Chitng minh riang tong cac goc dé 1a
180°.

Tim nghiém nguyén ctia phuong trinh

2+ y'? =210 4+ 199

Giai phuong trinh

Sin2006 2005 r=1

X + cos



Chiing minh rang
(1) (Z) (x—k)"=nl VzelR

k=0

Qua mot diem M ngoai tam gidc ABC, chi bang thudc thang va compa dung mot dudng thing
chia tam gidc ABC' thanh hai phan c6 dién tich bang nhau.

Trong mit phang toa do vuong géc Ozy cho hinh chit nhat ABCD c¢6 A(—2;6), dinh B

thuoc dusng thang (d) : x — 2y + 6 = 0. Goi M, N lan lugt 1a hai diém nam trén canh BC, C'D sao

. . 2 14
cho BM = CN. Biet AM giao BN tai diem [ <5’ 3) Xac dinh toa do dinh C.

< £ N N % ~ 2 ~ k k
Cho céc s0 aq, as,.., ag, T1, Ta,.., T, va m la cac sO nguyén théa man m | a7 +..+agxy, Vk=>0.
Chting minh rang

m | a1 (x1 — 22) (#1 — 23) - -+ (21 — 2g)

Giai bién luan phuong trinh

lt+1|+m|z—1=(m+1) Bz +7|mx +5|)

Giai phuong trinh

sinz +sin2x +sin3x =1

Cho a, b, ¢ 1a cac s6 thuc théa man a + b + ¢ = —abc. Tim gia tri 16n nhat va gia tri nho

nhat ciia
a b c

el Rrl et

Tim a, b, ¢, d nguyén duong théa méan dong thoi hai dieu kien:
i) bd > ad + be
i) (9ac + bd) (ad + be) = a*d? + 10abed + b* + 2

Ta biét rang néu OABC la ti dién vuong tai O thi ABC la tam giac nhon. Héi cac véi
modi tam giac nhon ABC' liéu c6 ton tai tit dien vuong OABC tai O?

Xéc dinh cac ham s6 liéen tuc f : RT — R* théa man:
i) f(2z) =2f(x), VxeR"

i) f(f*z) =xf (), VreRT

iti) f(x) € N*, Vor e N*



Cho tam giac ABC' c6 ba goc déu nhon, c6 chu vi 13 20cm, mot dudng tron noi tiép. Mot tiép
tuyén cia dudng tron noi tiép song song v6i canh BC cat hai canh con lai tai M N va MN = 2, 4cm.
Tinh BC.

) 1 i <
Cho day s6 {u,} thoa man u; # 0 va u,4; = u, + —, Vn > 1. Ching minh rang |uig| > 14.
U,
Cho p 13 mot s6 nguyén t6 18. Xét p giac déu c6 canh don vi. T cac canh ciia da giac nay,
dyng ¢ mién ngoai da giac cac hinh chit nhat kich thuée 1 x k (k 14 s6 nguyén duong), méi hinh chi
nhat duge chia thanh k& 6 don vi. Goi P la hinh sao dudc tao thanh, gom kp 6 don vi va p giac déu
(nhu vay ¢6 kp + 1 mién). M6i mién duge t6 bdi mot trong ba mau, cac mién ké nhau c6 mau khac

nhau. Hon nita doi héi phép t6 mau d6 khong co truc déi xitng. Hoi c6 bao nhiéu cach to mau nhu vay?

Cho cac s6 thuyc duong a, b, c. Chiing minh ring

a b c 9
+ + >
b+c2 c+a? a+b® " 3+a+b+c

Cho hinh vuong ABCD, trén cac canh BC, C'D tuong tng lay cac diem E, F. Goi P, @ 1a hinh

. . CP C —
chiéu vuodng goc cua C trén AE, AF tuong ing, bict A5 + ﬁ = 1. Ching minh AFF = 45°.

Tim f : N* — Z thoa man dong thoi hai diéu kien sau:
i) Néu a chia hét b thi f (a) > f (b)
it) f(ab) + f (a® + %) = f (a) + £ ()

Giai phuong trinh

312° 4+ 165z 4 31023 + 33022 + 1552 +33 =0

. 1
[37] Cho ham b6 (O) : y = f(z) :a:—i-l—i-—l. Xac dinh M (z;y) € C, Va > 1 sao cho
x_

chu vi ctia tam giac hop béi tiép tuyén tai M va hai tiém can nhé nhét.

Cho tit dien ABCD c6 cac canh xuat phat tit A doi mot vuong goéc v6i nhau. Goi a 1a canh 16n
nhat xuat phat tit A v r 14 ban kinh hinh cau noi tiép ti dién. Chiing minh réng

a > (3—|—\/§>7’

Tim s6 nguyen n v6i 100 < n < 1997 thoa n | 2" + 2.

Tim tat ca cidc nghiém duong ctia phuong trinh

x2—x—1:2x—log2(x2+2$)



Mot mién phéng bi chin c¢6 dien tich S da duge phit béi ho hitu han F cac hinh tron. Ching

minh ring F chita ho con cac hinh tron roi nhau ma tong dién tich khong nhé hon 9

Giai phuong trinh

V2 + 142 +9— Va2 —2—20=5Vr + 1

Xac dinh ¢ dé phuong trinh sau c¢6 cac nghiem déu la s6 thuec

1+ iz | 2
(1—m) — ¢

Cho tit gidc ABCD c6 hai dudng chéo cat nhau tai O. Goi rq, r, 73, 74 lan ludt 1a ban kinh
dudng tron noi tiép cac tam giac OAB, OBC, OCD, ODA. Chiing minh rang tit gidc ABC'D ngoai
tiép khi va chi khi

1 1 1 1

1 3 T2 (1

Cho a, b, ¢ 1a ba canh clia mot tam giac théa man abe = 1. Tim gia tri 16n nhat cla

be . ac L ab
a?b+ a?c  b*a+b*c  cEa+c2b

Cho tam giac ABC ¢6 A= 60°, I 1a tam duong tron noi tiép tam gidc. Qua I ké duong
thing song song v6i AC cat AB tai F. Tren BC lay P sao cho 3BP = BC. Chiing minh rang
—_— 1 —_—
BFP = §ABC’.

Tim tam gidc déu nho nhat sao cho c¢6 thé dit ba dia ban kinh 2, 3, 4 vao d6 ma khong

chong lén nhau.

Cho t 1a s6 duong tuy ¥, s6 cac phan sd toéi gian % (0 < a, b < t) duge ki hieu 1a d(1).
1996

Tinh
1996
S = d
> ()

Tim gid tri 16n nhét, gia tri nhé nhéat ciia S = v/a — beosz + /a — beos (o — z) trén (0; o) véi

a,b,alacachingsdvaa>b>0,0<a<m.

Cho ABCD la t1t giac ngoai tiép duong tron tam O c6 do dai cac canh 14 a, b, ¢, d. Chting minh
rang

OA-OC+OB-0D = Vabed

Giai phuong trinh

/ . 1
\/5—1—35—1—\/5:%

>



Cho tt dien ABCD va M 1a mot diém nam trong t& dien. Goi Ay, By, C;, Dy 1a hinh chiéu
vuong goéc ciia M lén cac mat cla tii dien. Goi D, 1a duong thang qua A vuong goc véi (B1C1Dy),
cac duong thang Dy, D,., D, xac dinh tuong ty. Ching minh réng D,, Dy, D,., Dy dong quy.

Cho day s6 nguyen duong {an}:; théa man a; = 1, a3 = 2, Gun = U - An,y Upgn <
C(am + a,), VYm;n € N* (trong d6 C > 1 1a hdng s6 cho trude). Chiing minh rang a,, = n, Vn € N*.

Ung v6i méi k > 1, goi

M(k;):max{ \1Ok_1§n§10k—1}

s (n)

n

m (k) = mln{s )
Hoi c6 thé biéu dién M (k), m (k) theo k hay khong?

|10k <n < 10’“—1}

Cho z, y, z 1a cac hing s6 va A, B, C 1a ba géc tam giac. Tim gia tri 16n nhat ctia biéu
thic
P =gsin®? A+ ysin® B + zsin?C

Cho da thic P (z) va Q (z) = aP (x) + bP' (z) + ¢P” (x) v6i a, b, ¢ 1a céc s6 thyc va a # 0,
b*> — 4ac > 0. Chitng minh réng néu @ (z) vo nghiém thi P (x) vo nghiem.

Cho C la mot diém nim trén dudng kinh AB clia ntta duong tron tam O khac A, B, O.
Hai tia vuong géc véi nhau qua C' cit nita dudng tron tai D, E. Duong thang qua D vuong goc véi
DC' cat lai duong tron tai K. Chting minh rang néu K khong trung F thi KE song song AB.

Tim céc gia tri clia tham s6 m sao cho hé phuong trinh sau c6 nghiém

2+ 3zx+22=1
32+ 3yz+ 22 =4

?—zy+y =m

Cho tit gidc ABCD noi tiép, M la mot diém bat ki. X, Y, Z, T, U, V 1an lugt la hinh chiéu
ctia M len cac duong thing AB, CD, AC, BD, AD, BC. Goi E, F, G thi tu la trung diém cta
XY, ZT, UV. Chiing minh rang E, F, G thing hang.

Chitng minh ton tai day s6 {a,} (n = 1;... la day tang cdc s6 nguyén duong sao cho day
{b,} v6i b, = k + a,, Vn chia hitu han cac s6 nguyén t6 (v6i moi s6 ty nhién k).

Tinh tich phan

“1 1 1
I:/ nz (lnx + )3dx
1 14+2z+Inz)



Cho a, b, ¢ 1a cac s6 nguyén (b 1¢) xac dinh day f (n), n = 0;... nhu sau

{ f0)=4,f(1)=0,f(2) =2c,f(3)=3b
fn+3)=af(n—1)+bf(n)+cf(n+1), Vne N

Chitng minh rang véi moi s6 nguyén duong m va moi s6 nguyen t6 p ta c6 f (p™) chia hét cho p.

Cho tam gidc ABC nhon, M di dong trén doan BC. Duong tron duong kinh AM cat AB,
AC & P, Q. Tiép tuyén ctia n6 tai P, Q cat nhau é T. Tim qui tich T khi M di dong.

Giai phuong trinh

1
sin x sin 2% sin 3z + cos x cos 2% cos 3x = 5

Kéo dai cic trung tuyén ciia tam gidc ABC cho dén khi chiing cit duong tron ngoai tiép clia tam
N 4
giac, goi do dai ctia cac doan nay 1a M, M,, M.. Ching minh rang M,+ M,+ M, > 3 (Mg + mp + me)
. 2V/3 D e .
va M, + My + M, > 5 (a + b+ c¢). Khi ndo thi ¢6 dau dang thite?
Cho P(x) = 2% + ax + b. Biét rang v6i moi = théa man |z| < 1 thi ta c6 |P(z)| <

Tinh gia tri ctia bicu thic a® + b

1
5

Cho tam gidc ABC c¢6 truc tam H. Biét duong tron ngoai tiép tam giac HBC 1a 2? +y? — x —
5y +4 = 0, H thuoc duong thang A : 3z —y — 4 = 0, trung diém ctia AB la M (2;3). Xac dinh toa
do cac dinh cia tam giac.

Cho tam giac ABC. Tim gié tri 16n nhat va gia tri nhé nhét cta

F = sin A" sin B" ! sin C?" 1!

Chitng minh ring tong céc binh phuong khoang cach tit cac dinh ctia tam giac déu ABC noi
tiép duong tron (O; R) dén dudng thang d bat ky qua O khong doi.

Cho ham s6 y = f(z) c6 dao ham cip hai f” (z) > 0 trén toan bo R vi a € R ¢6 dinh.
Tim gi4 tri 16n nhat ctia ham s6 g () = f () — (a — z) f' (x) trén R.

Chon >3vaa, >0, (k=Tn). Dat S = > a; va P = [[_, a;. Bat ding thic sau c6

ding khong?
S
i—1 S — a; P

V6i méi n € N*, ki hieu a (n) 1a s6 chit s6 1 ctia n (trong hé thap phan). Héi c6 ton tai hay
khong s6 n théa a (n? 4+ 1) = 7a (n) khong?




Trong khong gian cho tam gidc ABC, dung duong thing d bat ky qua A. Tit B va C ké
cac duong vuong goc véi d lan lugt tai B’ va C’. Biét do dai ba canh tam giac 1a a, b, c. Hay tinh
gia tri 16n nhat ctia thé tich tit dien BOB'C".

Cho n 1a mot s6 nguyen duong va b 1a s6 nguyen 16n nhat ma bé hon (3 28 — 3) - Ching
minh rang b khong chia hét cho 6.

Cho hai phuong trinh 22 + pr +¢ = 0 va 22 + mx +n = 0 (p, ¢, m, n nguyén) c6 mot
nghiém chung khong phai 1a s6 nguyén. Ching minh rang p = m, ¢ = n.

Trong khong gian cho hai duong thang z, y chéo nhau. Gia sit A, B la hai diém cb6 dinh
tren x va C'D la doan thang c6 chiéu dai [ cho trude c6 thé di chuyén trén y.Tim vi trf ctia CD sao
cho dién tich toan phan ctia ti dien ABCD nhé nhat.

Tim tat ca cdc ham f : N* — N* thoa man dong thoi hai diéu kien:
i) f(f(n))=n, VneN
i)n | f()+f2)+...+f(n), VneN*

Cho trudc sbé thuc duong a, duong thing d va hai diém A, B ndm ciing phia déi v6i d. Dung
diém M thuoc d sao cho AM + M = a.

Cho cac s6 thuc duong z, y, z théa man zy + yz + 2o = 1. Chting minh rang

2 2 2
R I N L v
Y z T

Mot to gidy c6 dang hinh vuong ABC'D. Gap to gidy sao cho C' ndm trén canh AB. Tim gia

. M
tri nho nhat cia ——.

RQ

Ciéi he phuong trinh

3 85

oy +4 (22 +y?) + —m= = —
1 13
2x + = —
T4y 3

Giai phuong trinh

4 cos 15z cos bx cos 3z cos x + cos 15z cos bx + cos 3z cosz = 0

Goi L la tap cac diém nguyén trén mat phang. Chitng minh ring v6i moi cip ba diem A, B, C
thuoc L thi ton tai diém thi tu D sao cho phan trong ciia cac doan thang (phan doan thang trit di
hai dau mit) AD, BD, C'D khong chita mot diém nao thuoc L.

Tt mot diem P & ngoai duong tron (O) ké hai tiép tuyén PE, PF t6i duong tron (E, F
13 hai tiép diém). Mot cat tuyén thay ddi di qua P, cit dudng tron tai hai diém A, B (A nam giita
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P va B) va cat EF tai Q.

PA QA

PB QB

b) Dang thitc trén c6 con ding khong, khi cat tuyén trén khong di qua diém O? Hay chiing minh

dieu do.

a) Khi cat tuyén di qua O chiing minh réng

Tinh tich phan
1,10
o TV +1

Tim tat ci cic s6 nguyén duong n sao cho ton tai n s6 nguyén duong: a;, as,..., a, théa man
IESED 3
X a; n-
=1 i=1
Cho n 1a mot s6 nguyen duong. Giai phuong trinh

(r—1)2[1+20+32°+ ..+ (n+1)a"] =1

Cho tit dien S - ABC ¢6 ASB = a, BSC' = 45°. Xac dinh gid tri goc o dé goc nhi dien canh
SC bing 60°.

Cho k 1a s6 nguyén duong va S, = {1;2;..;n} (n > 3). Ham f : S¥ — S, théa man néu
a, b € S* va chiing khac nhau & tat ca cac vi trf thi f (a) # f (b). Chiing minh réng c6 i € {1;2;...;k}
sao cho

flay,a9,...;ar) = a;, Ya= (ai,as,..,a;) € Sﬁ

Cho t1t gidc ABCD, diém M di dong trén doan AB. Hai dudng tron (M AC), (M BD) giao
nhau tai M, N. Tim qu§ tich diém N.

Trong mot hinh vudéng c6 canh bing 1, dit mot hinh F' ma khoang céch giita hai diém bat
ki ctia n6 khong bang 0,0001. Chting minh rang dién tich ctia hinh d6 khong 16n hon:

a) 0,34

b) 0,287

Cho a, b, ¢ 1a ba canh tam gidc va x, y, z 1a cac s6 thuc duong. Chiing minh rang

xc?  ya®  z2b? 1 1 1
corea (B2 (o) o

Cac duong tron (Op) va (Oy) cat nhau tai A va B, CD la duong thang qua O; cat (Oy) tai D
va tiép xtc véi (0,) tai C, AC tiép xtc véi (O;) tai A. Ké AE vuong goc CD va AE cat (Oy) tai
E. Ké AF vuong goc DE va AF cat DFE tai F. Ching minh rang BD chia doi AF.

Ban Binh va Nam choi mot trd choi khé tha vi véi mot da thic bac it nhat 1a 4 duge cho
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sau day 22"+ 2?4 2?2 4 4.2+ 1. Ho lan luot dién vao cac hé s6 con trong trong da
thiic trén bang cac s6 thuyc tuy §. Néu qua trinh dién s6 hoan tat ma da thic nhan dudge vo nghiem
thi ban Binh l& nguoi thang cudc, con ngudce lai thi ban Nam thang. Néu ban Binh dién s truée thi

ai s& ddm bao c6 chién thuat thing cudc choi?

Cho chép S - ABC ¢6 SC = CA = AB = av/2, SC L (ABC), tam giac ABC vuong tai
A. Lay M, N lan lugt thuoe SA, BC sao cho AM = CN =z (0 < z < 2a). Tim 2 dé do dai M N

nho nhét.

Ugjt1 = 3oy + Ougg—1 Vi > 1 Tim <6

Cho day s6 {u,} xdc dinh béi u; = uy = 1 va {

hang tong quét ctia day sb trén.

1) Tim s6 nguyén duong n nhé nhat sao cho n! tan cting bang 1987 chit s6 0.

Ugk+2 = SUgk4+1 — Ougy

2) Tim nghiém tu nhién ctia phuong trinh

(y+1)" =9y +1

Xét tap A = {1;2;...;n}. V6i bat ki tap con khac rong M ctia A, M = {mqi;ma;...;ms} va
my > my > ... > my. Dat S (M) = my —my 4+ mg + ... + (—=1)" ' my. Tinh S = Y onica S (M).

Cho tap hop hitu han cac doan thing trong mat phéng c6 tong do dai la 1. Ching minh

rang ton tai duong thang [ sao cho hinh chiéu ciia tat ca cac doan dé trén [ c6 tong do dai nhoé hon
2

T
Cho céc s6 duong a, b, ¢ thoa méan a + b + ¢ = 3. Chiing minh ring

a b c

<1
B2 P2 @r2°
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