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A SYNTHETIC PROOF OF A. MYAKISHEV’S
GENERALIZATION OF VAN LAMOEN CIRCLE THEOREM
AND AN APPLICATION

OAI THANH DAO

Abstract. In this article we give a synthetic proof of A.Myakishev’s
generalization of van Lamoen’s circle theorem and introduce a family six
circumcenters lie on circle of a triangle associated with Kiepert’s configura-
tion.

1. INTRODUCTION

The famous van Lamoen circle theorem states that: If a triangle is divided
by its three medians into 6 smaller triangles, then the circumcenters of these
smaller triangles lie on a circle.

The Van Lamoen circle be introduced in Floor van Lamoen Problem
10830, American Mathematical Monthly 107 (2000) 863 (see [5]); solution
by the editors, 109 (2002) 396-397 . The proof of van Lamoen circle theorem
can be found in many texts, see [3], [4], [6] or [8]. In 2002, A.Myakishev’s
generalization of van Lamoen circle theorem as follows:

Theorem 1.1 (A. Myakishev-[7]). Let two triangles ABC and A;B1Cy
perpective and its have same the centroid, if the perpector of two triangles is
D, then circumcenter of six triangles ADB1, B1DC, CDA,, AyDB, BDC1,
C1DA lie on a circle.

The first proof of A. Myakishev’s theorem by Darij Grinberg, see [2]. In
the paper we give another synthetic proof A. Myakishev’s theorem and in
the application we show that exist a family six circumcenters lie on a circle
of a triangle associated with Kiepert’s configuration.
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2. A PROOF OF AMYAKISHEV THEOREM
We omit the proof of a easy lemma following:

Lemma 2.1. Let four circles (01),(02),(03),(04) concurrent at D. The
circle (O;) meets (Oi+1) again at Diiqqy with i = 1,2,3,4 and (O5) =
(01). Then O1,02,03,04 lie on a circle if only if £ZD9sD D19 = £D34DDyy
(modm).

Figure 1

Lemma 2.2. Let ACACy be a quadrilateral, AA, meets CCy at D. Let
N, Ni be the midpoint of AC, A1Cy respectively. N N1 meets AD at F'. The
circle (ADC1) meets the circle (CDA1) again at Q. Then ZAFN=/QDC
(mod )

Figure 2

Proof. Since LC1AQ = ZC1DQ = ZCA;Q (mod 7) and LAC1Q =

LA1DQ = ZA1CQ (mod 7), hence two triangles AQC, A1QC are simi-

Gi1Q _ CQ
lar = ic = A0




76 Oai Thanh Dao

Let E be the midpoint of AA;. We obtain AC; = 2EN;, A1C = 2E—]>\7 =

1) Go _ o
ENy EN
On the other hand: ZC1QC = ZC1QD+/4DQC (mod 7). But ZC1QD =
—_— = —_—
ZC1DA (mod w) = L(ACy, DA), and ZDQC = £ZDA;C (mod w) = ZL(A1D, A, C).
Thus:

/ChQC = L(ACy,DA)+ £(A1D, A,C) =

_— _— =
(2) /(ACy, A,C) = Z(EN;,EN)=/N;EN(mod )
Since (1) and (2) we get that two triangles C1QC, N1 EN are similar, since
(3) ZENN; = ZQCC4

We obtain: ZAFN = ZFEN + ZENF (mod m). On the other hand:
ZFEN = ZDA;C (mod 7). And since (3) we obtain ZENF = ZQCD =
ZQA1D (mod 7). Therefore, ZAFN = ZQA1D + ZDA,C = ZQA,C =
ZQDC (mod 7). The completes the proof of Lemma 2.2.

Proof of A. Myakishev theorem:

Figure 3

Let A¢, Be, Bg, Cq, Cy, Ay are circumecenter of six circles (ADCh), (C1DB),
(BDA,), (A1DC), (CDBy), (B1DA) respectively. Let N, Ny be the mid-
point of AC, A1C; respectively, and NN; meets AA; at F. The circle
(ADC4) meets (CDA;) again at Q. Easily we deduce that BB;, NNy
are parallel, therefor ZADB; = ZAFN (mod 7). By Lemma 2.2 we obtain
/AFN = /ZQDC. Thus ZADBy = ZQDC. By Lemma 2.1 we get that
four circumcenters A., Ay, Cp, C, lie on a circle. Similarly, four circumcen-
ters Ay, Cy, Cy, B, lie on a circle, and Cy, C,, By, A lie on a circles. Hence
six circumcenters A., Be, By, Cq, Cp, Ap lie on a circle. This completes the
proof of Myakishev’s theorem.
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3. AN APPLICATION OF AAMYAKISHEV THEOREM

Theorem 3.1 (Dao-[1]). Let ABC be a triangle, G is the centroid. Con-
structed three similar isosceles triangles ACoB, BAyC,CByA (either all out-
ward, or all inward). Let Ay, By, Ch lie on AAgy, BBy, CCy respectively, such
that:

AA BB ccC
(4) 1221 _ 2 g

AAy BBy CCy
Let Ay, By, Cy lie on GAy, GB1, GC1 respectively, such that:
GAy GBy GCy
GA; GB, GCp

Then AAs, BBy, CCy are concurrent at a point K lie on Kiepert hyperbola.
And circumcenter of six triangles AK By, BoKC, CKAy, AsKB, BK(C>,
CyK A lie on a circle.

ko

()

- When Ag, By, Cy at midpoint of BC, C'A, AB respectively and k1 = ko =
1, this circle is called as the van Lamoen circle.

- When Ay, By, Cy at midpoint of BC, C A, AB respectively and ke = 0,
and k; is any real number, this circle is called as the Dao six point circle [4].

Figure 4

Proof. By (4) we get

AAg + AgAy BBy + ByB: CCy+ CoCh

(6) ) T 204 220 2001
AAO BBO C16’0

=
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AA  BoB _ CC
AoA;  BoB1 CoC

ApAl + A1A o BoB1 + B1B B CoCh + C1C

Ao Ay BoBy CoCh

A4y, BBy Gy
4 A BB CC

A A

A

0

Figure 5

Denote As, B3, C3 are midpoint of BC, C A, AB repectively. Let AAy, BBy, CCo
meet A3Ag, B3By, C3Cy at Ay, By, C4 respectively. Let GA1, GBy, GC1 meet
AsAg, B3By, C3Cy at As, Bs, Cs respectively. By Menelaus’ theorem for
ANAA3Ag cut by A1 A5G, we obtain:

(10)

LAy _ GA My _ Ak

A543 GA; AjA A A

Similarly we obtain:

(11)

(12)

BBy _ BBy
BsDBs BB
C5Co _ 10y
CsC; ~ C.C

Since (10),(11),(12) and (9), we obtain:
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A5A0 . BsBy . 0500
AsA3  BsBz (503
By Menelaus’ theorem for AAGA; cut by AgAsAs, we obtain:

(13)

A

A,G  A3G AgA 0
041

A:A;  AsA AgA;

Similarly we obtain:

(14)

W=

BsG 1 BB
(15) =T -0
BsB; 3 BB
CsG 1 CoC
(16) Al

Since (14),(15),(16) and (7) we get:
A1As  BiBs  C1Cs

(17)
GAs G Bs GCj5
~
(18) A1G 4+ GAs . B1G+ GBsy . C1G + GCj
GAs ~  GBs  GGs
=
19) GA, GB GG

GA;s GBs GCs

Since (19) we have: AlBl H A5B5,3101 H B5C5,01A1 H C5A5. And
since (5) we have: A1B; H AsBs, B1C1 H ByCy, C1 A H C9A5. on the other
hand G, Ay, As, As are collinear, G, B1, By, Bs are collinear; G, Cq,Csy, Cs
are collinear. Now by Thales’theorem we obtain:

AsAs  BeBs  (2C5
A AT BB,  CoCh
By Menelaus’ theorem for A Az AgA; cut by AAs A4, we obtain:

(20)

A A5 AA] Ay
A Ay AA, AxA,

(21)

Similarly we get:

BiBs; BB ByDs
B,By BB, BB

(22)

CiC;  CCy CyCs

(23) - =L
CiCy  CCy CrC
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Since (4),(20),(21), (22) and (23) we have:

Ay As . ByBs o CyCs
AgAoy  ByBy  C4Cy

Three triangles BCyA, AByC and CAgB are three similar isosceles trian-
gle either all outward, or all inward on the sides AABC. Since (13) we get
that three triangles BA;C, CBs A, ACs B are similar isosceles triangle. Since
(25) we get that three triangles BCyA, AB4C, CA4B are similar isosceles
triangle on the sides. By famous Kiepert theorem we have the lines AAy,
BBy, CCy4 concurrent on Kiepert hyperbola, so AAs, BBy, CCs concurrent
on Kiepert hyperbola. It is well-known that two triangles ABC, AgByCy
have same the centroid. Since (4) we can show that two triangles AgByCy
and A B;C; have same the centroid. Since (5) we can show that two trian-
gles A1 B1C1 and A2B5C5 have same the centroid. Therefore, two triangles
ABC and A;B>C5 have same the centroid. By Myakishev theorem we get
that the circumcenter of six triangles AK By, BoKC, CK Ay, AoKB, BK(CY,
C5K A lie on a circle. This completes the proof of Theorem 3.1.

(24)
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