Chuyedn fied L66ing giauc vas OUng duing

CHUONG 2: PA THUC CHEBYSHEV

1. PINH NGHIA VA TiNH CHAT PA THUC CHEBYSHEV:
1. Pinh nghia:
*Céc da thUc T, (x) , n € N xac dinh nhu sau:
T =17 (x) = x
Tn+1 ( X) = 2XTn (X) _Tn—l ( X)
GOi 1a cac da thirc Chebyshev loai 1.
* Cac da thUrc Tn(x), n € N x4c dinh nhu sau:
Uy(x) =0,U,(x) =1
Un+1 ( X) = ZXUn ( X) _Un—l ( X) ,Vn 2 1
Goi la cac da thic Chebyshev loai II
2. Cac tinh chat clQa da thurc loai I:
Pa thitc Chebyshev c6 nhi€u tinh chat hay, dugc st dung rat nhiéu trong viéc gidi
quy€t cac bai toan da thirc.
Sau day xin dugc néu mOt sO tinh chat quan trong (vi€c chiing minh rat dé dang)

-Tinh chét 1: Vxe[-11] ta c6 T, ( x) = cos(narccos x)

-Tinh chdt2: T, (x)1a da thtc bAc n,ne ¢ ,hé s6 cao nhat 1a 2"
-Tinh chdt3: T, (x) 1a ham chan khi x chan va 1a ham 1& khi x 1.
-Tinh chat 4: Pa thic T, (x) c6 ding n nghiém phan biét trong[-11] :

2k +1
2n

X, = C0S 7,(k=12,..,n-1)

“Tinh ch&t 5: a) |T, ()| <1, Vxe[-11]

b) |, ( x)| =1chi tai n+1 diém khac nhau trong[-11] Ia
g=cosk—ﬂ(k =1,2,..,n)
n
Cha ¥ 1a: T,(x)=(-1)"

Cac diém x, goi 1a diém luan phién Chebyshev.
-Tinh ch&t 6: VP(x) bécn, hé s6 cao nhatbang 1, ta c6

1

max‘P( x)‘ > o

DPang thlic xay ras P(x) =T, *( x) =
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3. Cac tinh chat cua da thuc loai II:
-Tinh chat 1: Vxe (-11) ta c6

sin( narccos x
U,(x)= sin{ narccos x)

N

S 1.,

-Tinh chat2: U, (x) ==T,'( x)
n
-Tinh ch&t 3: a/. U, (x) 1a da thirc hé s6 nguyén, bdc n -1, hé s cao nhat 1ap"!
b/. U,(x) 1a ham chdn néu x 18 va 1a ham 1& néu x chan.

-Tinh chat 4:

U, x)| <n,Vxe(-11)

-Tinh ch&t 5: Pa thtrc U, (x) c6 ding n-1 nghiém phan biét khic nhau trong[—11]
Pac biét: TU tinh chat 2 va 4, ta cé:

T,'(x)|<n’,vxe(-11]

1II. MOT SO BAI TOAN MINH HOA:
Bai 1: ChUng minh rang moi da thic f (x) bcn >1déu c6 thé biéu dién dudi dang
f(x)=) aT(x),a,=0
i=0
Va cach bi€u dién nay la duy nhat.
LOi giai
Ta c6 T, ( x) 1a da thirc bAc n c6 hé s6 cao nhat1a2"™" nén ta cé thé viét

T,(x) =2""x" +¢(x) v6i@( x) 1a da thic bac nhd hon n.
1

1
2n—1 T( X) - 2n—1

Bang quy nap ta chltng minh dugc:

Suyra x" = o[ x)
f(x)=a,+aT(x)+a,T,(x)+..+a,T,(x)
Bay gi0 ta chiing minh tinh duy nhat cla cach bi€u dién nay
Gia su
f(x)=a,+aT(x)+a,T,(x)+..+a,T (x)=a',+a,T(x)+a,T,(x)+..+a', T,(x)

n

Khi d6 Y (a,-a\)T,(x)=0,Vxe i
i=0

Vay a-a',=aq-a,=..=a,—a', =0

Hay a,=a'y,a, =a'y,..,a,=a’,

Naém hoic 2006 — 2007 122



Chuyedn fiea L66ing giauc vas OUng duing

MOt trong nhitng d&u hiéu d€ nhan biét bai toan da thitc c6 st dung tinh chat da thirc
Chebyshev hay khéng d6 1a mién gid tri da thlfc. Cac bai todn trén mién|—1,1] déu ggira

cach gidi bang phudng phap nay.
Ta xét thém mot sO vi du:
Bai 2: Cho da thitc hé s0 thuc f(x)=ax’ +bx’ +cx+d,a >0 Biét réng Vxe [-11]

bl,|c

’

J[bls[el|d|

ta Cé‘ f(X)| <@ Tim max clala

Nhdn xét: Ta s& luu ¥ cach chon di€ém luan phién trong da thltc Chebyshev.

Loi gidi:
A=f(-)=—-a+b-c+d
B= 1) a b c d a:_ZA+ﬂB_ic+ZD
NS 373 373
. 1Y a b c b=1A+1D—E
pat C=f|=-|=—+—+—+d = 3 2 2
' 2 2 1. 8. 8.1
D=f(1)=a+b+c+d c=€A—€B+€C—€D
E=f(0)=d d=E
|a| < 4
o b| < 2
Tu gia thiét:
|c| < 3
d|<a
Bang cach xét: f (x| =06(4X3—3x)
va g(x):a(sz—l)
Thi ta ¢6 d&u dang thlc x3y ra. Vay:
max|a| = 4a,
max |b| = 2a,
max|c| = 3a,
max|d| = o
Chu y: f(x),g(x) 1a xét du trén cO s& cos2x,c083X.
Bai 3: Cho da thiic P,_, (x) bac khong vuot quan —1c6 hé s6 bac cao nhat a,,
th@a mén di€u kién: Vi-x?|p, (x)|<1vxe[-1]]

Chéng minhrang  |a,| < 2™
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Loi gidi
- , p A~ a 27-1
Ta viét da thUc da cho duGi dang nOi suy Lagrange theo cac nit nOi suy x ; = cos ; T
n
1a cac nghiém cUa da th(c Chebyshev T, ( x)
e T, ()
Pn—l(X)z_Z(_l) 1_X§Pn—1(Xj)
I’I j=1 X — XJ
2n—1 n i
Suy ra %= Z(—l)ﬂvl—xjp(xj)
=1
2n—1 n n-1 ~
Vay nén ‘a0|S o Z,/l—ij(xj) < - n=2"1
j=1
Bai 4: Gid thiét rang da thic P, ( x) thoa man cac diéu kién cla Bai 1. Chtng minh
réng  |P,,(x)|<n,vxe[-1]
Loi gidi:

Vi cac X ;dugc chon nhu @ bai todn trén thi do ham s6 Y = 90X nghich bién trong ( 0;7)

nén —1<x, <x,_ |, < .«w<x,<x <1 Néux, <x<1thi

(%) 1 7,(x)

1& 2
P |x)|s— 1-x°P_ | x. <— 2
1( )‘ n; J 1( J) ’X—Xj| nj:l(X_Xj) ()
(do x —x;>0 vaT,(x) c6 ddu khong d6i trén (x,71])
Matkhéc thi T, (x) =2""]](x-x,]
j=1
H(X_XJ)
~ 7 n . - 2 T
Nén ta co T(x)=2"" =1 — 2 (%) ®)
= (x-x) Hx-x,
Lai ¢6 T, (x|
. =Un(x)‘<n
n

Nén tU (2) va (3) suy ra
p

n-1

(x)|<nVxe 1]

Hoan toan tuOng tu ta cling co

Pn_l(x)| <n/Vxe [-1x,)

Xétx, <x <x, Khidotacod
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Ji-x7 2\/1—.3512 = sin( arooosx, ) =sjn2£

n
Do 1> 50X 5 2
x 7

. T T 2 1 1
sh-—>-—.~== vaVvl-x’ >~ Suyra:
2n 2n n n n

Pn-l(x)|S =n

SR

Tém lai ta da chlng minh dugc rang |P, X)| <nNVxe[-1]

Bai 5: Cho da thUc lugng giac

P(t) =aq,sint+a, sin2t +...+a, sin( nt)

Théa mén diéu kién |P(¢)|<1,Vie i \{..,-27,-7,0,7,2x,..}

ChL’j‘ng minh réng <nVte i \{ vy —27,—7,0, 7, 271',...}

sint

Loi giai:

A . s Pt . . , < s
Nhan xét rang ( ) =P_, (cost) vGiP, (x) 1a da thic dang (1). Patcost = x . Khi d6
sint

|X‘S1 va
P(t) =sinP,_,(cost) =v1-x*P_, (x)

Tathdy P(x) thda min diéu kién clia Bai 2 nén

P, (x)|<n,vxe[-1,]
Do do

P(t]

—|<n,Vtei \{..,-27,-7,0,7,27,..}
sint

Bai 6: Cho da thUc lugng giac
P(x)=Y(a, cos jx+b,sin jx
=0
Thda mén diéu kién |P( X)‘ <1LVxei
ChUng minh rang |P'( X)| <n,Vxei

Loi gidi:
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Cho X, tuy y. Do
cos( x, — X) — cos( x, + x) = 2sin x, sin x

sin( x, + x) —sin( x, — x) = 2cos x, sin x
P(x,+x)—
2

P{x,—x n
nén g(x) = % )=chsinjx
=0
P'(x,+x)+P'(x,—X)

Suy ra g'(x) = 5

Va g'(0) = P'(x,) .Ta chlng minh rang \g '( 0)| <n .Thét vay, 9| x) 1a da thirc luong giac

ch(ta thuan sin nhu trong Bai 3 va

—_ _ p Plx —
‘g(x)|=P(X°+X) P(x, x)’S‘ (x0+x)‘+‘ (X, x)|Sl
2 | 2
; o o oo |9(X) :
Nén theo két qua cUa bai 3 thi o x <nvxei \{..-2r,-7,0,7,27,..} 4)

Nhung g(0) =0suyra

-g(0
9(x) - g ) ‘X |Sn‘v’xei \{..,-2m,~7,0,7,27,..}
x=0 smx‘
Nén khi x — 0: M—h‘l'(o) -X —1
x—0 sin X

Ta nhan dugc |g '( 0)| <n

TU d6 ta c6 |P'( XO)‘ <n .Nhung X, dugc chon tlly y nén suy ra |P'( X)| <nvVxe i

Bai 7 (Dinh ly Berstein-Markov)
Cho da thirc

P (x)=a,x"+ax"" +..+a,

n

Théa man diéu kién |P, (x)| <1, Vxe [-11]

ChUing minh réng khi d6 : [P', (x)| < n*,vxe [-11]

(5)

Loi gidi:

Pn(cosa)‘ <1.DoP,(cosa) c6 dang

Dat x=cosa Khi d6 theo gid thiét thi

P, (cosa) =Zn:(aj cos ja +b; sin ja|
j=0

Neén ta c6 thé 4p dung két qud cla Bai 4. Ta dugc
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P',(x)

n

‘sina.P " cosa)| <n=A1-X

<1

(%)

Ciing theo Bai 4, ta ¢4 <n Suyra: ’P '( X)‘ <n’

Nhan xét : Dua vao két qud cla Pinh ly Berstein-Markov, sau khi 4p dung lién ti€p két
qua cUa dinh li nay, ta s& thu dugc két qua sau:

Né&u|P, (x)|<1,vxe [-11] tln‘Pk' \ [n(n=1)(n-2)..(n-k+1)] ,Vxe[-L1]

Bai 8: Cho a,,4,,...,a,1a cic s6 thuc khéng am va khong dong thdi bang 0.
a/. ChUng minh rang phuong trinh X" —a,x"" —...—a, ,x—a, =0 (6)

c6 diing mOt nghiém duong duy nhat.
b/. Gid sU R 1a nghiém duong cUa phuong trinh (6) va

A=Zn:aj,B=zn:jaj
j=1 j=1

ChUng minh rang khidé ~ A* < R®

Loi gidi:
a q 9 a,
a) Dox >0 nén ) el=—"+—+.+—
X X X

a a a N i . o

=24+ 24 4+ Nhanxétrang f(x)liéntucva f(x) nghich bién tron
2 n g g
X X

D3t f(x)

>

khodng (0,+e) nén tOn tai duy nh&tR > 0sao cho f(R) =

Q

b) Patc; = Xj Suyrac¢; 20 va ZCj =1.Do ham s0 y = -Inx 16m trong khodng
j=1

(0,+c0) nén teo BDT Jensen thi

Zc —ln—> ln(Zc —)—— n[i%]=—ln f(R)=-In1=0

j=1

n

Suy ra Z(cj InR’ —c,InA|
j=1
Va (lnA)icj S(lnR)Zn:jcj
j=1 j=1
Hay —Za lnA —Z]a lnR)(doc =%;A> 0]
Vay nén ln(AA)Sln(RB):AASRB
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