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INPEAUCJIOBUE

B KM3HM TOCTOSTHHO TPUXOAUTCA CTaJIKHBATHCH
¢ HeoOXOJWMOCTHIO IPUHATHL HAWJIYUIllee BO3MOYKHOE (MHOTZA TOBO-
pAT — omTuMaJibHOe) perieHre. OTPOMHOE YNCJIO MOZOOHBIX IIPOGJIeM
BOBHUKAET B 9KOHOMUKE U TexHUKe. I[Ipu sTOM uHacTo ciydaeTcs Tak,
YTO II0JIE3HO HPUOErHyTh K MaTeMaTuKe.

B MmaTemaTuke mcciaemoBaHMe 3aJad Ha SKCTpPeMyM (T.e. Ha MaKCUMyM
U MUHHMYM HavaJIOChb OYeHb JaBHO — IBaAIlaTh IATHL BEKOB Ha3ajn.
Honroe BpeMsa K 3aZladyaM Ha OTHICKAHNE 3KCTPEMYMOB He OBLIO CKOJIBKO-
HUOYAb €IWHBIX MOAX0n0B. Ho mpuMepHO TpucTa JieT Has3ag — B 9IIO-
Xy (hopMHUPOBAHMS MaTEeMATUUYECKOTO aHAIM3a — OBLIM CO3JAHBI IIep-
Bble O0IlMe MEeTOALI PEIleHUsS U HCCIEJOBAHUSA 3a4au HA 9KCTPEMYM.

Torga ke BBIACHUJIOCH, UTO HEKOTOPHBIE CIIeIMaJIbHbIe 3aJauM OIl-
TUMHUBAINY UTPAIOT OUeHb BasKHYIO POJIb B €CTECTBO3HAHUU, 4 MMEH-
HO OOHAPY’KUJIOCH, YTO MHOTHE 3aKOHBLI HPUPOALI JOMYCKAIOT BBHIBOJ
M3 TaK HAa3bIBAEMBIX «BapUAIIMOHHBIX NPUHIIUIIOB», COTJACHO KO-
TOPLIM HCTUHHOE [BHUKEHNE MEeXaHUYECKON CHCTeMbI, CBeTa, JJeK-
TPUYECTBA, KUIKOCTU, rasa ¥ T.II. MOMKHO BBIAEIUTH U3 IIPOUI-
BOJILHOM COBOKYIHOCTH IOMYCTUMBIX ABUKEHUHN TeM, UTO OHU MU-
HUMUBUPYIOT WJIX MaKCHMHU3UPYIOT HEKOTOpbIe BeJIWYHHBI. B KOHIlE
XVII crosieTusi OBLIO IIOCTABJIEHO HECKOJIBKO KOHKPETHBIX 3SKCTpe-
MaJbHBIX 3aJaY €CTeCTBEHHOHAYUYHOI'0 ComepsKaHusA (OpaxmCTOXPOHA,
3agaua HbioTtona u ap.). IloTpedbHOCTL pelnaTsh KaK UX, TAK U MHOTHE
Ipyrue mpo0JjeMbl, BOSHUKAIOIINE B reOMeTpuu, (pusmuKe, MexXaHUKe,
mpuBejia K CO3JAaHWIO HOBOM TIJIaBBI MaTeMaTHUYEeCKOI'O aHaau3a, II0-
JyYuBIITell HasBaHUE BapUAI[MOHHOTO MCUMCJIEHU.

MHTeHCHBHOE DAa3BUTHE BapHAIMOHHOI'O WCUYMCJIEHUS IIPOIMOJIMKA-
JIOCh OKOJIO ABYX cTojeTuii. B HeM mpuHHMMAaIM ydacTue MHOTHE 3a-
meuareabHble yueHble X VIII u XIX BekoB, u K Hauaay XX CTOJIETUS
CTAJI0 Kas3aThCs, UTO OHU IOUTU HUCUEPHATIU BTy TEMATHUKY.

Ho sro okasasoch He Tak. IloTpeOHOCTM HpPaKTUYECKOH KU3HWU,
0CO0EHHO B 00J1aCTM SKOHOMUKHW W TeXHUKHU, B IOCJeJHEe BpeMs BBI-
IBUHYJIM TaKUe HOBbIE 3aJauM, KOTOPBLIE CTAPBIMU METOZAMM PEeIlUTh
He ymaBajyiock. Hamo 6bLi10 maTu masibiine. IIpuiniock HECKOJIBKO pas-
BUTHL MaTeMaTHUUYEeCKUI aHaJW3 W CO3JaTh HOBBII ero pasgel — «BBI-
OYKJBIN aHAIU3», Te U3yYallCh BLINYKJbIe (DYHKIIUU U BBITYKJIbIE
SKCTpPeMabHbIE 3aJaum.
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C Ipyro#l CTOPOHBI, MOTPEOHOCTHM TEXHUKU, B YACTHOCTH KOCMU-
YeCKOM, BBIABUHYJN CEPUIO 3ajJa4v, KOTOPhIe TaK:Ke He IIOAJaBaJIiCh
cpelcTBAM BapUAIIMOHHOTO HCUUCIeHUA. HeoO0XoquMOCTh periaTh UX
npuBeJia K CO3JaHWIO HOBOU TEOPWM, NOJYUYUBIIEN Ha3BaHUE TeO-
puUM ONTHUMAJBLHOTO ympaBiaeHWsi. OCHOBHOM METOX B TEOPUU OITHU-
MaJIbHOT'O yIpaBjieHus: Obla paspaborard B 1950—60-e roasl Hammmu
cooreuecTBeHHUKaMu — JI. C. IIOHTPATHMHBIM ¥ €r0 yYeHUKaMU.
ATO TpPUBEJIO K TOMY, UTO TEOPHUA SKCTPEMAaJbHBIX 3aJau IIOJyYHJa
HOBBIA MOIIHBIH TONYOK K JaJbHEHUIIIMM MCCJIETOBAHUAM.

IIenr maHHOW KHUTM — MO3HAKOMUTL YUTATENSA CO BCEM STUM
Kpyrom uzeii. Ho sTa mens — He eguHCTBeHHasd. 3ajJauud Ha MaKCHU-
MyM U MUHHUMYM Ha IPOTSKEeHUU BCell MCTOPUU MAaTeMaTUKHU UTI'DAA
Ba)KHYIO POJbh B PasBUTUM STOH HayKH. 3a BCe STO BpeMsA HAKO-
OUJIOCh OOJIBIIIOE UYMCJIO KPACUBBIX, BaYKHBIX, APKUX U HMHTEPECHBIX
3ajlau B reomMeTpuu, ajarebpe, @uauKe m T.I. B perreHun 9THUX KOH-
KPEeTHBIX 3aJay MPUHUMAJIU YyYacTHe KPYIIHEHIne yYeHbIe IIPOIILIBIX
smox — EBkiaupa, Apxumen, Anosnonuii, I'epou, Tapranbsa, Toppu-
uesiu, Moraud u ko6 Bepuyanu, Heioron u mHorume apyrue. Perie-
HUe KOHKDPETHBIX 3a7ay CTUMYJIHPOBAJIO PA3BUTHE TEOPUM, U B HUTOTE
OBLIM BBIPAOOTAHBLI IPUEMBI, TO3BOJIAIOINE €IUHBIM METOJAOM pPeriaThb
3aJauy caMOM pPasHOoOOpas3HOil IPUPOIHI.

XoueTcs, uTOOBI UMTATEJb MHOHAJN, KAaK W 3aUueM pOoKIaeTcs Ma-
TeMaTudecKas Teopus. B mepBoil yacTM KHUIM OH IIO3HAKOMUTCH
CO MHOTUMH! KOHKPETHBLIMM 3aJadaMiu, TPU OOCYKIEHUM HUX pelle-
HUHM CONPUKOCHETCS C TBOPUYECTBOM pPsALa KPYIHEHITUX MaTeMaTHu-
KOB mOpoIwnioro. M sTo mMeeT He TOJbBKO HCTOPUUYECKHUII HHTepec.
WUnen m merTonbl, cosmaHHBIE 3aMedyaTeJbHBIMM MaTeMaTHUKaMU IIPHU
pellleHrr KOHKPETHBLIX Mpo0jieM, OObIYHO He ymupaioT. OHH IOTOM
00sd3aTeIbHO T/Ae-HUOYAb BO3POKIAIOTCSI, U IIOTOMY IIPOHUKHOBEHUE
B 3aMBICJBI BeJIMKUX JIIOMell Bcerma oboraimaer.

Ho korma BosHHMKaeT HEOOXOAMMOCTL B PeIlleHNU OOJIBIIIOr0 UHCJIa
pasHooOOpa3HBIX ITPOOJEM, CO3JAIOTCS NPEANOCHLIKU MAJIA CO3TaHUS
o01eit Teopuu. Bo BTOpoi#l uacTu paccKasniBaeTcs 00 OJHOM MeTOoe
pellleHus 3aady HA MAaKCUMyM WM MHUHMMYM, BOCXOAAIIEeM K Jlarpam-
Ky. OCHOBHOII 3aMbICeJ 3TOTO MeTOJa COXPaHSAEeTCS Ha IIPOTIKe-
HuU 0o0jiee ABYX cTojieTuii. MeHsAeTcsAa ero HaIoOJIHEHNEe, HO IeHTPaJIb-
Has MBICJb IPU ITOM OCTaeTcad Hem3MeHHOH. IIoOHATHL NPUUYMHBI Ta-
KOl yHuBepcaJbHOCTH uiaeu Jlarpam:ka HempocTo. OZHAKO HAYUYUTH-
cAd T0JIb30BATHCA JIATPAHIKEBCKUM NPUHIIUIIOM MIJd PelIeHusa 3agau
CcOBceM He TPYAHO, M B KOHIE BTOPOH YacTHM KHHUTH BCe 3amaywu,
KOTOopbIe OOCYy:KIajiiich BHAUalsle, 3aJauu, PeIeHUud KOTOPBIX ObLIN
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CTOJIb HEIIOXOXKM APyl Ha JApyra, HCCIEeAYIOTCA HaAMU C IIOMOIIIBIO
eIUHOro O0Ilero ImpremMa, CTaHAAPTHO, C MPUMEHEeHWeM OJHOH M Toi
JKe CXEMBI.

ABTODp cTapaJjicsa TTOKas3aTh, KaK M3 aHAJIM3a Pa3pO3HEHHBIX (aKTOB
poskgaercs obiiasa uped, Kak oHa TpaHchopMuUpyeTrcsa, oboraiiaercs
HOBBIM COJEpP)KaHMEM U BMECTE C TeM OCTaeTcAd cama COOOI.

Bce comepikaHMe KHUTH, KPOMe 3aKJIOUNTEJILHOM YacTH YeThIpHA-
OIIATOTO paccKasa, aApecoBaHO IIpelKJe Bcero IMKOAbHUKY. Ho Mue
XOTeJoCh ObI BUAETH CPeAU UUTaTeNiell KHUTW U CTYJIEeHTOB, WHTepe-
CYIOIUXCA MaTeMaTUKO 1, KOHeuHOo, yuurteseii. [locaeguuii pacckas
aJpecoBaH IIpesKje Bcero mM. TaMm 3aTparuBaeTcs BOIPOC O TOM, Kak
u uemy ciaeayer yuuTb. Comep:kaHue KHUTH, MHE OIyMaeTCs, OAeT
GylaromapHBIM MaTepuasl IJd TOro, YTOOBI OOCYIUTH 9TY TEeMy, KOTO-
pad elie oueHb JOJT0 OyAeT BceX BOJIHOBATh. S Hazeioch TakKKe, UTO
9Ty KHUTY IIPOYTYT ¥ MOU KOJIJIETH, 3aHUMAIOIIMECS MaTeMaTUKOM
U IIperojaoliue ee CTyAeHTaM.

Xouy BBIPA3UTH 0JArOJapHOCTh TEM, KTO UMTAJ PYKOIMWCh W BBI-
cKasaJl MHe CBOM 3aMeuaHus O He#. IIpekze Bcero sTo OTHOCUTCS
K Anapeio Hukosnaesuuy Koamoroposy, Hukomaio BopucoBuuy Bacu-
abeBy, IBany IlenkoBy u I'eopruto I'eoprueBuuy Marapuia-Unbaesy.

P.S. 9to nmpeguciaoBue ObLI0 HamucaHo B Hauase 1986 roma. Oc-
TaBJsAl0 ero 0e3 wuameHenmii. CKayKy JUIIL ¢ TJIyOOKON TIOpeublo,
YTO MIPOIIEAINNe ABA MECATKA JIeT YHeCJIW M3 JKMU3HU MOero AOPOroro
yuutens A. H. KommoropoBa u cBetisoro uenoBexka H. B. BacunbeBa.
Bnaromapro A. IlImykjep, yKasaBIIy0O Ha MHOTHE ONeYATKU B IIep-
BOM HU3IaHUMN.

1 uwas 2006
B. Tuxomupos



YACTD IIEPBAS

CTAPUHHBIE SAJTAYN
HA MARKCUMYM 1 MUHUMYM

MaremaTruka BjazeeT He TOJIBKO MCTHUHOIM, HO M BBICIIEH
KpacoToM,... JOCTYIHO! TOJBKO BeJIUdYarIlieMy HNCKYCCTBY.
B. Paccen

CnemoBaTh 3a MBICJIAMHU BEJIHKOTO 4YeJOBEKa €CTh HayKa
camMas 3aHHMAaTeJbHad.
A. C. ITywrun

Paccka3 nepsutil

3AYEM PEIIAIOT 3ATJAYHN HA MAKCHMYM
n MUHUMYM?

B mMupe He mpPOMCXOAUT HUYEro, B 4yeM ObI He ObLI BUIEH
CMBICJ KaKOro-HUOYAb MAKCUMyMa WMJIM MUHHMYyMA.
JI. diinep

Bosbias JyacTh BOIPOCOB MPAKTUKHU IPUBOLUTCA K 3aja-
yaM HAMOOJBIINX M HAWMMEHBLIINX BEJIWYUH,... U TOJBKO
pellieHeM 3TUX 3aJad MBI MOYKEM YIOBJIETBOPUTH TPe6O-
BaHUAM IPAKTHUKU, KOTOpPas Be3je MIIEeT CaMOIo JIYUIIero,
CaMOr'0 BBITOJHOTO.

II. JI. Yebviwiés

...Xouercsa JOUTHU IO caMO¥l CyTH.
B. JI. IlacmepHuak

(0] MaKCHMyMax M MHUHHMMYyMaxX Mbl Yy3HaeM B IIIKOJIE.

Bor ogna CTapyuHHadA 3ajada, KOTOPYIO BBI MOIJVIM PellaTh Ha YPOKax

reomMeTpun.

Hanve 0dse mouku A u B no o0ny cmopony om npamoir l. Tpe-
o6yemca Hailmu Ha | maxyw mourky D, umolOv. cymma paccmosHuil
om A 0o D u om B do D 6vira nHaumenvuteit (puc. 1).

3mech HaAmO HAWTKW HaVWMeHbIlee 3HaYeHWe, T.e. MUHumym. Bo
MHOT'MX 3afauax Tpebyerca HalTH MAKCUMYM, T.e. HauOOJbIIee 3HA-
yeHNe Yero-Hmbyab. O0a HOHATUA — MaKCUMyM ¥ MHUHUMYM —
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00BEIUHAIOTCA €UHBIM TEPMUHOM — <«3IKCMPEMYM», UTO MO-JATHIHU
Oo3Ha4yvaerT <<RpaﬁHee>>. 3a,uatn/1 Ha OTBICKaHMEe MaKCHuMyMa MU MUHUMY-
Ma HasbIBAIOTCA dKcmpemanvHuimu 3adavamu. (Iloutu ToT Ke cambrit
CMBICJI BKJIAABIBAETCA B HasBaHue «3adaiu onmumusayuu».) MeTtombl
pemmennsa 1M HMCCIegOBaAHMA PA3JIMYHOI'O pPOoJa SKCTPEeMaJbHBIX 3aJdaud
COCTaBJIAIOT CIIeIlMaJIbHbIE€ pa3Jesjibl MaTeéMaTHU4YeCKOI'0 aHaJin3a. OHI/I
00BeUHAIOTCA B OOIIYIO IJIaBY, HA3LIBAEMYIO Meopuell IKCMmpemaib-
HblX 3a0ay.

By

31echk Hallla IejJb — OOCYAHTH OBa BOIIPOCA: 3aUueM peIlarT 3a-
Jauy HAa MaKCUMyM M MUHUMYM M M3 KAKMX KOMIIOHEHTOB CKJIAbI-
BaeTcs TEeOpHUs SKCTPEeMaJIbHBIX 3aj1ad.

Brimme Oblia IIOCTaBJieHa TeoMeTpUuecKas 3amada. Ee MOMKHO
BCTPETUTH MOUTH B KaiKIOM yueOHUKe reomerpuu. Korma Ke oHa
mosBuyachk BuepBbie? M 3auem?

CuyuTaoT, YTO aBTOPOM OSTOM 3aJauyu SABJISAETCS M3BECTHBLIN Mare-
MaTuUK aHTUYHOCTH I'epoH Anexcanpgpuiickuii. (lamee mMbl HasbIBaeM
ee 3adaueit I'epona. O TepoHe MBI Bce 3HaeM Ojsaromapsa ¢opmy-
Jie ILJIOIIAAM TPeyroJbHUKa, Hocdllell ero mmsa.) Kaura, rae Onlia
moMellleHa dTa 3amauva, HasbiBasach «O zepkanax». O BpeMeHUu ee
HAOWCAHUS UIAYT CIOPBI, HO OOJBIINHCTBO MCCJIEAOBATEIEH CXONSATCS
Ha TOM, 4YTO OHa HammcaHa B I Beke mo H. 3. Cam Tpysm I'epona
He COXpaHWjJICcA, U O HEM M3BEeCTHO M3 KOMMEHTapueB K HeMy, Ha-
OUCAHHBLIX IO3:Ke. IlyMaio, UTO UMTATENb yiKe CJBIIIAJ MIPO 3aJaduy
Tepona u peman ee. {1 mpuBes ee TOTOMY, UTO HaM OHa OyAeT OUeHbD
moJiedHa JAJIA PAasHOTO Poja MJLIIOCTPAIMii.

BcecomomuuM, Kak pelnaercsa 3amada I'epoma.

IIycts By — TouKa, cuMMeTpuuHass B oTHocuTenbHO mpsamoii [.
Coemquaum A ¢ B;. Torma mouka D nepeceuenus AB; ¢ npamoi 1
6ydem uckomoit (cMm. puc. 1).

HeiicTBUTENBHO, OaA JI000M Toukm D', oramumoir or D, umeer



MECTO HepaBEeHCTBO

|AD'| + |D'B| = |AD'| + |D'By| > |AB;| = |AD| + |DB;

. 1)

3mech U B JaJbHEHIIIeM MbI OyJeM HCIIOJb30BaTh CJIEeAYIOIre 0003HAa-
yenus: [AB] — orTpesok, coemuusoomuii Touku A u B, |AB| — puu-
Ha orpeska [AB], AB || CD — upsamas AB napaiieisHa npamoit CD.

B HepaBenctBe (1) MBI HMCHOJB30BAaJM CBOMCTBA CUMMETPUU, U3
KOTOPHBIX cienyior paseHcrsa |DB| = |DBi|, |D'B| = |D’'B1| u HepaBeH-
crtBo TpeyroabHuka |AD'| + |D'By| > |ABj|. Bagaua permeHa.

OrMmeTuM: McKoMasa Touka D obJiagaeT TeM CBOMCTBOM, UYTO YIOJ O
paBer yruay 3 (cm. puc. 1), a TakKe yroa ¢; paBeH YUy (g HIIH,
KaK TOBOPAT, Y20l NAdeHUs PABeH YzaYy OMPAHCEHUS.

ITompoOyiiTe Temeph, UCIOJB3YA UAEI0, 3AJ0KEHHYIO B TOJHKO UTO
IPOBENEHHOM DACCYKJIEHUU, PEUINUTH CIAEAYIONIre 3aJaumu.

Sagmaua 1. [Jau yeon u mouxa C enympu Hezo. Haiimu mou-
Ku A u B Ha cmoporHax yzaia mak, wmolbl. nepumemp mpeyzosbHU-
ka ABC Obli HAUMEHbULUM.

Sagmaua 2. Jan yzon u deée mouku C u D snympu Hezo. Hail-
mu mouku A u B Ha cmoporax yzaia makx, wmobvl. cymma ONLUH
|CA| + |AB| + |BD| 6vira HaumeHbulell.

Ho Bepuemcsa kK s3agaue I'epoma. I'epou mcciemyer B cBOell KHUTe
3aKOHBI OTPaKeHUs CBeTA U MPUJIATAeT UTOTH CBOMX PA3MBINLICHUIN
K BOIIpOCaM, CBABAHHBIM CO CBOIicTBaMu 3epKaj. B yacTHocTH, OH JO-
KasbhIBaeT, YTO MapabosimuecKoe 3epKasio (POKYyCHUPYeT IIyUOK JIydeii,
mapajieIbHBIX OCHU IapaboJIbI.

B Ty mopy 3aKOHBI MPUPOABLI CTAPAJIKNCH HOCTHUYDL YMO3PHUTEJIBHO,
C IIOMOIIBIO JIOTMUECKUX PacCy:KIeHmnii, He mpudberasd K SKCIepHUMeH-
Ty. ¥ Hac eine OyZeT IIOBOJ IIOTOBOPUTH O 3apPOKAEHUUM COBPEMEH-
HON HayKu, omuparoiieiica Ha OUBIT. IlepBHIM 3KCIEPUMEHTATOPOM
B mcropuu Haykm Ownln I'. Tammieii, woropsrii sxkma B XVII Beke,
Tepor ke mpu OOBACHEHNM 3aKOHOB OTPAMKEHHS WCKAJ A HHUX
Joruueckue ocHoBaHusA. OH BBICKA3aJ IIPEAIIOJOMKEHHNEe, UTO IIPHUPO-
Ja OeficTByeT KpaTdyaMImuM IyTeM. Bor Kak mumier o6 sToM
onuH m3 ero KommeHTaTopoB Ilammanoc (VI Bek H. 3.): «I'epon ...
mOKas3aj, YTO MPAMble, HAKJIOHEHHBIE TOJA DPAaBHBIMU YIJIaMU, ABJIA-
IOTCS CaMbIMKM MEHBINTMMHN M3 BCEX MIPOMEKYTOUHBIX, 00Pas3yoIux
HaAKJIOHBI C OOHOM M TOIH JKe CTOPOHBI OT OJHON WM TOH Ke IIps-
moii. okaswpIiBasg 3TO, OH T'OBOPUT, UTO €CJIY NPUPOJLA HE XOUeT IIOo-
OyCcTy OOBOAWUTH JIy4 3pEeHus, TO OHA WIJIOMUT HUX IIOJ PaBHBIMU
yryiamu» .

UccnemoBaTen wMCTOPMHM HAYKU IIOJIATAl0OT, UYTO 3[eCh BIEPBBIE
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Ipo3BydYajga MBICJIL O TOM, UTO IIPUPOJA VIPABJIAETCA IKCMPEMALb-
Howmu npunyunamu. Upero I'epona passun Pepma. (Ha stom MBI
moxpobGHee OCTAHOBUMCS JAaJIbIlle — B TPETheM paccKaze.) Pepma BbI-
BeJI M3BECTHBINI K TOMY BpeMeHU 3aKOH IPEeJOMJIEHUA CBeTa, UCXOMs
U3 JOMYINeHNUA, UYTO TPAEKTOPUSA PACIPOCTPAHEHWS CBeTa OT OJHOM
TOYKU O APYTrOMl B HEOZHOPOAHOH cpelie XapaKTepu3yeTcsd TeM, UTO
BIOOJHh Hee TPATHUTCSA HauUMeHbIIee BpeMdA. HaumHasa ¢ aTo-
ro MOMEHTa, HAesd SKCTPEMAJbHOCTH IIPOABJIECHUI HPUPOABI CTAHO-
BUTCSA IIYTeBOLHOII 3Be3[I0l BCEr0 €CTEeCTBO3HAHUA. B moaTBep:KIeHIe
u ObLIN IPUBEIEHBI B KauecTBe suurpada ciaoa Idinepa. OTI0KUM
HOoKa o0Cy:KAeHNue YAUBUTEJILHOCTH 3TOro ()eHOMeHa, HO (PaKT OCTaer-
cA (akTOM: TPAaeKTOPUU CBETa W PAJUOBOJIH, NBUKEHUS MAasSTHUKOB
U IUIaHEeT, TeYEeHUA KUIKOCTEH M ra30B M MHOTHE APYTrUe IBUKEHUS
BBIIEJIAIOTCA M3 MHOTO00Pasusa BCEX BO3MOXKHBIX ABUIKEHUIN TE€M, UTO
OHU SABJSAIOTCA PEIIeHUSIMHU HEKOTOPBIX 3a7ayu Ha MAaKCUMYM WUJIN MU-
HUMYM. ITO OOCTOATEIBCTBO OKA3LIBAETCS IJIOJOTBOPHBIM CPEICTBOM
MaTeMaTUUeCKOT0 ONUCAHUSA IIPUPOLI.

Bor B uemM cocTouUT mepBas IpUUMNHA, HOOY:KAaloliasd pellaTh 3a-
Jauyyd Ha MAKCUMyM M MUHHMYMMP HWMp PasBUBATHMP TEOPUIOMP
sKcTpeMadbHBIX 3amad. Oma mpuBesa B XVIII Beke K cosmaHuio cime-
MUAJBLHOTO pasjiesia dTON TeOpUU, KOTOPBLIN OBLI Ha3BaH 8APUAUUOH-
HblM UCHUCACHUEM.

Bropasa mnpuumHa KpoeTcsa B HAc caMux. JIIOgAM CBOMCTBEHHO
cTpeMJIeHHe K JIyYIlleMy, WM IIOTOMYy UM BCerjja XoudeTcd BHIOpaTh
ONTUMAJBLHYI0 W3 MMEIIUXCA BO3MOKHOcTell. CiyuaeTcs, 4TO Ma-
TeMaTHuKa MOJKET 37eCh ITOMOYb.

O6Gcynum 5TO, W IYCTh CHOBA 3ajauva I'epoHa MOCIYKHUT HaAM HpPU-
MmepoMm. MHorga B yueOHMKAax el IpUIAIOT BUJA IIPOOJIEeMbI, BO3HUKA-
fomieii Ha mpakTuke. Torma mpAMad [ CTaHOBUTCS, CKaKeM, IIPAMO-
JUHEHHBIM YUYaCTKOM JKeJe3HOU moporu, Touku A m B — ropomamu,
Touka D — :KeJIeSHOZOPOKHO# IuraTdopmoii. U craBuTcsa BoIpoc:
20e caedyem nocmasums naam@opmy, ¥mobvl coeduHsOULUE ee C 20-
podamu npamonuHeilHble UWLOCCellHble YYACMKU UMeAU HAUMEHbULYI0
cymmapHyo OAuRny?

Bor e1rje HECKOJIBKO TeOMETPUYECKUX 3a/laU, KOTOPhIe MOTYT UMETH
mpuKJanHoe 3HaueHue. [lompoOyiiTe MPOAYMATh MX CAMOCTOATEIBHO.

Sagmaua 3. Ilycmv umeromea mpu zopoda — A, B u C. Tpe-
oyemca ykaszambv maxoe mecmo D, yumobvl cymmapHas OAUHA NPs-
MONUHEUHbLX YuacmKos uiocce, coedunawwux D ¢ A, B u C, 6biaa
MUHUMAJLbHOU.

Sagmaua 4. To e camoe, umo u 8 3adave 3, HO Oas HembvLpex
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20p0008.

Sagmaua 5. HameHumcsa au peweHue npedvidyweil 3adauu, ec-
AU nocmasumb 60NpPoC 0 HAuMeHbulell OauHe wocceiiHoll Odopozu,
coedunaioweii 4 zopoda, u npu 3mom He YmMOUHEHO, YMoO 6ce NYmu
00nxHCHBL coeOuHAMbCA 8 00HOIL mouke?

Koueuno, Takoro poja 3agauu IIPeACTABJISIOT cO00O# JUIITL MOIEIN
peanbHBIX KU3HEHHBIX cuTyamnuii. Ha mpakTuke Bce 00CTOUT ropasio
CJOJKHEee: M YUACTKU KeJe3HON JOPOTU He OLIBAIOT IPAMOJNHEHHBIMH,
W IIocce He CTPOAT CTPOTO II0 MPAMBIM, W «CyMMa PAaCCTOSHUM»
B UYKWCTOM BHIE PEeIKO ObIBAeT «KPUTEpPHeM OITHMaabHOCTH». Ho He-
COMHEHHO, UTO W IIPA CTPOUTEJHCTBE JKEJIe3HBIX, IITOCCeNMHBIX WJIU
WHBIX JOPOr, PABHO KAaK U IIPU CTPOUTEJILCTBE ra3o- 1 He()TeIIPOBOIOB,
¥ TP MHOTOM JAPYIOM, OOBIUHO BO3HMKAET BOIIPOC O TOM, KaK 3TO
oCyIIlecTBUTh Hambojiee Ieecoo0pas3Ho, CKasKkeM, Hambojiee IeIeBo.

Taxkue mpobJieMbl HTOCTOAHHO BO3HMKAIOT B XO34HCTBEHHOH Je-
ATeJbHOCTH. Bce BpeMs NPUXOAUTCS HUSLICKUBATL HJU CAMBIN [e-
IIeBbIA, WJIW CAMBIA OBICTPBINA, WMJIU CAMBI KOPOTKHWI, MJIU CAMBINA
9KOHOMUYHBIN CIIOCO0 MOCTUIKEHUS IeJIU.

IIpuBememM mpuMep IPo6GJIEMBI ONTUMU3AIUUA SKOHOMUYECKOTO CO-
mepsxkanusa. Ilycts mmeioTcsa 6a3bl ¢ HEKOTOPHIM HPOAYKTOM, Marasu-
HbI U aBTOIapK. Kak ciemyeT aucieTdyepy aBTOIApKa OPraHN30BaTh
JOCTAaBKY HEOOXOAMMOrO IPOAYKTa B MarasuHbl Hambojee 3KOHOMUY-
H0? (Takoro Tuma 3agauM HA3LIBAIOTCA <«TPAHCIOPTHBIMU». Biociaen-
CTBMM MBI YTOUYHHM UX [IOCTAHOBKY.) IIpm peleHMu CXOTHBIX
BOIIPOCOB MPUXOMUTCA obOpalaTbcsad K MaTeMaTuke. MeTombl, paspa-
OoTaHmHBIE IJIA PEIIeHWs 3aJad Ha MAKCHMyM M MUHHMYM K cepe-
nuHe XX BeKa, OKa3aJINCh HeJOCTATOUHBIMU JAJIS PeIleHuA MOJ00HBIX
npobJieM.

BBIACHMIOCH, B YaCTHOCTH, UYTO BO MHOTHX 3aJadaX 5KOHOMHUE-
CKOTO COZEp’KaHUA OOJIBIIIYIO POJIb UTPAET IOHATUE BblNYKAOCMU —
TaM dYacTO BCTPEYAIOTCS BBIOYKJbIE M [OaKe JHNHEHHbIe (QYyHKIAU
U MHOXKecCTBa. [IpUIILIOCH CYII[ECTBEHHO PAa3BUTh TEOPHUIO BBIIMYKJBIX
MHOKeCTB U QYHKIHH. OTa Teopusd MOJydusa Jaske cleluajbHOe Ha-
3BaHUE — BbINYKAbLU aHaAAu3. BblIu co3fgaHbl ¥ HOBBLIE HAIIPABJIEHUS
B TEOPUU SKCTPEMAJbHBIX 3a7au — JUHEUHOe U GullYyKJ0e Npozpam-
muposarnue. Hauama stux HampaBieHui#l Oblim 3anokeHBI B 1930-e
roasl coBeTCKMM MaTematukoMm JI. B. KantopoBuuem.

Bousbioe yuciio 3agad ONTUMHU3AIMN BO3HUKAET B TeXHUKE. ITO
3aJaun YIpaBJIeHUsA TeXHOJOTMUeCKMMHM IIpolleccaMu, Ipubopamu,
cuctremamu. Bor mpumep. IlycTh mmeeTca TejekKa, ABUMKYIASICS
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OPSAMOJIMHEHHO 0e3 TPeHUsA II0 TOPU3OHTAJIbHBIM pejbcaM. Teserx-
Ka ymOpaBJisdeTcsA BHEIHeH CHUJION, KOTOPYI0 MOYKHO H3MEHATH B 3a-
MaHHBIX Ipegenax. TpebyeTca OCTAHOBUTL TEJNEKKY B OIpPeNeJeHHOM
IMOJIOXKEHNY B KpaTdaiilliee Bpemsi. OTa 3aJadya Ha3bIBAETCA Npocmeil-
weil 3adayeili o Gvicmpoldeiicmeuu 68 A8MOMAMULECKOM pezyJUpo6a-
Huu. OyeHb MHOTO 3aJaY BOSHUKJIO B XMMUYECKOIN IMPOMBIIIJIEHHOCTH,
B KOCMOHABTHUKE U T. I. IIpu 5TOM BBLIACHUJIOCH TaKxKe, UTO METOMBI
BapUAI[MOHHOr0 MCUMNCIEHUSI HEeJOCTATOUHBI /IS PeIlleHUsA 9TUX 3amadu.
IIpumniaock co3maBaTh HOBYIO TJIaBY, MOIOJHSIONIYIO BapUAIlMOHHOE
ucuucienue. OHA ToJy4YnsIa Ha3BaHUE ONMUMAJNLLHOZO YNpAGaeHUS.

Bor u BTOpas mpuynHa, 3aCTABJSAIONIASA HAC PeIllaTh 3a4aUl O TUMU-
3aIM¥ 1 Pa3BUBATh TEOPUIO SKCTPEMAJIbHBIX 3aaUu, — JKeJaHUe «yI0-
BJIETBOPUTH TPeGOBAHUAM MPAKTHUKH», O KOTOPOM TOBOpuUJ YeOBIIIEB.

Ho sTuMu AByMsa NpUYMHAMY HEJIb3A O0BSICHUTH BCETO.

B cienyromiem pacckase peub IIOHAET O ApPeBHeHIell 3amadye Ha
MaKCUMyM ¥ MHUHUMYM — O KJACCUUYECKON W30IIepUMETPUUECKOI
3amaue. OKOJIO nBajUnaTH IATH BeKOB Haszax B [peBHeit I'pernuu ObI-
JIO OTKPBITO 3aMedaTeJIbHOE CBOMCTBO Kpyra — Cpeiud 3aMKHYTBIX
KPUBBIX 3aJaHHOM MJWHBI OXBATHLIBATHL HAMOOJBINYIO ILJIOIAnb. BEI,
HaBepHOe, pellaju B IMKOJIe 3aJauM, OIMCHIBAIOIIME AaHAJOTHUUHBIE
CBOIICTBA MHOTOYTOJLHHKOB. BCIOMHUM ABe U3 HUX.

Bamgaua 6. Hailmu mpeyzonvHuk 3a0aHH020 nepumempa, ume-
WUl Hauboavwyo naouiads.

Sagaua 7. [Jokasamsb, umo keadpam umeem HAUGOLLUWLYI NJO-
wadv cpedu 6cex npAMOYzolbHUKOE C 3A0AHHbLLM NepumMempom.

Bompoc, paBHOCHJILHBIN IIOCJEAHEH 3ajaue, pacCMATPUBAJICS eIlle
B «Hauamax» EBKamma; perieHueM 3ToOH Ke 3amaum Pepma IIPOUII-
JIIOCTPUPOBAJ CBOM METOJ HaXOMKJIEHHS MaKCUMyMOB M MUHUMYMOB,
M3BECTHBIM HaM KakK TeopeMa Pepwma.

3aueM JKe CTaBUJINCHL W OJIA Yero pelrajauch Takwe 3amaum? Uto
npusjiekaer B Hux? Ilouemy B OOJIBIIMHCTBE KHUT II0 TeOMETPUU
aBTOPBHI TaK JIOOAT O0CY:KIaTh 3aJauyM HA MaAKCUMyM ¥ MUHUMYM?

9TO He TaK JIETKO OOBSACHUTH, HO (aKT ocraercs (akToMm, UTO
Ha TOPOTSKEeHWM BCeM HCTOPUM MaTeMaTHUKHU 3aJadud Ha SKCTPeMyM
BBIBBIBAJIM WHTEpPEC U JKeJiaHume pelnaTh mx. MoiKeT OBITH, BCe MeJO
B TOM, UTO YeJIOBEKY CBOMICTBEHHO CTpPeMJIEHNE K COBEPIIEHCTBY, B TOM,
YTO MMEEeTCS KAKOU-TO TAMHCTBEHHLIN CTUMYJ IIOCTUKEHHSA «CaMOM
cytu»? A MOKeT ObITh, B 9KCTPEeMAaJIbHBIX 3aJadyax Bcerga Wjiu, IO
KpaliHell Mepe, YacTO IPUCYTCTBYET UTO-TO UBAIIHOE, IIPUBIEKATEIb-
HOe, HEUTO OT TOM KpPacoThl, 0 KOTOpoil roBoput Paccen? VI mmeHHO
9TO MOOY:KJaeT HAC pelllaTh 3aJauyM HAa MAKCUMyM WM MHUHUMYM?
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CKas3aHHOTO JOCTATOYHO, YTOOBI MOHATH Ba’KHOCTh U YyBJIEKATENb-
HOCTH M30pPAHHOI'0 HAMH IIpeaMeTa.

Ho, mosxeT OBITH, HEJWINHE CKa3aTh O BPEMEHHEIX I'DAHUIIAX Ha-
mux paccKkaszoB. IlepBble 3amauyM HA MaKCUMyM W MHUHUMYM OBLIN
IOCTaBJIeHLI B OUeHb JaJieKue BpeMeHa: KJaccudyecKas M30IIepuMer-
puueckasa 3amaua obcyskmanack B V Bexke 10 H. 3. O Heli MBI IIOTOBO-
puUM B cilemyiollleM pacckKase. A B IpeamocjegHeM, YeTBIPHAAIIaToOM,
pacckase MBI 00CyaMM IIPO0JEeMbI, KOTOPble BOSHUKAIOT B HAIIU ITHU.

Honaroe BpeMsa Kakgas 3aJada Ha SKCTPEMYM pellajiach WHIU-
Buayanbuo. B XVII Beke SABCTBEHHO cTaJjia OIIyIlaThbCa HeEOO0XOmu-
MOCTh CO3JaHUsA KaKHUX-TO OOIMuX MeTomoB. Taxme MeToOAbl OBIIN
paspaborausl ®epma, HbioroHom, JleiibHuIleM W APYrUMU — CHAa-
yajga AJiA ONHOM, IIOTOM [OJSA HECKOJbKUX, a 3aTeM M O0eCKOHEeUHOTO
Yyrcja MepeMeHHBIX. B mTore copMUPOBATINCH OCHOBHBIE Pa3meJIb
TEOPUH HSKCTPEMAaJbHBLIX 3a4au: Mamemamuyieckoe npozpammuposa-
Hue, T.e. TeOpUs KOHEUHOMEDPHBHIX 3aJay ONTUMUBAIUU, BbLNYKJLO0E
(B TOM umcie JUHEHHOE) npozpammuposarue (rge U3y4aioT BBIIYK-
JIble 3aJaud ONTUMU3AIUN), 6APUAUUOHHOE UCHUCJAeHUe U Mmeopus
ONMUMANLLHOZ0 YNPABIEHUS.

JTa KHUTaA COCTOUT M3 ABYX uacTeil. B mepBoii co6paHBI CTapuUH-
Hble 3aJauyd, [IOCTABJEHHBLIE U peIleHHble, KaK IIPaBUJIO, IO TOro,
KaK ObLIM CO3JAaHBI IepBbIe OO0IMe MeTOoAbl. Bo BTOPOM uUacTu pac-
CKa3bIBAETCSI O HEKOTOPBIX METOJaX TeOpPHUU SKCTPeMAaJbHBIX 3amadu.

B mepBoit uactm o6cy:KmaloTCSa 3amadyu, CBA3AHHBIE C WMeHAMU
KPYIHeHInX MaTeMaTHKOB Pa3HbIX BpeMeH — EBKJmuma, Apxumena,
depma, Kemiaepa, Troiirenca, Y. Bepuynnu, Hbroroma, JleitOHuiia.
51 He oTKazan cebe B YIOBOJBLCTBUM «CJIEIOBATH 34 MBICASIMHU» ITHUX
BEJUKUX JIIOJEMH.

Bo BTOpOIT Ke uacTtu... Ho 06 3TOM IIOKa eIle paHO T'OBOPUTD.
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Pacckas emopotl

IPEBHEHMIIAS 3ATAYA — 3ATAYA
IUTOHBI

CTOoJIBKO KyNWJIX 3eMJU U Jajdu el mmsa Bupca,
CKOJIBKO CMOTJIM OKDY'KUTBH OBIUBbEI IIKYPOIi.
Bepeunuii. dHenga

IlpexpacHeHIIIuM TeJOM $ABJAETCA IIap, a IIPeKpacHem-
meil IJIOCKOH (puUrypoir — Kpyr.
ITughazop

duurpadoM K HAIIeMy PaccKasy IIOCTABJIEHBI «U3
dHeuabl OBa CTUXa» ONHOTO M3 BeJMUYaMIux mosToB JIpeBuero Pu-
ma — IIy6aua Beprunua Mapoua. Kak u Bcakoe 6eccMepTHOE TBOpe-
HUe, «JHeuaa» IIOBECTBYET O CTPACTAX UeJOBeUeCKMUX, O AoOpe u 3Ie,
0 DPOKe U CTpajlaHWU, O KOBApCTBe W JIIOOBU, O KU3HU U CMEPTH.
IIpuBeneHHBIE CTPOKM OTHOCATCA K COOBITHIO, ITPOM3OIIEAIIEMY, €CJIT
BepuUTh Ipenanuio, B IX Bexke mo H. 3. BcmomMHHM JiereHAy, BOCIPO-
U3BeIEHHYI0O B «JHEHUIE».

durnkuiickasa mapesHa [{upgoHa, cnacadch OT IIpecjeqOBaHUMN CBO-
ero OpaTa, OTIIpaBUJach Ha 3amaj BAoJb 6eperoB CpequseMHOr0 MOPS
ucKaTh cebe mpubeskuine. Eil mpurisHyJgoch OIHO MecTo Ha Iobe-
pesxbe HbIHemHero TyHuccKoro sanmBa. [[MIoHA ITOBeja II€PEroBOPEHI
C MEeCTHBIM mpeaBoauTesaeM SIp6oM O mMpomake 3eMJK. 3aIpocuja OHA
COBCEM HEMHOTO — CTOJBKO, CKOJIBKO MOKHO «OKDY'KUTHb OBIUbel
mKypoi». Humone ymanochk yroBopuTh §Ipba. Cmenka cocrossiach,
u torga [umoHa mapesasa MIKYPy ObIKA HA MeEJKUE TeCeMKU, CBA3aJia
WX BOEAUHO U OKPYKHJa OOJBIIYIO TEPPUTOPUIO, HA KOTOPOM OCHO-
Bajla KpeIocTh, a BOJu3u oT Hee — ropona Kapdaren. Tam oxumanm
ee BIOCJIEICTBUU HepasieseHHasd JI00Bb M MydYeHUUYeCKas CMEpPTh.

ITOT 5TM30/ AAeT IOBOJ 3aAyMaThbCs HaJ BOIPOCOM: CKOJBKO Ke
3eMJIM MOXKHO OKPYsKUTH ObIUbeil IMKypoii?

Ilouemy MBI HauMHaeM WMMEHHO c 9Toi s3amauu? Benb pelienue ee
IOBOJIbHO cJioxKHO. Kaszamoch ObI, ciefoBajio HaUMHATHL ¢ OoJiee TPO-
cTeix Bemneii. Ho A Bce-Taku BBIOMpAaO APYroMl myTh. 37deCh, B 3TOH
yacTtu, A OyAy BecTHM Bac He OT IIPOCTOTO K CJIOKHOMY, a OT JaJjie-
KOro IMPOILJIOT0 K HAIUM AHAM M IOTOMY HaAUaTh X0Uy «C CaMOTO
Havyajia». Pa3Be He yIUBUTEJNHLHO, UTO B Te «0ACHOCJIOBHBIE TIoOja»
CTABUJINCh U PEIIaJNCh CTOJb TPYAHBIE U TiIy6oKue mpobiembr? Kak
MaJio 3HAJW HaIlW IpPeJIIeCTBeHHUKU B CPaBHEHUM C TeM, UTO 3HaeM
Mbl ¢ Bamu! Ho oHM Iim K IIeJu M DOCTUTAIU ee!

14



Hrak, CKOJBKO ’Ke 3eMJU MOYKHO OKPYKUTh ObIUbeil IIKypoii?
IOas Toro 4To6Gbl OTBETUTHL Ha 3TOT BOIPOC, HYKHO IIPABUJIBHO Ma-
TeMaTHUUYeCKHN IIOCTAaBUTh 3amauy. COBpeMeHHBINI MaTeMaTUK CKa’yKeT
TaK:

Cpedu 3aMKHYMbLX NJAOCKUX KPUBbLX, UMENUWUX 3A0AHHYI 01U-
HY, HAUMU KPUBYI, 0X8AMbLEANULYI0 MAKCUMANLbHYIO NA0UA0b.

9Ty 3amauy W Ha3BIBAIOT 3adaueil JudoHbl MU KAACCUYECKOU U30-
nepumempuueckoii 3adaueii. (sonepumerpuueckue GUTYpHI — 3TO
durypsi, uMeloIie OTUHAKOBBIN IIEPUMETP.)

MpbI moKa OOONLINCH TOJBKO CJIOBAMM, M UEJOBEKA C JOCTATOUYHBIM
YPOBHEM MAaTeMaTUYE€CKON KYJBbTYpPhl Takad (DOPMYJIMPOBKA BIIOJHE
YIOBJIETBOPUT, MO0 OH 3HAET, UTO TaKOe KpuBas, MJIWHA U ILIOIIalb.
Ha mpupamue Xe TOYHOTO CMBICJA STUM CJIOBAM VIIIJIO CBBIIIE ABYX
ThICAY JieT. UTOOBI KaK cjlelyeT OObACHUTH 3TU TEPMHUHBI, CJIEI0BAJIO
OBl HaAIMCATh OTAEJbHYI0O KHuUry. He OyzeM upesaMepHO yriayOJaATbCS
B 9TO U IIOJOIAeM K Hallleil 3a7aue «HAWMBHO», KAK IOAXOAUJIU K Hen
IpeBHUe (M KaK [OOJKHa Oblla Ha IPaKTUKe IIOJOUTHM K Heil cama
nmapeBHa HumoHa).

ITonpobyem TONBKO OOO¥THCHL 0Oe3 MIKYyphl OBIKa. OTMOTaeM OT
KaTymku Kycouek HuTm. OTpeskeM ero u CBs:KeM KoHIiamu. IloJo-
JKMM STy CBASAaHHYI HUTL Ha Jjmct Oymaru. Ilosmyumiack naockas
3amkuymas kpueas. Ecim Temepb BbIpe3aTh KYCOK OyMaru Io KOH-
TYypy HUTH, HMOJYYUTCA 00pas naowadu, 0xeamvléaemoii. amoii Kpu-
60li. OTy TJIOMIAAL MOYKHO M3MePUTH. VI3aMepeHME MOXKHO IIPOU3BECTH
JOCTATOYHO TOYHO, €CJM HAaIll JUCT OBLI JIMCTOM MUJIJINMETPOBKH.
Temneps yKe MOKHO IIOHSTH W BOIIPOC 3ajaum: TpebyeTcA BBIACHUTD,
Kax caedyem NOLOH UMb HAUWY HUMb, ¥Mo0bl. OHA 0X8AMbLEALA HAU-
ooavwiyto naow,adv. Mbl JOKaskeM UyTh II03’Ke, UTO KpUBas, pella-
IoIllasd KJACCUUECKYI0 M30IEPUMETPUYECKYI0 3aJady, — OTO OKPYK-
HOCTh. Beprunuii mpu ommcaHuu JeiictBud uooHBI ynoTpebui ria-
rox «circumdare» (OKpPy:KaTh), COOEPIKAIIUN KOPeHb «circus» (Kpyr),
YTO IO3BOJISIET AYMATh, YTO KJIACCUYECKYIO M30MEPUMETPUUECKYIO 3a-
mauy cama JlmgoHa pemimia IIPaBUJIBHO.

N3 mcrtopuu KJIaCCUUYECKOHN M30NepUMETPHUUEC-
Ko# 3apmgauwu. MHOTMe WMCTOPMKHU IIOJIaraioT, UYTO 3TO — IIepBasd
9KCcTpeMaJbHaA B3ajada, OOCyKIaBIIasicad B HAYYHOU JHUTepaType.
BmecTe ¢ msomepumMeTpHMUECKMM CBOWCTBOM Kpyra (T.e. CBOMCTBOM
OKPY’KHOCTH OXBATHIBATHh HAWOOJBIIYIO ILJIOIIAAL CPEIN N30IePUMET-
puuecKuxX (PUIryp) aHTUUHBIE TeOMETPHI OTMEUaIn U30NUPAHHOe C80il-
cmeo wapa (T.e. CBOMCTBO cephl OXBATHIBATH HAUOOJBIINN 00BEeM
cpenu m3onu(aHHBIX QuUryp — QuUryp, UMeIOINX PaBHYIO IJIOIIAnb
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noBepxHocTu). C 9THM CBOMCTBOM — HaMOOJbIIEN BMECTHUMOCTH —
CBfA3aHBI TPEACTABJIEHUS O KpPyre U Iape KaK BOIJIOIIEHUU Teo-
MEeTPHUUECKOr0 COBepIlIeHCTBa (BCIOMHUM cJioBa IIudaropa, B3ATHIE
suurpadoM K 3TOMY pacckasdy). BoT ere ommHo TOATBep:KAEHUE TOI
sKe MbIcau. Beaukas kHura H. KomepHmka HaumHaeTcs CO CJIOB:
«IIpesxkme Bcero MbI JOJIXKHBI 3aMETHUTh, YTO MHUD SABJIAETCA IIapo-
00pasHBIM MJIM IIOTOMY, YTO 3Ta (opMa COBepIIeHHeHIas u3 BCexX
U He HyXJTaeTCA HM B KaKUX CKpPemax, W BCA IIPEICTABISAET IleJb-
HOCTH, WJIM TOTOMY, UTO 3Ta (opMa cpeiu Bcex APYyrux obJamaer
HauOOJIBIIIEll BMECTHMOCTBIO, UTO 00jiee BCEro IpUJINUYECTBYET TOMY,
YTO JOJYKHO OXBATUTL U COXPAHUTH BCE».

Celiuac HEBO3MOJKHO CKasaTb, KOTJa BIepBble ObLIa BBLICKA3aHA
MBICJIb O HAMOOJIbINIE BMECTHMMOCTH Kpyra u Iapa. Bo BCAKOM CJIy-
yae, Apucrorensb (IV Bek M0 H. 9.) — OAWH U3 BEJIUUYAUIITUX MBICJIHU-
TeJiell B MCTOPUU UYeJIOBEUEeCTBA — IIOJB3YeTCS STUMM (haKTaMu, Kak
u3BecTHBIMU. A KTO Xe (He cumTas [umoHBI) HA caMOM JeJje PeIIu
KJIaCCUYECKYI0 H30lepuMeTpuuecKyo 3samauy? JlurepaTypa, MIOCBsA-
IeHHasd W30IePUMEeTPUUYECKOMY CBOMCTBY Kpyra u usonudaHHOMY
CBOMCTBY Illapa, OorpoMHa. M3 Heo0o3puMoro umcia paboT HaszoBeM
ONHY KHHUI'y — MOHOrpaduio HeMeIlKoro reometrpa B. Buamke [4].
Tam ecTh M yKasaHMsA HCTOPUUYECKOro xapaktepa. Cpeam Tex, KTO
IajJ pelleHre HN30IepUMeTpHuUecKoil U wus3onmu@aHHON 3amad, ApPeB-
HUe aBTOpHI HaskiBaiu u Apxumena. Cumraercs, UTO IEpPBBIE CMPO-
2ue MOKas3aTeJbCTBAa MAKCHMAJbHOTO CBOICTBa Kpyra u Imapa naj
I'. A. IIIBapu. Ecim BamM 3axoueTcs IPOCJEIUTH <«HCTOPUIO ,,M30-
mepuMeTPUUecKoil 3ajaum®, KoTopas Hauajlach B CEJON APEBHOCTHU
JereHnoil o xKapdareHckoil mapuiie upoHe, A0 TOCIIOAWHA TAWHOTO
coBeTHuKa ['epmana Awmampyca IlIBapma u3 BepiuHa», BBl MOKeTe
o0paTuThbCcsa K cTaThbe Biamke [5] (cioBa, 3aKJIOUeHHBIE BBIIIE B Ka-
BBIYKY, B3ATHI u3 [4]).

Ho ma camom gmene IllBapmy, a mo Hero BeiiepmiTpaccy m IocJie
Hero — camMoMy Bidmike, Kak ¥ MHOTUM APYrUM MarteMaTukam XIX
u XX croJsieTuil, IpuHALJIEKUT (B OTHOLIEHUU KJIACCUYECKOU mM30IIe-
puMeTpuUUeCcKO 3amaur) JUIL opopMIeHUEe UIAeN CBOUX Ha-
JeKUX IIPeAIleCTBeHHUKOB, o(GOopMJIeHUNe, CIIOCOOHOEe YIOBJIETBOPUTD
COBpPeMeHHBM TpeboBaHUAM cTporocTu. OCHOBHBIE Ke
OyTH PelIieHus H30IMePUMEeTPUUYEeCKON 3aJaur OLLIM a0COJIIOTHO IIpa-
BUJILHO HAMEUEHHI ellle B aHTUUYHBIe BpeMeHa. Ceifyac MBI pacCcKakeM
00 OmHOM M3 TaKuX IIyTeli, HpUHAIJeKaIleM 3eHOJOpy — MaTreMa-
TUKY, *KUBIIEMYy, KakK cumTamTr, rae-To Mme:xkay III Bekom g0 H. 3.
u I BexkoMm H. 3.
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3eHO0pP COBEPIIIEHHO CTPOTO, Ha COBPEMEHHOM YPOBHE 3TOTO IIO-
HATUA, OOKA3bIBAeT CJEAYIOIee YTBEPIKAEHUE.

Ecau cywecmeyem naockuil n-yzoavHUK, umenwuil HaAubOLb-
wyn naow,adv cpedu cex N-YyzolbHUKOE ¢ 3A40AHHbLM NepumMempo,
mo oH 0dondceHn ObiMb PAGHOCTMOPOHHUM U PABHOYZOLbLHBLM.

IInockuii n-yroJbHUK, UMEMOI[HI HamMOOJBINYIO ILJIOMaAb CPEeIun
BCEX W30NEPUMETPUUECKUX C HUM N-yrOJBHUKOB, OyJeM Ha3bIBaTh
(oA KPaTKOCTU) MAKCUMAAbHLIM N-Y2OAbHUKOM. VICTIONB3YysS 3TOT
TEPMUH, TeopeMy 3eHOJ0opa MOYKHO c(HopMyampoBaTh KOpOUe.

MaxcumanoHblil n-yzoavHuK (eCIu OH CyIleCTBYeT) 001xHceH Obimb
npasuibHuLM.

Teopema 3eHogopa SABJIAETCA CJAEICTBUEM JBYX JIE€MM.

Jemma 1. MakcumanvHblili n-yzonvHUK O00N}CeH OblMb PABHO-
CMOPOHHUM.

Jlemma 2. MaxcumanvHblil n-y20ibHUK O00NNHCEH Oblmb pPABHO-
Y20l bHbLM.

Namaras paboThl HAIINX AAJEKUX IIPEAIIIEeCTBEHHUKOB, i He OyIy,
Kak IIPaBWJIO, BOCIPOMBBOOUTH MX OYKBaJIbHO, HEe CTAHY COXPAHATH
0003HAUYEHUA M CTHJIb aBTOPOB WMJIU CTPEMUTHCSA TPUBOJUTH MMEHHO
aBTOPCKHME AoKasaTeJbCcTBa. MHe XOTeJoCh Obl BOCIPOM3BECTHU JIUIITH
OCHOBHOE HallpaBJeHHNEe MBICJIU U OOIMUNA AYyX pac-
CYMOeHHUi, UBMEHAS U MOAEPHUBUPYS (GOPMYJIMPOBKU M JOKa3a-
TeJbCcTBa. Tak U 3Mech s ONpuBeny o0pabOTKUM AOKAa3aTeJbCTB JeMM 1
u 2. Ilpu sToM ABYKpaTHO OyZeT WHCIOJBL30BAHO DeEIIeHWE 3aJauu
T'epona.

IIpe:kme ueM NOPUCTYIHWTh K [OOKa3aTeJIbCTBAM, HYMKHO CHAeJIaTh
OIHO 3aMeuaHUe.

Cremyer ynmoMsaHYTb 00 O0OCTOATESIBCTBE, HE OTOBOPEHHOM 3€HOIO-
poM. IlokakeM, UTO HeBbINYKAbLIL MHO20Y20NbHUK He Modcem ObLmb
MaAKCUMANbHbIM. [[eficTBUTEILHO, eCliu, CKaMkeM, yroia Ay AsAg 60Jb-
me 180° (puc. 2), TO, OTpasuB BEPIIUHY Az OTHOCUTEJBHO IIPI-
MoO#t Aj;As M paccMOTpeB MHOroyronbHUK AjALAs...A,, rme A, —
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o0pa3 Az, MBI HOJYUYMM M30IEPUMETPUUECKUH MHOTOYTOJbHUK 0O0JIb-
mreil maomagu, YeMm Iomanb Ai;As...A,. Temepb y:Ke MOMKHO IpHU-
BeCTH [IOKal3aTesbCTBAa.

HokxasarteanbcTBO memMMbl 1. Ilyetb AjAs...A, — Mak-
CUMAJLHBIN N-yroJbHUK. Torza OH, KaK ObIJIO OTMEUEHO, SABJISETCS
BBINYKJBIM. [[OIIyCTHMM, YTO HE BCE €ro CTOPOHBI MMEIOT OJMHAKO-
Bble OJWHBI, W TOPUAEM K OpoTuBopeunio. IlycTh aBe KaKue-aubo
CMeJKHbIe CTOPOHBI, cKasKkeM, A1 Ay m AgAs, He paBHBI MeXXIy co00it
mo aauHe. Yepes BepinuHy Ay MPOBEeAEM MPAMYIO [, mapajieJbHYIO
A1A3z (puc. 3). Paccmorpum samauy I'epona pns mpamoi# [ m Touek

Ay u Az 00 ompegenenuu Touku D Ha [, AJA KOTOPOIi cyMMa paccTo-
siuuit |A1D|+ |A3D| 6bu1a 661 MUHUMAJIBHONU. B mpeabiayIneM MyHKTE
OBLIO ZOKA3aHO, YTO B MCKOMOW Touke D yrox o paseH yray 3. Ho
yron a paBeH yriay DA;As, a yron 3 pasen yray DAgA; mo cBOKWCTBY
HaKpecCT Je:KallliX YIJIOB HpHU IapalielbHbIX. Takum obpasoM, Tpe-
yroabHuK Ai;DA3 — paBHOOeApPEHHBIN M, 3HAUUT, TOUKAa D OT/JIMYHA
oT Touku As. BmecTe ¢ Tem:

a) mwromank AA; DAz paBHa miomtagu ANA;AsAs, nbo y HUX OmU-
HAKOBBLIE€ BBICOTHI M OCHOBAHUS;

6) cymma OGOKOBBIX CTOpPOH TpeyroabHuka A;DAs MeHbIIe CyM-
MBI CTOPOH Aj1Ay m AgAs, mbo D (# Az) ecTh pellleHHe 3ajaydu
Tepona. IlocTpouM Temepb pPaBHOOEAPEHHBIN TPeyrolbHUK AjAjAs,
y Koroporo |A;Aj| + |ALAs| = |A1As| + |AgA3|. Ero miomans, pasy-
MeeTcd, Gomnbine miomanu AAj;ApAs, Tak Kak BeicoTa |A5C| Gosble
BoIcoTHL |DC| (B cmiy TOro, uro HakJOHHAs |AjAj| InuHHEe HAKJIOH-
HOU |A;D|), 3HAUWUT, IJIOLIALh MHOrOyroJbHuKa AjA)...A, GoJblire
IJIOMIAAN M30MEePUMETPUUYECKOT0 ¢ HUM MHOTOYToJdbHUKA AiAs...A,,
YTO MPOTUBOPEUYUT MAaAKCHMAaJbLHOCTU IIOCTIEIHEr0 MHOTOYTOJbHUKA.
Jlemma 1 moxasana.
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Cnepgcrsue. U3 meMmel 1 BeITeKa- A) A
€T, UTO MaKCHMAaJbHBIM TPEYTOJbHUKOM Az Az
ABJIAETCA PABHOCTOPOHHUU M UYTO MakK-
CHMAJbHBEIH YeTHIPeXYTOJBHUK MJOJIKeH

ObITH poMOOM. M3 mociemHero s3akJjiroue- =
HAA U u3 puc. 4 HeMeAJeHHO MOYKHO
BBIBECTH, UTO MaKCHMAaJbHBIH UYeThIpex- A a Ay
YroOJBLHUK Ha caMOM Jejie — KBajpar.
JokasaTealbCcTBO JeMMBl 2.
ITycts cHOBa A1As...A, — MaKCUMAaJbHBLIH n-yroJbHUK. MbI yiKe

3HaeM (jiemMmMa 1), UTO Bce CTOPOHBI €ro PaBHBI, XU IIOMHHM, UTO OH
BBINYKJBIHA. JomycTuM Temepb, UYTO HE BCE €ro YIJIBI OAUHAKOBBI,
U IpuAeM K IpoTHBopeunio. Ecim He Bce yIJIbl PaBHBI, TO CYIIe-
CTBYIOT [Ba HEPAaBHBIX CMEXHBIX yriaa a # 3. JlokakeMm, 4TO Toria
CYIIeCTBYIOT M IBa HEPABHBIX HECMEXKHBIX yrja. PaccMoTpuM Iociie-
ZOBATEJBHO PACIOJIOMKEHHbIe YIJIBI MHOTOYIOJBHHUKA &, B, v, 0, €, ...
(ux He MeHbuie narm). Ecam y # a mnm 6 # B, TO MBI LOCTHINIH
Iesnu, Tak Kak yrael o u Y (unm B u 6) — HecmesxkHble. Ocraerca
paccMoTpeTh ciydail a =y, B =0, a# 3, Korga mociex0BaTEIbHOCTD
umeer Bux: o, 3, o, B, €, ... Ho 3mech He paBHBI APYT APYTY [IBa
HECMEeyKHBIX yIJjla — IEePBBIN M YeTBePTHIM.

Taxum ob6pasoM, IpPU CHEJIAHHOM IIPEAIIOJIOKEHUNM MOKHO CUU-
TaThb, YTO CYIIECTBYIOT ABa HeIlepeceKalolulnecsi BHYTPEHHUMM YacTHA-
Mmu tpeyroabHuka DEF u PQR (puc. 5), Ka)XIblii U3 KOTOPHIA obpa-
30BaH TOAPAA UAYIIMMHU BEPITWHAMU HAIIET0 N-yroJbHUKA, MIPUUEeM
yron E memsbmie yria @. B cuay Toro,
uro |DE| = |EF| = |PQ| = |QR|, u us-
3a HepaBeHCTBa MEXKJy VIJaMu, II0-
aydaeMm, 4To |DF| < |PR|. Omnycrum
u3 E u @ nepuneugukynapsl EG Ha DF
u QT ma PR. K mpomo:KeHHUI0 OTpes-
kKa EG npunoxum Tpeyroiabauk ET'P/,
paBHBIN (KOHT'DYSHTHBIN) TPEYTrOJIbHU-
Ky QTP (rouka T mnepexogur B T,
P — 8B P, Q@ — B E). I cHOBa pac-
cMOTpuM 3amzauy I['epoHa mJaa HpPAMOK
T'G u touek P’ u F. Ilycts S — pe-
mieHue s3agaum l'epoHa, T.e. TOUKa Ha
T'G, pass KOTOPOH CyMMa PacCTOAHUMN
or PP 1o S u or S mo F MuHuMaJIbHA.
B cuny toro, uto yron P'ET’ (paBHBII
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moJioBuHe yriaa Q) Gosbine yria FEG (paBHoro moJioBuHe yria E),
Touka S He coBmazaer ¢ Toukoil E (u6o yraer P'ST' u FSG pasubl) u,
b6osee Toro, S sexur Ha orpe3dke EG. OT/IOKMM Temeph HA IPAMOI
QT otpesoxk TU, paBHBI mo AauHe OTpe3ry T'S, m paccMoTpuM
TpeyroabHUKU DSF n PUR. CymMa GOKOBBIX CTOPOH STUX TPEYTroJib-
HUKOB MEHBIIIe CYMMBI OOKOBBIX CTOPOH MCXOIHBIX TPEYrOJbHUKOB
DEF u PQR. [eiicTBUTEJLHO,

\DS| + |SF| + |PU| + |UR| = 2(|SF| + |SP'|) < 2(|FE| + [EP'|) =
= |DE| + |EF| + |PQ| + |QR

MbI MOJIB30BAJIKUCH TEM, UTO HAIIKM TPEYTrOJbHUKM PaBHOOEIDPEH-
HbIE, U TeM, 4To S — pelnenue 3azaum I'epoHa. C apyroit cTOpoHBI,
minomanas AP'ES 6oabsme miaomaszu AESF, u6o y IIepBoro BBICOTA

1 1
paBua |P'T'| = §|PR|, y Broporo Bwicotra paBHa |FG| = §|DF|’ a 1mo
norasanuomy yoxe |DF| < |PR|. OTcoga ciexyer, 4TO CyMMa ILIOLa-

nmeii TpeyroabHUKOB DSF u PUR 06ojbllie CyMMBI ILIOIMIazeil mepBo-
HaYaJbHBIX TpeyrodbHuKoB DEF u PQR. IlelicTBUTENbHO,

Sapsr +Sapur = Saper — 2S5 aesr + Saprgr + Saesp >
> Saper + Sapgr. (1)

3uauur, n-yroabHuk DSF...PUR... uMeeT MEHBIINHN IepUMETD
u OOJBIIYIO ILIOIIALb, UeM HAIIl M3HAUYAJbHBIN n-yroJbHux DEF...
...PQR... Temepr MOXHO C JIOOLIM H3 TPeyroabHuKoB (DSF umu
POR) mocTynuTh TOYHO TaK Ke, Kak MbI moctynmau ¢ NAAi; DAz npu
IOKAa3aTeJbCTBe JIeMMbI 1, T.e. HaJACTPOUTL €ro, YPaBHAB MIEePUMET-
pBI MHOTOYTOJBLHUKOB U CJeJaB ILJIOIIAAL HOBOI'O MHOTOYTOJbHUKA
eme OoJibllleii, ueM ILIOIAAb MHOroyrojgnHuxa DEF...PQP..., cie-
IOBATEJILHO, 9TOT MHOTOYIrOJbHUK — He MaKCHUMaJbHbIA. Jlemma 2
MMOJIHOCTBIO AOKAas3aHa, a C Heio JAoKaszaHa um Teopema 3emozopa. Ocra-
JIOCh BBIBECTH U3 Hee pellleHUe KJACCUUYECKON M30IepuMeTpPUUecKOi
3ajayu.

Jemma o CymiecTBOBaAaHUMU MaAaKCUMAaJIbHOTO
n-yroJbHUEKa. Mbl IoKa3alu, YTO €CJU MaKCUMAJbHBIA 1n-yToJb-
HUK CYII[eCTBYyeT, TO OH MNpaBWIbHBLIK. Ho cyiecTByer Ju Makcwu-
MaJbHBIA n-yroabHuk? A Bapyr Her? Torma Bce IOHgeT IpaxoM.
A Benpb He BcAKadA QPYHKIMA MMeeT MakKcuMyM. Hampumep, QyHKIIUA
f(x) = —(1 + x2)~! He mocTturaer cBoero HamGOJIBIIET0 SHAUEHUA
(mogpobHee 9TOT MPUMEP PasodpaH B OAMHHAAIIATOM paccKase).
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Bompocs! cy1ecTBoBaHUA peIlleHUIT He ObLINM IPEeAMETOM PaCcCMOT-
peHusA ApPeBHUX aBTOPOB. 3HaUeHUE HMPOOJIeM CYIIeCTBOBAHUS U METO-
OBl TOKa3aTeJbCTBA TEOPEM CYIIeCTBOBAHUA OBLIIM HMOHATHI MPUMEPHO
cTo JieT Haszan. B manmbHeiIeM HaM IIPUAETCA He pad KacaTbCs dTUX
BOITPOCOB. 37ech Ke MBI IIpuBeeM 0e3 JOKasaTeJbCTBa CJIEAYIOIee
yTBep:KIeHrne (KoTopoe 3eHOAOp, IIO-BUAMMOMY CUHTAJ CaMO CO0Oit
pa’syMeIumMcs).

JlemMma 3. MakcumanvHolili n-yzoabHUK cyuiecmeyem.

Orciona u3 gemMMm 1 u 2 ciaexgyer

Teopema 1. MaxkcumanvHulil N-Y20AbHUK ABAAEMCA NPABUJTLL-
HblM N-Y20JbHUKOM.

Temepsb OCTaJIOCh ysKe COBCEM HEMHOTO.

3aBepmeHue JOoOKadaTeabcTBAa. Ilycth P — mepumerp
OpaBUJILHOTO N-yroJbHWKaA, a S — ero maomaab. Mbl 3HaeM wu3
reomerpuu, utro P = 2nRsin(m/n), rme R — paamyc OHUCAHHOTO
Kpyra, = rP/2, roe r — paguyc BIOucaHHOro Kpyra. IIpu stom
r = Rcos(m/n). ComocTaByisisg BCe dTO, IPUXOAUM K (hopMyJie, CBA3BI-
Baromieir S u P:

P2—4ntg§-s:0.

TeopeMa 1 O3HauvaeT, 4TO eCJn P — IIepuMeTP HEKOTOPOro IIpo-
M3BOJIBHOT'O nNn-yroJbHUWKAa, a S — ero IIomangb, TO HMMeeT MeCTO
HepaBeHCTBO

2 T
P —4ntg;-S>0. (2)

W3 mepaBencTBa tga > o (Bepuoro mana 0 < o < n/2) u us (2)
HOJIyUYUM HEPaBEHCTBO

P2 478 >0, 3)

CIIpaBeAJINBOE MJA JI00T0 n-yroJbHUKA W Jio6oro n. OTMeTuM, 4YTO
ISl JII000OT0 Kpyra MMeeT MEeCTO OUEeBHIHOE PABEHCTBO

P? 4718 =0, (4)

rae P — pawHa OKPYKHOCTH, a S — ILIOLIAAL Kpyra.

Temeppr chopMyaupyeM JIeMMY, CBS3BIBAIOINYI0 BCe IIOHATHUSI,
YYacCTBYIOIIE B (DOPMYJMPOBKE KJIACCUUECKON M30IEePUMETPUYECKONR
3ajiaum, ¢ MOHATHEM n-yrojabuuka. OHa o3HAUYaeT, uTo OJUHY KPUBOIL
u naow,adsv, 0x6amvléaemMyr0 €1, MOXKHO C JII00OW CTEeHmeHbI0 TOYHO-
CTU TPUOJUSUTH MEPUMETPOM U ILJIOIMIAABIO N-YTOJbHUKA.
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JJemma 4. Jaa 20600 3amMKHYmMOil NAOCKOIL Kpusoii diurbl P¥,
oxeamuieaoweil naowadv S*, u daa nwbozo € > 0 MoKHO Hallmu
HeKomopbwlil n-yzonvHuk, nepumemp P u naowadv S komopozo yoo-
81eME0pPsI0Mm HepaseHcmaam

|P—P* <e, |S—S*<e. (5)
W3 nemmbl 4 u cooTHomneHusA (3) mojaydaeM, UTO IIpU JIIOOOM €

HaleTcss TaKOM MHOTOYIOJBLHUK ¢ IIepuMeTpoM P u miomiagbio S,
YTO BBIMMOJIHEHBI HEPaBEHCTBA

47S* < 4nS+4ne < P2 +4ne < (P*+¢)? +4ne = P¥2 4 ¢(2P* + 4+ ¢).

B cuay Toro, 4ro € mMpoOM3BOJBHO, IMIPUXOAUM K OKOHYATEIHLHOMY
HEPaBEHCTBY

478* < P*2, (6)

KOTOpoe corJyiacHoO (4) mpeBpaliiaeTca B PaBEHCTBO IJd Kpyra.
IloABITOKUM CKasaHHOE B BHUE CJIEIVIOIIEro yTBEP:KIEHUS.
Teopewma 2. Ilnowads, oxeamosieaemas A1060i 3aMKHYMOIL KPU-

60l 0anHOU OAUHbL, He npegocxodum naOW,AdU Kpyza, OKPYHCHOCMb

Komopozo umeem my e OJLUHY.

MpbI HAIJIW TOJIHOE PeIleHre M30IEePUMEeTPUUYECKON ITPO0IeMbI.

KommeumTapuun. 1. ITorHoe pellieHne Hallleil 3agauy HOJYUHU-
JIOCh COeAMHEHUWEM JBYX IeOMEeTPHUUECKHUX JieMM 3eHOI0pa U OBYX CO-
BpPEeMEHHBIX, HO, II0 CYTH [ejia, TeXHuUecKux jJeMMm 3 u 4. Bce HeoO-
XOAUMOE JJIs ITOKAa3aTelbCTBa JIeMMBI 3 OBLIO 3aTOTOBJIEHO B TPyHax
BetiepmiTpacca; MOHATHMAM AJUHBI KPUBOW W ILJIOMIAAM, OXBaThIBae-
MOIl KpHBOI, OBLJIO HPHUAAHO TOUHOe 3HaueHue JKopmaHoM, WM TeM
caMbIM UM OBLIM CHAEJIaHbI OCHOBHBIE 3aTOTOBKU [JIS JOKAa3aTeJIbCTBa
JeMMBbI 4.

2. TlomapoOHoe IpoBemeHME AOKA3aTEJLCTB JeMM 3 U 4 MOYKHO
IpouuTaTh B IIUTUpPOBaBINelicsa KHure Biamke [4].

Ho mpesxie ueM 3aKOHUHTH 9TOT PACCKa3 — e€Ie OJHO OTCTYII-
JIeHme.

HorxasarteanrcTBo lllTeitHepa. TpyaHo yaep:kaTbecd m Ha-
pALYy ¢ HOKa3aTeJbCTBOM, BOCXOAAIIMM K HUAEAM IPEBHUX, He IIpem-
JIOXKUTHL CXEeMy eIlle OJHOTO OOKa3aTelbCTBAa, OCHOBHAS MBICJIbL KO-
Toporo mpuHamIeKuT Axody IllTeiimepy, mMaTemMaTHKy, obGOoraTHBIIIE-
My TeoOMeTPUI0 MHOTMMHU 3aMedaTeJbHBIMU uaesMu. J[oKasaTeJIbCTBO
IllTreiinepa HesBHO IOApPasyMeBaeT, UTO HCKOMAas KpuBas, peIlaio-
masi M30IepUMEeTPUUYECKYI0 3aJady, cyiectByerT. (A MBI Beab yiKe
3HaeM, UYTO 3TO JAelicTBuTeabHO Tak.) OcraeTcsa J0KasaTh, UTO 3Ta
SKCTpeMaJIbHAdA KPUBAA — OKPYIKHOCTb.
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Yreepmagenue 1. Ixcmpemanvras Kpusas 6uvlnyx.ia.

Yro TaKkoe BBIIYKJasd KpuBad? JTO TaKasd KPUBasd, UTO €CJU B3ATH
Jo0ble JABE TOUKM, JIesKalllme B 00JIacTH, OTPaHWUYEHHOM 9TOM Kpu-
BOIl, TO U BeCb OTPE30K, COeNUHSIOIIMI ABe TOUKMH, OyIeT JieKaTb
BHYTPU KPHUBOIi.

3amMeTUM KCTaTH, UTO BBIMYKJOCTb HUrpaeT OOJIBIIYIO POJb B 3a-
Jauyax Ha MakcumMyMm u MuHEMyM. O Hell y Hac elle IIOHIeT peub
JaJybilie. BRITYKJIOCTH IOCBAIIEHO MHOTO 3aMeduaTelbHBIX KHUT, pac-
CUMTAHHBIX Ha IIIKOJBHUKOB, Hampumep: Jlrocrepuumk [14], fArsom
u Bonrauckuit [24] u gp.

Bepaemcsa K nokasareabcTBy IllTeiiHepa u foKaskeM yTBep:kIeHMe 1.

Eciu kpuBas He BBINYKJA, TO Ha Hell HAILINCL ObI JBe TOUKH A
u A’ taxme, uro o6e myru ABA’ u AB'A, coemuHAmOIe TOUKU A
u A’, jmexar o OZHY CTOPOHY oT mpamoit AA’ (puc. 6). 3ameHusB

ONHY W3 9THUX AYT €e 3ePKAJbHLIM OTPAKeHHeM OTHOCHUTEeJILHO AA',
HOJIYYMM HOBYIO KPHUBYIO OOJIBIIIEN ILJIOIIAAN IIPH TOUM Ke IJINHe.

Vreepxagenue 2. Ecau mouku A u B deasm O0nuny axcmpe-
MANLHOU AUHUU nonoaam, mo xopoda [AB] derum naowadv guzypsl
nonoaam.

HeficTBuTeIbHO, ecau Obl xopma [AB] menwsa miomiagb Ha OBe
HepaBHbIE YAaCTH, TO OOJBIIYI0O YACTb CJEIOBAJO ObI OTPA3UTH OTHO-
CUTEJBbHO AmaMeTpa, W GUrypa, COCTOAIas M3 OOJIbIIEH YacTu U ee
OTpasKeHus, uMeJsia Obl Ty Ke AJUHY ¥ OGOJIBIIYIO ILJIOIIALb.

YrBepxpagenue 3. IIlyecmv cnosa mouku A u B deasm Oauny
aKcmpemanvHoii. aunuu nononam u C — Jawbas mouka KpPusoil.
Tozda yzon ACB — npamoil.

Ito meHTpadbHOEe MecTo. MeToxa, MpUMeHseMbIi JaJjiee, HOCUT Ha-
3BaHUE YemblpeXulapHupHozo memoda Ilmeiinepa.

IIycte umeercsa touka C Taxkas, uto yroa ACB He sBJseTcA MIpA-
MbeIM. Ilgomiages, orpanmuenHas payroii ACB u pguamerpoMm AB,
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pasbuBaeTCcsa HA TPU YacTU: TPeyroabHuUK ABC U CerMeHTHI, IIpuJjera-
fomue K cropoHam AC u CB. Tax BoT, mpeacTaBUM Tellepb cebe, UTO
B Touke C y HaC IITa p H U P, COeIUHAIONINI 9TU ABa cermMeHTra. «Pas-
OBUHEM» CEerMEHTHI TaK, uTo0bl yroa ACB’' cran mpambim (puc. 7).
Torma miaomanb, orpaHndyeHHas ayroii ACB’ yseauunrcs, mbo u3
BCEX TPEYTOJbHUKOB C 3aJaHHBIMU OOKOBBIMU CTOPOHAMY HAUOOJIBIIYIO
IJIOMIaAh WMEET IPAMOYTOJbHBIA TPEYroJbHUK (TaK KaK Saapc =
= 0,5-|AC| - |BC|-sinC < 0,5|AC| - |BC| u paBeHCTBO HOCTHUIAETCSH,
ecau yros paBeH 90°). A Temeph OTpasuM MOJYyUYEeHHYIO (GUTYPY OTHO-
curenbHo AB’. B urore mpuxoguM K (PUIype € TeM e IepuMeTpPOM
u OOJbIIell IJIOIANbI0. Y TBEep:KIeHNe TOKAa3aHo.

Mpbl OpUILIM K CJAEAVIOIIEMY: IKCMPeMAlbHAL KpPusas — amo
muoxucecmeo mouwex C, u3 wkomopwvlx xopda AB, Jdenswas OAUHY
IKCMPeMAaLbHOl AUHUU nonoaam, eéudna nod yzaom 90°, m.e. sma
KpU8as — OKDPYICHOCMD.

YesioBeK BOCTOPIKEHHBIN BOCKJIMKHET: «IloTpscaromie!s> CrenTuk
JKe HauHeT mpupupaTtbcsa: «To He JoKasaHO, 9TO HALO 00OCHOBATH...
ITonpoOyit moKaKu CcyIecTBOBaHme... IlouemMy Ipu HIAPHUPHOM pas-
IBU)KEHUU YaCTH CerMeHTOB y TouKu C He CTaHYT IIepeceKaThbCa?»...
He cranem oTBeuaTh Ha ero BopuaHbe. IIpmaHaeMm: moTpscarolie, HO
TpebyeT 000CHOBAHMSA!

Kiraccuueckoii ma3omepuMeTPUUYECKON 3ajgade IIOCBSAIEHA 3HAUU-
TesqbHasA auTeparypa: Kypant u Po66unc [19], Kperkanosekuii [12],
Pagemaxep u Ténuur [17].
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Paccrasz mpemuil

MAKCHMYMBI I MUHUMYMBI B IIPUPO/IE
(OIITHKA)

ITo JleiiGHUIly HAIl MUP SBJIAETCA HAWJIYUIIAM U3 BCeX
BO3MOXKHBIX MUPOB, X IOTOMY €ro 3aKOHBI MOJYKHO OIIU-
caTh SKCTPEMAIbLHBLIMU HPUHIIAIIAMMU.

K. 3uzenwv

Kapa 3urens — BbIgalomuiica MaTeMaTHK XX CTO-
gerusi. EMy npuHamie:xat GyHIaMeHTAJIbHbIe PE3YJIbTAThl BO MHOTHX
o0sacTsaX MaTeMaTHKH u MexauuKu. CJIoBa, IMOCTaBJeHHbIe HAMU BBI-
e B KauecTBe smurpada, — 5TO, KOHEUHO, IIyTKa, HO B HeEH co-
JEePsKUTCA OOJS WMCTUHBLI. Y HAC y:Ke OBLI IOBOA HpU OOCYKIEHUU
3agaun 'epoHa OTMETHUTH, UTO IPUPOAA «PYKOBOACTBYETCSI» DKCTPE-
MaJbHBIMHU MPUHIAIIAMU. B IepBOM paccKase rOBOPHUJIOCH, YTO IIPHU
OTPasKeHUM OT ILJIOCKOH IIOBEPXHOCTH OHA <«H30MpaeT» TPAEKTOPUIO
HaUMEHBITeH IJIUHBI.

B cinoBax I'epoHa, IpOIMTUPOBAHHBIX HAMU B IIEPBOM pacckKase,
MOJKHO YBUAETHb 3apPOALIIT (PyHAAMEHTAJLHOTO HPWHIIUIIA, OKOHYA-
TeabHO chopmyaupoBanHoro B XVII—XIX Bexax. Torma 6bLI0
YACHEHO, UYTO IPUPOJAE CBOMCTBEHHO «IeHCTBOBATH» OITUMAaJbLHO
U B ONTHKE, U B MeXaHHKe, U B TePMOAUMHAMHKE — BOOOIIE BCIOLY.

IKCTpeMaNbHBIM MTPUHITNI, KAcAoIuiicad ABJICHUUN MPUPOIBI, OBII
BIIEPBBIE YETKO CHOPMYJIUPOBAH B OITUKE MPU IIOMBITKE TEOpPeTH-
YECKOT0 OCMBICJEHHSI 3aKOHOB IIPEJIOMJICHUS CBeTa. PasHOOOpasHBIM
BOIIPOCAM OINTHUKMN, B YACTHOCTH HCTOPUM B3aKOHA O IIPEIOMJICHUU
cBeTa, nocBsamleHa kHura TapacoBa um Tapacosoit [18].

Eciu omycTUTh ITECT B HEMOABUKHYIO TJIaAb IIPO3PAYHOIoO 03epa,
OH TOKa)XeTcsI HaM KaK Obl M3JIOMAaHHBIM. OTO IIPOMCXOAUT W3-3a
IPEeJIOMJIEHUS CBeTa.

Eme apeBHMe crapajauch HaWlTH 3aKOH IIpejoMJeHHs. B uact-
HOCcTH, BO II Bexe mo H.3. IlTonemeill mbITajcad HAWTU BTOT 3aKOH
OMBITHBIM IIyTeM. Ho OoH He moIlies 40 IIPaBUJIBHOTO OTBETA.

BrepBbie ero Hailes roJaHackuil yueHnsiit CHennuyc. Cefivac umsa
Cuennnyca He TaK IIUPOKO M3BECTHO, KAaK WMMEHA €ro BeJUKUX CO-
BpeMeHHUKOB — [lekapra, 'foiirenca u ®@epma, 0 KOTOPHIX HaAM JaJib-
e mpugercsa ropopuTb. CaMbIM M3BEeCTHBIM (haKTOM, CBSI3bIBA€MBIM
¢ umenem CHenyca, TaK U OCTAJCA OTKPBITHIA MM SKCIEPUMEH-
TaabHO (M He OMyOJWMKOBAHHBINM IIPU JKM3HU) 3aKOH IIPEIOMJIEHUS
csera. Ho B cBoe Bpemsa CHeinyc ObLJI OUeHb 3HAMEHUT: s Kemiepa
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c OH OBLII «I'OPJOCTHIO TEOMETPOB Hallle-
ro BeKa». 3ecCh, MOMKAIYM, YMECTHO
Ay HamoMHUTh, uTo B XVII Bexke wma-
TeMATUKOB HAa3LIBAJIM TE€OMETPAMMU.
Bepuemcsi, 0qHAKO, K IIPEIOMJIEHIIO
cBeTa.
3axou CHeJtmyca COCTOUT B CJie-
IYIOIIEeM.
B2 Ilyctes aBa ayua A1OB; u A3OBy
B (ugyimime «CBepXy BHU3») MPEJIOMJIS-
B, B1 orca B Touke O (puc. 8). Yruwl o
u oy, oOpasoBaHHbIe IpPAMBIMU A0
u A3O c Beprukanabio OC, HA3LIBAIOTCH, KAK MBI yiKe 3HAeM, yzlamu
nadenus. Yraet ;i u [3;, obpasoBamHble npaMbiMu B0 u B30
¢ Beprukasbio OD, HasbIBalOTCA Yyzaamu npeaomienus. CHenmyc
YCTAHOBUJ, UTO

Ay a
)

D

sina; _ sinog
sinf;  sinfy’

T.€. YTO OMHOUlEHUe CUHYcA Yzaa nadenHus K CUHYCY Yyzaa npe-
JOMJEHUS eCcMmb 6eJUYUHA NOCMOSHHAL, He 3a6uciu,as om yzaa
nadexus.

K Tomy ke camoMmy 3aKOHY HeszaBucuMo oT CHejmyca IIPHUIIIET
HekapT — OOWH M3 BEJWYAUINTUX MBICJAUTEIel M yueHbIX PpaHIUU.
Y Hac eme 6ymeTr moBoj (B HMOCJeJHEM paccKase 9TOM YacTH) IMopaccy-
JKIAaTh Ha TeMy O TOM, «olmubarorcs jiu reumm?». Tax Bor, [lekapr
OBLI M3 TeX T'eHHeB, KTO «olnmbajicsa». V3 ero «ommbok», pasbpo-
CAaHHBIX II0 HUBE HAYKH, BBIPOCJU BIIOCJEACTBUU MHOTOUYUCJIEHHBIE
’KMBOTBOPHEIE IT06Geru.

Tak u 3mech, [lekapT BbIBeJ 3aKOH IIpPeJIOMJEHUs, OIMpasAch Ha
CBOIO KOHIIEIIIINIO PACIPOCTPAHEHUA CBETOBBIX Jiyueil. Cama sTa KOH-
eNnnus He BbIAEPsKajia WCILITAHUS BPeMeHeM, HO W3 Hee BBIKPHU-
CTAJIIN30BAJICS BIIOCJEICTBUM 3aKOH COXPaHEHUS KOJUYECTBA [IBU-
JKEeHUA.

N3 Teopum [ekapTa ciiefoBajo, YTo B 0ojiee IJIOTHOM cpene, Ha-
mpuMep B BOJAE, CKOPOCTHh pPacIipocTpaHeHusA cBeTa 0O0JbIlle, UeM B Me-
Hee IJIOTHOM, HAIPUMep B BO3IyXe.

IroT PaKT MHOTMM IIOKAal3ajicid COMHUTEJbHBIM. [[pyroe o0bscHe-
HUe 3aKOHA IIPEJIOMJIEHUS, MCXOAA M3 B TOUHOCTH IPOTHBOIIOJIOMKHOI
mocslIKU (B 0oJjiee IJIOTHOHM cpefie CBET PACIIPOCTPAHAETCSA MeAJIeH-
Hee), nam Pepma. Uma Pepma 3HAKOMO BCEM H3-3a €T0 «BEJIUKON
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TeopeMbl». Pepma u [ekapT OBLIM COOTEUECTBEHHHMKAMH U COBpe-
menHUKaMu. OHE YacTO CIOPWJIU APYT C APYTOM B MOMCKAX HAYUYHOI
uctuHbl. Tax ObLIO0 u 37gech. B manmHoM ciaydae Pepma oKasajcs
OpaB — 3YKCIEPUMEHTAJbHO OBLIO JOKA3aHO, YTO B 0oJjee TMJIOTHOM
cpele CBeT pacIpocTpaHseTcsa MejJieHHee.

Hnsa 00bsicHEHUA 3aKOHA IpesoMJieHus cBeTa PepmMa U BBIABUHYJI
SKCTPEMAJbHBLIN IMPUHIIUN AJSA OINTHUUYECKUX SBJeHWH. BmociencTsum
OoH ObLT Ha3BaH ero uMeHeM. [Ipunnun Pepma ryiacutr: 6 HeoOHOPOO-
HOil cpede ceem u3bupaem maxyw mpaexmopur, 600J.b KOMOPOL
8pems, 3ampaiueaemoe um Ha npeodosieHue nymu om 00HOU MOUKU
00 Opyeoil, MUHUMALBLHO.

IIpuanmun Pepma II03BOJISIET TOUHO IIOCTABUTH U PEIIUTL 3amauy
Ha MHUHUMYM, OPUBOIAINYI0O K BBIBOAY 3akoHa CHemnmyca. A mMeH-
HO, 9TOT NPUHIIUI NOPUBOAUT K HEOOXOAMMOCTH HANUTU MUHUMYM
GyHKIIUU OZHOTO TepeMeHHOTro (puc. 9):

_ Vat+x? N Vb2 + (d — x)2
U1 U2 )

f(x) 1

Hanmo ckasath, 4TO K MOMEHTY, Korjga ®epma BBIIBUHYJ CBOM
9KCTPEeMAaJbHBIN MPUHITUI (4 9TO TPOM3OILIO 0K0oJ0 1660 r.), oH yiKe
BJIaJIeJI aJITOPUTMOM HAXOMKIEHWS MAKCUMYyMOB Y MUHHUMYMOB (DYHK-
Ui, COCTOAIIMM, KaK Telephb MBI 3HAeM, B IPUPABHUBAHUU HYJIIO
npousBogHOI. C MOMOIIbI0 MPOU3BOAHEIX 3aK0H CHeJimyca BHLIBOIUT-
cA HACTOJILKO IIPOCTO, UTO €ro ceiiuac MPOXOAAT NasKe B ITKoJie. MBI
TOKe IOBTOPUM 35TOT BBIBOJA B TPUHAAIIATOM pacckase. Pepma ke
HOJIYUYMJI HYKHBIA pesyJIbTaT ropasmo 0ojiee CIOKHBIM myTeM. Mo-
JKeT BOSHMKHYTH BOIIPOC: IIOUEMY Ke OH He BOCIIOJIB30BAJICSI CBOUM
anropurmoM? OTBeT OUeHBb IPOCT: B TO BPeMs IIPOM3BOIHBIX ellle He
ob110! Jleiit6HMIT He OMyOJIMKOBAJ elle cBoeil paboThl, TAe OH BBeJ
9T0 noHATUe. PepMa MOr' IPUMEHATH CBOUM IIpHeM TOJIBKO [Js IIO-
JINHOMOB, T'/ie OH (PAKTHUYECKU IMIPEIBOCXUTHUJI IMOHSATHE IIPOU3BOMHOIM,
a muddepeHUpPOBaTh PAAUKAIBI OH He yMmes. VI TOT BBIBOJ 3aKOHA
CHeyutnyca, KOTOPBIA cediyac BXOAUT B IIKOJbHBIA Kypc aJjreOpbl
U aHaJinsa, ObLT HalimeHn JlefiGHUIlEeM, IpUUYeM B TOH ke camoil pabo-
Te 1684 roma, B KOTOpOU 3ajiokeH (PYHIAMEHT BCEro I'PAHAMO3HOTO
CTpOeHUSA — MaTeMaTU4YeCKOTO aHaJm3a.

HUrak, ®Pepma BhIBes 3akoH CHeJInyca M3 CBOETO 9KCTPEeMAaJbHOTO
OPUHIIUIIA, HO ero pellleHue OBLIO BechbMa CJOKHBIM. ['opasmo GoJiee
IpOCTOe pellleHne, OCHOBLIBatoIlleecd Ha npuHIune Pepma, gana I'oii-
TeHC — ellle OAWH reHuaabHBIN yueHbI!i XVII Beka, aBTOpP BOJHOBOH
TEOPUM CBeTa.
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A= (0,aq)

L2

B=(d,-b)

Pemrenue I'toiireHca mbl u npuBegeMm ceituac. CHavaia HeoOXomu-
MO TOYHO HIOCTaBUTH 3azauy. OHa cTaBUTCS TaK.

Hanvt 0se mouku A u B no pasHvie CmMoOpoHb. Om 20PU3OH-
manvHoll npamoit l, pasdensawuweil 0se cpedvi. Tpebyemcsa Haulmu
maxkyio mouky D, umobv. epems npeodonrenus nymu ADB 6blio Mu-
HUMAJLbHbIM NPU YCJO6UU, LMO CKOPOCMb PACNPOCMPAHEHUS céema
6 8epxHell cpede V1, a 68 HudxcHell — vz (puc. 9). Ormerum, uto (1)
ecThb MareMaTHdeckas nepeopMyJIHpOBKa 3akaduu.

O6paTuM BHMMAHINE Ha CXOACTBO 9TOU 3ajauu ¢ 3amaueil I'epoHa.
Pemenue N'o#irenca. Ilycrs Touka D (cm. puc. 9) Takosa,
YTO B Hell BBHINOJHEHO COOTHOIIIEHUE

sin v1

=, @)

sin ay Vg

Iloxaxxkem, uTo maaA Jmaro6Goit apyroid touku D’ # D Bpems, 3a-
TpaueHHOoe Ha IpeojoseHue nytu AD'B, Gyzer G6Gojbllle BpeMeHH,
3aTpaveHHoro Ha nyTb ADB. JIJia 5TOr0 BOCCTABUM IIE€PHEHIUKYJISAPEI
B Toukax A u D k mpamoit AD. Touky mepeceuenus ¢ AD' mepmen-
IUKYJIApa, IpoBeldeHHOro m3 Touku D, obo3HaumMm uepesd P. IIpose-
IeM IpAMYIO, mapajielbHylo AD, depes Toury D', m TOUKy mepece-
YeHUsS BTOM IPAMOIl U IepHeHAUKyaapa DP o6osHauum P’, a TOury
mepeceyeHnsi ee ¢ IePIeHAUKYJIAPOM, IPOBeAeHHLIM U3 A, — uepes
R. Haxkomern, onyctuM mepuneHAuryaap D'Q us D' wa DB. U3 puc. 9
BUIHO, UTO BeawuwHa yria PDD’ paBHa oy, a BeamuumHa yriaa D'D@

T
paBHa 3~ 0. S3HAUUT,

|D'P'| = |D'D|sinoy, |DQ|= |DD'|sin as. 3)
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Tenepb IpoOBefeM CpaBHEHHE BPeMeH IIPOXOXKJeHUsA JoMmMaHbix ADB
u AD'B.

BcarencrBue Toro, uro |AP| > |AD|, |D'P| > |D'P'|, |D'B| > |BQ)|
(HaKJOHHBIE OOJIbINIE TIEPHEHANKYJIIPOB), a TaKxKe u3 (3) mosydaem

AD’ AD| + |P'D’ AD i
[AD'| _ |AD|+ |P'D'| _ |AD| | \p,y sinay
U1 U1 U1 U1
|D'B| S |BQ| _ |DB| - |DQ| _ |DB| _ ‘DD,|sina2.
U2 v2 V2 U2 v2

CkynagpiBasg 9TU HEPaBEHCTBA, IoJydaeM c¢ ydeTom (2)

|AD'| |D'B] |AD| |DB]
+ > + .
U1 2] U1 v2

WUrak, TouKa, mpeJoMJsSACh B KOTOPOI CBET MOTPATUT HaWMEHbIIIEe
BpeMs Ha IIPOXOXKIeHue ImyTu oT A K B, xapakrepusyercsa Tem, UTO
OTHOIIIEHNE CHUHYyCa yIrJja IafeHus K CHUHYCY yIJIa OTPaKeHUs PaBHO
v1/Vg, T.e€. HOCTOSTHHOMY umcay. Ho UMEeHHO B 3TOM U COCTOUT 3aKOH
Cuennnyca.

B ocHoBy mpumHIHuIa PepmMa II0JOKEHO IOIIYIIeHWe O TOM, UTO
CBET PACIIPOCTPAHAETCA IO HEKOTOPBHIM JUHUAM. OTO IpPEACTaBICHUE
Jlerye BCero yBS3aTh C KOPIIYCKYJISIPHOM Teopuweil cBeTa, COTJIACHO
KOTOpPO# CBET — BTO nomox yacmuy. I'oiireHCy IPUHAIJIEKUT eIne
OOHO O0'BbACHEHWE 3aKOHOB PACIPOCTPAHEHUsS ¥ IIPEJOMJIEHUS CBeTa,
OCHOBaHHOE Ha TIPEJCTABJIEHUM O CBETEe KaK O 60JIHe, (PPOHT KOTOPOI
IBUYKETCS CO BpeMeHeM.

BoaHoeoil ¢pporm S; — 3TO MHOKECTBO TOUEK, KOTOPBIX CBET,
pacmpocTpaHsaeMblii HEKOTOPHLIM HCTOYHHUKOM, MOYKET JOCTUTHYTH 34
3amaHHoe Bpemsa t. Hampumep, ecau B HYJeBOM MOMEHT BpeMeHH
HCTOYHMK — 3TO TOUKA, a cpeJla OJHOPOIHA, TO uepes BpeMsA f (PPOHT
S; oyzmer chepoii paguyca vt ¢ IIEHTPOM B UCTOUHUKe cBeTa. IIo mepe
yIajleHusi OT MCTOYHMKA cepryecKas BOJIHA CTAHOBUTCA Bce 0oJee
IJIOCKOUM, W eCIi Mbl BOOOPA3WM HCTOUYHUK OECKOHEUHO yIaJIeHHBIM,
TO B IIpejiejie BOJHOBOH (DPOHT OKaKeTCs IJIOCKOCTHIO, PABHOMEDHO
OBUKYIIENCS CO CKOPOCTHIO U.

Ona ompeneneHuA OBUKEHUA BOJHOBOIO (hpoHTa B 6Ojiee CJIOMK-
HBIX cHUTyanuax [IoWreHc MOJb3yeTCA CJIEAYIOIIMM IIPaBUJIOM, IIO-
JYYUBIINM Has3BaHUe <«IPUHIUN [lolireHca»: kaxcodas mouka 60.i-
H0B8020 (poHma S; cama CMAHOBUMCA BMOPULUHBLILM UCMOYLHUKOM,
u uepe3 epems At MbL nonyuaem cemeilcmeo B60JHOBbLX (PPOHMO8
om 6cex aMUX 6MOPUUHBLLX UCMOYHUKO8, G UCMUHHbLL 60JH080U
@gpoum S; i a; 8 momenm t+ At ecmv ozubanuias amozo cemeicmaea
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(T.e. IOBEPXHOCTb, KAacalollasicsi BCeX BTOPUUYHBIX BOJHOBBIX (IPOH-
ToB) (cM. puc. 10).

U1 Aq
A/
RN B,
A Bl il
St D/ _D1 1
D - o
C o2
U2

IIpumenum npuHIUD [lolireHca AJa BeIBoga s3axoHa CHestmyca.

IIycTh mapaienbHBIH ITYyUYOK CBETOBBIX JIyUEH IIafaeT Ha IJIOCKYIO
rpaHUIly pasgesia ABYX OLHOPOAHBIX cpex. Kak um pamblie, Oyzem
OpeAcTaBJATh cebe, UTO [ TOpWM3OHTAJIbHA, a4 CBET IIaJaeT CBEPXY
(puc. 11). Yepes vy u vg (Kak u paHbIle) 0603HAYUM CKOPOCTH
pacupocTpaHeHUsA CBeTa HaA W TOA [ m Uepes a3 W Oy — YIJIBI
NaJeHnsa U NOPeJIOMJIEHHs COOTBEeTCTBEHHO. BosHOBON (QpoHT A1A'A
IBUKETCS CO CKOPOCTBIO U1, U B HEKOTOPBI MOMEHT f{ BOJIHOBOIL
dpouT AA; mocturaer rpaHuIbl [ B Touke D. Ilocie sTtoro D craHo-
BUTCS BTOPUYHBIM HCTOUYHUKOM BOJIH, PACIPOCTPAHSIONINXCA B HUMK-
Hell cpelle CO CKOPOCThIO V2. B Touky D; cBeT mpuieT B MOMEHT
t+|B1Dq|/vi = t+ (|DDy|sin ) /v1 = ¢1, 2 B IPOMEKYTOUHYIO TOUKY
D' ua orpesxke DD; — B moment t' = t+ (|]DD’|sin o) /v;. K momenTy
t1 chepuueckas BOJHA OT BTOPUYHOTO HCTOYHUKA D OyIoeT uMeTh
pagumyc r; = va(t; —t) = |DD1|(v2/v1) sin oy, a BosmHa or D' — pazmyc
r' = va(ty — t') = |D1D'|(v2/v1) sin . Kacarenvusie D1C u D;C’
K 9TUM c(pepaM COBIIAJAIOT, MOCKOJBKY yriasl DD1C u D'D{C paBHBI
(Tak Kaxk WX CHUHYCHI DaBHBI COOTBeTcTBeHHO r1/|DDq| wu r'/|D'Dy|
u oba uuciaa paBHBE (Vs/v1)sinog). Ho Touxka D’ Oblia B3ATa Ha
DD, mpousBOJIbHO, W 3HAYUT, BTOPUUYHBLIE BOJHBI B MOMEHT f; BCe
Kacatorea npamoii CDq, obpasyloliieii ¢ [ yroa og Takoii, 4To sin ag =
= (vg/v1) sin ;. MBI cHOBa mpumniu K 3akony CHesmyca.
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Wnea «BosiHOBOTO (DPOHTA» MOKET OBITH NIPOUJLIIOCTPUPOBaHA He
TOJBKO HA IpuUMepe ONTHYeCKUX 3azad. Bor gpyroit cayuaii. Ilycts
TYTHUK HAYWHAET CBOM IyTh U3 TOUKU A, JeKallel Ha IPAMOJIMHEH-
HOM IIIOCCe, orpaHmumBaionieM Jyr. Ha sTom snyry mmeercsa Touka B,
Kyla TyTHUK CTapaeTcs IOMacTb BO3MOXKHO ObicTpee. CKOPOCTH IIO
JYyry U B JBa pada MeHBbIIIe CKOPOCTHU II0 miocce. Kcau IyTHUK cpasy
moiieT mo JYry, TO 3a €IUHUIY BPeMEHU OH MOJKET IIONacThb B JIIO-
0yI0 TOUKY OKPY'KHOCTHU paguyca v. KEcim )Ke OH Bce 9TO BpeMsdA OyZAer
UATH IO Ilocce, TO OH IpoiimeT paccrogHme 2v. IlycTh oH uacThb
OyTHU IIPOHJeT IO IIocce, a YacTb — o Jyry. Tormga MHOKeCTBO
TOYEK, I'Jle OH CMOJKET OKal3aThCA 4Yepe3 eIMHUILY BpeMeHU, o0pasyer
«BOJIHOBOM (POHT», COCTOAIIWHA U3 JBYX OTPE3KOB, COEAMHEHHBIX
oyroil okpyskHocTH. OTCIOa OUEeHb JIETKO OTBETUTH HA BOIPOC, KaK
ONITUMAJLHO ABUTATHCA IYTHUKY.

31ech MHe TPeCTaBIAETCA YMECTHBIM elle pa3 3aTPOHYTH BOIIPOC
00 SKCTPEMAaJIbHBIX IPUHITUIIAX.

B sTomM pacckasze ObLIM maHBI JBa BBIBOJA 3aKOHA IIPEJIOMJIEHUSA
cBera. MeXay HUMM MMeeTCs NPUHIMNUAaJbHOe pasauuue. [Ipu mox-
xone PepmMa HUKAK He NIPOACHAETCS NCTUHHAA CYIIHOCTL IPOUCXO-
IAIIETO SABJIEHUSA. 3AeCh IMOCTYJIUPYeTCA HEKOTOPOe CBOWCTBO TpPaeK-
TOPUU ¥ TOKA3LIBAETCS, UYTO ATO MOMYIIeHWE COTJIACYEeTCA C DKCIIEePHU-
meHTOM. Ilogxosn I'olirerca OoTTaJIKMBAeTCsA OT ONMCAHUSA (PU3UUECKOI
IPUPOALI SABJIEHUA.

Takasa OBOMCTBEHHOCTh ONMMCAHUA THUIWYHA B €CTECTBO3HAHUU. 3a-
KOHBI IIPUPOJHBI, C OJHOM CTOPOHBI, JOIMYCKAIOT HCTOJKOBaHUA, 0a3u-
pyroirecss Ha HEKOTOPBHIX (DUBUUYECKUX MOMENSIX, C JPYTroii — BBIBO-
IATCA M3 BKCTPEMAJIbHBIX ITPUHITUIIOB.

O6cy:xeHrne TPUUYNH 3aBejio ObI HAC CIUIIKOM [JajieKO, HO B CB-
3U C 3TUM XOUy OTMETUTh, YTO OIMCAHHBIE B HAIIlEM paccKase JBa
MOAXOJa CHITPAJY BAYKHEHITYI0O POJIb B MCTOPUM BAapPUAIMOHHOTO HC-
YuCJIeHUs W BCEH TeopHMH OSKCTPeMaJbHBIX 3amad. Ha camom mese
gobas 3amavya BapUAIlMOHHOTO WCUYMCJIEHUA ¥ ONTHUMAJILHOTO yIIpaB-
JIEHUS MOXKeT OBITh MCCJIefloBaHa ABYMsA MyTAMH. MOMKHO HM3ydaTh ee
3KCTpeMasbHble TpaeKTopum (momob6Ho Pepma), m 3TO BeAEeT K TEO-
puu Oiinepa—Jlarpamika (KOTOpOl MBI KOCHEMCA B UETHIPHAIIATOM
pacckase). A Kpome TOro, ecth u apyrou nyth ([foiireHca): msydarhb
OYYKU 9KCTPEMAJbHBIX TPAEKTOPHiIl, UTO IMPUBOAUT K aHaJOTaM BOJI-
HOBBIX (PpOHTOB, K Teopuu, paspaboramuoit I'amuiabToHOM M IKO0OU
B XIX croseTun, U mMCCIETOBAHUIO 3aJa4 OITUMAJBLHOTO YIIPABJIEHUSI
MeTOJaMU AUHAMUYECKOT0 IPOTPaMMUPOBAHUA, KOTOPhIE B CPaBHUTED-
HO HeJaBHIE BpeMeHa HauvaJl pasBUBATh aMEePUKAHCKHUU yueHbI Bennman.
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Paccrkas wemeepmutil
MAKCUMYMbI 1 MUHUMYMbI B TEOMETPUU

HUcTopus HayKH AaeT HAM MHOI'O IPHUMEPOB IIPUMEHEHUS
YUCTOH I'eOMETPUU U II0JIb3bI, IIPUHOCUMOIL €lo.
II. Jlannac

Apxumena OyAyT HOMHHTBL, KOrga Ocxmuja 3a0yayT, ubo
A3BIKM YMUPAIOT, 4 MaTeMaTu4decKue HAed — HeT.
I'. Xapou

Hemnccakaemble poOCCBHIIM [IParolmeHHBIX B3amad Ha
MaKCUMyM W MHUHUMYM TaATCA B HeApaxX JPeBHEHIIell u3 MaTeMa-
TUYECKUX HAYK — TeOMEeTpPHUMH.

T'eomeTpuduecKkue 3azauu HA MaKCUMyM M MUHUMYM BCTPEUAIOTCS
y BCeX Tpex BeJNUYaNIINX MaTeMaTUKOB aHTHUYHocTH — EBKJauza,
Apxumena, Anonnonusa. VM Bo3jaBaim JaHb KPYIHEHIINe MaTeMa-
Tuku su0xu Bospoxxkaenus — Busuanu, Toppuuennau, Pepma u Apy-
rue. AHTEepec K TAaKMM 3aJadyaM COXPAHUJICA OO HAIIWX THEH.

1. 3agauva Esxauga. B «Hauanax» EBkauma — mepBoil Ha-
YUYHOU MoOHOTpaduy M IIePBOM yueOHOM II0COOMM B HCTOPUU YeJOoBe-
yecTBa, B Tpyne, BoimenineM B IV Beke 10 H. 3., uMeeTcs JIUIIbL OJHA
3aZlaua Ha MaKCUMyM. B COBpeMeHHOI peJaKIIMM OHA BBITVIAIUT TaK.

B Oannwiii mpeyzonvnux ABC snucamv napannenozpamm ADEF
(EF || AB, DE || AC) nauboavweii naowadu (puc. 12).

IIpuBesemM OmHO M3 BO3MOJKHBLIX T'€OMETPUUYECKHUX PEIIeHUHN 5Toi
3aJjaun, BoCcXoAsdAlnee K pemreHuto EBkaumpa, gamaomy B «Hauamax».

HokaskeM, UTO UCKOMbLIL NAPALILEN0ZPDAMM XAPAKMEPUIYem s mem,
yumo D, E u F — cepeduHb. coomeemcmeyroujux CnopoH.

HeiicTBuTenbHO, nycts AD'E’'F’ — Bun-
B cauabpli B ABC mapajjielorpaMm, OT-
K = anuHbli oTr ADEF. ToukKy mnepeceueHus
NQ ¢ mnupavmeix D'E’ u EF o60o3HauuM dYe-
oy EI pe3 G', a TOUKy mepecedueHus NpAMbIX DE
G u E'F' — uepes G.
ITokaxxeM, UYTO ILIOHMIAAL ITAPAJLIIEJIO-
S L /f rpamma AD'E'F’ MeHbIle ILIOLALM Iapaj-
AF b ¢ Jenorpamma ADEF Ha BeIUUYWHY ILIOIA-
' ' nu mapawienorpamma EG'E'G. Iaa sTo-
ro mpoBemeM B Tpeyroabauke ABC us
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TOYKU B BBICOTY, NJIUHY KOTOPOIl obo3HauuM ueped H. aumHy cro-
poubl AC o6osHaumm uepes b, a AJIUHY BBICOTHI TpeyroiabHuka GE'E,
IIpoBeZieHHol u3 Touku E’', — uepes Hj.

W3 nopobusa tpeyroabaukoB GEE' u ABC (E'G | AB, GE || AC)

moJaydJyaem
H, H Hy _ |GE|

IGE| ~ b H/2  b/2°

W3 mosyuyeHHOTO COOTHOWIEHUA CJEAYET, YTO ILIOINaAb IIapajljiesio-
rpamma D'G'ED, BwicoTa KoToporo Hi, a aiauna cropousl DE — b/2,
paBHa 1Ioiagu napasienorpammva EGF'F, u6o ero Beicora pasna H/2,
a muuna cropousl F'F pasua |GE|. Orcioma u ciegyer, uTo IIOL[ANb
napasnenorpamva ADEF pasHa miaomanu ¢urypsl AD'G'EGF’, T.e.
Ha BeJMUWHY ILIOWIanu mapajienorpamma GE'G'E Goiblile, ueM ILIO-
mans AD'E'F'. 3agaua perrena.

2. 3amgauva Apxumega. Mel yooMHHAJIN yiKe, YTO B HEKOTO-
PBIX COUMHEHUAX MAPEBHUX aBTOPOB TOBOPUTCHA, UTO Apxumen
(287—212 rr. mo H. 3.) MOKasbIBaJ M30NEePUMETPUUYECKOe CBOMCTBO
OKPYJKHOCTH U wusonudaHHOe CBOICTBO c(epbl. OgHAKO B [JIOIIEA-
X OO HAaC COUMHEHMAX ApXuMena W30IepUMeETPUUEcKad 3afada
He YIOMHHAEeTCs, W BKJAA Apxumena B pelleHHe 3STON MTPOOJIEeMBI
IOHBbIHE HeusBecTeH. PellleHue xXe OOHOUN uU30nuganHHOoll 3amauum WMe-
ercs B counmHeHuu Apxumena «O 1mape u nmuiauHApe». TaM craBUTCS
U pellaeTcsa cjeAyiolas Ipodjema.

Haumu wapoeoil cezmenm, 6Mew,anwuil. MAKCUMALbHBLIL 00BeM
cpedu 6cex cezmenmos, umerUWUx 3a0anHHYI0 naowadsv cpepuieckoil
nosepxHocCmu.

IIpuBememM cHauajia peIlleHMe, XOTS IEJIMKOM M OCHOBAHHOE Ha
uneax ApxuMmezna, HO BCe-TaKU CHJIBHO ajarebpamsupoBaHHOE. A II0-
TOM MBI IIPUBELEM JTO K€ peIllleHUe, M3JIOKEHHOe Ha YKUCTO I'eoMeT-
PUUYECKOM S3BIKE ero aBTopa.

Paccmorpum mrap pazuyca R u ero mraposoil cermeHT BAB’' BuI-
cotel h (puc. 13). Hapsany ¢ cermerTom BAB' paccMOTpuUM IOIyIIAp
EDE’ Toi1 ske 60K0BOIi nmoBepxHocTr. O603HAUNM €ro pajuyc depes r.
O6bem V 1m1apoBOro cerMeHTa paBeH, KaK MBI 3HAeM, n:th(R— h/3),
IJIOIaAb ero GOKOBOW IOBEPXHOCTH paBHa 27mRA, o6bem V mosyma-

pa paBen (2/3)nr?, mmomazns S 6GokoBoil moBepxHocTu — 21r2. U3
paBeHCTBa OOKOBBLIX IIOBEPXHOCTEM cerMeHTa M IIOJYyIllapa IIoJydyaeM
r? = Rh. (1)

HokrasxkeM HepaBeHCTBO
(2R—r)r> (2R—h)h upu h#R. (2)
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A
'Q‘
B B’ E E

Paccmorpum gBa caydasa: a) h < R u 6) h > R. B ciyuae a)
rP=Rh>h?® = r>h = R—-r<R—h = (QR—-1r)r=
=RE—(R-r)?>R*—(R-h)?=(2R-h)h;
B caydae 0)
r? = Rh < h®
9 5 — R<r<h =r—-R<h—-R = (2R-—-r)r=
r“"=Rh >R
=R2—(R-r?>R>-(R—h)?= (2R - h)h.

CruaanwsiBasg (1) u (2) u ymHOMKaa Ha 7h/3, moaydyaem

%h-er> Z(BR- W)k, 3)
BameHuB Tenepd B (3) Rk Ha r?, IpUXOAUM K HY;KHOMY HEpaBeHCTBY:
p_2_3_Th 2 ( _ E) _
V= 3nr =3 2Rr > h* (R 3 =V.

Wrak, moayiiap TOi Ke OOKOBOII IOBEPXHOCTHU HMeeT OOJbIIHNi
00BEM B CpaBHEHUU C IMAPOBBIM CETMEHTOM, WJIM, T'OBOPA CJIOBaAMU
Apxumena, «u3 Bcex cepmUeCKHX CEerMEHTOB, OTPAHUUYEHHBIX DPaB-
HBIMU IIOBEPXHOCTAMU, HAUOOJBIIUM OyzerT mosaymapue» (Apxu-
M e n. Counmenusa. — M.: ®usmaraut, 1962. C. 95—117).

Cpenm yuyeHBIX BCe€X BpPeMeH TeHUII ApxuMena, HAPALY C TeHUEM
HrioToHa, BhI3BIBaeT, MMOMKAJYil, Hanboblllee Bocxuinenue. He mo:ka-
JleeM JKe MecTa U ellle pa3 IPOBeJeM peIlleHue HaIllled 3amadu, ysKe
mouTH OYKBAJBHO CJeAys 3a MbBICIABbI0O Apxumeza (B cKoOKax MBI Bce-
TaKW yKasblBaeM COOTBETCTBYIOIIME ajredpamuecKue COOTHOIIEHU).

Apxumen He MOT HOJIB30BATHCA AJTe0pPaMUecKUM A3BIKOM U aJire-
OpamuyecKVMU BBIKJAJKaMH — BeIb O 3apOXKJeHUA aiarebpsl ocra-
BaJIOCh BOCEMHAAIIATh BEKOB. SI3BIK Apxmmena — SA3BIK I'€OMETPUU.
Ha npamoit A’A (puc. 14) oriaosxkum, ciaeiysa ApxuMeny, OTPe3OK
[OH] rakoit BelmumHBI, YTOOBI KOHYC C BhIcOTO HM u Cc pagmycoMm
ocHoBaHusi MB 6bln ObI paBHOBEJIWK ImapoBomy cermenty BAB'. Ha
npogomkernun orpeska [OA’] oraosxum orpesok [A'K], paBHBEIN IIO
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nnuHe panmycy R. PaBHOBEJIMKOCTH KOHyCa ¥ CerMeHTa HPUBOJUT

ApxuMmena K CIeAyIOIIel HPOMOPIIMN:
|[HM | _ |KM|
[AM| ~ |AM]["

4)

HpOBepI/IM, 4YTO 3TO PaAaBEHCTBO ﬂeﬁCTBHTEHLHO nMeer MeCcTo (I/IC'
TOJIb3YsA W3BecTHbIe (OPMYJbl 00beMa Komyca Vi u cermeHTa V.):
Ve = g|HM\|MB\2 = §|HM|\MA/\|MA\ =V, =
= §(3R— h)h% = §|KM|\AM|2. (5)

MbI BOCIIOJIB30BAJINCH TEM, UTO JJuHa orpeska [MB] ecTh cpemHee
reoMeTpuuecKoe IJauH oTpe3kos [A'M] un [MA]. Us (5) dopmyna (4)
caenyeT cpasy.

PaBeHCTBO IIOBEPXHOCTEM IOJIyIllapa W CerMeHTa IIPUBOAUT K TO-
My, YTO

|AB| = |ED|. (6)

IeiticTBurensro, |ED| = rv2, |AB|> = |AA'|AM| (caoBa — wus-
BECTHOE CBOMCTBO TPEYTOJHHUKA, BIMCAHHOT'O B OKPYXKHOCTh U OIIU-
paroiierocsi Ha AuUaMeTp), SHAYUT,

n|AB|? = 2nRh = S, = 8 = 2mr® = n|ED|? = |AB| = |ED|.

Hamee Apxume] OTKJagbIBaeT OTpe3oK [AS], paBHBIH IO [giIuHe

[CD] u moxaswiBaeT HepaBeHCTBO (2):
|A’S||AS| > |A'M||AM| (<= (2R—r)r > (2R — h)h).

AtoT (pakT ApxmMesn 0oOOCHOBLIBAET I'eOMETPHUUECKM: M3 ABYX IIPSIMO-
YrOJbHUKOB C OJMHAKOBBLIM IE€PUMETPOM ILIOIMIAAL 0OOJIbIlIE Yy TOrO,
Y KOTOpOro 0OoJIbllle IJIMHA MEHbINEel CTOPOHBI.

Hanee mmeeM (13-3a paBeHCTBAa OOKOBBIX IIOBEPXHOCTEHM CErMeHTa
U TOJIyIIapa)

|AS|? = |AM||A'K| (<= r® = Rh).
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CryagpiBasi mocjeqHee HEPABEHCTBO C 9TUM DABEHCTBOM, MOJIydaeM
|AS||AA’| > |[KM||AM| (<= 2Rr > (3R — h)h).
Ymuoxkan Ha |[AM| u ucnonbsys (5), mosyunm
|AS||AA'||AM| > |[KM||AM|* (<= 2Rrh > (3R — h)h?®). (7)

Panee y Hac ObLIM [JOKA3aHBI COOTHOIIEHUS

KM]||AM[? = [HM|MBJ*  (cw. (5)),

|AA'||[AM| = |AB[* = |ED]* (cm. (6)),
|AS| = |CD| (o mocrpoenui), oTkyzxa u us (7) moIyunm

V = Z|CD||ED|? > Z|HM||MBP =V, =V,

2n 3

<:>I7:3r

/

T . 2
> Z(BR—h)h _Vc> .

JoKasaTesLCTBO 3aBEPIIEHO.

MosxeT OBITH, HEJUITHUM OyZeT HAIIOMHUTH, YTO Bce (OpPMYJIHI,
KOTOpbIe OBIIM MCIIOJb30BaHbI HaMU (00beM KOHYCA, IIapa U IIapoBO-
ro cerMeHTa, ILJIOIIAAb MOBEPXHOCTH IIapa U cepuuecKOoll ITOBEePXHO-
CTH CerMeHTa), OBbLIM TaKsKe BIIEPBBHIE IIOJYYEeHBI UMEHHO ApPXUMeIoM
U Bce B Toii ke pabore «O Imape m muauHape». TPyaHO He corJia-
cutbcs ¢ Xapau — Apxumen OyaeT claBeH, JOKOJb JKUB OyIeT XOTb
onuH matemMaTuk. Co BTOpPOI Ke UacThIO ero (hpashbl MHE He XOUeTCs
corJialatbesa — Ja OyAeT cilaBeH WM OCXII.

Pasrosop o 3amaue, cOCTABJIEHHON W pPeIeHHOM ATOJIJIOHWEM, OT-
JIOKUM IO TPUHAAIIATOTO paccKasa.

3. 3agaua lllreiiHepa. B naockocmu mpeyzonibHUKA HAlL-
mu MmouKy, CYMMa PAcCMOSHUL Om KOMmMOpoi 00 8epuilur mpeyzoib-
HUKAQ MUHUMAJbHA.

B wunoit opmynaupoBKe sTa 3agaua oOCy:KIajach B IIEPBOM pac-
ckaze. OHa ToKe MMeeT NABHIOI HCTOPUIO, XOTA U He TaKyio, KaK
TepoOHOBCKas U KJaccuuecKad wusomepumerpuyeckas. OHa ObLia II0-
MellleHa B courHeHUu BuBmanmu «O MaKCHMAaJbHBIX M MUHUMAJbLHBIX
3HAUEHUAX». ITO OBLI MEPBBHIN TPV, CIEINAJbHO TMOCBAIIEHHBIA Ha-
miemy mpeametry. OH BbIea B cBeT B 1659 roxy.

Jroii Ke 3amaueill uHTepecoBasuch Kasanbepu u Toppuuesiu.
(Camo :Ke pellleHMe B OTOH 3amade, T.e. TOUKY, I'e TOCTUTAETCS
UCKOMBIYI MUHUMYM, IIPUHATO Ha3bIBaTh moikoit Toppuueanru — cM.,
"HampuMmep, kHUTY 3erend [9]); Koxkcrep [10] yrBep:xaaer, uTo Hatrei
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3agaueii sanmmasica u Pepma. (BuBmanu, KaBamwepu u Toppuues-
Ju — KpyuHeiinue uraabaHcKue yueHble X VII Bexka. KaBanbepu us-
BeCTEeH CBOMM IPUHIIMIIOM — IIpeATedueii MHTEerpaJbHOTO UCUNCICHUS,
Toppuuennn — OTKpPbITHEM aTMOC(EpPHOro maBjieHusA. Toppuyesiu
u BuBmanu — yuenuku [anunesa. menno Busmanu ociemmwuii I'a-
JUJIel AUKTOBAJ B KOHIIE JKU3HU CBOU «bBecegbl 0 MeXaHUKE».)

HHTepec cTONb KPYMHBIX YYEHBIX K TaKOH aJieMeHTapHOI 3ajxa-
Yye — eIfe OAHO IOATBEDP)KAEHNE TOT0, UTO CTUMYJIOM K TBOPYECTBY
HEPEIKO SABJIAIOTCA JCTETUYECKUE MOTUBHI.

B XIX cromeruu 3TOW M PAAOM MIOAOOHBIX IIPOOGJIEM MHOT'O 3aHU’-
masica Illreitnep. Ux yacto mmenyioT npoosemamu Illmeiinepa. Taxr
HOCTYIIUM ¥ MHEI.

IIpuBeneM w©3BECTHOE T'e€OMETPUUECKOE pe-
menve 3amaum IllTeliHepa AJsA TPeyroJbHUKA
c yriaamm, He mpeBocxogamimmu 120°.

IIycte B TpeyroapHuke ABC (puc. 15) yrox
C > 60°. IloBepuem Temephb TpeyroabHuk ABC
BOoKpyr Touku C Ha yroa 60°. Ilomyuum Tpe-
yromsEuk A'B'C. Bosbmem mi006yo0 TOuRy D
B TpeyroabHuke ABC, a uepes D’ o6GosHaumm
ob6pas D mpu Hamem moBopore. Torma cymma
nnu" |AD|+ |BD| + |CD| paBHa AjuHe JIOMaHOR
|BD| + |DD'| + | D' A'|.

Ilycte Tenepr D — Touka Toppuuesnnu, T.e.
TOYKA, U3 KOTOPOI BCE CTOPOHBI TPEYrOJbHUKA
BUAHBEI mmox yraom 120°, m D' — o6pas D npu
nosopore. HeTpyaHo moHaTsh, uTo Touku B, D, D' u A’ nesxar Ha
OOHOM IPAMOM, OTKYyZa CJIEeAYyeT, YTO TOUKa TOpPUYEsIN U SABIAETCS
pemtenueM 3axaun. OTAeIbHO HYKHO eIlle J0Ka3aTh, YTO €CJU TYIOH
yroa 6Gosbime 120°, To pelieHMeM 3agaumu OyAeT BepIINHA TYIIOTO
yria. CmesnaiiTe 9TO CaMOCTOSITEILHO.

HBe 3amauu (ueTBepTas WM MATAA) U3 MIEPBOT0 paccKasa IIPUMBIKA-
IOT K IIITeHEePOBCKOM. 3amauy 4 W3 IIepBOTO paccKasa IpomyMaiiTe
camocroaTesibHO. OTBeT B Hell Takos: ecaum Touku A, B, C, D o6-
Pa3yIOT BBINYKJBIN YETHIPEXYTOJLHUK, TO MCKOMAasg TOUKA — TOYKa
mepeceueHUsl AUaroHasiei, ecau HEBBITYKJbIN, TO 9TO BepIIWHA HauU-
bosibitiero yriia. Uto ke KacaeTcsd 3amauud 5, TO OTBET TaM OTPUILA-
TeJqbHBIN. K mpumepy, Iid KBagpaTa MMeEIOTCA IBe dKCTPeMaJibHBIe
ceTu, mu3oOpasKeHHble HaMu Ha puc. 16. Cymma qiImH 39THX ceTeil
MeHbIIle, YeM cyMMa AJHWH JuaroHajeil.
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IIpuBenem ellle ABe M3BECTHBIE I'eOMETPUUYECKUE 3aauy HA MUHU-
MyM.

4. 3ajgavya o HaMMeHbINed nuomaxnu. Jarw yzonr u mou-
Ka eHympu Hezo. Tpebyemcs npogecmu yepe3 amy MOUKY NPAMYIO,
omceKanwylo om yzaa mpeyzolibHUK HAUMeHbUlel naou,adu.

IloxasxeM, 4YTO HMCKOMasd HIpsaMas obJamaeT TeM CBOMCTBOM, YTO
OTPE30K ee, JeKaIluili BHYTPU yIJa, OEJUTCSI 3aAaHHOM TOUYKOM IIO-
monaM. Takyroo OpAMYI0 HETPYAHO IIOCTPOUTH. MOKHO, Hampumep,
COeIVHUTH 3aJamHyio Touky M (cm. puc. 17) ¢ Bepmuuoir A, Ha
IPOJoJKeHun oTpeska [AM] oTioxuTs orpesok [MA'], paBHBIA IO
nnuHe orpesky [AM], um mposecTu uepes Touky A’ mpsamyio ma-
pannensao AC. Ilyctb D — TOuKa mepecedyeHUs 9TOH NPAMON u
cropousl AB. Torma, Kak JerKO IOHATH, OpAMasg, COEJUHAIOIA
Touky D c¢ Touxoii M u mepecekawoijaa AC B Touxke E, obimamaer
TeM cBoiicTBOM, uTo |[DM| = |[ME| (u60 Tpeyronsuuku MDA’ u MEA
paBubl). UckoMas mpsaMas IIOCTpoeHa. BO3MOMKHBI M APYyrHue CIIOCOOBI
TIOCTPOEHUA.

JoKaxeM Telepb, UYTO IIOCTPOEHHAs IpAMas AeHCTBUTEJIBHO SAB-
Jsercda MCKoMoiu. [jia sTOro mpoBeeM KaKy-HHUOYIb ellle MPSIMYIO
D'E’. Tlycte pas ompepeseHHocTu Touka E’ jexwur snesee E. Torga
ILIOImaAb TpeyroJbHuKa AE’'D’ paBHa miomanu TpeyroabHuUKa AED
MHUHYC ILIOWIALL TpeyroidbHuka EME’ u ILIoc IIONIafb TPEyroJib-
Huka MDD’'. OGosmauumm uepe3 F TOuKky mepeceueHusa mpamoin D’
¢ mpamoit D'E’. Torma Tpeyroabuuku EME’' u MDF pasubi. Ho
BTOPOM M3 3TUX TPEYrOJLHUKOB COIEPKUTCA B TpeyroabHuxe DD’ M.
W3 ckaszaHHOTO BBITEKAET, YTO ILJIOIIAAb Tpeyroabuuka ADE MeHbIIe
ILJIOIaAu TpeyroabHuKa AD'E’.

5. 3agaya o HauMeHbIIEeM HepumeTpe. /JJaH yzon u mou-
ka M enympu Hezo. Tpebyemcsa npoéecmu uepe3 smy MmMOUKY nps-
MY10, OMCEKANUWYI0 OM Y2lla MPeyzoibHUK HAUuMeHbUlez0 nepumempa.
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ITokaxxem, uTo mcKkomasa mnpamass DE o0ixagaer TeM CBOCTBOM,
YTO BHEBOUCAHHASA B TPEYroJbHUK ADE OKPYsKHOCTH KacaeTcs oTpes-
ka [DE] B Touke M. Takyio NpaAMylo0 HeTPYAZHO IOCTPOUThL. Buumiem
B yroan BAC HEKOTOpYyIO0 OKpYy:KHOCcTh (pumc. 18, a) m obGosHaumm
gepes M’ Gamkaiimyio K A TOUKy IepecedeHus npamoii AM c srToik
OKPYKHOCTBIO. [lasee ciemyeT IPOBECTH KacaTeJIbHYI0 K IIOCTDOEH-
HOM OKpysKHOCTH B Touke M’ u 3aTreM — mpamyio depe3 M, mapai-
JIEJIBHYIO 9TOM KacaTeJbHOI. JTa mpaMas U OyJeT MCKOMOIL.

B

A E' E E C

A Temeps JOKaMKeM, UTO IMOCTPOEHHAA NPAMAsA ACHCTBUTENBHO Aa-
er pemenue. IIposezeM elle Kakyo-EuOyab npamyo D'E’ (puc. 18, 6).
IlycTs BHeBmMCaHHAsI B TPeyroidbHuUK AD'E’ OKpYyXHOCTH Kacaercs
orpeska D'E’ B Touke F, a cropon yria AB u AC — B Toukax D"
u E” coorsercrBenno. aunabl orpeskoB [E'F] u [E’'E”] paBHEI Kak
IJIUHBl OTPE3KOB KacaTeJbHBIX, MPOBEJEHHBIX M3 O#HOUW Touku. To
JKe caMoe MOKHO CKasaTh O AJuHaxX oTpeskos [D'F] u [D'D"]. 3ua-
unuT, mepuMerp TpeyroabHuKa AD'E’ paBeH cymMMe AJUH OTPE3KOB
[AD"] u [AE"], upu srom, Koueuno, |[AD"| = |AE"|. Takum oGpasom,
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nepuMeTp TpeyroabHuka AD'E’ GygeT HauMeHbIINM, Korga Touku E’
u D" 6yayr BOoamoxkHO Oausko K A. Ho sTo mpomsoiier Kak pas
TOrZa, KOTJa BHEBINCAHHAA OKDPY'KHOCTb «yIOpeTrcsa» B TOYKy M,
T.e. KOTJa OTPe30K IIPAMOM, MPOXondAlneil uepesd Touky M, OGymer
KacaTbCsAd 9TOI OKPYKHOCTH B TOuKe M.

Y Hac ocrajica elle OAUH TeOMETPUUYECKHH TOJI: He 00CYKIeHBI
dagaun 1 m 2 mM3 MEpPBOTO paccKasa. PellleHusa 3TUX 3ajJay ACHBI U3
puc. 19 u 20. Ecniu Xe mocTpoeHUs, 1300pa’KeHHBIE Ha 9TUX PUCYH-
KaX, HeBO3MOYKHBI, TO MCKOMBIE TOUKM! IOJIYKHBI COBIIAZaTh C BEPIIIU-
HOM yrJa.

Hamy Temy wucuepnaTh HeBO3MO:KHO. Eil IocBANIeHO OI'POMHOE
KosmuecTBO KHuUT. HasoBemM HeKOTOpble M3 HUX. TaMm uuraTesb Hali-
ger Jo0yo 3amauy cebe IO BKycCy. A IIOTOM, IOCJe TOTO KaK OH
POYTET BTOPYIO YAaCTh, OH CMOJKET IIOMBLITATHLCA HAWTH aHaJIUTUUE-
CKUe pellleHMsi. BOT CIMCOK KHUT, Tle UMEIOTCS 9KCTpeMajbHbIe 3a-
mauu reomerpuu: 3erenasb [9], Kokcrep [10], Kypaut u Po6ounc [13],
HTapeirun [21], [22], HIkaapckuii, Yenmnos, fdrmom [23]. Cuenuansb-
HO 9THM BOIIpocaM IIocBAlleHa cTaThbd Bouaranckoro u fraoma [6]
B «JHIUKJIOIIEINH 9JIEMEeHTapHOII MaTeMaTUKu». B TpuHAAIIaTOM pac-
cKaze OyzeT paso0paHo ele HeCKOJbKO reoMeTpUYeCKHUX 3aaad.
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Paccrkas namutil

MARCHUMYMbBI 1 MUHUMYMBI B AJITEBPE
n AHAJUSE

Anrebpa meznpa. 3a4acTylo OHa JaeT 0OJbllle, YeM y Hee
CIIPaINBAIOT.
K. Janrambep

1. 3agaua Tapraabu. Haumem Ham pacckas
Cc 00CY:KIeHUs CJIeIYIOINero BOIIPOCa, KOTOPLIN OBLLI IOCTABJEH B OJ-
HOM u3 coumHenuii Huxkkoao Tapranbu.

Pasdenumv uucno ocemv Ha 08e makue uacmu, ¥mobbl. NPoOuU3-
6edeHue ux npouseedeHus HA UX PA3HOCMb Obll0 MAKCUMAJLLHOLLM.

Tapranba (1500—1557) Bomies B MCTOPUI0O HAyKM KaK UYeJOBEK,
HayYUBIINHCA PelIaTh YPaBHEHUS TPeThbed CTeIleHWU.

CroesaeM IOIBITKY BOCCTAHOBUTEL XOJ paccy:xkaeHuu Tapranbu mpu
pelienuu ero 3agaum. s sToro HeJuIllHe OyAeT CKa3aTh HECKOJIBbKO
CJIOB 00 MCTOPUM €ro 3aMeuaTeJIbHOTO OTKPBITHS.

Pemenue ypaBHeHus x° + px +q = 0 (1A TONOMKUTETHHOTO P
U OTPUIATEJBHOT'O §) HAIlleJ BIIEPBHIE UTANbAHCKUI MareMaTur Cru-
nuoH Jenb Peppo, kusBiuii Ha pyberke XV m XVI BekoB. I9TO OBLIO
BpeMs, KOrja KOPHAMHN YpPaBHEHUS NPUSHABAIUCH JUIIL MIOJOMKU-
TeJIbHbIE KOPHU — HU OTPHUIATeJbHbIE, HU TeM 06ojiee KOMILJIEKCHEIE
B pacueT He Opasuch. Peppo He OMyOJMKOBAJ CBOETO OTKPBITUA, HO
HOCBATUJI B HEro HECKOJLKUX OJu3KuUxX cebe Jroneii. B Te BpemeHa
OBLIM OYEeHb PACIPOCTPaHEHBI «MaTeMaTudeckue Oom». (B Hamm mgHU
aTa TPamuIUs BO3POKAEHAa — IIpaBaa, B HECKOJbKO HHOI (opme.
BmecTo emmHOGOPCTB OTHENBHBIX JIMUHOCTEH B OOM BCTymHalOT Iie-
JIble KOJIJIEKTUBBI: MHTEPHATHI OPYT C APYTOM, HOOEIMTENN IIKOJIBLHOM
OJIMMIIMAALI M ee KIOPU U T. II.)

OnvH w3 IOCBAIIEHHBIX B TAlHY peIIeHWS YPaBHEHUS TPeTbel
CTEMeHU DPeInJ BOCIIOJIb30BAThCS €10, YTOOBI OJEeP;KUBATh BEPX B Ma-
TeMaTUUYeCKUX CcpakeHuAx. VI oH, HaBepHOe, HOOMJCS OBI IIOJTHOTO
ycmexa, ecau Obl OZHaKIBI cyanba He cBesla ero ¢ Hukkoso Tapra-
aweii. Tapranbe ObLIO TpeAsoKeHO permuTh 30 ypaBHeHUI TpeTbel
CTelleHN HOpW PAa3JNUYHBIX 3HaueHUAX p u ¢. Cmauana Tapranesa He
3HaJ, UTO ero IPOTUBHUK o0JagaeT TaiHOU o0Iero permreHus. Ho
HEe3aJ0JIr0 10 OKOHYAHUSA TOT0 CPOKAa, KOorga HeoOXOoAMMO OBLIO IIpex-
CTAaBUTH pellleHus 3anad, Tapraabsa ysHaa o6 aToM. BiaoskuB Bce cBOU
CWJIBI B pellleHMe IpoOJseMbl, Tapranbsa 3a 8 gHell 10 Ha3HAUEHHOTO
CpoKa CaMOCTOSTeJbHO HalmeJ 3TOT crmocob. (Mroro mompobHocTeit
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000 BCEM OTOM YWUTATeJb Yy3HAET M3 WHTEPECHOW KHuUru ['MHAWKU-
Ha [7].) NHaue roBopsa, oH moayuwma (Bcien 3a Peppo) CIaeAyIONIYIO

dbopmyny:
Y S Y A O By i
x_\/ 2tV Tar T\ 2 TS @

Dopmyna (1) maer BeIpakeHUE IJIA IOJOKUTEJIHHOTO KOPHS B CIydae
®Deppo (ecim p > 0, a ¢ < 0). Ho u B gpyrux ciayuaax (mampumep,
B TOM, KOTOPBIM HaM BCTPETUTCA Aajblie, Korga p < 0, a ¢ > 0) oHa
TaksKe JaeT BhIpasKeHHe AJIs BellleCTBEHHOTO KOpHs. IJrta (opmysia
Ha3bIBaeTcA OOBIUHO (opmynoii Kapdaro, IO UMEHU YeJIOBEKA, BIEP-
Bble onmyOJuKoBaBIIero ee. Tapranba caMoil (popMyJabl He OIyOGJIMKO-
BaJI, HO B psAJie CBOMX PaboOT OH cOOOIaJl O TOM, UTO yMeEeT pellaThb
Te WJAW WHBLIE yPaBHEHUS ¥ 3aJadyu. B OJHOM M3 ero COUYMHEHUM
ObliIa TOCTaBJIeHA ¥ HaIla 3agava. ABTOpP He IIPUBEJI ee pellleHud,
HO yKasaJ OTBET. OTOT OTBET ObLI CHOPMYJUPOBAH TaK: «UUCAO 8
caedyem pasderumbsb nonoaam; Keadpam smoil NOJOSUHbBL, YEeAUULeH-
Hblll Ha mpemb 3mozo Keadpama, 00X eH pPABHAMbCA Keadpamy
pasnocmu obeux uacmeil». Takum 00pasom, ecjIM WMCKOMBIE YHCJIA
0003HauuTH yepes a u b (a > b), To gna pasuoctu a — b Tapranbsa
man takoe BhIpaskeHme: (@ —b)2 = (8:2)2+ (8:2)2:3 =64/3, T.e.
a—-b=8/V3 = a=4+4/V3, b =4 —4/3. Kak ™Mbl yBUAUM
Janbliine, Tapranbsa He omubed.

A teneps mompobyem (caemysi kuHure lleditena [20]) BoccTaHOBUTH
xox MmbIcaei Tapranbu, IpuUBeAIINil ero K IIpaBUJIbHOMY OoTBeTy. He
OyneM CBA3BIBATH ce0s ¢ KOHKDETHBIM uYHMCJIOM 8 u OygeM pelarhb
3agauy B obmieMm Buie. IlycTh TpebyeTcs pasfesuTh MPOU3BOJIBHOE
uyucao S. Kaxk mbl Bugenu, Tapranbda B oTBeTe yKa3bIBaeT He caMble
yuciaa a n b, a ux pa3HOCTbH. HaBepHOe, UMEHHO ee OH IIPUHUMAJ
3a HemsBecTHOoe. Wrak, myctb a — b = x, Torma a = (S + x)/2,
b = (S—x)/2, u 3HauuT, TpebyercAd HAWTH MaAKCUMyM QYHKINU
flx) = x(S/2 + x/2)(S/2 — x/2) = (S%x — x3)/4. OGo3HAUUM MakK-
cuMajJbHOe 3HaueHUMe 35Toi (QyHKuum (maa x > 0) uepes M. Mmr
OPUILIN K YPaBHEHUIO JJIA X:

x(ngg)(gfg):M<:>x3fS2x+4M:O. @)

K coskanenuio, ypaBHeHue (2) He MMeeT CTPYKTYpPHI ypaBHEHUSA
®eppo, ubo 3mech p = -S82 <0, a q = 4M > 0. Ho, ¢ gpyroii cro-
poHbI, ypaBHeHUE (2) MMeeT MPUMEYaTeJbHYI0 0COOEHHOCTH: TTOMUMO
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y=(S2x—x3)/4

OTpHUIATEIHHOTO KOPHA (0603HauuM ero —f3) oHO uMeeT 08YKPAMHbLIL
NONOHCUMENbHBLIL KOPEeHb, T.e. 3Iech 00palalTci B HYJIb (QYHKIUS
u npousBogHada. W3 puc. 21 BugHo, uto mpum m > M ypaBHeHUe
x% — S%2x 4+ 4m = 0 He UMeeT IOJOXKUTENBHLIX KOpHei, mpu m < M
uMeeT IBa KODPHsA, a Ipu m = M — OAWH TOJOKUTEJTbHBIN KOpPEHb.
Iomo:xuTenbHBINT KOpeHb ypaBHeHUs (2) 0003HAUMM uUepe3 o — B3TO
yucao W OyZeT paBHO MCKOMO# pasHocTu. TakuM o6pasoM, MbI MO-
JKeM 3amlucaThb TOMKIEeCTBO

13— S2x+4M = (x+B) (x — )2 = x* + (B — 20)x* + (& — 20B) x + o2,
13 KOTOPOTrO CJIeAyeT, UTO

B=2a p=-S2 =% 208 =0 4% = 307, q=4M = f =23,
1 3HAYUT,

2 3 2 6 2.3
TP g, WMt S 2_(5;)
£ tar =0 4 2T @M =3) -

ITpu atom opmysa (1) maer BeIpasKeHUE IJIA OTPUILATEIBHOTO KOPHS:

p=2y-T= 2¥2M= 72% — B= %

Orcroza
2

B S s? S\% 1/8
N ekt SR TC N
2= /3 3~ \2) T3z @)

Eciu S =8, To 1 BBIXOAUT, UTO IJIs IOJyUYeHUS KBaJpaTa pasHO-
CTU «YHCJO 8 CJeAyeT pasgesUTh IIOMOJAaM M KBaApaT STOH IIOJIOBU-
HBl YBEeJIUYUTHh Ha OAHY TPETh ATOT0 KBajpara»... 3ajadya oKas3ajaach
PeIlleHHOH.
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MHOrO MHTEpecHBIX 3aJau HAa MaKCUMyM U MUHHMYM CKPBITO
B Pa3JIMYHOTO POJa «TOUHBIX HepaBeHCTBax». IIPpOOJKMM HaIl pac-
CcKasd oOCy)KAeHUeM, IOXKaJyi, CaMOTO [IPEBHETO TaKOT0 HepaBeH-
cTBa.

2. HepaBeHCTBO MeXAY CPEeIHUM TeOMETPUUYECKUM
ucpefHUM apupMeTHUYeCKHUM ABYX uuce. Ilyctb a u b —
HeOTpUuIlaTeJbHbIe umncaa. X cpedHum zeomempuuecKum Ha3BIBAETCS
uucao vab, a cpedHum apupmemuyveckum — uuciao (a+b)/2. doxka-
JKeM, UTO

05 1100bLX HeOMpPuUUameabHblX ducea a u b umeem mecmo Hepa-
8eHCcmao

Vab < “52, M

T.€e. ¥mo cpedHee zeomempuueckKoe He npesocxodum cpedHezo apug-
memuueckozo. HepaBenctBo (1) mouHoe. 9To o3HauaeT, uto B (1)
WHOTa JOCTUrAaeTCsd PaBEHCTBO, a UMEHHO, 3TO ObIBaeT Toraa (4 TOJb-
KO Torja), Korma a = b.

B nHepaBencTBe (1) Ha caMoM [ejie TasTCS Pa3HbIE 9KCTPEMAJIbHBIE
sagauu. IIpuBemem nBe.

A) Haiimu maxcumym npousgedenus 08Yyx wucen, ecau ux Cymma
NoOCMoOAHHA.

B) Haiimu maxcumanvryo naouwadv npsamoyzoibH020 MpeyzoJib-
HUKQ, ecau cymma OJUH Kamemos NnOCMOSHHA.

N3 mepaBenctBa (1), B YaCTHOCTU, BBITEKAET, YTO Cpedu nps-
MOY2Z0NbHbLX MPEY20AbHUKOE8 ¢ 3A0AHHOU CYMMOL KAmemos MaKcu-
MANLHYI0 naAowadb umeem paéHo0eOpeHHblll MmpeyzonbHUK.

3amaua A aABisgeTcs ajaredpamuecKoil IO CBOEMY COAepP:KaHuIo; 3a-
maya B — reomerpuueckoii. Korga depma OTKPBLI CBOII METOJX HAaXO-
JKAEHUSA MaKCHMYMOB M MUHUMYMOB (0 HeM MBI IlobeceiyeM B OIMH-
HAJAIIaTOM paccKase), OH M3J0KUJI eT0 B YaCTHOM INCHMe M3BECTHOMY
MaTeMaTHuKy Toro BpemeHu Pobepsajio. MarocTpaiinio CBOEro MeETO-
Ia OH IIpUBEJI, PeIluB 3amauy b, caM Ke reoMeTpuuecKUHd (PaKT ObLI
M3BECTEeH eIlle aHTUUYHBIM TeoMeTpaM.

HepaBencteo (1) MOXKHO OoKasaTh pasHBIMU cmocobamu. IIpuBe-
IeM 37ech ABa IOKa3aTeJbCTBA: ajarebpandyecKoe U TeOMeTPUUECKOe.

Asnrebpanueckoe pelleHre OCHOBAHO Ha CJIEAYIOMIEH ITeIIOYKe oue-
BUJHBIX HEPABEHCTB:

0<(a-b)? = 2ab<a®+b? —

a+b

— 4ab<a?+2ab+b%=(a+b)? = Vab< 5
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IIpemocTaBUM  CJIOBO  I'€OMETPUU
(puc. 22). Bosbmem orpesok [AC] mau-
HBI @+ b (|AD| = a, |DC| = b) u npose-
IeM IOJYOKPYKHOCTb, OIMPAIOIIYIOCS
Ha 3TOT OoTpe3ok. M3 Touxu D Boccra-
BuM mnepueHAuKyaAap K AC. Ilycte B
— TOUYKa IlepeceyeHus OTOr0o IIepIeH-
OUKYJIApa ¢ MOJYOKPYKHOCThIO. VI3 momobusa TpeyroabHUKOB ABD u
BCD (mamo mMeTh B BUIY, UTO yroj B ommpaeTcss Ha IOJYOKPYK-
HOCTh U, CJIeIOBaTeJIbHO, IIPAMOM, T.e. yroa A paseH yray DBC, a
yron C paBen yray ABD) moaydaem

A

% = E%\l = |BD| = Vab.

Eciu Temeps mpu (urcupoBamHoM oTpedke [AC] (T.e. mpu 3a-
ITaHHON cyMMe a + b) mMeHATH TOUYKY D, TO BUAHO, YTO OoTpPe3ok BD
OymeT MMeTh MaKCHUMAaJbHYIO MJIWHY (a MMeHHO paBHYIO (a + b)/2)
TOrZa ¥ TOJBKO TOTZAA, KOrga TOuka D coBIazaeT ¢ IEHTPOM IIOJIY-
OKPYKHOCTHU. ITUM U JOKasbiBaeTcs HepaBeHCTBO (1).

3. HepaBeHCTBO MeXAY CPEIHUM TeOMETPHUUYECKUM
U cpefHuM apupMeTrmuecKum (obmuit cayuaii). J[okaskem
CJIEVIONIYIO TEOPEMY.

s n100blx HEOMPUUAMENbHLLX HUCEL X1, ..., X, UMeEem Mecmo
HepageHcmao

x1+...+xn

Yxi1...X, < .

(1)

JleBaa uacTh HepaBeHcTBa (1) HasbIBaeTCsA CpeOHUM zeomempuye-
CKUM YUCeN X1,...,X,, IpaBas HA3BIBAETCA UX CPEOHUM apu@memu-
yeckum. Takum obpasoM, He TOJIBKO AJA n = 2, HO WM IPU JHOOOM 71
cpedHee zeomempuueckoe He npegocxodum cpedHezo apugmemute-
crkozo. HepaBernctBo (1) sBaserca mouHsim. Ecau Bce umcia paBHBI,
OHO obOpailraeTca B PaBEHCTBO.

CymiecTByeT 0OJIBITIOE UHMCJIO JOKasaTedbcTB HepaBeHcTBa (1). On-
HO W3 CAMBIX KPAaCHUBBIX U COBEDPIIEHHO 3JIEMEHTAPHOE — TOKAa3aTejb-
CTBO, JaHHOEe 3HAMEHUTBIM (paHIirysckuM marematurom O. Koimwm.

Cuauajia mMOKa)KeM, Kak 1o MeTony Kolnmm mgokasaTh HepaBeHCT-
Bo (1) gna n = 3. Haa sroro BeiBemeMm (1) mpu n = 4, a 3arem
«cmmyctuMcsa» K n = 3. laa n = 4 HepaBemcTBo (1) cpasy cienyer
U3 JBYKPATHOTO NPUMEHEHUS [JOKA3aHHOT'O0 B IPEABIAYIIEM NIyHKTE

45



HepaBenctsBa (1) (mna n = 2):

2 2

(57 (257 = (1)

T.e. HepaBeHCcTBO (1) mis n = 4 gokasaHO.
A Temepps mosyuaem (mpumeHus (2))

x1+29\2 /x3+x4)\2
xl'xz'x3'x4=(xl'xz)'(xa'x4)<( ) ( ) =

(1 -2 - x3) Y3 = [x1 - 22 - 23 - (21 - 22 - 23) V3]V <

1/3
x1 + x2 + x3 + (x1x2x% 3
< Pt X 34(123) 4(x1-x2-x3)1/3<
X1 +xg+x X1 +x9+x
Tt xata (x1 - x5 - x5) /3 < AT X2 1 X3

4
uyro mokasbiBaer (1) mas n = 3.

Temepsr mokasxkeMm (1) B o0imiem caydae. Bo-mepBBIX, OTMETUM UTO
TOYHO TaK ’Ke, KaK BhINIe ObLJIO MOKa3aHOo HepaBeHCTBO (1) ana n =4,
MOJKHO JOKas3aTh ero IJjsa n —= 8, 3areM ajada n = 16 u T.n0. — ga4a
aoboro n =2, k=2,3,...

IIpumeHUM <«Memod cnycka», KOTOPBHIH OBLI YyiKe MKCIOJb30BaH
HaAMHU TIPU TIepexojie OT UeThIipex K TpeM. IlycTh HepaBeHCTBO OJSI N =
= m+1 yxe mokazano. [lokakem ero ansa n = m. MeeM 1o HAIIEeMy
JIOITYIITEHUI0

3 ’

(1. 2m) Y™ = [(1e e 2) (210 o 20) Y]V (VD)

X1 4 eee+ Xm 4 (X100 m) T

< +1
m
Orcroza
1 X1+ ...+x
1/m (1 _ <X m
(X1-..%m) (1 m+1)\ i
— (xl_“xm)l/mgw_

HepaseHncTBo (1) IOJTHOCTHIO JOKA3aHO.

9TO MOKa3aTeabCTBO — OJHO M3 OUeHb MHOTHX. B M3BeCTHON KHU-
re Bexkkenbaxa u Bennmana «Hepaseucra» (M.: WJI, 1948) mpuse-
eHO OBEHaJIaTh NOKAa3aTeJbCTB JTOT0 HepaBeHcTBa. lloxkamyii, ca-
MoOe IIPOCTOe M3 HUX MPUHAAJIEKUT IAjaepcy. JoxkakeMm Mo MHAYKIIUU,
yTo U3 X1...X, = 1, x; > 0, cieayeT HepaBeHCTBO X{ + ...+ X, > n
(oTcroa Bce moJiyyaeTcs OUYeBUAHBIM oOpasom). Iisa n = 1 aTo yTBep-
JKIeHWe TpUBUAJbHO. IlyecTh I n = m yTBepiKIeHUe IoKas3aHo,
U JOIYyCTUM, YTO Xj...Xmt1 = 1. Torma mmerorca nBa uwmcia (IycThb
9TO X1 U X9) TaKme, uTo X1 > 1, a x9 <1, T.e. (x1 —1)(x9—1) <O,
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mwin x1x2+1 < x14+x2. OTcioga U M3 AOMYIEHUA MHAYKIIUU BBITEKAET
X1+.oo+xXpe1 2 1+x1294+ %3+ ... +Xmy1 = 14+ m, uTo 1 TpeGoBasIoCH
IOKa3aTh.

HepaBeHCTBO MeXOy CPeJHUM apudMETHUEeCKUM U CPEeTHUM Teo-
MeTPUUYECKUM M3JaBHaA OBIJIO JIOOMMOI TeMOM KPY:KKOBBIX 3aHATUMA.
Hanpumep, paccMoTpuM caeAyIOIIyI0 3amady.

B OanHublil wap enucamsb KOHYC HAUGONbULEZ0 00BemMa.

O6osnauvm uepes R paguyc mrapa m uepes r u h — pazguyc
OCHOBaHUSA ¥ BBICOTY KOHycCa COOTBeTCTBeHHO. Torma (mpoxmymatite
5T0) 06beM V komyca paBer mh2(2R — h)/3. IIpuMeHsAs HepaBeHCTBO
MEeXKJYy CPeIHUM apudMETHUYECKHM U CPEeJHUM I'eOMeTPUYECKUM, II0-
JIyYUM

3V hh 3

= 55 CR—1) < 2R,
U paBeHCTBO mocturaercad npu h/2 =2R—-h — h = (4/3)R. Ilpnu
9TOH BBICOTEe 00bEeM KOHycCa U OyAeT MaKCHUMAJbHBIM.

Bor eme nBe 3amauu.

B 0dawnmnblit KORYC 6nucamv YUAUHOD MAKCUMAJLLHO20 00BeMA.

Han npamoyzoavruiii aucm xecmu pasmepamu a x b. Tpebyemcsa
6blpe3amsv OKOJO0 6cex ez0 Yzn08 00UHAKO8ble KEAOPAMUKU mMak,
umobbL nocne 3a2ubaAHUsl OCMANULUXCA KPOMOK NOLYLULACHL OMKDbL-
masa ceepxy KopoOka HauboJavuLell 8MeCMUMOCMU.

Bopouewm, pemmarh TaKue 3aJadyy HAIIUM IIPUEMOM WHTEPECHO
JUIIbL [0 TOTO, KaK Hayduinbca AuddepeHnupPOBaTh.

4. HepaBeHCTBO MeXAY CPeAHUM apU(PMEeTHUUYECKUM
U cpegHUM KBajgpaTtuueckKuwm. IIyers x1,...,X, — HEKOTOpHIE
uncaa. VIx cpednum readpamuueckum HasbiBaeTcsa umcao [(xF + ...
...+ x2)/n]"2. Vimeer MecTo cienywoomas TeopeMma.

Hna nwobvix wucen x1,...,X, BBIIOJHAETCA HEPaBEHCTBO

1

Xyt xn (x§+...+x5>1/2
~ b
n n

T.e. cpedHee apupmemuueckoe 6cezda He npegocxodum cpedHezo
keadpamuyeckozo. HepaBernctBo (1) aABmAerca mouHwvim. Eciau Bce
yycyia PaBHBI, OHO OOpalllaeTcss B PaBEHCTBO.

HepaserncrBo (1) MOXXHO Takike JOKa3blBaThb mo-pasHomy. Ho ca-
MOe IIPOCTOe, IOXKaJyH, TaKkoe HOKasaTeJbCTBO. MmeeMm

0< (a—b)2 = 2ab < a®+ b2 2)
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BosBena cpenmee apudmeTuueckoe B KBajApaT M BOCIIOJL30BaB-
IIUCh Jajiee HEPpaBEHCTBOM (2), MOJIydYuM

(x1+...+xn)2 L XE b Xk 2% %0 + 2X1%3 + ..+ 20, 1Xn o
n o n2 =
T R € o el G ) [ S C- NP )
n2 o
. n(x%+...+x,21) . x%—&—...—i—x%
n n2 - n

<

b

YTO M TPeboBAJIOCH.

ComocTaBisAsi HEPaBeHCTBO MEMKAY CPeIHUM TI'€OMETPUUYECKUM
u cpegfHUM apudpMeTHUeCKHMM M JOKasaHHOe HepaBeHcTBO (1), moiy-
yaeM, UTO OA8 JAI00bLX HEeOMPUUAMENbHbLX HUCENL X1,...,X, UMeem
Mecmo mouHOoe HepaBeHCmeo

VX1 Xy < (
x3 + x3
B uacrHOCTH, TIpU n = 2 moiaydyaeM ./X1X3 < —g - dromy

HEepPaBeHCTBY MOKHO 0e3 Tpyna IpUJaTh reoMeTpuyecKoe comaep:Ka-
Hue. VI3 Hero, HampuMmep, Cpasy CJIEAYeT, UTO cpedu NPAMOY20abHU-
K08, 8NUCAHHbLLX 8 KpYz, HAuOOLbW Y0 naow,adv umeem kKeadpam.
Jra samava, B CBOIO OYepenb, NOIYCKAeT II0 MEHbIIeil Mepe IBa
crepeoMeTpuUecKnx o00o00menus. OmgHO M3 HUX Takoe: cpedu nps-
MOY20/IbHbLX napaJjesenunedosd, 8NUCAHHLLX 8 WAp, HAUMU napat-
senenuned Haubonbvwlezo obsema. IIpyroe obobiieHUE: cpedu UUAUH-
0po8, BNUCAHHbLLX 6 wWap, Hamu yuiurHop HAUbOLbLULE20 00BeMa.
O6e sTH cTepeoMeTpuuecKme zagauu ucciaenoBan Kemmaep. O0 sTtom
OymeT MATH peuyb B cleAyIoIlleM HalreM pacckasze. Ormerum, KcraTu,
YTO M3 HepaBeHCTBa (3) mpu n = 3 HEMEJJIEHHO CJIeAyeT, UTO NapaJ-
aenenunedom Hauboavulezo 00seMa, BNUCAHHbLM 6 UWAp, ABJLIeMCS
ky6. (IlpomymatiTe sTo!)

IInarnmeTpuyecKaa 3ajava O MPAMOYTOJIbHUKE HAMOOJBIIEH IIJIO-
iaau, BIIMCAHHOM B KDYr, TaKKe BCTPETUTCA HaM jajiblie. Jlajee
MBI OygeM ee Has3bIBaTh NJAAHUMempuieckoil 3adaueii Kenaepa.

5. HepaBerncTBo Komu—ByusaskoBcKoro. Umeer me-
CTO cjenyiollas TeopeMa:

0ans 1006bLX YUCEL A1y ...rQy, b1, ..., b, BbINOJIHEHO HEPABEHCMEBO

arby + ... +azb, < (@4 ...+ a2 4 ... + b2V, 1)

Hepagenctro (1) HaswiBaeTca Hepasencmeom Kowu— ByHakoecko-
20. OHO TOUYHOE: paBeHCTBO JOCTUTaeTcaA mpu a; = by, ..., a, = by,.

3)

1/2
x4 xl
i .
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Horasxkem (1). Ecau b; = ... =b, =0, To nmoxkassiBaTh Heuero. IlycTs
He Bce b; paBHBI HyJi0. MeeM AJa yro60oro umcia X
(@1 +xb))?+...4 (@ +xb)2=a? +...+a% +
+ 2x(aiby + ...+ apby) + 2203 + ... —i—bi) =ax? + 2bx +c,
re BBeIeHbI 0003HAUEHU
a=b3+...+b%, b=ab+...+azb,, c=ai+...+ad.
ScHO, uTOo @ > 0 u UTO AJIA BCEX X BBIIOJIHEHO HEPABEHCTBO
ax? + 2bx + x> 0. 2)

VYcioBue HEOTPUIIATEIBHOCTH KBaJAPATHOIO TpexujieHa (2) coCcTOUT
B HepaBeHCTBe

b2—ac <0 < (a1bi+...4+a,by)? < (a2 +...4a?) b2 +...+b%), (3)

YTO W TPebOBAJIOCH.

HepasenctBo Komu—ByHAKOBCKOTO uMeeT cJieAyiollee BayKHOE
0060011IeHIe.

6. HepaBenctBo I'énxnbmepa. HMmeer MecTo cienyroias
TeopeMa:

Ons N100bLX HeOMPUUAMENbHbLX YUCeA A1,...,0,, b1,...,b, npu
p > 1 8vinonHeHo HepageHcmMB0

a1by 4 oo anby < @ 4 ..+ @)VPE + . YV, (1)
p 1 1
—— (T.e. —+ = =1).
p—1 ( p P )
Hepasenctso (1) HaseiBaerca Hepagencmaeom Ieavdepa. IMokaykem
ero. JIge dpynrmuu y = x~ 1 u x = y? ~! BzauMHO 06paTHHI (IIPOBEDPD-
Te). BribepeM 1Ba ITOJOKUTESIbHBIX UMC-

20e p' =

aga a u b. Torga y -1
a D b bp’
_ o _
Sxp lde = =, Syp 1dy:—,.
0 L p
Teneps mocmorpum Ha puc. 23. Be-
amuyuHa af/p — 9TO IIIOIIAAb KpH- b
BOJIMHEIHOTO TPEYTOJbHUKA, 3aIITPUXO0-
!
BAHHOTO BePTUKAIbLHO, bP /p’ — mio-
magh KPUBOJIHUHENHOrO TPEYroJbHUKA, %
3aIITPUXOBAHHOI'O TOPU30HTAJBHO. Jler- a x

KO TIPOBEPHUTH, UTO IIPU JIIOOOM pAacCIo-
JOKEeHUW a U b cymMMa mJomamei 5TUX
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JBYX TPeyTroJIbHUKOB He MeHbIIle IIJIOIIaAN NPSAMOYrOJIbHUKA CO CTO-
ponamu a u b. IlpmyeM paBeHCTBO BO3MOKHO, JUIIbL ecau a’~ ! =b.

Taxkum o0pa3oM, HOKasaHO CJeLyoIllee HEPABEHCTBO JJIA ABYX JIIO-
ObIX HEOTPUIIATEJILHBIX YKCEJI:

’

PP
a
ab<®+ 2 )
p p
IIycts Temeps ai,...,a, u by,...,b, — IPOU3BOJbHELIE HEOTPHUIIA-
TeJbHBIE yncaa. Ecau, ckamem, by = ... = b, = 0, To HepaBeHcTBO (1)

BepHO. 3HAUUT, MOYKHO CUHTAThH, 4YTO A = (a’l’ +...4ad)P£0u B=
=@ ...+ b5V £o0.
IMonmoxxum xp, = ar/A, yr = br/B. Torga us (2) cuexgyer

D ’
/B i
pAp p/Bp/’

XpYr < k=1,2,...,n.

CriazbpiBasi 9TH HepaBeHCTBA W y4umThIBasd, uro 1/p+1/p' =1, af+...
e tah = AP, b] +.. 4B = B, monyuaem

x1y1+...+xyn <1 = a1y +... +apb, < AB =
= @b+t by < (@ 4.+ @)W L BV

YTO M TPebOBAaJIOChH.

Tema «TouHble HepaBeHCTBa» HeOoObIUailHO oOIIMpPHA. Eil mocBs-
IIIeHO MHOro KHWUTr u crareii. OcobeHHO M3BeCTHA KHHra Xapnau,
JlutnByna m Ilonma [19]. Ora Tema moibayeTcss GOJBIINM YCIEXOM
¥ B TONYyJAPHOI JjuTepatype. Kax mpaBmiao, IpuUMeHeHNe OOIIUX
MeTOI0B, 0 KOTOPBIX OyZeT paccKasaHO BO BTOPOM YAacTH, JaeT BO3-
MOJKHOCTb JOKAa3hIBATH MHOT'ME TOYHLIE HepaBeHCTBa 0e3 Tpyza. Ho
OBIBAIOT M HCKJIOUeHHsA. BoT aBe samaun, KOTOpbIe (POPMYJIUPYIOT-
cAd IPOCTO, HO JOKA3aTeJbCTBO COOTBETCTBYIOIUX SKCTPEMAaIbHBIX
CBOMCTB B HUX, KaK MHe Ka)KeTcs, He SBJsSeTcda HpocTbiM. Ilompo-
OyliTe BBI peIIUTH UX. BO3MOMKHO, BBl HalifleTe KaKWe-TO COBCEM
HETPYAHbIE PEIIeHN.

Sagaua 8. Hailmu HaumeHbulee 3HAYEHUE CYMMbL HeLemHO20
yucaa yemeepmoulx cmeneHell 8eNULUH X1, ..., X941, €CAU U3BECMHO,
Umo ux cymma u cymma ux kKyboe pasHa HYAW, A CYmMMma keadpa-
mo8 — eduHuuye.

Sagaua 9. Cmo nonoMUMENbHbLX YUCEA X1,...,X100 Ydos.Je-
meopawm Ycioeuim x% + ...+ x%oo > 10000, x1 + ...+ x100 < 300.
Ilokasams, umo cpedu Hux Haildymcs mpu Hucad, CYMMa KOMOPbLX
ooavwe 100.
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Paccras wecmoii
3ATAYA KEIIJEPA

ITo obGe cTOpPOHBI OT MecTa HAMOOJBIIEr0 3HAUEHUS yOBI-
BaHNUEe BHAUajie HEUYyBCTBUTEJIBHO.
H. Kennep

«Korma wmcropuio :xkmusuu Kemiaepa comocTaBiseInn
C TeM, KeM OH CTajJ M YTO OH CHAejajl, PaJOCTHO M3YMJIAENUIbCA U IPU
9TOM yOerKIaellbCsd, UTO MCTUHHLIN FeHUH IIpPeoJojieBaeT Jr0ble IIpe-
OATCTBUS», — nucag ['ére. MHe mpeacTouT ceiiuac oOpHCOBATH OJ-
HOI'0 M3 CAMBIX Jyue3apHBIX, 0JIaTOPOAHBIX W BO3BLIIIEHHBIX T'€HUEB,
KOTOphIe Korpa-imbo cymjecTBoBanu. He pacmosiaras BO3MOMKHOCTBIO
CKOJIbKO-HUOYAb MOAPOOHO OCBETUTDH 9Ty HEOOLIKHOBEHHYIO JUUYHOCTD,
A OTChLIAa umTaTeNs K AByM KHuram o Kemiaepe. B xuure Ilpen-
TeueHCKOTO «Kemaep, ero XusHb M HaydYHad OeATEJNBHOCTH» [16]
IpeKpacHO oTpaskeHa MopaJjibHasA BhicoTa Kemsepa. B kuure Besoro
«Uoraun Kensep» [3] moapo6HO paccKazaHO O HayYHOM IIOJBUTeE
u reaun Kemsmepa. Tam ke TpuBemeHa oOIMUpHeHIas 6Gubamorpa-
dusa. Kpome sToro, Ha PyCCKUH A3BIK HepPeBeleHBI ABe KHUTH CAMOTO
Kenmepa: «Crepeomerpusa BuHHBIX 0ouek» [11] m «O 1ecTuyroJnb-
HBIX CHEXHHKAaX».

Kakwue TonbKO mMCHBITaHWS He Bblmagaau Ha goaio Kemiepa! Bep-
HOCTb, JINIIEHUA, 00JIe3HN U CMEPTU OJIUBKUX, HEYCTPOEHHOCTH, CKU-
tasbuecTBO. Ho xorma mbl untaem Kemiepa, To HEM3BMEHHO OIIyIIa-
eM ero 0JaromgapHOCTh CyAbOe — 3a pamgoCTh M CUACTbE, JapOBaH-
HbIe eMy. PagocTh OT TpyAa U CYACTHE OT IMOCTUKEHUS WCTUHBI.
ITocaymmaem, Kak OH caM ToBOpUT 00 sToMm. «fI mpegaroch cBoeMy
9HTY3Ma3My U HE CTECHAIOCH MOXBAJUTHLCA IEpPel CMEPTHBIMU CBOUM
OPpU3HAHWEM: A IMOXUTHUJ 30JI0ThIE COCYAbl €TUNTAH, UYTOOBI CO3AATh
U3 HUX XpaMm Moemy Oory Bmaam oT npenenoB Erunra. Eciau BbI mpo-
CTUTE MHE 9TO — § MOPAAyIOCh, €CJIH YKOPUTE MEHS — CHECY YKOP.
Ho :xpe6uii 6porren. f numry sty KHury. IIpourercss iy oHa MOUMU
COBPEMEHHUKAMM WJM MIOTOMCTBOM — MHE HET JO0 9TOr0o Aejia —
OHa TMOJOKJeT cBoero umrarensa. Passe I'ocmoxab Bor He sxmas miectsb
TBICAY JIET CO3€ePIlaTesis CBOEro TBOPeHUsA?» Tak TOBOPUT OH O CBOEM
TpeTheM 3aKOHEe IBHIKEeHMs IIJIaHeT. A KaKyi PagoCThb TOCTABJISIOT
emy OTKpbiTUA aApyrux! «f cumenm moma, HUYero He Oejaj W AyMaJ
0 Bac, IIyOOKOyBasKaeMbIii M cjaBHBIN [anuieil, Kak BAPYr ysHaJ
00 OTKPBITUY BaMU UYETHIPEX IJIAHET IMPU MOMOIIM TejecKoma... SI He
Mor 0e3 KpailHero BOJIHEHUSA IMOAYMAaTh, UTO TAKUM O0Opa30M DPEIINJICs
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HAIll CTapUHHBIA crop... MoKeT ObITh, A IOKAXyCh CJUIIKOM CMe-
JIBIM, €CJIM TaK JIETKO IOBEPI0 TBOMM YTBEePIKIEHUAM, He IOIKpeI-
JIEHHBIM HUKAKHM COOCTBEHHBIM ONBITOM. HO mouemMy MHe He BEPUTD
yUeHeHNIIeMy MaTeMaTUuKy, O MPaBOTe KOTOPOTO CBUIETEILCTBYET CaM
CTHUJIb ero cy:kmeuuii?» Tark mnuimer oH I'anauieio, BOCXUIIAACH ero
oTkpbeiTueM cnyTHUKOB IOmmrepa. CHesmyca OH Ha3bIBAeT COBpe-
MeHHBIM ArnosmonneM. CTaJKHBAsCh C TPYAHOCTIMU IIPU PeIleHUH
reoMeTpPUUYECKUX 3ajgad, OH oOparmaerca K HeMy Tak: «lIpexcraBw ke
"HaMm, CHeqnuii, TOPAOCTHL T€OMETPOB HAIleTO BeKa, CTPOToe pelrneHue
9TOM M MPOYMX 3aJad, KOTOPbLIe TYT :KejaaTedbHbI». OH HCKpeHHe
BEPUT B TO, UTO JIIO0OOII UeJIOBEK, MIYIIUA HCTHUHY, OymZeT cuacTJ/IUB,
y3HAB O ee pacKphiTMH. K TakuM JIOAAM aJpecoBaHBI €ro CJOoBa:
«Ha HeKoTOphIX MecTaxX... HaJ0 OCTAHOBUTHLCA MOIIOAPOOHEe, UTOOLI...
yUeHble JIIOAW HAIILIW, YeM BOCIIOJIb30BATHCSA W UEMY ITOPAZOBATHC».

IIpenreuenckuii muineT: «OH Bcerga OCTaeTCs MCKPEHHUM UM Bep-
HBIM cebe; ero BBICOKHII yM OBLI UyKJ YeCTOJIOOMSA W TIIEecJaBud,
OH He HCKaJI OT JIoJell HUM mouecTeill, HU IOXBaj... OH HUCKOJBKO
He BbIpasKaeT IPUTAIAHUA HA IIPEBOCXOACTBO CBOE Iepel] APYTUMH,
Temeph MOYTH HEM3BECTHBIMM YUEHBIMH U BO BCIO JKU3HL OTHOCUTCS
¢ TTy0OKUM mouTeHrneM K MecTauHy, 3aMevaTeTbHOMY B HAIIIUX TJIasax
JIUIIIb T€M, UYTO €My IIOCUACTJIMBUJIOCH MMETh TAKOTO YYeHHKa, Kak
Kennep... Tuxo Bpare... OblI NPUHIIUINAJIBLHBIM IIPDOTUBHUKOM €ro,
TaKk KakK He IMIPUHUMAJ ropAdYo orcramBaemoil Kemmepom Teopuu Ko-
HepHUKAa; MBI 3HAEeM, UTO MeXKIY OOOMMHU 3TUMHU BEJIUKUMHU JIOAbMHI
ObLIM JIMYHBIE HEIPUATHOCTH, U TeM He MeHee Kemaep Bcerma Boc-
xBajser Tuxo, oTgaBad eMy OOJI’KHOE U He IbITAsCh YMEHBIIUTDL €ro
3acayr... Kemiep 31ech, KaK U BCeTZa, SABJISAETCA UCKPEHHUM APYTOM
HCTUHEBI, UTO, K COMKAJIEHUIO, TAK PEeAKO BCTPEUAETCS... B HAIIIK JTHU».

C moaHBIM ocHoBaHumeM Kelep Mor ckasaTh O cebe: «SfI TPUBBIK
Be3lie W Bcerja TOBOPUTH IIPABAY».

B pycckoii mureparype TemMa reHusa He HAILJIa CBOEr0 Pa3BUTHUSA.
Ee me xacarorcss Hu Tomcroit, Hu IoctoeBckuii. Tonbko IIymikuH...
CaMo cJI0BO «reHuii» IpousHeceHo B «Momapre u Canbepu», HO ua-
mie IIymiKuH DOJab3yeTcs erfe 0ojiee IMTUPOKUM MOHATHEM — «IloaT».

IIpocronyiivne, BepHOCTL MDY KECTBY, JKayKJa TBOPUECTBA, CIOCO6-
HOCTBH PaJ0BAThCS BCEMY IPEKPACHOMY U, KOHEYHO, HECOBMECTHOCTD CO
3JI0AeMICTBOM — BOT YePTHI T'eHUsdA, KOoTopbiMu IIyIIKMH HAAEJIUJ CBO-
ero MomapTa 1 KOTOPLIMH B BhICIIel crernernu obmanan u Kemaep. U kak
IToaT, oH HemaMeHHO cJemoBaJ meBu3y: «Mau, Kyaa BjaeueT TeOs
cBOOOAHBIN yM». ITomo6HO ToMy Kak «IloaT cam m3bmpaeT mpegMeThI
CBOUX TeceH», Kemep n3bupas npeaMeThl CBOMX HAYUHBIX N3bICKAHUH.
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O6 omgHOM TakoM <«IIpeaMeTe» W OymeT HaIll paccKas.

Bor kakx omnwuchiBaeT Kemiep coObiTHe W3 CBOell KU3HU, CIYUUB-
mreecsa oceHbio 1613 roga, B xuure «CrepeoMeTpusi BUHHBIX 0OUEK».

«B HOs0pe mpoILIOro roja... A BBeJ B CBOM JOM HOBYIO CYIPYIry
B TO BpeMsd, Korga ABCTpus, 3aKOHUMB OOMJIBHBIN cOOp 6JIarOpOSHO-
To BMHOTpAaja, pacipeiejsiia cBou OorarcrBa... Bech Geper B JluH-
e ObLI 3aBaJieH BUHHBIMU OOUKAMM, MPOJAIOIIUMICS II0 CXOTHOI
meue... IlosToMy KO MHE Ha [O0OM OBLIO IPUHECEHO U IIOCTABJIEHO
HECKOJIbKO 0OUeK, a uepe3 UeThbIpe MHSA MIPUINEJ MIPOJaBel U IIPo-
MepuJ MHOAPSA Bce KaaKku, 6e3 pasanuumsa, He oOpallad BHUMAHUSI
Ha (QopMmy, 0e3 BCAKUX cooOparkeHUN W BhIuucaeHuii. ImenHo, men-
HBIII HAKOHEUHWK JMHEHKN ITPOCOBLIBAJICSI UYepe3 HaJHUBHOE OTBEp-
CTHe TOJIHOM OOUKMU IIOMepeK M0 IMATKU TOTO U APYTOro AePeBAHHOTO
Kpyra, KOTOpble MBI HO-IOMAIITHEMY Has3bIBaeM THUIIAMU, W IIOCJe
TOro, Kak B 000MX CJIydYasdX 9Ta AJAMHA OT BEPXHEH TOUKM OO0 HUKHEN
TOrO ¥ JAPYroro IOIAaTOro Kpyra oOKasblBajach
paBHO#, mpojaBer, O0bABIAI KoJuduecTBO amdop,
BMeIllaeMbIX OOYKOIi, 3aMeTHB JIUIIb YHCJI0 Ha
JUHeliKe B TOM MeCTe, Ha KOTOPOM OKaHYMWBa-
Jach 3ajaHHaA AuauHA. §1 yauBuics...» Kemmepy S Q
IOKAa3ajJ0oCh CTPAHHBLIM, KaK C IIOMOIIBIO OJHOI'O
usMepeHusa (AJIig TOro YTOOBI €ro JIydille MOHSATH,
caenyeT MmocMoTpeTh puc. 24 m3 Kuuru Keiepa)

MOJKHO BBIUYHCJIUTHL BMECTHMOCTh O0OUeK pasHO

dopmel. «f, Kak HOBOOpauHBIHA, cueJ OJA ceda T K
MOAXOAAIIM, — muIleT gajgee Kermiaep, — B3ATH v
HOBBIN IpeAMeT MaTeMaTUUYECKUX 3aHATUN, U UC-

cJaemoBaTh TeoOMeTpUUYecKHe 3aKOHBI TAaKOro YAOOHOTO B JOMAaITHEM
X03dCTBe M3MEpPeHUs, W BBIACHUTHL €r0 OCHOBAHUS, €CJAU TaKOBbIE
umeloTcsi». JJid BBIACHEHUWS «TaKOTo poJa ocHoBaumuii» Kemiepy
MIPUIIJIOCH 3AJOMKUTH OCHOBBHI IU(PPEPEeHIINAILHOTO U MHTErPAJIbLHOTO
WCUYMCJIEHUSA, a 3a0JHO BBIABUHYTH HOBBIE HIEW [JIS PEIleHus 3amau
HA MaKCUMYM WU MUHUMYM.

KaioueBoe mecTo B KHure «CTepeoMeTpusi BUHHBLIX 00UeK» 3aHUMA-
eT TeopeMa V UacTH BTOpPOii: «M3 BcexX IMUIMHAPOB, UMEIOIUX OTHY
U Ty Ke AuaroHajb, CAMBIM OOJILIITMM M BMECTUTEJLHBIM OyAeT TOoT,
B KOTOPOM OTHOIIIEHHe IHaMeTpa OCHOBAHHS K BbICOTE DPABHO V/2».

Wuaue roBopsi, B 9TOM TeopeMe AaeTcA pellleHUue CJeaylolneil 3a-
Jauu: 6nucamv 8 3a0aHHbLLIL Wap UYUAUHOp Hauboavuiezo 00seMa.
K Hemy ecTecTBeHHO NPUMBIKAET IIJIAaHUMETPUUYECKHUI BapuUaHT: 8NU-
cambv 8 3a0aHHbBLIL KpYe NPAMOY2ONLbHUK HAUOOLbUWel niaou,adu.

I
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IlepByio u3 choOpMyJIMPOBAHHBIX 3aad MBI
HaspIlBaeM pajsiee 3adaueil Kenaepa, BTODyIO —
®| naaHumempuueckoil 3adaueii Kenaepa.

r Cuavajsia pemuMm 3amauy Kemiaepa wmetomom,
KOTOpPBIM permiua Obl ee (ecaum OBI TOJBKO TO-
craBuy) Tapranwa. IlycTes 1map mmeer pazuyc R.
ITo/IOBMHY BBICOTHI IUIMHIAPA 0003HAUYUM Uepes X
(puc. 25). Torma paguyc r OCHOBAaHUA IUJIUHAPA
paBeH VR2 — x2 u obbem munumugpa paseH 2m(R?2 — x%)x. A y Tap-
Tagpu OBLTO, Kak Mbl moMHHM, (S2 — x2)x/4. Torza u3s (GOpMYJIEI
OpeABIAYIIEr0 pAacCKasa I[OJYYMM, UTO MaKCHMajibHOe X = R/v/3,

R? /2
2 _—_— =R 3 Takum o006pa3oM, OTHOIIEHUWE AHMaMeTpa

ar=\\R 3
OCHOBAHUA SKCTPEMATHHOTO IHIMHAPA K BHICOTE PABHO /2.

Ho Kemnep nMmenHo Tak 1 chopMyJaUpoOBaj, KaKk MbI BUIEJ, CBOI
pesyJibTar.

Kenyiep mor 6bI BOCHOJIB3OBATLCS CBOEI Ke HJeell 0 HeUyBCTBU-
TeJIBHOCTA W3MeHeHHA (PYHKIUM BOAM3M MakcumMyMa (cM. smurpad K
JaHHOMY pacckasdy). Ho oH mpolliesl MUMO 3TOM BO3MOMKHOCTH U Jaj
YHCTO FeOMeTPUYECKOe peIleHue.

Bompoc o Hanbosee BMECTUTEIBHOM IUJIXHAPE, BIIMCAHHOM B IIap,
Kemep cBOAUT K peIeHUIO CHEAYIOIIell 3afauM Ha MaKCUMyM: U3
8cex NPAMOYZOAbHLLX napaiienenunedod ¢ KeadpamHbvLMU OCHOBA-
HUAMU, BNUCAHHbLX 8 wap, KYyo umeem HauboAbWUl 00sem *). OTOT
pesyiabTaT gokasaH B Teopeme IV uactu BTOpoil KuHuru Kemaepa.

IIpsaMoyroabuble MapajliefenuIeqbl ¢ KBaIpPATHBIMM OCHOBAHUS-
mu Kemnep HasbiBaeT KOPOTKO Cmon0aMu, W MBI IIOCAEIYEM €ro
npumepy. Bo3MOKHBI gBa ciydasi: a) CTOJIO BbIIlle KyOa; 0) CTOJIO
HUKe KyOa.

Pasbepem cmHauasa caydait a) — cm. puc. 26 m 27. Ilyctb KyO
ABCDEFGH u «cton6» A'B'C’'D'E'F'G'H’ Bumcasbl B OJHY U Ty e
chepy (ma puc. 26 touku D, H, H' He Buzasl). CpaBHUM HX 005-
emMbl. 13 Ky0a «BBIOIMPAIOT» ABa Iapajljejeluela ¢ KBaIAPaTHLIMUI
ocHoBanusamu: ceepxy A'B'C'D'’A”"B"C"D" u paBHbIll eMy 10 06BEMY
HIDKHUN napajuenenumnen. IIpu sToMm oT Kyba «OTHUMAeTCS» ropasmio
GoJibllle. YCMOTPETh STO COBCEM IIPOCTO: Y KasKIOM CTOPOHBI KBagpa-
ta A”B"C"D" npuneraer k croia0y mnapajlielenunes, ¢ KBaLpPaTHBIM
OCHOBaHMNEM, PaBHBIM (KOHI'PYSHTHBIM) camoMmy KBagpary A’B'C"D".
OfuH U3 TakuxX mapajjiejenunenos Ml obosHauuau A”B"QRMNPL.

*) 9TO yacCTHBIN ciaydail 3amadu, oOCyKIaBIeiics B IPebIAYIIEM paccKase.
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V:ike 5TH 4YeThbIpe MapaJliejienunena 3aHNMAIOT OOJBININIA 00beM, ueM
BBINIpAloNe 4dacTtu croaba. [lelcTBUTEeNbHO, 00BEM BBIIUPAIOIIUX
uacreit pasen 2|A”B”|?|A”A’|, a o6beM ueThIpex NpUJIETAOMIUX Ia-
pantenenuneno paser 4|A”B’|?|A”M|. Ho |A"M| = |A"A|/V2. Te-
meps paccMoTpum TpeyroabHuk A'AA"” (pue. 27). Vron a = ATAA"
onmpaerca Ha ayry A'C, yron f = A/E\C onupaercs Ha OGOJIBIIYIO IYyTy
AC. 3uauur, a < ,3, 1, cJeIoBaTeJIbHO,

|A"A'| : |A"A] =tga < tg 8 = |CA| : |AE| = V2.
ITonyuaem, uTo

2|A"B"|?|A"A'| < 2|A"B"|A"A|V2 = 2|A"B"|2V2V2|A"M| =
_ 4|A//B”|2|A”M‘.

Hy:xH0e HepaBeHCTBO AJs 00BEMOB JOKa3aHO.

Ocraercss pasobpaTth ciaydait 06) (puc. 28). Ilyerb cHoOBa Ky0
ABCDEFGH u cron6 A'B'C'D'E'F'G’'H’ Bumcasel B OJHY U Ty Ke
cpepy (rouxku H, D', H' Ha puc. 28 He Bugnnl). CpaBHUM UX 00B-
embl. U3 crosiba BRIMMPAIOT ABa Mapajjiesenunena ¢ KBaApPaTHBIMU
ocHOBaHUAMHU o0muM o6bemMoMm 2|AB|?|AA”|. O6bem uacTu crTosba,
BBITIMpAaloIeii 13 Kyba, MeHbie. Kemmep mokasbiBaeT 3To Tak. [Ipu-
JIO}KMM, TOBOPUT OH, K KasKJI0M OOKOBOM cTOpoHe Kyba mapaJiee-
nunesa TOJIWHBI, PaBHOW TOJIIIUHE Bhinupauus croba. (Ha puc. 28
MBI M300pasuwju OAWH U3 UeThIpeX TaKUX IMapalljiesIelluneoB
ABFEPQRS.) Ux o6muit o6bem pasen 4|AB|2|AP|=4|AB|?|A"A'|/V/2.
W cuoBa, paccmorpeB TpeyroabHuku AA'A” u AEC (ma puc. 27),
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ycTaHaBJIWBaeM, 4YTO YroJ ¢ OoJbIle
yrna 3, u smaumr, |[AA"|: |A"A'| > V2.
Ho, kax cmpaBemnmuBo ormeuaer Ken-
Jiep, ecayu MPWIENUTh K KyO0y YeTsbl-
pe mapaJjenenuiena, TO OHU BCe-TaKU
He 3aKpoIT Bcero crojba, OymayT «3u-
ATH» UYEThIpEe Iapajuiejenuiena y pebep
(ogun us Hux — B’LB'OF"MF'N (tou-
Ka F” me BupmHa) — MBI M300pasuan Ha
puc. 28). Kaxxawiii u3 saTux mapaJieie-
MUIEeIOB COCTABJSAET YaCTh CTOJOMKOB, BRITAHYBIIUXCA V KAXKIOTO U3
pebep AE, BF, CG u DH. O0beM KasKJOr0 TAKOTO CTOJIOMKAa paBeH
|AB||AP|2. Ho korja MBI NPWJIOMKUIU K KasKAON I'DaHU mapaJijele-
Oumnen, TO OHU «BBIJAIOTCA 3a BBICOTY CTOJI0A BOCEMBIO CTOJIOMKAMIN»
(omur u3 »stux BocbMu — BQPATA'B'L — wHapucoBaH Ha puc.
28). O6beM KaKAOr0 M3 BOCHMU CTOIOUMKOB paBeH |AB||AP|AA”|.
Ouesuano, HepaBeHcTBo 2|AA”| > 2v/2|A”A’| = 4|AP|, us xotoporo
cjeyeT, UTO UeThIpe CTOJIOMKa y pebep TaK:Ke YCTymalT B o0beme
BBIIEJIAIONINMCA BOCBMU Ilapajiejenunenam. WUTak, «BBIIUpPaET» U3
cronba obwem 2|AB|%|AA”| > 4|AB|%|AP|, a us ky6a MeHbIIe, ueMm
4|ABJ2|AP| — 8|AB||AP||AA"| + 4|AB||AP|? < 4|AB|?|AP|. Utak, Ky6
OoJibllie TepseT, ueM IIpuobOperaer. BcmomorarenabHasi 3ajmada pelie-
Ha. (BcmoMHUM, UTO Jaske HECKOJIBKO Oojiee 00IIIyio 3amaduy anrebpa-
UYEeCKUMHU CPENCTBAMU MBI HMCCJELOBAJMN B IIPEJBIAYIIEM paccKase.)

OcraJsibHOE COBCEM IIPOCTO. B Ka'KABIM IUJIMHADP MOYKHO BIIMICATDH
CcTOJI0O 1 OTHOIIIeHIE 00beMa MUJINHIPA K 00beMy BIMCAHHOTO CTOJI0A
HOCTOSSHHO W paBHO (IIpoBepbTe) 7/2. 3HAUUT, HAUOOJBIINUM II0 00H-
eMy SABJSETCA IUJINHADP, B KOTOPBIM MOKHO BIKMCATh Ky0. A y Hero
OTHOIIIEHVE BBICOTHI K JMAMETPY OCHOBAHUA DPAaBHO /2.

HoxasaB asTy Teopemy, Kemmep mummer: «OTcioma sicHO, YUTO aB-
crpuiickue Gouapbl Kak ObI [0 34PaBOMY M I'€OMETPHUUYECKOMY CMBbIC-
Jy TIPU IIOCTPOEHHHU OOUKMH COOJIIOJAIOT IIPABUJIO, UYTOOBI 3a pamguyc
OHUITa 0paTh TPeTh NJIWHBI KJIemoK. MIMeHHO IIpM TaKOM YCTPOMCTBe
IMUJIVHAP, MBICJEHHO IIOCTPOEHHBIN MEKAY ABYMA OHUIIAMU, OyAET
UMETH [IBe IIOJIOBUHBI, BeChbMa OJIM3KO MOAXOAAIINE K YCJIOBUAM Te-
opembl V, um moromMy OyZeT caMbIM BMECTHUTEJIbHBIM, XOTSA ObI IIPHU
IMOCTPOMKe OOYKM OT TOUYHBIX IIPABUJ HECKOJBKO U OTCTYIWUJIU, II0-
TOMY 4YTO (UTrypbl, OJU3KHE K ONTHUMAJbHONM, OUYeHb MaJi0 MEHSIOT
CBOI0O BMECTUMOCTb..., MO0 IO 00e CTOPOHBI OT MecCTa HamOOJbIIIETO
3HAaUeHUA yOLIBaHWE B Hayvajie HECYIIECTBEHHO».
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B zakgounTeabHBIX cjaoBax Kelepa sajiodKeH TOT OCHOBHOM aJji-
TOPUTM HAXOMKIEHUA DSKCTPEMYMOB, KOTOPBIN BIOCJIEICTBAU OBLI
odopmieH B TouHy0 Teopemy. CHauana (A MHOTOUYJEHOB) €0 OIIM-
can Pepma (1629 r.), a sarem — Hbioron u Jleitbuunm — B 00-
miem Buge. OH BIOCJIeACTBUY IOJYYWJ HasBaHume «TeopeMbl Depmar.
Muoro uHTepecHoro o 3azaude Kemiaepa duTaTesib MOYKET IIOUYEPIIHYTH
u3 crarbu M. B. Banka «Cekper craporo Gommapsa» (Ksaut, 1986,
Ne 8, c. 14).
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Paccras cedvmoil
BPAXHUCTOXPOHA

Eciu HayanpHasA M KOHeUHAs TOYKU ABMIKEHUA OLUHAKO-
BBI, TO IOCKOJIbKY IIpAMasi €CTh KpaTuaiilliee PacCTOSHUE
MeXIy HUMHU, TO MOJKHO OBLIO OBl AyMaTh, UYTO IBUIKE-
HUe, cOBeplIapIleecsa IO Hel, TpedyeT HanMeHbIIIero Bpe-
menu. Ha camom gesie 9TO He Tak.

I'. T'anuneii

HeBo3MOXHO oTpHUIlaTh IMIy00KOEe 3HAUEHUNE, KaK0e MMEIT
TOYHO IIOCTaBJIEHHBIE IIPOOJIEMEI [JIA IPOABUKEHUS Mare-
MaTUYECKOM HaYKWH.

. I'uavbepm

C 1682 roga craj BLIXOAHTH B CBET HAYUHBIN JKYp-
Hal — <«AKTa IpyauTtopyM». B HMIOHBCKOM HOMEpe 3TOro KypHaJa
3a 1696 rox Onliaa momellleHa 3aMeTKa 3HAMEHUTOTO IIBEHIIapCcKOTo
yuernoro HMoramua Bepuyanm ¢ umHTpuryimoiiuMm 3sarjaBueMm: «Hosas
3ajlava, K PeIIeHri0 KOTOPOU HPUTJIAIIAIOTCA MAaTeMaTUKN».

YacTo ciydaeTcs, UTO IIOCTAHOBKA HOBOM IPOO6GJIEMBI HIPUBJIEKAET
BHUMaHWE MHOTHX BBIIAIONIUXCA yUeHBIX. COpeBHYACH APYT C APY-
TOM, OHM CO3JaIOT MOIIIHBbIE METOABI PeIlleHUsA 3ahad, KOTOPHIE IIOTOM

mIepo CJay:KaT Hayke. Tak BBIIILIO
_lA u c 3agmaueit U. Bepuynnu. Bor Kak
GpopMyJIHpPYyET €e caM aBTOP.

B gepmuxaavHoii naockocmu OaHbvl
mouku A u B (puc. 29). Onpedeaumo
§ nymv AMB, cnyckaicb no Komopo-

My nod Oeiicmeuem co6CMEeHHOU ms-

aecmu, meno M, Hauae O0euzamwvcs

9*,«@) u3 mouku A, docmuzHem mouxku B

B 6 Kpamuailuiee 8pems.

CraBsa cBoio 3amauy, WM. Bepuynnu

He ynomuHaer lamminesa. W wmampacHo!

Bce coBpemeHHOe ecTecTBO3HAHUE «BBINLIO» u3 amuiesa. U meno He

TOJBKO B TOM, YTO OH OTKPBIJI OCHOBOIIOJIATAIOIME 3aKOHBI MeXa-

HUKU. Benunuaiimiaa saciayra lanmies mepen 4eJIoBeYeCTBOM B TOM,

YTO OH INEPBBIM cTan cnpawuseams y Ilpuponsl. HerHernrnmit sTamn

pasBuTUsg HAYKM HavaJICI B TOT MOMEHT, Korga lanmieil MomHsAICs

Ha IIusaHCKyio GalllHIO JJid TOTO, YTOOBI COpocuTh y IIpupoanl o ee
3aKOHAX MAJeHUs TeJl.
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Tamuneit IIPOBOANJI SKCIIEPMMEHTBhI C HAKJIOHHBIMU IIJIOCKOCTAMM.
HO'BI/II[I/IMOMy, OH CTaBHUJI TaKMe€ OIIBITbI MU Ha KPYT'OBBIX JKesobax.

Bor uro nummier oH B «Becemax o MexaHUWKe» — TJIABHOM TpYIe
Bcell cBoeit sxkm3HU: «Teya, omyckarImecs II0 AyraM, COOTBETCTBY-
IOIUM XOpJaM, HAKJOHEHHBIM K TOPHU3OHTY..., COBEPIIAIOT IBUKE-

HUe, KaK [OKAa3bIBaeT OIbIT, TaKyKe B PaBHBbIE MIPOMEKYTKU BpeMe-
HY W TIPUTOM MEHbIIIE, HeXeJu IBUXKEeHHe M0 xXopaam». W3 aByx
yTBepKOeHUl ['anniaesa OTHOCUTENBHO [OBUIKEHUS IO AYyraM BEPHO
JIUIIb ONHO: ABHJ)KEHHE 10 Ayre ObICTpee, ueM IO Xophae. Bropoe xe
YTBEepIKIeHrNe — OTHOCHUTEJIbHO PABEHCTBA IIPOMEKYTKOB BPEMEHU —
BEPHO JINIIb NPUOGIUIKEHHO, U 3TOT (PAKT BIOCJEACTBUU TeCHENIIIUM
o0pa3oM OKasaJjcsA CBA3AHHBIM ¢ 3amaueil U. Bepryiiu.

Ho Tak miau wHaue M IPUBEJEHHBIE BBIIIE cJoBa lanwmies, U ero
cJI0OBa, B3ATHIe HAMU B KadecTBe snmrpada, cpasy HaTaJIKUBAIOT Ha
Bompoc V. BepHyiin: Kakas jKe KpUBas COOTBETCTBYET Kpamduailuie-
MYy BPEMEHU IBUIKEHUA, T. €. KaKas 'Ke KpUBas ABJISIETCA 0paxucmo-
xpoHoil (mo-rpeuecku — HaubObIcTpelimnneit)? Muorue aBTOpHI yIpeKa-
ot Tanunes B omubKe, yTBep:KAad, UYTO OH CUUTAJ OPaXUCTOXPOHOM
Iyry okpyskHOocTu. B «Becemax» I'amuieil HeCKOJIBKO pas3 Bo3Bpallia-
eTcA K TeMe O CPaBHEHHWU ABUKEHUS IO OKPYIKHOCTU W XOpjJe, HO HU
B OJHOM MeECT€ €ro CJIOBA HeJIb3sd HCTOJKOBATh TaK, UYTO ABUKEHUE
0 Ayre OKPY/KHOCTHM — CaMoOe KOPOTKOe Cpeau BCeX KPHUBBHIX, CO-
eIVHAIIINX ABe 3aJaHHbIe TOUKHU. BIpoueM, MOKeT ObITh, KaKue-TO
€T0 CJI0Ba YCKOJB3HYJIUW OT HAIIEr0 BHUMAHUA.

OgHaKO TPUIILIO yKe BpeMA BEPHYTHCSA K IIPeJMeTy HaIlero pac-
cKaza. MHorve MaTeMaTHKM OTKJIMKHYJNCHL HA «IIPUIJIAIIEHNE»
. Bepaynnu. OgHUM u3 IIEPBBLIX PEHIMBIINX 3a7ady O OpaxmucTo-
xpoue ObL1 JleitoHui. IIpoGiema emMy oueHb HMOHpPaBMUJIACh, X OH Ha-
3BaJl ee MPeKpacHOoi. 3areM coobmuau o cBoumx ycmexax SIko6 Bep-
gyyun (6par Woramua) u Jlonurans. Cam Woramu Beprysnu, pa-
3yMeeTcsi, pacmojaraj CBOUM pellleHreM. Bce 9TM yueHbIe BHECJIHU
3HAUYMTEJBHBIN BKJIA[ B 3apOsKAaBIlieecs HOBOE HaIlpaBJieHHMe — Ma-
TeMaTUUYecKuil aHanu3. Ho, KpoMe Ha3BaHHBIX, OBLIO ONMYOJMKOBAHO
U eIlfe OAHO, Oe3bLIMSAHHOE, DPEIlleHVe, B KOTOPOM 3HATOKU eX unge
leonem («Kak TO KOTTAM Yy3HAIOT JbBa» — OJTY JIATUHCKYIO IIOTO-
BOpPKY mpornuTtupoBaa M. Bepryanm) cpasy ke ysHamu HbpIOTOHA.
HproToH moToM mpusHajics, YTO HOTPATHJ HA PellleHre STOH 3amauu
OK0JI0 12 yacoB HEHpepLIBHOTO OO0AYMBLIBAHUA.

Bce aBTOpHI HpUILIM K OJHOMY M TOMY K€ BBIBOAY: Opaxucmo-
XpoHOiL seasemcs 0yza uukaoudsvl. 3mech yMeCcTHO OyneT CKasaThb
IOXBaJbHOE CJIOBO dTOH 3aMedaTeJbHOU KPHBOIM.
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7 Ay

Ao (2(9),y(9) x

ITukaonay omMCHIBAET TOYKA OKPY:KHOCTH, KaTAIlasACAa 6€3 CKOJb-
skeHUA 1o npamoii. Hanumiem ee ypaBHeHUe.

IIycTh | — ropu3oHTaNbHAS IPAMAs, IO KOTOPON KATUTCA OKPYIK-
HOCTBH paauyca R, mmeromasa meaTpom touky O. HomycTtum, uTo B HY-
JIEBOMI MOMEHT BPEMEHU TOYKa OKPYKHOCTU, 34 KOTOPOM HAIJIEKUT
CJIeIUTh, PACIOJIO}KeHA B TOUYKE KacaHUA OKPYKHOCTH C IpAMoi [.
O6osHauuM 5Ty TOuKy ueped Ag. IIycThb B 3TOT HAYaJIbHBIT MOMEHT
BpeMeHu A( COBIIajlaeT ¢ HavyaJoM KOODPAWHAT, T'Je OCh X HaIpas-
JieHa TO IPAMOI [, a 0ch Yy — B IEPHEHJUKYJIAPHOM HAIPaBICHUU
(puc. 30). IlocmoTpuM, rIe OKasKeTcsa TouKa Ay IIOCJie TOro, Kak
OKDYXKHOCTH IIOBEepPHeTCS Ha YroJl ¢ Io dacoBoil cTpeike. Il1a sToro
OTJIOKMM TOYKY A, Ha NepPBOHAYANbHOM OKPYsKHOCTH TaK, UYTOOBI
yron A,OAp 6bL1 paBeH ¢. Korja OKpYsKHOCTb DU CBOEM JBHKEHUHN
IOBepHeTCA Ha yToJ §, TOuKa A, 3aiiMeT IOJIOKeHWe TOUYKM Kaca-
HuA. Takum oOpasom, abcrucca IeHTPa HOBOTO IIOJIOMKEHUS OKPYIK-
HOCTH OyjeT paBHa R- @, ubo TaxoBa anuHa Ayru oT Ag g0 A,. Ilpu
BTOM Halla TOuKa Ao 3aliMeT Takoe IoJoeHHe, 4TO yroa AoOA,
Ooymer pasen ¢. Orcioma ciexgyer, uTo KoopauHatamm (x(¢),y(p))
TOUKU Ao OyAyT umciaa

x(¢) =R(p—sing), y(p) = R(1 - cos p).

BoT MBI M mONTYYMINM ypaBHeHNe IMKJIOHUABLI, KoTopasd mpu ¢ = 0
OPOXOAUT dYepe3 HAYaJI0 KOoopAWHAT. B o0lmeM ciaydae IIOSABIAETCS
elle OOWH IapaMeTp

x(p) = R(p—sinp) +C1, y(¢) = R(1 —cos ). 1)

Yro ke TaKoOro MpUMeUaTeJLHOTO B 9TOM KpuBoii? Kax oHa BO3-
HUKJa?

Hukaouna BmepBhle HOosABMJAcCh B paborax Tamumiaeda mjia wuiLio-
cTpaTUBHBIX Iieseii. OH JKe Jan el HasBaHme IMUKJIOHUTAa, T.e€.
«CBA3aHHAA C KPYyromM». BcKope 3Ty KPUBYIO HMEePEOTKPLLIN Bo Ppam-
muu (Mepcenn, PobGepBanb, [ekapr, Pepma, Ilackanb) m HasBaau
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pyaemmoii unu mpoxoudoii. IlepBoe uya0, CaydyuUBIIEeCsa C 3TOM Kpu-
BOM, COCTOHUT B TOM, UTO OHA CJHYKHJIAa KaK OBl IIOJUTOHOM, HAa
KOTOPOM ITPOBEPAJNNCH HOBBLIE BUIBI OPYKUS, BIIOCIEACTBUU IIOCTY-
TUBIIIETO B apCceHaJ MaTeMaTHYecKOro aHaau3a.

AHTUYHaA MaTeMaTHWKa OCTaBWJa OyAYIIUM ITOKOJEHUSIM COBCEM
MaJI0O KpUBBIX. [JIaBHBIE KPUBBIE aHTUUYHOCTU — OKPYKHOCTBb, & TaK-
JKe 9JIINIIC, Tuilepbojsia W mapabosa, IMOABUBINNECA Y ATIOJJIOHUSA.
CuacTbe, UTO HepBbIe 3aKOHLI MEXAaHUKU He BBIBEJIU 34 MPEeAeJsbl 3TO-
ro 3amaca KPUBBIX: IJIAHETHI ABUKYTCS II0 AJIJIMIICAM, a OpOIeHHbIe
TejJa JETAT IO mapaboJaM.

Tax BoT, moiroe BpemMsA Bce KpymnHeiirmue marematuku XVII Be-
Ka (Kpome Ha3BaHHLIX, ellle BuBuanum, Toppuuesaum u HEKOTOPbIE
IpyTrue) OTTAYMBAJIYN CBOM HOBBIE METOMBI MCCJIEJOBAHUSA MMEHHO Ha
MUKJOUuIe: MPOBOAMIU KacaTeJbHble, HAXOOWJIHW ILIOIAAM IIOM Hell,
BBIUMUCAAIN JJIUHY €e OYT U T. .

A sartem cayumiiock BTOpoe uyno. Ilukiaonzna crana mepBoM «HeaH-
TUYHOI» KPUBOM, KOTOpasd OKaszajach CBA3AHHON C 3aKOHAMM IIpU-
poani. BeIsicHIMIOCH, UTO MMEHHO IIUKJIOWIA, a HEe OKPYKHOCTH, KakK
nucan lamuneit, obsamgaeT TeM CBOMCTBOM, UTO TEJIO, CKOJL3SAIIEE II0
Hell 6e3 TpeHMs, COBEpIIaeT KoJie0aHUA C MEePUOIOM, He 3aBUCAIIEM
OT HAYaJbHOTO IOJOKEHUA. ITO CBOWUCTBO IIWKJOUIABI — ee may-
moxpornnocms (T.e. PAaBHOBPEMEHHOCTb) — OTKpBLI ['roiirerc. Ero
pabora mpomsBesa MOAIUHHYIO ceHcarnuio. Cam TI'toiirenc mwmcaa 00
atoMm: «Hamboiiee »xejaTelbHBIM ILJIONOM, KaK Obl Beauuaiimieil Bep-
IIUHOM 3TOro yueHmMA lanmiaeda o MafeHUU TeJ, ABIAETCA OTKPHITOE
MHOIO CBOMCTBO ITMKJIOUIBI».

W BOT BHOBH IMKJOWAA MHOSBUJIACH IIO COBEPIIEHHO APYIrOMY IO-
BOAY...

Temeph yoKe mOpa MEPexXOAuTh K PeIllleHnio 3amauu. MBI IIOMHUM,
YTO mMMeJuch maTh pernenuii: M. Bepuynnu, Jleiiouuna, 1. BepryJ-
au, Jlonurans u Hploroma. Bce oHM OBLINM OUEHL COAEPIKATEIbHBI.
JleiitOHMIT IPUMEHHUJ IIPUEM, KOTOPHIH Aajee pasBuU Jiiaep (CyTh ero
MOKHO IIOHATHh M3 mucbMa JleibHuna K W. BepHyaau, mpuBogmMo-
ro Hamu pajiee). Hoime meton Jleibuuma—oiiaepa ABIAETCA OSHUM
M3 OCHOBHBLIX METOJOB PeIleHuA 3aad Ha MAaKCUMyM Y MUHUMYM —
9TO TaK HA3bIBAEMBIN NPAMOL Memod 8 8aAPUAUUOHHOM UCHUUCLEHUU.
S1. BepHyJ/JI OCHOBBIBAJI CBOE pellieHre Ha mpuHIune ['foiirexca u cae-
Jaji, TakuM o0pasoM, elle OAUWH Iar K CO3JaHUIO Teopuu ['aMuJIbTO-
Ha—fKoOu (0 Hell OBIIO KpPaTKO YIOMAHYTO B TPETheM paccKase).
Ho mau6osblilyio MOMyJAPHOCTHb MOJYYUJIO PeIieHre caMoro aBTopa.
He cuecth KHUr, rae oHO mpuBeneHo. IlpuBememM ero m MBI.
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BseseM B IJIOCKOCTH cucTeMy KoopAauHAaT (X,Y) TaK, YTOOBI OCh X
Oblla TOPM3OHTAJbHA, a OCh y — HampaBJeHa 6Hu3. IIpu sTOM IIO-
MeCcTUM TOYKYy A B Hauanmo kKoopaumHaT (puc. 29). Ilycts ypaBHeHU!e
KpuBOil (;Kejsoba), coequHAONIell TOUKY A ¢ TOUKOI B, KOOPAMHATHI
KoTOopoii paBHHI (a,b), Oyzer 3amamo dyurmueii y = f(x). Cuauana
HaAM HAAJEKUT BBIUMCJUTH BpeMs, 3a KOoTopoe Tejo M Maccel m
(6e3 TpeHMs) CHYCTUTCS M3 TOUKH A B TOUKy B mo xkemoby f(x).
W3 mexaHuKu u3BecTeH 3aKOH laimies, coryiacCHO KOTOPOMY CKO-
pocTh TeJa B TOYKe C¢ KoopamHatamu (x,f(x)) (mpm OBMKEHUU IIOX
geiicTBueM TsaKecTH 0e3 TpPeHUsA) He 3aBUCUT OT (popMbl KpuBOi f
mexkay toukamMu A u (x,f(x)), a 3aBUCHUT JUINbL OT OPAUHATHI f(X).
«CKOpOCTH mafaioIInX BECOMBIX TeJl HaXOATCA MeKIy cob0I0 B OT-
HOIIIEHUX KOPHeN KBaApaTHBIX U3 MPOMJEHHBIX BBICOT», — IIUIIET
H. Bepnynnu.

HelicTBUTEIbHO, KWHETHMUYECKAs 9YHEPTUs HAIlero Teja B TOYKe
(x,f(x)) paBHa mv%/2 u 9ra SHEPrUA PABHA PASHOCTH MOTEHIIAAJID-
HBIX dSHepruii, T.e. mgf(x). B wurore, ckopocth B Touke (x,[f(x))
OKasbIBaeTCs paBHOUM +/2gf(x) (Tme & — YyCKOpeHHEe CUJIBI TsXKe-
cru). PaccMoTpuM Temeph ydyacTOK IyTH MeKAy Toukamu (x, f(x))
u (x+dx, f(x+dx)), rone dx — manoe mpuparleHnue abciuccol. [[auHa
ds »TOTO ydacTKa IIyTH IPUMEPHO paBHA \/dx2 + (f(x +dx) — f(x))2.
Bocmonb3oBasiucs, IpubOIMKeHHBIM paBeHcTBOM f(x + dx) — f(x) ~
~ f'(x) dx, nonyuaem, uto ds=+/1+ (f'(x))2 dx. CKOpPOCTh ABUKEeHUS
Ha MaJIOM yYacTKe MOJYKHO CUHUTATH IIOCTOAHHOIN UM paBHOM /287 (x).
B utore, Bpemsa dt, Tpebymoiliieecs IJA MIPOXOKAECHUS HAIIET0 MAaJOTO
V14 (f(x)?

V2gf (x)
Bpema T nBukenus oT A mo B samuimeTcsa B BHUIe HHTerpaja

T_ S VIt F@)?
o V2ef(x)

TakuMm obpasoM, MOJIyuyaeTcs CJAEAYIOINAas aHaJuThdecKasa (opma
I 3amauu o0 Opaxmcroxpoue. Tpebyercss HaTH MUHUMYM HHTeTrpaJa
§\/1+ (' (x))?
o V2ef(x)
f(a) =b.

Mpl 3ammcaay HAIIy 3aJady Ha s3bIKe MaTEeMATHKH, B JAHHOM
cayuae Ha A3bIKe MHTErpaJbHOI'0 MCUMCJIEHUS. dTa IPolleAypa HasbI-
Baerca gopmaausayueii 3agaun. (IlogpodbHee 06 sToM OGyIeT cKasaHO
B JIeCSITOM paccKase.) JJeMeHThl MHTerpaJbHOI0 MCUMCIEHUA IIPOXO-
IAT Temepb B IIKOJie, HO B caMOM KOHIIe, a 9Ta KHUTA aapecoBaHa

y4acTKa, OKasKeTcs NPUMEPHO DaBHEIM df = dx, a Bce

(2

dx mo Bcem ¢yHKmuam f, masa koropweix f(0) = O,
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0ojiee HIMPOKOMY KDPYIy HIKOJBHUKOB. Il09TOMY OOBACHUM IIPOUC-
xonAllee 0e3 CCHLIKM Ha HHTeTrpalbHoe ucuucienue. CrenaemM 3TO
B nyxe paccy:xkgeHuii marematukoB XVII Beka. HamomauMm mpu stom,
YTO OCHOBHBIE MOHATUS aHaJIM3a BOSHUKJIMU Bcero 3a 12 jiet mo cra-
T V. BepHyau, 1 mepuos «CTPOTOCTU» ObLI elle JajeKO BIepemu.

Pazgenmum orpesok [0,b] ocm opamHaAT Ha n YacTeil TOUYKaAMU

0 = Yo, Y1, Y2, -+, Yn = b ¥ HaiimeM Te abCIHCCHI X;, AIA KOTO-
peix f(x1) = y1, f(x2) = y2, ..., f(xn-1) = Yn-1, x» = a. Tournm
(xi,y:) u (Xit1,Yir1), THe i = 0,1,...,n — 1, COEAMHUM OTpPE3KAMHU

npaveix. Torma Hapsany ¢ Gyuknueir y = f(x) BO3HUKaeT JoMaHas
L,, coeguHAOINas Te e Touku A m B (puc. 31). 9ra Jsomamasa
«anmpokcuMupyetr» (T.e. mpubiaum:kaer) QyHKnuio y = f(x), u tem
TOouHee, ueM Ooibllie 7. VI BpeMA CKOJIbKeHUs Tena M 1o 3ToH
JoMaHOU OymeT 6JM3K0O KO BpeMeHU CKOJb:KeHus Teaa M 1o Kenody,
3asmaBaeMoMy (yuknuei y = f(x).

0|A x
Yo i 1Xp—1 1 Xp=a

| 1 181

o i ] s

2
Y2 7 7 7
1 1 1
| | |
| | |
1 1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
! |

y \d :8,171
n—1 L
Yn= B
y

Crkopocth aBu:KeHUA 10 (i+ 1)-My OTpe3Ky JOMAHON MOXKHO IIPHU-
OMUIKEeHHO CYMUTATH IIOCTOAHHONW M paBHOHM /28Yi11, i = 0,1,...,n.
IIpu stom pomyineHum Bpems T, OBMKEHUS IO N-3BeHHOI JoMma-
HOM MOJKHO BBIYKMCJIUTH TOYHO:

_ Vyi+af i V(Y2 —y1)? + (xg — x1)2
V28y1 V'28Y2

oot

T,

+ ...

Wn=yn-1)® + Cn =21 5

v/ 28Yyn

Ito BpemA TpedyeTcs MUHNMH3HUPOBATH.
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Ilpemen T, upu n — oo UM OyAeT MCKOMBIM BpeMeHeM JBUKEHUS
Tesia M mo KpuBoii y = f(x). ITOT mpeAes um ecTh TOT mMHTerpata (2),
KOTOpBIN OBl BhIOWCaH Bhilnte. Ho mbl, ciaenya WM. Bepuynnu, oygem
peirars He 3amauy, CHOPMYJHPOBAHHYIO BBIIIE C IIOMOIIBIO HHTE-
TpaJbHOTO WCUMCJIEHUS, a MMEHHO COOTBETCTBYMOINyIO (2,) mpubiu-
JKeHHYI0 «JUCKPeTHYIo» 3agauy. IIpuBemsem ee GhOpPMYJHPOBKY.

Ianvt 0se mouku A u B, xoopduramut komopwvix (0,0) u (a,b).
Tpebyemca na npamvix li,...,1l,, naparrenrvnvix ocu abcyucc u ume-
owux opduHamul Yyi,...,Yn, Hattmu mouku Di = (x1y1), ..., Dp_1 =
= (Xp-1,Yn—1) mar, umobv. cymma T, Oviia muHumarvHa (crumadsd,
umo xo=Yyo=0, x, =a, y, =0b).

K oToit 3amaue M. Beprysnm npuMeHHJ 3aMedaTeJbHBIN IpueM,
KOTOPHIl OKasaj CHJIbHOE BJIUAHWE Ha BCIO IOCJIENYIOIIYI0 KMCTOPUIO
ectecTBo3HaHUsA. O HEM MBI ceiluac M paCCKarKeM.

OnrukKko-MeXaHMYEeCKAas aHaJoOrusi. BepHemca HeMHO-
ro Hasajl, K TperbeMy pacckasy. TaM Mbl MOCTABUJIM U PEINJIN
3azauyy o ImpejiomJeHuu cBera. llaBaiiTe BHUMAaTeJIbHO BHUKHEM B ee
cojlepsKaHme W CpPaBHUM ero ¢ 3agaueir (2,), rme n = 2. B oboux
coydyadax OaHbl JBe TOUKW U TOPUBOHTAJNbHAA NpaMasa u Tpebyercs
HAUTH TOUYKY HA 9TOM MPAMOM TaK, YTOOBI MUHUMHU3UPOBATH «B3Be-
MIeHHYI0» cyMMy AJauH. TOJIBKO B TpeTheM paccKase CKOPOCTU ObLIN
MPOU3BOJBHEI — U1 ¥ U2, U MBI, IO CYTH [eja, MUHUMH3UPOBAJIA
(PYHKIIUIO

Vit taf | V@—x?+ 0 -y1)? @)
U1 1%

2

(eciu koopauuaTtel Touku A = (0,0), touku B = (a,b), a ypaBHeHHe
npaAMoi [ TaKoBO: Y = Y1), 4 3/leCh MMeeTCA YaCTHBIN cJiyyail — MBI
IOJIXKHBI MUHUMHU3UPOBATH (PYHKIIHIO

Vit +ad | Vie—x)?+ 0 —y))?
v/ 28Y1 \2gb

K sromy ke BeIBOmy mpuinea u I'. JlefiGHuUIl, a gajiee OH IIOIIEN
ceouM myTeM. CBoit meton JIeOHUIT MPEKPACHO BBHIPA3UJI B IIHUCHME
K W. Bepuyanu (ot 31 utoua 1696 r.). Ou numer: «Moii meton Hec-
KOJIbKO OTJIMYEH OT TBOEro, HO, OJHAKO, MIPUBOIUT K TOMY Ke; AJs
TOTO YTOOBI, KaK TpedyeT CIpaBeANBOCTb, OTBETHUTH HA TBOIO OTKPO-
BEHHOCTL T€M K€, TO BOT OH B HEMHOTMX CJIOBAX: 3aMEHHUB KPUBYIO
MHOTOYTOJILHUKOM C OECKOHEUHO OOJIBIIIMM YWCJIOM CTOPOH, A BHU-
JKY, UTO U3 BCEX BO3MOJKHBLIX CIydaeB (KPUBOI) OBICTpPEMIIIEro cKara

(3"
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OyzmeT, ecau B3ATh HA JIOMAaHON TPpW KaKue-HUOYAb TOUKHU, WJIU Bep-
muHbl, A, C u B, npuuem Touka C OyIeT Takoii, YTO U3 BCeX TOUEK,
PacIOJIOXKEeHHBIX Ha T'OPW3O0HTAJBbHOUW KpWBOW [, 3Ta €AMHCTBEHHAS
maer ckopeiimmuii oyth or A K B. Takum o6GpasoM, [OeJi0 CBOSUTCS
K pelleHuIo JIeTKOM 3aJauu: JaHbl ABe TOUKM A u B u mpoxopAimas
MeXKJAy HUMHU TOPHU3OHTAJNbHAA IpaMas [; HalTHM HaA OTOM IPSAMOIL
Toury C, uTo0bl myTh ACB 6bL1 HaumckKope#mum». (MBI HECKOJBKO
usMeHmIu obosHaueHusd JlefiGHUIIA, UTOOBI MOAOTHATH UX K CBOUM:
y mero Bmecto C — B, Bmecto B — C, Bmecto | — mpamaa DE.)

W. Bepuyaniu moctynua mo-apyromy. IlpeacraBum cebe HEOTHO-
POAHYIO OITHUYECKYIO CPEeIy, COCTOSAIINYI0 M3 7 OJHOPOAHBIX CJIOEB
S$1,...5,8, (mocMoTpuM cHOBa Ha puc. 31). ITO MOMKHO IIPEeICTABUTH
cebe, KaK 7 CTEKOJBHBIX ILJIACTOB, COCTOAIIMX M3 Pa3HBIX CTEKOJI.
IIycTh TIpu 9TOM CKOPOCTH PACIIPOCTPAHEHUsS CBeTa B CJIOE S§; PaBHA
\V/28y1, B cioe s2 — +/28yz, ..., a B ciIoe s, — /28y,. KakoBo xe
OymeT BpeMs PACIPOCTPAHEHUS CBETa, €CJM ero 3acCTaBUThb WUIATHU IIO
aomanoi L,? OueBugno, utro T,, rae T, s3amamo gopmymaoi (2,).

Takum 00pasoM, CBeT, COrJIacHO IMpuUHITUIY Pepma, 0 KOTOPOM To-
BOPHMJIOCH B TPeThEM paccKase, «pelraeT» MMeHHO 3amauy (2,) (ecam
YCJIOBUTBHCA, UTO CKOPOCTH PACIIPOCTPAHEHUSA CBeTa B i-M CJIO€ paB-
Ha /28Y;).

OrrankuBasch OT MexXaHMUecKoil 3amauu, MbI BMecte ¢ M. Bep-
HYJIM TPUILIN K 3ajJave OITHUYECKOH. 31ech BIEpBbIe cpaboTajia
ONMUKO-MeXAHUYeCKAs AHAL02US, KOTOpas 3aTeM IPUHECJIa CTOJBKO
OTKPBITUH B Tpymax l[amuiabroma, fIkobu, e DBpoiina m MHOTHX
IpyTrux.

Temepb y:xke MOKHO IlepeiiTu K pemeHuio V. BepHyanau sagauum
o Opaxucroxpoue. IIpumenum K 3azaue (2,) B ee ONTHUYECKOM Ba-
puanTte 3akou CHennuyca (0 HEM TOBOPUJIOCH B TPEeThEM paccKase).
O6osHauuM yepe3 @; yroJs maJeHusa Jiyda B i-M cjoe. B cuiy 3akoHa

CHeyumnyca IoJaydaem
sin & sin a sin o
L — 2 —...= —" — const. 4)

V2gy1  \/28y2 v 28Yn

Ilepexons K mpenesy HIpU U3MEJbYEHUU CJIOEB, MOJYUUM

sin a(x)

—————- — const, 5
V287 (x) )
rae a(x) — yroa MekIy KacaTeJbHOW K KpuBoit y = f(x) B TOuKe

(x,f(x)) u oceto Oy. Kak msBecTHO, yrJyioBoii Koadduiment (T. e.
TAHTEHC yTIJa, o0pasoBAHHOTO KacaTeJbHOW K rpadury QyHKIuH f
B ToOuKe X ¢ ocbio Ox) pasen ['(x). Orcrooma cpasy ciaenyer, UTO
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'(x) = tg((n/2) — a(x)) = cos a(x)/sin a(x), 1 3HAYUT,
1

V1t ()2
W3 mocnemnero paBeHcTBa M (5) BBITEKaeT, uTO (YHKIUSA, Trpaduk

KOTOPOI SBJISETCS PeIlleHreM 3amadul O OpaxMCTOXPOHE, YIOBJIETBO-
pPAEeT COOTHOIIEHUIO

sin a(x) =

V14 (7)) =C,
rge C — HeKoTopad KoHcTaHTa. MHaue roBopd, (QYHKIUSA HOIKHA
YIOOBJIETBOPATH AuPdepeHINaIbHOMY YPaBHEHUIO

A et
V=9 (6)

A Bo Bpemena V. BepHysim ysKe OBLIO M3BECTHO, UTO ypaBHeHue (6)
ecTh Au)epeHIIMaIbLHOE ypaBHeHUE IUKJIOUILI.

s Tex, KTO OBJaZes] HEKOTODPHIMU HaBBIKAMU HHTETPUPOBAHUA,
mpou3BeleM WHTerpupoBaHMe ypaBHeHUsA (6).

/ C-y Vyay
=4/ —% &= S =—= =dx.
y Y vVC—y o
HenaeM mOACTAHOBKY Y = Csin%(¢/2) = C(1 — cost)/2. Torza
VCsin(t/2) d(Csin®(t/2))
VC cos(t/2)

WuTrerpupys mociegHee COOTHOLIEHUE, MOIYUUM

dx =

= csin Lar=cq —cost)%.

x:g(tfsint)+C1, yzg(lfcost)- (7

Ho 510 u ecTth ypaBHenme nukJjgouasl (1), cieayer JUIIL IPOU3BECTH
sameHHl OykB: C/2 =— R, t —> ¢.

W3 monyueHHBIX (POPMYJ HEMEAJEHHO BBLITEKAET HPOCTOH PeremnT
IIOCTPOEHUA HCKOMOI IWKJOWUIBI, T.€. TOU IUKJIOUIBI, KOTOpPAsd SB-
aserca pemrenueMm s3agauu WM. Bepryaau. OTMeTum, 4YTO, BCe ITUKJIO-
unsl (7) BO-TIEPBBIX, TOMOTETHYHBI, a BO-BTOPBIX, BBIOYKJbI. Ciemo-
BaTeJbHO, MOYKHO B3sAThb JIIOOYI0 M3 HUX, uMemInyo Touky A = (0, 0)

cBoeii JieBoii BepmimHoii (pmc. 32), co-

0,4 > EAWHATH TOUKY (0,0) ¢ Toukoit B mpa-
B MO¥, KOTOpas IiepecedyeT IIOCTPOEHHYIO
OUKJOUAY B TOuKe B', m 3areM cieny-
B eT cJejaTb TIOMOTETUIO C Kos(hduiueH-

y

rom |AB’'|/|AB|. Tak mosydaercs HCKO-
Mas OpaxmCcTOXpoHa.
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Pemrenne 3amauy 0 6paXmMCTOXPOHE AOCTABUJIO €€ aBTOPY HEOOBIK-
HOBEHHYIO PaJoCTh IIEPBOOTKPBLIBATEILCTBA. BOT Kak OH T'OBOPUT 00
aToM: «$I He MOTYy BO3ZEpPIKATHCA OT TOTO, UTOOBI eIle pa3 He BHI-
pasuTh CBOET0 M3YMJEHUS II0 TOBOAY OTMEUEHHOTO HEOKHJAHHOTO
TOMKIECTBAa MEXKJYy TIONIreHCOBCKOII TayTOXPOHOII u Halmeil Opaxu-
croxponoii... IIpupoma Bcerma meilicTByeT IIPOCTEHMINUM 00pasom,
TaK W B JAHHOM CJydae OHA C IIOMOIINbIO OJHONM W TOH Ke JIMHUU
OKa3bIBaeT IBe PAa3JIUUYHBIX YCIYTU».

Metox Moranna BepuyJniu gaj BO3SMOKHOCTE PEITUTE eIlle HeCKOJIb-
KO 3aMeuaTeJbHBIX 3aJau W3 ONTHUKM, MEeXaHWKHU U reomerpuu. Ilpwu-
BeJeM [Be TaKue 3aJauu.

Bagaua 1. Kakosa mpaexmopus ceemosvlx Jaydeil 6 ammocge-
pe, 20e ckopocmb pacnpocmpaHeHus NPonopuuoHanbHA evlcome?

9tuM BompocoM 3amaica JlomuTanb, aBTOP MHEPBOTO B UCTOPUU
yueOHMKa 10 MaremaTudyeckomy amanuay. (IIpaBma, HegaBHO BBISC-
HHJIOCh, UTO B OCHOBHOII CBOEH 4YacTH 3TOT YUYeOHUK IIpeiCcTaBJISeT
coboii 00paboTKy JeKIHil, KOTOpble UMUTaJ JIOMMTATII0 BCE TOT JKe
H. Beprynnu.) Jlonurans cymes IPOUHTErpupoBaTh YpaBHeHUE U Ta-
KUM 00pa3oM, OTBETUTH HA IMOCTABJIEHHBIN BOIIPOC. A IO IPOIIECTBUNU
IPUMEPHO ABYXCOT JIET BBIACHUJIOCH, UTO €r'0 pellleHre MMeeT IIPAMOoe
OTHOIIIeHNEe K reoMeTpuu JIo6aueBCKOT0: TPAEKTOPUHN CBETOBBIX JIyueil
Takue JKe, Kak npamsle Jlobawesckozo 6 unmepnpemavuu Ilyankape.

Bagaua 2. Hallmu MUHUMAJLLHYIO NOBEPXHOCMb 8PAULCHUS.

3mech HamO CKa3aTh HECKOJBKO CJOB, YTOOBI CMBICJ 3aJaduu CTaJ
BIIOJIHE sceH. Paccmorpum GyHKNUo y = f(X), COeIUHAIOIIYIO IBe
TOYKM ILJIOCKOCTH (Xo,Yo) ¥ (X1,Y1) ¥ HeorpunarenbHyio. CoBepurum
ee obpamenue BOKpyr ocu Ox. Iloxyuum nosepxnocmv epauwjenus. Ee
maoIanb 3amgaercsa opMyJioi

X1

S=2r 7@ V1+ (f(x))?dx.

X0
B zagaue 2 Tpebyerca HaiiTu (opmyay KpuBoil y = f(x), mpu Ko-
TOPOM 9Ta IJIOMIAAhL MHUHUMAaJbHA. 3aJadyy O MUHUMAJLHON IIOBEpPX-
HOCTu BparieHus pemunau M. Bepuynanu u Jleii6uwur. IlompoOyiiTe
U BRI PEIIUTh ee U 3aJady JIomuTaas caMOCTOATENIbHO. A MBI BMecTe
obcyauM MX B UYETBIPHAAIIATOM paccKase.

3amaue o0 OpaXMCTOXPOHE CYKOIEHO OBIJIO ChITPATh BEIAAIOIIYIOCS
poJsib B MaTeMaTUYEeCKOM aHajJIu3e: OHA OKasajach IIePBOM B DALY
3ajau, U3 KOTOPBIX C(OPMHUPOBAJIOCH BapHUAIMOHHOE HCUYHCICHUE.

IIpaBma, Hesamoaro mo0 OpaxuCTOXPOHLI HBIOTOH paccMaTpuBaJ
HeuTo moxosxee. Ho 00 aTOM — B ciefymOIlleM pacckase.
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Paccras socvmoii
AIPOINHAMMUNYECKASA 3ATJAYA HBIOTOHA

Ira kHura («Hauasma HarypasbHO# duiocodpum» HbioToHa)
HaBCerja OCTAaHEeTCS MaMATHUKOM IJIYOMHBI TeHHusd.
II. Jlanaac

Omubatorca gu regun? OOBIYHO, ecaW 3aJai0T Ta-
KOI BOIIPOC, TO IIPEAIIOJIaraioT YTBEPAUTEJILHBIA OTBEeT Ha Hero. EcTb
HEUTO YTeINTEeJbHOEe B COBHAHUMU, YTO U I'€HUSIM CBOICTBEHHO 3a0.y-
Kaarbea. O0 ommOKax reHueB IMUINYT ¢ OOJIBIIIUM BOOAYIIIEBJICHUEM.
HocraBamock u HbioToHy. B ofHOII M3 KHUT, ITOCBAIEHHBIX 3ajadyaM
ONITMMU3AINU, HANIMCAHO TaK: «HBIOTOH chopMyIupoBaJ BapUAIMOH-
HYIO 3a7layy O Tejie BpaIlleHusA, MCILITHLIBAIOIIEM HauMeHbIIIee COIIPOo-
TUBJIeHHe B rase. IIpMHATHIA UM 3aKOH CONPOTHBICHUS (DPU3HUUECKU
abcypaeH, B pea3yJbTaTe UYero IIOCTaBJI€HHAS MM 3aJada He KNMeerT
pemtenus (dem OoJsiee 3a3yOpeH Ipoduab, TeM MEHbIIe COIPOTUBJIE-
HUe)... Eciu 66 BBIBOABI HbioTOHA OBLIIM XOTA GBI HPUOIMSUTEIBHO
BE€PHBI, TO MBI He HYKIAJINCh ObI CETOAHSA B JOPOTOCTOAINUX SKCIIe-
pPUMeHTax B aspPOAMHAMHUYECKUX TPydax».

Yro Ke 9TO 3a 3amava W HACKOJBKO CIIPABEIJIMBBI IPUBEICHHBIE
BBIIlIe KpuTuueckue caoBa? OO0 sToM U IOIEeT peub B 9TOM paccKase.

B 1687 roxy BeinLIu «MaTeMaTuuecKue Hauajia HaTypPaJIbHON (u-
gocopun» HrpioroHa. HuKaxoe mpousBemeHUEe HAYYHOH JHUTEePATYPHI
He MOKeT OBITHL COIIOCTAaBJIEHO € 3TO¥ KHuroii. B Helt HwioTomy OBI-
JIO CYJKIEHO OTKPBITH CHCTEMY MHPA, a4 TAKO€ MOXKET CJIyUUThCS
JIUIIb OAHAaMKIbI. JlarpaH:K HasBajJ 9TO COUMHEHUE «BeJIUYANIINM U3
IPOU3BeNEHNII YeJIOBEUECKOI0 yMa»; «HaMATHUKOM TJIYOMHBI TeHU»
HasBaa «Hauama» Jlammac.

B sTO#f KHUTe, TOMUMO OTKPBITHUSA OCHOBHBIX 3aKOHOB MeXaHUKH,
3aKOHOB IBUKEHUS ILJIAHET U APYTHUX OCHOBOIOJAramomux (aKToB,
yIeJIeHO MeCTO M MHOTMM YaCTHBIM IIpobJieMaM.

OO6cy:xJas BONPOCHI, CBA3AHHLIE C COIPOTHUBJIEHHEM, OKasbIBae-
MBIM MaTepPHAJLHBIM TeJlaM CPeIoil, B KOTOPOM OHUM ABUKYTCsS, HbIo-
TOH Kak OBl MHMOXOAOM Opocuis ciemyiomryio (pasy: «Korma ke
durypa DNFG OymeT KpUBOIO TAKOTO pPOJa, UTO €CJAU U3 JII0OOU ee
TOUKKX N ONYCTUTH Ha OCh MEPHEeHAUKYIAp NM u u3 3aJaHHON TOU-
Ku G mpoBecTu npamylo GR, mapajieabHYIO KacaTeJIbHON K KPUBOI
B TouKe N U IepeceKamIlyl OCh Yy B TOYKe R, TO MMeeT MeCTO
mpomopuua MN : GR = GR? : (4BR - GB?), Torma resio, o0pasyrolle-
eca IpHU OOpallfeHHNy 3TOH KPUBOHM OKOJO ocu AB, Ipu ABUKEHUU
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B BBIIIEYIOMAHYTOH DPENKOIN cpeme B HalpasJie-
HUX OT A K B OyneT HCHBITHLIBATHL MEHbLIIIEe CO-
OpPOTUBJIECHUE, HEKeJU BCAKOE MHOe TeJI0 Bpallle-
HUSA, ONMCAHHOE Ha TOM JKe [NJIMHEe U IIIUPUHEe»
(puc. 33).

dpaza HeooToHa mpuBJeKJa K cebe BHUMAaHUE
COBPEMEHHUKOB JIMUIIIL IIOCJE TOro, KaK CIIyCTs
IeBATH JeT, B 1696 romy, 1. BepHyiau mocTaBuI
CBOI0O 3aJadyy O OpaxMCTOXPOHE, O KOTOPOHM peub
Ijia B IpefbIaAyIleM paccKase.

B cuanum OpaxuMCTOXPOHBI 3agauya HbIOTO-
Ha B3aHdJa T[OJIOYKEHMEe HeCYacTHON SOJIYIIKH:
ee Kak-To m3beraaum, BCIOMUHAJM O Hell penko,
Ja W TO, KaK IIPaBUJO, UTOOBLI ITOBeAATh O 3a0Jy-
sKaeHun renus. Ha Bce 9TO ObLIM CBOM IPUYMHEIL.
Ho xax mna 3oaymiku, Tak u aad 3azauu Huio-
TOHA IIPUIIIEJ CBOM dUac.

ITompobyem MPOHUKHYTH B 3aMBbICeJT HrioTona.

IIpm KoHcTpyupoBaHmHM KopabJeii, cHapAIOB, TOpIen HUJIN pa-
KeT eCTeCTBeHHO BO3HHMKAET CTPeMJIEHHe IPuJaTh MM TaxKyio ¢op-
My, 4YTOOBI OHM WCIBITHIBAJIM BO3MOXKHO MEHBIIIEE COIIPOTHBJIEHHE
npu cBoeM aBM:KeHuUU. HproToH nwuiier: «MOKHO CPaBHUTH COIPO-
TUBJIeHUE TeJl Me)KAy co00i UM HaxXOAUTh Te, KOTOphble HamboJiee
IPUCIOCO0JIEHb K IIPOJOJI’K€HHI0 CBOTO IBMIKEHUS B COIIPOTHUBJIS-
fomieiica cpeme». Ho, ecau, ckakeM, KopabJjb MJIM CaMOJIeT He
MOXKET HMEeTb CJMIIKOM OOJIBIION CHUMMETPHUM CBOEro KOpIyca, TO
TOJIOBKY PaKeT, CHAPALOB UM TOPIIE] E€CTeCTBEHHO AejlaTh KPYTJIbIMU
B TIOIIEPEYHOM CeUYeHHH; WHBIMHK CJIOBAMIM, MM PE30HHO IPHAABAThL
dopmy men e6pawenus. Ho waxyio wumenno? Cdepuyueckyio, Ko-
HUYECKYI0, BepeTeHooOpasHyio WJIM elle KaKylo-Huoyab? Ha rakwue
BOIIPOCHI HEJIb3s OTBETUTH 0e3 BBIUMCJICHUI, 0e3 peIIeHUs HEeKOTO-
poii MaTeMaTHYecKOUW 3aJauyy Ha MaKCUMyM M MuHUMyM. HMMeHHO
TaKyl0 3aJayy cTaBUT (M pelllaeT B IIPUBEJEHHOIN BhIllle Qpase)
HyioToH.

B camoMm miepBOM TpUOMMKEHUM 3ajada CTABUTCA TaK.

Sagaua. Haiimu meno epawenus 3a0aHHOl OAUHbL U 3a0aH-
HOUl WUPUHBL, UCNbLLMbLBAIOWee HAUMEHbUlee CONpomuejieHue npu
dsuiceHuu 8 HeKomopoil cpede.

IToacueuusa. Kaxkaolii M3 TepMHUHOB, YYacTBYIOIIUH B Qop-
MyJUPOBKe (AJmHA, IMHUPUHA, ABUKEeHNHE W cpena), TpebyeT TOUHOTO
OomMUCcaHuA.
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HpioToH mpencrasiser cebe Teso BpallleHWsA OAUHAKOBBIM C3aIU
U cuepeiu, T.e. CUMMETPUYHLIM OTHOCUTEJIBHO IIJIOCKOCTH, IPOXOIA-
el uepes cepefUHY OCHU BpPAIeHUA U MEPIeHAMKYJIAPHON 3TOH OCHU.
Takum oOpasom, AJMHA TejJa — OSTO €ro IJWHA II0 OCH BpAIlleHHud,
a pajguyc CpeJUHHOIO0 CEeUeHUS — 9TO IMHPHUHA Teja. VI3 CKasamHOTO
BBITEKAET, UTO IIPU BCEX PACCMOTPEHUAX MOYKHO OIPDAHUUYUTHLCA JIHUIID
MOJOBUHKOM Teja. Tak MBI Aajbllle M IOCTYIIAEM.

Teneps — o aBuwKeHuUU. Bymem cuumraTth, Bcien 3a HboTOHOM,
YTO ABUIKEHUE, COBEpIIaeMoe TeJIOM, — 3TO PaBHOMEPHOE IBUKEHIE
C IOCTOSTHHOUM CKOPOCTBIO U.

Haxkomner, o cpeme. 9to Hambojiee TOHKUHA W NIPUHIUNIHAILHBIN
Bompoc. Cpema, ommcanHas HbIOTOHOM, HECKOJbKO HeoObIuHa. OH
caM Ha3bIBaeT ee «pPeAKoii» (paspe:keHHOI). HBIOTOH IpencTaBisdeT
cebe peIKyIo cpey «COCTOSINel M3 PaBHBIX YaCTHUIl, CBOOOIHO PACIIO-
JIO’KEHHBIX Ha PABHBIX APYr OT ApPyra PacCTOSHUSX». HermogBuixKHbIE
YaCTUILI UMEIOT (GPMKCHUPOBAHHYIO MAcCy M U SABJISAIOTCS a0COJIOTHO
yupyrumu mapamu. Camo Teso HbIOTOH cumTaeT TaksKe abOCOJIOTHO
VOPYTUM, TaK YTO Ka’KJbIH IIAPUK, CTOJKHYBIINCH C ABUKYIUMCS
TEJIOM, OTCKAKWBAeT OT HETO II0 3aKOHY «yIroJ HaJeHUsA pPaBeH YIJIy
OTPAYKEHUST» .

Iloce mpuBegeHHBLIX MHOACHEHUII MOKHO OBLIO OBI Cpasy TOYHO
IOCTAaBUTh M HAUYaTh peIlaTh OOIMYI0 3amauy, HO Mbl IOCTYIUM IIO-
npyromy. CHauasa ucciaexyeMm 6oJiee mpocToii Bompoc. C aToro 6oJee
IIPOCTOTO BOIPOCA, KCTATU T'OBOPSA, HaUMHAEeT U caM HBIOTOH.

damaua 00 yceueHHOM KOoHYyce. IIpu OaHHbLX OCHO8Q-
HUU U GblcOome YCeueHH020 KOHYCA HAUmMmu mom KOHYC, KOmOpuLil
ucnvlmoiéaem HauMeHbUlee CONPOMusaeHUe npu 08uNeHUU 8 peod-
Koil cpede.

OmnpenesnM CHUJIY CONPOTHUBJIEHUS, WCIIBI- X R
THIBAEMYIO YCEUEHHBIM KOHYCOM IIPU IBUKE-

HUU B PEIKOU cpeje.

IIycTs yceueHHBINI KOHYC HMMEET BBICOTY,
paBHyI0 H, U pagmyc BepxXHero ocHoBauus R
(puc. 34). Yacts puc. 34, BBINOJHEHHAA
JKUPHBIMUM JIMHUAMU, cOmep:kuTca B «Mare-
MaTUYeCKUX HadYaIax».

Hyioron mumier: «Tax Kak gelicTBue cpe-
OBl HA TeJO TO Ke caMoe... ABUKEeTCA JU
TeJI0O B MOKOdAIIelicA cpefie WM Ke YaCTUIBI
Cpenbl yoapsioT C TOH Ke CKOPOCTHIO IOKO- S
Amleecss TeJo, TO OymeM paccMaTPUBATH TEJIO
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B mOKoe». ITocTynmuM TakK 2Ke M MbI: OCTABUB KOHYC HEMOIBMIKHBIM,
MBI OyZeM CUMTATh, UTO HA HEro CHU3Y BBEPX <«HAJBUI'AETCA» CPema
CO CKOPOCTBIO V.

IToBepXHOCTL KOHYCA, MCIILITHIBAIOINAS CTOJKHOBEHHUA C IIMAPHKA-
MU CpeAbl, COCTOUT W3 ero HUKHEro OCHOBaHMA U OOKOBOU MOBEpX-
"HocTu. CHavajia BBIYKMCJIUM CONPOTHUBJIEHNE, MCILITHIBAEMOE HUMKHUM
ocHoBaumeM. O0O3HAUMM €ro paguyc 4depes X. 3a eJUHUYHOE BpPeMs
C 9TMM OCHOBAHMEM CTOJKHYTCA IIAPUKM, KOTOPbIe IEePBOHAYAILHO
HAXOAUJINCh B IUJMHAPE C OCHOBAHMEM, PABHBIM HUXKHEMY OCHOBA-
HUIO, ¥ BBICOTOMH, paBHOH v. O0BeM 5TOro muiImHApPa V) paBeH mx2v.
Ilycte o — mioTHOCTE cpembl, m — Macca omHOW yactunpl. Torma
YHCJI0 YACTUI[, YAAPUBIIHUXCS O HUKHEE OCHOBAHNE 33 eNUHNYHOE
Bpems, OyzeT paBHO Ny = %VO = %n:xzv. Kaxkmaa uacTuiia mocJe
yIapa O HH)KHee OCHOBAHME CMEHHUT CBOI0 CKOPOCTHL HA IIPOTHUBO-
MOJIOJKHYIO, T.€. IOJYYUT IpHUpallleHre KNMIYJIbCa, PaBHOe —2mu.
ITo Tperbemy 3akony HbBIOTOHA KOHYC MHOJYUYUT ITPOTHBOIIOJIOMKHOE
ImpupalleHne UMIYJbCa, M 3HAYNUT, 00Iee MPUpPAIleHNe NUMIIYJIbCA OT
Bcex uyacTuil OymeT paBHO No2mv = 27'cpx2v2. Amnajiornuso o6crour
Ieyso m O O60KoBoul moBepxHocTH. O Hee yHapAOTCA YaCTHUIBI, IIO-
MelaeMble B 00'beM MeXKIy ABYMS OJUHAKOBBIMU OOKOBBIMM IIOBEPX-
HOCTAMH, 1 dTOT o0vem Vi paBer m(R2— x2)v. Uucno uacTum, yaa-
PHUBIINXCA 0 GOKOBYIO IOBEPXHOCTH, paBHO Np = %Vl = %E(Rz—xZ)v.
Ho 3mech Hago axkypaTHee IIOACUMTATL IMpPHPAIEHHE HMIIYJIbCOB.
OTpasuBIINCh OT CTEHKH, YACTUIIA MOJYUYUT IMIPHpAIeHne HMIIYJIbCa
m(vz — v1) (puc. 35). ITOT BEKTOP HALO CIPOEKTHUPOBATH HA OCh V.

I3 puCyHKa JerKo IIOHATb, UTO 9Ta IIPOEKIIUA paBHA —2mUv cos? ®,
rjle () — yroJ HaKJOHA 00pasylollell KOHyca K ILIOCKOCTH HIKHEIo
ocuoBauuA. Takum obpasom, oOIllee IIpHpAIlleHNe UMIIYJIbCa OT BCEX
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YACTHII, YAAPUBIINXCA O GOKOBYIO IIOBEPXHOCTH, PABHO
N12muv cos® ¢ = 2mp(R? — x?)v? cos® ¢.

Ormerum (mis Oyxyiiero) Gopmysy IJaA CUJILI COIIPOTUBJIEHUS, WC-
IBITBIBAEMOT'0 GOKOBOU ITOBEPXHOCTHIO YCEUEHHOT0 KOHYCa, MOJYYaio-
Ierocs TIPU BpPAIleHUUW BOKPYT ocu Yy oTpeska [AB], HaKJIOHEHHOTO
K OCH IIOf YTJIOM §, ¢ abcIuccaMu KOHIOB, PaBHEIMEH a U b cooT-
BETCTBEHHO:

F = K@®?% — a?) cos? ®, K:277:pv2. 1)

B pe3ysabTaTe IIoJy4dYaeM CJeayIolllee BbIPpaXXeHure MOJId COIIPDOTUBJIEe-
HHUA, UCIBITEHIBAEMOI'O BCEM KOHYCOM:

F(x) = K[x? + (R? — x®) cos® ], K = 2mpvP.

BBIpaJKeHI/Ie COS ¢ uepes x HAWTHU OUEHb JIETKO:

R—x
COSP= ——,
V(R —x)2 + H?
ITocToanabI MHOXKUTENs K He BIUAET HA HMOBeJeHNE MaKCUMAaJbHBIX
¥ MUHUMAJbHBIX BE€JIUYWH, U MBI €70 OTOPOCHM.
Tenmeps MO:KHO (GOPMATHN30BATL 3aauy 00 yceueHHOM KOHYCeE.
Sagaua 1. Haitmu mMunumym QyHKyuu

(R—x)?

_ .2 2 2
f@) =2+ (B~ %) 2

(2)
npu ycanosuu, umo 0 < x < R.

IlepeBon 3amaum Ha A3BIK MaTeMaTHUKW, KaK IIPABUJIO, HE OIHO-
sHaueH. W 3mech, HapALy ¢ IIPOBEIeHHOU (popMaiusalinreii, MOYKHO
MPEeIJIOKUTh APYyroe MaTeMaTUYeCKOoe OMMCAHWe TOM Ke 3ajauu. JTa
Ipyras gopma OyzeT HaM TaK:Ke OUeHb mojesHa. IlpuBemeMm ee.

IIpomokuM OTPe30K MpaMoii, coeguudAoineir Touxku C u F
(puc. 34), nmo mepeceueHMsa ¢ OCbI0 Yy B TOuKe S. [IamHY oOTpes-
kKa OS mpuMeM 3a HOBYIO IIepeMeHHY0 z. M3 momobus TpeyroJbHI-
KoB SOC u SDF mnonyuaem: x/R= (z— H)/z, orkyna R—x = RH/z
u x = R(z— H)/z. IloacraBuB 3T BRIpaskeHuA B (2), MOJyduM HOBOE
BBIpasKeHUe JAJIS CUJIBI COMPOTHUBJIeHUA (IesieHHON Ha K) uepe3 HOBYIO
epeMeHHYIO:
p2e—H)? + R? 3)

22 + R?
IIpu srtom z msmeHserca or H pmo GeckoHeunHoctu. Takum obGpasom,
MBI IPUNLIN K CJHeRYyIoIeil (OpMyJHPOBKe 3aJauyu 00 yCeUeHHOM
KOHycCe (IOCTOSHHBIH MHOMHUTeJIb R2 CHOBa OTOPACHIBAETCA).

g() =
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Bagaua 1. Haiimu muHumym QYHKUUU

(z— H)?2+R? ,
MO =" )
npu ycrosuu, umo z > H.

Pemum samauy 1’. 9ra 3ajgaua moJydymjaach CTOJb IIPOCTOH, UTO
PEIIuThL ee MOXKHO Jake u 06e3 momomu auddepeHInaaIbHOT0 HUC-
yucjeHuda. IIpu sTOM MBI IOJIy4YuUM OTBeT B TOU Ke (opMe, Kak
un y HrioToHa.

O6o3HaunM HauMeHbIllee 3HaueHue (QyHKIuum h udepes m. Tarum
obpasom, h(z) > m pna awboro z > H. Ilpu stom m < h(H) =
= R?/(R? — H?) < 1. CzesnaeM oueBHIHbIE IIPEOGPASOBAHUA:

h(z) > m opu z > H <—
— -H)?2+R2-—mz®2—mR2>0 mpu z > H < (4)
— 22(1-m)—-2z2H+H?+R*(1-m)>0 mnpuz>H

Ecau BApDYyr okaskeTrcs, UTO CyIeCcTByeT Takoe m < 1, mpu Ko-
TOPOM HepaBeHCTBO (4) BepHO IOJA BCeX 2, WM €CJIU IIPU BTOM m
MOKHO Halitm Z > H, KoTopoe ofpalaeT 5TO HepaBeHCTBO B pa-
BEHCTBO, TO 3TO OyJeT oO3HAUaTh, YTO 3amauva pelieHa. Ilompobyem
Tenepb OTLICKATL HYKHBIE M M 2. ECJIM MMeeT MeCTO HEepPaBEHCTBO
az24+2bz+c > 0 mnsa Bcex z u mpu TOM az2+ 2bZ+c¢ = 0, To orcioza
crenyer, uto D = b%2 —ac =0 u Z = —b/a (upogymaiite 510). Y Hac
a=1-—m, b=—-H, c=H?+R?(1—m). YpaBueaue D = 0 npuBoguT
K COOTHOIIIEHUIO

D=H?-(1-m)H?+R’(1-m)) — R?’m?— 2R’ +H?*)m+R?=0,
OTKYyZa

o 2R% + H? — H\/4R? | H?2
B 2R? ’

3HaK «+» ObLI OTOpOINEeH, 160 TO M, KOTOPOe MBI HIIEeM, JOJIMKHO
OBITh, KaK 3TO OBLIO ycTaHOBJIeHO, MeHbIe 1. [Tanee,

2
gz_zzlﬁn:m+§ > H). (5)

B wurore, mamauce Takume m < 1 m Z > H, 4TO AUCKPUMUHAHT
ypaBHenus 22(1 — m) — 2zH + H? + R?(1 — m) = 0 paBeH HYJIIO H
OHO HMeeT eJUHCTBeHHBIH KopeHb 2 > H, T.e. h(z) > m, h(Z) = m.
3azaua 1’ pemena.
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IIpuBenem oTBeT 3amaum 00 yCeUeHHOM KOHyce B Toil dopme, KO-
Topyio npumaa emy HbioToH: «Ecau Ha KpyroBom ocHoBaunuu CKBL
(puc. 34), onmucannom u3 1meHTpa O pagmycom OC, TpebyeTcss MOCTPO-
UTh TaKou yceueHHbINl KOoHyC BCFG c BuIicoTOI0 OD, KOEro COIPOTUB-
JieHre ObLIO ObI MEHBIIe COIIPOTUBJIEHUS BCSIKOTO IPYroro yCeueHHO-
ro KOHyCa, MMOCTPOEHHOI'0 HAa TOM K€ OCHOBAHUM U BBICOTE U IBUKY-
mrerocs mo ocu OD B cropouy D, To, pasaenuB BbicoTy OD B TouKe @
momoJjaM, mpomos:ku OQ mo S Tak, uToOwI 0110 @S = QC, S u Gymer
BEPIIIMHOI0 MCKOMOI'0 KOHYCA, KOTOPBIA yCeKaeTcs».

Jlerko y0eguThbcs, YTO reoMeTpuuecKas (Qopma, IpUIaHHASA OT-
BeTy HbIOTOHOM, B TOYHOCTH COOTBETCTBYET aHAJIUTUYECKOI (opme,
3aKJIOUeHHON B (opmye (5).

ITomyunioch, YTO KOHYC HAWMEHBIIIETO COIPOTUBJIEHUA HA CaMOM
JleJie yCeYeHHBIN, B3aTYIJIEHHBIHA, a He 3aocTpeHHbIN. HbpIOTOH mnpu
arom uzer eie ganbine. O ycrpemuser Boicory H kK mysmo. Ilpu
STOM Z ycTpeMmiseTcaA K R M yroJ NIpH OCHOBAHMM KOHYCA YCTpeM-
asgerca K 45°. OcHOBBIBasicb Ha 3ToM, HBIOTOH JesaeT 3aMeudaHwue,
YTO OBaJIbHOE TeJIO CJeAyeT 3aMeHSATh 3aTYIJIeHHBIM, T.e. IeJaTh
cIepenu IJIOCKYIO KPYTJIYIO ILJIOMIAAKY, 06pa3yIoilyio yroJ ¢ IPUMBbI-
KalIei K IJIoIaAKe MOBEPXHOCTU, paBHBIN 135°. «A cuumaro, umo
amo sameyanue, — ropoputT HbioTOH, — MoJMcem Obimb Hebecnose3Ho
npu nocmpoeHuu cyoos».

Bamgaua HroToHa Ai1d ITBY3BeHHOM JToMaHO Ii.

Croemaem ellie OOWH, IIPEANOCHETHUM, ITar K PeIIeHnio o0Inei 3a-
maun HbioToHa. Bymem paccMaTpuBaTh He Ji00ble KpUBBLIE BpallleHUs,
a JININL JBY3BeHHBIE JIOMAHBLIE C mM3JoMaMu Ha mpamoit x = R/2. To
ecThb IOoIIpo0yeM MOcCJe0oBaTL MeTony JleitGHMIIA.

TouHee Tro0BOpPs, BOMNPOC, KOTOPBIA MBI
y cobupaemMcsa HCCJIEJOBAaTh, COCTOUT B TOM,
S Al S » B yTOObBI Ha BEPTUKAJbHON HpAMOil x = R/2
i HaWTH TaxKyi TOUKY A, OJd KOTOpOil IIo-
! BEPXHOCTb, OOpasoBaHHAsS BpAaIleHUEM JIO-
i maHoii OAB (rme B wuMeeT KOOPAWHATEHI
1
1
]
]
1
1]

mog yriaoMm ¢;. O6o3HAaUMM OpAMHATY TOU-
Ku A uepes y. Bocmosib3oBasiiuck Gopmy-
goii (1), momyuaem ciemyrolliee BhIpaKeHUe

T (R, H)) Bokpyr ocu y (puc. 36), UCIIBITHIBA-
AAP Ja OBl HaWMMEHBIIee BO3MOXKHOE COIIPOTHUB-
i JieHHe B penkoil cpeme HuioTona.
%o i y i IIycre orpesox [OA] HaKJIOHEH K oOcCH
0 ER/Z ER > Ox mom yriom ¢g, a orpesok [AB] —
] ]
] ]
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ISl CHUJBI COIPOTUBJIEHUS, HCILITLIBAEMOrO TEJOM BpAaIllleHUs IBY-
3BeHHON JomaHoii OAB:

= x[(5)"cot 2 ()

ITpu sTom

2
cos? gal} , K =2mov

R

R
st @2 P T e Jm -t w2
Taxum 00pasoM, HAM HAMJIEKUT HAWNTH MUHUMYM (OYHKIIUHA

1 3
a2+y2 +a2—|—(H—y)2’
roge MBI CHOBAa COKpaTWJM Ha MHOXKUTeab K u o6GosHaumam R/2
uepes a.

OxHako oueHb JIETKO COOOpPasuTh, UTO IIPW HEOTPAHUUYEHHOM BO3-
pacrauuu |y| GyHKIUS g1 yCTpeMHUTCS K HyJO0. Bmecre ¢ TeM oHa
MOJIOKUTENbHA. SHAUUT, MUHUMYM 9TOH (DYHKIIMU PaBEH HYJIO, XOTs
OH W He Jocturaercs (IoapoOHee aHaJIOTMYHBLIN IpuMep pasbupaercs
HaMu B oguWHHAaAIaToM pacckase (m. 1)). Kasamoch Obl, MBI IIPUIILIN
K Geccomep:xkarenbHOl 3amade... Ho Ha camMoMm genme u3 (GU3UYECKUX
Ccoo0OpasKeHuil BHITEKAET, YTO HAM HaJA0 HAWTH MUHUMYM QYHKIUU Zq
He 1O BCEM Y, a JIMIIb IO Y U3 OTpe3Ka
[0, H]. TlosscHMUM 5TO BasKHOE MECTO.

Ecniu B3ate y < 0, JjomMaHasa OpPUMET
Bun OA’B, usobpakennniii Ha puc. 37. Te-
JIO BpaleHus, OOpPa30BAaHHOE IJTOU JIOMA-
HOU, OyzeT HNMeTb KOHHUECKYI0 BOPOHKY,
W B3HAUYWUT, HEKOTOpble IITapuKu, 00pasyio-
e pegKyoo cpeny, OyayT MHOTOKDPaTHO OT-
pasKaThbCA OT IIOBEPXHOCTU 3TOH BOPOHKU.
ITpu sTom BakKoH compoTuBIeHUA OyIET CO-
BCEM WHBIM, IIPUYEM COIPOTHUBJIEHHE BO3- () x
pacter. Takum o6pasom, u3 (PHU3UIECKOH
CyTH 3amauuM CJeIyeT, UYTO HeJIb3s [IOIy- A
cTuTh, 4To0Bl Yy < 0. AHaJOrMYHO HeJIb3A
OOIyCTUTH, dYTOOBI Yy Oblnx OGosbinme H. Ilpu mocTaHOBKe 3amauu
HESIBHO MOAPA3yMeBaeTCsl MOHOMOHHOCMb Kpusoil epauerus. Tak 1mo-
Jyyaercs ciaenyroias (GopMaausausa 3aJauynd O IBY3BEHHON JIOMAHOM.

Sagaua 2. Haiimu mMuHumym QYHKUUU

1 3

7.2 T2 2
a“+y a*+ (H —y)
npu ycaosuu, umo 0 <y < H.

€os Qg =

g1(y) =

y

g1(y) =
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Pemtenne sagauu 2 HETPYAHO MOJYUYUTH C IIOMOINbI0 Auddepen-
IUAJIbHOTO MCUYUCIECHUS.

3mech MBI OTPAHUYUMCHA JUIIH (DOPMYJHUPOBKOI pesyabTaTa, KO-
TOPBIA COCTOUT B CJIEAYIOIIEM:

a) cymecrsyer Takoe 6 > 0, uro mpu 0 < H < 6 MUHEMYM
JOCTUTaeTCs B HYyJIe;

0) nia H > 60 MUHUMYyM JOCTATaeTCA BO BHYTPEHHEH TOYKe OT-
peska [0, H]. IIpu sTOM BBIIOJHSETCA CJIEAYyIOIllee PaBEHCTBO:

R R
1 tg %o cos* Po = 31 tg P1 cos* 1.

Takum o0pasoM, IpH AOCTATOYHO MaJyioM H Tejo BpallleHus, 00-
pa3oBaHHOE BY3BEHHON JIOMaHOM, OyJeT 3aTyIJIeHHBIM (yCeUeHHBIM
KOHYCOM), mpu Ooabimux H — 3a0CTPeHHBIM (ero IOBEPXHOCTH OY-
JIeT COCTOATH M3 KOHMYECKON MOBEPXHOCTH W OOKOBOII HOBEPXHOCTH
yCeueHHOTO KOHyca).

Cmenaem Temnepb MOCJAEAHUNA HPOMEKYTOUHBIHM IIIar.

3agaua HroToHAa OJI8 N-3BEeHHOUN JIOMAHOMN U ee
bopmManmusamuu. PaccMOTpUM COBOKYIHOCTH BEPTUKAJIBHBIX

opameIxX I, ls, ..., UMEIOINX YPaBHEHUSI
x = 1 x = 2
= = e

(puc. 38), u emé BepTUKaJLHYIO IpAMy0 X = R (ecaiu R # k/n pna
HEKOTOporo k). PaccMoTpyM COBOKYITHOCTH BCeX MOHOTOHHO BO3PaCTAar0-
X JIOMAHBIX C M3JIOMaMU Ha MPAMBIX [, coeguuamoniux Touxky (0, 0)

(R, H)

Yr+1

LN
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¢ Toukor (R, H). ITompoOyem cpemu BcexX OIMMCAHHBIX JIOMaHBIX Hali-
TH TaKyi0, YTOObI IOBEPXHOCTH, OOpasoBaHHASA BpallleHueM STOI JIOo-
MaHOU BOKDPYT OCH J, MCHBITHIBAja Obl HaWMEHBIIEe COIPOTUBJIEHUE
B PEIKOU cpeje.

IIycTe opamHaTa BepIIMHBI JIOMAHOM, PACIOJJOKEHHOM Ha IIps-
MO# [p, paBHA Jp; YyroJ HAKJIOHA 3BEHA JTON JIOMAHOM, COENUHSIO-
miell BEPIIWHBI, PACIOJIOXKEeHHBbIe Ha [, u [pi 1, K ocu X 0603HAYNM
uepe3 @p. W3 dopmynsr (1) BeIBefeM ciefyiollee BBIpaskeHHe MIJIA
CUJIBI COIIPOTUBJIEHUS, MCIBLITHIBAEMOTO TEJIOM, IIOJYyUYeHHBIM OT Bpa-
IeHusA HAIlled JIOMaHOHW, B PEAKOU cpefe (AJA HPOCTOTHI CUUTAEM,
yro R = nN):

F—K{nlzcos2 o + {(i)z — (,11)2] cos? 1+ ...

) 5 o) -

K
ﬁ[cos2 @Yo + 3 cos? pr+...+(2N-1) cos? onl,

(7

K

9 1 1
2mpv®, cos @ = ; .
\/1/112 + Wrt1 — yr)2

Taxum obpasom, 3amaua HuioToHa mjis N-3BeHHOHW JIOMAHOII CO-
CTOUT B TOM, UYTOObI MUHMMU3WUPOBATL CUJY F II0 BCEM BO3MOYKHBIM
"Habopam uucea (Yi,...,Yn), rie 0 <y; <ys <...<yny-1 < H.

s pellleHUs: 5TOI 3aJauM KCIIOJIb3yeM OIIBIT, MOJYUYEHHBIH IIpHU
uccjaeNoBaHUU 3amauu 2, ubO TO CYyTHU MAesia 3amava Aasa N-3BeHHOM
JoMaHOU KakK ObI pacmamaerca Ha N —1 sagauy Ttuma sagaum 2. [leii-
CTBUTEJIbHO, JOIYCTHUM, YTO HAM YAAJOCh PEHINTh 3amauy 00 N-3BeH-
HOI soMaHO# U (Y1,...,YnN—_1) — OPAMHATBEI BEPIINH MUHUMAILHOHN
JoMaHOM. 3apuKcUpyeM BCe BepPIIMHBLI MUHHMAJLHONM JIOMAHOMH, KpPO-
Me k- BepimuubI. [Ipu sToM OyaeM HMCKaTh MUHUMAJbHOE 3HAUECHUE
COIIPOTUBJIEHUS, M3MEHAA IIOJIOMKEeHUE k-W BEpIIWHBI, WHAUE TOBOPA,
paccMoTpuM 3ajauy THIIa 3ajaum 2, Korjga TpeOyeTcd HAWTH MUHU-
MyM (QYHKIIUN

21(y) = 512k — 1) cos? g1 + (2h + 1) cos® ] =

1 2k — 1 2k +1
ot 1 5 2+ 1 -~ 2
ﬁ“"(y_ykfl) ﬁ+(yk+1—y)
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NPU YCIAOBHUH, YTO Yp_1 < Y < Ypr1. PYHKIUA g, COCTABJIEHA U3
IByX cjaraemMbix — (kB — 1)-ro u k-To, BXOOAINMUX B BbIpasKeHUe IJIs
cunbl F (cm. (7)), ¢ yueToM TOro, UTO OpAMHATA k-ii BepPINIUHBI He
3aKpenyeHa m obo3HaueHa uepesd y (MHOKuTesb K MBI, KaK OOBIUHO,
omyckaem). Pelrenne moCTaBJIeHHON 3aauu, OYEBHUIHO, €CTH Up.

3amaua 0 MUHUMH3AIUU (PyHKIUU g, HOoAo0HA 3amade 2, W OJIs
Hee CIPaBeIJIMBLI Te Ke 3aKJIUeHHd, KOTOpble MBI CAeJaau s
sagaunm 2. A MMeHHO:

a) cyIecTByeT Takoe umcjao Op > 0, 4To mpu Ypi1 — Yr—1 < Op
MUHAMYM [JOCTUTAETCA IPU Y = Yr_1;

0) MIA Ypi1 — Yr_1 > Op MMeeT MeCTO PaBEHCTBO

<k — %) tg Yr—_1 cos* Pr—1 = (k + é) tg @r cos* Pr- (8)

W3 yrBep:kaeHuii a), 6) cpady BBITEKAET, UYTO dKCTPeMajbHaA JO-
MaHasg MOXKET WMeTh JIUING CJIeAYIONIuil BHUJ: cHadajJa OHA WAET
KaKoe-TO BpeMs II0 OCH X: J; = ... = Js = 0, a 3aTeM IOZHHMAaeTCSA
BBEPX, caenyd mpaBuay (8). A MMeHHO, M3 COOTHOIIIEHUSA

1 3
Y = (s + E) tg ¢s cos® ¢, = (s + E) tg @511 cos? @51

onpejensaeTca (sy1, U3 COOTHOIIEHUS

3 5
Y = (s + 5) tg gs1cost g1 = (s + 5) tg 512 cos? @50

onpefensaeTca Qsip U T.ZI.

Brinuniem BhIpaskeHUe CHUJIBI COIIPOTUBJIEHUA N-3BeHHOU JIOMaHOM
HETIOCPEACTBEHHO Yepe3 OPAWHATHI BEPIIWH JoMaHO#. [asa sTtoro B
dopmyne (7) cmemaemM 3aMeHy:

n—l

\/1/n2 + Wrt1 — yk)z‘

COS @, =

ITonyuum mociie oueBUAHBIX IIpeoOpasOBaAHMIA:

N-1
k—1/2 1
F=2K|> — el
k=1 1+<ﬂ>

Ax

3mecy Ay = Ypr1 — Yk, Ax =1/n.
BCcroMHMB IOHSTHE WHTErpajJbHONM CYMMBI W 3aMETHB, UYTO
Ayr/Axy ~ f'(xr), HEeTPYyAHO IOBEPUTH, UTO IPU HEOTPAHWUYEHHOM
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YBeJIMYEHUN 4YHCJia N HanmcanHasa CyMMa CTpeMHUTCA K HHTerpasay:

xdx

R
F=2K\ ————. !
S 1+ (' (x))? )

0

Pemenue 3agauu HroToHa. MoXHO JOKasaTh, 4TO IIpU
yBequueHNN N MUHUMaJIbHasg N-3BeHHadA JOMaHadA OyJeT CTPEMUTh-
csd K MUHUMAaJbHOI KPUBOW — KPUBOI, HalOINell pelleHue 3agauu.
9To o3HAUaeT (ecjy BCIOMHHUTHL OIMMCAHNE MHUHHMAJIbHOU N-3BEeHHOI
JIOMaHO#), UTO MUHHMAJbHas KpHUBas YCTPOEHA CJeIVIOIIMM obpa-
30M: aKCMpeManrvHas QYHKYUs cHauaaa udem no ocu x: f(x) =0,
0 < x < a; 3amem oHa nodHumaemcs 68epx NO HEKOMOPOU KPusoul
(kpusoit. Hwviomora). Ilpm 5TOM BBITIOJHSAETCA CJIEAYIOIIEE COOTHO-
meHue:

xtg p(x) cos* @(x) = const, 9)

rge @(x) — yroa, obpasyeMblil KacaTelbHOH K Irpadury (QyHKIUK
y = f(x) B Touke (x,f(x)). ImenHo B coorHoIiieHue (9) mepeiigyT pa-
BeHCTBa (8), MoJyUYeHHBIe HAMU IIPU pellleHnu 3amadyu 00 N-3BeHHOU
JIOMaHOM.

IIpeobpasyem cooruoinerue (9). Mol 3Haem (13 IeOMETPUUYECKOTO

CMBICJIAa IIPOM3BOAHOI), uTo tg ¢(x) = f'(x), OoTKyjga ciexyer, dUTO
cos p(x) = [1+ (f'(x))?]" V2. Takum 006pasom, mOTydaeMm
xf’ (x)
——— - = const. 10
[1+ (' (x))?]? (10)

Coornorrenue (10) ects Jugppepenyuanvroe ypagrnenue 08 Kpu-
60it. Hviomona.

W, nHakoHuen, mociaengHee. B MOMEHT a, KorAa TOPU3OHTAJbLHAA
KpuBadA MepexXonuT B KpuBylo HbIOTOHa, mpomsBoAHasA KpuBoii Hrio-
TOHA paBHaA eamHuIle (BcmoMHUM 3ameuanme Hrioroua: «Hebecmoses-
HOe IIPU IOCTPOEHUM CyaoB»). Huddepennuanbuoe ypaBHeHue (10)
COBMECTHO C YCJIOBHEM, YTO IPOM3BOJHAS B MOMEHT M3J0Ma KPUBOM
paBHaA egUHNIlE, IIO3BOJIAET HANTU ypaBHeHUe caMoil KpuBoit Hrioro-
Ha. B dUeThIpHAAIIaTOM paccKase MBI 9TO MHTETPUPOBAHUE IIPOBEAEM,
a moka mpocTto HamuieM Buj Kpuboii HrroToma. Koopauuarter (x,y)
kpuBoit Heiorona y = f(x, c) BeIpakarmoTcs mo GopmyJiam:

Tc
4
yepes mapametrp u. KoHcranTa ¢ ompenenserca us ycaosus f(c) = H.

IIpumna mopa HOABOAUTL UTOTHM. HaM HAAJIEKUT OTBETUTH Ha
HECKOJIBbKO BOIIPOCOB.

_.(1 2 _ 1 2 §4)
xfc(u+2u+u), yfc(lnu+u +4u (11)
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1. Kak ke Bce-Taku pemursb 3agauy HrioToua? Kak
JKe TOCTPOUTh Ty KPUBYIO 3aJAaHHONM MJWHBI U IMUPUHLI, BpallleHUne
KOTOPOII BOKPYT ocu OymeT oOpasoOBBHIBATHL ITOBEPXHOCTH TeJad, KUCIIBI-
THIBAIOIIIET0 HAaNMMEHbIIee COIPOTHUBJIEHNE B PEeAKOil cpexe?

W3 Bepaskenua (11) BuAHO, UTO COBOKYIHOCTHL BCEX KPHUBBIX,
OL03PeBaeMbIX Ha MHUHHMYM, 3aBUCHUT OT OJHOTO ITapaMeTpa U IpU

9TOM BC€ KPHUBbI€ MONOOHBLI APYT APYTY.
3HauuT, CcjIeAyeT WOCTYIUTh TaK, Kak
y:ke ObBLIO c¢ OpaxmucToxpoHoii. Hapucy-
eM KPHUBYIO IIPM HEKOTOPOM (hHUKCHUPO-
f(x,2) BaHHOM ¢, CKaskeMm, mpu ¢ = 2 (cMm.
(&, H) puc. 39). Mo:XHO mOKas3aThb, UTO KpUBas
f(x,2) mepecekaercsa c J000¥ TpPAMOI
gh--- y = kx, k> 0, gums oguH pas.

Hua pemenusa 3amauu HwioToHa cie-
nyer mpoBectm mnpamyo y = (H/R)x,
COEIUHAIOIIYI0 HAaYaja0 KOOPAMHAT C TOU-
kot (R,H). Ilycts sTa mnpamad IepecedueT rpadur QyHKIUU
y = f(x,2) B Toure (X,y). Torma, momoxxkuB ¢ = H/y, moctpoum
KpuByio y = f(x,C), KOoTOpas mpoizer uyepes HYKHYIO Touky (R, H).

dra KpuBaa B cemelictBe (11) — emmHCTBEeHHasa obOsajaroIas Ta-
KuM cBoiictBoM. OHa u OyaeT pelleHWeM 3aJauyu, II0OCTABJEHHOI
HyioroHOM.

2. Yro Xe 03HayaeT TauHCTBeHHad hppasda Hrio-
TOHA, KOTOPY MB IPONUTHUPOBAJHU B HaUaJe 9TO-
ro pacckaaa? Kakoe oTHOIIIeHNEe MMeeT OHA K OIIMCAHHOMY BBIIIIE
pemrenuio 3agaun Herorona?

Ha puc. 33 maHeceHbI HEKOTOpPHLIe HYKHBIE HaM ceiiuac obo3Haue-
Husa. Msr obosmaumau |MN| = x, |[MB| =y, |BG| = b, yron mexny
orpeskoM [MN] u KacaTeJIbHOW K KPuUBOM B TOoukKe N — uepes ¢.
dror yroxn paseH yriay HGR. Jlanee, tg ¢ = f'(x). 3maunr,

|BR| : |BG| = tg ¢ = |BR| = bf'(x),

RifF-
8

OTKyJa
|GR|” = |BG|* + |BR|* = b*[1 + (f' (x))*].
Teneps u3 mponopnuu HeioToHA
IMN| : |GR| = |GR|? : (4|BR| - |GB|?)
IojiyuaeMm
x _ A+ (F@)PH*? xf' (x) b

— = -, 12
1+ (7 ()2 457 (x)b? arFen: 1 12
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Ilonyunnocy puddepeHnmaibHOe ypaBHeHUe s Kpuboit HbioTo-
Ha (cp. (10) u (12)).

3aTymJIeHHOCTh Teja BpalleHusa W U3JOM B Touke G (rme yrou,
KaK MBI IOMHUM, paBeH 135°) ObLIM TaKKe ImpeaycMoTpeHbI HbioTO-
HOM. A oTBeuas Ha MePBBIN BOIPOC, MBI YCTAHOBUJIN, YTO AUDDepeH-
nuajabHOe ypaBHeHume (12) ycioBue B M3JIOMe HPU HAHHBIX ITUPUHE
U OJWHE OIpemesioT MCKOMYI0 KPHBYIO ogHO3HauHo. Takum obpa-
30M, MOKHO CUHTaTh, UTO aspoduHamuieckas sadava Ovlia peuleHa
Hviomonom noaHocmbio.

3.Ilouemy e KpuBad HbriOTOHA HAa NPOTHANKEHHUH
YyTh JIMU HE TPEXCOT JeT OblJla B HOJOMEHUU HE-
cuacTtHO# 3oaymku? Iouemy Tak moaro sambices HbioToHa
ObLJI He OO KOHIla IIOHAT?

Brimie O0b1I0 CKa3aHO, YTO 3aJada O OPaXMCTOXPOHE OTKPHLIA HO-
BYIO 5Py — 9PV BapHAIIMOHHOTO WMCUYMCJIeHUA. BapuarmoHHOE MCUUC-
JeHmue OypHO pPas3sBUBAJOCHL B TeUeHUEe MOUTH ABYX cTosetuii. Ho, Kak
y°Ke TOBOPUJIOChH, B HAIIIM JHYU MHOTHE TeXHUUYECKHe 3amadu (B OCHOB-
HOM KOCMHYECKOTO COAEeP:KaHuA) OOHAPYKUJIN, UTO YacTh aAKTyaJlb-
HBIX TPo0JeM He MOYKeT OBITh HCCJefOoBaHA MeTOJaMU BapUAIMOH-
HOrOo mcumciaeHmusa. IloTpeboBajicss HOBBIM ITar BIepen, W ObLIa pas-
paboTaHa HOBas TEeOPUA — TEOPUS OINTUMAJIBHOTO YIPaBJIEHUA, —
KOoTopad BKJIOUMJA B cebsA BapHMAIlMOHHOE HCUYMCJIEHWE U II03BOJIHJIA
peuiath 3amauu HoBoro tuma. Taxk BoT, sadaya Hwviomouna omuocum-
Ci UMEHHO K ONMUMAAbHOMY YynpaejerHut. B paMKax sTo# Teopuu
3amavya HbloToHa TOJyUYaeT ecTeCTBEHHOE UM CTAaHAapTHOEe pasperre-
HUe. A B paMKax BapHUaIlMOHHOTO WMCYUCJIEHUA TAaKOTO eCTEeCTBEHHO-
TO ¥ CTAHAAPTHOTO peIeH’s 9TON 3aJauyu He IoJydayioch. Takum
obpasom, HbviomoH ceoeil 3adaueil npocmo onepedun epems noYymu
Ha 300 aem!

4. A uTto sTO 3a pengkasa cpepxga? BroiBaer au oma? He
ABJAETCSA JU abCYPAHBIM TO OOCTOATEIHCTBO, UTO TEJO0 HAMMEHBIIIETO
conporuBJeHusa 3arymiaeHo? KrTo 3To BuabIBasm ToOpmenbl WMJIM PAKETHI
C 3aTYyIJIEHHBIMHU TOJIOBKaMu?

HelicTBUTEIbHO, HU BOJa, HU OKPYKAIOIUA HAC BO3AYX, HU JIIO-
6ad apyras TPUBBIYHAA HaAM KUAKAA WUJIW rasooOpasHasd cpema He
o0samaloT cBoiicTBaMmM peakoit cpeabl Hrioroma. Tark uTo pelrenwue
HrioroHa He MOKeT OBITH ITOJIE3HO MPU CTPOUTETHCTBE MOTOPHBIX JIO-
JIIOK, KaTepoB U OKeaHCKUX JaiHepoB. OgHako (usmuecKue HOmyIe-
Husg HpIOTOHA M caMa ero aspoAmHaMMUUecKasd 3aJadya OKasajauch Ha
caMoM TIepefHeM Kpae COBPeMeHHON HayKu B cepenune 50-x romoB —
B TOT MOMEHT, KOT[a HacTajla 3pa CBePX3BYKOBBIX M CBEPXBBICOTHBIX
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JleTaTeJbHBIX ammapaToB. TaMm, «BBepXy», cpefa SIBJIAETCS «PEIKOI».
W 3ameuanue HviomoHa 0 3amynjeHHbLX KOHYCAX OKA3AJLOCL-MAKU
«Hebecnone3HbvlM» NPU NOCMPoeHUU cydos, & UMEHHO KOCMUYECKUX
U CBepX38YKOBLLX.

W, makowmel, 3agaguM BOIIPOC:

5. Omubamorca au reauun? B cBoeil crarbe B KypHaje
«KBanT» (1982, Ne 5. C. 11—18) a ocTaBus sTOT BOompoc 6e3 oTBeTAa.
Ho xorma B pemakium cTaThbio mpouuTtanu Amnapeio HukomaeBuuy
KoinmoropoBy, oH moTpeboBaji, uToObI ObLIO Hammcamo: «KoHeuHO,
omubarorcsi». [[a, MOKeT OBITH, OMIMOAIOTCH.

Ho BoT HeoxxumaHHBIN npuMep — 3amava HbioToHa. [IBecTu maTh-
JecsaT JIeT KasajJoch MIPaBIOMOAOOHBIM, UTO OHA He WMeeT (Quanye-
cKoll 0asnl, a ee pemreHue adbcypamo. Ho «3abiay:kaeHue» TeHUA Ha
TOBEPKY OKAas3aJioch ero MpPO3peHUeM.

CiaoBoM, He OymeM TOPOILIMUBEI: MOMCEM CMAMbCs, YMO MblLCJb
Tenus, kaxcywasnca Ham 3abayxcdenuem, Ha camom Oese Hecem 8 ce-
b6e omneuamox ucmuHs. — 00CMYNHOU eMy, HO eue He OMKpbLauLeil-
csa HaM.
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YACTDb BTOPAA

METO/JAbI PEIIEHUA
IKRCTPEMAJIBHBIX SAJTAY

CienyeT IIOCTaBUTH Iepes COOOII IeIb USBICKATD CIIOCO0 pe-
IIeHusA BCeX 3afad... OJHUM ¥ IPUTOM IIPOCTHIM CIIOCOGOM.
K. Janambep

Paccras Odesamulil
9YTO TAKOE ®YHEKIIUA?

Ato obIee moHATHE TpebdyeT, UTOOBI (PYHKI[MEH OT X Ha-
3BIBATh YKCJIO, KOTOPOE HAeTcs AJA KaKIOoro X U BMecTe
C X IIOCTEIeHHO M3MeHseTcs. 3HaueHune (QYHKIUU MOKeT
OBITH JAHO AHAJUTUYECKUM BBIDAKEHWEM, WJU YCJIOBUEM,
KOTOpPO€e IIOJAeT CPEeICTBA HCIBITHLIBATL BCE UYNCJIA U BbI-
0MpaTh OJHO W3 HUX, WJIW, HAKOHEI[, 3aBUCUMOCTb MOMKET
CYIIECTBOBAThL U OCTABATHbCA HEM3BECTHOI.

OOIIMPHBIA BUJA TEOPUU IAOIIYCKAeT CYIleCTBOBAHUE 3a-
BHCHUMOCTHA TOJBKO B TOM CMBbICJI€, UTOOBI UMCJA, OLHO
C APYTMM B CBA3U, IPUHUMATH KaK Obl JAHHBIMH BMECTE.

H. HU. Jlobauesckuil

IIpe:xkge uem mpucTymaTh K paccKasaM O MeTonax
WccaeloBaHUSA 3aJay HA MAaKCUMyM W MUHUMYM, IIOTOBOPUM O (PYyHK-
MUAX.

DyHKIUSA — OCHOBHOE MOHATHE MaTeMaTHdecKoro aHajamsa. Ho
dopMupoOBaIOCh OHO He cpasy. BHauajie OHO OBLIO PACIJIBIBUATHIM
U He HMeJO CKOJBKO-HUOYIh UYETKOro omucaHus. IlepBble MOOBITKU
0UepTUTh KOHTYDPHI 3TOTO IIOHATUA JAejailoTcd B KoHIle XVII Beka
Jleiiouuniem, Uoramnom m SAxobom Beprysamu. Cam TepMuH «(YyHK-
nus» npuHagaexxut Jleionuny. V. BepHyaaum BKJIaALIBAeT B STOT
TEPMUH IIOHSATHE O <«B8blPpANCEHUU, COCMABACHHOM KAKUM-IUGO 00pa-
30M U3 NepeMeHHOl BeJUYUHb. U NOCMOAHHLLX GeauiuH». KoHKpe-
TU3UPyA MbIcab V. Bepuysnu, Jiiaep B CBOUX yUeOHHMKAX OIMIPEIesIsI
GYHKIIMU KaK aHAJIUMUYeCKUe 6blpadCeHUs, COCTaBJIeHHBLIe U3 Iepe-
MEHHOM BeJIWUYWHBI U IMTOCTOAHHBIX BeuunH. OH 2Ke BBeJ CuMBOJ f(x).
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Opmako Jijiep cCYMUTAS BOSMOMKHBIM Ha3bIBATh (DYHKIIMEH TaKIKe «IIPo-
M3BOJILHO HaUepPUeHHYI0 KpUBYI0». Ho Oilmepy ObIIM M3BECTHBI TaK-
JKe M TaKue cJiydau, KorZa (DYyHKIUA mMeJjia CJIOBECHOE OIIMCaHUe.
CraxkeM, TOT »Ke CUHYC.

PaccmoTpuMm oamH mpocToii mpuMep QPYHKINHU, JOMYyCKAaoIeil pas-
Hble omucaHud. 910 y = |x|. Hecomuenno, urto |x| = Va2 = (x2)1/2
ecTh (aHAJIUTHUUYECKOE) BhIpasKeHUEe, COCTABJIEHHOE M3 IEePEeMEeHHOI Be-
JUYUHBI X U TOCTOAHHBLIX BeJawdumH. Tak 4YTO 3T0 — (QYHKIIUA U IIO
. Bepuyanu, u mo Jdinepy. Ho ee Ke MOKHO HM300pasuTh W Kak
«HAYEPUEHHYIO KPUBYIO», UAYIIYIO II0 OMCCEKTPHCAM II€PBOI'O W BTO-
poro KBaapaHTa B [AEKapTOBOH cucTeMe KoopaumHAT. Ee Ke MOKHO
ommcaTh M CJOBECHO, CKas3aB, YTO [IJsd X, PABHOTO HYJIIO, 3Ta (PYHK-
A paBHA HYJIIO, IJIA MOJIOKUTEJHLHOTO X OHA pPaBHA CaMOMY X, AJS
OTPHUIIATEeIbHOTO X OHA paBHa —Xx. M B0oOGIIe OOJBIMTUHCTBO PYHKITHI
JIOIIYCKAIOT Pa3HbIe OMMCAHUSI.

Yemy ke orgath npexamoutenme? Ilo sTomy moBoay ObLIO MHO-
ro cmopoB. CkakeM, OWUJIEp CUMTAJ, YTO KJacCc (PYHKIUI, SBJISIO-
IUXCS «IPOU3BOJHLHO HAUEPUEHHBIMU KPUBBIMHU», IIIUPE, YeM KJACC
GYHKIUHA, 3aJaBaeMbIX «aHAJIUTUUYECKUMHU BBIpaKeHUAMN». Iamam-
6ep Bo3paKkaJ €My, OH YTBEp:KIajl, YTO MHOJYUUTCSI OJHO M TO Ke.

. BepHynniu BBIABUHYJI, Kasajoch ObI, COBCEeM MIapaJOKCAJIbLHYIO
TOUKY 3peHusa Ha (QYHKIUIO: OH BBICKAas3bIBaJ yOesKIeHHe, UTO MPO-
U3BOJBHYIO nepuoduyeckyro QYHKIUIO C IepuogoM 27 MOKHO IIpen-
CTaBUTh B BHUJE CYMMBbI

(oo}
Z (ar cos kx + by sin kx).
k=0

BoabIIMHCTBY Ke KasajJoCh, UTO 3TO — JIMIIh HEKOTOPBIN Y3KMiA
KJace (PYHKIMH, YTO OH yiKe, YeM «aHAJUTHUUYECKUE BBIPAXKEHUA» W,
pasymeeTcs, YeM <«IIPOM3BOJIbHLIE KPUBBIE».

B mauame XIX Beka cTajla BBIKPHUCTAJJIU30BBIBATHLCA HAesd (QYHK-
ouu Kak coomeemcmeus, 3aKOHa, 0 KOTOPOMY He3aBHUCHMAas Iepe-
MeHHas X mIpeodpasyeTcd B J, BHE 3aBUCUMOCTH OT CIIOCO0A TaKOTO
coorBeTcTBUA. Cpeny mepBBIX YUEHBIX, IMIPOMAraHAMPOBABIINX TAKYIO
TOUKY 3peHus, obl1 JlobauescKkuii. Ero ciaoBa 1mo sTomMy mOBOAY ObLIN
BbIHECEHBI HaMHu B suurpad K HaAIleMy paccKasy.

Cxonmmble BO33peHUsS U IIPUMEPHO B Te Ke BpeMeHa BbICKas3bIBa-
JUCh U BO (PPaAHIy3CKOM MaTeMaTHYeCKOU IIMKOJe, W B HEMEI[KOI.
B mauasie Beka B yYeOHHMKAX II0 MaTeMaTUYeCKOMY aHaJU3y CTau
OPUBOAUTLCA TaKue, HAIpPUMep, ompeaesieHuda (QYHKIIUU.
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«Ilyctp maHBI ABe IIepeMeHHbIe X U }Y, MEXKAY 3HAUEHUAMU KO-
TOPBIX CYIIECTBYeT KaKasa-HUOyIb 3aBUCUMOCTb. Boo0Ole, OmHY us3
mepeMeHHBIX, HAIPUMep X, pacCMaTPUBAIOT KaK He3aBUCHUMYIO. 3Ha-
YeHWEe X MOYKEeT OBITh B3STO II0 ITPOM3BOJY, HO TPU JAHHOM X 3HaUe-
HYe y He IpousBoJbHO. 'oBOpPAT TOrpga, UTO Yy ecTh (MYHKIUA OT X»
(Banne-Ilyccen). Unu: «IlepemeHHass BeqmumHa [ HasbIBaeTCsaA (PYHK-
mueil OT IepeMeHHOM BEeJIUUYUHBI X, €CIU KaKIOMYy 3HAUEHUIO X COOT-
BETCTBYET ONHO ompejeseHHoe 3HaueHue y» (Hemwinkwuii, Ciyackada,
Yepxacos).

Oxmako Jmofeii, 0cob00 MPUBEPKEHHBLIX K JIOTMYECKOH CTPOTOCTH
(BoOOIIle TOBOPSA, TAaKMX JIOAEH He TaK YK MHOIO), IIOJOOHBIE OIIpe-
JIeJleHus YAOBJIETBOPUTH He MOTYT. Beab B HUX TEPMUH «(PYHKIIHA»
oIpeiesngeTcs uepe3 MOHATUA, KOTOPHIE CTOJb K€ HeoIpenesieHHBI
U CTOJIb K€ PACIJIBIBUATHI («3aBUCUMOCTb», «3aKOH», «COOTBETCTBUE»
u T.I.).

Hexoropoe yclmoxkoeHme IPUIIIO C CO3TAHUEM TEOPUH MHOYKECTB,
Havajla KOTOpoi ObLIM 3aoikeHbl B KoHIe XIX Bexa I'eoprom Kam-
Topom. Tam Bpome ObI Bce cTajmo Ha cBou Mecta. Ilyects X m Y —
IBa MHOKecTBa. MHOKecTBO F map (x,y), x € X, y € Y, HasbIBaeTcs
dyHKIUMENH, ecam mua Jgoboro x € X CymiecTByeT eIMHCTBEHHOE Y
Takoe, 4to (x,y) € F. Torga numyr y = f(x) *). Konnenuum reopun
MHOXKECTB IIPOM3BEJIM OI'DOMHOE BIIeUATJIEHME HA MHOTUX MAaTeMaTu-
KOB, KOTOpPEIe OBLIN CBUIETEJIIMHU 3apOKICHUS HOBON Teopuu. I'Mib-
6epTy, ONHOMY W3 BeJIWYAUINTNX MaTeMaTHKOB BCeX BpPEMeH, MIpHu-
HaAJIeXKaT CJeyIOIue CJIOBa O TeOPUU MHOMKecTB: «fI cumraio, UTO
OHAa IIpeACcTaBJisIeT co00il BhICOUaiilliee IMPOSBJIEHIE MaTeMaTUUECKOTO
TeHUS U OJHO M3 CAMBIX BBICOKHX MOCTMIKEHUNU YUCTO TYXOBHOM
IeATeJIbHOCTU YesioBeKa». HysKHO m00aBUTH IPU 3TOM, YTO IIPaK-
TUYEeCKU BCe COBpPEeMeHHbIe MaTeMaThdyecKre paboThl TaK WJIM HHaUe
WCIOJIL3YIOT OCHOBHBLIEC ITOHATUS TEOPUM MHOMKECTB U €€ CUMBOJIUKY.

Ho yBbBI, Uepes Kakoe-TO BpeMsA CTaJ Pa3faBaThCA KPUTHUUYECKUE
rojgoca. OO0HAPY:KUJINCH IIPOTUBOPEUMNSA, M CHOBA BOSHUKJHU KapKue
cuopbl. B mauame XX Beka Bce kpynHelimue marematuku (Ilyanka-
pe, Tunwvbepr, Amamap, Beitnb, Bpaysp u apyrue) NpuHSIN yUacTHe
B OOCYyKAeHUU MpobJieM, CBSI3AHHBIX C KPU3WCOM OCHOB BCceHl Mare-
MaTuKu. [[JIT HEKOTOPBIX MaTEeMAaTHUKOB TEOPEeTUKO-MHOXKECTBEHHBIE
ompenesieHUA (M B YACTHOCTU ompeneseHue (GYHKIUU) OBLIN HEIPU-
emiiemo I1mupoku. OHM BBICKA3bIBalIu YyOe:KIeHMe B TOM, YTO

*) Yro-TO O4YeHb OJMBKOE II0 CMBICIY COAEP’KUTCA B MOCIefHeil ¢dpase IUTATH U3
Jlo6aueBCcKOro, MPUBEJEHHON HaMu B KadyecTBe asmurpada.
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GyHKIUOHAJbHASA 3aBUCUMOCTD, IIPEACTABJIAMIOINAA WHTEpPEC C IIPaK-
TUYECKON TOUKU 3PeHUudA, HEeM30eKHO MOJI’KHA OBITh «KOHCTPYKTUB-
HOM». IATO B3HAYUT, UTO MOJIKHO OBITH OTUYETJIMBOE IIPaBUIO (WM,
KaK Temepb NMPUHATO TOBOPUTH, — aJITOPUTM), KOTOpOe IO JaHHO-
My X IIO3BOJIAET OTBHICKMBATH HYXKHBIN y. B mTOre BOSHUKJIU IiesIble
HaIIpaBJeHUsA B MaTeMaTUKe, OTPUIlABIINE TeOpHI0 MHOMKecTB. Craja
paspabaTeiBaThCAa 0c00asA «KOHCTPYKTHBHAS» MaTeMATHKa, IOX0XKas
¥ Hemoxo’Kasd Ha yiKe CTaBIIYI0 HPUBBIYHON M/ BCeX MaTeMaTUKY,
OCHOBAHHYIO HAa TEOPUU MHOKECTB.

MHorue ydyeHbIe OYEHBb TSKEJIO MEPEeKMBAIU KPUSUC, CBIBAHHBINA
C OTPUIlAHUEM YaCThI0 MAaTEMATHUKOB T€OPETUKO-MHOKECTBEHHBIX KOH-
nennuii. lasux I'mabbepr Taxk nucan o6 atoMm: «HUKTO He M3rOHUT
Hac u3 pasi, Cco3maHHOTO AJMA Hac Kamtopom». IHBIe Ke TOpAUO
OCHapWBAJIN 9Ty TOUKY 3pEHUAd.

Oxmaxko mopa BepHYTHCA K HAIIMM IIpobJieMaM: UTO JKe TaKoe
byuaKIIUSI?

Kakomy BosapeHuio ormath npeamnourenue? I'me mcrtuna? Yriuy6-
JIeHHOe IIPOAYMBIBaHME STUX BOIPOCOB YBeJO OBl HAC CJIAUIIKOM [aa-
Jexko. Ho HeoO6XoAMMO CKasaTh, UTO MAJA <«OOIEyHIOTPeOUTEeIbHBIX »
mejeit, AJiA pelieHuA pPeasbHBIX 3amad, AAA (GU3UK| u Oojee IIMHU-
POKO — Ui TPWJIOKEHWH MaTeMaTHKU B €CTEeCTBEHHBIX HAayKaX,
B TEeXHUKEe, 9KOHOMUKE U T.II. TOAATCA BCE NOCTATOUHO OIIPEIeJIeH-
Hble ONMUCAHUA MOHATUA (PYHKI[UU.

IIpakTryecKu BCIOAY B STOM KHHUTE AJS HAIMUX OCHOBHBIX ITeJeit
JOCTATOUYHO OyAeT TOTO MOHUMAHUA, KOTOpOoe Hauajgo Oo(popMIATHCS
Yy caMbIX HCTOKOB MaTeMaTHUYEeCKOro aHajmsa. llosaTomy MBI Oyaem
TPAKTOBATh HOHATHE (GYHKIUU «H0 DBepHyIn» Kak «BBIpasKeHUe,
COCTaBJIEHHOE KaKUM-JI100 00pasoM 13 IIePeMEeHHOM BeJIUYUHBLI U I10-
CTOSTHHBIX BEJIUUYUH».

DYHKIIUY PA3TUUaIOTCA II0 YHCAY mepeMeHHBIX. CHauajga IOTOBO-
puM o0 (PYHKIHAX ONHOU IIEPeMEeHHON, KOTopas SBJISeTCS IeiCTBU-
TeJIbHBIM uYmcioM. Eciu MbI OygeM roBoputh o QyHKImu y = f(x),
MBI Bcerga OymeM MMeTh B BUAY KaKOe-TO TOUHOE IIpeAIncaHue, CcJe-
IyA KOTOPOMY M3 YHCJa X HOJIYYUTCA Yucio y. Ilo Ttumy Takoro:
«BO3bBMUTE YNCJIO, BO3BEIWTE €ro B KBaapaT, IPUOaBbTe K 3STOMY
KBaZpaTy eIWHUIIY U U3BJIEKUTE KBAJPATHBLIN KOPEHDB».

Tak ommceiBaeTca QyHKIMA y = v 1+ x2 — 5TO0, KOHEUYHO, «BBI-
pa'KeHUe, COCTABJIEHHOE W3 NEePEMEHHON BEeJIWUYUHBI U IIOCTOSHHBIX
BeauunH». (CKaskeM, KCTaTH, UYTO BO33peHUA BepHY 1M BO MHOTOM
CMBIKAIOTCSA C BO33PEHUSIMHU COBPEMEHHBIX «KOHCTPYKTHBMCTOB»: Ha-
IO JIUIIh PACILJILIBUYATHIN TEPMHUH «BBIpaKeHNe» 3aMEHUTh TePMUHOM
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«aJITOPUTM» , KOTOPOMY MOKHO IIPUAATH COBEPIIEHHO TOUHBIH CMBICII,
a Mo CyTH Jejia, aJITOPUTM — 3TO TOYHO CHOPMYJIUPOBAHHOE IIPEAIIN-
caHUe O TOM, YTO HAAJEKUT CAEJATh C UUCJIOM X IJIA HOJIYUEHUS Y.)
DYHKIIUM OJHOM IIepeMeHHOM MOXKHO wu300pasKaTh rpaduKamMu.
s aTOTO OCh X HAIpPaBWUM, KaK OOBIUHO, TOPMBOHTAJBHO CJIeBa Ha-
IpaBo, OCh J — BEPTHKAJILHO CHU3Y BBepX. IlepeceueHme oceii 060-
3HauuM OykKBoit O. Bribepem MmaciiTab mo ocu x u y. Temephb, BHIOpaB
YHCJI0 X, OTJIOKMM ero Ha ocu Ox, a 3aTeM Ha IePIEHIUKYJIAPE,
OPOBENEHHOM UYepe3 IIOJYUEeHHYI0 TOUKY, OTJIOKMM OTPE30K JJINHEI
y = f(x). Tak monyuaercs rpadpur dyaxmuu y = f(x). B uacrHocTH,
rpadpuxom QyHEIME y = V1 + x2 Oyger runepGosa (cm. puc. 40).

y

A Temepr maBaiiTe ompeeMM M 3aTeM HN300pasMM HECKOJIbKO
BasKHeHINUX (PYHKIUII OTHOW HepeMeHHOI.
Camas mpocrad u3 QYHKIUNA — NOCMOAHHASA:

y=c.
Kaxkoomy geiicTBUTENILHOMY dYHCIYy X 9Ta (QYHKIUA COMOCTABJSET

OOHO M TO ’Ke umcyio ¢. Ha puc. 41 msobparkena GpyHrnua f(x) =1
IpU YACTHOM 3HAUEHWU C, PABHOM eIWHUIIE.

Craenmyolfie IO CJIOMKHOCTH (PYHKIUN — JUHEUHbLe:
y = bx.
31ech b — IOCTOSHHOE YUMCJO, a X — Jiio6oe AefiCTBUTENbLHOE UMCJIO.

Takne QPYHKIME M300paKAIOTCA IMPAMBIMU, IPOXONAIIAMU UYepes
HayYaJIo KOOpAWHAT U He coBnazamiumu ¢ ockio Oy. IlycTs, crakeM,
b = 2. Torga nmonyunrca ¢pyaknua y = 2x. Ecau B3ate x =1, To y
OKaKeTcsA PaBHBIM ABYM, ecau B3ATh x = 0,25, To y 6ymer 0,5 u T. 1.
— 10 KaXJOMy X COBEPIIeHHO OIpeeJeHHBIM 00pasoM HaXOMUTCS
Y, a UMeHHO, X yMHO)XKaerca Ha 2. Ha pumc. 41 mszobpaskeHa camas
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y
y=1 1
| X
0 1 e=2,71... n=3,14...
mpocrasg w3 JUHEHHBIX (GYyHKIUA — y = x. Ee rpadpuk sasigercsa

O6ucceKTpucoil yria, obpasopaHHoro ocamu Ox u Oy.
W3 mocToAHHOI U JIMHEHHOH (QYHKIIMI 00pa3yoTca (YHKIIUU BUAA

y=>bx+ec.

B mikose mmenHO Takue (PyHKIUN Ha3bIBAIOT JUHEWHBIMM, HO HaM

KajKeTcd, UTO MX eCTeCTBeHHel HaswiBaTh adpduuHBIMU. AdduHHBIE

byHKIIMU B AajbHelIeM y Hac OyAYyT UTPaTh BasKHEHMIIYIO POJIb.
3areM UAyT K8adpamuiHvie QYHKUUUL

y = ax?.

Takue (PyHKIIMM m300pasKkaioTcsa mapaboaaMu, IPOXONAIINMU Ue-
pe3 Hauajgo KoopauHat. IlycTth, crakem, a = 0,5. Torma, eciu B3ATH
x=1, 0 y=0,5, ecitu x =2, To y =2, ectu x = 10, To y = 50
U T.A., CHOBA IO KaXXJOMY X COBEpPIIEHHO OIIpeJeJeHHBIM 00pasom
HaXOOuTCA Y, a UMEHHO, X yMHOMaeTca Ha cebd, a 3atem Ha 0,5.
Ha mamem pucyHke msoOpaskeHa (QPYyHKIIUA

y=x% (a=1).

W3 mocTosHHON, JUHEHHON M KBaApaTUUYHON (PYHKIIUN 00pas3yroT-
csa KeadpamHble mpexuiensvt y = ax® + bx +c.
IToToM MOKHO PACCMOTPETH CMeneHHvle QYHKUUU

y = Ax".
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BJIGCL A — KaKoe-TO TOCTOSHHOEe lIefICTBH’I‘eJILHOG, a n — 1neJjoe
YucJo.
BaJ‘KHYIO POJIB B aHaJIM3€ HUT'PAIOT rnorKasamnmejibHbvle d)yl—tlcuuu

y = a”.

dyurnua y = 2° uzobparkeHa Ha puc. 41.

OueHb yIOTPEOUTENbHBI (DYHKIMU, OOpaTHbIe K CTEIEeHHBLIM U IIO-
KasaTeJbHBIM. Ha HalleM DPUCYHKe M300paskeHbl QYHKIUUA Y = /X
u y = Inx. OcobeHHOCTH 3TUX (PYHKIIWI B TOM, UYTO OHU OIPEIEIE€HBI
He 1ua Bcex x. PYHKIMA Yy = /X OIpefiesieHa TOJIbKO AJIA HEOTPUIA-
TeJIbHBIX X, a GYHKIUA Yy = InxX — TOJNBKO [JIA TOJIOKUTENHHBIX X
(cm. puc. 41).

HaxoHeri, B IIKOJIe IPOXOAAT €Ille M TPUTOHOMeTpUYecKue (PpyHK-
nuu. Ha puc. 41 msobpakeHa QyHKIuA y = sin x.

IIpuBemem cnucoxk HamboJiee YIOTPEOUTENBHBIX (QYHKIIUHA, C KOTO-
PBIMU IIOCTOSIHHO IIPUIETCS HNMETDL IeJI0:

y = Ax" — crenennas Qyuxuus; mpu n = 0 — 9TO HMOCTOSHHAS
dyHKIIUSA, Tpu n = 1 — JuHeWHadaA, Opu n = 2 — KBaJApaTUUHAad;
Y= ¥Yx — QyHKIUA «KODPEHb N-i CTENEeHU U3 X»;
Yy = a® — moKasaTreJbHasd (QYHKIIUA;
y = log, x — morapudmuueckas GyHKIIUA;
TPUTOHOMeTpUUYecKre (YHKIUMN: Yy = Sinx — CHHYC, I = COSX —
sin x cos x
KOCHHYC, Y = = tgx — TaHresc, y = = ctg x — KoTaHreHc.

Ccos X sin x
W3 onmcaHHBIX (PYHKIIUA MOKHO COCTABUTHL pPasHOOOpas3HbIE BHI-

pa'KeHUsI, KOTOPbIe TaK)Ke BCE OKAKYTCA (DYHKIUAMU ONHOI Ilepe-
meHHOI. IIpuBenem mpumepsi:

y=vat+x?, y=xV1-x? yZ%—nx

37

3

2
y= @, Y= Vb2 + x2 — 2bx cos .

Komeuno, 5TOT COMCOK MOXKHO IPOMOJIKHUTH. MBI HPUBEJIUN 3I€Ch
JUIIL Te (PYHKINH, C KOTOPLIMM HAM IIPUAETCA HMMETL OeJ0, KO-
raga Hy»XKHO OyZeT pellaTh dKCTpeMajbHbIe 3amaum. Ho, pasymeercs,
MOJKHO HPUAYMaTh W UTO-HUOYIbL IOCTpAIllHee, HAIIPpUMED,

y= Sin(2,5/1og7(1+tg(x+1)))-

31ech, 3aKOAMPOBAHO CJIeAVIOIIlee IpeAIrcaHue: B3ATH YMCJIO,
npubaBUTh K HEMY eNUHHIY, B3SATh OT CYMMBI TAHI€HC, KO BCEMY
npuOaBUThL €AVHUIY, W3 I[IOJYYEHHON CYMMBI B3ATH JOrapudm II0
OCHOBAaHHIO CeMb, [ajiee CJIeIyeT H3BJeYb W3 IIOJYYEHHOI'O YHCJIa
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KOpEeHb IISATOM CTEeleHU, BO3BECTH IBOMKY B CTeIleHb, PABHYIO IIOJY-
YUBIIIEMYCSA UUCIY U, HaKOHEIl, HaliTU CUHYC 9TOM CTeleHU IBONKHU.

Takoro poma «BBIPAKEHUAMU» («IPESIUCAHUAMU», «AJITOPUTMA-
MH»), TOIBKO UYThb MeHee «CTPAIIHLIMU», B OCHOBHOM U OyIeT wuc-
YyeplmaHo cojep:KaHue NOHATHA «(QYHKIIUS OTHOM IIepeMeHHO»,
C KOTOPBIM HaM IIPHUIETCS CTAJIKUBATBHCS.

C (pyHKIUAMU OAHOI IepeMeHHO# BBl BCTpedasuch B IKoJe. Ilo-
9TOMY BBIIIIE 0 MHOTOM (M BasKHOM) OBIJIO CKas3aHO BCKOJIb3b, B pac-
yeTe HA TO, YTO BBl MOKeTe 3arjiAHyTh B YUeOHUK, CIPOCUTH YUHU-
TeJsA WIW OOAYMAaTh Koe-uTo camu. Ho (YHKIUMAMU OLHOI IIepeMeH-
HOM HAM Jajbille He oOoiTuch. Ham Heobxommmo OyaeT «paboTaTb»
¢ QYHKIUAMU IBYX, TPeX, UeThbIpeX, CTa IIepeMeHHBIX (M — IIoKa II0
CeKpeTy — C (PYHKIUAMU 6eCKOHEUHOTO UHucJia MepeMeHHBIX). Ho He
nyraiitech! Bce aTO He Tak y:K TPYIHO.

Cuauajya caenaeM JIHIIb OAWH IAr BIIEpeJ 1 IIOTOBOPUM O (PYHK-
nuax 08Yx nepemeHHbvlX.

Eciu cmopocuTh Bac, Korja BIepBble Bbl Hauajaum <«padoTaTh»
¢ (QYHKIMAMU [OBYX MIepPeMeHHBIX, MHOTHEe IPUAYT B HEJOYMEHHe.
DYHKIIUU ABYX MEePEeMEeHHBIX B IITKOJE He M3YUaloT — KaK Ke MOYKHO
¢ HuMH «paborath»? Ho B meHCTBUTENTBHOCTH BCEe MBI 3HAKOMUMCS
¢ QYHKIIMSIMHU OBYX IIePEeMEHHBIX C He3amaMATHBLIX BpeMeH. MmeH-
HO — ¢ HesanamMATHBIX! HUKTO m3 Bac M He BCIOMHHUT TOT [€Hb,
Korja BIIepBbIe Balll OTell, WX MaTh, WU IPUIIEIINHA B TOCTU 3HAa-
KOMBIH 3a7aJl BaM BOIIpOC Bpohe: «Bor s16710K0, a BOT ellie, — CKOJIb-
KO BMecTe?». ITOo OBLIO B CAMOM pPaHHEM [IeTCTBE, KOTJA eABa JIHIIb
OCBOEHA peub M eIlle OajeKo O0 3HaHuA OykB. ToT MOMEHT, Korza
BbI OTBETUJIM HA IOCTaBJIEHHBIN BOIIPOC, BBl HE MOKeTe MOMHHUTb. Ho
WMMEHHO TOTa, KOorja, OpubaBUB K OJHOMY S0JIOKY APYroe, Bbl IOJY-
YUJIU «JBa» s0J0Ka, Bbl BIIEPBbI€ CTOJKHYJINCH ¢ (PyHKIIHel ABYX IIe-
PEMEHHBIX, CAMOU ApPeBHEN M3 HUX, CAMON M3BECTHOU — CJONCEHUEeM.

Bor ona:

z=x+y.

Ecnu B3ATH sI00yI0 mapy 4Ymces X W Y, TO STOM mape (QyHKIUA
«CJIOKeHUe» COIIOCTABUT YUCJIO 2, paBHoe cymme x u y. ITape (1,1)
OymeT comocraBjeHo umucio 2, mape (7,—3) — uwmcao 4 u T. 1.

Ha mepBBIX mOpax BbI OCBAWMBAJHM CJIOXKEHHE HATypPaJbHBIX UYHCeJ,
3aTeM — IIeJIbIX; HaKOHEeIl, BaC YYWJIU CKJAAbIBATH JIIOObIe UMCJIA.
B wurore, awb6oii nape (x,y), TAe x U y — HEUCTBUTEJbHBIE YNCJIA,
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BBl CMOJKETE COIOCTAaBUTh MX CYMMYy, MHa4e IOBOPSA, OMEPAIlUA «CJIO-
JKeHUe» oIpelesieHa Ha 000l nape (x,Yy), roe x U Yy — IeHCTBU-
TeJbHBIE YUCJIIA.

Brixogur, 4TOo ¢ QYHKIUAMHU OBYX II€PEMEHHBIX BbI CTOJKHYJINCH
ropasmo paHbIle, UeM ¢ (QYHKIIUIMU OJHOUN IIepeMeHHOI.

Ilocime cioKeHUA Bac YUYUJIM BBIUUTATb, YMHOMKATb W MIEJHUTh.
Brrunranue, yMHOMKeHNe U JeJieHHe — BCe 9TO0 (PYHKIIMHU ABYX Ilepe-
MeHHBIX. I[IprueM BBIUMTAHWE W YMHOXKEHHE OIIpeaeieHbl CHOBA Ha
goboit mape (x,Y), Tle X U Yy — [OeHCTBUTEJbHBIE YNCJIA, a HeJIeHUe
oIIpefieieHO TOJIbKO Ha Tex mapax (x,Y), Jas KOTopeix y # 0.

W cuoBa moa (yHKIHeH ABYX IIepeMeHHBLIX MBI OyJeM IIOHMMATD
(Bcoen 3a BepHynm) ewvipaicenHue, COCMABIEHHOE U3 NePeMeHHbLX
6CNUYUH X U Y U NOCMOAHHBLLX BEJUYUH.

DyHKIUU ABYX INEpPeMeHHBIX 2 = f(x,y) TOXXe MOXKHO u300pa-
3uTh rpadudecku. [[na saroro mzobpasdum miI0CKOCcTb XOy 1 IPOBELEM
ocs Oz TEepUeHIUKYJIAPHO 3TOH IIJIOCKOCTH. BribepeM MacmiTab Ha
ocax Ox, Oy u Oz. Temeppb, ecsm HaAM 3aJaHBl UMCIA X U }Y, MBI
OTJIOKMM HX Ha IIockoctu xOy, 3aTeM BBIUMCJIAUM 3HaueHue f(x,y)
¥ OTJIOXKMM Ha IIPAMOM, mapajielbHoii ocu Oz u IPOXOnAleil uepes
TOURY (X,Y), OTpPe3oK IIWHEI f(x,Y).

HaBaiiTe Temeph ompeAes UM M M300Pa3UM HECKOJBKO BasKHEHIITNX
GYyHKIUHE ABYX MepeMeHHBIX.

U cuoBa — camasd mpocTeiimias QYHKIUA — NOCMOAHHAL:
z=c.
Kaxpoirt mape (x,y), rje x U y — HOeUCTBUTEJIbHBIE YWCJA, BTA

(PYHKIIUA COIIOCTABJIAET YMCJO C.
Crnenmyiolmiye MO CJIOKHOCTH (QYHK-
MU — JUHEUHble:

z=ax+by.

31ech a U1 b — IOCTOAHHBIE YNCJIA,
a x m y — Jo0ble JeliCTBUTEJILHbBIE
yucaa. Jasd TOro 4YTOOBI TOJIYUUTH 2
mo nape (x,y), HAAJEKUT X YMHOMKUTH
Ha @, Yy YMHOKUTH Ha b M MOJYYUBIIN-
ecsd umcIa CJHOMHUTH. IlycThb, CKaKeM,
a =2, b = 0,5. Torma mape (1,0)
coorBeTcTByeT 2z — 2, mape (1,1) coorBercTByer 2z = 2,5, mape
(4, —16) coorBerctByer z = 0. Ha puc. 42 msobpakeHa JUHeNHHAas
dyEKRIUA 2 = x + Y. Boobiie ke uHeliHbIe GYHKIINU M300paKAIOTCS
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2 IIJIOCKOCTAMM, IIPOXOAAININMMHU Yepe3 Ha-

YajJ0 KOOPAUHAT M He NepPIeHAUKYJIAD-
@ HBIMH ILTOCKOCTH xOy.
W3 mocTroaHHOU M JIMHENHBIX (DYHK-

nuii o0pasyooTcsa QYHKIUN BUOA

z=ax+by+c,

KOTOpPHIe MBI TaKiKe OyJeM Ha3bIBaThb
appunnvimu. OHU manee OyAyT UrpaTh
JJIg Hac caMyi0 Ba'KHYIO DOJIb.

Hanbre ugyT KBagpatuuyable QyHKmuu z = Ax? + 2Bxy + Cy?
u QyHKOUMW BUAa

2 = Ax® + 2Bxy + Cy® + ax + by + c.

Ha puc. 43 msobpakena (yuknusa z = x2 + y?. IlpuBegeM ere
HECKOJbKO (GYHKIMH NBYX IIepeMeHHBIX, KOTODPbIEe BCTPETATCA y HAC

gajiee IIpU pelleHuun 3amayv:
2 2

X
z=Ax*(y — Bx), z= Axy, 22;—1—5—2,

z=x-0)?+@-d)? z=(x-c)2+y-d?2

W emme HECKOJBKO CJIOB 0 (PYHKIIUSAX OABYX IepeMeHHBIX. OmHO
00CTOATENILCTBO IIO3BOJISIET HAM HATJISAHO IPEACTABIATh UX Xapak-
TepHble 0COOEHHOCTH, MO0 TpadUK OJHOM 3aMeuaTeJbHON (PYHKIINHU
IBYX IIEPEMEHHBIX BCerja y Hac Iepej IJIasaMU U <«IIOJ HOTaMU!».

Bort BBI cTOuTe Ha 3emJe. Baille MmojoKeHNe B MPOCTPAHCTBE MOMK-
HO 3ajaThb TPOIKoil umcen (¢,V,h), rae (¢,1) — reorpapuueckue
KOOPAMHATBHI — INHPOTA W HOJTOTa, a h — @ébicoma Had YposHem
mopa. Taxum obpasom, h = h(p, V), T.e. h ects dyurmua (¢, V).
(BcmoMHUM Ty OOIIMYyI0 TOYKY 3peHUS Ha QYHKIINIO, KOTOPYIO MBI
mocraBmiu suurpadoM K JaHHOMY pacckasy.) W Bce, uTO MBI BH-
OIUM — XOJMBI, JIO}KOMHBI, OBparu, ropbl, IJagd 03ep — BCE JTO
ecTb «rpaduK» 9TON (PYHKIIUU.

YV Heé mMeeTcAa MHOKECTBO HNPUMEUATEIbLHBIX TOUYEK.

IIpe)xme BCEro, KOHEYHO, 3TO — BEPULUHbL, TIOAHABIINCH HA KO-
TOpble MbI HCIBLITHIBAEM PAaIOCTh MOOGEABI, BOCTOPT IIPeomoJieHus. Bo
BpeMs IIyTeIIeCTBUSA [0 ropaM MbI HIEM NepesaJibl, YTOO0LI U3 OJHOM
IOJIMHEI TepeiiTu B Apyryoo. Mcenaeayss MOPCKOe AHO, MBI CTPEMHMCS
OTBICKATH CAMYIO IJIYOOKYIO TOUKY MOPsS. OTUMHU K€ CAMBIMH TOUYKA-
MH — BepIIMHAMU, MepeBajaMu, JIOKOMHAMU — HaAM U HAIJICKUT
3aHUMATBCA JajIbIle.
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Paccranemcsa Ha BpeMsA ¢ QYHKIUAMHU IBYX INEPEMEHHBIX U CIe-
gaeMm erme omuH 1ar. CmpocuM cebs: UTO Takoe (PYHKIMA TPEX IIe-
pemvenubix? Hy KOHEUHO Ke, 9TO 8blpaiceHue, cOCMABILEHHOE U3 Ne-
PeMEeHHbLX X, Y U Z U NOCMOAHHIX GEJUYUH.

IIpumepsi? Crouabko yromuo! Cymma u = x + y + 2, Ipou3BefeHUe
u = x-Yy-2, mocTosTHHAsA QYHKOUA u = d, JuUHelHasaA QYHKIUA
u = ax+by+cz, kpagpaTuunaa GysKnua u = Ax?+2Bxy+Cy®+2Dyz+
+2Gxz+F2%, u=\/x2+y2+22, u=2*+logyy+sinz u T.4., U T. M.

A uTo Tarkoe QYHKIUA yeThbIpex mepeMeHHBIX? Hy KoHeuHO Ke, —
8blpajceHue, COCMAaBleHHoe U3 NePeMeHHbLX X,Y,2, U U NOCMOSHHBLY
B8eNUUUH.

A uro Taxkoe (PYHKIIMA OBAAIIATH IIIECTH IIePEeMEHHBIX? ITO, KO-
HeUYHO, — BBIpa’KeHH’e, COCTaBJIeHHOe W3 MepeMeHHbIX a, b, ¢, d, e, f,
g, h,i,j, k, I, myn,op,q r,s, t, u, v, W, X, Y, 2 U TOCTOTHHBIX
BEJINYMH.

A us gBagmaru cemu? 9TO, KOHEUHO, — BbIPAYKEHNE, COCTABJICH-
HOe W3 IIepeMeHHLIX... Ho Bexb OykB He xBaTuT! Hey:Kenum msyuarsb
aumb GyHKIUU He 6Gojiee 26 mepemeHHBIX? KoOHEUHO, MOKHO eIe
I00aBUTh TpeuecKuil aipaBUT U eIlle KaKue-TO APYyrue aadaBUTHI.
Ho u Bcero sToro 6yzer majno. B coBpeMeHHBIX 9KOHOMHYECKUX 3a-

Jauyax — TeIcAuM mepemMeHHbIX! UTo Ke menarTh?
Beixox oueHp mpoct. IlepeMenHble MOXKHO 0003HAUATh HE pPasHBI-
MU OYKBaMH, a OOHON OYKBOH X, HO C HMHAEKCAMU: X1,X2,...,Xn.

ITocTossHHBIE Ke MOKHO 0003HAUWTh OYyKBaMM Hauajla JIATUHCKOTO
andaBUTa, ¥ CHOBA C PA3HBIMU WHIEKCAMMU.

Takum ob6pasoM, QYHKIIMU N IIEPEeMEHHBIX — 39mMo 8vlpacerue,
cocmasJseHHoe U3 NePeMeHHblX X1, X2, ..., Xp U NOCMOSAHHLLX 8e-
JUYUH.

IIpocrefimasa QyHKIUA n IepeMEHHBLIX — NOCMOAHHAA: Y = C.
Kaxxgomy mHabopy m3 n umcena (xi,...,X;) OHA COIOCTABJIAET eIUH-
CTBEHHOE YMCJIO C.

Bakmefimuii kyiacc o6pasyioT JuHellHble QYHKUUU

y=ai1x1+...+apx,.
W3 mocTOSHHBIX U JUHENHBIX (QYHKINN 00pasyioTcs QYHKIIUU BuUIa
y=a1x1+...+apxy, +c.

WNx naspiBaOT a@)@uHHbLMU.
Takoro pojsa (GyHKIuUAMU MBI OyJeM aNIpPOKCUMUPOBATH OoJiee
CJIOJKHBIe (DYHKIIUU.
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" remeps yike, OBITH MOJKET, HACTAJIO BpeMsdA Ha3BaThb BeIU CBOU-
MU MMeHaMH’: Mbl C BaMHU YK€ MHOIO DPa3 CTAJIKUBAJINCHh C (PYyHKIIU-
AMU MHOTHX IIepeMeHHBIX. ITO ObLIO, HAaIpuMep, B IATOM paccKase,
KOorja peub IIa 0 cpegHmMX. MBI paccMaTpuBaau TaM (GYHKIIUUA

Y=2X1...%Xp, Y= Yx1...%p,
y=Vait...+x22, @+ BV x>0,

u T.n. OYHKIOUKM MHOTMX I[I€PEeMEHHLIX BCTPEUalNCh M B paccKase
0 GpaxmCcTOXpOHE:

Ty =Vy2+x2/\/28y1 + ... + V(Y2 — y1)2 + (x2 — x1)2/\/2gys + ...

ootV n = Yn1)? + (X — x0-1)2/\/28Yn,
u B pacckase o 3amaue HprorToma. I TaM yiKe BOSHUKJIN (PYHKIITUU

emre 6ojlee MOpasUTENbHBIE — «()YHKIUU OT QYHKIUU», HAIPUMEDP
OT JIUHWUU, T.€. B KOHEYHOM cueTe — (YHKIUU OECKOHEUHOrO YucJa
IIepeMeHHBIX.

Hamia 1esp B 9TO# yacTu KHUTU — OaTh (PparMeHT OOIeil Teopuu
9KCTpeMaIbHBIX 3amad. Iloka 4YTO Mbl OOBACHUIN, YTO TaKoe (PYHK-
MY MHOTHX Ie€PeMeHHBIX. B ciaemymolleM paccKase MbI OOBACHUM,
KaK CTaBATCA 3aJaul HA MAaKCUMYM UM MUHUMYM (QYHKIIHUN MHOTHUX
epeMeHHBIX C OTPAHUYCHUSIMU.
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Paccrkas decamuwtil
YTO TAKOE 9KCTPEMAJIBHAS 3ATAYA?

B mepBoii yacTu 9TOM KHUTKU MBI II€pepeliajJu MHO-
JKeCTBO 3aJlau Ha MaKCUMyM X MUHUMyM. HeKoTopble M3 HUX OBLIA
IOCTaBJEHLI OUEeHb JaBHO, COTHU JIeT Has3al, U B UX MCCJEJOBAHUAX
OPUHAJMYN yYacTHe BeJMUaMIIre MaTeMaTHUKM Ipouraoro — EBKIug,
Apxumen, Kemnep, ®@epma, Bepayanu, Jleiiouun, HeioToH... 9TH 1C-
ciieloBaHUA OBLIM COBCEM He IOXOXKM IPYyr HA Ipyra, a Iejib WHOTZA
JOCTHUTAJIaCh TOCJe HOJTUX OJy:KIaHWM.

dnurpadoM K 3TOH yacTH IocraBJjieHBI cjoBa [amambepa. Bayma-
emca B HuX. CupocuMm cebGs: BO3SMOKHO JIM M3BICKATh CIIOCOO pellie-
HUA BceX 3ajxau (M Jake TeX, 0 KOTOPHIX PACCKa3hIBAJIOCH B IIEPBOI
YacTH) OMHUM W IPUTOM ITPOCTHIM CIIocOo60M?

To, uTo He MOKeT OBITH €IWHOI'0 IIPOCTOTO peIelnTa pelIeHus
BCeX Ha cBeTe IIpobieM, scHO Kaskaomy. (Hamambep, KcraTu, roBoO-
puUJ JHUIIb O 3ajadax AWHAMUKN.) MoKeT MOKasaTbCA COMHUTEIBLHOM
W BO3MOXKHOCTH TaKOT0 eIWHOI'0 IIpUeMa, KOTOPHIN II03BOJIMJ OBl
peruTh XOTA ObI Bce 3aJauu, OOCYsKAaBINMecs HaAMU B IIePBOI YaCTH.
Ho Tem He MeHee Takoil IpueM HMMeeTCs, U MBI M3JIOKUM €ro 37ech,
BO BTOPOI vacTu 3ToM KHUTU. C MOMOMIBIO 3TOTO (OJHOTO W IIPUTOM
IIPOCTOTr0) IpHeMa Bce 3aJauu IIepPBOIl YacTH OYyIYyT pellleHbl eTuHO-
00pasHo, CTaHZAPTHO, €CJU XOTUTE — PYTUHHO.

Ho cuauasa HY»XHO m03a00THUTLCS O €IUHON (hopMe 3aIlMCHU YCJIO-
Buii 3amau u 06 oOIieM fA3bIKe, HAa KOTOPOM MOIKHO OBLIO OBI paccy-
JKAATh O 3a/lauax CTOJIb PA3HOrO COAepPKaHus. DTOMY ITOCBSIIEH HAIII
pacckas.

Cuauayia fmaBaiiTe eIfe pas YTOYHUM 3HAUEHUA KJIOUEBBIX CJIOB:
«MaKCUMYM», «MUHUMYM», «3KCTPEMYM», «OUTUMYM».

HamomMumM 0 [IBYX ILIAHMMETPUYECKMX 3aJadax H3 MEePBOH ua-
ctu. O6 omHOII pacCcKa3bIBaJIOCh HEOJHOKPATHO, HAUMHASA C IIEPBOTO
pacckasa, 0 JPYroil roBOPMJIOCH B pacCcKase IIATOM.

SBagaua 'epona. [Jaust 06e mouku no 00HY CMOPOHY OmM
npamoii. Tpebyemca Ha npamoil Hallmu makxkyl mouKy, ¥molvl. cYym-
Mma paccmosHuil om Hee 0o 08yx OaHHbLLX MOYeK Oblla MUHUMALLHA
(puc. 1).

IIlnamumerpuueckasa 3agmaua Kenmepa. Bnucamov
6 Kpye eOUHUYUHO020 paduyca NPAMOYz0abHUK HAUGOAbULell NAOWAlU.

ITH 3ajayu OTJIMUYAIOTCA APYT OT Apyra TeM, UTO B IEPBOM HaIO
HAUTU MUHUMYM, a BO BTOPOM — MaKCHUMYM.
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HamomumM: cioBa maximum um minimum — mgatusckue. OHu
3HayaT «HauOoJIbIIIee» U <«HaumMeHbIllee». Kille ABa cjoBa JIaTHH-
CKOTO IIPOUCXOKIEHUS YaCTO YHOTPEOJIAIOT, KOrJa TOBOPAT IIPO 3a-
Jauy HA MAKCUMyM M MUHHUMYM. TepMHH «3KCTpeMyM» — OT Ja-
TUHCKOTO extremum, UTO 3HAUUT «KpaiHee» — O0OBeIUHSET MOHSI-
TUA MAaKCUMYM M MUHUMYM (9TOT TePMUH HPEAJIOKUJ HCIOJb30BATH
dpannysckuii yuenwiii iob6ya-Peiimon). B mociegHme rombl BOIILIO
BO BceoOIllee ymoTpebJieHMe OpuaraTeJbHOE «ONTUMAJbHBIN». OHO
TIPOUCXOAUT OT JIATUHCKOTO optimus, 03HAUYAIOIIEr0 <«HAWJIYUIIUM»,
«COBEPIIEHHBIN» .

Teopuro 3asauy Ha OTHICKAHME HAMOOJBIINX M HAUMEHBIIINX BEJIU-
YMH HA3BIBAIOT WU mMeopueil dKCmpemanbHuvlX 3adai, UIu meopueil
onmumusayuu. A ecau mpobgeMa COCTOUT B HAWJIYUIIIEM BO3AEHCTBUU
HaA KaKWe-TO IPOILECCHl U ABJEHUS, KOTOPHIMYU UeJOBEK MOJYKET B OIIpe-
JeJIeHHBIX IpeJesiaX yIpPaBJsaTh, TO €e OTHOCAT K pasiesy Teopuu
SKCTPEMAaJIbHBIX 3a7la4, HA3bIBAEMOMY ONMUMAJLbHLLM YNpasieHueM.

3amaun 'epona m Kemsepa ObLIM 4yTh BbIIIE CHOPMYIUPOBAHBI
cioBecHO, 6e3 (Qopmyn. To ke camoe OTHOCHTCA M KO BCEM 3aja-
YyaM TEepBOM YacTH: B 3aJadaX I'eOMETPUUECKOTO CoAep:KaHua (m30-
IepPUMETPUUYECKOM, INTeHHePOBCKON M Jp.) MCIIOJb30BaJach TeOMeT-
pudecKas TEPMHUHOJOTHA, B MeXaHUYeCKUX (0 OpaxmCcTOXpPOHE, HbIO-
TOHOBCKOI) — MexXaHHuuecKas, B aJjireOpandecKkux (TapTajbeBCKOH,
0 HepaBeHCTBaxX U Jp.) — ajarebpandeckas. Hukakux ¢Qopmysa He
6pL10. VI Bce 9TO — B HOpPAAKe Bellleil. OKCTpeMaJibHBIE IIPOOJIEMBI,
BOBHUKAIOIIVE B MaTeMaTUKe, €CTECTBOSHAHUU WU B IPAKTUYECKUX
Iejlax, MepBOHAYAJIBHO cTaBATCA 0e3 GopMyJ, B TepMHHAX TOii 006Jia-
CTU, B KOTOPON OHM BO3HUKJU. (151 TOro 4ToObI MOYKHO OBLIO BOC-
OJIb30BaThCs 00IIel Teopueii, HEOOXOJUMO OCYII[ECTBUTh I € P e B O I
TIOCTAHOBOK 3a/au CO CIenu(pUIecKOro A3LIKA Ha SABLIK MaTeMaTUKU.
Taroil mepeBox HasbIBaeTCA QOpMaALUIAUUELL.

IIpounmiocTpupyeM, KaK OCYINECTBJsETCS opMaamusalus Ha MIPHU-
mepax. Haunem c¢ s3agaum I'epona.

Hampasum ock Ox 1o 3aaHHOM nNpAMOIi, a ock Oy mpoBereM mep-
neHAuKYJIApHO ocu Ox uepe3 Touky A (puc. 1). IlycTh KoopAmMHATHI
Touek A u B oxazanuchk takumu: A = (0,a), B = (d,b). Bosbmem
Ha ocu Ox Touky D ¢ Koopmuuatoii (x,0). Torma cymma paccrosHU
or A o D u ot D mo B Gyner para vaZ + x2 + /b2 + (d — x)2.

Mpl mpuimim K TakoOW 3ajade: HAUMU HAUMeHbvbulee 3HAUeHUe
QpyHKYUU

f(x) = Va2 +x2 + /b2 + (d - x)?
no ecem Xx.
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IIpuBenenHas HaMH (QOPMaIU3AIUA X2
BBITJIAAUT OUYEHb €CTeCTBEHHO W KaK OBl
HampamuBaeTca cama coboii. Ho, BooOIIIe
rOBOPSA, 3amava MOYKET MMETh MHOXKECTBO
dopmanuzanuii. [Iokakem sTO Ha mpuUMe-
pe miIanmMeTpuuecKoinl zamauu Keiepa. o *1

Hampasum ocu Ox; u Oxs mapajieib-
HO CTOpPOHAM HOPAMOYTOJbHUKA. EngmHMY-
Has OKPYKHOCTH OINMCHIBAETCA YpPaBHEHU-
em x% + x3 = 1. Ilyetp (x1,%2) — KOOP-
OIUHATHI TOH BEPIIMHBLI IPAMOYTOJbLHUKA, KOTOpPAs JIEXKUT B IIEPBOM
KBagpaHTe (cm. puc. 44). Torma miaomiagb HPAMOYTOJbHUKA pPaBHA
4x1x9. IMonyuunachk Taxkasa GopMajauU3anud: HaWTH HauMbOJbIlee 3HAa-
yeHre QYHKIUU ABYX IEePEMEHHBIX

(x1, x2)

fo(x1, x3) = 4x1x2
IIPX YCJIOBUAX

fl(xl’xz):x%'i'xg_l:O’ f2(x17x2):x1>07
f3(x1,x2) = x2 > 0.

3aMeTHM Telepb, UTO HepaBeHcTBa X1 > 0 m x2 > 0 MOXKHO
orOopocuTh. BBl Jerko coobpasuTe, UTO 3ajadya O HaAXOXKIEHWUU HaU-
0osIbIllero 3HAYEHUA (PYHKIIUU

fo(x1, x2) = 4x1x3
IpU YCJIOBUU
fi(x1,x2) =x2 +x5-1=0
TakyKe ABJAeTCA (popManmsanueil MIAHNMETPUUYECKOH 3aJaul TaKKe
asasercsa Kemepa.

Ho Teneps us ypaBHeHus f1(x1,x2) = x3+x2—1 = 0 MOXKHO BbIpa-
3UTH X9 Uepes X1 U MOACTABUTL B BhIpakeHme AJdA fo. Torma (ecam xq
0003HAUNUTHh Uepe3 X) IOJYUYHUTCA elle oAHa (opMaIusanud: Hailmu
Haubonbvwee 3HaveHue Qyurkyuu @(x) = 4xvV1—x? npu ycrosuu
0 <x <1 uau npu yernosuu |x| < 1 (9T0 yCiaoBHe HAKJIALBIBAETCS
00J1aCcTbIO OIpefeeHUsT (PYHKIIMU U CMBICJIOM IepeMeHHOI X).

MpbI BUAMM, UTO OMHY U Ty K€ 3aJauy MOKHO (hOopMau30BaTh IMO-
pasuaomy. OT TOro, HaCKOJLKO yAauHo (popMasim3oBaHa 3ajadya, 4acTO
3aBHCHUT M yCIeX ee pemieHusa. PopMaamsanus — 5TO HCKYCCTBO.
EMy HYXHO yuuTbCH, JyUIlle BCEro — pellas IPaKTUUYeCKUe 3amauu.

3amaua Kemsepa, o KOTOpoii MbI 31eCh T'OBOPUJIU, — ILIAaHUMET-
puueckas. B mpocTpaHCTBe MOKHO TOCTAaBUTH MOAOOHBIE 3amayuM IIO-
pasmomy. OgHa u3 IIOCTAHOBOK ObLIa OOCY’KOAeHa HaAMM B II€PBOI
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yacTy (BOMCAThL B €JUHUYHBLIN Iap IUINHAP HauOOJbIIEro oobema).
Ho BosMoOKkHa u apyrad IOCTAaHOBKA: 6nuUCAmMb 6 eOUHUYHbLIL wap
NpAMOY20abHULI napainenenuned Haubonrbulezo o06sema. ITa IOCTA-
HOBKa IPUBOIUT K TaKoOil dopMaamsaluu: HaWTM HamboJblllee 3HAa-
yeHre (QYHKIUHU TpPeX IepeMeHHBIX

fO (.')C1, X2, .')C3) = 8x1X2x3
IIPp1 yCJIOBHH, YTO
2 2 2
f1(x1, %9, x3) = x7 + x5+ x5 —1=0.

(HacTublii cayuaii 9TOM 3amauu, KOTJa X1 = X2, pacCMaTpHUBAJ, Kak
MBI ToMHUM, Kemiep.)

K Toit ke dopmanuzanuu (mIpaBma, 06e3 BOCbMEPKM) IIPUBOLUT
TakKas 3afada: Hailmu HaAubosbllee 3HAYEHUE NPOU3BEOeHUS mpex
yycen npu Ycro8uUU, YMO CYMMA K8A0pamos ux pasHa 3a0aHHOMY
yyucay. Ho Temeph BO3MOXKHO U JasibHElIIee 0000II[eHNe: BMECTO TPeX
YUCceJ MOYKHO B3ATb W HATH, U AECATH, U BOOOIIE JIf060e KOJUUECTBO.
dopmanusanusa 9TOH 3amaum OyAeT TaKoBa: HAWTU HAMOOJbIIlee 3HA-
yeHNe (PYHKIUU 7 IepPeMeHHBIX

fO(xly-“axn) =X1...Xp
IIp1 yCJIOBHH, YTO
fi(xt, . x,) =254+ ...+x2-1=0.

Temeps mOmBITAEMCS YiKe MTOCTATOYHO OIPEIEIeHHO OIKNCATH BCE
9JIEMEHTBI TOUYHO (DOPMAJM30BAHHOU SKCTPEeMaJbHOI 3amaum. Tam
00s3aTeJIbHO JOJIKHA MPUCYTCTBOBATH HEKOTOpasd MYHKIUA (CKaKkeM,
n IepeMeHHBIX), HamOoJblllee WJIM HaUMEHbIllee 3HAUEeHHEe KOTOPOM
Hamgo HalTym (MaKcUMUIUpyeMasd WA MUHUMH3UpyeMas (QYHKIIHA).

Hanee B GopmMann3oBaHHON 3amaue MOOJKHO OBITH OzZpaHUUeHUE,
3aJlaBaeMOe HEeKOTOPBIM UHCJIOM PABEHCTB WJM HEPABEHCTB C TeMU
JKe HeM3BEeCTHBIMU.

IIpuBeseM HECKOJBKO MUHUMHUSUPYEMbBIX AN MAKCUMUSUPYEMBIX
GyHKIUHE ¥ (GYHKIUHA, 3aJaiolUX OTPaHWUYEeHUsd, U3 TeX, UTO yiKe
BCTPETHJIMCh HAM WU BCTPETATCA Iajiee.

fi(x) = va? + x% + /b2 + (d — x)2 (samaua T'epoma);

fa(x) = Va2 + x2 N Vb2 + (d — x)2
1% 12}

fa(x) = %x(b —X) (3amaua EBkimpma);

(3amaua o MpeJOMJIEHUM CBETa);
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g1(x1,x9) = 4x1x9, (mnaHuMeTpuYecKas 3ajgada

ga(x1,x2) =2 +x2 -1 Kemepa);
hi(x1,x2,x3) = 8x1x2x3, (3ajaua o mapaJIejenuIese,
ha(x1,x9,%3) = x2 + x% + x5 — 1 BIINICAHHOM B IIIap);
Fo(X1yeeerXp) = X1...Xp,
2 2
Fi(x1,ec0,%p) =27+ ...+ x5 — 1.
3nect f1, f2, f3 — GOYHKIUH OSHOTO IIEPEMEHHOTO, g1, &2 — MOBYX;
hi, hg — Tpex, Fo, F1 — n mnepeMeHHBIX.

Takum o6paszoM, @opmaausosamsv IKCMPeMALbHylo 3adaiy —
MO 3HAYUM MOYHO ONUCAMb MUHUMUSUDYEMYI0 UAU MAKCUMUIU-
pyemywo @yuryuio (obosHauuM €€ fo) u ozpanuueHue (0603HAUUM
ero C). Orpanuuenue 3samaeTcd OOLIYHO PaBEHCTBAMHM U HEpPaBEHCT-
BaMH.

Hnsa dopmanusoBaHHON 3ajjauu: «HaAmMu MuHumym (marxcumym)
dyurkyuu fo(x) npu ycaosuu, ymo x u3 C» OygeM ymoTpedIATH
COKpAIIeHHYIO 3aIuch ¥)

(3) fo(x) — min (max) mo x us C.

Touku m3 C Ha3BIBAIOTCA O0ONYCMUMbIMU; €CIN OTPAaHUYEeHUN HeT,
TO (3) HasBIBAIOT 3adaueil 6e3 0zpAHUUEHUIL.

Hamnpuwmep, naa oxHoll u3 dopManiusanuil IJIaHNMeTPUUYECKOH 3a-
mauu Kemiepa cokpallleHHasl 3alIuUCh IPUMET BUJ

(31) fo(x1, X2) = 4x1x5 — max, f1(x1,xs) = x2 +x5—-1=0,
a g4 sagzaun I'epoHa GyZeT IPOCTO
(32) fo(x) = Va2 +x2+ /b2 + (d — x)2 — min.

3amaua (31) — ¢ OzpaHuyeHuem muna paeeHcms, (32) — 3adaua
0e3 0zpaHuueHruil.

IMomycTrMasi TOYKA X HA3BIBAETCA AOCOLIOMHbIM MUHUMYMOM
B 3agaue (3), ecam f(x) > f(X) maa mo6oro x m3 C (COOTBETCTBEHHO
marcumymonm, ecau f(x) < f(X) nna moboro x us C). AGCONIOTHBII
MUHUMYM (MakcuMyM) 3ajayu OyAeM HasbIBaTh peuleHuem 3adauu.
HaiiTu perienwe m ecTh HaIllla IIeJb.

Ho gas Toro utobbl JOCTHUUYL €€, MbI OyJeM HCIIOJb30BATH METOIbI
HAXOMK/EHUSA TAK HA3BIBAEMBIX JIOKAJAbHbLX IKCMPEMYMOE.

*) BYKBBI «3» He cjenyeT 0OATbCA — 3TO PycCKas GYKBa, mepBas OyKBa B CJIOBe
«3amaua». Iyna KparkocTu HAOOp IepeMeHHBIX (X1,...,Xp) OOO3HauUaeTca OYKBOM X.
Hasee MBI TOBOPDUM HMHOTJa «TOuKa x». IIpm atom, eciu x = (X1,...,Xp) U @ — YHUC-
710, TO ax = (axy,...,ax,), u ecmm X' = (x§,...,%x,), 10 x+x' = (X1 +x],..., Xn+x7).
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BzobOpaBmiucy Ha BepPIIMHY XOJIMa WJIX MajJeHbKON I'OPKU, PacCIo-
JIO}KEHHOM Ha POBHOM MECTHOCTH, MBI OKAa3bIBaeMCA B HaWBBICIIEH
TOUKe dTON MecTHOCTH. HO 5TO He 3HAUMUT, YTO MBI HAIILJIM DPeIlIeHUE
3aJlauM O CaMOM BBLICOKOM TOUYKEe HaJ YPOBHEM MOPS. ITY MOCJEIHIOIO
3a/lauy «PeIIuJn» JUIIb Te JIIOAN, KOTOPble MOOBIBAIM HA OBEpecTe.

TakoBa pas3HUILA MEKAY a0COTIOTHBIM U JJOKAJIbHBIM 9KCTPEMYMAaMU.

HdanuM TouHOe ompezesieHUe IIOCJIeZHEro IIOHATUA. ByneM roso-

PUTL, YTO TOYKA X = (X1,...,X,) AOCTABISAET JOKAJILHBI MHUHUMYM
(MakcuMyM) AJiA 3amaum (3), ecau MOMKHO yKasaTh Takoe uucjyo € > 0,
YTO AJSA BCEeX TOUEK X = (X1,...,X,) u3 C, IJIs KOTOPBIX

Vi —%1)2+ oo+ (X0 —Z0)2 < &,
BBIIIOJTHEHO HEPaBE€HCTBO
fo(x) = fo(x) (fo(x) < fo(%)).

(MHade roBOpA, «BOJM3M» OT TOUYKHM X 3HAUeHHEe (DYHKIMH B JOIY-
cTHMOII TouKe He Ooibile (He MeHbIIE) fo(X).)

IIpe:xme ueM 3aKOHUUTH JTOT paccKas, (opMaau3yeM ele OXHY
3a7lauy, a MMEHHO TPAHCIOPTHYIO, O KOTOPOH MBI MHUMOXOJOM YIIO-
MAHYJN B IePBOM pacckase. HamoMHUM, YTO B TPAHCHOPTHOI 3amade
HYKHO COCTABUTH ILJIAH IEPEBO30K, JAJIS TOrO YTOOBI JOCTABUTH HEKO-
TOPBLIN MPOAYKT ¢ 6a3 B MarasMHbl M UTOOBI CTOMMOCTL II€PEBO30K
Oblia MUHUMAaJIbHOI. O603HAUNM uepes3 @; KOJUUYECTBO eIUHWUIL IpPysa
Ha i-i1 6aze. IIpu sTom yuciyo 6a3 mycTs OyzeT paBHO m. IloTpeGHOCTH
j-TO MarasvHa B eIWHUIIAX IE€PEBO3UMOTO Ipy3a IYCTb HCUYUCIAETCA

BesnmuuHOHl b;, j=1,...,n. Haxonen, depes c;; BEIDABUM CTOMMOCTH
epeBO3KU EeNWHUIBI Tpysa ¢ i-ii 6a3pl B j-ii marasuH. CocTaBUTH
ILIaH IIepeBO30K — BTO 3HAUYMT yKasaTh uucia X;, 1 < i < m,

1 < j < n, enuHUIL rpysa, KOTOpHIe CJeNyeT IiepeBe3Tu c i-ii Ga-
3bI B j-#1 marasuH. Takum o6pas3oM, KOJUYECTBO T'Py3a, BBIBO3SUMOTO
c i-it 6asnl, OymeT paBHO X1 + ... + Xip, U BTO UHCJIO HE IOJIKHO
IPEeBOCXOINUTDL @; (HUKaKasa 0aza He MOJKET JaTh 0OJbIe, YeM y Hee
€CTh), a KOJIMUYECTBO NIPOAYKTA, IPUBO3UMOIO B j-ii MarasmH, PaBHO
X1j + ... + Xpj, U 3TO UYHUCJIO AOJIXKHO OBITH PAaBHO B TOYHOCTHU IIO-
TpebHOCTH MarasuHa, T.e. b;. Takum obpasoMm, TpaHCIOPTHas 3afada
IOIIyCKAaeT CJIENYIOIIYI0 (popMaIn3aruio:

c11X11+...+cinX1n+ ... +Cm1xXm1 + ... + CinXmp — min,
X1+ ...+xp<a;, i=1,...,m,
x1j+...+xn,~:bi, j=1,...,n,
x;20, 1<i<m, 1<j<n.
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O0paTtuM BHUMaHMWEe Ha TO, YTO W MUHUMHUSUDyeMas (DYyHKIUA,
U OrpaHMYEHUA B TPAHCIOPTHON 3axade 3amalOTCA C IIOMOIIBIO JU-
HellHblx QyHKYuil. Pasnesn Teopuu sKCTpeMaJIbHBIX 3ahad, T'le uU3yda-
IOT AKCTPEMYMbI JUHENHBIX (PYHKINHA IPH JUHEHHBIX OrPaHUYEHUAX,
Has3bIBaeTCA JAUHEUHbIM npozpammuposaruem. K srtomy pasmery oT-
HOCHUTCS ¥ TPaHCIOPTHAA 3ajaua.

Crnenyromuii HaIl pacckad — 00 sKcTpeMyMax (QYHKIIUH OTHOM
nepemenHoii. Cefiuac Ty TeMy IPOXOAAT B IITKOJIE, HO MBI He 00O-
MMCS HEKOTOPBIX ITOBTOPEHUM.
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Paccras odunHaduamuwlil

9KCTPEMYMbI ®YHKIIUI OTHOM
HEPEMEHHOM

Korpa BernunHa ABIAETCA MAKCUMAJIbHON WUJIM MUHUMAJb-
HOIf, B 3TOT MOMEHT OHA He TeueT HU BIIepel, HU Hasaj.
HU. Hviomon

ATOT U CJEAYIONUI PacCKasbl MOCTPOEHBI OTMHAKO-
Bo. OHM cocTOAT W3 ABYX uacTeil. B mepBoil uacTu ms3jgaraercs cam
MeTOoH pelreHmusa 3amau 6e3 JOKAas3aTeJdbCTB, XOTA U C HEKO-
TOPLIMU OOBSICHEHHUAMU M KOMMEHTApUAMHK. Bo BTOpPOH YacTu mIpo-
BOAATCS TOUYHBIE OIPelesieHus W HEeKOTOpble AoKasaTejbcTBa. s
OCBOGHUS IIEPBOM UYACTH HEOOXOAMMO BJANETH JIUIIL CJIeAYIOIUMHI
HMOHATUAMU: «IIPeIes», «HelIpepbiBHAA QYHKIUA» U <«IPOU3BOTHAML» .
1. 3mecs GymeT paccKasaHO O METOJEe OTBHICKAHUA PEIeHUs TaKUX
3a7la4 Ha 9KCTPeMyM (PYHKIUI OJHOTO IIEePEeMEeHHOIO:

(3) fo(x) — min (max), a<x<b.

B (8) a u b moryT mpuHUMATh U OeCKOHeUHbIe 3HaueHUA. TaKuM
obpas3oM, peub OyzeT uaTU o6 sKcTpeMyMax (QYHKIUH fo HA KOHEU-
HOM OTpe3Ke, Ha Jiyde WJM Ha COBOKYIHOCTH BCEX BEIeCTBEHHBIX
quceJ.

IIpumepsl
(31) fo(x) = Va? + 2% + /b2 + (d — x)® — min,
(82) fo(x) =xv1-x2, -1<x<1.

Hamomuum, urto (31) — oTo (hopmanmsanus 3agauu I'epona, (32) —
dopmanmsanua mIaHuMeTpuueckoi 3agaun Kemsepa (obe 3amauu ObI-
au GopMaIn30BaHLI B pacCKase IeCATOM).

3ameTuM, UTO He BCAKaA 3afaua mMeeT pelrenme. Hampumep, MbI
yoKe paccMaTpHBAIM TAKYIO 3a7adyy 0e3 OrpaHHYeHMi:

3 X) = ———— — max.
(33) fo(x) i
Dyarnua fo(x) <0, u HeT Takoi Touku X, rae fo(x) = 0.
C Opyroii CTOpPOHBI, €CJOU B3ATh TOUKU X, = n, n = 1,2,..., TO

fo(x,) — 0. Orcroma cienyer, uTo MakcuMyMa B (33) He CYIIIECTBYET,
T.e. HeJb3d yKaszaTh TaKyI0 TOUKY X, 4To fo(x) < fo(X) mas Bcex x.

Wrak, MaKCHMyMBI ¥ MHHHMYMEBI CYIIeCTBYIOT He Bcerga. OpHa-
KO HMeeTca 3aMeuaTesbHad TeopeMma Beilieprmirpacca, KoTopas Jaer
B OTPOMHOM YHCJI€ CIYYaeB TapaHTUIO CYI[eCTBOBAHUA PEIIEHUA.
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Teopema Beifiepmrpacca. IIyecms fo(x) — HenpepvieHas
dyHKyus Ha KoHeyHOM ompe3ke [a,b]. Tozda pewernus obeux saday

(8min) fo(x) — min, a<x<b,
u

(8max) fo(x) — max, a<x<b,
cyuwecmeayom.

W3 »T0ii TeopeMbl HeMEIJIeHHO CJIeAYyeT, UTO pelleHue 3amgaduu
(32) cyiectByeT. A mpo (31) 3TOr0 CKasaTh IOKA HeJNb3sd, MO0 Tam
GyHKIUS paccMaTpuBaeTcsA Ha Bcell MpaAMOil, a He Ha KOHEUHOM
OTpEeBKe.

W3 Tteopemrbr BeiiepinTpacca BLEIBOOZUTCS TaKOe CJIEICTBUE, KOTOpoOe
IIO3BOJIUT, B YAaCTHOCTHU, JOKAa3aTh CYIIECTBOBAHUE pPelleHus u B (31).

CunemcrBue. Ilycmv fy HenpepvieHa Ha 6ceili npamoi. Tozda,
ecau lim fo(x) = lim fo(x) = oo, pewernue 3adauu 6e3 ozparHuieHUl

X— 00 X— —00

fo(x) — min

cywecmayem.

VY Hac emme BeTpeTATCA caydauw, Korga fo HempepblBHA Ha Jyde
BUJa a < X < 00 uam a < x < oo. CienoBaTenbHO, ecaAu 6 Nepeom
cayuae lim fy(x) = oo, a 60 emopom lim fo(x) = lim fo(x) = o0, mo

X— 00 x—a X— 00
dyuryusa fo docmuezaem c60e20 MUHUMYMA HA COOMEEMCMEYOULeM
ayue.

A oThICKaHUA pelreHusa 3ajaduu (3) OyAeM MCIoJIb30BaTh IIPUEM,
BIepBbIe IIPUMEHEeHHBIH Pepma.

Ho cHavasia HAIOMHUM OZHO OIIpeJesieHKre, 0 KOTOPOM TOBOPHJIOCH
B IpebIAyIieM pacckase. IlycTh QyHKIUA f( ompefesieHa Ha OTpe3Ke
a<x<bwu X — TOYKA M3 BTOTO OTPe3Ka. ['0OBOPAT, UTO TOUKA X
JMOCTABJAET JIOKAJBHBIE MUHHMYM (MakKCMMyM) B 3amade (3), ecau
MOJKHO yKasaTb TaKoe &, UTO IJIA BCeX TOYEeK X U3 OTpe3ka [a,b],
IJI KOTOPBIX |Xx — X| < €, BBINOJHEHO HEPaBeHCTBO [o(x) = fo(X)
(fo(x) < fo(%)).

WNHorma MBI TOBOPMM IIPOIIE: X MOCTABJAET JIOKAJLHBIN 3KCTpe-
MyM QyHRIHHT fo.

HNmeer MecTo ciiemyrolias TeopeMma.

Teopema Pepwma. ITycmv Qpyrkuyua fo asrsemcs ouppepen-
yupyemoit 8 mouxe Xx. Toz0a, ecau mouka X docmasasem JOKAJLb-
HbLll axcmpemym (MUHUMYM UL MaKcumym) amoii pynrkuyuu fo, mo
fo(®) = 0.
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Touku, A1a KOTOPHIX fy(x) = 0, Ha3BIBAIOTCA CMAYUOHAPHLLMU.
CrannoHapHble TOYKKM COBMECTHO C KOHIIEBBIMHU TOUKAMU HA3LIBAIOT-
cA KpUumuieckKumu.

Coorrorrernne f((X) = 0 aBIAeTCA NUIIL He00X00UMbLM YCIOBHEM
skcrpemyma. Hampumep, ana gysrmun fo(x) = x° Touxka ¥ = 0 aisa-
eTCsl CTAIlMOHAPHOI, HO HU JIOKAJbHOTO MaKCUMyMa, HU JIOKAJbLHOTO
MUHUMYMa He JOCTABJSAET.

Teopema PepMa IO3BOJSAET AATh CJIEAVIOIIEe IPABUJIO IIOKCKA De-
IIeHU# OJHOMEPHBIX 3amau. PasobbeM ero Ha 4 srama.

Iran 1 — dopmanusanua 3agaun. Tpebyercsa mpuBectu (pasyme-
eTCsl, eCJIM dTO BO3MOJKHO) CTOSIINYIO Iepea BaMU 3amadyy K BUAY

(3) fo(x) — min(max), a<x<b.

Jdram 2 COCTOHT B BRIMMCHIBAHMU HeoO0xomuMmoro ycuaosus f;(x) =0.

Jram 3 COCTOUT B HAXOKJIEHUM BCEX CTAIlMOHAPHBLIX TOUEK.

Jram 4 cocTouT B mepebope BceX KPUTHUUYECKUX BHAUEHUUN (PYHK-
muu fo U BbIOOpE MHUHUMAJbHOTO (MaKCHUMAaJbHOI'O) Cpequ HUX.

N3 Teopem Beiiepmirpacca m Pepma ciaenyer, UTO ecyqu (PyHK-
mua fo ymoBiaeTBopseT Ha [a,b] Teopeme BeiiepmiTpacca (uau ciaem-
CTBUSM U3 Hee) U, KpOMe TOTO, ecau oHa auddepeHIITpyeMa BO BHYT-
PEeHHUX TOYKax X oTpeska [a,b] (korma a < x < b), TO ommcaHHOe
IPaBUJIO IPUBEIET K PEIIeHUI0 3aJavuu.

BrigenruM OTAENBHO CJIEAYIOIIWIT (aKT, KOTOPHIM B OCHOBHOM
u OymeM IOJIB30BATbCA: ecau ompe3ok [a,b] komneuen, yuruyus fo
HenpepuvieHa Ha [a, b] u duppepernyupyema 60 BRYMPEHHUX MOLKAX X,
a < x<b, mo pewenue Haxodumcs cpedu KPpUMUYECKUX MOUeK.

Takum o6pasoM, IJsA IPUMEHEHUsS OIKWCAHHOTO IIpaBujia Tpeby-
ercsa ymeHue auddepeHnupoBarb. s objerdeHus 3ToH HTPOIERY-
pBI IIpUBeAeM TaOJIUIly IPOU3BOAHBIX OCHOBHBIX (DYHKIIWI, HECKOJb-
KO YacTo ymoTpebsseMbIX (OPMYJ, a TaKyKe HAIIOMHHM BasKHeHIIee
OPaBUJIO HAXOMKJIEHUS ITPOM3BOMHON CJIOKHOU (QYHKIIUHU.

Ta6auia mMpPou3BOTHBIX

f(x) I’ (x)
1 x* (a#0,x>0) ax® 1
2 a* (a#1,a>0) a*lna

1

3| log,x (@a#1,x>0) T
4 In x 1/x
5 sin x cos x
6 cosx —sinx
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Kpome aToi#t TaGauIlbl, HOJE€3HO IIOMHUTEL CJEAYIOIVe (DOPMYJIBI:

T () =1 g, (f9) =reg+fe, (L) =TEEL

g g2
U emre omuo. Ouens uyacTo (QYHKIIUKM, C KOTOPLIMM HaM IIPHUIET-
cA cTalKuBaThed, mmenoT Bux h(x) = f(g(x)). HyxHO 3allOMHUTH

U HAYYUTHCHA II0JIb30BATHCSA CIeAyIomeid GopmMysoi A IpPOU3BOLHOM
CJIOXKHOU (QyHKIIUU:

8. M(x) =1 (g(x)) & (x).

IIpumep. h(x) = Va2 + x2. 3gecy h(x) = f(g(x)), rme f(u) =
= Vu = u'?; g(x) = a® + x®. Tonwaysace dopmymnoit 1 TabauIe!
u dopmyaamu 7 um 8, moayduaem

1 2x . x
2v/a? + x2 2Va? +x2 a2+ 22

B sakgiueHMe TOTO0 MYyHKTa CKa’XeM HECKOJBKO CJIOB O BblNYK-
ablx QyHryuax. X 3HaueHWE B TeOpUU IKCTPEMAJIBHBIX 3a7a4 Be-
JIUKO, U HAM IPUAETCS He pas 3arparuBaTh aTy Temy. Ceiiuac magmm
oIpejiejieHVe BBINMYKJBIX (DYHKIIMA OJHON II€pEeMEHHOI.

C caMUM TOHATHEM BBIOYKJOCTH MBI CTAJKWBAE€MCsS €Ie B IIKO-
ae. HamomHUM, uTO ¢uzypa Ha3bl8aemcs 6blNYKJAOL, €CIN BMEeCTe
¢ JIO0BIMM [OBYMS CBOMMHK TOYKAMM OHA COJNEPIKUT BeCh OTPE3OK,
COEIMHAIINN 9TH TOUKHU. JII000iI TPEyroJbHUK KaK YacTb ILJIOCKO-
CTU — BBINYKJasg (Gurypa, cpeam 4YeThIPEXYTOJbHUKOB BCTPEUAIOTCS
U HEeBBIMYKJbIe (puc. 45).

B (x) = @+ %) =
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Mo:kHO JaTh TPU PABHOCUJIBHBIX OIpEAeJeHUsS BBIMYKJIONH (DYyHK-
nuu. [IpuBegem mx. @yHKnuA y = f(x) HasbpIBaeTCA BbINYKJAOU, €CIU
Ui JII000¥ XOpABI, COETUHSAIONIEN IBe TOUKM rpaduiKa 3Tol (YyHK-
nuu, ee rpa@uK B IIPOMEKYTOUHBLIX TOUKAX JIEKUT HUMKE DTOM XOp-
Ibl; WJIV: MHOYKECTBO TOUEK ILJIOCKOCTH, JesKallee BbIIe Ipadura
dbyuruu y = f(x), ABIAETCA BBIIYKJIBIM; UJIN: AJIA JIIOOBIX UMCEJ X1
u xg u gwboro o, 0 < o< 1, umMeeT MecTO cJeAyIOIllee HEPABEHCTBO
(Hepasencmeo Hewncerna):

flaxy + (1 — @) x2) < af (x1) + (1 — o) f(x2).

IIpuMephb!l BBIMYKJIBIX (PYHKIINI JOCTABJISIOT Ipe:Ke BCero JUHeIi-
Hble QYHKIUMN, QYHKIUMN Buaa y = bx+c (apdurEbIE) 1 KBagpaTHBIE
TpexuneHs y = ax’ + bx +c¢, y Koropeix a > 0. Cpenm (yHKmmit
Y = |x|P BBIODYKJBI JUINL Te, Y KOTOPHIX p > 1. @yurmusa vh2 + x2
BBINYKJA Ipu J00bIX h. He Bce BRIMyKJIbIe (pyHKIIUU Bcooxy audde-
pernupyemsl. Hanpumep, dyurnus y = |x| He auddepeHnumpyema
B HyJe. Ho ecnum BeimykJIas GyHKOUA auddepeHIUpPyeMa, TO ee
IPOM3BOJAHAA ABJAETCA BO3pacraroleil GyHKI[UEN.

2. B mepBoif uyacTu 3TOro pacckasa OBLIO ONMMCAHO IPABUJIO De-
mIeHuaA 3ajad. JTO MPABUJIO HETPYAHO B3allOMHUTH, W CPady MOYKHO
pemaTth 3amauu (4YTO MBI M OyJgeM OesaTh B TPUHAAIIATOM paccKase).
Ho mHOrmMm, HaBepHOe, 3aX04eTCsA BCe-TAKW IOHATH, OTKYAa B3AJIOCH
aTo mpaBmuiao. 06 sToM M OyAeT paccKasaHO 3[1ecChb, IpUYEM ABaKIbI,
U BOT IIOYEMY.

Te, KTO yBJEKAIOTCA UYTeHMEM HAYYHOU ¥ HAYYHO-TONYJIIPHON
JIUTEePATypPHl, PA3HesdIoTcsa, Kak MHe KakeTcd, Ha ABe rpynmbl. OxgHy
rpynny obpasyior uurateau (1 uUX OOJBIITMHCTBO), KOTOPBLIE CTpe-
MSATCS IOCTHUYDL JIMIIb OCHOBHBIE Huaeu. OHU YIOBJIETBOPAIOTCA He
BIIOJIHE CTPOTHM, HO BBIPA3UTENLHBIM W3J0KEHHEeM U He OBIBAIoT
B NIPETEHB3UU, €CJAU 3aMEeTAT, YTO HPU M3JIOKEHUM ObLIN OIYIIEeHBI
HEeKOTOphIe, IO BIIEUATJICHUIO — HEeCYIeCTBEHHBIe, AeTaau. B mepBoit
YacTH BTOTO IMYHKTA M aHAJOTMYHOTO ITYHKTA CJIEAYIOIEro paccKasa
A Oyoy OpPHMEeHTHPOBATHCS HA 9Ty T'PYINY UUTaATeJell.

Ho He ciemyer 3a6bIBaTh WM O TeX, KOT'O He YIOBJIETBOPSET JIHUIIH
ommcaHUe OOIMMX uIell, KOMy 3axX04yeTcs pa3odpaThbcAd B CyTHU [eja,
IO BOBMOYKHOCTH, IO KOHIIA. 3aKJIOUNUTEJbHAA YacCTh ATOTO IYHKTa
HamupcaHa B pacueTe Ha BTOPYIO TPyIIy uumrartejeii. B aroii uactu
MBI CTpeMHUMCH OBITH BO3MOYKHO TOYHBIMM M KPATKUMU.

IIpencraBbTe cebe: BBI efleTe IO IpAMOJIMHENHOMY 11occe (puc. 46).
B kaskapIii MOMEHT BpeMeHU Ballla MAaIllMHA HaXOAUTCA Ha OIpene-
JIEHHOM DpacCTOAHWU OT KAaKOr0-TO HAYaJbHOTO WIYHKTA. TaKuMm
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00pa3oM, MECTOIIOJIOKEeHUE MAIIUHBI MOYKET ObITH BHIPDAYKEHO B KaiK-
ObIY 3aJaHHBINT MOMeHT ¢ omHuM uuciaoMm s(t). Ilomyuaerca Qyrk-
yus om epemernu: s(t) ecTb paccmosHue OT MAUIWHBI 10 HAYAJIBLHOTO
IIyHKTA B MOMEHT BPeMeHH t.

2 v(t)

s(t)

Tenepsr mocmorpuM Ha cuugomerp. OH INOKAa3BIBAET CKOPOCMb.
CropoCcTh MAIIMHBI B MOMEHT ¢ obosmaumM v(t). VI3 KypcoB Qpusuru
M MaTeMaTHUKN MBI 3HAEM, UTO CKOPOCMb — 3TO NPOU3800HAS TYTHU

0 BPEMEHM!:
d

v(t) = £ = §(¢).

(ToBopsar, uro jopn KenbBuH, OAWMH U3 KPYMHEUIINX (PU3UKOB
XIX Beka, yTBep:kaaa HeuTo obparHoe. OH TOBOpPHJ IPUMEPHO TaK:
«He MopoubTe MHe TOJIOBY C Balllell MaTeMaTUKOI: npouseodHas —
amo ckopocmbuv»!)

Eciu cKopocTh B JaHHBII MOMEHT He paBHA HYJIIO — NOYCTh AJA
OIIPeNieJIEHHOCTH OHA IIOJIOJKUTEJIbHA, KaK 9TO UN300paKeHo Ha
puc. 46, — TO B ciemyrOIKe MOMEHTBI MblI yIAJIUMCH OT HAYaJIbLHOTO
OyHKTa Ha elle 0OJbIllee PACCTOAHMNE, a B IIPEIIECTBYIOIINE MOMEH-
Tl MBI OBLIM UYyTh OJMIKe K HadadbHOMY IYHKTY. Takum oOpasom,
dyHKIUS paccToaHus S(t) B TaHHBIH MOMEHT He MOYKET WMEeTh HU
MakKcuMyMa, HU MUHuUMyMa. Ul ciie[oBaTelbHO, 8 MOYKe MAKCUMYMA
UU MUHUMYMGA CKOPOCMb 0043AHA PABHAMbCA HYJI0: B 3TOT MOMEHT
MBI, 1O cJjoBaM HploTOHa, He TeueM «HHU BIlepe], HU Hasan». Ho
B 9TOM KaK pa3 M cocTouT Teopema Pepma.

Temeph 0 TOM Ke caMOM CKakeM IoTouHee. IIpe:kae Bcero, HeoO-
XOAMMO IaTh TOYHOE OIIpeJesieHre MIPOu3BONHON. MOXKHO OBLIO OBI
BOCITOJIb30BATHCA OIpEeIeJeHNeM, KOTOPOe IMPOXOAAT B IITKOJEe, HO TO-
rma y Hac BO3HUKJIU OBl CJOKHOCTH B CJEAYIOIIUX paccKasaX, KOTAa
peub 3aiifieT 0 IPOU3BOAHBIX (DYHKIIMIT MHOTMX IepeMeHHBIX. IloaTo-
My 3[ech OyJeT HaHO OIpeesieHNe, KOTOPOe OZWHAKOBO IPUTOJHO U
B KOHEUYHOMEPHOM, U (CHOBA IMMOKAa IO CEKPeTy) B 6€CKOHEUHOMEPHOM
cayJasx.

Urak, uro sHauuUT: QyrHKyus f dugpepenyupyema 8 0aHHOUL Moyu-
Ke Xxo (mnam, 4TO TO Ke, umeem npou3goOHyi B Touke Xo)? Ecam me
mpuberats K (QopMyJiaM, TO MOYKHO CKasaTb TaK: 9TO O3HAUaeT, UTO
dyarmua f(xo + x) — f(xo) xopowo annpoxcumupyemcs JUHEUHOU
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@dyHKyueii. A ecau TOYHO, 9TO O3HAYAET CJIEAVIOIIEe.

Onpepenenue. I'oBopar, uro pyHKmuUa y = f(x), ompeaeseH-
Has Ha oTpesKe [a, b], comepskaleM BHYTPHU cedA TOUKY Xo (a < xg <
< b), duggepenyupyema 6 mouke xo (Uiau, UYTO TO Ke, UMeem NPO-
U3600HYI0 8 MOuKe Xp), €CJU CYIIEeCTBYeT TaKad JMHeHHadA (QPyHKIUA
Yy = kx, 4TO

f(xo +x) — f(x0) = kx + r(x),
rie lir%|r(x)\/|x\ =0 (umau, Kak WHOIZA roBOpPAT, r(x)/X ecThb Beu-
xX—

yuHa 6ECKOHEUHO MaJjas).
W3 mamero ompejesieHus HeMeIJIEHHO BBITEKAeT, UTO

b lim [G0+2) = F(x0)
x—0 X

W, TaKUM 00pasoM, UMCJIO E, yUaCTBYIOIllee B OIpPeHesieHuU, OIpene-
agercs omHo3HauHo. OHO M Ha3BIBAeTCA IPOU3BOAHOII f B TOUKe Xg
u obosuauvaerca f’(xg).

T'eomeTpuyecKuii CMBICJI IIPOUBBOJAHOM COCTOUT B TOM, UTO IIpAMAasi,
apaAlomasacsa rpabukom Qyarmmu y = [’ (xo) (x—x0)+f (x0) (mpoxoms-
masgs uepes TOUKY (Xg,f(Xo)) € YIJIOBBIM KO3(DPUIIMEHTOM, PaBHBIM
npousBogHOM ['(xg)), ABJgETCA KacaTeJbHON K IpapuKy QYHKIUHU
y =1f(x) (puc. 47).

w

IIpumep 1. KBagpaTHblii TpexuieH y = ax? + bx + ¢ Bciogy
IuddepeHIIUPYeM W ero IPOW3BOJHAS B TOUYKE Xy paBHa 2axg + b.
ITpoBepuM 5T0 Ha (yEKmUE f(x) = x2. VMeem

f(xo + x) — f(x0) = (x0 + %)% — x§ = 2x0x + x°.
IIpu stom 2x0x — JuHeiiHasg QyHKODUA, r(x) = x2, W 3HAYWT,
lin% [r(x)|/]x| = lin(l) x2/|x| =0, 1.e. f nuddepernupyema B xo u ' (xo) =
xX— xX—
= 2x0.

108



W3 coucka, mpuBeieHHOTo B H. 1, BUAHO, UTO dJIEMEHTapPHbIE
dbyurnuu a*, sinx, cosx, log, x nuddepeHIUPyeMBI BCIOLY, I'ie OHU
OIIpefieJIeHEI.

IlpuBenem mpumep (GYHKIUM, KOTOpad B HEKOTOPOH TOYKe He
nuddepeHIIIPyeEeMa.

ODpumep 2. ®yurnus y = |x| He nuddepeHnupyemMa B HY-
jge. JleficTBUTEIBHO, BO3BMEM JIIOOYIO JUHENHYI0O (GYHKIHUIO Yy = kX.
ITycrs mna oumpenmenensoctu k < 0. Ilomosxum

x + |E|x,

r(x) = f(x) — (0) — kx = |x| - kx = {_x + b,

3Hauur, l(i)m>0|r(x)|/|x| =1+ |k| # 0; dyurnus zHe nuddepen-
x—0, x>

nupyema. Cayuait k > 0 aHajgoruueH.

Teopema @epwma. ITycmv Qyrryus fo(x) onpedenena Ha He-
romopom ompeske [a,b], codepicawem enympu cebs mouky x (a <
< X < b). IIycmv npu smom oHa sa8iemcs Oup@eperHyupyemoil
6 mouke X. Tozda, ecau mouka X docmasnsiem JOKANbHbLIL IKC-
mpemym (MUHUMYM UAU Marxcumym) amoii gynkyuu, fu(x) = 0.

TouHoe ompeneseHNe JOKAJILHOTO 3KCTpeMyMa OBLIO TaHO B m. 1.

HdoxasareuscrTsBo. IIpeamomoxxkum, 4TO f{,(%) =k #0, u go-
KaXkeM, UTO X He ABJAETCA JIOKAJIbHBIM 3KcTpeMymoM. JomycTum,
k > 0. ITo ompeneneHuio mpeaeja M3 TOTO, YTO lir% [r(x)|/|x| =0 (vme

P

r(x) = fo(X + x) — fo(X) — kx), cmegyer, uro Halimerca 6 > 0 Takoe,

k
uro ecau |x| < 8, To |r(x)| < §|x| Ho Torma r(x) > —g% AN X > 0,
¥ CJIeZOBATENBHO,

fo@+2) = fo(® + kx + (%) > fo®) +hx — 53 = fo(@) + 52 > fo(®),

k
u r(x) < —gX AN X < 0, u ciaegoBaTeIabHO,

fo@+2) = fo(®) + kx + r(x) < fo @) +hx — 52 = fo@) + 5 < fo(),

T.e. cleBa OT X 3HAUeHHWs [y MeHbIIe fo(X), a cupaBa — GoJiblle.
9TO 3HAYMT, UYTO X He SABJIAETCA HU MAKCHMYMOM, HM MHHHMYMOM.
Teopema morxasaHa.

leomeTpuueckuii cmbica TeopeMbl Depma: 8 mouke MaKcCumyma
UU MUHUMYMA KacameavbHas 00axHa O6bimb zopudoHnmanvHa. Ilox-
YepKHEM eIlle «BBIUMCIUTEIbHBIA» CMBICI KCTPEMYyMa, O KOTOPOM
rosopur Kemiep (cm. sourpad K ImecToMy pacckasdy). Bosbmem mis
npumepa ysKmuu fi(x) = x u fa(x) = x2. YV mepsoit QyHKIUM
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HeT JKCTpeMyMa B HyJie, a y BTOpPOoi — ecTb. KEcau mpujath Ipu-
pallleHre apryMeHTy, TO B IIE€PBOM cjJydae (PYHKIIHUSA cMeIllaeTcsA Ha
TaKyI0 K€ BeJIWYHHY, a BO BTOPOM — <«H3MEHEHUS HEUYBCTBUTEJb-
Hbl». Cramem, ecaum x = 0,01 (a aTo elle MOXKHO M300pPasuUTh Ha
MUJIINMETPOBOH Gymare), To fa(x) = 0,0001, a aTO ysKe COBEPIIEHHO
«HEUYBCTBUTEJIBHO» .

Bot Tak oGctrout meso ¢ Teopemoit @epma. HexoTopble cBegeHUA
HCTOPUUYECKOTO XapaKTepa MbI OTJIOKKUM [0 YeThLIPHAAIIaTOTO PaccKasa.

Ilepexomgum K Teopeme BeliepriTpacca O CYIIeCTBOBAHUU YKCTpe-
MyMa HeNpPepbhIBHOM (GYHKIIMKM Ha KOHEUHOM OTpe3Ke. BciencTBue
TOr0, UTO JIIOOOW OTPEe30K MOKHO IepeBecTd a(PUHHBIM Ipeodpaso-
BaHMEM B eQUHUYHBIA oTpe3ok [0, 1], manee Bciomy OyaeMm paccmar-
puBaTh MMEHHO ero.

IIpenBapuTesbHO HOKAXKEM CJIENYIOIIYIO JIEMMY O MOHOTOHHOM IIO-
CJeI0BaTEILHOCTY YMCEJI.

Jlem™ma. MoHOMOHHAR NOCLed08AMeNbHOCMb YUCed U3 eOUHUY-
HO20 ompe3xa umeem npedes 8 IMOM ompe3Ke.

WNuaue roBops, ecau 3afaHa O0eCKOHeUHASA IIOCJIeI0BaTEJIbHOCTD UU-
cesx {X1,...,%Xp, ...}, ODJAMAONINX T€MHU CBOMCTBAMHU, UTO, BO-IIEPBHIX,
OHU U3 e0JuHuYHo0z0 ompeska, T.e. 0 < x, <1, n=1,2,..., a BO-BTO-
PBIX, UYTO OHU MOHOMOHHbL, — IJIS OUPENEeJEeHHOCTH, MYyCTh OHM MOHO-
TOHHO BO3pacTamwT, T.€. X1 < X2 < ... < X, < ..., TO CyIIeCTByeT YUC-
J0 x9 u3 enuHuuHOTO OoTpedka (0 < xo < 1) Takoe, 4TO nlirgo Xn = Xo.

IIpe:xme ueM JOKa3LIBaTh JeMMY, HEOOXOAMMO CKasaTh, YTO Ta-
KOe HUC0 U3 e0uHU4YH0z0 ompe3ka. Yucia M3 eIUHUYHOTO OTPE3Ka
IpPeACTaBAAIOTCS OECKOHEUHBIMHU AeCATUUYHBIMU Apobamu 0,ningns...,
roe n; — omHa mu3 mecaru mupp 0, 1, 2, 3, 4, 5, 6, 7, 8, 9.

HJoxkxasaTeanbcTBO. BosbMeM IepBhle Umciia IIOCJIE 3aIATON
JECATUYHOTO IIPEJCTABJIEHUs YHCEJ IOCJeJOBATEIbHOCTU {X7, ...

vesXny...}. IHooyuum (BcJieACTBME MOHOTOHHOCTU HAIllell IOCJeq0Ba-

TEJILHOCTU) BO3PACTAIOIIYIO IIOCJIEL0BATEJIbHOCTD IIEJBIX UNCEN, KaK-
JIoe M3 KOTOPBIX He MeHbIlle HyJid U He 0oJbIlle AeBATH. Kakoe-To u3
9TUX IEJBIX YKCceJ, 0003HAUUM €T0 N1, O0NHHO NOBMOPUMbCL OecKo-
HeuHoe yucao pa3. BodbMeM TOT HamMeHbINUE HOMep Ni, KOrga 39TO
I[eJI0e YHMCJIO BCTPETUTCS y Hac BHepBble. Tozda uducen, 00LbULUX M1,
B HaIllell MOoCJIeJOBATEeJIbHOCTH Y:Ke He BCTPeTUTCH, TaK KaK ecJu
OBl HAIIJIIOCh KAKOe-TO OOJIbIIlee UMCJIO, TO M3-38 MOHOTOHHOCTH 3TOH
TOCJIeIOBATEIbHOCTH YHUCJIO 71 JAajee ysKe He BCTPETUJIOCH ObI.

Hanee BosbMeM BTOpBIE€ UHMCJIA IIOCJE 3aMSATONU ITOCTIEZOBATEIbHO-
et {XN,, XN, +1, ... }. CHOBA IOJYYUM BO3PACTAIOIIYIO IIOCJIEIOBATENb-
HOCTBL IeJBIX YHCeJ, KayKIoe M3 KOTOPBhIX He MeHbIe HYJIsd # He
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0oJibllle OeBATH, ¥ CHOBA BO3bMEM UMCJO 73, KOTOPOE BCTPETUTCS
6eCKOHEUHOe YMCJIO pa3, 1 HoMep Nz, KOTJa OHO IOSBUTCSA BIEPBEIE.
Hajee moctymaeM aHAJOTUYHO. B mMTOre IpMXOAMM K AEeCATHUYHON
apoou 0,n1ns... OHa mpeacraBasgeT cO00M HEKOTOpPOe UMCJIO0 Xo U3
eIMHUYHOr0 OoTpes3ka. Kpome TOro, y Hac BO3HUKJA IIOCJIELOBATEJIb-
HOCTh HOMEPOB N1 < N2 < ... < Ns..., TOe uucia ng IMOSABIAIOTCS
BIepBbie. V3 mocTpoeHus fCHO, UTO AJs Job6oro n = 1,2,... BBI-
TOJTHEHO HePaBEHCTBO

Xp < X9 < x, —x9 <0.
C apyroii cTopoHbI, ecau n > Ng, TO
X0 — x, < 107°°,

HanuncaHnHble COOTHOIIIEHHA O3HAUYAIOT, uTo lim x, = x¢. Jlemma mo-
KasaHa. nmee

Teopema BeliepmTpacca. Henpepvi6nasa QyHkyus HA KO-
HEYHOM Ompe3Ke NPUHUMAEM C80e MAKCUMAJbHOEe U MUHUMAJLbHOE
3HaYeHUe.

Hamomuum, uto ¢dyHKIUA y = f(x), ompeneleHHas Ha OTpe3Ke
[a,b], comepskaimiem Touky Xxo (@ < xo < b), Ha3bIBaeTCsa HenpepbvLe-
HOIL 8 MouKe Xy, ecau Juas joboro € > 0 mMoxHO yKasate 0 > 0
TaKoe, YTO W3 HEPABEHCTB |x — xo| < 8, a < x < b, mocmexyer
HepaBeHCTBO |f(x) —f(xo)| < €. Y13 aroro ompeeneHus cpasy CiIenyer,

uTO ecau [ HempepbIBHA B TOUKE Xg U {X1,...,Xy,...} — IOCJEILOBa-

TeJBHOCTD, CXOAAIaAca K Xo (lim x, = xg), TO mocegoBaTeIbHOCTD
n—oo

{f(x1),...,f(xn),...}, cxoguTca & f(xo),

lim (x,) = f(xo).-

DyHKIUA, HeIpepbiBHAA B KaXKION TOUKe OTpe3Ka, Ha3bIBAeTCs
HenpepvLeHOll Ha ompe3ke. I'OBOpPAT, UTO B TOUKe X9 QYHKIUA Y =
= f(x), samanHasa Ha [a,b], IpUHUMAaeT Ha HEM CBO€ MaKCHMAaJIbHOE
(MmuHuManbHOe) 3Hauenme, ecaum f(xg) > f(x) (f(xo) < f(x)) mna
Joboro x u3 orpeska [a,b].

Temepb MOKHO IEPENTH K AOKA3aTEJIbCTBY TeOpeMbl BeitepmiTpac-
ca. Bymem mokaswIBaTh ee AJA MaKCUMyMa.

HokxasarteanbcTBO. Ilyecth (yHKnusa y = f(x) omnpezneneHa
U HempepbIBHA Ha eguHUYHOM oTpeske [0, 1]. Bospmem gBa oTpeska:
A1 =[a1,b1] u Ay = [ag, bs], comepaxatniueca B [0,1]. MbI ckaxkem,
uTO0 OTPe3oK A; ayuuwe Ag, ecim HalgeTcs Takas TOUKa X ud Aj,
uto f(X) > f(x) mns mo6oro x us As.
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Paso6sem otpesox A? = [0,1] Ha gBa paBHBIX OTpe3Ka: A{ =
=[0,1/2] u Al =[1/2,1].

BriGepem us orpeskoB A}l m Al nyummii; ecoim vHE opuH W3 HEX
He JIy4Yllle APYTOTOo, BO3bMEM JI000HM M3 3TUX OTPE3KOB. JIeBYIO TOUKY
BeIGparHOTrO OoTpeska Al oGosHaumM X1.

B cuny Hamrero BwiGopa AJiA BCAKOM TOYKM X, He JiesKallleil B Al
Halizerca Touxka ¥ us Al, B Koropoit f(X) > f(x).

HelicTBUTEILHO, ecJiu Al — JYYIIU#A, TO BCE OUEBUIHO, a €CJIU
OH He JYYIIUH M TOYKA X He HaWIAeTCs, TO 9TO O3HAYAeT, UTO APYrou
OTPE30OK JYUIIHNil, UTO HPOTHUBOPEUUT HAIIIEMY BBIOODPY.

Ilamee pazobbem orpesox A! ma nBa paBHBIX oTpeska A? u A2
U cHOBa BbIOepeM JMOO JyUIluii, JuOO JI000H, ecau JYUIIero Her.
JleByio TOUKy BHIGpaHHOTO OoTpe3ka A2 0003HAUUM X3. CHOBA B CHIY
HAIIero BbIOOpA OJIA BCAKOIN TOUKHW X, He JiexKkalleil B A2, maiinercs
rouxka x¥ m3 AZ, B Koropoii f(X) > f(x) (mpoxzymaiire).

Hanee O6ymeM mocTymaTh aHAJOTHMUYHO. B MTOre mosiyyaeM MOHO-
TOHHYIO IIOCJIEHOBATEIbHOCTD {X1,...,Xy,...} u3 [0,1]. Ilo memme
OHA WMeeT IIpeaesi, KOTOPBIA o0o3HauuM Xo. Hokaskem, uto f(xg) >
> f(x) mna Bcaxoro x m3 [0,1]. elicTBUTENbHO, AOTYCTHUM, UTO
CyIIecTByeT TOYKa X, B KoTopoi f(X) > f(xo). Bmibepem 6 cToab
MaJybIM, 4TOOBL |Xo — X| > 8 m U3 HepaBeHCTB |x — x| < 6, 0 < x <1
crenoBayio Owl, uro f(x) < f(x). Oauabl oTpeskoB A" pasHbBl 277,
a UX JIeBble KOHIIBI X, CTPEMATCA K Xo. SHAUYUT, B KAKON-TO MOMEHT
Bech OTPe3oK A" oxakeTca BHyTpHW umHTepBaia (xo — 0,xo + 0). Ho
TOrZa, ¢ OMHOM CTOPOHBLI, B HeM HalijeTca X Takoe, uro [(X) > (%),
a ¢ Apyroé cTopoHsl (Tak Kak |X — xo| < 0), f(X¥) < f(x). Ipumin
K mpoTuBopeuwnio. Teopema goxasaHa.

CrnenmcTBue m3 TeopeMbl (C(PopMyJHPOBAHHOE B Hadaje paccKasa)
MOKAa3bIBAeTCA COBCEM IIPOCTO.

Haiizem rakoe uywmcio A, 4ro0bl Aus |x| > A BBINOJHAJIOCH Hepa-
BeHCTBO fo(x) > fo(0). ITo Teopeme BeitepiiTpacca Haliferca TOUKa Xg
u3 orpesrka [—A,A] rakas, uro f(xo) < f(x) maa aoboro x wus
orpeska [—A,A]. fcuo, uro f(xo) < f(0). Ho ecam |x| > A, To
f(x) > f0) > f(xo). 3Buaumr, f(x) > f(x9) maa a100O0TO X, UTO
u TpeboBaJIOCh MOJYUYUTh. J[Ba APYrux cjaydas OOKasbIBAIOTCA Tak
JKe IIPOCTO.

Taxum o0pazoM, MbI IPUBEJIUN HOKA3aTEJILCTBO BceX (aKTOB, O KO-
TOPBLIX peub Imjia B m. 1.
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Paccras dsenaduamulil

9KCTPEMYMbI ®YHKIINI MHOTUX
INEPEMEHHBIX. ITPUHIIUII JJATPAHIKA

Mo:xHO BBICKA3aTh CJAEAYIOIIUUA OOIUEM HpuUHIIUI. Eciau
HUIIEeTCs MaKCUMyM WJIM MUHUMYM HEKOTOPOH (YHKIUMN
MHOTHX IE€PEMEHHBIX MIPU YCJIOBUU, UTO MEKAY STUMHU IIe-
PEeMeHHBIMH WMeeTCsA CBfA3b, 3aJaBaeMasi OJHUM WJIU
HECKOJILKUMU YPaBHEHUAMU, HYIKHO IPUOABUTH K (PYHK-
AU, SKCTPEMYM KOTOPOM MBI HINEM, (PYHKIIMH, 3a1aio-
e ypaBHEHUS CBA3YW, YMHOKEHHbIe Ha HeoIpeleseHHbIe
MHOKUTEJINU, ¥ HCKATh 3aTeM MaKCUMyM WJIN MUHUMYM
TOCTPOEHHOI CyMMBI, KaK ecau Obl IIepeMeHHBbIe ObLIN
He3aBUCUMBI. IlosiyueHHBIE ypaBHEHUSA, IPUCOeAVHEHHbBIE
K YPaBHEHUAM CBA3U, IOCIYKAT [JIA OIPENeJIeHUs BCEX
HEM3BECTHBIX.

K. Jazpanic

1. 3mechr OyZeT pacckasaHo O TOM, KaK pelIaTh 3a-
Jauyy Ha SKCTpeMyM (PYHKIIUA MHOTUX HepeMeHHBIX. CyTh Jejsa BBI-
paxxKeHna JIaI'pacheM B CJIOBaxX, IIOCTaBJIEHHBIX HaMM B KaueCTBe 9IIN-
rpada. [jgss OCBOEHWS IIE€PBOI YACTH 39TOT0 paccKasa HeoO0XOIMMO
BJIAJETh IIOHATUAMU <«HEIIPEPbIBHAA (byHI{I.H/IH MHOT'UX II€pEMEHHBbIX»
(pacckas mecAaThHINI) U MaTepuajioM IIEePBOM YaCTH IPEIBIAYIIEero pac-
cKasa.
IIyers fo,f1,..5fm — DOYHKIUM n mepeMeHHBIX X = (X1,...,Xn).
Paccmorpum 3azjauy ¢ OrpaHMUYEHUSIMU THUIIA PABEHCTB M HEPABEHCTB

(3) fo(x) — min (max), fi(x)=0, i=1,...,m

filx) <0, i=m+1,...,m.

OTMeTuM, BIIPOYEM, YTO B OCHOBHOM Yy Hac OYAyT BCTpedaThCsA
3a/lauM C OJHUMU JIUIh PAaBEHCTBAMM.
IIpumeps.

(81)  fo(x) = (x1 —a1)® + (x2 — a2)® + (x1 — b1)® + (x2 — b2)® +
+ (x1 — c1)® + (x2 — ¢2)® —» min, x = (x1, x2).
(B2) fo(x) =x1...%, »max, fi(x)=x5+...+x2-1=0.

HamomuuM, uTo (32) — 9TO mpu n = 2 dopMaamsanua Iia-
HUMETPUYEeCKoil, a mpu n = 3 — KJaccudyeckodl sajmauum HKemepa
0 IapaJiiesienuiefie MaKCHMAaJIbHOTO 00beMa, BIIMCAHHOM B IIap.
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(31) hopmasmsyer Taxkyio samauy: HAlmu Ha NJOCKOCMU MOYKY,
cymma K8aopamos paccmosHuil om kKomopoii 0o mpex OAHHBLX MO-
yex Oviia Obl MUHUMaAbHOU (cpaBHUTE ee ¢ 3amaueii IllTeiimepa).

Pasymeercs, He Kakgas 3amada Tuma (3) mmeer perenue. OgHa-
KO, KaK U a9 (PYHKIIUA OJHOTO IIEPEeMeHHOT0, MOKHO chopMmyJiu-
poBaTh TeopeMy (TaK:Ke MOOKasaHHYI0 BeliepmiTpaccom), KoTopas BO
MHOTHUX CJIy4yasX TapaHTHUPYeT CYIIeCTBOBaHUE PEIIeHU.

0603HAUMM COBOKYITHOCTH IOIIYCTUMBIX TOUYEK B 3amaue (3) ue-
pes C. Nuaue rosopsi, C COCTOUT M3 Te€X TOUEK X, AJA KOTOPBIX

filx)=0, i=1,...,m', fi(x) <0, i=m'+1,...,m.

Muo:kectBo C HasbIBaeTCs OIrpaHNYeHHbIM, €CJIU CYIIIeCTBYyeT KOH-

crauta A > 0 rakad, uro |x;| < A4, i = 1,...,n, ana aw000# TOUYKU
x = (%1,...,%,) m3 C. Hampumep, MHOMeCTBO x2 + ...+ x2 = 1
OTPaHWYEHO, B YACTHOCTH, OTPAHMYEHA OKDPYKHOCTb X7 + x5 = 1,

a MHOKEeCTBO X1 = x% (mapaboJia) He ABJAETCA OTPAHUYEHHBIM MHO-
JKEeCTBOM.

Teopema Beitiepmrpacca. Ilycmv 8 3adaue (3) QpynHkyuu
fos ..., fm HenpepwvieHbl, a cogokynnocms C donycmumvlx mouex 8 (3)
ozpanuyena. Toz0a peutenue obeux 3aday

(3min) fO(x) e min, fi(x) = 0’ i= 1’--',m/7
filx) <0, i=m'+1,...,m,

u
(Smax) fO(x)%max7 fl(x):O’ izl,---’m/a
filx) <0, i=m'+1,...,m,
cywecmayem.
YxakeM, KaKk M B MpPeIBLIAYIIeM pacckase, Ha TaKoe CJIeICTBUE.
CnegmcrBue. IIycmv Qyrryua fo(x), x = (x1,...,%,), Henpe-

puleHa 0as awbozo x. Tozda, ecau

2 2
1+ ...+ x, — 00,

limfo(x) =co npu x
mo peweHue 3adauu Ge3 0zpaHuierHuil

fo(x) — min

cywecmeyem.
IToBTOpPUM OIlpefieieHNe JOKAJILHOTO BKCTpPeMyMa B 3amaue (3).
Onpegenernue 1. T'oBopar, uto Touka X = (X1,...,X,) JOCTaB-

JIAeT JOKAAbHbLIL MUHumym (maxcumym) B 3ajmade (3), ecjou MOKHO
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yKasaThb Takoe € > 0, UTO AJsA BCeX MOMYCTHUMBIX TOUEK X = (Xi1,...
.»Xp), YOOBJIETBOPAIOIINX HEPABEHCTBY

|xi—§i\<s, i=1,...,n,

BBIIIOJTHEHO HepaBeHCTBO [o(x) = fo(X) (fo(x) < fo(X)).

Eciau (3) — 3asadya 6Ge3 OrpaHWUYeHHWN U X AOCTABISAET e JIOKAJIb-
HBI SKCTPEeMyM, MBI TOBOPHM eIlle, YTO X HOCTABJSACT JIOKAJbHBIN
sKCcTpeMyM (GyHKIUU fo.

Hasa Toro 4To6bl MOKHO OBLIO CHOPMYJIMPOBATH OCHOBHOE IIPABU-
JIO pellleHUs 3amad Tuna (3), HeoOXOAUMO BBECTU eIle OJHO IIOHSATHE.

IIycrs @yuKnua y = f(x) ompeneneHa AJsa BceX X = (X1,...,%X5),
I8 KOTODPBIX BBINOJIHEHBI HepaBeHCTBa a; < X; < b;, j=1,...,n
(COBOKYIIHOCTHL BCEX TaKHX TOUYEK Ha30BeM IllapaJljieIelnuIeqoM
II(ai,b1;...;an,b,)), 1 OycTh A TOYKU X9 = (X01,.-->X0n) BBIIOJ-
HEHBI CTPOTHE HepaBeHCTBAa

aj<ij<bj, j:1,...,n.
PaccmoTpum caemyioniyio (GyHKIIUIO OTHOI II€pPEeMeHHOI:

gi(x) = f(X015+++5%0,j—15%0,j + X, X0,j415 +++» X0n)-

Yro mbl caenanu? Mbl 3aKpenuau Bce KOOPAMHATBI § Xo, KpPOMe
j-#, a K j-#i KoOpAMHATe IPUOABUIMN YUCIO X. [IpeamoIoKuM Teleps,
uTo PyHKIUA g; auddepeHnupyemMa B HyJe.

Onpengenernue 2. IlpousBogHasa B Hyjde GYHKIUHU g; Has3bIBa-
eTcs j-i wacmHoll npou3soldHoil pyHkyuu f 6 mouke x9 u obosHa-
gaerca 0f (xo)/0x;.

Teneps chopmMysupyeM ABe TeOpeMbI, KOTOPHIE IIO3BOJIAT HAM 3a-
TeM ONUCATh IPABUJIO PelleHMA 3ajad Tuna (3).

Crauayia paccMOTpuM 3azauy (3) 0e3 orpaHUYEHUI.

Teopema ®epma. [Tycmb 8 mouke X cyuecmayom ce 4acm-
Hble npoussodnvie Qyuryuu fo. Ecau mouka X docmasisem JOKALb-
Hblll akcmpemym (MUHUMYM UAU MAKCUMYM) IMOL QYHKUUU, MO

9fo (%) .

T:O, ]:1,...,n. (1)

Xj

Touku, s KOTOPBIX BCE YaCTHBLIE IIPOM3BOIHBIE PaBHBI HYJIIO,

HasweIBalOTCA cmayuoHapusvimu. CoorHomenuda (1) ABasAoTCA, pasy-
MeeTcs (Kak u B ciaydae n = 1), Heo6xX00umMvlMU YCAO8UAMU.
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IlpuBeneM NIpuMep NPUJIOKEHUS BTOH TeopeMbl. Pemum sazauy
(31). Pellenne 3afaum cyInecTBYeT B CHUJIY CJeJCTBLUSA TeopeMbl Beii-
epmrpacca. O6osHauum ero (X,y). Umeem

_ 0fo(*,y)

0—T22[(3—al)+(§—bl)+(?—cl)] — %= (a1 +b1+c1)/3,
fo(Z,7 R R R -
O:%zy) =2[(—a2)+ [@F—b2) + ([F—c2)] = Y= (az+bz2+c2)/3.

OTBerT: (X,J) €CTh IEHTDP Macc TpeyroabHUKa (ai,az), (b1, bs),
(c1,c2).

Teneps paccMoTpuM 00IIyI0 3axauy (3), B KOTOpPOil, IpaBaa, Hepa-
eencmea omcymcmeyiom. CoCTaBUM TaKyI0 CYMMY:

&L = Aofo(x) + Aif1(x) + ... + Anfm(x),

rne x — (xl,...,xn), AZ (Ao,Al,...,)\m).

OTy QYHKIUIO HA3BIBAOT QyHkuueil Jazpannca. Yucaa Ag, Aq, ...
«..y Ay HA3BIBAIOTCH MHONCUMeAMU Jlazpanica.

O6miuit mpuninun JlarpaH:;ka, ommcaHue KOTOPOTO BBIHECEHO Ha-
Mu B snurpad, MOKHO KOPOTKO BBIPDA3UTh TaK: 04 peuleHus 3ada-
yy (3) (c ogHUMU paBeHCTBAMU) Hado cocmasumdv QyHKyuio Jlazpaw-
Jja, a 3amem nOCmMynums C Hell MaAK, KAK ecau Ovbl nepemeHHbLe
(x15...,%,) Oblau He3asucumbl (T.e. TIPUMEHUTH Teopemy Pepma).
ITonyuennble ypaBHEeHUS, & UMEHHO ypPaBHEHUS

0L (x,A) _

Oxj 0, J:]-’-'-,n’ (2)

AOIIOJTHEHHBbI€ YPaBHEHUAMU CBA3U
fi(x):()a i:1,...,m, (3)

HAJO0 PEeIIUTHL OTHOCUTEIBHO X1,...,Xn, AQy..., Am U CPEIU ITUX pe-
mIeHWH BBIOpATh HYIKHOE.

ITo mpaBUJIO OCHOBBIBAETCA HA CJIEAYIOIeill TeopeMe.

Teopema (umpaBumao MHOMuUTedeln Jlarpas:ixa).
ITycmv Qyuruyuu fo,...,fm, onpedenenvt 8 HeKOMOPOM napaJee-
nunede Il(aq, by; az, bs;...;a,,b,), codepicawem srnympu cebs mouiky
X=(X1,...,%,) (@; <X <b;, i=1,...,n). I[Tycmv danree 6ce PyHk-

yuu f;, i=0,1,...,m, u 8ce wacmuvie nNPou38o0HbvLE Oxl” i=0,1,...
j

....m; j=1,...,n, Henpepvi6Hb. 6 dmom napanienenunede. Tozda,
ecau Oonycmumas mMouka X 0ocmasisem JOKAAbHbLIL IKCMPemMym
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(munumym uau maxcumym) 8 3adaue (3) (20e HepaseHcmea om-

cymemayiom: m' = m), mo Hadymcs Hucia Ag,...,An, He PaAsHbLE
00HOBDEMEHHO HYAI0 U Mmaxue, ¥mo
02 &, N

oz, 0, j=1,...,n

(= Q@105 %), A= (Ao, A1, .05 An)).

CroenaeM Temepb HECKOJBKO 3ameuaHmil. OTMeTHM, BO-IIEPBBIX,
yro B (2) m (3) umeerca n + m ypaBHeHu# ¢ n + m + 1 HemsBecT-
#HeiM. Ho Hago mmeTh B BUAY, ¥MO MHOMNcUumeru Jlazpanica MOMCHO
YMHOMCAMb HA AI00YI0 KOHCMAHMY, OMAUYHYID OmM HYLA.

TakuM o0pasoM, Bcerga MOKHO JOMHOKHUTH TaK, UTOOLI OOUH U3
MHOKuTeseir JlarpaHn:xka paBHsauca emuHuie. Torzma B (2)—(3) uucao
YpasHerull paKmuiecKku pa6HO HYUCLY HeU36ECMHbLX.

IManee. YpasHenus (2) mambojee COLEP:KATENbLHBLI, ecau Ag # 0.
Bens ecoim Ag = 0, To ypaBHeHHs (2) OTPaKalOT JUIIL BEIPOMKIEH-
HOCTh OTDAaHWUYEHUH U He CBA3AHBI ¢ PYHKI[UEH, SKCTPEMyM KOTOPOI
nmerca. Ho BooOIe-To 3apaHee CUMTATh, 4TO Ag
OTJIWYHO OT HYJSA (Kak aTo mesaer JlarpaH:x — X2
cM. snurpad), Heab3sd. IIpuBemeM mpumep, IMOKAa- 2!
3BIBAIOIINII, UTO IpPaBMJI0O MHOXKuTejei Jlarpan- £
JKa TIPU JOMOJHUTEIBHOM HOmyIneHuu A9 # 0
MOXKET CTaTh HEBEDPHBIM. 0 x1

IIpumep. Paccmorpum 3amauy (cm. puc. 48): 2

. 3
x1 — min, x3—x%=0. ass

W3 pucyHKa BHUIHO, YTO €IUHCTBEHHBLIM peIie-
HHueM 3ajaun sABjasgerca Touka x = (0,0). ITompo-
OyeM Temephb COCTaBUTL (PpyHKIUIO Jlarpammka ¢ Ag = 1 ¥ IpUMEHUTH
asroputrM Jlarpamoka:

L =x1 + AxE - x3),
OTKyZIa

97 90— 3+1-0, 'L -0 — 2ix=0
0x1 0xo
VpaBHeHue cBsisu umeer Buf x2 — x5 = 0. Hanucaunsle ypasHeHus,
KakK JIeTKO BUJETb, HECOBMECTHHI.
IIpaBusio MHoO:KuTeselr Jlarpam:ka MTO3BOJSAET JaTh CJEIYIOITHI
pellenT IOWCKa pelleHMH 3amauu (3) ¢ paBeHCTBaMHU. Pas3o0béM ero
Ha Te Ke 4 sTama.
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Iran 1 — dopmanusanua 3agauu. Tpebyerca mpuBectu (pasyme-
eTcsl, eCJIM TO BO3MOXKHO) 3ajauy K Bumy (3) ¢ m’' = m.
dran 2 — mpuMeHeHMe NIpuHNuIa Jlarpanka, T.e. COCTaBJIeHUE
CHUCTEMbl YPaBHEHUN
0% .
a—xj =0, j=1,...,n,
fitx)=0, i=1,...,m.

Jranm 3 COCTOUT B HAXOKJEHWM BCeX CTAIlMOHAPHBIX TOUeK. IIpm
5TOM OBIBAET IOJIE3HO CHAYAJA BLEISCHUTHL BOIPOC O TOM, MOXMKET JIU Ay
DPaBHATHCSA HYJIIO WX HET.

dram 4 cocTouT B IepebOpe BCceX CTAIMOHAPHBIX TOYEK M BEIGODE
Tex, rae QYHKIUA fo UMeeT MUHUMAaJbHOe (MaKCUMaJIbHOE) 3HAUEHUE.
ITOT pelenT pemeHna Mbl KOPOTKO Ha3bIBaeM npuHyunom Jlazpanica.

W3 chopmyrnpoBaHHBIX TeOpeM cjJeayeT, uTo eciiu (B 3amaue 6es
HEPaBEHCTB) COB0KYNHOCMb OONYCMUMbLX MOUEK O0ZPAHUYeHA, 8cCe

dyuryuu fo,...,fm Henpepvi8HbL, U HeNpepbi8HbL 6Ce LACMHbLE NPO-
ofi . .
u3600HbvLE a—xl, i=0,....,m, j=1,...,n, mo onucanHoe npasuLo
j

npusedem K peuleHU 3a0aiu.

HUckycctBy muddepeHniupoBaTh (PYHKIUM MHOTMX IIePeMEHHBIX
3aHOBO 00y4aTh He HAJO: BeIb BCe CBOAUTCA K AudhepeHIIMPOBAHUIO
GYHKIIUHA OoZHOU ImepeMeHHOU. Temeps yKe MOMKHO OBLIO OBI IIeperTH
K pelneHnio 3azady. Ho MBI IOTpaTuM ele HEKOTOPOe BpeMdA Ha
obCcy:KaeHUnA.

2. 3mech TaK JKe, KaK U B IIPEJBIAYIIEM paccKase, YAEJIUM MECTO
HEKOTOPHIM O0BACHEHUAM.

Teopemy PepmMa B MHOTOMEPHOM CJIydae HeT HYMKIBI CIEIUATHLHO
00'BbACHATH, MO0 OHA TPUBUAJIBLHO BBIBOAUTCA M3 OJHOMEDPHOTO CJIY-
yasa. [elicTBuTesbHO, NyCcTh GYHKIUSA fo(X1,...,X,;) UMeeT JIOKAIb-
HBIl 9KCTPEMYM B TOUKe X = (X1,...,%X,). To ectb QyHKIuA g;(x)
(mo Tumy ToOii, KoTopaa Oblia ompenesieHa B m. 1):

g,(x) :f()(%l,...,%j,1,§j+x,§j+1,...,/JZ'n)
OOJIKHA MMeThb MUHUMYM B HyJje. Ho Torma mo omHOMepHO# Teopeme
depma, KoTOpas TOAPOOHO OCBeITajJiach B TIPENBIAYIIEM paccKase,
moJIyyaem
g}(O) =0.
Ho mo camomy ompeneseHnIo j-Ii 4acTHOU IIPDOM3BOAHOM KakK pas

" I1oJrydyaercd, 4To
reny . 9T (@)
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ComocTaBisfa 5TH [JBa PaBEHCTBA U IPOU3BOJBHOCTD j, MIPUXOIUM
K Teopeme Pepma:

0fo(®) _ 0fo(X1,...,%n) _
(?x]' Oxj

0, j=1,...,n.

Temepbs HAM HPEACTOUT pasodpaThcA B IpaBUe MHOKHUTeJei Jla-
rpan:ka. Haunem Hamu oO0BACHEHUSA C HPOCTEHINEH CUTyaIluH, KO-
rga, BO-IEPBBIX, n = 2, m = 1, a BO-BTOPBIX, KOrJa OTpPaHUYEHUE
3a7jaeTcA JUHeUHbM coomHoweHuem. VIHaue roBopsA, OymeM paccMmar-
puBaTh CJIEAVIOUIYIO 3aJauy:

fo(x1,x2) — max, f1(x1,x2) =a1x1+axa —b=0.

T'padur y = fo(x1, X2) MOKHO MBICIUTL cebe KaK JlaHAIITA(T TOPHOI
mectHocTu. CooTHoitenue fi1(x1,Xx3) = aix1 + asxs — b = 0 zamaer
Ha IJIOCKOCTH HOpAMYyl0. MOMKHO IIpefcTaBUTh cebe, UTO B TOPHOH
MECTHOCTHU IIPOKJAABIBAIOT JUHUIO 3JEKTpOIlepefadyu IO TPaeKTOPHUH,
KoTopasd Ha KapTe umMeeT Buj npamoii. CopamimBaercs, rae Oyaer
caMas BBICOKAs TOYKA TPacchl?

BecmoMHMM, KaK ropbl M300pa’kaioT Ha Kaprax. TaM HaHOCAT Ju-
HUU OOWMHAKOBOM BBICOTHI, IUHUU YPOBHs. 3agyMaeMcs Hal TeM, Kak
MOJIXKHBI OBITH PACIOJIOMKEHBI MIPYT OTHOCUTEJILHO Apyra Tpacca 3JeK-
Tpomepenauyr W JWHUS YPOBHS HAIIEH TIOphbl B TOYKE HAWBBICIIIETO
moabeMa.

fcHo, uTO Mpacca 6 amoit mouke He MoNem nepeceKamv JUHUK
yposusa. Eciau Tpacca mepecekaeT ee, TO OHa IIPOXOAUT U3 o0Ja-
CTH MEHBINNX 3HAUEHWM BBICOTHI B 00JIaCTh e€e OOJLITUX 3HAUEHWUI,
U 3HAYUT, B TOUKE [EPECEeUeHMs MAaKCHMyMa BBLICOTHI OBITH HE MO-
sxeT. BBIBOA: 6 mouke makcumyma 6vlcomb. mpacca 00NIHHA Ka-
camvcs AUHUU YPOBHA.

Temeph mocMoTpuUM HaA (GYyHKIUIO f1(X1,X2) = a1x1 + asxs —b. Ee
YacCTHBIE IPOU3BOIHBIE

on _ oh _

= as.
0361 L 0362 2

BekTop (ai,a2) TepumeHIUKYJISPEH Tpacce W BOOOIe J060H Ju-
HUM YypoBHA GYHKIuHU fi(x1,X2). OTO SCHO W3 TeOMETPHUYECKOTO
CMBICJIa YPAaBHEHUA a1X1 + asXg = b. OIHAKO OKas3bIBAETCA, UTO DTOT
daxT BepeH Bcerma. A mMeHHO, ecau fi(x1,xg) — J00as HeIPEPHIB-
Had (QYHKIUS, Y KOTOPOII ee UaCTHBIE IIPOM3BOAHBLIE TaKyKe HeIpe-
of (%) 0f (%)
0x1 ’ 0x2
K auHuu yposusa f(x) = f(x). Ho 6edv mpacca moxuce kacamenvHa

DPBIBHBI, TO BEKTOD ( > nepneHOUKYAPeH KacamesbHOil
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K JUHUU YDOBHA 6 MOuKe MAKCUMyma evicomul. VI3 Bcero ckasam-
ofo(X) 0fp(X)

n (a1,a iep-
036’1 ’ aJC2 ) ( 1> 2) p
INeHIUKYJAPHBI Tpacce H, CJeJO0BaTeJIbHO, IIPOIOPIIMOHAJBbHBI, T. €.

0fo (%) _ 0fo (%) _
Tq#—/\al_o, W—FAag—O

HOI'O M BBITEKaeT, YTO oba BEKTOpa <

NI
0L &, 1,1)
036’1 -

0.2 (%,1,1)

0, 0362

0,

rae
ZL(x, 0, A) = Aofo(x) + Af1(x).

B »pTolf yacTHOW cUTyanmuu MBI IPUNLIN K TIPABUIY MHOMKUTEJIEH
Jlarpamxa.

IIycTe Temeps QyHKIUA fi — He 00sa3aTeJbHO aPPUHHASL, HO Y Hee
WMEIOTCSI HeIlpepbIBHBIE YacTHBIe IIpom3BogHbIe. CHOBA pPacCcMOTPUM
CeMelCTBO JIUHUUA YPOBHSA

fo(x1,x2) =co, [1(x1,%x2) =c1.

HomycTuM, YTO B HEKOTOPOM YaCTH IIJIOCKOCTH Uepe3 KaKIVIo
TOUKY IIPOXOAUT OAHA W JIMIIb OJHA KPUBasd KayKJIOro M3 CeMeNCTB.
IIpegmonoxum, uro B X = (X1,X2) 3amada umMmeeT pemenue. Torma
BCe TOUKU KpPUBOI [y, 3aJaBaeMoOil ypaBHEHUEM

fo(x1, x2) =¢o =: fo (X1, X2),

00s3aHbl JIEKAThL <«IO OJHY CTOPOHY» OT KpHUBOX [, 3amaBaeMoi
ypaBHEHHEM

f1(x1, x2) =c¢1 =: f1(¥1, X2),

T.e. 9TH KPHUBBLIE MOJIKHBI He IepeceKaTbCcs, a KacaTbcsi. MbI 005-
SCHUJIM, 4UTO eCJIM B TOUYKe X HA KpPHUBOHM [; (QyHKIUA [y HMeeT
SKCTpeMajibHOe 3HaueHMe, TO KpuBad [y KacaeTcd KPUBOH /.

Eme pas HamoMHUM 0 TOM, 4To BeKTOp (0fo(X)/0x1,0f0(X)/0x3)
NepHeHIUKYIApeH KpuBoi [y, a BexTop (0f1(X)/dx1,0f1(X)/0x2)
HepIeHAuKYyIApeH KpuBoii l;. Ecaum sTu KpuBBIe KacaloTCs, TO IAH-
HbIe BEKTOPBI MOJIXKHBI OBITh IIPOIIOPIMOHAIBHEI.

IIpomopIMOHAaIBHOCTE 9TUX BEKTOPOB U YTBEPIKIAETCA B IPABUJIE
muoxxkuTeseit Jlarpamxa (¢ Ag = 1).

Hokasars nmpunmun Jlarpamska (T.e. mpaBuiao MHoxKutesein Jla-
rpamka) B 9TOM KHHUTEe MbI He cMo:keM. OIHAKO HEKOTOpLIE IIOSCHE-
HUS, Kacaiolmecs MOKAasaTeJabCTBa €ro, OyAyT MaHBI B UeTHIPHAAIIA-
TOM pacckase.
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B mauajye pacckasa ObLia IIOCTaBjJeHa o0Ias 3amauva, KOrjga HMe-
I0OTCS ¥ paBeHCTBa, M HepaBeHCTBa. A Jajbllle peub IIjIa yiKe 00
OJHUX JIUIIb paBeHCTBaxX. Kak BuIomaMeHseTcsa mpuHIUI Jlarpam:xa
B obmiem ciayuae? Bepremca K 3amaue (3), KoTropad Oblia IIOCTaB-
JileHa BHaJaje, W AOMYyCTUM, uTO Bce (QyHKuum fo(x),...,f n(x) ymo-
BJIETBOPAIOT YCJOBUAM C(HOPMYJMPOBAHHON BLIIIE TEOPEMBI O IIpa-
BuJe MHOxureneii Jlarpamaka. Torga, ecam [JOIyCTHMAas TOUKa X
IOCTaBJSAET JIOKAJIBHBIM MUHMMYM B 3azaue (3), TO HAWIyTCA UYUCIA
AosA1s...,Am, He DpaBHBIe OZHOBPDEMEHHO HYJIIO U TakKue, dUTO
703(;;”\) 0, =1t B = Rirees @)y A= Qos ALy eees A,
KpOME TOr'0, YAOBJIETBOPSIOTCSA YCJOBUSA HEOTPHUIATEIHLHOCTHA MHOMKMI-
Teneit Jlarpamsxka npu (QPYHKIMOHAJe M HepaBeHCTBax A9 > O,
Amr41 = 0, ..., Ap > 0 U BBINOJHAIOTCA CHEAYIOIIUE YCJOBUA (TaK
Ha3bIBaeMbIe YCL08US 0ONOJHAOULCI HelecmKOoCmu):

Afi(x) =0, j=m'+1,...,m.

YcioBus OOMOJHAMIONEH HEXKEeCTKOCTH O3HAYAIOT, UTO MHOMKUTEID
Jlarpan:xa )\j, MOXKeT OBITh OTJMYEH OT HYJd TOJHLKO Ha «aKTUB-
HOM» OTPaHWUYEHWMU, KOTJa B TOUKE JSKCTPEeMyMa OrpaHWUYeHUe TH-
Ia HepaBeHCTBAa Ha CaMOM Jele fABJIdeTcA paBeHcTBOM: f;(X) = O,
j=m'+1,...,m.

Yro Ke M3MeHHJIOCh? Bo-TIepBBIX, 3[eCh «dKCTPEMyM» 3aMEHUJI-
cAd Ha «MUHUMYM». IIpu HepaBeHCTBax Hebe3pasJMYHO, KAKOM THUII
SKCTpeMyMa paccMaTpuBaeTcsa. B ciydae 3afgauu Ha MaKCUMyM WJIHT
Py HaJIWYWHU OrpaHmdeHuii Buzga f; > 0 Aua IpUMeHEHUS TOJIBKO
uyT0 c(hOPMYJIMPOBAHHOIO pPe3yJabTaTa HeoOXOAMMO CHayaja Ipeodpa-
30BaTh 3a7auy K BUAY (3), 3aMEHUB, €CJHU 3TO HYYKHO, HEKOTOpPbIe U3
fi, i=0,m' +1,...,m, sHa —f;. Bo-BTOpBIX, J06ABUJIOCH YCIOBUE He-
OTPUIATEIHLHOCTH, B-TPETBUX — YCJIOBHE IOIOJHAOINEH HEeXKEeCTKOCTHU.

Ilpu pemenuu 3amady B 9TOM KHHUI'e HaAM He IIPUIAETCA IIPUMe-
HATHL TOJBKO UTO cOPMYJIHPOBAHHYIO TeopeMmMy. Ho posib ee um eii
MOMOOHBIX TEOpeM OUeHb 3HauuTeJbHa. B IMepBOM paccKase Mbl Kak-
TO CKasajud, YTO CTapble MeTObl OKAa3a/iCh HeZOCTATOUHBIMU [JIs
pellleHrsT MHOTHX JKOHOMHUUEeCcKHX mpobsem. Temeph 00 3TOM MOMKHO
cKasaTh KOHKpeTHee.

BenmoMHMM TPaHCIOPTHYIO 3amaudy, O KOTOPOM pasroBOp 3aXOIUJI
yoKe IBaXKIbI. B ee hopmMasmsanum y4acTBYIOT HEepaBEeHCTBA, 0e3 HUX
¢dopmanru3upoBaTh ee 3aTpyAHUTEIbHO. HO paHbIlle 3amau ¢ HepaBeH-
cTBaMu He paccMmaTpuBaiau. To JomMoJHEHMWEe K MPaBUIYy MHOMKUTeIeit
JlarpaHika, KOTOpoe TOJBLKO UTO OBLIO CHEJAaHO, IOSBUJIOCH JIUIIH
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mrecThecAaT (a He ABECTU IMATHAECAT) JeT ToMy Hasazm. W eie omgHO.
BrIscHUMIIOCH, UTO B S9KOHOMHMYECKMX 3aJadaxX OUYeHb YaCcTO MUHUMU-
3upyeMble PYHKINKM W OIPAHNYCHUS BBINYKJBLI WJIN JasKe JUHEHHBI.

IIpuniochk cHenmUanIbHO 3aHATHCSI M3YUYEHHEM BBINYKJILIX (PYHK-
WA U BBIMYKJBIX SKCTPEMAJbHBIX 3a7a4. W MBI yAEJIUM 3TOMY HEKO-
TOpOoe BHUMAHUE.

3. Buinykiible PYHKIIMN U BBIMTYKJbIe 3agaun. O BRINYKJIBIX (PYHK-
MUAX OJHON IepeMeHHON MBI MeJbKOM ViKe CKasajau. BBITYKJIbIe
GYHKIUY HECKOJbKUX MePEeMeHHBIX OIIPemesAI0TCA COBEPIIEeHHO aHa-
gorunuso. Pyuruusa f(x) = f(x1,...,X,) Ha3bIBAETCA GbINYKJAOL, €CIN
oA JI00BIX Touek x M x' u aoboro a, 0 < a < 1, umeer MecrTo
HepaBeHCTBO MeHceHa

flox + (1 - a)x’) < of (x) + (1 — ().

IIpumepamMy BBIDYKJIBIX (QYHKIUIN SABJIAIOTCA IIpEXXJe BCEro JIM-
Heiinple u adduHHBIe QyHKIUU. OTMETHM TaKiKe <«QYHKUUIO pac-
cmoAnuA» OT TOUKU JO HYJId

f(xl""axn): x%+...+x2.

dyurmuio y = f(x) Ha3BIBAIOT CMPO20 BbLNYKJAOU, €CaIu B Hepa-
BercTBe Wencena mpu x # x' u 0 < @ < 1 mmeer mecTo crporoe
HEPaBEHCTBO

flox + (1 - a)x’) < af (x) + (1 — )f ().

Oyarmun y = x2, y = Vh2 +x2 u y = xf + x% CTPOTO BBITYKJIHI,
a GpyHKIUA Yy = |x| min QYHKUUA DACCTOSIHUS — HE CTPOrO BBHIMYKJIBI.
HerpyaHno mousaTs, uto ecau GyuHKnus y = f(x) cTporo BHINYKJA U [0-
CTHTaeT B TOUKe X CBOEr0 MUHUMYMa, TO 3TOT MUHUMYM eJHHCTBEH.

V:Ke OBLIO CKazaHO, UTO He BCAKaA (MYHKIUA ABIAeTcA Audde-
PeHIMPYeMOH, W OBaKIABI OOCY)KHayscs mpumep: y = |x|. 9ta GyHK-
s BRIDYKJA u He auddepenmupyema B HyjJde. PYHKIUA PaccTo-
AHUA TaK:Ke aud@depeHIIIpyeMa BCIOAY, KpoMe HYyJd, T'Ie OHa He
asnsercsa aupdepernupyemoit. OmgHAKO ecau BBIOYKJIAS (GYHKIUS
nuddepeHIIUPYyeMa U B HEKOTOPOIl TOUKe ee IMPOM3BOAHAA pPaBHA HY-
JII0, TO B 9TOM TOUKe (QYHKIMSI JOCTUTaeT CBOEr0 abCOJIIOTHOTO 3JKC-
TpemyMa. W gaske GoJsiee TOro: rpaduK Jr000# BBIMTYKJIOH (QYHKIIUU
JIEKUT <«II0 ONHY CTOPOHY» JII000OHM CBOeH KacaTeJbHOH ILIOCKOCTH.

OTrmMeueHHOE OOCTOSTENHCTBO OUEHBb BAYKHO: JJIA BBINYKJIBIX IuUd-
depeHIIUpYyeMBbIX (GYHKIUHE Teopema dPepma SABIAETCS AOCTATOUHBIM
ycaoBueM skcTpemyma! BoT ogHa W3 MPUYMH TOTO, UTO TEOPUSA BBI-
OYKJBIX SKCTPEMAaJIbHBIX 3aJau MMeeT TaKOoil 3aBepIleHHbIH XapaKTep.
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Paccrkas mpurnadyamulil
CHOBA IIOPEIIIAEM!

HWmenHo 3mech MBI HaMepeBaeMCA BBINOJHUTL 00e-
miaaue, KoTopoe (BO3MOKHO, HEOCTOPOXKHO) B3sJaM Ha ce0s paHee.
Haia nenp — mepepeliath Bce 3ajjauy M3 IIEPBOI YacTu, U IIPU STOM

«eIUHOOOpPa3HO, CTAHAAPTHO, €CJU XOTHUTE — PYTHUHHO», MPUMEHAS
OOVH U TOT Ke (M IPUTOM IIPOCTON) HpUEM, a MMEHHO NIPUHIUII
Jlarpanska maum — B UYacTHOM cJyydae — Teopemy Pepma. (B Tpex

clyyasgx HaM 9TO CIeJaTh BCe-TAKM HE YAACTCSI: MBI HE CMOMKEM
CIIPABUTHCSA C KJACCUUYECKOUW M30IepuMeTpuuecKoil 3amaueii, ¢ Opa-
XUCTOXPOHOH u 3agaueii HbioromHa. UToObI cTaHZAPTHO peIlIaTh WX,
Hamo OyneT elle MOTPYAUTHCA.)

IIpz HalieM CTaHZAPTHOM WCCJIETOBAHUY BBIAEHAIOTCSI YeThIpe
srama: 1) dopmanusanua; 2) mpuMeHeHUe TpUHIUIA JlarpaH:Ka uiaIn
TeopemMbl Pepma; 3) pellleHre COOTBETCTBYIOIIUX ypPaBHEHUUA M HAXO-
JKAeHVe KPUTHUUYECKUX WM CTAI[MOHADPHBIX TOUYEK; 4) OTOOP HYKHBIX
TOUEK U O00Cy’KJeHUe OTBeTa.

Haunem c 3azau, CBOAAIMUXCA K HAXOXKAEHUIO SKCTPEMYMOB
(GQYHKIIUH ONHOTO IIEPEMEHHOTO.

1. Bagaua EBxauga o mapaajgejgorpamMMe HaAauboOJIb-
meidl nJoImaaiun, BOINCAHHOM B TPeyroJbHHUK (pacckas der-
BepPTHIH).

1°. ®opmanusdanusa CHoBa obpatumca kK puc. 12. Ilycts,
Kak u pambliie, H — BbicoTa Tpeyroiabauxka ABC, b — pgauna AC.
O6osnaunm guuny AF uepes x. Torga 0 < x < b. Yepes h = h(x)
0003HAYUM BEICOTY TpeyrojabHuka BD'E’. U3 momobus TpeyroJbHU-
koB BD'E’ u ABC (D'E’'||AC) nonyuaem h(x)/H = x/b. Ilmomans
napasnenorpamva AD'E'F’ pasua (H—h(x))x = H(b—x)x/b. B urore
OPUXOAUM K CJIENYIOIIel (hopMaaim3arinm:

(31) fo(x)ZWHmax, 0<x<b.

2°. Heo6xoxgumoe ycaoBue: fi(x) =0.

3°. HaxoXaogenue KpPUTHUUYECKHUX TouekK. Crammouap-
Hble Toukm: fo(x) = (H(bx — x2)/b)’ = (b — 2x)H/b, T.e. fy(x) =0
aunib B Touke b/2. Kputuueckue tourmu: 0, b/2, b.

4°, ®dyuxnua fo HempepbiBHA, AuddepeHImpyemMa BCIOAY M pac-
CMATPUBAETCA HA KOHEUHOM OTpe3Ke. SHAUWT, pelleHre HaXOMUT-
cA Cpeiy KPUTUYECKMX TOUeK. IlepeGoOp KPUTHUUYECKUX TO-

aex: fo(0) =fo(b) =0, fo(b/2) > 0.
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Taxum obpasom, pemrenue (31) ectb b/2. OTBeT: uckomulii na-
paanenozpamm ADEF xapaxmepusyemcs mem, umo moyka F seas-
emcsa cepedunoii ompesxa [AC]. VImeHHO 3TOT (PaKT M OBLI yCTAHOB-
jgeH EBkiaummom.

2. 3agaua ApxumMenga o IMMapoBOM CerMeHTe HAWU-
6onxpmero obbemMa cpegu MB3ONMUPAHHBIX CEeTrMEH-
T 0B (pacckas 4eTBEpPTHI).

1°. dopmaamusdanusda. Ilycts R — paguyc mapa, a h — BbI-
corta mapoBoro cermeHta. O0beM IIapOBOTO CETMEHTa, KaK WM3BECT-
HO, paBeH 7mh2(R — h/3), a miomans ero GOKOBOH IIOBEPXHOCTH —
2nRh. Ilmomianb OOKOBOII HOBepXHOCTU 3agaHa: 2nRh = a, OTKyma
R = a/2rh. TloacraBiasasa aTo BhIpaskeHme BMecTo R B Gopmynay niasa
o0beMa M YUYHTHIBasi, uTo h < 2R = a/mh, moly4yaeM CJEIYIOIIYIO
dopmManIn3anuio:

(32) folh) =" - ™ max, 0<h< /%
2 3 b4

2°. Heo6xopgumoe ycaoBue: fy(h) =0.

3°. HaxoXaogenue KPUTHUUYECKHUX TouekK. Crammouap-
uble Touru: fy(h) = (ha/2—mh3/3)' = a/2—rnh?, r.e. fy(h) = 0 nums
B ciaydae, Korma h = y/a/2n. Kpurtuueckue touru: 0,+/a/2m, \/a/m.

4°, ®dyuxnua fo HempepbiBHA, AuddepeHImpyemMa BCIOAY M pac-
CMATPHBAETCA HA KOHEYHOM OTpe3Ke. SHAUNUT, peIlleHNre HaXOMUTCS
cpeny KPUTUYECKUX TOUYEK.

Ilepebop KkpuTuuecKux Touek: fo(0) =0, fo(Va/2r) =
=/2a%2/6\/1, fo(v/a/m) = a®?/6\/m. MakcuMaabHOe 3HAUEHUE [0-
CTaBJSeT TOYKa +/a/27m. 9TO U ecTh pelleHue. BCIIOMHUB, UTO a =
= 2nRh, nmonyuaem h = R. OTBeT: uUCKOMbLIL WaposoiL cezmenm
A8JAemcs NOAYWapom — 6bicoma pasHa paduycy. VIMEHHO 3TOT
pe3yabTaT U OBLI JOKaszaH ApXummemoM.

3. 3amava o HamMeHbIIen nmaoIimanu (pacckas ueTBep-
TBIH).

1°. Popmanusanusa. CuoBa ooparumecsa K puc. 17. IIposegem
yepe3 TOUKY M IpAMYI0, HapajlieJbHYI0 AB, U TOUKY IlepecedyeHus
sroit mpamoit ¢ AC o6Gosmaumm uepe3 N. Ilycte E’ — Hekoropas
rouka Ha ayue NC, a = |AN|, x = [NE'|, D’ — roura mepeceueHns
ayuya AB u npamoii E'M. Tpeyroasauku ME'N u AD'E’ nomo6HEI,
n6o MN | AB. 3Hauyur, uUX IUIOWIALU OTHOCATCS KaK KBaAPATHI
IauH orpe3koB [NE']l u [AE’']. Ho muomans TpeyroabHuka ME'N
paBHa xh/2, tme h — BbIcOTa, omyiienHas ud M mHa AC. Orcioma
ImoJIyuaeM, UTO ILIOIIanb TpeyronbHuka AD'E’ paBHa h(x + a)?/2x,
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W MBI IPUXOJUM K TaKo# (opMaamsanuu:

(33) fo(x) =

2°. Heo6xoxpumoe ycaoBue: fi(x) =0.
3°. HaxoXageunue cTAMUOHAPHBIX TOUYEK:

/ (a+x)2 ' a2 ! a2
fo(x) = <> = <x+2a+x> =-z+L

2
@Hmin, x> 0.

X

T.e. fo(x) =0 numb B ciaydae x = a.

4°, dyHRIUA f(o YAOBJIETBOPSET TPEOOBAHUAM CJIEACTBUA U3 Te-
opembl BeiiepmiTpacca m3 paccKasa ORMHHAIIIATOTO. 3HAYUT, peuie-
Hue 3adauu (33) cywecmsyem. B cuny nguddepernumpyemoctu fo L
x > 0 u Teopembl DPepmMa peuieHue OONHHO OblMb CMAUUOHAPHOIL
moukxoii. Ho cranuoHapHas TouKa e0uHCmMEeHHA. SHAUUT, OHA U SB-
nserca pemieHueM. O T BeT: uckomas mouka E ydanena om A Ha
paccmosnue 2a. OTciona cpasy CJIeRyeT, UTO Touka M meJuT OTPEe30K
DE momomam (m3 momobus TpeyroabHukoB ENM u EAD). MMmeHHO
9TOT Pes3yJbTaT M OBbLI MOJYYEeH HAMHU PaHee reOMEeTPUUYECKUM IIYTEM.

4. 3agaua 'epona. Ouma y:Xe MHOro pas BcTpeuajach y Hac —
B TIEPBOM, BTOPOM, [AECATOM ¥ OAMHHAAIIATOM paccKasax. IIpuiio
BpeMs PEIIuTL ee CTaHAapTHO.

1°. Popmasmusamnusa yxe Oblja IIpoBeJeHa B paccKase mecs-
TOM:

(34) fo(x):\/a2+x2—|—\/b2—|—(d—x)2—>min.

2°. Heo6xoanumoe ycrosue: fy(x) =0.

3°. HaxoXaoeHue cCTAMUOHAPHBIX TOUYeK. I[Ipumensas
TeopeMy o guddepeHIpPoOBaHUU CJHIOKHON (YHKIUM, [TOIYyUUM:
(Va2 +x?2) = x/vVa?+ x2 (970 GBHLIO HOAPOOGHO IMPOAEIAHO B OJWH-
HaJIlaTOM pacckase);

W =Py = -

b2+ (d—x)2’

Orcroma moayuaem
x . d—x
VaZ+x2 o2+ (d-x)?
Pemmum mosyueHHOe ypaBHeHme. Bos3Bomsa B KBazapar, «IiepeBopa-
ypBag» ¥ BHIYMTAA IO eJUHUIIE, IPUXOJAUM K COOTHOIIeHHIO (a/x)% =
= (b/(d — x))2, oTKyza (OTGPOCHB IIOCTOPOHHHUI KOpEHb) IOJyda-
eM, uTo x/a = (d — x)/b (aTO0 corjacyerca C Te€M, YTO TOBOPUJIOCH

1
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B IIEPBOM pacckKasde — cM. puc. 1). PellreHue mosiyueHHOTO ypaBHe-
HUa 0003HAUMM dYepes X.

4°, ®dyurmusa fo(x) Kak cyMMa IBYX BBINYKJIBIX (YHKIIUHA BBI-
OyKJa, KpOMe TOro, OHA TIJajKasd. 3HAUUT, KaK OBLLIO CKa3aHO B
KOHIIe NPeJLIAYINero paccKasa, X — pellleHHne 3afadl, IpudeM eluH-
CTBEHHOE B CHJIY CTPOTO# BBIIYKJIOCTU fo(xX).

Barsisnem emne pa3 Ha caMblii IePBBIM PUCYHOK dTol KHuru. Be-
auauHa X/Va? + x? paBHa sin ¢, Benmuunaa (d — X)/\/b?+ (d —X)2
paBHa sin @;. U3 (1) caexyer, uTo sin ¢ = sin @z, T. e. @1 = @a.

OTBeT: pewsenue 3adayu I'epona xapaxmepusyemcs mem, 4mo
yzon nadeHus pasen Yyzay ompaxeHus. ITOT (PakT u ObLIT JOKa3aH
HaAMM Ha IIePBBIX K€ CTPAHUIAX 9TON KHUIH.

B mepBoM pacckase ObLIu c(hOopMyJIUpPOBAHBI ABe 3amaum — NeNe 1
u 2, IpuUMbIKaioliue K 3amade ['epoHa. Ho omum TpuBmMaiabHO K HeH
cBomATcAa. Jlokakure, uTO B 3amaue 1 perieHue cyimecTByeT. Torza,
ecJad OHO He COBIIAJaeT C BEPIIMHON yrjia, OHO SBJISETCS pPeIleHueM
sagaunm l'eporna gasa B, C um TOWi CTOPOHBLI yrJja, TAe MOOJMKHaA Ha-
XOAUTBCA TOuKa A. 3HAUUT, y TOUKU A yroJ IajeHus paBeH YIIy
oTpaskeHUsaA. AHaJIOTMUHOE YTBEeP:KJeHUEe BEPHO U AJSA TOUKU B. 31O
OPUBOAUT K HYXXHOMY IocTpoeHmio. Tak Ke peraerca M 3ajmada 2,
IO9TOMY HET HYKIbl pellaTb uX (PopMasibHO.

5. B3amauva CHenagdumyca O 3aKOHEe IIPEJOMJEHUSd
(pacckas Tpetuii). Ilpurmio BpeMsa m 5Ty 3ajadvy PeIIUTL CTaHIAPT-
HO — TaK, KaK 9TO BIepBHIe cresaya JlefiOHMII.

1°. ®opmaausamnusga. Hampasum ock Ox 1mo mnpamoii, pas-
Jendmomiel nBe cpenbl, a ock Oy IpoBemeM IEePIEHINKYJIAPHO OCHU
Ox uyepes Touky A (cm. puc. 9). Ilycrh KoopamHaTel Touek A, B
okasanuch tTakumu: A = (0,a), B = (d, —b). BosbMeM Ha ocu TOUKY
D’ ¢ wxoopauuaroii (x,0). Torma Bpems, 3aTpaumBaeMoOe CBETOM Ha
npeoposnenue nytu AD'B, pasuHO vVa? + x2/vy + /b% + (d — x)2/vs.

B uTore mosyuaercsa samadya 6e3 OrpaHMYEHUIH:

Va2 + x2 n Vb2 + (d —x)2
vy v2

— min.

(35) fo(x) =

2°. Heo6xoangumoe ycrosue: fy(x) =0.
3°. HaxomogeHue CTAIIUOHAPHBIX TOYEK:

, Vazrx2\ (Ve rd-n?)
fo(x) = T + ) T
d—

x x
7v1\/a2+x2 va /b2 + (d—x)2

(1)
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(ITo moBomy muddepeHIMPOBAHUS CM. HPEABLIAYINYIO 3amauy.) Beaen-
CTBHE MOHOTOHHOCTH PyHKIuUH x/v1Va2 + x2 u (d—x)/va\/b2 + (d—x)2

[moJydyaeM, UYTO UMEETCA eNUHCTBEHHOE peIleHre X yPaBHEHUA

/
fo(x) = 0.

4°, ®dyurnus fo(x) BbIIyKJa, 3HAUUT, Teopema Pepma sBiaseTcCA
JNOCTATOYHLIM YCIOBHEM SKCTpPeMyMa, T.e. X — pelreHue. W3 cTpo-

ro#f BBIOYKJIOCTHU fo(X) ciieAyeT, YTO 3TO peIllleHUEe eAWHCTBeHHO. U3
puc. 9 u coorHomienus (1) mosyuaeM paBEeHCTBO

sin sin ay

= e, @

U1 U2

BhIpaskaroiee 3akoH Cuemnuyca. O TBe T: pewernue 6 3adave CHea-
auyca xapaxmepusyemcs mem, 4mo OMHOULeHUe CUHYCO8 Yzaa na-
0eHus u Yyzaa npesomieHus PaséHO OMHOULEHUIO CKOpocmell 8 nepeoil
u emopoit cpedax. ITOT (aKT OBLI YCTAHOBJIEH HAMU B TPETHEM
pacckase.

6. IlnasumerpuuyecKkasa 3agava Kenmagepa o mpamo-
YyroJlbHMUKEe MAaAKCHUMAJBLHON MNmJAOI[agu, BIUCAHHOM
B Kpyr. O06 aToii 3aiaue TOBOPUJIOCH B PaccKasax IATOM U JeCATOM;
dopmasmzoBaHa OHa ObLIa B JeCATOM paccKase.

1°. ®opmaausaius.

(36) fo(x) =xV1—x2 - max, 0<x<1.

2°. Heo6xoxzumoe ycaoBue: fi(x) =0.
3°. Haxomaoenue KpuTuueckux Touek. CrammoHap-
Hble Toukm: fy(x) =0, T.e.

i) = (xv/1—x2) =/1-x2+x(\/1-x2) =
:\/17x27x72:0 e 222 =1 = x=12/2.

1— x2

TakuMm 06pasoM, UMeIOTCA 3 KpuTudeckme touku: 0, 1, v2/2.

4°, ®yuxnuda fo HenpepbiBHA Ha [0, 1] u guddepennupyema B UH-
TepBasie (0,1). 3HauuT, pellneHWe HAXOTUTCA CPEeIU KPUTUUECKUX
touex. IlepeGop KpuTmueckux Touek: fo(0) = fo(1) =0, fo(v/2/2) =
= 1/2. Takum o6pasom, pemenue (3g) ectb \/2/2. B srom ciyuae,
Kak 9To cjemyeT U3 (popMaau3aliu, MPSIMOYTOJbHUK SBJISETCS KBaj-
patoM. O T B e T: MAKCUMAAbHBLIL U3 BNUCAHHLLX 8 KDYz NPAMOY2ZOJib-
HUuKo8 — Keadpam.

7. 3agaua Kenanepa o Buucaauom nuauaagpe. 06
9TOH 3aJjaue pedb IILJIa B IIIECTOM paccKase.
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1°. Popmanusanusdga. Ilycts map ummeer paguyc R. Ob6osua-
YUM TOJIOBMHY BBICOTHI ITmauHApa ueped x. IIpu stom 0 < x < R.
Torma paguyc OCHOBAHUA LUAMHApPA paBeH VRZ2 —x2 u ero o6bem
paBen nrlx = 2m(R? — x?)x. Takum 06pasoM, IPUXOZUM K (GopMain-
3anun:

(37) fo(x) = 2n(R? — x*)x —» max, 0<x<R.

(PaxTuuecKku sTa 3amava Oblia (opManmsoBaHa ysKe B IIIECTOM pac-
cKase.)

2°. Heo6xoanumoe ycrosue: fy(x) =0.

3°. Haxomaogenume KputTuudeckux TouekK. CrammoHap-
Hble TOUKHU:

fo(x) = 2n(R? — x%)x)' = 2n(R%x — %)’ =
= 2n(R? — 3x?) =0 < x; = R/V3,x, = —R/V3.

Bropoi#t koperb He moaxomutr (xg < 0). Takum oOpasom, mmeroTcs 3
kpuruuyeckue touku: 0, R/v/3 u R.

4°, ®dyurnua fo HempepblBHA U AuddepeHIiupyemMa BCOAY. SHAa-
YUT, pelreHne HaXOAUTCSI Cpelu KPUTUUYECKUX ToueK. BcieacTBue
toro, uto fo(0) = fo(R) = 0, mosydyaeMm, uro pemreHwe paBHO R/\/3,
OTCIOJla CJIEAyeT, UTO PpPaguyC MAaKCHMAJbHOI'O IIWJIMHIDPA paBeH
R2 - R2/3 = R\/g .

O TBeT: OmHOWeHUE 8bLCOMbL IKCMPEMALLHOZ0 UYUAUHOpA K Jua-
Mempy OCHOBAHUS DABHO

Kennepom. V2
Ilepeiimem Temeph K PEIIeHWI0O HEKOTOPBLIX ajiredpanmyecKuX 3amadu.
8. B3amauva Tapraabu (pacckas TATHIH).
1°. ®opmaausamnusg. O603HAUMM uepe3 X MeEHBIIee W3 UYK-
cesa. Torma 0 < x <4 u 8 —x — OoJblilee uncyao. X pasHOCTH paBHA
8 — 2x. B utrore

. ImeHHO 3TOT haKT 1 OBLI yCTAHOBJIEH

(38) fo(x) =x(8 —x)(8 —2x) > max, 0<x<4.

2°. Heo6xoxzumoe ycaoBue: fi(x) =0.
3°. Haxomaoenue KpuTuudeckux Touek. CrammoHap-
HbIe TOYKU:

fo(x) = (x(8 — x) (8 — 2x)) = (23 — 24x® 4 64x)' =
—6x2 —48x+64=0 < x; =4—-4/V3,x,=4+4/V3
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Bropoit kopensb He moaxomut (xz2 > 4). Takum obpasom, mMeIOTCA
Tpu KpuTHdecKue Touku: 0, 4 u 4 —4/+/3.

4°., dyarnua fy HenpepblBHA U AuddepeHIIpyeMa BCIOAY U pac-
CMaTPUBAETCsI HA KOHEUYHOM OTpe3Ke. 3HAUUT, DelleHre HaXOLUTCSH
cpenu Kpurumueckux touek. Ho fo(0) = fo(4) =0, fo(4 —4/y/3) > 0.
3Haunr, pemernue (3g) ectb 4 — 4/v/3.

OrBeT: OGoavuwee wuucno pasno 4 + 4/\/3, menvwee pasHo
4 — 4/+/3. NmenHo aTOT haKT U 6BLI ycTaHOBIeH Taprambeii.

9. HepaBeHCTBO MeXAYy CPeJHUM T€eOMETPUUYECKUM
M cpefHUM apudpmMeruuyecKuM (paccKad OATHIN).

PaccmoTpuM BCcIOMOTaTENIbHYIO SKCTPEMAJBHYIO 3amady:

(B9) folx)=x1-%x9-...-x, — max,
fix)=x1+xs+...+x, =1,
fi(x):xi7120, i:2’3’--°7n+1 (x:(xl"--yxn))‘

DyHKIUY f; HEIPEPBIBHBI M UX YACTHBIE IIPOM3BOAHbBIE HEIIPEPBLIBHBI.
COBOKYIIHOCTh IOIYCTUMBIX TOUYEK orpaHmueHna, mb6o 0 < x, < 1 gas
aro6oro k. 3HauuT, mo Teopeme BeiiepmiTpacca pemierue X = (X1, ...
..., X,) cymectrByer. Ilpu aToM, KOHeUYHO, X, # 0, u6o muHaue fo(X) =
=0, B TO BpeMA KaK CYIIECTBYIOT AOIMYCTHUMbIE 3JIEMEHTBI, IJA KO-
TopeIxX fo(x) > 0.

Pemenue X GyZeT, KOHEYHO, U JIOKAJIbHLIM MaKCHUMyMOM B 3aja-
ye (39), OTKyZa (BCJeACTBUe TOTO, UTO IO AOKasaHHOMY Xj > 0) oHO
OyIeT JOKAJIbHLIM MaKCHMyMOM M B 3amaue 0e3 HepaBeHCTB.

1°. ®opmaausalus:

(3" fo(x) — max, fi(x)=1.
®yuxnusa Jarpamxa aaa (3') Z(x, Ao, A1) = Aofo(x) + Ar1f1(x).

2°. Heob6xoguMoe ycJaOBUeEe — OpaBuUjo MHOKHUTeaeir Jla-
TpamKa:

0L
— =0, k=1,...,n.

Oxk

3°. HaxoXaoeHue CTAIIUOHAPHBIX TOUYeK. Obo3HaunM

IIpoms3BefieHue X1...X, depes A. Torga
0L AoA
0xk( » A0 1) xk 1
Eciau gomyctuts, uto A; = 0, To cpa3y IPUXOZUM B IIPOTHBOpeYNe
¢ TeM, uTo 06a MHOXKHTeNd, A9 U A;, He MOTYT OBLITH Hyaamu. Torma
moaydaeMm Xp = —AgA/A1, T.e. X1 = ... = X, = 1/n (u3-3a TOro, UTO
%14‘...4’36\,1 =1).
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4°. BeaexcTBue TOro, 4TO CTAllMOHApHasA Touka B (3') egumHCTBEH-
Ha, OHA W [JOCTaBJIAeT pellleHue 3amauu.

Temeph mOKa)KeM HYy’KHOe HepaBeHcTBo. Ilycts ai,...,a, — JO-
Oble HeoTpunaTenbHble unciaa. [lonoxum S = a;+...+a, u x; = a;/S.
Tormga x1+ ...+ x, =1, u, 3HAUUT, IO AOKA3AHHOMY
(al +a2+...+an)”

’

aias...a 1
T2 T geXy < — = a103...0n < .

NG n”
uTO M TPeGoBaJIOCH JOKA3aTh.
10. HepaBeHCTBA MEXJAY CpPeAHUM apudpmMeTuyve-
CKUM U CPeJHUM KBajgpaTuueckKunM (paccKkas MATHIN).
CHOBa pPacCMOTPHUM BCIIOMOTATEJNbHYIO 3a1ad4y.
1°. ®opmanausaius:

(310) fo(x) = x1 + ...+ x, — max,
i) =22+ ... 422 =1 (x=(X1,...,%0)).

dyugnun fo u fi 1 UX YacTHBIE IPOU3BOLHEIE HelpephIiBHEI. Co-
BOKYIIHOCTH JOIYCTUMBIX TOUYEK orpammyeHa, uoo —1 < xp <1, k=
=1,...,n. 3aaunr, pemenne X = (X1,...,X,) CYIIeCTBYeT N MOXKHO
NpUMeHATh NpuHNun Jlarpamska. @yaknua Jlarpamsea £ (x, Ag, A1) =
= Aofo(x) + A1f1(x).
2°. Heob6xogumMoe ycaoBHE:
0L
— =0 i=1,...,n.
0.36] 2 ] b
3°. HaxomoeHue CTAIIHOHAPHEBIX TOYEK:
0.7 N
7(.’)6, Ao, )\1) = A() + 2)\136]' =0.
Oxj

Ecian momycruThb, uro A; = 0, TO cpasy IPHUXOAUM B IIPOTHBOPEYHE
c TeM, UTO o0a MHO;KuUTens JlarpaH:ka He MOryT OBLITh HYJISIMU.
Torga mosyuaem, 4To X; = —A9/2A1, T.e. X1 = ... = X, = 1/\/n
(u3-3a TOrO, UTO X3 + ...+ X2 = 1).

4°. BceaencTBue TOro, YTO CTAaIlMOHAPHAA TOYKA eIWHCTBEHHA, OHA
U JOCTaBJIsIeT PellleHune 3aJaui.

Temeppr moKakeM HY:KHOe HepaBeHcTBO. IlycTh ai,...,a, — JIIO-
6pie umcaa. Ilomoxkum S = (a% + .. +a2)l2 u x; = a;/S. Torma
x2+4...4+x2 =1 u, 3HAUAT, IO AOKAZAHHOMY

a+...+a n
e SR S I I .y
S vn e
a+...+an S (a%+...+a,2l>
— 7<7: B — .
n Vn n
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yTO U TpeboBaJioCh. 3a0JHO MBI AOKA3aJX W HePaBEHCTBO (IJis He-
OTpUIlATEJIbHBIX a;)

ai+...+a
"al---ang(lnn) ,

peluB TeM caMbIM ILTAHUMETPUUYECKYIO W OJHY U3 CTepeoMeTpuye-

ckux sajgau Kemsepa, 0 KOTOPHIX IIJIa peYb B IATOM paccKase.
OrMeTuM erIre, 4YTO, OEHCTBYsS COBEPIIEHHO AHAJOTUYHO, MOIKHO

ObLIO OBI AOKA3aTh CJEAYyIOIHUe OOIire HepaBeHCTBA OIS CPEeIHUX.

Ilycrs aq,...,a, — HeoTpumarejabHble umcia. Ilomoxum
p o\ 1/p
a;+...+a
S —(1 - n) , Yy=(d+...+ab).
Tornma
Sp <S8y, ecim p<g, (1)
2y <Xy, ecam p=>=gq. (2)

Brime MBI IOKasasu uyacTHBIA cayuait (1), korma p=1, ¢ = 2.
11. HepaBeumctBa Komu—ByHmakosckoro u 'eanb-
Iepa (pacckas marerii). Ilyets a1, ...,a, — (PUKCHPOBAHHLIE UNCJIA,
He paBHbI€ OJHOBPEMEHHO HYJIIO.
1°. PaccMOTpUM SKCTPEMAJLHYIO 3amady:
(311) fo(x) = aix1 + ... + azx, — max,
fi(x) = x% +... +xfl =B% (x=(X1,...,%n)).
Dyurmyuu fo U f; M UX YACTHBIE IPOU3BOAHBIE HEIPepPBIBHEI. Co-
BOKYIIHOCTBH JOIIYCTUMBIX TOUeK orpaHmueHa, mbo —B < x; < B,
j=1,...,n. 3uauur, pemenue X = (X1,...,X,) CYIIECTBYeT X MOXKHO
NPUMEHATh NpuHIun Jlarpamxka. @yaknua Jlarpamska £ (x, Ag, A1) =
= dofo(x) + A1f1(x). Tonoskum A = (a? +... +a2)/2.
2°. Heo6xogumMoe yCIOBHE:
%4
— =0.
(7.X'j
3°. HaxomogeHue CTAIIHOHAPHELEIX TOUYEK:
0L ~ .
a—xj(x,)ko,kl):)\oaj+2klxj:0, ]Zl,...,ﬂ.

Ecau pomyctuTh, uto Ay = 0, TO cpasy HPUXOAUM K IIPOTUBOPE-
YUI0 C TeM, UTO 00a MHOKHUTeJNA JlarpaH:ka He MOTYT OBITH HYJAMH.
Torpa mMbl moyuaem

ij:—)\oa]-/2/\1:0aj, j:l,...,n,
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OTKyZa BCJeJACTBHE DaBeHCTBA X3 + ...+ X2 = B? momyuaem, uTo
2, 2 2 2 B
C(a1+-..+an):B — C:ZtZ.

4°. NmeloTcs JIUIIL ABE CTAIlMOHAPHBIE TOUKHU. PellleHWMeM SABJIS-
eTcs Ta TOYKAa, I'e B3AT 3HAK ILIIOC: ij = Ba;/A.

IIycts Temeps bq,...,b, — TakKe a060ii Habop umcea um B2 =
=b?+... +b2. Torza mo ZOKa3aHHOMY

Ba Ba
aibi +...+apb, < al—l +. an An =

= AB=(a?+...+ a2 +... + b1,

Ho sT0 u ectv Hepaserncmeo Rowu—BYyHAKOBCKO020.

Hepasenctso I'esbiepa DOKasbIBAETCSA TOUYHO TaK JKe. YKakeM 6e3
KOMMEHTaprueB HeoOXOAMMble BBIKJIAIKHU.

1°. ®opmaausaius:

(311) fo(x) =a1x1 + ...+ apx, — max,
fi(x) = [x1P + ...+ %P =B (a; >0, x=(x1,...,%5)).

d)ymcn;nﬂ JIaI‘paHHca L = Aofo(x) + A1f1(x). Ilo oupemenenuio A =

—(ap o dHV et pl =1,
2°. Heo6xo,u1/1M0e yCIOBHE:
o

ox; =0, j=1,...,n.

3°. HaxoXgeHue CTAIIUOHAPHBIX TOUEK:

) =1 s - = _ P -1
Aoaj + pAix;P” signx; =0 = x;=Ca; ~, C= iAp,/p.
o = P'=1,4p'/p
4°. Pemenue: x]-:Ba]. JAP/P j=1,...,n

IIycte Temepds by,...,b, — Ji060ii HAGOp HEOTPUIATEILHBIX YHU-
cea. Torga mo moKasaHHOMY

aby +...+axb, <aq Af/pa{_l .+ an%aﬁ/’l — BAP'(=1/p)
Ho sT0 m ectv Hepagencmeo Ieavdepa.

W cHoBa BepHeMCS K TeOMeTPHUU.

12. B3agaua IIITeiimepa (pacckas uerBepThiil). IIycTh KoOOp-
IWHATHI TPeX 3aJaHHBIX TOUeK TakoBbl: A = (ai,as), B = (b1, b2),
C = (c1,c2). Roopaumatry Touku D obosHauuMm uepes (xi,xg). Torma
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cymma paccrosaHuii or D mo A, B u C paBHa

folx1,%2) = /(X1 — a1)? + (x2 — a2)® + v/ (x1 — b1)2 + (x2 — b2)2 +
+ /(%1 —€1)2 + (x2 — c2)2.

9TO IPUBOAUT K 3amaue 6e3 OrpaHUUYEHUH.
1°. PopmManmusalus:

(312) fo(x1,x2) — min.

BameTHM, UTO €CIM X3+ X3 BEJWKO, 9TO O3HAdYaeT, 4yTo Touka D pac-
HOJIOXKEeHa majexo oT Touek A, B u C, u, 3HaUUT, CyMMa PacCTOSHUI
OT Hee [0 3THUX TOUYeK TaKsKe Beaumka. CiegoBaTelbHO, fo(x) — 00,
Korja xj + x2 — 00, HOITOMY MOYKHO IPUMEHWTH CJIe/ICTBUE U3 Te-
opembl Beliepmrpacca W3 IpeAbIAyInero pacckasa. CoriacHo sTomy
CIIE[ICTBUIO pellleHne X = (X1, X2) 3agaum (312) CyIECTBYeT.

JIerko TOHATH, YTO BO BCeX TOUYKax X, Kpome Touek A, B u C,
YacTHBIe IIPOU3BOLHBIe (BYHKIUM f( CYIIeCTBYIOT 1 HeIpPepBLIBHEI.

2°. Heo6xogumoe (M B CHJIY BBITYKJOCTHA fo — MOCTATOUHOE)
ycanosue — reopema Pepma. Eciou X # A, B miu C, TO
0@ _ @ _
0x1 6x2 :

3°. HaxoXpageunue cTAaMUOHAPHBIX TOUYeEK:

ofo ~ ~ X1 —a X1 —0b X1 —c
ﬁ(-":l’xZ) - 1/\—) 1 + 1/\—) 1 + 1/\—) 1 - 0,
1 |DA] |DB| |DC|

/352/\;(12 + /322/\;172 + ?2/\;}62 _ 0
|DA| | DB |DC|
4°. PackpoeM TreoMeTpUUYECKUII CMBICT HAINCAHHBIX COOTHOIIIE-
Huii. OHK 03HAYAIOT, YTO TPMU BEKTOPA €NUHUYHON IJIMHBI
DA DB 0
pa” DB’ T DA
B cymMe paBHBI Hyuo. Ho Torja ms HHX MOMKHO COCTaBUTH DPaBHO-
CTOPOHHUI TPEyroJbHUK, T.e. BeaumuuHbl yriioB ADB, BDC u CDA
paBHbl 120°. 3Hauur, ecau peweHue He cosnadaem c¢ 00HOU U3 6ep-
wuH mpeyzoavhuxka ABC, mo D — amo makxas moyka, u3 Komopoil
6ce cmoponb. 6Uu0HbL. nod yzaom 120°. D10 He YUTO WMHOe, KAK TOYKA
Toppuuennau, 0 KOTOPO TOBOPUJIOCH B UETBEPTOM pacckase (TaM :Ke
MBI YUUJINCH €€ CTPOUTH).
Ecau Tymoi#t yrom B TpeyroabHuke > 120°, To HeT TakKoil TOUKH,
U3 KOTOpOII BCe CTOPOHBI BHUAHBI mof yriom 120°. S3HaumrT, TOUKa X

ofo n ~
P (x1,%x2)

€1
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o0s3aHa COBIAmaTh C OJHOM U3 BepIINH, a MMEHHO C BepPIINHON
TYIIOTO yrJya, 60 MPOTUB OOJIBIIErO yrJja JIEKUT OOJIbIIad CTOPOHA.
(Ilycts Tymoi#t yron — mnpu BepmuHe C. Torza mpm ecTecTBEHHBIX
0003HAUEHUAX CTOPOH ¢ > a u ¢ > b, OTKyda cieayeT, 4To a+b < a+c
mua+b<b+c, T.e. MUHUMAJbHASA CyMMa — 3TO @ + b.)

OTrBerT. Ecru ece yeavt mpeyezoavrhurxa < 120°, mo uckomasa
mouxka ecmv mouxka Toppuueanu, ecau o0uH u3 yeznose > 120°, mo
UCKOMAS MOYKA PACNONONEHA 8 BepUluHe 3Imozo Yzad.

MeHHO K TaKOMY OTBETYy MBI IIPUIILIA B YETBEPTOM pPacckase.

B mepBoM pacckase Onlia copMyampoBaHa sazada 4, Hemocpen-
CTBEHHO IIpuUMBIKamomaa K 3azaue Illreitmepa. OTBeT K HeW ObLI
IpUBEeleH B YEeTBEPTOM paccKase. B uacTu, Kacaromieiicsa BBIIYKJOTO
YEeTHIPEXYTOJIbHUKA, OTBET HEMEAJEHHO CJIeNyeT Hu3 JOCTATOYHOCTU
TeopeMbl PepmMa AJA BHIOYKJON 3amaum 0e3 orpaHMYeHUi. B HeBHI-
IyKJOM cJIy4yae, Tak ’Ke, Kak u B 3azaue lllreiiHepa, mOKasbIBaeTcH,
YTO peIleHre CYIIEeCTBYeT, M IIOCJe JTOTO OCTAeTCs IIPOBEPUTH, UTO
ecJaud TOYKA OTJMYHA OT BEPIIUHBI, TO HEOOXOAMMOE yCJIOBHE HE MO-
JKeT OBITH BBIMIOJIHEHO.

13. Bagaya o HaMMeHbIIEeM ONepuMeTpe (UeTBEPTHIH
pacckas).

O6parumca K puc. 18. IlpoBemem uepes Touxy M ImpsaMble, IIa-
pannenbHbie AB u AC, u Ttoukm mnepeceueHus ¢ AC u AB cooTBer-
cTBeHHO oGosHaumMm uepes N u P. OGosuauum |AN| = a, |AP| uepes
b, yron BAC uepe3 @, OTPe30K, IPOXONAIIuil uepe3d TouKy M, uepes
[DE] (D nexur ma AB, E — ua AC), |NE| uepes x, |PD| uepes y,
yrisl ADE n DEC coOTBETCTBEHHO uepes (,b u Q.

W3 momobusa tpeyroabHukoB PDM u NME mnonydaem x/b =
=a/y = xy = ab. Ilo TeopeMe KOCHUHYCOB

IDM| = \/y? + a® — 2yacosa, |EM|=/x2+ b2 — 2xbcos q,

OTKyJa IepuMeTp TpeyroabHuka ADE oKasbIBaeTCs PaBHBIM

a+x+y?+a2—2yacosa+b+y+\x2+b2—2xbcosa.
1°. B uTore mpuxoauM K Takoul ¢hpopMaam3alluu:

(313)
fo(x,y) = x+ Va2 + b2 — 2xbcos a+ y + \/y2 + a® — 2ya cos & — min,
filx,y) =xy—ab=0, x>0.

BripasuB y depe3 x U IIOACTaBUB B MUHHMU3UDPYeMYyIO (HYHKIIUIO,
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IPUXOAUM K 3ajade
(313)> fo(x) — min, x>0,

rae fo(x) — oo mpu x — 0 u fo(x) — oo mpu x — oo (IPoBEPHTE).
3HauuT, MmO CJEACTBMIO M3 TeopeMbl BeiliepmiTpacca mu3 OAMHHA-
IIIATOTO PaccKasa pellleHme 3afauu (3j5) — a ClIeZoBaTelIbHO, U pe-
IIeHWe 3afauu (313) — cymlectsyer. O6osHauuM ero (X,y). Ilpuwme-
HAaeM mnpuHnun Jlarpamxa. @yurnua Jlarpamka £ (x,y, Ag, A1) =
= Aofo(x,y) + A1f1(x, y).
2°. Heo6xogumumMoe yclIOBHE:

0L _o 0L _

o =0 gy =0
3°. HaxomoeHue CTAIIUOHAPHBIX TOYEK:
0. b —
£:0:>1_ cosax— X —|—Ay:0,
ox Vx2 4+ b2 — 2xbcos a
%:Oé 1+ y_acosa +Ax=0.
dy V2 + a2 — 2yacosa

4°. PackpoeM TreOMeTPHUUYECKHI CMBICI HAIINCAHHBIX COOTHOIIIE-
Hui. [Iyga sToro omyctuM mneprneHAUKyaapsl MR u MS Ha AC u AB
cooTBeTcTBeHHO. Torma, Kak BUAHO m3 puc. 18,

bcosa— x _ _|RE] — cos ¢

Vx2 + b2 — 2xbcos a |ME| ’
— D

y—acosa :_\S | — cos ¢
V12 + a2 — 2yacos a |MD|

CoorHortrenus 1. 3° MOXKHO Ipeodpas3oBaTh, YMHOMKHUB IIePBOE HA X,
BTOpPOE HA Y W HCIOJb30BAaB HAIKWCAHHBIE PAaBEHCTBA:

x(1 —cos @) = y(1+ cos¢).

Teneps us TpeyrombankoB MNE w DPM mnosiydaeM IIO TEOPEME CHU-
HYCOB

IME|  «x IMD|  y

sina  sin¢’ sina  sing’

OTKy,Z[a OKOHYATEJIBbHO

IME|(1 —cos¢@) _ |MD|(1+ cos¢)
sin ¢ o sin ¢

— |ME|tg§ = |MD|tg<”2¢).

9To mocJieHEee COOTHOIIEHMWE MMEET CJAeAYIOIINI IeoMeTPUYEeCKUn
CMBICJI: TEePHeHAUKYJAAP K oTpe3dky DE B Touke M mepecekaercs
c buccexTpucamMu BHeImHuUX yrjioB D m E B oxgHoii Touke O. MHaue
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TOBOPSI, BHEBIUCAHHASA II0 OTHONIEHUIO K TPeyrodbHUKY ADE OKpY:K-
HOCTDH IIPOXOIUT uepe3 TOUKy M.

VMeHHO 3TOT OTBeT U OBIJI IMOJYUYEeH B UeTBEPTOM paccKase.

14. 3agauvya ADoaIJaI0HU .

B ueTBepTOM pacckKase TOBOPUJIOCH, YTO IeOMETPUUYECKHE 3aauu
Ha 9KCTPEMYM BCTPEYAIOTCA Y BCEX TpPeX BeJUYANIINX MAaTeMaTUKOB
antuuHocTy — EBKJAnga, Apxumena u Amnosnonus. Ho saTem ObLin
OpuBeAeHbl JUIlb 3agaun EBKJIuma u Apxumena.

3amauy ADOJIJIOHMA MBI He PeNInJIuCh OmpuBecTu. VI BOT mouemy.

«Kouuka», nan «KoHunuecKkme ceueHHs», — TaK Ha3bIBAETCsS Be-
auuaiiniiee TBopeHue AmnosmoHusa (III—II Bexka mo H. 3.). Ilpumdaro
CUMTaTh, UTO <«KOHHMKAa» — 9TO BeplIMHA AHTUYHOM MaTeMaTUKHU.
K marmreit Teme oTHOCUTCA mATad KHuUra «Koumueckux ceueHuii». OHa
He TepeBefleHa Ha PYCCKUU A3BLIK, ¥ MBI IPUBEIEM IUTATY U3 KHUTHU
«IIpobyxmatomasica mayka» (M.: T'ocrexusmar, 1954), mpunaie:xa-
mieii mepy Bam gmep BappaeHa, m3BecTHOrO MaTeMaTHKa W MCTOPU-
Ka MaremMaTukKu. Bam nmep BapaeH mnuiner Tak: AIIOJNJIOHHN CTaBUT
«3aa4y O TOM, KaK IIPOBeCTH u3 OAHON TOoUuKHM O K KOHUYECKOMY
CEeUEeHUI0 CaMbIM IJIUHHBIA M CaMBbIi KOPOTKUU IIPAMOJIMHENHBIE OT-
pesku. OgHako oH JaeT OoJibllle, ueM OOeI[aeT: OH OIIpeAeJisieT Bce
npoxonsamiue uveped O mpsaMble, KOTOPbIe IepeceKaioT KOHUYEeCcKoe
ceueHue IOoJ OPAMBIM yIJIOM (B HacTosfIllee Bpe-
MsA X Ha3bIBAIOT HOPMAaJIAMM), pasdupaer, mpu
KakoM mojsoskeHuu O 3amavya uMeeT OBa, TPHU
WJIN YeThIpe perieHus». Ilepemeriasa Toury O,
OH «OIIpefeseT OPAWHATHI TPAHUYHBIX TOUEK
G1 u Gg, rae dmcio npoxonamux uepes O HOp-
MaJjieii pasoM IepexoauT ¢ 2 Ha 4 m 0OpaTHO»
(puc. 49).

A He dopmynupoBan 3amauy ATOJIOHUSI
B UETBEPTOM paccKase, BO-IIEPBLIX, IIOTOMY,
YTO IIOHATHE <«KOHHYECKOe CedeHue» He IIPo-
XOOAT B IIIKOJIE, & BO-BTOPBIX, MOTOMY, YTO
COBEePIIIEHHO He IMIPeACTaBJAI cebe, KaKk MOMKHO
pemuThs 3ajavdy, O KOTOpoili rosoput Bam nep
Bappaen, ocraBasch B paMKax CTapoi sJeMEHTAPHON MaTeMaTHKH. A
0e3 TaxKoro pellleHHs MHe He XOTeJOCh 3aTparuBaTh 3Ty 3aJaduy B
IepBOM 4YacTH.

B cempbMoM pacckase, Korjga pedb IJia 0 6paXMCTOXPOHE, OTMeda-
JoOCb, YTO B AaHTWYHBIE BpeMeHa paccMaTpUBaIW JUIMIb IIPI-
Mble, OKPYXKHOCTH W KOHHYECKMe ceueHus (KOTopble, COOBCTBEHHO,
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ucciaenoBana Amnosmonwuit). Ho KpuBas, pasmendmmniad o0JjlacTu, TIae
YKCJI0 HOpPMaJieli paBHO ABYM U UeThIpeM (OHA HA3BLIBAETCA ACMPOU-
0oil), IPUHAAJEKUT K COBCEM APYromMy Tunmy KpubBbix. OHa mOABU-
gdachk Jguitb B XVII Bexe. TpymHo gaske B0OOOPasuUTh, KaK MOYKHO
OBLTIO BHIPA3UTH ee, He mpuberasd K A3BIKY anredopnl. (BcmomHUTE 9TH
CcJ0Ba, KOrJa MBI HalfeM ypaBHEHHe acTPOumbI!)

A Temepn mepelimeM K peIeHUIO0 TOCTaBJeHHBIX 3amadu. Chopmy-
JUpyeM UX TaK:

1) Kak HaiiTi paccToAHMWE OT TOUKHU A0 KOHHUUECKOTO ceueHusa?

2) CKoJIbKO HOpMaJelli MOYKHO HMPOBECTU 13 TOUKU K KOHHUYECKOMY
ceueHuio?

Mbl He OymeMm peliaTh 3aZauud OJd BCeX KOHHYECKUX CEUEHUId,
a OTpaHUYUMCSA JIUIIL CAydYaeM 3JIINIICA.

B mekapToBoil cucTeMe KOODPAMHAT JJIJIUIIC 3aIMCLIBAETCS ypaBHe-
HueM (x1/a1)? + (x2/a9)? = 1. Jamee cumraem, uTo a; > as > O,
T.e. «IIUPUHA» DJIJIAIICA HEe MEHbIIIe ero «BBICOThI». Ecim a; = ag,
T.e. €CJM IIUPUHA ¥ BBHICOTA COBIAJAIOT, TO JJIJIUIC CTAHOBUTCS
OKPY’KHOCTBIO. PellluM IMepBYIO 3amady.

1°. ®dopmaamusdanusa. Ilycte Touka O uMeeT KOOPAWHATHI
(&1, &2). Paccroanue or Touku O 10 TOUKHM ¢ KOOPAMHATAMH (X1, X3)
paBHO ((x1 — &1)2 + (%2 — &)%) /2. Ilna ymobeTBa BMECTO PACCTOSHUA
OyneM MUHHMUBUPOBATH KBaApaT pacCToAHUA. B wuTore mosydaem
3amauy

fo(x1,x2) = (x1 — &1)? + (x2 — &2)? — min,

2 2
x x
@) (&) -1-o
ai a
dyuknuu fo U fi U1 UX YaCTHBIE IIPOU3BOAHBIC HEIIPEePLIBHEBI, CO-
BOKYIIHOCTBL JOIYCTHMBIX TOUeK orpaHMYeHa, u6o —a; < x; < ag,

j = 1,2. 3maunr, pemenne X = (X1, X2) CYIIECTByeT M MOYKHO IIPH-
MeHATh npuHnun Jlarpam:ka. @yakmua Jlarpamska:

L = Aofo(x) + A1f1(x).

2°. Heo6xogumMoe yCIOBHE:
0.7

f1(x1, x2)

ij:O, ]:1,2.
3°. HaxoXageunmue cTAMUOHAPHBIX TOUYEK:
03_ ~ /\1?1_
axl =0 = AO(xl gl)+ a% _09
0,,(3_ ~ )\1?2_
915 =0 = Ao(%2 52)"—7‘12 =0.

2
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Ecan momyctuTsh, uto A9 = 0, To A; # 0 (Beap MHOKuUTenu Jla-
rpaHa He MOI'YyT PaBHATHCA HYJIO OJHOBDEMEHHO). SHAUMT, U3 Ha-
IMCAaHHEIX yPaBHEHHWHU IOcaeAyeT, uTo X1 = xg = 0, T.e. f1(0,0) =
=0 # -1 = f1(X1,%2) — mnporuBopeune. Htax, A9 # 0, U MOMKHO
MOJIOKUTE Ag = 1. O6osHauum npu 3ToM A; = A. Torma m3 mosydeH-
HBIX YpaBHeHWUIt

2
5ja’j

—1 j=1,2.
ajz—&-)\ /

%j—gj—FL‘?:O - %j:
4;
IlofcTaBisia BTH COOTHOIIEHHS B yPaBHEHUA OJJLJINICA, IPUXOLUAM
K YpaBHEHUIO
N T B I
(@2 +21)2  (a2+ 22
4°, Yucymo cranmmoHApPHBIX TOYeK 3amadyu (T.e. TOUEK, COOTBET-
CTBYIOIUX TeM A, KOTOpble yJOBJIETBOPAIOT ypaBHeHHio @(A) = 1)
He Oojbllle dYeThIpex (10O HOJYy4YMIOCH ypaBHEHMe dYeTBepTOH cTe-
neHu, cM. Tak:ke puc. 50; HepasenctBo (@(0) = &Z/af + &2/a% > 1
Ha puc. 50 mOKasLIBaeT, 4TO (YHKIMA () H300paskeHa OJIA TOUKH
(&1, &2), nexameii BHe sanmIca).

®)

1N

_a? —a20 A
a4 as

ITo-BuguMoMy, HEBO3MOXKHO 3alMCATh PEIleHN’e STOr0 yPaBHEHMA
B CKOJIBKO-HMOYIb HMpPOCTOM SABHOM Buae. Ho ceiiuac, Korma B HallleM
pPACIIOPSYKEeHNN HMEIOTCA MHOTOUHMCJIEHHBbIE BBIUMCIWTEJbHBIE CPe.-
CTBa, MBI, KOHEUHO, MOKEM MHOJYUYUTEL IIPUOJIUKEHHOE pellleHre ypaB-
HeHua @(A) = 1 odyeHB CKOpO u ¢ m;060# TouHOCTHIO. Ilocme TOro
KaKk KOpPHM A; ypaBHeHHsA OyJyT BEIYMCJIEHEI, HYKHO OyZeT HaiiTh
coorBercTBylomue Toukn (x1(A;),x2(A;)), IOACTABUTEL BTH 3HAUYEHNS
B fo ¥ HallTM HaWMMeHbIIIee W3 IOJYUYEHHBIX UMCEJ.

Wrak, mepsBad 3amaua pelneHa. IloJydeHHBIe HAMU COOTHOIIECHUS
x;— &)+ )\?j/a]? = 0 UMeT TAKOH TeOMeTPUUYECKHIA CMBICI: BEKTOD
& — X%, coegumaromuii Touky O ¢ MUHUMAJLHOI TOUKOH Ha dJLIMICE,
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IIPOIOPIIMOHANEeH BeKTOPY-IpajueHTy (PyHKIUH f; B TOUKe X, T.e.
BeKTOp {—X JISKHUT Ha HOPMAJIM K dJUIMICY. OTOT (PAaKT OBLI BIEpPBBIE
yCTaHOBJEH ATIOJJIOHUEM.

A remnepn mpumMeMcsa 3a BTOPYIO 3aJady. BeiBemeM ypaBHEHHUS TOMN
«pasmensioleii» KpPUBOI, KoTopas OTHeseT o00JacTb, I'le MOYKHO
IpPOBECTH [Be HOPMAaJMW, OT OOJIACTH, I'Je UX MOXKHO IIPOBECTH Ue-
Teipe. W3 puc. 50 Jerko moHATb, YTO OSTO pasiesieHre IIPOUCXO-
AWUT LA TeX A, IJg KOTOPBIX yJOBIETBOpAIOTCA yciaoBusa @(A) = 1,
¢ (A) =0 — Bexp uMeHHO TOorAa KpuBad y = @(A) KacaeTcsa IPAMOIL
y = 1. 3HaunT, HALO OCBOOGOAMTHCH OT A M3 COOTHOIIEHUMN

22 22

) — 1% $aap -1,
v (a2 + )2 - (a2 + )2
28fal  28a3

P = @+ (@243

V3 mociefHero ypaBHEHHS IOJIydaeM
af + A= A(&a1)??, ai+2r=—-A(%ar)??,

rme
2 2
A= a1 — 9
(£1a1)2/3 + (Epap)?/3
IToxcTaBIAA 5TH COOTHOLIEHMA B ypaBHeHHMe ¢(A) = 1, mpuxozum
K YPaBHEHUIO pasAesdmolneill KpuBOi

(&1a1)?? + (&2a2)%? = (af — a3)?3.

I9To U ecThb ypaBHEHHNE aCTPOUABI, O KOTOPOM OBLIO CKA3aHO BHI-
mie (Kak ero Mor moayuuTh Amnossonuii?). BHe acTpomansl Kakgas
TOYKA HMeeT [ABe HOpPMaJu, BHYTPU Hee — UeThipe (B UaCTHOCTH,
KOHEUYHO, — B IIeHTpe 3JIJIMUIICA), a Ha caMoil acTpoume — Tpu (3a uc-
KJIOUEeHWEM BepIINH, I'Je¢ MMEITCA ABe HOPMAJM).

Bor, Hakouel, MbI JOOpaInCh OO TOTO Pe3yJbTaTa, KOTOPBIA OBLI
moJsyueH erre Bo II Beke mo H. 9.

B 1975 roxgy Oblia opramms3oBaHa mepBas BcecorosHas OJMMIONA-
ma «CTymeHT M Hay4YHO-TeXHUYECKHUil mporpecc». Ha sTy onmummmany
ChexXaJIoCh OKOJIO CTa JIYUIIUX CTYAeHTOB-MAaTeMaTHKOB BCEX HAIIUX
pecuyonuk. Cpenu Apyrux 3amad ObLIa MIpejosKeHa zagaua AmoJi-
JIOHUSA: CKOJIBKO HOpPMAaJell MOKHO IIPOBECTH M3 TOUKH K SJIHUICY?
C zamaueil cmpaBUWJICS JWINb OAUH YeJOBEK, XOTd OprammsaTopaM,
IpU3HATHCA, Ka3aJloCh, UTO 3a 22 CTOJETUS MOKHO OBLIO OBI JOCTUUD
u OOJIBIIETO.
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Pemum ere HeckogbKo 3agau. Jlerom 1984 roma MHe IpemIosKuIn
IIPOBECTU 3aHATUE CO IIKOJbHUKAMU, TOTOBAIUMUCA K BBICTYILICHUIO
Ha MeXKIYHapOTHON MaTeMaTHUUecKo# onuMmnuajge. Bria Ha3BaHa TeMa
saHaTUA — «MaTremaTnuecKkuii amaausd». UTOOBI TPOJEMOHCTPUPO-
BaTh CHJIy MAaTeMaTHYECKOTO aHAJIM3a, d PeIluJ PacCKasaTb TO, UTO
y:Ke M3BECTHO MOeMY YMTATEJII0 M3 BTOPOM YacTH STOM KHUTU. 3aTeM
HaA 3aHATUU OBLIO YCTPOEHO HEUTO BPOJE COCTSI3aHUA MEKAY aHaIu-
30M u reomerpueii. §I mpejyaranm 3amady, IIKOJbHUKU DpeIaiill ee
TeoMeTpUYecKr, a I — aHaJIuTUudYecKu. S ObLI ybe:kIeH B IIPEUMYy-
IIeCTBe aHalM3a M PACCUMTHIBAI HA JeErkKyio mobexmy. OmHaxko meso
0Kas3aJioch COBCEM He TaKMM IIPOoCThIM. Mou ciayiiaTeau ObLIN UCTUH-
HBIMHU JIIOOUTEJAMU MeOMETPUU M, KPOMe TOTO, — 3aMedyaTeJbHO Tpe-
HUPOBAHHBIMU B peIIeHuu 3amad. PebdTaM HUYEro He CTOUJIO TMPUIY-
MaTh HEOXKUJAHHBIE U OUEeHb U3AIIHBIE PElIeHUA, KOTOPhIe, KaK MHe
KasaJIoCh, COBCEM HEJIETKO HAWTH. A OHM CUMTAIN HX TPUBUAIbHBI-
mu. Jlerkoil mobensl He moayumiock. Ho Bce ke HeJb3sd CUNUTATh,
YTO MaTeMaTU4YecKuii aHanms moreprena ¢umacko. Huke mpemmaraior-
cA TPU 3aJayyd W3 HTOTO MOET0 3aHATUA CO IIKOJLHUKAMU, B KOTO-
PBIX, KaK MHE Ka)KeTCs, «TeOpHuA» BIIOJIHE cyMejia 3a ce0sA IIOCTOATH.

S mpepgararo masee JIMINTL aHAJUTHUUYECKUe pelieHuA. IlompobyiiTe
HaWTU «YHCTO TeOMeTpPHUUYeCKMe» peIllleHus, KOTopble ObLIu OBl yb6e-
OUTEJIbHO IIPOIle IPUBEIeHHBIX!

IlepBasa Bamaua mnpezaJsarajach Ha Bceco3HOl MaTeMaTUYECKOU
onuMmnuaze mrogabHUKOB B 1980 roxy. Ee aBrop — U. ®. Illapwirus,
M3BECTHBIA CBOMM MCKJIIOUUTEJIbHLIM yYMEHUEeM NPUIYMBLIBATH Kpacu-
BbIe TeoMeTpuyecKue 3amaum (cMm. [21], samaua 349).

15. Jan kpyez paduyca edunuuya. Ha dua-

mempe AB Odana mouxka F, uepes komo-

C  pyro nposodumcs xopda CD. Haiimu no-

a Jaoxcenue xopdvl, npu Komopom naouw,ads
uemuvipexyzoavnuka ACBD maxcumanibvHa.

Pemenue. 1°. ®opmManusaius.
Ilycte O — wuenrp kpyra, |OF| = a, yrox
CFB o6osmauum uepes3 ¢ (puc. 51). Bcmo-
MHUM, 4UTO ILJIOIIAAL UYeThIPeXYTroJIbHUKA,
BIIMCAHHOTO B OKPY’KHOCTb, paBHA IOJYIPOU3BEAEHUIO auaroHajei

Ha CHUHyC yryia Mexay Humu. fcmo, uro |[CD| = 24/1—a? sin? ®.
Orcioga MpUXOAUM K TaKoH (GopMaTHU3aIlUu:

\/1—a2sin2ga-sing0—>max, 0< @<

\CIE]
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Henaem sameHy asin@ = ./z 1 IPUXOAUM K 3ajfade
fz) = (1—-2)z—max, 0<z<ad?

IIo Teopeme BeiiepmiTpacca perieHue CyIiecTBYeT.

2°, Heo6xoxzumoe ycaoBue — Teopema Depma: f'(Z) = 0.

3°. HaxoXagenue KPUTHUUYECKHUX TouekK. Crammouap-
Hasg Touka omHa: 2 = 1/2 (ecam a? > 1/2). Kpuruueckme TOuKwH:
{0, a2}, ecmu a® < 1/2, u {0,1/2,a?}, ectu a? > 1/2.

4°, CpaBHuUBas 3HAYeHUA [ B KPUTHUUECKUX TOUYKAX, MPUXOAUM
Kk orsery: ecim 0 < a < 1/V2, 10 Z = a2, 1.e. § = 1/2; ecim
1/V2<a<1, 0o z2=1/2, T.e. P =arcsin(l/aV2).

9Ty samauy OPEeNJIOKUIN MHE caMM INKOJbHUKU. OHU ObLIn yb6e-
JKJEHBI, UTO UX TeOMEeTPUYECKOe pellleHue OyneT HeCpaBHEHHO IIPOIIe
J00ro amajauTudeckoro. Ho pasBe MOKeT OBLITh UTO-HUOYAb IIPOIIe
pelllennsi, IPUBEIEHHOr0 HaMU?

Crnenmyiomiaa 3amaua Takske mpuHagiae:xxut WM. @. Ilapeiruny. Ou
npuayMaJ ee CHelluaJbHO A 3aHATHUi ¢ sroii rpynmoii. (Ee mpen-
OJIaTaJIOCh MCHOJIb30BAaTh B MOATOTOBUTEIBHBIX KOHKYpPCaxX, HO 3TOTO
He IPOM3OIILI0, TaK YTO 3aJava OKa3ajach HEU3BECTHOU MOUM CJIy-
miarenaMm. Ouu, suada M. ®. IlapeirnHa, KOTOPBIN TaKiKe 3aHUMAJICS
C HUMWU, IPeABKYIIAJIN OUYepelHYI0 JerKyio modeny reomerpuu.) Bor
Kak oHa 3ByuuT (cMm. [21], samaua 348).

16. [Jan yzon BAC u O0se mourxu M
u N eunympu Hezo. IIposecmu (yup-
KyJsem U JAuHeUKOU) yYepe3d mouky M
ompe3ox DE mak, umobvt naouw,ads ue-
muipexyzoaviuka ADNE Oviia Munu-
maavHoit (puc. 52)

Pemenwne. 1°. Popmaausza- ,
nua. Ilposegem otpesku MF m MG
napaJjieabHo crtopoHaM AC m AB COOTBETCTBEHHO UM MAJUHBI 3THUX
OTpe3KoB obo3HauuM a u b. Onyctum u3 N mepneHAUKYJIapbl Ha AB
u AC um JJUHBI 3TUX MEPIEHAUKYJIAPoB obosHaumMm d u c. Torma
yaBoerHas mioitans ADNE pasua (b+ x)d + (a +y)c, roe x = |FD|,
y = |GE|. TIpu srom xy = ab, 4uro cpady ciemyer u3 IOLOOUI
TpeyroabHUKOB DFM u MGE. Takum obpasom,

fo(x,y) = (b +x)d + (a + y)c — min,
fi(x,y) =xy —ab=0.

W3 Tteopembl Beitepinrpacca ciaexmyer (mpomymaiite!), uTo perre-
uue (X,y) samaum cymiectByeT (u6o fo pacTeT Ha OECKOHEUYHOCTH).
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Dynrnuu fo u f; ¥ UX TPOUSBOAHBIE HEIPEPHIBHBI, 3HAYUT, MOXKHO
npumMeHATh npuHnun Jlarpansxa. @yaknusa Jlarpanska

L = Aofo(x) + A1f1(x).

2°. Heo6xoaguMble YCJOOBU A:

oz o 0z _
ax 7 oy
3°. HaxomogeHue CTAIIHOHAPHELBIX TOUYEK:
0 ~
W_():} AOd‘i‘Aly—O,
%:ozmoculazo.

flcuo, uTo A9 # 0 (mbo mmaue ¥ =y = 0, T.e. Xy = 0 # ab), u,
3HAUUT, MOXKHO IIOJIOKHUTH A9 = 1. B wurore mpuxozumm K cucreme
ypaBHeHUI

x c
xy = ab, v

4°. ITocTtpoeunue. Crpoum (IUPKYyJEeM U JUHENKOI) OTPE3OK f
u3 orHouleHud f/b = a/d (BCIOMHUTE, KaK 59TO JeJaeTCs, IIOCMOTPEB
Ha puc. 53) u 3aTeM CTpouM (CHOBA IUPKYJIEM U JUHEAKOH — CM.
puc. 22) ¥ U3 COOTHOWIEHHA X2 = c¢f <= X = +/cf.

CyliecTBYIOT ¥ YHWCTO TeOMETPUUYECKNE peIleHUus, B YaCTHOCTH,
oueHb KpacuBoe — M. ®. Illapeirmaa. OHM OPUBOAAT K APYTUM Me-
TomaM IocTpoeHus. Halimure mx um cpaBHuTe. HaiiTu Gojee Immpocroe
reoMeTpUYecKoe peIleHre MOUM CJIYITaTeasIM He YIaJoCh!

o — Jr000i#t yroa

17. Cpedu scex nupamud ¢ OAHHLIMU OCHOBAHUEM U BblLCOMOLL
Hallmu nupamudy ¢ HauMeHbvUlell O0K060IL NOBePXHOCMbIO.
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Pemenue. 1°. Popmanusanua (cm. puc. 54). Ilycrs
OCHOBaHUNE MUPAMHUALI — 3TO TPEYroJbHUK A1AsAs ¢ AIMHAMHU CTO-
POH a1, az u a3 (a; >0, j=1,2,3), O — mnpoeKknusa BepIINHL Ha
IJIOCKOCTh OCHOBaHMsA. BricoTy mumpamuabl o0o3Hauum yepes H, a ue-
pes hyi, hg, hg obosHauuMm paccrosgHuA oT O M0 HMPAMBIX, Comep:Ka-
muX CTOPOHbI AgAs, A1As u A1As COOTBETCTBEHHO (B3AThIe CO 3HA-
KOM ILTIOC, ecau O JIEKUT B TOH 2Ke IIOJYILJIOCKOCTH, UTO U TPEYTrOJIb-
HUK A1A2A3, U cO 3HAaKOM MHHYC — ecau B apyroit). Torma mmeer
MeCTO M3BecTHoe (M OUeBHUIHOE) PABEHCTBO aihy + ashg + ashg = 28,
rae S — ILIOIIAAb OcHOBaHHA. IIpu sToM OOKOBas IMOBEPXHOCTH IIH-
paMuaBLl paBHA (al\/H2 + h%—kag\/Hz + h%—i—ag\/Hz + h2)/2. TIpuxo-
IUM K 3ajmaue

fo(hi, ha, h3) = a1\/H? + h% + az\/H? + h3 + a3\/H? + hj — min

f1(h1, h2, h3) = arh1 + aghs 4+ azhs — 28 = 0.

IIo Teopeme BeiiepmiTpacca (mmpomymaiiTe!) pellieHre 3amadu
cymecryer (u6o fo pacrer Ha Geckoneunocrn). PyHrumm fo u f1
U ¥UX YacTHble IPOM3BOJHbIE HEIPEepPHIBHbI. 3HAUUT, peuieHue h =
= (hy, hg, h3) cyliecTByeT U MOKHO NMPUMEHATH npuHIUI JlarpaH:ka.
®yrknusa Jlarpamxa £ = Aofo(x) + A1f1(x).

0L .
Th}—o (]—1,2,3).

3°. HaxomIeHue CTAIMHUOHAPHELEIX TOUEK:

2°. Heo6xomgumMble YCIOBU:

ajh;

\ H? + 12

Scuo, uTo A9 # 0, U MOKHO CUMTATh, 4TO Ag = 1.

4°. Coxpamas Ha a@; B TOJYy4YeHHBIX YPABHEHUAX, HeMeJJIeHHO
OJyYaeM, YTO hy=hy = ﬁg, T. €. NPOEKYUS 6blLCOMbL — 3IMO UeHmp
8NUCAHHO020 KpYea.

...Ilocae Hemoaroro pasMbBIILJIEHHS OAUH M3 MOUX CJyIIaTeJeH
HasBaJl MPaBUJIBHBIM OTBeT. S BBI3BaJ €ro K JOCKe, OKUAAsA B oue-
penHoOl pas3 BBICAYIIATH «YWCTO TEeOMETPUYECKOEe» PeIleHue, COIPO-
BOJKJaeMOe MPOHWYeCKUMU 3aMeuaHuaMu. Ho HEOKMIAaHHO A YBUAE]
BRIONMCAHHBIMU (GyHKIUU o u f1, pyuxnuoo JlarpaH:ka, ee JacTHBIE
IPOM3BOJHLIE U — OTBET.

Ha sapaBcTByeT maTemarudyeckuii ananus! He tak au?

C HeTepmeHUeM OKugajg A BecTed ¢ 25-ii MekaAyHapOZHOM MaTe-
MaTHYeCKOM oJumMIuanbl, Kotopasa B 1984 romy mpoxoxuia B Ilpare.
CHauaja cTaJl0 M3BECTHO, YTO HAIlla KOMAaHJa BBICTYINUJA C YCIIEXOM,

0L

Th]—0:>AO +A1a]:0, j:1,2’3'
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pebdAaTa moayuYuaM MATh MEPBBIX W OAHY BTOPYIO IMPEeMHUI0 W HabOpaau
225 oukoB. C TakuM ycIexoM He BBICTyIIajla HM OJHA KOMaHIa 3a
BCIO mcTopuio osuMmmnmaz. Ilorom a moayuma u 3agaum. KomeuHo,
0OJIbIIIe BCEI'O MEHS HHTEPECOBAJO, OBLIM JIM CPegu HUX TaKue, Iie
MOJKHO IIPHUMEHATh METOAbI HCCJENOBAHMUSA SKCTPEMAaJbLHBIX 3a1au.
W rmam-taku Oblja ogHa Taxkas 3azaya.

18. ITycmv x,y,z — HeompuuameavbHvle OelicmEUMeNbHble YUCAA
makxue, ymo x +y+ z = 1. Jokaxume, yumo

0<xy+yz+xz—2xyz<2—77.
Pemenue. 1°. Popmanusanua:

fo(x,y,2) = xy + yz + xz — 2xyz — max (min)
filx,y,2) =x+y+z—-1=0,
x>0, y=>0, 2>0.

ITo Teopeme BeliepiiTpacca pelreHue 3ajauy CYIIeCTBYeT W Ha MakK-
CHMYM, ¥ Ha MUHUMYM. JomycTuMm, 4TO HeKOoTopoe pemierue (X, Y, 2)
TAKOBO, UTO BCE STH UYMCJIA OTJIWYHBI OT HyJs. Ho Torga sTo ke pe-
mieHue OyAeT MOCTaBJIATH JIOKAJIbHBIH dKCTpeMyM 3ajaue fo(x,y,z) —
— max (min), f1(x,y,2) =0, u K Hell MO}XHO NIPUMEHATHh IIPABUJIO
MHOMKHUTegel Jlarpam:ka.

2°. Heo6xogumoe ycanoBue (mna d¢yaxnum Jlarpamxa

Z = Aofo(x) — A1f1(x)):

() %:0 = Aoy +2— 2y2) = A
(ii) % =0 < Ao(x+2z—2x2) = Ay,
(iii) %:0 — Qo(x 4y —2xy) = A1

fdAcHo, 4TO A9 He MOXKeT paBHATLCA Hy 0 (nHade A; = 0). [Tamgee Ag = 1.
Yy
3°. HaxoXogeHue CTAIMOHAPHBIX TOUYEeK. Bolunmras us
ypasuenus (i) ypasuenue (ii) (¢ Ag = 1), monyuaem

y—x—22(y—x) =0 = z:é um y=x.

Ananormuno y=z niu x=1/2, u x =2z nunu y = 1/2.

4°. UccnegoBauue. Eciu ogHO M3 UMcesa, cKaskeM 2, paB-
HO 1/2, 1O fo(x,Y,1/2) = 1/4 < 7/27. Ecam Xe HU OJHO U3 YU-
cesl He paBHO 1/2, TO MMeeTcsI eIUHCTBEHHAs CTAIlMOHAPHAA TOYKA
x=y=2=1/3wu fo(1/3,1/3,1/3) = 7/27. HaroHel, eciau pelIeHHE

144



nMeeT HyJIeBYI0 KOMIIOHEHTY, cKaskeM, X = 0, To 0 < fo(0,y,2) =
=yz<1/4.

OrserT: makcumyMm 7/27 mocruraerca mpu x = y = 2 = 1/3
MUHUMYM, PABHBIA HYJIO, HOCTUTAETCS, CKaXXeM, Ipu X =y =2 = 1

N eme o6 oxmmoil reomerpuueckoil zamaue *). C Hewo cBA3aHO
BOCIIOMUHAHUE.

9To OBLIO MaBHLIM-IAaBHO, 0OoJiee HATHUAECATH JeT Hasal. PyKo-
BOOUTENb KPY:KKa, 3araJlouHO YCMEXHYBIIHCH, cOpocua Hac: «Omuu
TeTpasAap JIEXKUT BHYTpPU Apyroro. Mo:keT Ju cyMMa ero pebep oKa-
3aTbcA OoJibllle, ueM cyMMa pebep o0beMIIolIero rerpasapa?» CHaua-
Jla 9TO II0KAa3aJioCh HAM COBEPIIIEHHO HEBO3MOXKHBLIM. Beab TeTpasap
JIeKUT BHYTPU APYIroro, KaK Ke UYTO-TO y HEero MOXKeT O0Ka3aTbCs
6onbire? Ho Ha camoMm gese cymMma pebep HOefCTBUTEIHLHO MOJKET
OKasaThcsA OoJiblllell y MeHbIIEro terpasgpa. Ha Bropom Type 16-i
BcecorosHoll MaTeMaTHUYeCKOM OJHMIIMALLI JEeCATHUKJIACCHUKAM ObLIa
IpeIJiosKeHa Takas 3ajgauva.

19. Bepwuust mempasdpa KLMN anexcam eHympu, HA 2PAHAX
uau Ha pebpax Opyzozo mempaaopa ABCD. Jlokaxume, umo cymma
Oaun ecex pebep mempaaopa KLMN menvwe, uem 4/3 cymmor OAUH
ecex pebep mempaadpa ABCD.

ITOo MHTEPEeCHLIN IIpHMep, KOrAa MOMKHO PeIIUTL IpodiieMy, (ax-
TUYECKX He IPUCTyIas K ee CTAaHJapTHOMY WCCJeNOBaHUIO, MO0
CJAUIIMKOM MHOTO€ ITPOSCHUTCS cpasy Iocje (popMaam3aluiu.

Terpasap ABCD — 3To BBIIYKJOE 3aMKHYTOE OTPAaHUUYEHHOE MHO-
sKecTtBo. O6Gosmauum ero Oyxsoii X. B mpuriume, X MOMHO 3aJaTb
cucTeMoil M3 UeThIpex HepaBeHCTB: X = {x = (x1, X3, x3) | (x,a’) < &,
i=1,2,3,4}, ((x,y) — cramspHOe Ipom3BeJeHUE X U V).

Hama sagaua gopmanusyeTrcs Tak:

b

flet, 22, 23, xt) = ot — 2| + |x! — o3 + |t — 2t +
+ 2% — 23| + |« — x| + |2® — x*| — max,
XeX, i=1,2,3,4.

Bnecy xF = (x’{,xg,xg), k=1,2,3,4, — TOYKU B TPEXMEPHOM IIPO-
CTPaHCTBE, & |x* —y| — paccrosHWe OT X [0 Y.

dyuknusas [ — HempepblBHasg (QyHKOuaA 4 X 3 = 12 mepemeH-
Heix. Terpasap X — 3aMKHYTOe OrpaHHUYEHHOE MHOKECTBO, 3ajaBae-

MoOe uUeThIpbMs HepaBeHcTBaMu. Ilo Teopeme BeiiepinTpacca peiieHme

*) Bosiee mompo0HO O Hel CM. B CTaThbe aBTOpPA, ONYOJIMKOBAHHONW B JKypHAaJe
«KBaur» 1983, Ne 1, c. 22—25.
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samaun cyugectByeT. Ilycts oHo ectb (%!, %2, x%,x%). U3 cTporoil BHI-

nykJgoctu [ (BBITEKAIOIe — MOpoayMaiTe — U3 CBONCTB (PYHKIIAHU
paccToAHUA OT (PMKCUPOBAHHOM TOUKM IO AAHHOU) cpa3y BBITEKAaeT,
YTO TOYKM X' HEOOXOAVWMO JOJLKHBI COBIIAZATh C BepIImHAMH X.
IeficTBUTEIHHO, €CIH, CKaKeM, X' — He BEpIINHA, TO CYIIECTBYET
TaKoil orpesok [y,z], rme y u z — Touku us X u x! = (y+2)/2. Ho
TOTZA IO CBOMCTBY CTPOT'O BBINYKJION (PYHKIIUU

~ o~ ~ ~. 2 ~ ~ .
f(xt, %%, %, x4 =7°<szr ,xz,x3,x4) <

1 ~9 ~3 ~ ~9 ~3 ~
< E[f(y’ x21 x3’ x4) +f(29 x21 x39 x4)]'

Ho orcioma ciaegyer, d9TO B ORHOH wu3 Touek (y,x2,x°,x%)
min  (2,%2,%3,%') oQyExmua f uMeer Oosblllee 3HAUeHUE, UYeM
B f(x',x2,%2,x%). Ilonxyunnocs mpoTHUBOpeUNeE.

A Temepb ocTaeTcs JIUIIb HECJOKHBIN mepebop. O6o3HaunM uepes
Pgryn mepumetrp Tterpasapa KLMN, a ueped Pipcp — mnepumerp
Terpasnpa ABCD.

Eciu Bce Touku K, L, M u N pasauunbl, To Terpasap KLMN
cosmagaer ¢ ABCD, u Bce sicHO, 10O

4
Prryvn = Papep < gPABCD-

IIycts He GoJiee ABYX BepmiuH Terpasapa KLMN coBmagamoT, cKa-
xeMm, K =L = A. Torga umMmeroTrcsi gBe BO3MOYKHOCTH:

1) n1Be Apyrue BepUIMHBLI TOXKE COBIAJAOT, cKaxkeM, M = N = B,
U TOrga U3 HEPaBEHCTBA TPEYTOJLHUKA

4
Pxrun = 4|AB| = 5 - 3|AB| <

4 4
< §[|AB| + (JAC| + |CB|) + (|JAD| + |DB|)] < §PABCD;

2) BepmimHabl M u N pasauuubl, cKaxkem, M = B, N = C; Torma
W3 HEPABEHCTB TPEYrOJLHUKA CJELYEeT:

|AB| < |AD| + |DB|, |AC| < |AD|+ |DC|,
1
|AD| < 3[|AD| + (|AC| + [CD]) + (|AB| + |BD|)] <

1
< gPABCD — Pgrun = 2|AB|+2‘AC‘ + |BC| <

< |AB| + |AD| + |DB| + |AC| + |AD| + |DC| + |BC]

4
= Papcp + |AD| < gPABCD-
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Ecnam ke Tpu BepIIMHBI coBIamaioT, crkaxkem, K = L = M = A,
N = B, to us HepaBeHcTBa II. 1 mosmyuaem: Pgryny = 3|AB| < 4|AB| <

4
< gPABCD. 3agaua peleHa.

Herpyaso moHATH, UTO 4ncg0 4/3 B YCIOBUHU 3aJaull YMEHBIIUTH
HeJb35.

OHo mocTuraeTcs AJIS BREIPOMKAeHHOTO Terpasapa ABCD, y xoTopo-
ro Tpu Bepmimabl — A, B u C — coBImagaior, cKaxkem, ¢ A (1 Torma
Pagep = 3|AD|), a y rerpasgpa KLMN pBe BepIINHBI COBIAAAIOT
¢ A, a gBe — ¢ D (u rorga Pgryny = 4|AD)).
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Paccrkas wemwvipnadyamutil

YTO BbIJIO JAJIBIIE B TEOPHUU
IOKCTPEMAJIBHBIX 3ATAY?

PaccmoTpuM mpocTeiinnyio 3ajady o MaKCUMyMe M MHUHU-
MyMe, YKa3bhIBAaIOIIYI0 HaAM IIyTh €CTECTBEHHOTO Ilepexoja
OoT (PYHKIUUA KOHEUYHOrO YHMCJa IMEepeMeHHBIX K BeJIUYu-
HaM, 3aBUCAIUM OT GECKOHEUHOT'O YNCJIA IIePeMeHHBIX.
I'. Boavmeppa

Wsnaraemble MHOIO MeTOABI He TpPeOYIOT HU IIOCTPOEHUI,
HU TEeOMETPUUYECKUX WJIN MeXaHWYEeCKUX pPaCCYKIEHUH.
OHU TPeOYIOT TOJBKO aJredpanvyecKux oleparuii, momguyu-
HEHHBIX IIJIAHOMEDHOMY U OZHOOOPasHOMY XOZY.

K. Jlazpanic

Onuu crapblii ()paHIly3CKUII MaTeMaTuK ckasajia: «Mare-
MAaTHUUYECKYI0 TEOPHUI0 TOJbKO TOTAA MOYKHO CUUTATL COBEp-
IIeHHOM, KOorja ThI... 0epelIbcsa U3JIOKUTh ee CcoAep:KaHue
TIEePBOMY BCTPEUHOMY».

. I'unvbepm

1. 06 ucTopuu MaTeMaTHYE€CKOTrO aHa-
Ju3a. PazBuTue MeTOAOB peIIeHusA 3aJady Ha MAKCUMyM U MUHU-
MyM HepaspbIBHO CBS3aHO C HCTOPUEH MaTeMaTUYeCKOTO AaHaJIM3a.
Mg1 Kacanmuch 9TOM TeMbl HeOJHOKpaTHO. CBKeM Ke Temephb BOeIU-
HO MHOTO€ M3 TOr0, 0 YeM DPACCKasbIBAJOCH paHbine. CHauasma, Kak
Mbl TOMHUM, 3aa4yd HA MaKCHUMyM ¥ MHUHUMYM peIlajuch HUHIU-
BUAYaJbHO, U IJIS KaXJIOM M3 HUX CO3JaBajicCsi CBOM COOCTBEHHBIN
meton. B mauame XVII Beka craja oIMymiaThbCcAd TOTPEOHOCTH OTBIC-
KaTh KaKue-TO 00I1ie IpueMbl MCCJIeOBAHUA dKCTPEeMAJbHBIX 3a1adu.
ITonepiTKM HaliTH ajredpanmyecKue CIIOCOOBI OTBHICKAHUSA MaKCHMYMOB
U MUHUMYMOB ObLiu caesnanbl lexkaprom. Pepma ObLI IEepBBIM, KTO
OPUBJEK IJIs 9THX Iiejiell uaen, Kak Mbl CKasKeM Temnepb, nuddepeH-
muaabHOro mcumciaeHus. CBoii MeTON OH OTKPBLI, IO ero COOCTBEH-
HBIM cJioBaM, eie B 1629 romy, HO IepBOoe AOCTATOYHO IIOAPOOHOE
M3JI0KeHUe MeTOHa COMePsKUTCA B ero mmcbMax PobepBaiio u Jlexap-
Ty, KOTOpPELIe OH Iepecsan B 1638 roxy.

«Bce yueHme O HAXOKAEHUM HAMOOJBINNX ¥ HAUMEHBIIUX Be-
JUYNH OCHOBBIBAETCSA HA TOM, UTO... IPUMEHSAIOT CJIeAYyIOIllee eIuH-
CTBeHHOe TIpaBMJO», mnumieT Pepma u [gajgee majaraeT CyTh CBoeit
TeopeMbl, 0 KOTOPOIl TOBOPUJIOCH B paccKase MecsiTOM.
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Mo:KHO IIOCOBETOBAThH UYUTATENI0 00paTuUThcA K KHure Jlexap-
ta «leomerpusa» ([8], c. 154), rme npuBegeHo nucbMo Pepwma,
W OCO3HATh, KaK €My YyJajJoCh BBIPDA3UTH CBOM MeETO]|, He mpuberas
K TOHATHUIO TPOM3BONHON — BeOb OJTOTO MOHATUS TOTIA eIne He
OBLIIO.

CBou TeopermuyecKue BhIBOABI PepMa MogKpenus mpumepom: «Om-
pesox AC mpebyemcsa pasdeaumv 6 E mak, umobbl. Npamoyzotib-
Huk co cmopoHamu AE u EC 6wbin Hauboavwium (no naowadu)».
Herpyaao ycmorperh, uTO (haKTHMUECKM STO Ta Ke caMmas 3ajaua,
KOTODPYIO IIOCTABUJI M reomMerpuuecku pemuia EBxiaung B cBoux «Haua-
Jax» (paccKas 4ueTBepThIi). JTOT npumep (mpuueM B (hopMYyJIHUPOBKE
depma) 6blT pasobpaH B IATOM paccKase.

B mauvamne cemupecaTeix rogoB XVII cronmerma HwioToH 3aBepiimi
CBOM Tpyn mox HasBammeM «MeTonm (IOKcHl m 0eCKOHEUHBIX PIANOB
C IPUJIOKEHHEM ero K reoMeTPUM KPHUBBIX». ITO COUYMHEHUE OBLIO
3akoHueHo K 1671 roxgy, HO omyOsmKoBauo jguillb B 1736 romy. Mme-
eTcsl M3JaHUe dTOM pPaboThl Ha PyCCKOM sA3bIKe [15].

B meit HpioTOH 3akJjanbiBaeT Haudajga AuGGepeHnuaIbHOTO W WH-
TerpajJbHOTO MCUYNCJIEHUs, a TaKiKe Teopuu paAnoB. Pasymeerca, Hrro-
TOH yAeJUJ BHUMAHWE W HAXOXKIEHUIO HaWMOOJBINUX ¥ HAWMEHBIITUX
BeauunH. Mumoxomom OH yrnomuHaeT npueMm Pepma, He HasbIBad,
BOpoueM, ero umenu. Ou nuiner tak: «Haigm ¢uarokcuio (T.e. Ipous-
BOIHYIO) U IIOJIOXKU €e PaBHOII HyJo» (B yKas. cou. ¢. 73). Ilamee ou
pelllaeT ABa BBIPA3UTENLHBIX IpPUMepa, r'Ae QYHKIUA 3aaHa HeABHO
¥ B ONHOM M3 CJIy4YaeB — C UPPAIMOHAJIBHOCTHIO. 3aT€M OH IIUIIET:
«C 1moMOIIbI0 METOJA pelIeHUs STOM IIPO0JeMbl MOMKHO IIOJYUYUTDH
pellienne CJAeIVIOMIUX MPOOGJeM» — U YKas3blBaeT NeBATh reoMeTpUUe-
CKUX 3ajiau, KOTOpPbIe OH yMeeT HccjefoBaTh. V CHOBa IepBas Cpeau
HUX — B3ajavya, PaBHOCUJIbHAS €BKJUIOBOIL.

B 1684 rogy mosaBiaserca pabora JleiitbHUIIAa, B KOTOPOM TaKiKe
ObLIM 3aJI0KEeHBI OCHOBBI MATEMATHYECKOI'0 aHaJn3a. YJKe caMo Ha-
3BaHMe ee, KOTOpoe HauwHaeTcs co cjioB: «HOBBIII MeTon HaxoKie-
HUA HAUOOJBININX WM HAUMEHBIIINX 3HAYEHUM...», IOKA3hIBAET, KaKYIO
Ba)KHYIO DPOJIb ChITpajia 3ajava O HaXOMKAEHUM SKCTPEMYMOB B CTa-
HOBJIEHUM COBPEMEHHON MareMaTuKu. B cBoeii cratbe JleiitbHUI He
TOJBKO IOJYyUYaeT B KaduecTBe HEOOXOJMMOTO YCJIOBUS COOTHOIIEHUE
f'(x) =0, HO u ucHOIAL3yeT BTOPOH AuUM@epeHInal A8 Pa3INYeHns
MakKkcMMyMa W MUHHMyMa (BIpOYeM, 9TO TaKyKe OBLIO B TO BpeMs
yske maBecTHO Hpiorony). C momoinbio coorHomtenusa [’ (x) = 0 Jleit6-
HUII pelltaeT pPAJ KOHKPETHBIX 3aJaud, B YaCTHOCTHU, BBIBOAUT 3aKOH
Cuennuyca (pacckas TpeTruii).

149



B tpynmax Jleii6Huila, 3HAUUTEJHLHO OIEPEIUBIINX CBOE BpeMd,
y'Ke IIpo3ByUYaJia MBICIb O JIMHEeHHOHN annpokcumanuu GyHKIUH,
0 CBA3UW IPOUW3BOAHON M KacaTeJbHOUM. JTa HAed IIpeTeplesa 3aTeM
WHTEPEeCHYIO dBOJIOIIUI0, O KOTOPOH OyJeT paccKasaHo B M. 5.

WUccnemoBaunusa Pepma, HeioToua u JleiitbHUIIa CIIOCOOCTBOBAH IIO-
SABJIEHUIO METOJa OTHICKAHUSA SKCTPEeMYMOB (MYHKIIMI OJHOU Iepe-
meHHOM. Kaszamoch ObI, ecTeCTBEHHO OBLIO HauaTh M3yUeHUE JKCTpe-
MYMOB ()YHKIIMH OBYX IIePEeMEHHbLIX, TpeX IepeMeHHBIX u T.H. Ho
9TOTO He mpowmsomuno. Mcropma aHaim3a COBepINHUJIA CBOeOOPA3HBIN
3ursar M cpasy crajia m3ydyaTh (QYHKIUM OeCKOHEUHOTO YHCJa IIe-
PEMEHHBIX, U JHUIIb Yepe3 HEeCKOJbKO AECATHJIETHUIHl BepHYyJach c00-
CTBEHHO K KOHEUYHOMEPHBIM 3aJadyaM.

" B samaue HploToHaA (pacckas BOCbMOIi), U B 3aZaue 0 OpPaxmcTo-
xXpoHe (pacckasd cembMOIi), M B KJIACCUYECKOU MB30IEPUMETPUUECKON
3amave (paccKas BTOPOI) HCIBITAHWIO MOIABEPTAJNCH «JIIOObIe KpU-
Bble». VIX Hesb3d 3aJaTh C IIOMOIIBIO OJHOTO, OBYX, JIIOOOTO KOHEY-
HOTO Y¥CJa ITapaMeTpPoB. B MX «IIpom3BoJie» 3aKJIIOUEHO «0eCKOHEUYHO
6O0JIBIIIOE YKCJIO ITIePeMeHHBIX». HemapoM MMeHHO 5THU TPU 3aJaUd MBI
TaKk W He CMOTJIM PEIIUTh B HAIlleM IPeIbIAYIIEM paccKase.

C komma XVII Berka Hauajach paspaboTKa TeOpWUHM 3amad, I0J00-
HBIX 9THM TpeM. DBBLIO cO3[aHO cHenuaJbHOe «HUCUNCICHUE» ODTUX
zagau. Omo odopmumiock B XVIII m XIX Bekax B Tpymax O9iiiepa,
Jlarpanika, Beitepmirpacca u apyrux. Ero crasu HasbwBaTh 6apuayu-
OHHbLM UCHUCTEHUECM.

HeckoabKo 103:Ke OBLT Pa3BUT aHAIM3 QYHKINN KOHEUHOTO YMC-
Jla TepeMeHHBIX. A ToToM (M CPaBHUTEJIBHO HETABHO) OBLIO IIOHS-
TO, YTO MaTeMaTUUYECKUIl aHaJn3 OECKOHEYHOTO YMCJA IIepeMeHHBIX
He ABJAEeTCA IPUHIMINAJIBLHO 00Jiee CIOKHBIM, YeM KOHEUYHOMEPHBIH
aHaysm3. VM cHOBa MBICJb O CO3JaHUM OECKOHEUHOMEPHOTO aHaJIu-
3a OTTAJKWBAJIaCh OT IIOTPEOHOCTH pelIaTh JKCTPEMAaJIbHBIE 33Jauu
(cM. caoBa I'. BoabTeppa, mocTaBiaeHHbIe HAMY B KaduecTBe smurpada,
rae BosbTeppa mMeeT B BUAY KJIACCUYECKYIO HM30MEPUMETPUUYECKYIO
3agauy). KocHemMcsa uyTh moipoOHee CJIeAyIOIeil TeMBbI.

2. Yto Takoe QYHKIIUYU OECKOHEUHOTO UKNCJA II€-
pemeHHBI X? B pacckaze meBATOM MBI O0CYKJajluM BOIIPOC: HUTO
Takoe PyHrmua? CHauajsa ObLIO paccKasaHO O (DYHKIMAX OLHOM Ie-
PeMeHHO¥, KOorja OJHOMY YHCJY X CTABUTCA B COOTBETCTBHUE IO OIIpe-
JeJIeHHOMY TPaBUJY YUCJIO Y. 3aTeM pedb Ia O (GyHKIUU ABYX
nmepeMeHHBIX, KorAa Iape umcea (X1,Xz) CTaBUTCSA B COOTBETCTBUE
(1 cHOBa O OIpeAesieHHOMY IpaBuay) uucio y. HakoHner, O6bLI0 cKa-
3aHO U O (PYHKIIMAX N IepeMeHHbIX. Ho eIme [0 meBATOro pacckasa
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(v mpuueM HEOJHOKPATHO) HaM IIPUIIJIOCH CTOJKHYTHCA € (QyHKIU-
AMU OECKOHEUYHOI'0 UMcja HepPeMeHHBIX, KOrja HepPeMeHHLIMHU ObLIn
camu pyarnuu. (Becmomaum dopmyay (2) B pacckase ceibMoM u Gop-
mynay (8') B pacckase BochbMoMm.) Takoro poma @yrHrkyuounasave (Tak
3aYacTyi0 Has3hbIBAIOT B MaTeMaTuKe (QMYHKIUHN OT (GYHKIMH) M3ydaIu
OYTH 3a ABECTH JIeT A0 TOTO MOMEHTAa, KaK HAayuYMJINUCh 00paIaThbCs
¢ QYHKIUAMU OECKOHEUHOTO UYKCJIa IIepeMeHHBIX TaK »Ke CBOOOIHO,
KaKk 1 ¢ QYHKIUAMHU OJHOI IIepPeMeHHON.

PaccMoTpuM COBOKYHHOCTHL (B MaTeMaTHUKe TOBOPSAT eIlle — npo-
CcmpaHcmeo) BceX HeIPEePBHIBHBIX (DYHKIMEI Ha oTpeske [a,b] uwucio-
Boii mpsamoii. Ee o6o3nauator Cla,b]. Ilycts 5Tu HempephIBHBIE
GYHKIUKM Temepb WUrpaioT PoJab aprymenTta. IIompoOyeM OCMBICIUTD
9TOT (paxT. BecrmoMHUM, UTO Takoe (YHKIIMA OJHONM HepeMeHHOIi, T.e.
GyHKIUSA, 3aJaHHasd Ha YUCJIOBOM mpamMoi R (ckaskeMm, Bce Ta Ke
byurmua y = y(x) = v1+ x2). 910, KaK MBI IOMHMM, — IIPAaBUJIO,
Jaiolliee BO3MOYKHOCTb IO 3aJaHHOMY YHMCJIY X IOJAy4YaTh YUCJIO Y
(B KOHKPETHOM cJydyae Hago B3ATh X, BO3BECTU ero B KBajparT, IpHU-
0aBUTh €IMHUIY U 3aTeM H3BJIeYb KOPEHb.)

ITonmpobyeM Temeph MOHATH, UTO TakKoe (QyHKnuA F(y) Ha mpo-
crparctBe Cla,b]. IIo camomMy cMBICIYy MOHATHUA <«(QYHKIUI» BTO
IOJI’KHO OBITH HEKOTOpPOEe IIPAaBUJIO, KOTOPOE II0 HEelpPepBIBHOU (PYHK-
muu y(x), 3agaHHON Ha [a,b], JaeT BO3MOXKHOCTb BBIUWCJIUTH YUC-
ao F(y).

BosbMeM HECKOJBKO IpuMepoB. /s ompeaeleHHOCTH IMYCTh Aajb-
me a=0, a b=1.

IIpumep 1. Fi1(y) = 2y(0).

Yro 3gecy mpennucano? Ilo dpyHkmum y(x) ciaemyer cHauyajaa BbI-
YUCJUTh TO YUCJIO, KOTOPOE OHA NMPUHUMAET B TOUKE HYJb, a IIOTOM
YMHOKHUTH ero Ha 2. BCIIOMHUM HECKOJbKO M3BECTHBIX HAM (PYHKITHI
¥ BBIUUCJIUM AJa Hux 3HauveHue Fi(y). Ecam y(x) = x, To y(0) =0,
u, sHauuT, F1(y) = 0; eciu y(x) = vV1+x2, o y(0) =1 u Fi(y) = 2;
ecau y(x) =5-2%, 1o y(0) =5 u Fi(y) = 10.

IIpencraBbTe cebe Temephb, YTO MBI WI'pDaeM B TaKyi0 HUTPy: Bam
3aal0T IIOJAPAJN HEeCKOJbKO (YHKIUiII, a Bbl BhIuucidere Fj(y) or
rKaxxgoii. K mpumepy, Bam mpepmaraior y(x) = 3cos(x + 2), wmam
5In(x + 3), mau eme uro-ro. MHe KasKkeTcs, Bbl He 3aTPYIHUTECH
OTBETUTH, ueMy OyneT paBHO Fi(y) B aTux ciaydaax. Ilorars npaBuia
9TOW UTPHI — BTO U 3Harm'r1 MMOHATh, YTO Takoe (yHKIusa Fi.

IIpumep 2. Fa(y) = Sy(x) dx. (9ToT (GDYHKIMOHAJ BBIPAKAET

0
He YTO WMHOe, KaK naowads nod zpagurxom y(x).) U cHoBa masaiiTe
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urpaTth B Ty ke urpy. sl Bam nmamo y(x) =1 — BBl MHe BBIYHUCJISETE:
Fo(y) =1; a Bam — y(x) = x, BeI MHe — Fy(y) = 1/2; a1 Bam —
y(x) =sinx, Be1 MHe — Fy(y) =1—cosl u T.x. Tak MBI mOBHAKOMU-
JINCHh C OYEeHb BAKHBIM (DYHKIIMOHATIOM, QYHKUUOHAJLOM NI0W,alU.

Ho MoikHO mpuAyMaTh UTO-HUOYIb IIOXUTPeEE.
1

2
Ipumep 3.Fay)=(mﬂm)&—<&amdx>.

0
31eck mpexamucanme 0Oojiee ciIoKHOe. Ecam BaM [AlOT KaKyH-TO

dyHKIUO Y(X), TO BBl HOJKHBI cHadajsia Beruuciauts y(0), 3aTem sTo
YHCJI0 YMHOKUTH HAa [ABa, IIOTOM IIOJYUYEHHOEe YMCJIO BO3BECTU B KYO,
Jajiee — HaWTU mHTerpaj oT y(x) mo orpesky [0, 1], BodBecTu 3TOT
WHTerpaJ B KBaapaT, a 3aTeM U3 «Ky0a» BBIUECTb 9TOT «KBaapaT».
CkaxxeMm, ecyiz BaM 3ajaju ypaBHeHuUe y(x) = x, To monyumurca —1/4,
a ecau y(x) = 5-2%, To u BoBce mpumercsa norpyzutrbca. Ho BakHO,
YTO «B IPUHIIUIIE» BBl BBLIMOJHUTE IIOCTABJIEHHYIO 3a7ady U IO KaK-
nol GyHKIuU y(x) (KOTOPYIO MOYKHO OTYETJIMBO OIMCATBH) IOJYUUTE
yucyo F3(y).

B pacckase meBATOM s IHcCajJ B COOTBETCTBYIOIEM MecTe: «A Te-
mepsb JaBaiiTe OMpeAeS M M M300PasUM HECKOJbKO BaXKHEHINX PyHK-
nuii». 3mech 4TO-IMO0 M300pa3UTh TPYLHO, Bedb HY:KHO PHCOBATH

B 0OECKOHEUHOMEDPHOM IIPOCTPAHCTBE, a «OIPeAeSUTb» — IOMIPO-
oyem.
IIpocreiimasa ¢ynknusa — nocrtoauHad F(y) = c. Kaxpoit Hempe-

DPBIBHOM (PYHKIVU y(X) COIOCTABIAETCA €IUHCTBEHHOE UYWCJIO C.

Craenmyioliye IO CIOKHOCTH (PYHKIINKM — JuHeiiHble. YTOo 3TO 3HA-
YUT — «JUHeHHas QYHKIUS» oT QyHKIuuU? ITO 3HAUUT, UYTO CYMMY
JI006IX (GDYHKIUN OHA HepeBOAUT B cyMmy uucea (T.e. F(y; +y2) =
= F(y1) + F(y2)) u, xpome toro, uro F(ay) = aF(y) mna mwoboro
yucaa a u Jboi GyHKmum y(x).

dyHKIUM U3 TpuMepoB 1 u 2, TpUBEAEHHLIX HAMU BBIIIE, —
JuHeliHbIle, PYHKIIUSA U3 TPEThEro IIpuMepa JUHEHHOHN He ABJSeTCH.
31echb, B 0OECKOHEUHOMEPHOM cJiydyae, JUHEHHBIX (QYHKIUN OUYEeHb
mHoro. (B KakoM-TO cMBICJIe X JAaKe «0OJIbIIIe», UeM BCeX HeIpe-
PHIBHBIX (QyHKIuU. Beab ecim ¢ — HempepblBHas (QYyHKIMA, TO el
MOXKHO COIIOCTAaBUTL JUHEHHBIN (PYHKIMOHAJI

1

Foy) = p(x)y(x)dx,
0

a ¢yurnuonan Fj;(y) = 2y(0) He MOKeT OBITH IPEACTABJIEH B 3TOM
BUJE.)
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BecrkoneuHoMepHBIN aHAIW3 mM3y4yaeT PYHKIUU OT «OECKOHEUHOTO
Ypcja IepeMeHHbBIX », TOuHee — (QDYHKIMOHAJIBI Ha 0ECKOHEUHOMEDPHBIX
mpocTpaHcTBax (Tuma mpoctpaHctBa Cla, b]). IIpuBegem mpumep eire
OHOTO Ba’sKHOTO OECKOHEYHOMEPHOTO HPOCTPAHCTBA, C KOTOPHIM Ha
OPOTSAKEHUU JBYX BEKOB B OCHOBHOM OIIEPMPOBAJIO BapUAIIMOHHOE
nucuuciaerne. Jto npocrpanctso Clla, b] HempepsiBHO nubheEpeHInDY-
eMbIX QYyHKIUH y(x), T. e. TaKuX GyHKIUN y(x), KOTOpble caMU Hellpe-
PBIBHBI WM KX IIPOM3BOJHBIE TaKyKe HEIPEpPHIBHLI Ha OoTpeske [a,b].

B mpocrpancree Cl[a,b] ompeneseHbl (PYHKIMOHANBI, HMEIOIHE
BayKHBIA TeOMeTPUUYECKHUIl WM (puanmuecKuili cMmbicj. IlpuBemem mpu-
MepHI.

IIpumep 4. OyHKIUOHAT «AJIUHBI»:

b
L@y) ={V1+ (v (x))2dx.

a

IIpumep 5. @yarnuonan M. Bepuynim — «BpeMsa IBUKEHUS
BIOJb KPUBOM» (cM. popmyny (2) B pacckase ceabMOM):

{ V1+ ()2
Ty =\+—F———"—dx
§ V28y(x)
IIpumep 6. ®yHrnuonan HboToOHa — COIPOTHUBIIEHNE IBUKE-
HUIO B pelKoil cpeme (cMm. gopmyay (8') B pacckasze BOCHMOM):
& xdx
F(y)=2K\——.
®) VT @0y

0
9T OmpuMephl MOYKHO HEOTPAHMUYEHHO IIPOJoJIKaTh. Ho He Oymem
[IeJaTh 9TOTO, a IepeiijeM cpasy K BOIPOCY O TOM, KAK CMABAMCA
aKcmpemanvHole 3a0auu 0as QYHKYUOHaLo8. B pacckase aeBATOM
TOBOPHUJIOCH: [JI TOTO, YTOOBI TOUHO CHOPMYJIUPOBATH SKCTPEMATb-
HYI0 3a7auy, HeOOXOAMMO ONMCAaTh MaKCUMUSUPYEMYIO UJIU MUHUMU-
supyemyio QYHKINIO 1 orpaundenrie. OrpaHnyennsi, KaK MbI IIOMHUM,
3aJal0Tcs OOBIUHO paBeHCTBAMHM M HepaBeHCTBaMH. B 6eCKOHEUHO-
MEepHOM cJydYae Bce ocTaeTcsad 0e3 M3MeHeHWI. 3[aech TaKiKe HYMK-
HO OIMCATh MHUHUMHUBHUPYEMBLIH M MaKCHUMHU3UPYEMbIHi (PYHKIIMOHAI
(a 3HAUUT, W IPOCTPAHCTBO, HA KOTOPOM OH OIPeHeJieH) W OTpaHu-
YeHUS.
dopmanudyeM Te 3aJauyyd M3 IIEePBO YacTU, KOTOPble MLI He pe-
mIajJy MOKa BO BTopoil. Bo Bcex cayuasax OyaeM McCIeZOBaTh 3aJaun
B mpoctpancTee Cl.
Sagaua JupgoHns. Becmomuoum wmcropuio o umone (Hauajio
BTOPOTO pacckasa). AHaIu3Wpysa CUTYyaluio, B KOTOPOH OKas3ajaach
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duHUMKKIicKas IapeBHA, MOKHO IIPEACTABUTH (CpeAu NIPOUYUX) CIEHy-
IOIllFie ABEe BO3MOMKHOCTU IIOCTABUTH 3a7auy ONTUMUIAIMU.

A) ITepBasa 3agava JUAZOHB, MJAU KJaccHUUYecKasd
usonepumMerpudecrKasa 3amaua. I'pedyemcs yrkasamov on-
MuManibHy10 QOPpMY Yyuacmra 3eMau, KOmopblii npu 3a0aHHOL OluHe
nepumempa | umen 6v. HAUGOILWYHO NAOUADD.

dra s3amaya W HccJeJoBaJlach HaMH BO BTOPOM pacckase. [pyrue
TIOCTAHOBKU IIOJYYalOTCS, €CJIU, KaK 9TO eCTeCTBEHHO CUMTaTh, llu-
JOHA XOTejla COXPAHUTH BBIXOJ K Mopio. [ina
OIPOCTOTHI PACCMOTPUM CJIAYYAH IIPAMOJJMHENHOTrO
Oepera m OygeM IIpU BTOM CUHTaTh, uTo Immone
ObLIM yKasaHbl TPAHUIBI, 3a IPEAESbI KOTOPBIX
oHa He Morja BwIfTH (puc. 55). Torga mosyuaercsa

B) Bropaa sagaua [ upgoHsl. Tpebyem-
ca cpedu ecex O0yz OAuHbL I, nexcawux 6 noayno-
1 aoce 0 < x < a, y>0 c 3a0anHHbLMU KOHUAMU
6 moukax (0,0) u (a,0), Hauimu makyl, Ko-
mopas emecme ¢ ompe3kom y = 0, 0 < x < a,
ozparuyuna Ov. Quzypy HaAUbGONbWEN nAOWAOU.

Mpb! orpanmuuM cebsa opMasimsaleil TOJIBLKO BTOPOI 3amaum *).
ITyers y = y(x) — ypaBHeHme nyru. Brime maMm BcTpeuasnauch QyHK-
IMUOHANBI «ILJIOIIAaAb» U «JJHWHA». BCIOMHUB, KaK OHU B3aJal0TCH,
OPpUXOAUM K TaKOM IIOCTaHOBKE:

a a
S@y) = y(x)dx — max, L(y) :S 1+ (¥ (x)2dx =1
0
npu rpaHmYHBIX ycaoBuax y(0) =0, y(a) =0.

MaxkcuMusupyeMblii QyHKIIMOHAJ 3IeCh — 5TO ILIomanb. Orpanu-

yeHUe 3agaercsa paBeHcTBOM L(y) =1, rme L(y) — DyHKUMOHAN IJu-
I'panuuHbIe yclIOBUS TaKsKe 3amaioTcsa paBeHcTBamu [ (y) = O,
T2(y) =0, rae T'1(y) =y(0), I'2(y) = y(a).

damaua o OpaxXMCTOXPOHeEe, IO CYyTH j[eja, ObLIa YyiKe
dopmanmzoBaHa HamMu. BecmoMHUB emne pa3 dopmyay (2) B pacckase
ceibMOM, MBI IIOJYUYUM HYKHYIO (DOpMan3aliuio:

T(y) 78\/1+(y (x))2
v 28y (x)

¢ rpaanuyabiMu yceaosuamu y(0) =0, y(a) =b.

0 (a,0) %

dx — min

*) dopmanusanuu MepBoil 3amaum TPeOYIOT paccMOoTpeHusd (GYHKI[MOHAJIOB OT Ia-
pel pyurnuii. Takoro poja 3ajaum MbI OIUIIEM B KOHIE 9TOr0 pacckasa. Pelenume
JKe IepBO#l 3ajauy HETPYAHO IOJYYUTh U3 PEIIeHUs BTOPOIL.
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3mech MUHUMUIUPYEMBIN (PYHKIIMOHAT — 39TO0 (GYHKIHMOHaJ Bep-
HYJLIN.

Sagaua HrioToHa Takxe paxTruecKku ObLIa hopMaIn3oBaHa
HaMH B BOCBMOM pacckase. 9ra (GopMajusanus BBITJISAUT TaK:

F(y) = 2 K§ xdx

Y DT+ /()2
¢ rparnuyHbiMu ycaoBusamu y(0) =0, y(R) = H.

O6patum ocoboe BHUMaHMe Ha orpanmdenue: y' (x) > 0 — yciaosue
MOHOTOHHOCTH. OHO BCTPETMJIOCH TOJBKO 37€Ch.

HamomumM, uTO Bce 9TH 3aJaul OBLIM PeIlleHbl HaMHU HO-PasHOMY
(mo kpaitHeit mepe, BHemiHe). Ho Bo Bcex pelmeHUsX MTPUCYTCTBOBAJIO
OOHO W TO ’Ke: KPUBYIO MBI BCIOIY AaNIPOKCHUMUPOBAIU JIOMAHBIMU
U TeM CaMbIM CBOAUJIM 3afauy K KOHEUYHOMEPHOI.

Takoil MeTox pelleHMA 3a7ad IMOAOOHOIO THUHA OBLI OCYII[ECTBJIEH
ditiepoM, a ero IpPeaIIecTBEHHUKOM OB, KaK MBI IIOMHUM, JIeii0-
HUI[. ITOT METOH X ero MOoAM(PUKALUY IIOJYUYUJIA Ha3BAHUE NPSIMbLX
Memodo8 8 8aAPUAUUOHHOM UcHuceHuu. VIX U A0 CUX MOp IPUMEHS-
IOT [IJIs YWCJIEHHOI'O PeIIeHUs 3a7ad BapUAaIllMOHHOT'O MCUUCJIEHUS.

3.3amjauyu BAPUAIMUOHHOTIO UCUYUCJIEHHUA U MIPUH-
nun Jlarpauxka gaa HuX. MBI MHOTO pa3 yHoTpebJaAaM yiKe
TEPMUH «BapHAIlMOHHOE WCUMCIEeHUe», a Teleph IOAOIII0 BpeMsd,
YTOOLI €ro TOUYHO OO0BACHUTH. IlycTh HaM 3aJaHa HeEKOTOpas, CKa-
JKeM, HelpepbiBHaAsA (YHKIUA Tpex mepeMeHHbIX f(Xx,y,z). Paccmor-
puM cienyoImui QyHKIIMOHAT:

b
F(y) = {1(x,y(x), ¥ (x))dx.

a

— min, y'(x) >0,

IToT (PYHKIIMOHAJ MOKHO paccMaTpUBaTh B PA3JIUYHBIX IIPOCT-
paHCTBAX, HO dYallle BCETO ero HCCIeAyIoT B mpocrpanctse Cl. Bapu-
AUUOHHLLM UCHUCJICHUEM HA3blBAEMCs pasdes. meopuu dKCmpemab-
Hblx 3aday, z0e U3yuarm MAKCUMYMbL U MUHUMYMbL. MAKUX QYHK-
YUOHAN08 NPU pPaA3auyH0z0 poda ozpaHuyeHusx (0 KOTOPBIX MBI
HEMHOTO CKa)KeM IaJjbIle).

ITocmoTpuM, uYTO HaA0 cAesaTb, uTOOBl MmO GYHKIUU y(x) us
C'la,b] monyuurs umciao F(y). Cmauanma Hamo mpoxuddepeHIHpO-
BaThb Y (x). 3aTeM HaJIO MMOACTABUTS Y (X) BO BTOPOU apryMeHT, a y’ (x) —
B Tperuit apryment ¢yurmuu f(x,y,z). Torga moayuurcsa GyHKIUS
OOHOM TepeMeHHOI, KOTOpas UHMCJY X CTAaBUT B COOTBETCTBUE UMCJIO
f(x,y(x),y' (x)). A B 3aKgoOUeHHMEe HAIO B3ATh HHTErPaJ OT ITOU
GyHKIMU, 1 TOTAA HMOJIYUUTCA HUCKoMoe umcyio F(y).
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BepueMcs Ha KOPOTKOe BpeMs K IBEHAAIIATOMY pacckasy. B mep-
BOM IIYHKTE 9TOT0 paccKasa Oblja IIOCTaBJeHa 3aJadya O MUHUMU-
3aIUy UJIW MaKCUMHU3anuu (PYHKIUA HECKOJbKUX IEePEeMEHHBIX P’
OrpaHMUYEHUAX THUIIA PABEHCTB M HepaBeHCTB. Eciau Obl HepaBeHCTB
He OBLTO, TO 3aZava MPUHAMA ObI TaKOW BU:

(83) Fo(x) —» min (max), F;(x)=0, i=1,...,m,

roe x = (xX1,...,%,), a Fij(x) — GOyHKIUM n mepeMeHHBIX (MBI CO-
3HATEeJbHO 3aMEHWJIM MaJjble OYKBBI f; Ooubinmumu F;).

IaBaiiTe Temepb M3y4yaTh TOUHO TaKMe ’Ke 3aJauu, TOJbKO 3[eCh
F; — He QYHKIUU MHOTUX IIePEeMEHHBIX, a BBeJeHHLIE BEIIIEe (PYHK-
nmuoHansl Tuna F(y). @yuknmonansl tuna F(y) Ha3bpIBalOT QYHKUU-
OHANAMU KJLACCULECK020 8APUAUUOHH020 uciucieHus. Ilpumepsl ux
BCTPETHJINCH y Hac B IPeAbIAYIIMX MyHKTaxXx. Hampumep,
B (QyHKmMoHane AauHBL [(x,y,2) = 1422, B QyHKOUOHATE
mimomanu f(x,y,z) = y, B dyurnuonane M. Bepuymmu f(x,y,z) =
=vV1+22/\/2gy u T. 1.

Ilycty nmamee saman Habop GyHrIWMI fo(x,y,z2), f1(x,y,2), ...,
eees fm(x,y,2). PaccmoTpuM cooTBeTCTBYOIIE UM (GYHKIIMOHAJIBI Ba-
puanuonHoro ucuuciaesuda Fo(y),F1(y),..., Fn(y) 1 caenymoIilyo Ba-
pUaIMOHHYIO 3a7auy:

(31) FO(y) — min (max), Fi(y):ai’ i:13'--,m5

rae QyHKIuUM y(Xx) YOOBJIETBOPAIOT KPaeBBIM YCJIOBUAM Ha KOHI[AX
orpeska [a,b]: y(a) = yo, y(b) = y1.

Ee masbIBaloT usonepumempuyeckoil sadayeil KJIaCCHUUECKOrO Ba-
PHUAIMOHHOI'0 MCYUCJICHUS.

Muo:xectBo GyuKnuii y(x) Ha Cl[a,b], yIOBIETBOPAIOIINX YCJIO-
BuamM Fi(y) = o, i = 1,...,m, y(a) = yo, y(b) = yi1, HaA3LIBAIOT
donycmumvimu 8 3adaye (31).

Ecnu orpamnuenuda tuna F;(y) = @, OTCyTCTBYIOT, TO 3ajadya IpU-
HUMAaeT BHU[

b
(32) Fo(y) — min (max) <= (fo(x,y(x),y (x))dx — min (max)

a
mo BceM y(x) tarkum, uto y(a) = yo, y(b) = y1, u 3amauy (32) HaA3BI-
BaIOT npocmeiluieil 3adayeil KJIACCUUYECKOTO BAPUAIIMOHHOTO HCYMUC-
JIEHUA.

3amaua 0 OPaxXMCTOXPOHE OTHOCUTCA K UMCJIY IIPOCTEHINNX, BTO-
pas sagaya J{UAOHBI — K UMCJIY U30IEPUMETPUUECKUX (C 3TUM U CBA-
3aH TEePMUH <«H30IePUMETPUUYECKUi» B IPUMEHEeHHU K 3amade (31)).
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3amaua HpioToHA He OTHOCUTCA HU K TOMY, HU K APYroMy THUIIY,
u6o TaM MMeeTCs AOMOJHUTEeNbHOe orpanmuenue y' (x) > 0, KoToporo
HU B (31), HU B (32) HeT.

BosaukaeT BOIPOC, KAK ONPEIEIUTh MOHATHE JIOKAJIBHOTO MUHU-
mMyMa (MakcuMyMma) B 3azaue (31). Hasa sToro Hamo 3amaTh KaKYIO-TO
«Mepy Oumsoctu» dynruuit us Clla,b] gpyr k¥ apyry. B KadecTBe
Mephl O6auzocty GyHKIuM y(x) K QYHKIUU, TOKIECTBEHHO DPAaBHOM
HYJII0, 0epyT YHCJIO

Iyl = max ly(o)| + max |y )],
(ero HaswpIBAIOT HOpMOUL GYHKIUU Y(x)), a B KAUeCTBe MephI 6JIM30CTH
dyurmit y1(x) 1 ya(x) — uwucuao ||y1 —yz|l1. B npocrpauncrse Cla, b]
HOPMa BBOAUTCS TakK:
[yllo = max |y(x)].
x€la,b]

Temepsr ompegeneHre JIOKAJIbHONO MUHHNMYMa CTAHOBUTCS COBEP-
IIeHHO aHAJIOTUYHBIM oIlpefeseHnio 1 w3 OBEeHAAIIATOrO paccKasa.

OnpegeneHnue. ['ogopar, uto pyrknusa y(x) docmasniem Jo-
KanvHotit MuHumMym (maxcumym) 6 3adaue (31), €CiIu MOYKHO YKasaThb
Takoe € > 0, uTO OJA Bcex OOTMYCTHUMBIX B 3amaue (31) (QpyHKIIUI,
YIOBJIETBOPAMOINX HEPABEHCTBY

ly -yl <e,

BBITNIOJIHEHO HepaBeHCTBO Fo(y) > Fo(y) (Fo(y) < Fo(y)).

BosHukaeT Bompoc: Kak perraTth 3agauy (31)?

HamoMHMM, B yeM COCTOAJ TPUWHIUI JlarpaH:ka B IpPUMeHEHUU
K 3agaue (3). OH cocTOAJ M3 ABYX YTBEP:KICHUIM.

1) Huna sagaum 6e3 OrpaHMYEHUN HEOOXOAUMBIM YCJIOBUEM BJKC-
TpeMyMa B TOUKEe X SABJISAETCS COOTHOIIEHUE

0(x) =0
(reopema ®epma).

2) lna pemieHud 3amauu (3) Hao cocTaBuTh GyHKHUIO Jlarpan:ka
U 3aTeM MOCTYIUTh C Hell TaK, KakK OyATO IepeMeHHBbIe He3aBUCUMBI
(T.e. Hy}XHO IpUMeHUTH Teopemy DPepma). Bropoe yTBep:KIeHUE MBI
HasBayiu npuHDunoM JlarpaH:xa.

B mpumeneHun K 3amaue (3;) BCe OKA3bIBAETCSA COBEPIIEHHO aHAa-
goruuHbIM. ToabKo Teopemy DPepma TpedyeTcsa IIEPEOCMBICIUTD.
HNMmenHO, UMeeT MecTO CJIeAyIOIas TeopeMa.

Teopewma (ditnepa). IIlycmev 6 npocmeilueii 3adayve (32) fo —
HenpepuvléHo Oupepenyupyemas GyHKuus mpex nepemernnuvix. Tozoa,
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ecau QyHKyua y(x) docmasnsem JNOKANbHLLIL dKcmpemnym (MUHUMYM
uau maxcumym) npocmeiiuteii 3adaue (32), mo oHa ydosaemeopsem
caedyrouemy YpasHenuw:

%fo;/ (¢, Y(x), Y (%)) — foy (x, Y (x), ¥’ (x)) = 0. e

OHO HaBbIBaeTcA YpasHeHuem Iinepa 3ajaum (32). Ero momyctumbie
pellleHUsT HA3BIBAIOTCS CMAYUOHAPHLIMU TOUYKaMHU 3ajauu (32), WU
ee IKCMpemarimu.

YpaBuenue (1) u aABIAeTcA pacimu@pPOBKON ypaBHEHUA THUIA
Fy(x) = 0 B mpuMeHeHMM K IpocTeiiuieii sazade. 9TOT (PAKT MbI
mocrapaeMcs OOBACHUTH B ciemyiomeM nyHKTe. OTMeTwMM, 4TO AJIA
pelleHNs KOHKPETHBIX 3aJau He TpeOyeTcsa MOHMMaHWUs, OTKyaa Oe-
perca ypaBHenue (1). Takum oO6pasom, aaropuT™m (umayuiuii ot Iityie-
pa) HCCIIeTOBAHUA MPOCTEUINMX 3aJad COCTOUT B CJAELYIOIIEM.

Hysxcno Hauimu e6ce pewenus ypasnenus (1) (a onu 3asucam
om 08yx napamempog), Komopvie npoxodam uepe3 O0aHHble MOUKU,
u evibpamv cpedu Hux me, 0as Komopvlx QYrHKyuoHar Fo npunu-
maem HaumeHvwee (Haubonvuiee) 3HAYEHUE.

HetpynHo mnoKasaTh HeHOCPENCTBEHHBIM auddepeHIIUpOBaHUEM,
uyTo ecau fo He B3aBUCUT OT X, TO ypaBHeHue (1) momyckaer cJe-
IyIOIllee COOTHOIeHue («HHTerpas»):

foy (¥(x), ¥ () — ¥ (%) foy (§(x), Y (x)) = const. 1)

Wuaue roeops, Jioboe pelieHune ypaBuHeHuA (1) yZoBIeTBOPAET COOT-
vomrenuo (1').

Yro e Kacaercs obmieit samauu (31), TO K Hell meron Jlarpam:ka
npuMeHuUM 0e30 BCAKUX wusMeHeHuii. Hy:KHO cocTaBUTh (PYHKIIHUIO
Jlarpan:ka

L =MFo(y) + MF1(y) + ... + AnFr(y).

Ee moixHO 3ammcaTh Tak:
b
2 ={f(x,y(x), 9y (%) dx,

a
rae

f(x, y’ 2) = )\OfO(x’ Y, 2) + Alfl(x’ y’ 2) + ...+ Amfm(x, ya 2)'
n gajiee cJjenyeT IIOCTYIIaTh TaK, KaK 6y/1'1‘0 MBI IMeeM [eJI0o C Ha-
XOXOeHueM OJKCTpeMyMa (I)yHRI.II/II/I g, a (byHKI_II/II/I Yy He CBA3aHBbI.
HNuaue T'OBOpPdA, HagO HAIIMCaTh YPaBHEHUE Bfmepa

d

d
afy/—fy:() <~ %(Aofoy/—F...—F)\mfmy/)—(A0f0y+...+Amfmy) =0.
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Bce ckazaHHOe OCHOBBIBaeTCsA Ha CJeAyIoIeil TeopeMme.

Teopewma (mpaBuio MHOKHUTeJell Jlarpau:ka [IJaA M30IEPUMET-
puueckux 3samad). Ilycmv Qyurxyuu fo,...,fm HenpepvieHo Jughge-
peryupyemot. Tozda, ecau Qyurxuyus y(x) docmuzhem JLOKAALHOZO
axempemyma (MUHUMYMA UAU MaKcumyma) 8 3adaye (31), Haildymea
yucena Ag,...,An, He paBHble HYNLIO O00HOBPEMEHHO U makKue, 4mo
6bLNOJIHEHO YpasHeHue Jiaepa

%(AOny’ (x’ ?/\(JC), yl(x)) +.oo0+ Amfmy’ (x’ ?(x), y/(x))) -
— (Rofoy (x, Y(x), Y (X)) + .o + Anfmy (x, Y (%), ¥ (x))) =0. (2)

HomycTuMmble pelleHuA ypaBHeHU: (2) HA3BIBAIOTCA CMAUUOHAPHLIMU
pewenHuamMU.

IIpaBusio muoOKuUTenelr JlarpaHs;kKa IIO3BOJIAET JaTh TaKOW PEIEIT
moMCKa perieHuA 3amauu (31). Pas6buBaem ero Ha Te Ke 4 sTama.

1°. dopmanusanusa 3agavuu.

2°. IlpumeHeHMe NIpPUHIIUIA JlarpaH:Ka, T.e. COCTaBJIEHHE ypaB-
HeHUA (2) coBMecTHO ¢ ypaBHeHuAMu F;(y) = @, W TPaHUUYHBIMU
yenosuamu y(a) = yo, y(b) = yi.

3°. HaxokaeHUe BceX CTAIlMOHAPHBIX PEIeHUI.

4°. OT6op cCTAIlMOHAPHBIX pEIIeHNil, ABIAIONINXCSI peIlleHuAMHI
3aaumn.

IIpyMeHUM STOT AJTOPUTM K PEIIeHWIO0 HAIIUX [ABYX B3ajau —
0 OpaxucToXpoHe u IUITOHBI.

Pemenwve 3agauu o 6paXUCTOXpPOHE.

1°. 3agaua o OpaxMCTOXPOHe ObLIa yiKe (opmMaam3oBaHa HaAMU
KaK IIpocTeiInas 3ajada C

2
fola,y,2) = —V;g

(He 3aBUCHUT OT X).

2°. HeobOxomgmMmMoe yCcIOBUEe — ypaBHeHHUe Jiljepa
d
any’_nyZO

IOIIYCKAeT WHTErpaj
/1 +y/2 B y12 B
v 28y V1+y'2\/2gy
= const — \/ry/z\/ljz C, (%)

rge C — HeKoTOpasg KOHCTaHTAa. BCIOMHUM, UTO MMEHHO K 3TOMY
COOTHOIIIeHNI0 u mnpuinena cam V. Beprysau.

fo — Y'foy = const <
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3°. HaxomogeHue cTaAaUOHAPHBIX TOUYEK — ITO HAXO-
JKAeHUe pelreHuit ypaBHeHua (%). Ho aTo ypaBHeHme OBLIO IPOMH-
TerpupoBaHo HamMu. IIpwm 3TOM OKas3ajoCh, UTO PEIIeHUsS ero — 3TO
CeMeMCTBO ITMKJIOML.

4°. B cegpMoM pacckKase OBLIO IIOKA3aHO, UTO MMEEeTCS JIUIIb OJHa
JOMYyCTUMASA IUKJOUAA M3 IMOCTPOEHHOTO B IIPEABLIAYIIEM IIYHKTE ce-
meiictBa. OHA u OymeT pelreHueM 3aauu (9TO, KOHEUHO, eIlfe HYKHO
000CHOBATH).

Pemenue BTopo# 3amauum [{lumgoHBE

1°. 3agaua [IumonHbl ObLIa yiKe (hopManm3oBaHa HAMU KaK M30IIe-
puMeTpuUecKas sagada ¢ fo(x,y,2) =y, f1(x,y,2) = V1 + 22,

2°. Ilpunnun Jlarpamxka. Cocrasiasgem cymmy f = Aofo-+A1f1 U BEI-
OHUChIBaeM ypaBHeHHe IJiiaepa

/
% 1%y/272k0:0. (+%)

3°. PemaeM moJiyueHHOE ypaBHEHNE, YVUUTHIBAsA, 4TO ecau Ag = 0,
To y = 0 (upoBepbTe, yuTsA I'PAHUUYHBIE YCIOBUA), UTO BO3MOXKHO,
Jums ecau | = a. 3HaumT, ecam | > a, MOXKHO CUMTATb, 4TOo Ag = 1.
Torga us (**) moaydaem

/

d Y Ay y
~ 2 =1 — =x+c = =Cx+D —
dx 1 /1+y/2 /1+y/2 /1+y/2
12
— yim:(Cx+D)2 _, 4y _  E(Cx+D)
1+y dx \/1— (Cx+ D)?

(Cx + D)dx 1
= dy=+——""""T"_ — d(yt=v/1-(Cx+D)?2)=0 =
y 1— (Cx+ D)2 (y C ( ))

= (x+a)+ (y+b2=ri

ITonyunioch ceMelCTBO BCeX OKPYsKHOCTEMH.

4°. HerpynHo Temepb HalTH HY:KHOe perenue. Ecau a <l< ma/2,
TO B IIOCTPOEHHOM CeMeICTBe OKa’KeTCs eIWHCTBEHHAsd OKPY:KHOCTH
oInuHbl [, mpoxopagAmias ueped Toukum (0,0) u (a,0). Ecau xe [ >
> na/2, TO pelleHWEM OyZEeT IMOJYOKPY!KHOCTH C IIEHTPOM B TOYKE

a 1 a
(E’ E(l — 71:5)) pazuyca a/2, «IomojaHeHHas» orpeskamu x = 0,
O0<y<l—rna/2, x=a, 0<y<!l—rna/2 (cm. puc. 55).

OTMeTuM OTJIHYME HAIIUX pPeIIeHWil B paccKase TPUHAAIATOM
U 37eCh.

Tam samaum OBLIM HWCCJENOBAaHBI IO KOHIIA. 3[eCh BCe-TaKM OCTAa-
eTcsd HeONpeneieHHOCTh, CBA3aHHAS C CYIIEeCTBOBAHWEM pPeIIeHUd.

CyilecTBoBaHME peIIeHUsA B 3aJadaxX BapPUAIMOHHOIO KMCUYMCJICHUS
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JOKa3bIBaeTCs TPyAHee, YeM B KOHEUHOMEPHOM cjaydae. Bojee Toro,
TaM YacTO PeIIeHus IIPOCTO He CYIIecTByeT. BoT Hampumep, B TOJBKO
YTO mCCJeNOBaHHOI 3amaue JumoHBI mpu [ > ma/2 pelieHus B OOBIU-
HOM 3HAUEHWHU He CYIIeCTBYeT, M00 MOIHSATAA MOJYOKPYIKHOCTb, «IO-
TOJIHEHHAsA OTPe3KaMu», He eCTh MYHKIuA y(Xx), COeAUHSIONIas TOY-
ku (0,0) u (a,O0).

31ech, KaKk rOBOPAT MaTeMaTUKU, MMeeTCsA «0000IIeHHOe» pellleHune.

He Tak mpocTo, KaK MOKeT MOKas3aTbCs, OOCTOUT Jeji0 U ¢ Gpaxu-
CTOXPOHOI, 100 IIUKJIONAA He HempephiBHO auddepeHnupyema, T.e.,
WHaue IOBOPSA, PEIIeHMWe 3amadyud O OpPaxXMCTOXPOHE He CYIIeCTBYeT
B TOi COBOKYIHOCTH GyHKNuii (B mpocrpanctee C1[0,a]), B KoTopoii
paccMaTpuBajiach camMa 3ajzaua.

3uamenuTomy mMateMaTuky XX Bexa laBuny I'mabbepry (ero cio-
Ba OBLIM TIOCTaBJIEHBI smuUrpadoM K 3TOMY paccKasdy, U K HUM MBI
ele BEePHEMCs) MPUHAIJIEKUT HAES O TOM, UTO J00as eCTEeCTBEHHO
IOCTaBJIEHHAS BapHAIMOHHAS 3aaya JOJKHA MMETH PellleHre, «eCJHn
B CcJydae HeOOXOAMMOCTU CaMOMY IOHSATHUIO PellleHus IPuJaTh pac-
IIUPEHHOe TOJKOBaHUE>».

W neiicrBuTeNbHO, uAes I'mapbepra ompaBALIBAeTCA B OGOJBIIHUH-
CTBe 3a/a4, B YaCTHOCTHU B 3a7aue 0 OPaxMCTOXPOHe, 3amade [[umouHbl,
a TaKsKe B ABYX 3ajauax, KOTOPbIe ObLIM CHOPMYJIUPOBAHBI B KOHILE
ceibMOr0 pacckasa. K pelreHuio mOCJeAHUX MbI MPUCTYIIAEM.

Bagaua Jlonurtaag. 1°. Popmanausamud. Bpemsa pac-
npoctpaHeHusa cBera or Touku (0,y¢) Ao Touku (a,y;) AJd Cpenbl,
Tle CKOPOCTHh DAaCIPOCTPAHEHUA 3aBHUCHUT JIUIINHL OT BBICOTHI J U PaB-
Ha U(y), BBIpA’KaeTCa MHTETrPaoM

¢ N / 2
7(y) = { O dx
0

Ins Toro uTobbl yOeAUTHCS B 9TOM, HYKHO ellle pa3 IIOCMOTPETh Ha
dbopmyay (2) B pacckase cegbMoOM. B mTOre moJsiyuaeTcsA CJeLyroIas
mpocreiias 3ajada KJIaCCHUYEeCKOI'0 BApPUAIMOHHOTO WMCUMUCJIEHU:

§ V14 (Y (x))2
Yy

0

y(0) = yo, y(a) =y (fo(x,y, z) =

dx — min.
\/1+z2)
— )

2°. Heo6xogumoe ycaioBue — YypaBHeunme OIitmepa. OHO
IOIyCKAeT MHTErpaj, KOTOPLIM MBI U BBHINHCHIBAEM:

fo — y'foy = const <= y\/1+y'2=D.
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3°. Haiimem crammoHapHbIE TOUYKH:

yWity?=D — 752‘1{!/2 —dx —

ydy
N
VYpaBuenue Jitjiepa IPOUHTETPUPOBaHO. Ilogaydymau ceMeicTBO IMOJIY-
OKPYJKHOCTel ¢ meHTpaMu Ha ocu Ox.

4°. Jlerko moHATH, 4TO ueped Jrobble aBe Touku (0,y0) u (a,y1)
MOJKHO IIPOBECTH OAHY U TOJIBKO OOHY OKDPYsKHOCTH HAIIIeTO0 ceMeii-
cTBa. OTa OKPY/KHOCTh M OyAeT pellleHHeM B3ajaud, HO JOKa3aTelb-
CTBO 3TOTO — 3a IpeAesiaMU HAIIMX BO3MOKHocTe#. Te Jce camvie
NOAYOKPYHCHOCMU ABLAIOMCA NPAMbIMU 6 uHmepnpemayuu Ilyaunkxa-
pe naockocmu Jlobayesckoezo.

3amjavya 0 MUHMMAJbHON MOBEPXHOCTH BpAIleHUHd.
1°. ®opmanusanuas:

§yV1+ (7 ()2dx — min, y(x0) =yo, y(x1) =y

BecmovMuuM: (QYHKIIMOHAN «IJIOMIAAb ITIOBEPXHOCTU BPAIIEHU»
y°Ke BBINMMCHIBAJICSI HaAMU B KOHIIE CEIbMOI0 paccKasa. 37ech ObLI
oTOpoIlleH JuIllh MHOKUTeJAb 27m. Takum o0pasoM, B paccMaTpuBae-

MOM cJIydae
fO(xay’Z) =YV 1 +22-

2°. Heo6xogumMoe yCcJa0BUe — ypaBHeHHe Jiijepa, Jomyc-
Kaolllee MHTerpajl, KOTOPBIA U BBLIIIMCHLIBAETCS:

= x—Cy = — (x—C1)?+y?=D2

dy
D2y2 —1
3°. HaxoXageHue CTAIMUMOHAPHBIX TOUeK (3KcTpeMa-
Jgeit). Pemmum ypaBHeHMe 13 I. 2 C IOMOIIbIO IIOACTAHOBKI:

1 /2
fo — y'foy = const —> Lzy =D?> — = dx.

¢ —t -t
Dy_e+e :>Ddy—(e e )dt,
W GLEal —
y
_ ePx+D1 +e*(Dx+D1)
y= 2D
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Kpusasa
y= (P +eP)/2

Ha3bLIBAETCA UEnHoil JUuHUell.

4°. MuI moKasaJii, YTO €CJM pellleHre 3aJauyd 0 MUHUMAJLHOI II0-
BEPXHOCTHU CYIIECTBYET, TO KPUBAasl BPAIIEHUS — 9TO IeIMHAas JUHUA.

Temepb cHOBa BepHeMcsA K o0cy:kaeHU0 ujaeu I'manbGepra o6 00600-
IIeHHOM pellleHuu. B 3amaue o OpaxuUCTOXpOHe W B 3ajaue Jlomu-
Tajgsa pelrreHue ObLIO HalileHO HaMu. JOTO He 0000OIeHHOe peleHue,
a «Hacrodmiee». IIpaBma, M B TOM W B APYrOM cJydae SKCTpPeMau
He ABJAITCA HEIPEPbIBHO aud@depeHIupPyeMbIMU (PYHKIUAMU, €C-
JU OpAMHATA OJSHOM M3 KOHIIEBBIX TOueK paBHa HYyJio. (Bmpouewm,
B 3amauve JlomurTassa M3 TAaKOH TOUKU CBeT OyOeT PAcCIpPOCTPAHATHCS
«becKOHeUHOe BpeMsA», TaK UTO U3 (PUBUUECKUX COOOPaKeHUHN TOUKHU
C OpOMHATOM HYJb W paccMaTpUBaTh He HYKHO.)

B sagmaue [Mumonbl ObLIO HaiimeHo perrenme npu [ < na/2 u 06006-
meHHoe pelieHue npu [ > na/2. B 3amavye 0 MUHUMAJbHOM ITOBEPX-
HOCTH JneJsio obcTouT OoJjiee CJIOKHBIM obOpasom. Tam wmHOrzma KJjac-
cuuecKoe pellleHWe CYIIecTByeT, mHorma — HeT (cMm. puc. 56, rme
X0 = —a, X1 = a, Y1 = Yo). Ecam KacCUUEeCKOT0o DPeIIeHud HET, TO
MHHHEMYM [JOCTABJIAET 000OII[eHHOE PeIlleHNre, COCTOAIee M3 OTPE3KOB
x=—-a, 0<y<uyop x=a, 0 <y < y1, COEIUHEHHBIX OTPE3KOM
y =0, —a < x < a (puc. 56, a). B sTom ciayuae «IOBEPXHOCTH
BpaIl[eHuA» COCTOUT U3 ABYX AUCKOB, COCIUHEHHBIX «II€PEeMBIUKOM»
y=0, —a < x < a (puc. 56, 6). B cayuae Xe, Korma sKCTpeMaJb
CYIIIECTBYeT, HaJ0 BHIOpATH MUHUMYM 13 KJIACCHUUECKOTO 1 000OIIeH-
HOT'O pPeIleHU.

a Yy 0 Y

2
%
_

4. O6 mcTopUMHU BapHAIUOHHOTO HMCUMNCJeHHUA. B mpe-
OBIAYINEM IIYHKTEe MbI OOBSCHUJM COJep:KaHWe TepMUHA <«BapUalu-
OHHOe HucumucjaeHme». Temepb yMeCTHO paccKasaTh 00 MCTOPUYECKOM
PasBUTUU ITOTO HAIPABJEHUSI WM O IPOUCXOMKAEHUU CAMOTO TEPMHHA.

Bce mauajsoch, KaKk MBI IIOMHHM, C OpaxXMCTOXPOHBI — 3amadvwu,
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nocrtaBgeHHoi Moramnom Bepuymam B 1696 roxy. Ora samaua mpu-
BJIEKJIa BceoOIllee BHUMAaHUE, M BCKOpe OBLIO PEIlleHO eIlle HeCKOJIbKO
nofo0HBIX TpobseM. O HEKOTOPHIX YIOMUHAJOCh — BCIOMHUM MU-
HUMAJbHYIO MOBEPXHOCTHL BpallieHuda u 3amauy Jlomurana. U omATs-
TaKW IJd KaKIOM 3aJauyM M3BICKMBAJICS CBOM CIIOCO0 MCCIIeIOBAHUA,
XOTsi OBLJIO ONIYIIEHWE, UTO BO3MOYKEH eIMHBIN II0AX0J KO BCEM IPO-
6JieMaM pPacCMOTPEHHOTO THIIA.

Torpa Morann BepHysiu mocTtaBuJl Iiepel, CBOUM ydYeHUKOM Jleo-
HapaoM OijaepoM MOpobdJeMy H3BICKATL OOIIYI0 METOAUKY PeIleHMs
Bcex oTuX 3amad. Y Oiigep cosmaa Takoul meton. B 1744 romy BuImiesn
MeMyap Oujiepa, KOTOPBIiI TaK M Has3bIBaAJCcsa «MeTom HaXOMKIEHUST
KPUBBIX JUHUHN, 00JIafaloIUX CBOMCTBOM MAaKCHUMyMa WU MUHUMY-
Ma, WJIU PelleHre H30IePUMeTPUUYECKON B3ajauu, B3ATOM B cCaMOM
obmeM Buae». Meronm ditiepa COCTOSJ B TOM, UTO OH HAIeJ ypas-
HEeHUe, KOTOPOMY [HOJIKHA YIOBJETBOPATL «KpHUBas JUHUA, obJama-
IOIl[asg CBOMCTBOM MAaKCHMyMa HJIM MUHHMYyMa». 9TO ypaBHEHUE YiKe
OBLIIO BHIIMCAHO HaMu. ETo cTaju HA3BIBATh YpasHeHuem Iijepa.

O6paTuM BHUMAaHWE HA CJIOBO «M30IIEPUMETPUUECKUIi» B HasBa-
HUU dHIepoBcKoro Tpyaa. C m3omepuMeTpUYEecKOo 3aJauu MBI Haua-
Ju Hamy KHury. Kakoe ke OoTHOIeHUWe OoHa mMeeT K Iinepy? Hamo
CKas3aTb, UTO OWJep PpeIInJ CBOMM METOAOM M KJACCUUYECKYI0 H30-
mepuMeTPUUECKYI0 3amauy. B Ipyrux ke MHOTOYUCJIEHHBIX CIydasX,
KoTophle Jitep cyMmes pasobpaThb, OrpaHUUYEHUS He MMEJH OTHOIIIe-
HUS K JJIUHE KPUBOH, K ee mepuMeTpy. Ho B TepMHUHE «H30IEpPHU-
METPUUYECKUI» OTPAa3!UIach IIPEeMCTBEHHOCTL HAIlell HAYKU, U C TeX
IOP OH 3aKPEInJICH.

3HaMeHaTeJ bHOE coObITHe mpousolnio B 1759 roxy. Torma coscem
emte MoJsomoii JlarpaH:;k HamucasJ cBoe IIepBOe COUMHeHHe, KacaBIlee-
ca Toit ke Tembl. OH mofoOIlesN K Hell ¢ APYyroil CTOPOHBI M HACTOJIb-
KO yZauHO, YTO ¢ Tex mop meton JlarpaH:;xa (HasbIBaeMblii MHOTAA
MEeTOZOM BapHualluil) cTajJ OOIenmpPUHATHIM. PaboTa mpuBesa Iijaepa
B BOCXWIIIEHWE, U OH OTKAa3aJicid OT COOCTBEHHBIX PaspabOTOK Ha 3Ty
TeMy, JaBasg BO3MOYKHOCTH MOJIOJOMY YUEHOMY CAMOMY JOBECTU CBOU
3aMBICJIBI O KOHITAa. Bech HOBBIN pasfies MaTeMaTHKU Jijep HasBas
«BAPUAYUOHHBLM UCHLUCTLEHUCM» .

B uem ke coctouT meron Jlarpansxa? Uro Takoe Bapuamusa?

Bepuemcs k 1. 2 [OBeHAAIIATOTO paccKasa, TI'e MBI BBLIBOIUJIN
KOHeUHOMepHYIo Teopemy Pepma. HamoMHUM HaIM paccy:KIeHUS.

IIyets y = fo(x) — QYHKOUA n IEepeMeHHBIX X = (X1,...,Xp).
IIpenmonosxkum, uTo oHa AuddepeHIEpyeMa U JOCTUTAET JOKAJIbHOTO
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BKCTpeMyMa B TouKe x. Torjga sfcHO, uTo (GYHKIUA OJHOH Iepe-
MEHHO

g(A) = g(A’]) = f0(5C\1, ”"%j—la%j + Aa %j—&-la ~°'a%n)
OOJIXKXHA MMeThb MUHMMYM B HyJe, W, 3HAYUT, IIO (O,Z[HOMepHOfI) Teo-

peme Pepma TOJIKHO MMETh MECTO PABEHCTBO

/ _ of (%)
g(0)=0 = ij

=0.

JlarpaH;X B TOYHOCTM TOT ’Ke NIPUEM HOPUMEHUJ K IIPOCTEeHIei
3a7laue KJACCUYECKOI'0 BaPMAIIMOHHOTO WMCUYUCJIEHUS:
X1
F) = {(x,y(x),y (x))dx — min (max),
%o 1)
y(xo) =yo, y(x1)=y1.

ITocnenyem 3a wmbIcabio Jlarpamska. HomycTum, uTo QYHKIUSA
f(x,y,2) B (1) HenpepsiBHO nuddepeHnupyemMa, a GyHKIuoHax F(y)
JOCTUTAeT JIOKAJHLHOTO MHHHMYyMa Ha HeIpPephIBHO AuddepeHIUpye-
Moii KpuBoii J(x). Bosbmem Temeps «Bapumaruwo» y(x). Tounee, Boab-
MeM JI00yI0 HempepbiBHO AuGdepeHIUupyeMyl KpuByio y(x), KOTo-
pas obpamraercad B HyJab Ha KoHHax: Y(xg) = y(x;) = 0. Torma
«Bapuanus» y(x), T.e. go6aBka K J(x) QyHKIuM y(X), YMHOMKEHHON
Ha J1000e 4Yucjio A, He BLIBOAUT HAC M3 COBOKYIIHOCTH MIOIYCTH-
MBIX KPUBBIX — BCe€ OHU OyAyT IPOXOAUTH dYeped TOUKU (Xg, Yo)
u (x1,y1). CremoBaTenbHo, MYHKIMA OLHON IIePeMEHHOMN

at

g =g y) =FG+ W) = { (2, 5(x) + Wy (x), 7 (x) + Ay (x))dx

Xo
TOJKHA MUMETh JIOKQJIbHBINI MUHUMYM B HYyJe, U, 3HAUUT, CHOBA MOXK-
HO BOCIIOJIB30BATLCA OXHOMEPHOU Teopemoir Pepma. M3 sT0ii Teo-
pembl BeiTeKaeT, uro g (0) = 0. Temepsr Hys:kHO BhIumcauthb g’ (0).
B ananmmse moKasbIBaeTcs, UTO NPU HAIIUX [TOMYIIEHUSAX O HeIpe-
peiBHOI nuddepennupyemoctu f(x,y,z) u y(x) Bo3MOKHO audde-
PeHIIUPOBaHMe IIOJ] 3HAKOM WHTerpajsia. Eciu mpojesaTbh HECJIOKHBIE
BBIKJIQJKW, TO IIOJIy4aeTcs, UTO

X1

g'(0) = {(a@®)y(x) + b(x)y' (x))dx, (2

Xo
rae ueped a(x) 0603Haqua byHKIIUS a—y(x y(x),y'(x)), a uepes

b(x) — dyHKnuA 3y ,(x y(x),y (x)).
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Nrak, Bcien 3a JlarpaHskeM MBI IPUILIN K TaKOMY pe3yJbTaTy.
Ecau y(x) gocTaBiseT JOKAJIbLHBIM MUHAMYM WJIM MaKCUMyM B IIPO-
cretimieii 3agade (1), To muia r060i HenmpepbIBHO AubdepeHIUPyeMoit
dyarIUU y(x), ecam TOJBKO OHA oOpalmaeTcad B HYJb Ha KOHIIAX
Y(x0) = y(x1) = 0, BBIIIOJIHEHO DPaBEHCTBO:

X1
§ @)y (x) +b(x)y' (x))dx = 0. ®3)
Xo
IIpomomxxum paccy:xkgenue. Haiimem Taxkyoo QyHKIHIO c(x), 4TO
X1 X1
d(x) = a(x) n Sc(x)dx = Sb(x)dx = B. Ona sroro moabepeM
X0 X0
KOHCTaHTy D Tak, 4TOOBI MHTErpaJ IO OTpesKy [Xg,x1] oT QyHKIUHM
X

c(x) = Sa(f )Yd¢ + D paBHamca 661 B. A Temeph IPOMHTEIpPUPYeM
Xo
mepBoe cyaraemoe B (3) IO dacTAM:

X1 X1

0= {(@@y(x) +b(x)y (x))dx = { (¢ (*)y(x) +b(x)y' (x))dx =

xo xo x1

= {(b(x) - c(x))y (x)dx.

Haxomer, caemraem mocaennuii mar. Ilomoskum j(x) = S b(&)—c(&))de.

X
X1 0

Torpa acuo, uto y(xo) = 0. Kpome Toro, y(x1) = S(b(x)—c(x))dx =0
X0
mo mocrpoenuio GyHKIMU c(x), orkyzaa y' (x) = b(x) —c(x). dT1o cue-

nyer us (opmynsl Heoroma—Jleitbruna. 3HaunT, ana y(x) EOJKHO
X1

BBINOJIHATECA paBeHcTBO (3), T.e. S(b(x) —¢(x))2dx = 0. Ho eciu
X0

HelpepbIBHAA (QYHKIUA IOJOKUTEJbHA, TO €e UHTErpajl He MOKET

paBHATBCA HyJI0. 3HAYUT, b(x) = c(x), T.e. MOKaA3aHO, UTO

b (x) = a(x),

d of ~ ~ of ~ ~ _
dx oy ® 9@, T () — 5 (65,7 @) =0. (4)

Tak BbIBOAUTCA ypaBHeHue Jiiaepa mo Jlarpamxky.
BcmomMuUTE: B OpeAbIAyIeM IMyHKTe 3TOTO paccKasa TOBOPUJIOCH,
uyTO ypaBHeHHe Jiiaepa — 5To pacmindpoBKa TeopeMbl Pepma aad
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mpocreiinieil 3agauu. 37ech CTAHOBUTCS SCHBIM CMBICJ 3TOTO BBHICKA-
3BIBAHUA: YpaBHeHUe Oiijepa ABJISAETCA CJIEICTBUEM TOTO, UTO «NPO-
ussodnas @yuryuonara F(y) 6 mouke § no awbomy HanpasJie-
Huw y(x) (y(xo) = y(x1) = 0) pasna ryawo». OrMeTuM eIre, UYTO BHI-
paskenue nia g'(0) mosyumsio HasBaHue sapuauyuu @yHryuonara F.

Ho Jlarpan:k He OCTAHOBWJICS JIHIIIL Ha MaTeMaTHUYECKUX IpobJe-
Max BapualuoHHOTO ucuucjeHus. OH, COOCTBEHHO TOBOPSA, W 3aHU-
MaJICA-TO MMU JIUIIL JJIA TOr0, YTOOBI MMETb BO3MOYKHOCTH IIPUMeE-
HUTH UX K OpobjieMaM ecTeCTBO3HAHWA. ['JIaBHBIM TPy ero KU3HU —
«AHaMTHYECKad MEeXaHMKa» — KHHUIra O ABUKEHHUSIX TeJ B IIPUPOJE.
B ocmoBe moaxoza JlarpaH:kKa K MeXaHUKe JIEKHUT BKCTPEMAaJbHBINA
IPUHIUII, KOTOPHIN HABBIBAIOT NPUHUUNOM HAUMeHbUlezo Oelicmeus.
ITpounniocTpupyeM ero Ha IIpocTeillieM IpuMepe.

IIycTs mapumy Macchl m IOABeIIeH (IJIA IPOCTOTHI — B YCJIOBUAX
HEBECOMOCTH) K IPY'KWHe, [JId KOTOPON IpuMeHUM 3akon I'yka
0 IPOMOPIIMOHAJIBHOCTH CHUJIbl HATSKEHUS IPYKUHBI €e OTKJIOHEe-
HUIO0 OoT meHTpa O. YUT0OOBI BIOCJEACTBUY OCTABUTH yiKe BBEJEHHBIE
0003HaUeHUA, MBI moABecuaIu NOPY:KuUHY 1o ocu Oy. IlepemelrieHue
mapuka Torga 3amaer GyHKRIUo y(t), rme y(t) — ero KoopamHaATa
B MoMeHT t. DPynrnua y(t) yZOBIeTBOPAET, KAaK WM3BECTHO, 3aKOHY
Hrrorona

my" (t) = —ky (1), (5)
KOTODPHIMl TJIACHUT: <«IPOM3BeJEHWE MacChl Ha YCKOPEHUe DPaBHO HOei-
CcTByIOIIEH cuie» (YCKOpeHWEe — 35TO BTOpasd IPOM3BOAHAA, a CHJA,
no 3akony I'yka, paBHa —ky(t), rze B — K03(hO(PUIVEHT TPOIOPIU-
onanbHOCTH). BhIpaskenue T = m(y'(t))2/2 HasbIBaeTCa B MeXaHHUKe
KuHemuueckoii auepeueii, V = ky?(t)/2 — nomenyuaivHOil dHepzu-
eil, a MHTErpaJyl OT PAa3HOCTM KWHETHUUYECKON W IIOTEeHIIMAJHHON SHEP-
ruii HaswIBaeTcsa OJelicmeuem. PaccMoTpuM 3agayy O MUHUMUBAINU
JeficTBUSA NPU 3aKPEIJIEHHBIX I'PAHUYHBIX YCJIOBUSX:

tq t 2 2
. my ky .
$(1 - Uydt = § (2 - 2) dt — min,
to to
y(to) =yo, y(t1) =ya.
Ecsnn manucarte ypaBHeHusa Jiyiepa mjid 3agauu (6), To MBI I IpU-
XOAUM K ypaBHeHUIo (H):

(6)

/2 2
_my” Ry o _
f_ B ) :>0y,—my,
oy dt'Y y
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Takum obpasom, emopoii 3axoH HbiomoHa — 2mo He umo uHoe,
Kax ypasHerHue Jiinepa 0as deiicmeus. Uiau emé: ucmuHHble 06U-
JHCEHUS ONUCLIBAIOMCA CMAYUOHAPHbIMU moukamu Jdeiicmeus. Ilpum
MaJIbIX BPEMEHAaX WMCTUHHASA TPACKTOPHUA M Ha CAMOM [ejle MUHUMU-
supyer geirictBue. IlosToMy TepMHH «IPUHIIUI HAUMEHbULEZO Ieii-
CTBUSA» OKasbIBaeTcs BEPHBIM IIPU MaJIbIX BpeMeHax. BooOie ke
IpaBUJIbHEE TOBOPUTH — «IPUHIIUI CTAI[MOHAPHOTO AEHCTBUSA».

W cuHOBa MBI CTOJKHYJUCH C TE€M, UYTO 3aKOHBI IIPUPOIBLI MMEIOT
IBOMiHOe onucaHue — «(puaudeckoe» U «9KCTPeMajibHOE», & BIIEPBLIE
pasroBop 06 9TOM 3allleJl y HAC B TPEThEeM PAacCKase W ObLI IIPOIOJI-
JKeH B ceabMoM. Tam miia peub 00 ONTHKE, M MUHUMU3WUPOBAJIOCH
BpeMs; 37eCh OIMCHIBAIOTCS IBUIKEHUS TeJd, W IPU DTOM MUHUMU-
3upyeTrcs gAedicTBue. B ONTHMKe HaAMM PaCCMaTPUBAJINCH «BOJHOBBIE
(GpPOHTEHI», T.e. TaKWe COBOKYIIHOCTH TOYEK, KyJa CBET HPUXOIUT
3a OOHO W TO Ke BpeMdA. SIkoOu (Bcaenm 3a 'aMuUIABTOHOM, KOTOPBIH
C 9TO! TOUKH 3PEHUS HCCJIEJ0BAJ OITUYECKHE SBJICHUA) IIPEIIOMKIII
paccMaTpUBATh aHAJOT'M BOJIHOBHIX (DPOHTOB M B 3ajJauax MeXaHUKU
(paccmaTpuBasi «(ppPOHTHI AeHCTBUA»), W BOOOIE B JI000U mpocTeii-
mreil 3azadye KJIACCHUUYECKOTO BApUAIIMOHHOTO MCUMCJIEHU.

A umenno, fIK0oOM HauaJ paccMaTPUBATH CJIEAYIOIIYVIO (PDYHKI[UIO
KOHIEeBON TOYKU S(x,Y), PaBHOI 3HAUYEHWIO MHTErpaja

X

V1 y(©), v (&))aE

Xo

HA 9KCTPEeMaJiu, MOCTABJSAIOIIE!l MUHUMYM, WU COCIUHSAOIIEN (DUKCH-
POBaHHYIO TOUYKY (X¢,Yo) C TOUKOH (X,Y).

fAcHo, uTO aMbas uacmv Ixcmpemanu, docmasaswuiell MUHU-
MYM, ABAAEMCA IKCMPEMAavI0, 00Ccmasaiouell MUHUMYM. ITO TPO-
cToe coo0pasKeHUe HA CaMOM Jejie ABJAETCA pPAcCIIN(GPOBKON A
o0ImIell cuTyanmuu mnpuHIHUNA [oilireHca B ONTHKe (0 KOTOPOM MBI
TOBOPUJIM B TPEThEeM pacCKase), W €ero TOXKe HasbIBAlOT NPUHUU-
nom I'tiizenca. Vcnonbaysa nmpuHnuin ['oiireHca u ypaBHeHUe Oue-
pa, HETPYIHO BBIBECTH ypaBHEHUE, KOTOPOMY YAOBJIETBOPAET (PYHK-
mua S(x,y). 9To ypaBHeHVe Ha3LIBaeTcA ypaBHeHUeM I['amunbmo-
nHa—Axo6u. Bo MHOrMX WHTEPECHBIX CJyYadX €ro yJaeTcda IIPOWH-
TEerpupoBaTb, M 9STOT METOJ [OaeT ellle OJHY BO3MOKHOCTb WCCJIe-
JOBaTh 3aJadyM KJACCHUYECKOr'0 BAapPHUAIMOHHOI'O MCUYMCIeHHs. Takum
00pas3oM, ABOMCTBEHHOCTHh OMMCAHUS ONTHUYECKUX SBJEHUH IIpUBesa
K ABOMHOMY ONMCAHWIO DPEIeHWiH JI000 3amauu KJIACCUUECKOro Ba-
PUAIMOHHOI'0 WCYUCJIEHUS.
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BepueMmcsa HecKoabKo Haszad, B XVIII Bek. Iasa Toro 4ToGbl MOMK-
HO OBLTIO M3BJEKATL CJEICTBUS M3 IPUHIIMIA HAUMEHBIIero maeiicT-
BUS, HEOOXOAMMO OBIJIO HAYUYHUTHCS peIlaTh 3aJayul BapUAIlOHHOTO
WCUYMCJIEHUS IIPY OrPAHUUYEHHSX 0OJiee CIOKHBIX, YeM M30IIepPUMeT-
puueckme, a UMEHHO TPeOOBAJIOCHh MCCJIEAOBATH 3aJauMd IPU CBAAX,
3azaBaeMbiXx auddepeHIUATLHBIMU ypaBHEHUAMU. llpuBeneM OXHY
00IIyI0 IIOCTAHOBKY (BocxomAlnyio K JlarpaH:ky), K KOTOPOH CBO-
IUTCSA OOJBINMHCTBO Hambojiee MHTEPECHBIX 3aJadu U3 IPUIOKEHUH.
Ilyers fj =fi(x, Y15+ s Yns215--4,20), i =0,1,..., k, E < n, QyEKIUN
2n + 1 mepemenHoii. PaccmoTrpum 3amauy

X1
Fo(y) = Sfg(x,yl,...,yn,y’l,...,y;,)dx—> min (max),

X0

fl(x7y19"-’ynay/17---7y:1) :O, e fk(x,y17---7yn,y/1,-~~ay;1) =0

OpU TFPAHUYHBIX YCJIOBUAX Y;(Xo) = Yio, Yi(x1) =y, i=1,...,n.
91y Bamauy HasbIBaloT 3adaueil Jlazpamnxca. Kaxk muiryrcesa nasa
Hee HeoOXOAMMBIE YCJIOBUS dKcTpemyMma?

Jlarpam:x OBLI yBepeH B TOM, YTO M dTa 3ajada [TOJKHA IOX-
YUHATHCA TOMY IIPUHIIUIY «CHATHSA OTPAHUYEHUH», KOTOPBIN 00-
cy:KIaJici B JOBeHaJIlaTOM paccKase M ObIJl Ha3BaH HaMU ITPUHITH-
nom Jlarpam:xa. B cooTBercTBMM C 0OI[MM 3aMbIcjoM JlarpaH:ka
ciaenyer HamucaTh (QyHKIuio Jlarpansxka um 3aTeM IIHMcaTh HEO0XO-
IUMOe VyCJIOBUE MJIA 3ajadyu Ha BdKcTpemMyM GyHKIuu Jlarpanska
OpU OTCYTCTBUU oTrpaHmueHuii. Ho Kax Ke BBITIAIUT (QYHKIIUS
Jlarpanska nus samaum Jlarpamsxka? W smech cHoBa JlarpaH:xk IIpo-
ABUJI MaKCHUMAJbHYIO PEIIUTEJbHOCTb. B KOHEYHOMEPHOM 3axaue
dyuxnua Jlarpan:xa — 9To cymMa (GYHKIIMOHATA, YMHOMKEHHOIO Ha
Yncao Ay, W IPOU3BEAeHMN (PYyHKIWH, 3aZaOIUX OTPAHHUYEHHUS HA
muoxxkuteau Jlarpamsxka. Ho 3smech, B 3amaue Jlarpam:ka, mMmeeTrcs
«CTOJIBKO K€ OTrpaHnyveHuii, CKOJbKO TOUEK X Ha OoTpe3ke [xg,x1]»,
moaTomy Jlarpam:K M TIPEAJOKNI YMHOMATDh i-€ YPaBHeHUE
fi(x’yl(x)7-*-vyn(x)’yll(x)’"'ay/n(x)) =0 Ha dbysEODuUL [(X)
apryMeHTa X, 3aTeM MHTETPHUPOBATH IO OTPE3KY [xg,x1]
W, HaKOHell, cyMMupoBaTh mo i. To ects Jlarpam:x saMeHUJ
YMHOKEHIEe Ha UHCJIa W IOoCJeAyolllee CyYMMHPOBaHUE YMHOMKeHHEM
Ha QYHKIIUK U TOCJEAYIOITNM HHTETpuUpoBaHUeM. B mrore QyHKIIUS
Jlarpan:xa mpuoOpejia CJAeAYIOIIUIT BUMI:

X1

L= 1@ y1(0)s s yn (%), 41 (2), .oy, (%)) d,

X0
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rae

k
f=Xofo+ ) Li0)fi.
i=1

W oH chopMyIupoBal CAeqyIOININil pe3ybTaT: eCJu BeKTOp-QyHK-
mua y(x) = (Y1(x),...,Yn(x)) mocTaBisfeT JOKAJILHBEIA MUHUMYM B
sazaue Jlarpamska, ToO HaBAyTcA 4mcao Ag u QyHKOum l;(x) Taxue,
uyro AjA QYHKIUU [ BHIDOJHEHO ypaBHeHue Jitnepa. (Jlarpam:xk, Ko-
HEUYHO, YMHOXaJI (QYyHKIIMOHAJ He Ha Ag, a Ha eJUHUILY.)

Csoii pesyabrar Jlarpam:x He OokKasaJy. Bmpouem, 6e3 KaKux OBI
TO HUA OBLIO OrpaHMUYeHuil chopMyJIUPOBAHHBIA pPe3yJabTAT W HE MO-
JKeT OBITH BepHBIM. Tak 4YTO W MeTOJ, JIETIIWA B OCHOBY €ro Be-
JuUamero Tpyza — <«AHaJIUTUYECKON MeXaHUKN», — oOcTajica 6e3s
CTPOTOTO 0OOCHOBAHUA. JTO IPOJOJIMKAJIOCH CBBIIIE cTa JeT. Teopema
Jlarpan:ka OblIa OOKas3aHa C IIOJHOW CTPOTOCTHIO JIHMINL K KOHILY
XIX Beka, a CyTb 9TOIl TeopeMbl ObLJIa OcO3HaHA JHUIITL B XX BeKe.

A UTO 3TO 3HAUUT — «OCO3HAHA JHUIIL B XX BEKe» — 9TO IIpen-
MeT 0cO0OTO pasroBOpa, KOTOPBLIM UM COCTABUT IIPEAMET CJIeAVIOIIero
OyHKTA.

5. 3aknwueHnue. (Eme pas 06 ucTropuu MaTeMaTUYeCKOTO aHa-
aus3a: 6eCKOHEUHOMEPHBIN M BBINMYKJBIA AHAJIN3; TEOPHUS OINTUMAJIb-
HOTO YIpaBJeHUA W NPUHIUI Makcumyma IIoHTpAruHa; 3agada o ObI-
crpoaelicTBuu W 3amada HbproToHa.)

dra KHUTaA paccuMTaHa Ha IIKOJbHWKA. B mepBoii uwacTu A usbe-
rajJ 3JIEMEHTOB MaTeMaTWYeCKOT0 aHaym3a. Bo BTOPOIl MBI T'OBOPUJIN
0 BeIlax, KOTOpble He MPOXOAST B IIIKOJIe, HAIPUMED, 0 (PYHKIUAX
HECKOJbKUX U 0ECKOHEUHOro yucja IepeMeHHbIX. Ho Bce-Taku ITOKa
MBI HE CJHIIKOM YAAJIAINCH OT IIKOJbHOW mporpammbl. I B sTOM,
3aKJIIOUUTEIBbHOM, IMMYHKTE MOEro 3aKJIOUNTEJIbHOTO MAaTeMaTUYecKOo-
To pacckasa — MSATHAAIATBINA paccKad OyJeT IMOCBAIIEH OOIIUM BO-
mpocaM ¥ BOJIBHBIM PasroBopaM — MHE TOXK€ He XOUYeTCS OTXOAUTD
OT CBOEH YCTAHOBKHU IIHMCATH «[JsI IIE€PBOTO0 BCTPEUYHOIO» (BCIOMHUM
cioBa I['manbGepra) mroabHuUKa. Ho 3mech MHe xXoTeagoch OBI o0Ope-
¢t OOJIBIIYIO CBOOOAY M MBICJEHHO OOPATUTHLCS JIMINL K TAKOMY
IePBOMY BCTPEUHOMY INTKOJBHUKY, KOTOPHIH yiKe NPUHSAJ pelleHune
CBsA3aTh CBOIO CyALOy ¢ MareMaTuKoi. I cobmparoch TOBOPUTH, Kak
Obl IpenBuUAsA ero Oymayilee, B pacuere Ha TO, UTO OH BIIOCJIEACTBUU
CaMOCTOATEJbHO 3allOJHUT Heu30esKHble IPo0esbl IMOHUMAaHWSA, BbI-
3BaHHBIE HEJOCTATKOM €ro TelepelTHUX 3HaHWM.

MHe mpeacTaBiaAeTCA Ba’KHBIM BBICKA3aTh W IIOTOM YaCTUYHO 00-
OCHOBATh HECKOJBKO OOIIUX TE3WCOB KACATEJbHO JaJbHeHIell cyap0bl
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uneh, obCy:KIaBIINXCA PaHBINE, IIOCJE Yero OHHM, C OJHON CTOPOHEI,
BOBHOCATCA BBBICH, a C APYroii — BO3BPAIlAlOTCA K CBOUM HCTOKAaM.

BcmomHuM: cHauasma ®epma (4yid IOJMHOMOB), a 3areM HpioToH
u Jle#OHUIT B 00Iell cuTyanmuu paspaboTaju MeTO. HCCIeTOBaAHUS
3aJlay HA MaKCUMyM M MUHUMYM (QYHKIIUII OgHOI TepeMeHHOU. [a-
Jiee cpady HavaJiach dpa KJACCUUYECKOTO BapUAIlMOHHOTO MCUYUCJIEHUS
(. Bepuyanu, ditnep, Jlarpam:k), Korga CTalyd HCCIESOBATH SKCTPE-
MYMBI HEKOTOPBHIX (YHKIIMI OT OECKOHEUHOTO YMCJja HEePEeMEeHHBIX.
OHa mpopoJKajiach IPUMEPHO IBa C IIOJIOBUHOM BeKa.

B konme XIX Bexa BouabTeppa m uyTh mos:ke — Ppermre, Agamap
¥ MHOTHE [pyrue CTajlyd pPas3BUBaTh OCHOBAHUA 0OECKOHEUHOMEPHO-
ro amanamsa. IIpu sToM Bcerja MOAUYEPKUBAJIOCH, YTO OJHA U3 Ile-
Jieli BHOBb CO3[JaBaeMOr'0 WCUMWCJEHUA — pellaTbh OeCKOHEUHOMED-
HbIe 33a7lau¥ HAa MaKCUMyM M MUHUMYM. BcmnoMHuUM cjoBa Boib-
Teppa, IOcTaBjieHHble snurpadoM K HaIIeMy pacckKady. B mepsoi
IIOJIOBUHE HAIIEr0 CTOJIETHS MAaTeMaTUYeCKU! aHa/Ius3 B OECKOHed-
HOMEPHBIX NPOCTPAHCTBAX (€ro CTaJu HA3BIBATh (QYHKUUOHAJLHBLM
aHaaIU30M, ITOT pas3fes aHAJIU3a COeIUHUJ B cebe pasjMuHBIE KOH-
IenIuy KJACCUYECKOTO aHajun3a, BBHICIIelH ajare0pbl W TeOMETPUN)
mepeskusa mopy OypHOTO pasBuTuA u paciiBera. OgHaKO MaTeMaTUKH,
KOTOpBIE B 9TO ’Ke BpeMs IIPOAOJIKAIM PasBUBATh BapUAallMOHHOE
WCUYMCJIeHre, He IpuJjarajm OO0IIuX TeopeM (PYyHKIIMOHAJIBHOI'O aHa-
Ju3a K BapUAIlMOHHOMY MHCUHCJIEHUIO M, 0OoJjiee TOro, He CUUTAJU,
uyTo paspabaThIBaeTcd ammnapar AJasa 9Toi Teopuu. OAWH M3 KPyIHEH-
IINX CHEMUAJKNCTOB B O0JACTM BapHUAIMOHHOTO HCUmMCIeHMA B XX
Beka — bBiamcc — B cBoeM yueOHHKE II0 BapHUAIOHHOMY WCUMC-
JIEHUIO, T/e OH IIOJBEeJ WTOTH BCEro PasBUTHUA 9TOH AUCIUIIUHBI,
B KHHTe, CO3[aBaBIllelicsd B COPOKOBHIE T'OJbI, KOTJa BCe HEOOXOAUMEIE
pes3yabTaThl (PYHKIIMOHAJIBHOTO aHANN3a yiKe CTaJu OOIIeN3BECTHHI-
MU, OUYeHb CKENTUYECKU OT3BIBAJICA O BO3MOYKHOCTAX 3TOTO OOIIETo
MOAXOJAa B «KOHKPETHBIX» 3a7avuaX BAPUAI[MOHHOTO MCUYMCJIEHUS.

W1 BoT, moskanyii, Temephb HacTajJo BpeMs chOPMYJUPOBATH HAIII
IepBbIA Te3uc.

BecrxoneynomepHuiit ananus (Tounee, nuddepeHInaTbHOE HNCUUC-
JleHe B 0ECKOHEYHOMEDPHBIX IIPOCTPAHCTBAaX) — 3amo pas3fen mame-
MAMUKU, OCHOBAHHLLIL 8 MOYHOCU HA MeX Xe camvlx udesx, imo
U KOHEYHOMEpPHULIL, U CMOJAb JHe NPOCMOil U ecmecmeeHHbulil, KaK
nocaednuil. OH sA8aAeMCSs UCMUHHbLM ANNAPAMOM KJAACCULECKOZO
6APUAYUOHHO020 UCYHUCJLEHUS 8 MOl e Mmepe, 8 KAKOU KOHeYHOMep-
HbLll A6a8emcs annapamom 0as Mmeopul KOHeUHOMepHubLX 3adai Ha
axcmpemym. IIpm sTOM BCe OCHOBHBIE TeOpPeMBI Am(pdepeHINaTLHOTO
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UCYUCIEHUsI B 0ECKOHEUHOMEDHOM IIPDOCTPAHCTBE CTOJb K€ ITPOCTHI
U eCTEeCTBEHHBI, KaK MX KOHEUHOMEPHLIE aHAaJIOTH.

B ocuoBaruu amddepeHINATLHOTO M MHTETPAJILHOTO HCUUCICHUA
I (QYHKIIUP ONHOM TepeMEeHHOM JeKaT WOHATUSI NpPou3soiHoil
u Juggepenyuara. BemomMHUM wuX ompenesieHMe (paccKas OJWHHA-
IITATBIN).

Mer roBopusu, uto QyHKnIuA F(x), samanHad Ha npamoit R,
Juggepenyupyema 6 mouke Xy, €CIU CYIIECTBYeT TaKad JIMHeEWHAas
dyEKRIIUA Yy = kX, 4TO

F(xo+ x) — F(x¢) = kx + r(x),

rge lim |r(x)|/|x| = 0. Jluneiinas QyHKIuUA y = kx HasbIBaeTCH
|x|—0
Jupgepenyuanom F 6 moure xo. BecKoOHeUHOMEDHEINI aHAIU3 UBY-

vyaerT GYHKIUU HA NPOCMPAHCMBAX C HOPMOU — TaK Ha3hIBA€MBIX
HOPDMUPOBAHHBLX npocmpaHcmeax. IIpuMepoM HOPMUPOBAHHBIX IIPO-
CTPAHCTB MOTYT CJYKUTH BCTpPeTHBIIHecda HaMm mnpocrtpanctBa Cla, b]
u C'[a,b]. A BoOGIIe HOPMUPOBAHHLEIM IPOCTPAHCTBOM HABLIBAETCS
n06asg COBOKYIHOCTH Y TaKMX 3JIEMEHTOB, C KOTOPBIMU MOJKHO IIO-
CTyHaTh TaK ’Ke, KaK C BEKTOPAMM Ha IJIOCKOCTH, T.e. CKJIAIbIBATh
UX W YMHOXKATh HA YWCJIa, a KPOMe TOro, TaKWX, YTO KaKJOMYy
ajeMeHTy y u3 Y mpumnucaHo uucio |y||, HaseiBaemoe Hopmoii. Hopma
JOJIKHA YIOBJIETBOPATH TAKUM CBOICTBAM:

1) |ly|| = 0 (meorpunarensuocts) u ||y|| = 0, auwms ecaun y = 0;

2) |lay|| = |a| - |ly|| maa m00b1Xx y €Y u a € R (0ZHOPOZHOCTD);

3) y1 + vall < lyill + [y2] Anm Beex g1 ys ms Y (ancmoma rpe-
YTOJILHUKA).

IIpumepaMu HOPMUPOBAHHBIX MIPOCTPAHCTB MOTYT CIYKUTH IIPS-

masa R, rpe ciexnyer monoxuth ||y|| = |y| n-mepHOe mpocTpaHCTBO
BEKTOPOB Y = (Y1,..-5Yn), TJI€ MOYKHO BBECTU HOPMBI IIO-PA3HOMY,
Hampumep,

Iyl = lyal + .o+ lyals Nyl =/¥i+... +¥2 u 1.1,

a TakKe BCTpPeTHBINHeca HaM mpocrpanctsa C u Cl.

Msr yxe roBopusm, uto (yHKmusa K (y) HasbIBaeTcAa JUHEUHOU,
ecmu K(y1+yz2) = K(y1) +K(y2) ans Becex y1,y2 € Y u K(ay) = aK(y)
oia Jo0bix Yy €Y, a € R.

Temepb MOKHO OIIPEAEJUTH IIOHSATHE TPOU3BOAHON B JIIOOOM CJIIy-
vae.

Mger roBopumM, uto GyHKnua F(y), 3ajanHad Ha HOPMUPOBAHHOM
mpocTpaHCcTBe Y, Juggepenyupyema 6 mouke Yy, €CIN CYIIECTBYET
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Takasa JuHelHasa QyHxunua K(y), 4ro

F(yo+y) —F(yo) = K@) +ry),

rge lim |r(y)|/|ly] = 0.
lyli—0

JInueitnaa pyurnua K (y) HaseiBaercs duggepenyuarom F 6 mou-
Ke Yo.

He mpaBma au, Bce oueHb moxo:ke? Craky Gosbie. Ompemesenue
nuddepeHiuaga B OeCKOHEUHOMEPHOM aHaamse nan (GpaHIy3CKUi
marematuk Ppeirne B Havase XX Beka. IlocMoTpuMm, K uemy IIpuBe-
merT ompeneneHue Ppeliie, ecau MPUMEHUTh €ro K KOHEYHOMEDPHOMY
ciaydJaro.

Msbr craskem, uto GyHKIuA F(y) = F(Y1,...,Yn) N TEePeMEHHBIX
Jugpgepenyupyema 6 mourke Yo = (Yois--->Yon), €CIAU CYIIECTBYET
TakaA JuHelHasa QyHKIuS (a Jjgiobasd Takad QYHKIIUA MMeeT, Kak
mbl noMmEUM, Buj K(y) = kiys + ... + EBny,), 9TO

F@o1 +y1,--->Yon + Yn) — F(o1,...,Yyon) = K(¥y) +1©),

rze Hl}lmo|r(y)\/|\y|| = 0. B xadecTBe HOPMBI MOXKHO B3ATH JIOGYIO
y e

HOPMY B n-MepHOM IpocTpamcTBe. Celiuac MMEHHO 9TO oOIpeaese-
HUEe BXOAUT B KaKABIM yueOHMK 1o aHaiaudy. Ho ®Ppemre cuwmral,
YyTO ero mpuayMaa mMeHHO oH! OH Tak m mwumieT: «auddepeHITIAT
B MoeM cMbIciie». OOBIUHBIN KOHEUHOMEPHBLIN aHAa/NU3 CYIIeCTBOBAJ
y°Ke [IBa C IIOJIOBUHOM CTOJIETHS, ¥ BMECTE C TeM OJWH U3 KPYyIIHeI-
IMINX MaTeMaTHUKOB HauvaJja XX BeKa CUUTAET, UTO OH BIIEPBbIE IIpe.-
JlaraeT NOPaBUJILHOE OIpeneJeHNe OCHOBHOTO IOHATUA aHaIW3a —
nouaTua auddepennuanal IlpaBmga, MOTOM BBIACHUIOCH, UTO «ETO»
ompejeieHre y:Ke OBLIO JaHO B HEONyOJMKOBAHHBLIX Tpyaax Beii-
epmiTpacca (otHocAmuxca K 60-m rogam XIX Beka) m BCTpeUasioch
B AaHIMIMHCKUX ¥ HEMEIKMX yueOHMKaxX Hauaja BeKa, HO B HAYYHON
JIUTEpPAType ero AeHCTBUTEIbHO He ObLI0. PaKT ocraerca GaxToM —
0EeCKOHEUHOMEPHOE OIpefesieHre OKAa3ajoch Jierde NPUAYMAaTb, UeM
KOHeUHOMepHoe!

Hanee. Kakue teopembl auddepeHINATLHOTO WUCUYUCIEHUA CIENY-
eT cuuTaTh ocHOBHBIMHU? IIpeskae Bcero HeoOXOAMMO Ha3BaTh ABE Te-
opeMbl — 0 AUPPEPeHINPOBAHUN CIOKHON PYHKIIMU U 06 oOpaTHO
GyHKIUU.

IIpaBuno auddepeHIUPOBAHUA CIAOMKHON (GyHKIIUM (OMHONH mepe-
MEHHOIT) TaK0BO:

(F(G(x))) = F(G(x)G (x).
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B GeckoHeuHOMEpHOM aHajamu3e 3Ta (opMysa Tak:Ke BepHa (ecau
OpugaTh el IPaBUJIbHYIO TPAKTOBKY) M JOKAa3bIBAETCSA CTOJb JKe IIPO-
CTO, KaK ¥ B KOHEUHOMEDPHOM.

Teopema 06 obpaTHON QYHKIIMHU (IJA OZHOM IIePEeMEHHOM) IJIaCHUT:
ecqu HempepwbIiBHO AuddepenHnupyemas GyHriuda y = f(x) paBHa HY-
a0 B Touke 0 u mpu stom f'(0) # 0, To BOIM3KM HyIA QyHKIUIO [
MOXKHO 0O0paTUTh, T.e. AJA JIOOOTO JOCTATOUYHO MAaJIoro y Haiijgercs
TaKoe eIUHCTBEHHOEe X, 4TO ¥ = f(X).

Kax poxasbiBaeTca sta Teopema? Cpenm pasHOOOPasHBIX TOKAa-
3aTeJbCTB €e OTAAANM IIPEeAIIOUTeHNe IOKAa3aTeJbCTBY, BOCXOIAIIE-
My K HpbioroHy. OHO COCTOMT B IIOCTPOEHUH IIOCJIENOBATEIbHOCTH
{%n}n>0, IOCTENIEHHO cXOAAINelca K X. ITa II0CJIeJ0BaTeIbHOCTb CTPO-
UTCS IO IPaBUJIY:

Xpr1 = xx + (FO0) 1@ — f(xx)), k=0, (1)

a reoMeTpUUYeCKHU OHa m300paskeHa Ha puc. 57. HysneBoe mpubimke-
HUe X( OepeTcsA IMPOM3BOJIBHO B AOCTATOYHOIN OJIM30CTH OT HYJIA.

y

B GeckoHEUHOMEPHOM CJIyyae BepeH TOT JKe pes3yJabTaT. PUCKHY
chopmyaupoBatrs ero. OgHON HOPMUPOBAHHOCTU 3AeCh HENOCTATOUHO.
HyxH0 emre ogHO CBOMCTBO, TaK Ha3bIBaeMO€ CBOWCTBO IIOJHOTEI,
«OTCYTCTBUSA HPobesioB» (paloHAIbHBIE UMCJIA He 00pa3yloT IIOJIHOTO
IPOCTPAHCTBA, MO0 MEXKIYy HUMU WMMEIOTCA <«MOpPOOeJbl» THUIIA YUCJIA
V2, KOTOpOe He PAI[MOHATBHO). II0JHBIE HOPMHPOBAHHELIE IIPOCTPAH-
CTBa HABBIBAIOTCA OAHAX08bLMU.

IIycts Temepsr X m Y — xaBa 0aHAXOBBIX IpocTpaHcTBa M F —
dyuKIUA, oTobpaskaromiasg X B Y. [IpousBogHas ee — 3TO JuHEHHOE
HeIlpephIBHOE OTOOpaskeHue, nepesogdAiiee X B Y. Yeaosue f/(0) # 0
B OJHOMEPHOM TeopeMe Ha HAIl «0eCKOHEUHOMEPHBIN SA3BIK» IIepe-
BoAWTCA Tak: mpousBogHad F’'(0) obparuma (t.e. (F'(0))~! aBusger-
cAd TakKsKe JIMHEHMHBIM UM HENPEPBHIBHBIM OTOOpaskeHmeM u3 Y B X).
W Temepr TeopeMa 00 oOpaTHOII (MYHKIHNHN IIOJYYAET COBEPIIEHHO
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aHAJIOTUYHBIN Bui: ecaim X m Y — 6GaHaxOBBI IIPOCTPAHCTBA, HeIpe-
peiBHO auddepernnupyemad GyHKIuA y = F(x) paBHa HYJIO B HyJe
u F'(0) — ob6paruma, TO AJsA J000TO0 §j, OIU3KOrO K HYJI, HAWAETCA
TaKoe eIUHCTBEHHOe X, uTo F(X) = .

" moxasaresbcTBO (haKTUUYECKM HUKAK He MEHSEeTCH: AOKa3aTesb-
CTBO CXOJIMMOCTHU X}, OIpelesieHHBIX mo ¢opmyie (1), K X mpoBOAUT-
cA COBEPIIEHHO aHAJOTMYHO TOMY, Kak Ha mpamoi R.

IToxBemem wuroru. W ocHOBHOe HmOHATHME — mnoHATHE AubdepeH-
nuana, u (GOopMyJIUPOBKU OCHOBHBIX TEOPEM, M HUX CMBICJI, U UX
IOKA3aTeJbCTBA B OJHOMEPHOM M OECKOHEUYHOMEPHOM cJiyuae Qak-
TUYECKU OJMHAKOBBI. IIpM 5TOM MOKHO CKasaTh CJeIyIollee.

B OeckoHeuHOMepHOM aHaAAU3e 8epeH npuruun Jlazpauxica, npu-
uem OCHOBAHUS OJsl Hez0 me e, imo 68 KOHEYHOMEPHOM cJayuae,
u O0okaszamenbcmea CMOJAb He NPOCMbL.

Ilycte cHoBa X m Y — 06aHaxoOBBI HIPOCTPAHCTBA, f; — (PYHK-
nuonanel Ha X, i = 0,1,...,m, a F — orobpakeHue u3 X B Y.
Paccmorpum 3agauy

(3) fo(x) — min(max),
F(x) =0, fi(x)=0, i=1,...,m.

Ecau orobpaskenne F u pyHKuIuM f; OTCYTCTBYIOT, TO IIOJYyYaeTCS
3ajaya 0e3 orpaHUYEHUIL:

(3" fo(x) — min (max).

B nmpumeneHum K 3amaue (3) mpuHinun JlarpaH:xka opMyaupyeTrcs
¢ ymorpebJieHMEM TeX ’Ke CJIOB, UTO YIOTPEOJAITCA U B KOHEUHO-
MEpHOM cJiydyae, W [JIs MB30IEePUMETPUUYECKUX 3aJau KJIACCUUECKOTO
BapWAIIMOHHOTO WCUYMCJIEHUA, 4 UMEHHO:

1) Ona sagaum (3') HeOGXOAMMEBIM YCJIOBHEM JSKCTPEMATLHOCTU
SABJISIETCS COOTHOIIIEHUE

fo@) =0

(Treopema Pepma).

2) [na pemenus 3amauu (3) HamO cocmasumby QyuHkyuio Jlazpan-
Jca 3adaiu u 3amem nocmynumos ¢ Heil mak, Kax O0yomo nepemen-
Hble He3a8UCUMbL.

Dyurnusa ke Jlarpamska 3ajgauu (3) MMeeT CTaHIAPTHBIN BUJ

L =L(x,A05 -5 Am> A) = Aofo(x) + ... + Anfm(x) + A(F(x)),

roe Ag, ..., An — umcaa, a A(y) — nuHeliHas QyHKOuS Ha Y.
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TakuM 00pa3oM, eclId X — JOKAJbHBIH DKCTpeMyM, TO HaMIyT-
cs TaKWe 4Ymceaa Ag,..., A, W Takas guHelHasa QyHKmua A(y), d4To
BBIIOJIHEHA Teopema Pepma s pyurnuu Jlarpax:xa:

0L ~
%(X,AO,...,Am,A) —0.

Ho wmmeHHO Tark u GopMyaupyercsa NIpaBuUiIo MHo)Kurtenaeir Jla-
rpaHXa B KOHEYHOMEDHOM CJIydYae — BCIOMHHUM COOTBETCTBYIOIIYIO
TeopeMy u3 IBEHaAUATOro pacckasa. CHopMyIMpOBaHHYIO TeopeMy
0 ImpaBuiie MHO:KHUTejeli Jlarpam:ka moxasan B 1934 romy coBeTCKuMii
maremaTuk JI. A. JliocTepHUK.

IIpu sToM HeOOXOAMMO CKa3aTh, UTO B OECKOHEUHOMEPHOM CJIY-
Yae, MOMUMO TIJIAAKOCTU BXOJAINUX B IOCTAHOBKY 3ajauu (GYHKI[UH
u orobpaxkeHUi (a BeAb 5TO OBLIO eIWHCTBEHHBIM TPeOOBAaHUEM B KO-
HEUHOMEPHOM cJiyuae), Hy:KHBI ellle ABa TpeOOBaHM’.

Bo-miepBBIX, HY:KHO, UTOOBI mpocTpaHcTBa X u Y OBLIM IIOJIHBI-
MU, T.e. 0aHAXOBBIMH, BO-BTODBIX, HYKHO, UTOOBI OTOOpaskeHme F
o0saganio ObI HEKOTOPBIMU OCOOBIMH CBOMCTBAMU, KOTOPBIE OOBIYHO
HA3BIBAIOT CBOMCTBAMU DPETYJIAPHOCTH (IJIA PETYJIAPHOCTH U, CJIENO-
BaTeJbHO, JJIA TOTO, YTOOBI OBIJIO CITPABEJIMBO IPABUJIO MHOMKUTEIEH
Jlarpamska, mocTaTouHO, UTOOBI IpousBoAHad F'(X) oTobpakana X Ha
Bce Y). HorasniBaeTcsa 0ECKOHEUHOMEDHBIN Pe3yJILTAT CTOJb Ke IIPO-
CTO, KaK ¥ KOHEUHOMEDHBIN. Hurarend, KOTOPHIM IOKeJIaeT B 9TOM
y0equThCsA, A OTChLIAl0 K KHure [2], rIe MOKasaTeabCTBO KOHEUHO-
MEpPHOro cJjydas mpusBegeHo Ha c. 49—50, a 6eCKOHEUHOMEPHOro —
Ha c. 2564—255. Oba mokasaTelbCTBa CTPOTO IMAapaJliIeJbHEI, TOJbBKO
B HECKOJIbKMX MeCTaX HEeKOTOpPble M3BEeCTHbIe DPe3yJIbTAThl BBICIIIEH
anreOpbl M KJIACCUYECKOTO aHaM3a 3aMEHSIOTCA UX O0O00IIeHUAMU
B (QYHKIMOHAJLHOM aHajau3e (3TH 0000IIeHUA BXOLAT B CAMBIA MU-
HUMYM MAaTEeMaTUYEeCKOTO YHUBEPCUTETCKOT0 00pasoBaHU).

A uTo Ke Taxoe guvinykaoCcMb U SuinyKAbli anaau3? C moHATHEM
BBIIYKJIOCTM MBI 3HAKOMHUMCS B IIIKOJIE Ha ypOKax reomerpuu. Ha-
MOMHIO: (ueypa Ha ILJIOCKOCTH HWJIW B IIPOCTPAHCTBE HA3bLBACMCA
6bINYKA0, €Cau BMeCTe C ABYMS CBOMMHM TOUYKAMH OHA COTEPIKUT
BECh OTPE3OK, COEOUHAIONIUU 3TH TOUKU; QYHKYUSL HA3bLBACMCS 68bl-
nykaoil, ecau ee rpapuk JIeKUT He HUMKE XOPJbl, COeIUHAOIIEH
a00ble ABe ToukuM rpaduxa. Ha puc. 45 m300pakeHbI BBIIYKJbIE
U HEBBINYKJbIe (urypsl u QyHrinuu. TpeyroibHUK — Bcerga BBIIYK-
Jioe MHOJKECTBO, a CPeA¥ UYeTHIPeXYTOJbHUKOB BCTPEUAIOTCA U HEBBI-
nykJjable. Jlunelinvle (y = ax, y = a1x1 + ... + azx,) u ahduHHBIE
(y=ax+b, y=ai1x1+...+a,x,+b) QyHKIIUN ABIAIOTCSA BBHITYKJILIMU;
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cpefu KBaJpPaTHBIX TPEXUIEHOB Y = ax? +bx+c, a # 0, BEITYKJIbIMU
ABJAIOTCA JIUIIL Te, Y KOTOPHIX a > 0. BeImyKJible QYHKIIUU MOYKHO
ompenenuTh aHaautuuecKu. PyHKIUA y = f(x) ABIAETCA BBITYKJOHN
B TOM M TOJBKO B TOM CJydYae, €CIH IJs JIOOBIX TOUEK X1 M Xg
u JI000T0 UHcaa o, JIeXKAINero Me:KIy HyJeM U eOUHUIeH, MMeeT
MecTo Hepasercmaeo Henceua

flaxr + (1 — @)xg) < of (x1) + (1 — )f(xz2).
9To HepaBeHCTBO 0000IITaeTcss HA CJAydYall n TOUYEK:

flonxr + .o+ o) < arf(x1) 4+ .o+ taf(x)

n
(ecau Tosbko o > 0,...,0, 20, > o =1).
i=1

BoT BaKHOe MOCTATOYHOE YCJIOBUE BBIMYKJOCTH (DYHKIIMH OTHOM
mepeMeHHOM: ecau (GYHKIUS [ ABaKABI audd@epeHIImpyeMa U MIPU
srom f”(x) > 0 gus Bcex X, TO OHA BBINYKJa. IlocMOTpMM Temepb
Ha (YHKIUMN U3 TabJUIBI, IPUBEIEeHHBIE B OJWHHAAIIATOM paccKase.
Jlerko moHATH, uTO (QYHKIMA y = |x|* BBINYKJA TOrZa W TOJBKO
Torpa, Korga a > 1, dyaknua y = a* (a > 0, a # 1) Bcerga BHIIYKJA,
BBIIYKJIBIMU ABIAIOTCA ¥ GyHKINu y = log,x, 0 <a <1, y=—Inx.
DyHKROUM Yy = SinXx M y = cOSX BBINYKJBIMHU HE SBJIAIOTCA.

Cpenu Bcex (pUTyp BBINYKJbIE COCTABJAIOT JIUIIb JOCTATOYHO y3-
Kuii, crenuaJbHBIN KJacc. To Ke MOKHO CKasaTh U O BBIDYKJBIX
dyaKmuax. OJHAKO BBIMTYKJOCTh UT'PAaeT OUeHb BAKHYIO POJIb U B Ma-
TeMaTuKe, U B ee mpuiaokeHuax. Comep:kaTelbHOCTbL uAeii, COIIyT-
CTBYIOIIUX BBIMIYKJIOCTH, W 0OOraTCTBO IPUJIOMKEHUN IPUBEIN K CO-
3IaHUI0 OTJEJBLHOTO pasjgesa B MaTeMaTHKe, IIOJYUYUBIIEro Ha3BaHUe
«BBIIYKJILIN aHaau3». Ero oxkoHuarejabHOE O(GOpPMJIEHNE MPOU3OIILIO
CPaBHUTEJLHO HEJaBHO — JIeT COPOK ToMYy Hasan. B sTom pasze-
Jie M3YYaioT CBOMCTBA BBIMTYKJBIX MHOYKECTB, BBINYKJIBLIX QYHKITHH
¥ BBINYKJBIX JKCTPEMAJbHBIX 3amau. Hac B OCHOBHOM OyayT HHTe-
pecoBaTh, KOHEUHO, UMEHHO 9KCTPEeMAaJbHbIE 3aaYu.

Hazmo ckasaThb, YTO MMEHHO OOMJIME BBIMYKJIBIX JKCTPEeMAaJIbHBIX
3aau NPUBEJIO K HEOOXOAMMOCTH YIJIYOJEHHOT0 M3YUEHUS BBIIYK-

JIOCTH W, B UTOTe, — K CO3JAHMIO BBIOYKJIOro aHaamsa. OcoOeHHO
MHOTO BBINYKJIBIX 3aJa4Y BO3HMKAaeT B sKoHOMuKe. O0 omHoii 3amaue
SKOHOMMUYECKOI'0 COZEePsKaHusA — TPAHCIOPTHOM 3azauye — MBI I'OBO-

punu. Takoro poma mpo6jeMbl CTalu BOSHUKATH IIOCTOAHHO. OueHb
YyacTo Ipu (popMaau3aliyd TaKUX 3aa4 BBISCHSAJIOCH, YTO (DYHKIIUHU,
KOTOphle TpeboBaJioch MAaKCHMH3WPOBATh WJIM MUHUMHU3UPOBATH,
a Tak/Kke (QYHKIWUM, 3amaiolive OrpaHWYeHVWA (TUIIa PaBEHCTB
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U HEPaBEHCTB), ABJAIOTCA JIMHEHHBIMU. BO3HUK BOIpPOC O TOM, Kak
ux periarb. MeToAbI MX pPeIeHUs COCTABUJIM CIeIMAJbHBLIN pasmen
BBITTYKJIOTO aHajms3a — JWHEeHHOoe ImIporpaMMmupoBaHue. IlepBbie
paboThI, OTHOCAINMECA K BTOMY pasfeny, IMPUHAAJIEeKAT COBETCKOMY
MaTeMaTuKy — akKaJgeMukKy, Jaypeary Jlenmmuckoii m HobOeseBckoii
npemuit JI. B. KauToposuuy.

Yro Ke m3y4yalOT B BBIOYKJOM aHanuse? Ba)kHBII paszea BbI-
OYKJOTO aHaJM3a COCTaBJIAeT TaK Ha3bIBaeMoOe <«BBIIIYKJIOe WCUNC-
JeHue», HMeIoIllee MHOTO CXOAHOTO ¢ aud@epeHIUAJIbHBIM WCUYUC-
geaneM. OO0BACHUM, YTO 3TO TakKoe. He Bce BBINYKJble (PYHKIIIN
nuddepernnupyemsl. [IpuMepoMm BuIDYKJION (GyHKIUU, He AuddepeH-
nupyemMoy B HyJje, siBIsfeTcsS QYHKIUS y = |x

Mbl y:xe OOBACHANM, UTO y dTol (GyHKIUM HeT (B HyJe) Ka-
carenbpHOM. Ho y mio6o#l BRIy KJIO¥ GyHKIuu y = f(x) omHOM
mepeMeHHO! MMEIOTCA IBe <«IoJiyKacaTeJbHbIe» (puc. 58).

y
f(x)

0 X0 x

ITo o3HaAUaeT, UTO BCerJa CYIIEeCTBYIOT mpexeJbl (manee h > 0)

y s fo(xo — h) — f(x0)
) =, i foEe ),
/ T fo(xo + h) — f(x0)
Fi (x0) = h>%)1,ri?—>0 h .

Becs orpesok [’ (xo), f/, (x0)] (Kak mpaBmIO, BEIPOMXKIAIOIIUIICA B TOU-
Ky) HasbIBaeTcs cybdugdepenyuanom dyarnuu f B Touke xo9. OH
obosunauaercsa 0f (xg). Ecau f — Komcranra, To df (x) = 0, ecau f(x) =
= ax+b, o 0f(x) = a B 11006011 TOuKke x. W BoOOIIE, ecau y = f(x) —
byuknusa, guddepennupyemas B Touke x, To df(xg) = f'(xo).

Ecaun guddepennupyeman QyHKIIMA mMeeT JOKAJIbHBIA MUHUMYM
B TOYKe X(, TO, KaK MBI 3HaeM, o Teopeme Pepma mmMeeT MeCTO
paBeHcTBO ['(x9) = 0. MBI oTMeuanu HPUA STOM, UTO 3TO PABEHCTBO
ABJAETCS HEOOXOAMMBIM, HO HE JOCTATOUYHBIM YCJIOBHEM 3KCTPEMY-
Ma. Ecim QYHKIOUSA BBITYKJa, TO €€ JIOKAJbHBIM MHUHHMYM BCeraa
rI00aJIbHBINA, a0COJMIOTHBIM. B 9TOM COCTOMT OLHO M3 3aMedaTeJIbHBIX
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CBOMCTB BBIOYKJBIX (YyHKIMI. Heo0X0AUMBIM M JOCTATOUYHBIM YCJIO-
BUE€M MUHMMAJbHOCTH BBIMTYKJOH (PYHKIIMK f B TOUKE Xo SABJISETCS
coorHorrernue 0 € 9f(xg) (Teopema Pepma AJIA BBITYKJIBIX (QYHKIUH).
9TO COOTHOINIEHNE O3HAYAET COBCEM MPOCTYIO BEIb: AJISA TOr0 UTOOBI
BBIOYKJAss (GyHKIuUsS [ mocTurajla MUHHMyMa B TOYKe Xg, HEO0XO-
OINMO M IOCTATOYHO, UTOOBLI IIOCTOSHHAS (PYHKIHUA, paBHas f(xg),
Jekajga Obl HU:Ke Trpaduxa f.

Ilouarue cyopuddepeHuasa MOMKHO 0000IIUTL W Ha CJydai
dyuKmuu n mepemeHHbIX. CyOomuddepeHInas, B OTJIUYHE OT IIPO-
W3BOIHOM, — 9TO HE BEKTOP, 4 HEKOTOPOEe BBIIMYKJIOe MHOMKECTBO
BeKTOpPOB. IIpm sToM mMeloT MecTO (POPMYJbI, IMOXOKUe Ha (HOPMYJIbI
muddepeHIInaIbHOT0 Hcuncaenuda. Hampumep, mMeeT MeCTO TaKas

dopmyia:
o(f + &) (x) = df (x) + 0g(x).

Ona o6ob6maer gopmyay (f+ g)'(x) = f'(x) + & (x), o Koropoi
TOBOPUJIOCH B ONWHHAAIIATOM pacckase. IIpuBemenHas dopmyJa AJIs
cy6auddepeHiuaga CyMMbl O3HA4YaeT, UYTO AJSA TOr0, YTOOBI y3HATH
cy6nuddepennuan GyHKIum f+ g B TOUKe X, HAJO B3ATH MHOXKECTBa
A = 0f(x), B = 0g(x) u obpasoBaTb MHOXXeCTBO A + B m3 CyMMEI
a+b, ac A, beB.

CooTHolleHus, mogoOHbIe (opmytie s cyomuddepennuaga cym-
MBI, U 00pasyIioT BulNYKJL0e UCHUCTEHUe.

BaxkHe#muii Te3duc BBIOYKJOTO aHa-
J3a COCTOUT B TOM, UTO BBIMYKJIbIE
00BbeKTHI BCerJa JONYCKAIOT [JBOMHOE
OlMCaHWe U UTO MAJA BBIMYKJOTO 00B-
eKTa BCerja HMMeeTCS «JIBOWCTBEHHBIN»
00bexT. CraskeM, BHIDYKJad (urypa Ha
IJIOCKOCTH MOJKEeT OBITH OmMcaHa cama
mo cebe, KaK COBOKYIIHOCTb CBOUX TO-
YeK, a MOXKeT OBIThL OIMCAHA TaKKe
U KaK IepeceyeHue BCEeX COAep:KalliuxX
MOJIYILIOCKOCTel (ImoJsiymmpocTpaucTB) (cM., Kak Ha pwuc. 59 omu-
CBIBAETCS TPEYTOJbHUK). AHAJOTUYHO, BCAKAA BBINYKJAA (QYHKIUA
MOXKeT OBITH ommcaHa camMa IO cebe, a Tak)Ke KakKk MaKCUMyM U3
Bcex apGUHHBIX (PYHKIUHA, ee He IPEBOCXOIAMINX.

9To mocjemHee ABOMCTBEHHOE OIMCAHNE IPUBOAUT K OZHOMY U3

BaKHEUININX MOHATUI BCEro KJACCUUYECKOTO aHaau3a — IMOHATUIO
npeobpasosanus Jlexcandpa.
IIyets y = f(x) — BeImykKJas GyHKNuA. Ee mnpeobdpasoBaHmeM
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Jlesxanapa HasbiBaeTcd (GYHKIIUS
y=r@), f @ =max@z— 7).

ITIpusegem mpumep. Ilycrs f,(x) = |x[P/p, p > 1. (Ilpu p > 1
bysrnua y = f,(x) aBasdercsa, KaKk MBI IOMHMM, BBIDYKJIOH.) Il1a
TOro 4YTOOBI HaiTH max(xz — fp(x)), npumenum Teopemy Pepma.

Nmeem (d/dx)(xz — f,(x)) = z — |x|P"lsignx = 0. Torga x =

= |z|F'~1 x signz, rae (p')"'+p~! = 1. Ipu srom

fi(2) = 2x — |x[P/p = |2 — (x|x["~'signx)/p =

= |2/ (1 = 1/p) = |2 /P =: [ (2).
Takum obpasom, GyHKNUM f,(x) u fpy(x) ZBOMCTBEHHBI: KaKJasd U3
HUX SBJAETCA npeodpasoBanueM Jlexxanapa apyroii. IIpu sTtom QyHK-
nua fa(x) = x2/2 ABnseTCA «CaMOIBOMCTBEHHO».

B sToM oOcTOATEIBCTBE JEKUT IIpUUYMHA HepaBeHCTB Komu—DBy-
HAKOBCKOro u I'esbJepa, 0 KOTOPHIX TOBOPUJIOCH B PACCKa3e IIATOM.
OTMeTuM, KCTaTH, YTO OOJIBIIIMHCTBO HEPABEHCTB, MCCJIEIOBABIIUXCS
TaM, UMeeT OTHOIIIeHWe K BBIIYKJIOMY aHaiaudy. Hampumep, HepaBeH-
CTBO MEKAY CPeIHUM apu(@MeTHUECKVM U CPEeJHUM TreOMEeTPUUYECKUM
eCTh He UTO MHOe, KaK HepaBeHCTBO MeHceHna. [lelicTBUTEIBHO, MYCTH
x;>0,i=1,...,n. Torma
1nx1+.r.l.+lnx,, 1 + ...+ xn

x
< 7(elnx1 4., +e1nxn) — 1 X
n n

(x1...x)V" =e
Mger Bocmosb30Basiich HepaBeHCTBOM VeHceHa AJIS BBITYKJION (DYHK-
nuu y = e*.

U eme oguH Ba)KHEUIIWHA Te3UC BHINYKJOrO aHajamsa. PaccMoTpuM
TpeyronbHUK ABC (cMm. puc. 60). MBI MoxXeM cTepeTh Bce, KpoMe

ero BepIIWH. Benh 3Hasd BEPIIMHBI, MBI BOC-
AB CTAaHOBUM BeCh TPEYroAbHUK. To Ke MOXKHO

. \ CKasaTh OTHOCHTEJbHO KBajpara, pomba u BO-
. \ o011e J060ro BBINYKJIOTO MHOTOYTOJbHUKA —
Al ...\ OHW BOCCTAHABJHMBAIOTCA IO CBOUM BepIIMHAM.

BepminHbl MHOTOYTOJBHUKA XapaKTepPU3YIOTCSA
TeM, YTO OHM (B OTJIMUME OT OCTAJBHBIX TOUEK MHOTOYTOJBHUKA) He
ABJAIOTCA CepegVHAMU KaKUX-JIU00 OTPE3KOB C KOHIIJAMM B TOYKAaX
9TOTO MHOTOYTOJILHUKA.

OxrasbIiBaeTcsi, y JIIOOOTO OrpaHMYEHHOTO (M 3aMKHYTOTO) BBIIYK-
JIOTO MHOKECTBa CYIIEeCTBYIOT «KpaiHHe» TOYKHU, T.e. TaKue TOUKHU,
KOTOpHIe He MOTYT OKas3aTbCA CepefUHaMU HUKAKWUX OTPE3KOB, IPU-
HAAJIEXKAIIUX JTOMY MHOXKECTBY. ¥ Kpyra, HaIpumMep, MHOXKECTBOM
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KpallHUX TOYEK ABJIAETCA OTPAaHUUYMBAIOIIAA €ro OKPYKHOCTb. U mpu
5TOM OKa3bIBaeTCsd, UTO BCAKOE BBINYKJIOE MHOXKECTBO BOCCTAHABJIU-
BaeTcsa IO CBOMM KpallHUM TOYKaM.

HanomauM, 4uTO 3amaum JUHEHHOTO IIporpaMMupoBaHmuA Gopma-
JUBYIOTCA TaK:

ap1x1 + ...+ aopnx, — min (max),
apnx1+...+apx, <b, i=1,...,m,
x; =20, i=1,...,n.

OrpaHuyeHUsI B TAKUX 3ajauax oOpasyioT «MHOTOTPAHHUKY», KO-
TOPBIA BOCCTAaHABJIMBAETCA IO MHOYKECTBY CBOMX BepinuH. IIpu aTom,
KaK JIETKO MOHATb, MUHUMYM (MJIM MaKCHUMyM) JUHEHHOH (PYyHKIIUU
IOCTUTAETCA B OJHOW M3 BEPIINH.

Onue u3 HauboJiee IIMPOKO M3BECTHBIX B MUPE YKCJIEHHBIX METO-
I0B (TaK HA3LIBAEMBIA CUMNJEKC-Menmod) yCTPOeH TaK, YTO OH [JAaer
BO3MOJKHOCTBH M3 HEKOTOPOU BepUINHBI II€PEeXOAUTH B APYIYIO C MeHb-
muM (6OJBIINM) 3HAYEHWEM MWHUMHU3UPYEMOH (MaKCUMU3UPYEeMOIt)
dyarmuu. Yepe3d KOHEUHOE UYKCJIO IIArOB HAXOAUTCS HY)KHBIA BSKC-
TPEMYM.

Teopuio BBIDYKJBIX SKCTPEMAJIbHBIX 3a/1a4U HAB3BIBAIOT 6blLNYKJbLM
npozpammuposarnuem. IoCcTaTOUHO IMUPOKUII KJIACcC KOHEUYHOMEPHBIX
3a7la4 BBIIYKJIOTO IPOTPAMMMPOBAHUSA ONKCHIBAET CJAEAYIOIIAsd IIOCTa-
HOBKAa:

) fo(x) — min,
fi(x) =0, i=1,...,m,
filx) <0, i=m'+1,...,m, xcA.

ITo cpaBHEHUIO ¢ TOM IIOCTAaHOBKOI, KOTOPYIO MBI IIpUBEJIU B Hada-
e maparpada, 3qech MMeEIOTCA CJeqyIolue u3MeHeHUus. Bo-mepBhIX,
3TO 3aZlaua HA MUHUMYM, BO-BTODBIX, GYHKUIUA fo U QYHKIUU, 3aka-
IOIe HEePaBEHCTBA, HOJIXKHBI OBITH BBINYKJLIMU, B TPETbUX, (MYHK-
uu, 3afamlre PaBeHCTBA, NOJIKHBI ObITh apOUHHBIMU U, HAKOHEI,
MOSBUJIOCH eIlle OAHO orpaHuuenmue: x € A. IIpu sTomM MHOKeCTBO A
TaKsKe MPeAIoaraeTcs BBIMYKJBIM. BoT B 3TOM ciaydae — [AJis BBI-
OyKJBIX 3aJa4 — cJoBa JlarpaHka, CKasaHHBIE O CBOEM NIPUHIIU-
e M IIOMeIeHHble HaMU B 3nurpad, IMOJHOCTHIO OIPaBABIBAIOTCSH,
a MMEeHHO, MMeeT MEeCTO CJenyiolllas TeopeMa.

Ecau donycmumas mouka X Oocmasnsem aOCOLIOMHbLL MUHU-
mym 8 3adave (3') BbINYKI020 NPOZPAMMUPOBAHUS, MO HAUIymMca
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yucna Ag,...,An, He pasHble 00HOBPEMEHHO HYJLI0 U maxKue, 4mo
a) BbLNOJIHEeHbL YCL08Us HeompuuameavHocmu Ag > 0, A; > 0, i >
> m' + 1; 06) 8vinoaHeHbl Ycao8us O0ONONIHAOWEN HeIecmKocmu
Aifi(@) =0, i > m’' +1; u, HakoHey, B) umeem Mmecmo MAK HA3bLEAE-
Mblil NPUHUUN MUHUMYMQA, COZJLACHO KOTNOPOMY TOYKA X AGAACMCS
mouroit. MuHumyma Qyuruyuu Jlazpanxa 6 3zadaue

L(x, A0y .5 An) —min, x €A, L =2Afo(x)+...+Anfm(x).

Ecau e oxa3anocv, ¥mo HAWAUCH MAKUE YUCAA Al,...,An U Ag=1,
umo ydos/emeopAomca COOMHOULeHUA a)—B), Mo X ABA4emcsa abco-
JIOMHLLM MUHUMYMOM 6 3adaue.

Jra Teopema ObLIa JOKasaHa CPaBHUTEJNLHO HemaBHO — B 1951
rogy — amepuKaHckuMu marematTukamMu KyHom m Taxkkepom. OHa
UTpaeT pPoJib IIpaBuja MHOMKHUTeJel Jlarpam:ka Iyis 3agad BLITYKJIOTO
IporpaMMUPOBaHUA.

3aKOHUMM HAIll PACCKa3 peIleHueM 3a-
maun J[UIOHBI CPEACTBAMH  BBIIYKJIOTO
aHaJm3a.

Ilycte A1 m Ay — 1OBe BBIOYKJBIE (pu-

Typel Ha IUIOCKOCTH. YUepes oA + aeAg
obosHauuM GUTYpPy, OOPa30BAHHYIO BEK-
TOpaMu X, IPEeACTABUMBLIMKA B  BHJE
X = 01X1 + Agxg, THE X1 U3 Al, X9 U3 Ag,
ap > 0, ag > 0. Cymma MHOIOyroJibHUKA
c Kpyrom msoOpaskeHa Ha puc. 61.

O6osnauum uepes S(A) miaomanb MHOKecTBa A. B cepemmue mpo-
IIIJIOTO BeKa HeMeIKuil reomerp BpyHH HOoKasasy cieayoolliee BaKHOE
HEepaBeHCTBO:

VS(@A + (1 - @A) > ay/S(A1) + (1 — ) /S(4z); 1)

3ateM B KoHIe XIX Beka MWHKOBCKHI [OOKasajl, YTO PaBEHCTBO
B (1) BO3BMOXKHO TOTZa WM TOJLKO TOorga, Korma A; m Az romoTe-
TUYHBI. [[0Ka3aTeabCTBO 3TUX (PAKTOB M UX O0OOOINEHUI, M3BECTHBIX
o Has3BaHHMEeM HepaBeHCTB BpyHHa—MMHKOBCKOTO, MOKHO HAWTH
B ynoMuHaBImielica HamMu KHure Jlrocrepumra [14].

IIycTe Temepsr A — BeIyKJIasA Gurypa, a B — egUHUYHBIN KpYT.
Torma mmeeT MecTo Takas WHTepecHasa gopmysa (moxasamHasa IllTeii-
HEepoM):

S(A+pB) = S(A) +p(A)p + np”. (2)
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B (2) p(A) — mnepumerp (miuHa rpa"unbl) A. s BBEIIYKJIOTO
MHOTOyroJbHUKA (Qopmyna (2) oueBugHa (cm. puc. 61). B obigem
ciyJae ee MOYKHO HOKAa3aTh IPEAeJbLHBIM IIEPEeXO0JO0M.

ITokaxem, Kax m3 ¢dopmya (1) u (2) cpasdy ciemyeT peleHue
KJIACCUYECKON M30IMepuMeTpuUecKoil samauu. Ilajsee MBI MOJb3yeMCs
Tem, uT0 p(0td) = ap(A) u S(ad) = ®S(A). Umeem

@

VS(@A+ (1 —a)B) 2 /S(2A) + p(ad) (1 — a) + n(1 — @)% =

1
=/2S(4) + a(l — ®)p(A4) + (1 — )2 (2)
%’ ay/S(A) + (1 — ) \/S(B) = /S(4) + (1 — @) V7.

BosBoasa B KBagpaT M COKpallasg OJMHAKOBBIE YJIEHBI, MPUXOAUM K
M30IIePUMEeTPUUECKOMY HepaBeHCTBY p°(A) > 4mS(A), KoTopoe OBLIO
MOJIY4YeHO B WTOTe BTOPOTO pacckasa. IIpum 5TOM paBEeHCTBO HTOCTH-
raetcd, JUIIL ecau A — Kpyr. Bor um elle OogHO pellleHUe 3amaun
JunoHb.

Bepuemcsa cumoBa B XVIII Bexk.

MBI Kak-TO ckasanu, uTo JlarpaH:k BBIABUHYJI, AaKTHUBHO IIpHUMe-
HAJ U TpoIaraHgupoBaJl CBOM NPUHIINI CHATHUA OTPAHNUYEHUIH IJIs
BapUAIIMOHHBIX 3a7ay, HO He Aokasay ero. O00OCHOBaHME 9TOT0 IIPUH-
muna JlarpaH:ka A 3amad KJIACCHUYECKOTO BapPUAIIMOHHOTO WCYHUC-
JIEHUS CTaJI0 yJIeJOM MaTeMaTHKOB 0oJjiee TO3THUX ITOKOJIEHWI, OHO
6p10 mano B koume XIX Beka (Maiiep u ap.). I BMmMecTe ¢ Tewm,
Teopema JlarpaH;ka mpAMO cJefyeT W3 OCHOBHBIX TeopeM OecKoHed-
HOMEPHOTO aHaJu3a.

Kak ke BmuchiBaeTcsa KJIaCCUUYECKOE BapMAIMOHHOE HCUUCJIECHUE
B OeckoHeunoMepHbIi aHanus? IIpuBemeM OOWH YaCTHBIN, HO HCKJIIO-
YUTEJbHBIA O BasKHOCTU cJyuail obieil samaum Jlarpam:ka.

IO(yl’-'-7yn7u1a~",ur) -
X1

= (fo(x,y1(x), ..., yn(x), u1 (x), ..., ur(x))dx — min (max),
X0
yll - §01(x,y1,n-yyn,ul,---,ur),

/
yn - @n(x,yla ---1yn5u17 --'1ur‘)
OpU TPAHUYHBIX YCIOBUAX Y;(Xo) = Yio, Yi(x1) =yn, i=1,...,n.
B oToifi mocTaHOBKe HeM3BeCTHBIe (GYHKIUU pasAesieHbl Ha JIBa

KJyacca. Ogau (y1(x), ..., Y, (x)) cBaA3aubl TuddepeHIINaILHEIMU YPaB-
vHeHuamu. [pyrue (u1(x),...,u,(x)) MoxkHO BRIOMpPaATL cBOOOAHO. MxX
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HasbIBAIOT Yynpasienuamu. Cxema auddepeHIINAJILHOIO ypaBHEHUS
WJIY CUCTEeMbI TAKUX YPABHEHUH C YIPABAAIOMIUMY QYHKIIUIMHA OMIHACHI-
BaeT MHOJKECTBO SBJIEHUMH, I'le HOIYCTHMO BMEIaTeJbCTBO UeJI0BEKa.
Ecnu cumraTh (Ipu ycJI0BHH, YTO fo, P1,..., Pp HEIPEPBIBHO Au(-
depeHIIUPYyEeMBbI) BCe HUTrPEKM HEIPepbiBHO auddepeHInpyeMbIMU,
a ympaBiaeHusa uq(x),...,u,(X) HeIpepbLIBHBIMH, MOKHO PAacCMOTPETH
TO OoTOOpaskeHme, KOTOPOe COIIOCTaBJAeT Habopy GYHKIui yi(x),...
ceesYn(x),u1(x),...,ur(x) HaOOp HeUIPEPBHIBHBIX (MYHKIIUIT

z1(x) :y/l(x) - 901(x’y1(x), ""yn(x)7u1(x)’ cen Ur(X)),

2471(x) = y;(x) - @n(x,yl(x), --'syn(x)’ ul(x)7'--’ur(x))‘

Samumem ero kKak z(x) = F(yi1(x),...,ur(x)), z(x) = (z21(x),...
eeey2p(x)). IIpu sTom camu auddepeHIAIbLHLIE ypaBHeHUs B (31)
MOTYT paccMaTpuBaTbcAd KaK paBeHCTBO F(yi(x),...,u,(x)) = O.

B wurore monyuaercs samaua Buza
IO(yl9 ey ur’) — min (max), F(yl(x)’ ey ur(x)) =0

C KpaeBBIMU YCJIOBUAMH Y;(Xo) = Yio, Yi(x1) =yn, i=1,...,n.
N x aroit 3amaue OKasbIBAETCA BO3MOKHBIM IIPUMEHUTH MBICIH
Jlarpan:ka. @yakmua Jlarpanska 3gech IPUHUMAET BUT,

L =Xl + {(o1(®) W) — 91(%, Y1, -5 ) + ...
%o e+ P () W), — (X, Y15 .05 u)))d.

Hanee ciexyer paccMOTPEThH 3a4auy

% — min (max),

yi(x0) = yio, Yi(x1) =yun, i=1,...,n,

W IOCTYyIaTh C HEI TaK, KaK OYyATO OrpaHWYEHUi HeT, T.e. MHCATh
cucTeMy ypaBHeHHU OJiiiepa. A cIpaBeAJHBOCTL IIPUHIUIIA Jlarpam-
JKa B 9TOM CJIy4Yae BBIBOJUTCA U3 TeopeMbl JIocTepHUKa, 0 KOTOPOI
YIIOMUHAJIOCH BBIIIIE.

B zakiroueHure pacCKaskeM O 3a7adaxX ONTUMAJILHOTO YIIPABJIEHUS.
ATOT BasKHEHUINUI pasfesl TeOPUU dKCTPEeMaJbHBIX 3a7au ObIJ BHIZBAH
K JKM3HU 3aflauaMM TEeXHUYECKOTrO CoAep:KaHusA. BCIIOMHUM IpocTeii-
OIyio 3aJavy ONTUMAJLHOTO YIPaBJIEHUA U3 IIEPBOTO pacckasa. IIycTsb
UMeeTCAa TeJIeXKKa, OBWIKYIadAcA NIPAMOJIUHENHO 0e3 TpPeHUA IIo

184



TOPU3OHTAJNBHBEIM peabcamM (cM. pumc. 62). Tenerkka ympaBisercs
BHEITHeN CUJION, KOTOPYIO MOYKHO M3MEHSTh B 3aJaHHBIX IIpemesax.
TpebyeTcss OCTAHOBUTL TEJIEKKY B OIIPEJEJIEHHOM IIOJOMKEHUU B 3a-
JTaHHOe BpeMdA. IJTY 3aJauy MBI HasblBaeM [ajiee IIpOCTelIeil 3ama-
yeii o OGpIcTpoAeiicTBur. PopmMaIn3yeM ee.

IIycTs Macca TeneXKu m, ee HauvaJbHasd KOOpAWHATa X, a Ha-
YyajJibHAA CKOPOCTH Vg. BHEIHIOI cucteMy (CHIy TATru) 0003HAUUM
yepes U, a TEKYIIYI0 KoopauHaATy Teaexkku — uepe3d x(t). Torma
CKOpOCTh Telesxkku v(t) = dx(t)/dt, a yckopenue a(t) = d’x(t)/dt?.
Koneunsiii momeHT BpeMenu obo3HauuM uepe3 T'. Ilo sakony HbroTo-
Ha m-a(t) ecTb BHEIIHAA CUJa, KoTopas paBHa u(t). Orpanuuenue
Ha BHEINHIOD CHUJIY 3aJafuM B BUAe HepaBeHCTB U1 < u(f) < ug.
B wurore mosyuaercsa Takad (popMaIM3aiim:

. dx dv _ dx(0)
T — min, LY M= x(0) = xo, gt = Vo
x(T) = dx(T) =0, u;<u<us.

dt

Eciu 6bI He OBLIO OrpaHMUYeHUs THUIIA HEPaBEeHCTB, dTa 3amada
OTHOCHJIACh OBl K KJIACCUUECKOMY BapHaIMOHHOMY ucuucieHuto. Ho
HajJIu4yue OTPAaHWYEHUA TUIIa HECTPOTMX HEPABEHCTB HA YIPAaBJIEHUS
He MO3BOJSAET IPUMEHATL paspaboTaHHble B BapUAIMOHHOM HCUMCJTE-
HUU METOHIBI.

3azauyu ¢ TAKUMU OTPAHMUYEHUAMM IIOJYUYUIN HasBaHUEe 3aJau On-
mumanvHozo ynpasiernus. VIx Teopusa OblLia pasdpaboTaHa COBETCKUM
yueHbIM IIOHTPATMHBIM U ero yueHMKaMmMu BoartaHcKuM, 'aMKpesu-
nze, Mumenko.

OcHOBHOII MeTOJ peIllleHus TaKHUX 3amady ObLI OTKPBLIT B UX pa-
6orax. OH mosryums Ha3BaHUE npuHyuna makcumyma Ilonmpsazuna.

Yro aTo Takoe? Cama 3amaya ONTUMAJBHOTO YIIPaBJeHUA (POPMY-
JUpyeTcA MOUTU TaK Ke, Kak (31), TOJHKO Ha yIIPaBJIEHUSA HaJaraioT-
cA ele IOMOJHUTEJNbHBIE OTPAHWYEHNSA, KOTOPBhIe MBI 3aIUIIEM TaK:

(w1(x),...,ur(x)) €U, (*)

rae U — 9TO0 Kakoe-TO (DMKCUPOBAHHOE MHOKECTBO BEKTOPOB (Ui, ...

e Uy).
Bor camplit mpocToil mpuMep 3aJaud ONTUMAJBLHOTO YIIPAaBJIEHUS.
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IIycrs f(x,u) — HempepblBHAA (GYHKIUS OBYX MepeMeHHBIX. Pac-
CMOTPUM 3ajauy

(82) Slf(x,u(x)) dx — min, u(x) € [u1,uz] (<= w1 <u(x) < ug).

X0

OrpaHMYMMCS YaCTHBIM CJIYUYaeM TaKOHW 3agaduu:

X1
\p(@)u(x) dx — min, —1<u(x)<1.

Xo

3mech p(x) — HexkoTopas HeNpepbiBHAA QYHKINA HaA OTpPe3Ke
[x07 xl]'

Kak #Ham moctrynuthb? CoBceM HETPYAHO IMOHSATb, UTO HAII WHTE-
rpan OyJeT caMbIM MaJeHbKUM, ecau B ciaydae p(x) > 0 Mbl mojo-
skuM U(x) = —1, a B cayuae p(x) < 0 momoxxkum u(x) paBHBIM +1,
T.e. u(x) = —signp(x). U B obmeit 3amaue (32) caegyeT IOCTYIIUTH
aHAJOTMYHBIM 00pa3oM, a MMEHHO, HAAO AJA KasKmoro x us [xg, x1]
HafiTu TO u w3 oTpeska [uj,uz], npu Koropom GYHKIuA f(x,u)
(o u) mMeeT Ha 9TOM OTPe3Ke MUHUMYM.

9T0 MOKHO cOPMYJUPOBATH B BUIE CIEAVIOIIETO IPUHIIUNA MU-
HUMyMa: [JJA TOTO 4YTOOBl (QyHKIUA U(-) ObLIAa pelIeHneM 3aJadun
(32), HEOOXOAMMO, UTOOBI

(oin f(x,u) = 1, u(x)).

A Termepb MOKHO OOBSCHUTb, B UeM COCTOMUT IPHUHITUII MAKCUMY-
mMa. K 3agaue onTMMAajJbHOTO YIIPABJIEHUA TaK:Ke IMIPUMEHUM OOIITHit
3ambIces JlarpaHiKa, TOJBKO €ro HaZO0 4yTh MoAmMUIIMPOBaTh. Eciaum
HAM HY/KHO PeIIuTh 3aJaduy OITHMAaJbLHOrO yIpaBieHua (32) C mO-
IOJIHUTEJNBHLIM OrpaHMYeHueM (%), TO HYKHO COCTABUTL (DYHKIHUIO
Jlarpam:xa £ (He oTpasuB B Hell orpanuueHnue (%)), 3aTeM pPacCcMOT-
peTh 3amauy

£ — min, y;(x0) = yio, Yi(x1) = yi1,
i=1,...,n, (U1,...,up) €U.

IIpu sToM 1O y HAZO HOCTYNUTH KaK W PAaHBIIE, T.e€. COCTABUTH
ypaBHeHusa OJiliepa, a MO0 U NPUMEHUTh NPUHIUI MuUHEMyMa. Ho
TaK KakK Bce uWjleHbl ¢ u B (yHKnuioo JlarpaH:ka BOIILIX CO 3HAa-
KOM «—», yZoOHee 3amucaTb €ro B BUJe NPUHUUNA MAKCUMYMA,
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roe (J1(x),...,yn(x),U1(x),...,U-(x)) — pellleHHe 3amauu

, m2x U(P1(x)§01(x,?1 (%)5 s Yn(X), Uty .oty + ...
coe 00 () 0n (6, Y1 (X) 5 oo, Yn (X)), UL, ey Up)) =
=p1(X) @1 (x,Y1(x), ..., Yn(x), U1 (x), ..U (X)) + ...
e TP () P (X, Y1(x) 5 o, Yn (%), UL (X)), -, Ur ().
BOT, HaKOHeE€Il, 1 IIPUIIJIO BPeMsdA DPEIINTh 3agaudy HrroTona.

1°. ®opmanusyem 3samauy HploToHA Kak 3ajady OITHMAJIBLHOTO

VIIpaBJIeHUs:
¢ xdx
Sl+u2 —min, Yy =u, u>0

0

¢ rpannyHbIMu ycaosuamu y(0) =0, y(a) =b.
2°, Ilpumenaem mpuHnun Jlarpam:xka. @yarmua Jlarpamska:

_a /\Ox o
$_§(1+u2 +ply u))dx.

Heobxonumoe ycnoBme mo y — ypaBHeHme Jityiepa:

p’:O —> p = const = pog.

Heobxomgumoe yciaoBue IO U — YCJIOBME MUHUMAJBLHOCTH:
)\Ox on ~
——— —poU = ———— — pol(x). e
o Pou > s — o) (%)

3°. Ecau momycTuTh, uTo Ag = 0, TO HeoOXoAMMO, UTOOBI po # 0
(umaue Bce MHOMKHUTeau Jlarpamska oKasaguch Obl HyJasMmu). Eciu
ske Ap = 0 u pg # 0, To u3 (#%) cimemyer, uro u = 0, a 3HAUWUT,

X

y(x) = Sﬁ(tx)da = 0. Torma mckomoe Tejlo0 «He HMeeT IJUHBI» —

0
OHO ABJAETCSA ILIOCKOU maactuHou. Eciam ke b > 0, To HeoO6XoamMo

CUNTaATh, UTO A9 # 0, W TOrJa MOMKHO IOJOKUTBL Ag = 1. OTMeTHM
e1re, uTO ciayudail po > 0 Tak:Ke HEBO3BMOKEH, MO0 IpU 3TOM (GYHKIUA
x

Tra? Polt MOHOTOHHO yObIBaeT u (%) HEBO3MOJYKHO.
u

X
Uccnenys noseneHue QyHKOUU ———5 — pou = ¢(U,Xx) [0 u, He-

1+u
TPYAHO YyOEIWUTHCS B TOM, 4UTO TpU po < 0 m Manplx X QYHKIUAS

¢(u, x) mocruraer MuEEMyMa Ipu u = 0. 3aTeM ONTHMAaJbHOE yIpaB-
JeHre JOJKHO OBITh HaiifeHO u3 ypaBHeHums —po = 2ux/(1 + u?)?2,
nosxyvalomeroca us audpdepennuposanna @(u,x) no u. MomeHnT wus-
moma & ompenensercd TeM, UTO (GYHKIUS go(u,f ) UMeeT ABa MHUHU-
MyMa.

187



WHaue roBopsA, B MOMEHT M3JIOMa [OJKHBLI yJOBJIETBOPATHCA CO-
orHoureHuA (manee uepes u(E) obosmauaerca u( -+ 0) # 0):

2u($)¢ ¢ ~
SO 11w PO =<
U3 Broporo ypasHenusa moaydgaem —Eu?(&)/(1+u2(&)) = pou(&), or-
Kyza po = —&u(&)/(1+u?(&)). IloacTaBUB 3TO COOTHOIIEHNE B IIEPBOE
13 TOJBKO YTO HAIMCAHHBIX YPaBHEHUH, HaxoguM, uto u2(f) =1 =
= u({) =1, u6o u > 0. W Torga cCHOBA M3 TOTO e ypaBHEHUS
HaxoAuM, 4To & = —2pg.

Ilocie m3noMa ONTHMANILHOE YIPABIEHHE YAOBJIETBOPSAET COOTHO-
IITeHUIO0

—DPo

2,2
x:_IM:_@(%+2u+u3).

2u 2
Ho
dy _ dy _ dydx _ dx _ @( 1 3)
dx_u:>du_dxdu_udu_ 2 u+2u—|—3u '

HHTerpupys 5TO COOTHOIIEHNe, ¢ ydeToM paseHcTBa y(&) = 0 mpu
u(&) = 1, noayuaem mapaMeTpuuecKue ypaBHeHHMs Kpuboii HrioToHa
= Ptz 3 4) _
y(x,p)—2<1nu+u —|—4u 3

x:B(lJrZquuS), p=—Do.
2\u

Msbr mMorJsim OBI WCCJIENOBATH U IPOCTEHIIYIO 3aJady O OBICTpOjeit-
CTBUU, HO He OymeMm menaTsh sToro. Oromiem uuTarend K KHure [1],
e dTa 3ajjaya pellleHa ¢ MOMOINbIO NPWHITUIIA Jlarpamika.

Ha sTom moctaBuM TOUYKY. §I BRIMOMHMJI cBOM OOeIIaHUA M Bce 3a-
Jauyy IIepBOM YacTH pemuJ ABaKAbl. [laBaiiTe oTmoxHeM OT (hOpMY.JI
¥ TOTOBOPUM IIPOCTO TakK.

Wrax, uTOo Ke cKaszajd ObI A «IePBOMY BCTPEUYHOMY IIKOJLHU-
Ky» O Teopuu 3HKCTPEeMAJbHBLIX 3aJad (BCIOMHMM OJWH U3 SIHUTrpPa-
doB K sTomy pacckasy)? HasepHoe, 4TO-TO B TAKOM pofe: B IIIKO-
ge Tebda yumau GYHKIUAM OLHOI mepemeHHo#. Tam pacckasbiBa-
Joch o mpueme Pepma pelreHHsa 3aJau HA HKCTPEMYM TAKUX (PYyHK-
muii. Ho ma camoMm pesie mMeeTcs MHOYKECTBO 3a1au, CBOIAIIUXCS
K MUHUMHUIANUY (QYHKIUH MHOTHMX HepPeMeHHBIX U Jake (QYHKIIUI
oT QYyHKIUM (HAIIPUMED, OT JIMHHWU), TaK OBLIO, CKasKeM, B 3ajaue
o OpaxuctoxpoHe. FIX cTrajau mcciaeqoBaTh B CIIeIIMAJbLHOM pasjejie —
BapualiMoHHOM ucumciaenuu. B Havame XX Beka ObLra paspabora-
Ha HaydYHad OUCHUILINHA — (QYHKIIMOHAJLHBIN (6eCKOHeUHOMEDHBIT)
aHa/IM3, B KOTOPOM 00O00I[aeTCcsd OCHOBHOE IIOHATHE <«IIIKOJBHOI'O»
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aHajaW3a — IMOHATHE IIPOU3BOAHOI. BeCKOHEUHOMEPHBIA aHaJM3 I103-
BOJIAET C €IMHOM TOUKHW 3PEeHUsS IIOCMOTPEeTh Ha 3aJauyl MUHUMHK3a-
muy (QPYHKIUHA OZHOM M HECKOJbLKHX IIepeMEeHHBLIX U 3aJauyud Bapua-
IIUOHHOTO MCUUCJIEHUS.

IIpu sTom, ecqu paccMaTpuBaeTcsd 3ajava 0e3 OTpaHUUYEHUH, TO
TeopeMa Pepma IIOJHOCTHIO COXPAHAETCA: B TOUKE SKCTPEMyMa dTa
IPOU3BOAHAA MOJKHA PaBHATLCA HyJio. I 3amad BapUaIllOHHOTO
ucumcjeHus teopema Pepma paciudpoBbiBaeTcs B Buae auddepeH-
MUaJbLHOTO YpaBHEHUS, Ha3BAaHHOTO ypaBHeHUeM Jiiepa.

Ho samau 0e3 orpanmueHuii cpaBHUTeJIbHO Majgo. W cpeau samau
C OTPAaHMYEHUAMU OOJIBIITYIO AOJIIO COCTABJAIOT TAaKHWE, YTO UX MOYKHO
¢dopmMann30BaTh B BUE PABEHCTB.

1A KOHeUHOMEPHBIX 3aJau C PaBeHCTBaAMU JlarpaH:k BBIABUHY.JI
OpuHIUN ux pemeHusi. CyTh ero COCTOUT B TOM, UYTO HAI0 COCTa-
BUTH GyHKIUIO Jlarpam:xka (T.e. IPOCYMMUPOBATE MUHUMUSUPYEMYIO
dbyHKIUIO u QYHKIUKU, 3a7al0Ile pPaBeHCTBA C HeOoIpeleJeHHBIMU
MHOMKUTEJAMU) U 3aTeM IIOCTyNaTh ¢ HeH Tak, Kak OyATO orpaHuYe-
HU# HeT. (37ech s, MOKeT OBITh, IPOCTO HPOIUTHUPOBAT OBI CJIOBA
JlarpaHika, IIOCTaBJIeHHBIe B KauecTBe smnurpada K IBeHAZIATOMY
pacckasy.) O6muit 3ambicen JlarpaHka coxpaHsieTca U AJA 3agau
BapUAIIMOHHOTO WCUYUCJIEHUA, W AJA 3a7JaY ONTUMAJIBHOTO yIIpaBJje-
HUS — HOBOU IVIaBHI TEOPUM SKCTPEMAJbHBLIX 3aj]ad.

A ecsu 6bI MOIT HOBBIM 3HAKOMBIN ITPOSBUJ Obl MHTEpeC K JaJib-
HelilmeMy, A OBl paccKasajJ eMy TO, UTO HAaIlMCAaHO BO BTOPO# ua-
CTH 9TOI KHUTH. A CcJIedyIOIuii PaccKasd — O HEKOTOPBIX OOIIMX
BOITPOCAX.
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Pacckas namnaduyamolii u nocaeduuil,
a Ha camom Oesae He pacckas, a Geceda

Bce kaHpBI X0OpOINK, KPOMe CKYUHOTO.
Ppanyysckas nocrosuua

TpyaHo He NPM3HATH, YTO HAIIK 3JEMEHTAPHBLIE METOIbI
ABJAIOTCS 0GoJjiee MPOCTHIMU U 0ojiee MPSAMBIMHU, UeM Me-
TOABI aHaau3a. BooOIe, 3saHUMAaACh TOW WJIM WHOH Hay4-
HOM mpobJieMoil, Jyullle UCXOAUTh U3 ee MHINBUIYAIbHBIX
0CO0EHHOCTEH, UueM MOoJiaraThbCsA Ha OO0Il1e MEeTO/bI.

P. Kypanm u I'. Po60unc

B KowmIe crosieTHsi CyIlleCTBOBaja yApydalomias TeHIeH-
IS OTBOPAYMBATBECA OT OCHOBHBIX IPO0JEM, KAk B Mexa-
HHUKe, TaK U B YKMCTOM aHajau3e. Bompexu BeJUKON Tpagu-
muu Axoba Bepuymniu u ditnepa, sToT popMasnsM OBICTPO
YKpemnuJjcs BO (PaHI[y3CKOH IIIKOJEe M HallleJ OTpasKeHue
B «AHAJIUTUYECKON MeXaHUKe».

T. Tpycdean

«Bce KaHpBI XOpOIIMW, KpOoMe CKYYHOro». B aToif
TIOCJIOBUIE OTPa’KeH BECeJbIN U KU3HEPAJOCTHBHIN AyX (hPaHI[y3CKOTO
"Hapora. Kak He xouercda OBITh CKYUHBIM!

B mepBoit yacTu 9TOM KHUTHM S OYEHBb CTApaJICA Pa3BJIEKaTh CBOETO
yuTaread. S paccKasbIBaJ JIeTeHIbl, TIPUTYU, HNCTOPUU U aHEKIo-
TBI, CTPEMWJCSA OBITh PA3HOOOPA3HBIM, HAIOJHAJ COAEpP:KaHue po-
MaHTHUKOM, BBIZYMKON U I1093Meli, CJIeNOBaJl 3a MBICIAMU BEJIUKUX
JIOmei.

A Bo BTOpO#l UacTM BCe COBEPIIEHHO WM3MEHHJIOCH; CTAJ0 IIPHU-
3eMJIEHHBIM, PYTHHHBIM W IIpo3anyHbIiM. Hwu wucTopuii, HU I093UU,
HU KpacoT. PyHKIINMU, TPOM3BOAHBIE, MPUHIIKUT Jlarpauxka... Coor-
HOe oxHooOpasue! Popmaansanusa, HeoOXOAUMbIE YCJIOBHUSA, PeIleHNe
YpaBHEHHH — U OHATh (QOpMaIu3alus, Heo0XOJUMbIe VCIOBUS
u 1.1. Kaxkasa ckykal

BcmomuuM ere pas ogumH u3 Hamwux suurpadoB. «Ciaemyer mo-
CTaBUTH Ilepeln co00ii ITeJh M3BICKATh CIIOCO0 peIlreHms BcexX 3ajau
OJHUM ¥ IIPUTOM IIPOCTHIM cmocobom». ([lamambep mmes 3mech B BU-
oy sagauu guHaMuKu.) Ho BO3MOXKHO JIM HOCTUTHYTh TAaKOM Iesn?
PasBe HempaBia, UTO MCTHUHBI COKPBITHI B HEMCUUCJIUMOM UHCJIE Tali-
HUKOB? MOKHO JI1 OKUIATh, UTO OHM OTKPBIBAIOTCA ONHUM KJIOUOM
WM XOTsS Obl HEeOOJBIIMONH CBABKON KJIOueii?
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C Hamamb6epom cuopaTr Kypant u Po6b6uHc:

«3aHUMAaACh, TOW WJIM WHOM HAY4YHOII HpoOJIeMoii, JIydIlle HCXO0-
IUTHh U3 ee WHAWUBUAYAJTLHBIX OCOOEHHOCTEH, ueM IIoJaraThbCcA Ha 00-
e MeToAbl». VIBBECTHBII COBPEeMEHHBINM MexaHuK Tpycmean mpo-
TUBOIIOCTaBJsAeT (popMmanmsMm JlarpaH:ka BeJMKOUW Tpagunum Oijepa,
SABHO CTAHOBSCH Ha CTOPOHY Iiyepa (cM. snurpadbl K 9TOI TJaBe).

Kto ke mpaB — 9iinmep uam Jlarpamxk, Hamambep nau Tpycmemnn?

He moGouMcsa MOCTaBUTH W CJIAEAYIOIIUIT BOIIPOC, HECMOTPS Ha Ka-
JKYIIYIOCA OZHOSHAYHOCTH OTBETA: UTO JIYUIlle — IO3TUYECKAsd PO-
MaHTHKA WJIN CKYYHOEe omHoobOpasue?

OT 3TUX BOIIPOCOB HE TaK YK JIETKO OTMAXHYThCS, OCOOEHHO TeM,
KTO WU YUUTCHA, WIN YIUT. HUeMy YUUTh UM KaK yuuTbcsa? Koukper-
HOMY mju abcTpaKTHOMY? 3amauyaM MU OOIIUM IPUHITHIIAM?

OrpanuumM IIOKa 3TUM HAYaJbHBIN KPYT HpoO0JieM, KOTOpbIe Ipel-
moJiaraeM OOCY:KIaTh.

HexoTopble M3 IMMOCTABJIEHHBIX BOIIPOCOB MOTYT IIOKA3aThCS TPU-
BUAJbHBIMH. HauHeM ¢ caMOTo IIPOCTOr0O — O POMAaHTHUKE U PYyTHUHE.

PomanTHKa miaeHser Hac. Hac BJIeKyT Tropbl, JeAsHbIe IIYCTBIHU,
OypHBIE BOJIHBI, OIIACHOCTH, PUCK. MBI UTHM BeJIUKUX ITOIBUKHU-
KOB — IIYTEIeCTBEHHUKOB, OTKPBLIBAIOIIMX HOBBIE 3€MJIU, AJbIIUHU-
CTOB, B30MpPAIOIIUXCA HA HEJOCTYIHBLIE BEPIIUHBI, OTBAKHBLIX U IePa-
HOBEHHBIX MOpeIlIaBaTeei.

Korga-To mocTu:keHue IoJioca OBLIO yaeiaoM repoeB. Ho omHa-
JKIObI MHE JO0BEJIOCh Pa3TOBAPHUBATH C UEJOBEKOM, KOTODBIA TOOLIBAJ
Ha 000mX moJifocaxX. B I0HOCTM OH JIIOOMJI ITyTEIeCTBUA, HO IIOTOM
y Hero CJIy4YmJoCh 3a0ojieBaHuWe rJja3d, W OH YyKe He MOI' HOCHUTD
OoJIbIlIe PIOK3aKW M COBepIlaTh AajibHHUE Melne mepexonbl. VI BOT
MMEHHO TOTJa-TO OH M IOOBIBAJ Ha IoJiocax. s 9Toro eMy He mpu-
IIIJIOCh HU MEpP3HYyTh, HU IIPEOJ0JIeBAaTh TOPOCHI, HU IIPOBAJIUBATHCS
B moablHbr. OH JeTay Tyga Ha caMoJeTax.

W mo cux mop MOMKHO IIBITATHLCSA OOUTH OO IIOJIIOCA B OAWUHOYKY
WJIM ¢ TPYNOOHM Jpy3eill — Ha cobakaxXx, Ha JbIKaxX, Ha IUpHUKaldie,
C IpeoJoJieHNeM IPEeNATCTBUI, C POMAHTUKOM U PHUCKOM.

Ho ects u gpyroit myTh K Iiesum — camoJieTroM. Korma oH Hayam-
ca? He Torma sam, Korga ObliIo m3obperTeHo KoJjeco? IloTrom Teiera,
mapoBO¥l ABUTATENb, JKejiedHad MOpora, aBTOMOOMJIbL M, HAKOHeIl, ca-
moiser. CamMojieT MOKeT JOCTaBUTL Ha IIOJIOC Joboro m3 Hac — 0e3
M093UU W POMAHTHUKHU.

YesioBeUeCTBO HE MOXKET ABUTATHCA BIlepen 0e3 IMOABUIKHUYECTBA,
6e3 omep;KUMOCTH, 0e3 pucka, 0e3 POMaHTHUKM U 1033uu. Ho Heus-
0e’XHO HaCTyIaeT BpeM#d, KOTJa MaHUBINAA U JajleKad IeJb
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CTaHOBUTCSA OOINEMOCTYITHOI, OcBOeHHOW. Torma nasa DOCTH:KeHUA ee
HUKTO He [ejaeT HHUUYero repomueckoro. KTo-TO TOTOBHUT CaMOJIET
K BBLIETY, COBepIlas OOBLIUHYIO, eXeaHeBHYI0 pabory. Ilorom mpu-
XOAUT KoMaHza. Ha aspoapomMe HeT HPOBOKAIOIINX, HET OPKECTPOB.
Jltomy mPOCTO BBIMOJHSIOT CBOIO pabory. CamojeTr BbLIeTAaeT M IIO-
TOM Hpu3eMJsAeTcs Ha moJjioce. Ho JsuIirbk Torma, Korga TakKoil IIOJIET
CTAHOBUTCS PAMOBBIM, PYTHHHBIM, OOBLIUHBLIM, 3aypPASHBIM, — JIHIID
TOTZA MOJKHO CKAasaTb, UYTO IOJIIOC OKA3aJICSI OCBOEHHBIM.

PasBe KTo-HUOYIbh MOMKET YCOMHUTHCA B TOM, UTO B OyayIlleM, KO-
Ia 4YeJI0BEUECTBO CIIPABUTCA C OpeMeHeM OTArYamINuX ero mpodjem,
OHO He M03a00TUTCS O TOM, UTOOBI JIIOOOM UeJI0BeK MOI' IIOCTOATEHL Ha
IBepecTe, He KapabKasch U He 3a1bIXasCh?

IIporpecc B *KM3HM ¥ B HAYKe OCYIIECTBJIAETCA COeIUHEHUEM YCHU-
JUii TePBOIPOXOMAIEB M PasMEpPEHHBLIM ABUIKeHHeM BIIepel Bcell Ha-
mieil IUBMIM3ANUMN. OTO OBUMKEHNE CO BpeMeHeM [ejaeT oO0Imemo-
CTYIHBLIMH T€ IIeJU, K KOTOPHIM I[€HOIO JKEePTB M CTPAJaHUUA paHb-
mie mpobupasiuch JUIIL repor. Kak M B JKU3HU, B HayKe KayKIbII
YeJIOBEK MOXKeT CTaBUTh mepes coboil nBoskue 1eau. OH mOIKeH
TPEeHUPOBATh ce0A IJA TOTO, UTOOBI, JasKe He pacloJjaras 0COObBIMU
CpeACcTBaMM, CAEJATh MHOMNBITKY B OLUHOUKY B300paThCA HA HEIPU-
CTYIHYIO BeplniuHy. HOo HYKHO TaKiKe y4yacTBOBATH B KOJLIEKTHBHOM
Tpyzne, Oo0ecIleuMBAIOIEM pasMepeHHOe ABUKeHWNe ITUBUJIN3AIUU II0
MPOKJIAALIBAHUIO JOPOT M KOMMYHHUKAIIUHA K 9THUM BepiiuHam. U cie-
JOBaTeJIbHO, YUUTH TOYKE U TOMY W IPYroMy.

Bor MBI momomIM K TeMe — UeMy YYHTh M KaK YYMTh. ¥ydUar-
cA AnA pasBuTUs (B OCHOBHOM — JO IIKOJBI), JJs OOpasoBaHUS
(B mixoie), nas mpodeccuu (B MHCTUTYTe M acuumpantype). O Ka-
JIOM dTalle HYXXHO AyMaThb OTAeJbHO. MOryT COpOCHUTH: a pasBe 3TO
y:Ke He mpoxymano? Beab 3T0 — OOWH W3 CaMbIX KapAWHAJILHBIX
BOIIPOCOB, KacamoIinuiica X KayKIOT0 OTAEeJLHOTO UejioBeKa, W BCEro
YyeJoBeUYeCcTBa.

Korga-To MHe agymajoch, UTO BCE BOIIPOCHI y:Ke peIlleHbl U BcCe
ITaBHO M3BECTHO — Ha 3eMJie, B HebOe, B HayKe W B KHU3HU. Benb
JKM3Hb Ha 3eMJe AJUTCA TaK [J0JIT0, CTOJbKO OBIIO MYyIpeIioB!

B 9T0i1 KHUTre A cTapaJjcsa HPeINCTaBUTHh OAWH 13 Pas3iesioB MaTe-
MaTHUKM — OT MCTOKOB O0 Hammux AHeii. OKrMHeM B30pOM HPOIifeHHOE
emie pas. [aBHo au Bce HaumHasoch? W ma, m Her. [[BamnaTh IATH
BEKOB... 9JTO, KOHEYHO, OYeHb MHOro. HO BBICTPOMM MBLICJIEHHBINA
pAo, O OJHOMY UYeJOBEKY OT KaiKJIOro IOKOJIeHUs, IYCTh HATh Ue-
JoBeK B BeK. OkasKeTcs CTO OBaAlaTh HATH UYeJOBeK — OT Hac 10
Apwucrorena. Kaxk maso!
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Me1 emie ouyeHb MOJIOABI. Yes0BeUECTBO TOJBKO e€Ille HAaYMHAET
ocBamBaTh Mup. CoOCTBEHHO, HayKa O IPUPOJE B HBIHEITHEM IIOHU-
MaHWUU 3TOTO CJOBa 3apOAUJIACh JIUIIL TPUCTA-UYeThHIPECTa JIeT Has3amd.
N yxxe tax mHOro msBecTHo. VM Tax maio! Bamu gexyimiku u 0a-
OyIIIKM MOTJIM 3HATH JIOAEH, POOUBIINXCSI B BeK Tejierd. DyKBaJb-
HO Ha IJiasaxX, B TeueHHe HeMHOruM O0ojiee cTa JIET YeJOBEUECTBO
OCBOMJIO TPAKTUYECKU BCE, UTO HAIIOJHSAET ceiiuac HAINy KU3Hb —
apoXonbl, JKeJIeBHbIE I0poru, Tejerpad, TenedoH, aBTOMOOWUIb, ca-
MOJIET, TeJIEeBU30DP, CIYTHUK. Y UeJOBeUYeCcTBa ellle He OBLIO BPeMeHU,
yToOBI B JeTalAX MIPOAYyMAaTh MHOTHE HaWBaKHEUINe KU3HEHHBIE
npobisemsbl. B yacTHOCTH, He IPUILIN K IIOJHON SCHOCTH IO BOIIPOCY
0 TOM, YeMy Yy4YuTb... HO BHe 3aBUCHUMOCTU OT TOrO, Kak B OyAy-
meM (M B HAIIM JHU) PEIINTCS BOIPOC O COMep:KaHuM 00pasoBaHUA
(a 3mech MOKHO AWCKYTHUPOBATH O MHOTOM — HeE CJENYeT JIU C CaMBIX
paHHHX IOp o0ydYaTh HapPAAy C OOBIUHBIMH IIpeAMETAMU OOIIeHMIO
¢ 9BM, BoKIEHHIO aBTOMOOWJIS, CTEHOrpauu WM MAIITMHOIINCHU, WC-
KYCCTBY PEeJAaKTHUPOBAHUA M T.II.), AJIA MEHsS HET COMHEHUS B TOM,
YTO MaTeMATHKe YYUTh HYKHO IO MeHbIIeH Mepe, IO ABYM IIPHU-
YpHAM — [JIAd TPEHUPOBKU yMa ¥ JA TOTO, YTOOBI MOYKHO OBLIO
HMOHMMATh, KaK YCTPOEH MUD.

Huckyccusa o ToM, KaK yYUTb MaTeMaTHKe, He yTUXaeT Ha IIPO-
TS)KEHUU TOCJEJHUX CTa JieT. B Hauaje B Hell IPUHUMAJIU yUacTHUe
Bce KpymnHeimue yuenble — Kieiin, Bopenb, Amamap u ap. Iasa
TOTO YTOOBI 00O3HAYUTH ONUH M3 IIPEJMETOB 3TOT0 HEYTUXAIOIIETo
IUCIIyTa, TpuUBeny OOJBINYI0 IuTaTy u3 J[beJOHHEe — OAHOTO M3 ca-
MBIX BUAHBIX (DPAHITY3CKMX MATEeMAaTUKOB HAIIIETO BPEMEHWU:

«fI mpoiry Bcex 6GecIpHUCTPACTHO IIOCMOTPETL Ha CJIEAYIOIue Te-
MBI, 3aHUMAaloIe 0OJbIIIOE MECTO B IITKOJBHOM MaTeMaTUKe:

I. Bagaum Ha TOCTPOEHUE «IUPKYJEM U JUHEHKOI».

II. CBoiicTBa «TPaAWUIIMOHHBLIX» (UTYP, TaKUX, KaK TPEyTroJbHU-
KM, YeTHIPEXYTOJbHUKM, OKPYIKHOCTA M CHUCTEMBI OKPYsKHOCTEH... —
BCE BTO CO BCEMH W3OMIPEHUAMU, HAKOIUJIEHHBIMU IOKOJEHUSIMU
«TeOMEeTPOB» U IIPemnojaBaTesiell B IOMCKAX HOAXOAAIINX 9K3aMeHa-
IIMOHHBIX 3ajad.

III. Bechr mcanThIpb «TPUTOHOMETPUUECKUX (OPMYyJI» U UX Ka-
JIEIOCKONIMUECKUX IIPeo0pa30BaHU, IMO3BOJIAIONINX HAXOOUTh BEJIU-

KOJIEITHBIE «PelIeHusa 3aJady» Ha TPEeyroJbHUKU W — NOOMKaJIyHcTa,
uMeiiTe 5T0 B BUAY — «B (opMe, IPUTOTHON IJis JorapudMupoBa-
HUSA...»

Hanee IbemoHHe IHUIIET, UTO HU C UYeM HOJOOHBIM UeJOBEK HUKO-
rIa B JKU3HH He CTOoJKHeTcsa. C TeM Ke TeMIepaMeHTOM ¥ HAIopoM
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OH HHU3BEpPraeT <«CTapylo IITKOJbHYI0O MaTeMaTHKy»: «Ho cmpainusa-
eTcs, Ba)KHee JIM IIPU 3TOM [AJA KOHCTPYKTOpa 3HATH, YTO BBICOTEHI
mepecekaloTcs B OOHOII TOUYKe, WJIM K€ OBJaJeTh IPUHIIMIIAMU Teo-
pUM CONPOTHUBJIEHUSA MATEPUATIOB? »

IbemoHHe cUMTaeT, YTO HAAO0 YYUTh IPUHIIUIAM YU TOJIbKO uM!
(IIpourute BBegmenme K KHure K. [lpemonHe «JIuHeliHaa anrebpa
u sJjeMeHTapHas reomerpusa» (M.: Hayka, 1972) tam BbI HaligeTe
elle MHOTO MHTEPECHOTO.)

S obyuasica «mo-cTapomMy» M K mepeuHio /IbemoHHe MOTY H06aBUTH
elre MHOIOe, Hampumep <«apudMeTHUYECKHe 3aJadyr» THIA 3aJad Ha
OacceiiHbI, 0eCKOHEUHLIE apuU(dMeTHUecKUe IPUMephI, I'le OObIUHbIE
Ipo0OU CKJIAABIBAIOTCS C JeCATUYHBIMHU, U T.II.

W cHOBa MOXKET IOKAa3aTbCsd, UTO HET IIpeaMeTa IJd OUCKYCCHUii,
uyrto [bemonHe mpas. Begb aTO AeHCTBUTENBHO TaK, U «TPUTOHOMET-
puueckue (GOpMyJbI COBEPITEHHO HEOOXOMWMBI IS IIPeJCTaBUTeseH
TpeX OYeHb MOYTEHHBIX IIpodeccuii: s acCTPOHOMOB, IJs TeOHe3U-
CTOB, IJIA COCTaBUTeJiell YUeOHUKOB TPUTOHOMETDPUU, a O0OJbIlle HU-
Komy. Tak sauem Ke MMM MOPOUYUTH TI'OJIOBY 0€IHOMY IIMKOJBHUKY?

W Bce-TaKu UYTO-TO MeIllaeT MHe IPU3HATH IIPABOTY STUX CJOB.
Camo moHsaTHe «obpasoBaHue» 0Oojiee cI0KHO. OHO COCTOUT HE TOJIb-
KO B ONpuoOpeTeHWUW 3HAHWHA ¥ HABLIKOB, HO WU B TPEHUPOBKE MBIIII-
Jeuus. Ha mpoTsasKeHUHW, TO-BUAMMOMY, OBYX CTOJIETHH (a4 MOXKET
ObITh, W OOJIBINIE) 3aJauu Ha OacceiiHbl, 3aJauy HA MOCTPOEHUe, 3aaa-
YM Ha TPEYroJbHUKM U MNpeo0pas3soBaHUA TPUTOHOMETPUUECKUX
¢dopMya BBITOJHAAU BEeJIUKYIO POJb — OHU JaBajil MHUINY IJd yMa,
OpUydYaau K TOYHOCTH M aKKYPaTHOCTH, YUMJIHW PACCYKIATh, MCKATH
WCTUHY, IPEOJ0JeBaTh TPYAHOCTU, WCHBITHIBATH Pa3HbIE INYTU K Iie-
Ju, yuuam pocturatb ee. OHM OZapUBAJIMN PAAOCTHIO yclieXa M OIy-
IeHueM KpacoTbl. B KOHEUHOM cuUeTe, OHM MOTeJHUpPOBaaH
TBOopuUecTBO. Yem 3ameHuts Bce 310? W crout au?

Bce aTu syieMeHTHI TBOPUYECTBA, HEOOXOAUMO, KOHEUHO, COXPAHUTD.
BeITh MOXKeT, Ha APYyroM MaTepuaje, HO COXpaHUTb. TpeHHU PO -
BaTh MBIIIJEHNE MOXHO JHUIb Ha KOHKPETHEBHX,
«YaCTHBIX» 3aJadvax, a He Ha «00IuUX IpuHIKOax». MHe Ka-
JKeTcsl, YTO HaJ0 OaTh BO3MOJMKHOCTH pelnuTh 3amauy I'epona mo Ie-
pony, Ha samauy EBKJuaa mOCMOTpeTh TyasaMu EBKJImmga, AaTh IIO-
YYBCTBOBATH COIPOTUBJIECHUME 3amaun ApxXuMeJa B TOT MOMEHT, KoTza
BBl JTOCTUIJIA YPOBHS €T0 TEXHUUYECKUX CPEICTB, MOIPOOOBATH CAMO-
CTOATEJBbHO pemnuTh 3amauy IllTeitHepa.

MHe mpeacTaBaseTCS, CJIOBOM, UTO CpPeAud TeX TeM, Ha KOTOPBIX
MOXKHO TPEHUPOBATh MBICJIb, IPUYyUYaTh K M300pPETATeTbHOCTH, HAYUHON

194



M3BOPOTJINBOCTH, NPEOIOJEHUI0 MHTEJIEKTYaJbHBIX TPYAHOCTEH, 3a-
Jauy HA 9KCTPEMYM IIPeACTaBIAIOT OJaromapHbiii marepuaj. Iloaro-
My A W IHcaJ MEePBYI0 YacTh 9TOM KHUTHU.

Ho HecOMHEHHO M TO, YTO HaZ0 00y4YaTh HOHMMAHWIO C Y Il HO -
CTHU BeIei, OOIMM IIPUHIWIAM W 3aKOHAM — U B €CTeCTBO-
3HAHUU, U B KuU3HU. [lya 9TOro HEOOXOAMMO, KAk MHe KaKeTcsd,
XOTsA OBI B cCaMbIX OOIUX dYepTaxX MO3HAKOMUTL JIOOOTO UYeIoBeKa
C OCHOBaMM MaTeMaTUUYecKOTo amajimsa. V60 MaTeMaTHUeCKWi# aHa-
U3 — HeOoTJeJnMas YacTh eCTeCTBO3HaHUA. Ho BaKHO elle um APY-
roe. BaykHO, UTOOBI OBLIM KAK-TO OCO3HAHBI M MOHATHI X €IUHCTBO
MUpa, U ero pasHoobpasme. JJIEKTPUYECTBO, CBET, TEILIO, ABUIKEHUE
KUIKOCTH, OBUMKEHUE IJIaHeT — 3TO BCe pas3Hoe, HO B 3TOM Pa3HOM
uMeloTcs obmime uepThl. IIpupoga «ympaBiaseTcs» OOIIMMH 3aKOHAa-
MM, BCe CBA3aHO M BCe TATOTeeT K eAWHCTBY. Mie KaKkeTcs, 3TO
TOK€ BAyKHO — B3HATb, UTO CYI[ECTBYIOT «OO0IIMe IPUHIIUILI».
Takwme mpuHNUOB ObIBAaIOT 1 B Marematuke. W Jlarpamxk, u [Hamam-
0ep, U MHOTHWE APYrue BeJUKHNe ydYeHble CTAPaJMCh BO3BBICUTHCSA MO
HMOHMMAaHUS TOI «caMoil CyTH», KOTOpas COeJUHSET pa3po3HEHHbIe
apiaeuusa B mupe. O0 oMHOM TaKoM OOIleM IPUHITHAIIE — IIPUHITUIE
Jlarpansxa — OBLJIO paccKasaHO BO BTOPOI YaCTH STON KHUTH.

BecrmoMHEM: KakIyi0 3aady Mbl CTAapajiiCh PEIIUTh JBAKIBL.
OmuH pasd — B IIePBOMl YacTH, «HUCXOAS U3 ee HHIWBUIAYAJIbHBIX
ocoOeHHOCTeIi», APYroil pas, — BO BTOPOM, «Iojarasicb Ha oOIue
MeTOIblI», A HAIIOMHUHAIO elfe pa3 cioBa Kypanra m Po66unca. ¥ HuUX
TOJIY4aJIoCh, UTO «dJIEMEHTapHbIe METOIbl ABJAIOTCSA 06ojiee ITPOCTHI-
MH U OPAMBIMH, YeM METOABLI aHaiamsa». A y Hac?

Mue kaskercs, uto obOmmit meton Pepma—JlarpaH:;ka, Mo MeHb-
meii Mepe, He yCTymaeT MepBEHCTBa B 5ToM cmope. KoHeuHO, OH
WHOTJA TEPHIUT M MOopasKeHus, CKakeM, B 3aJaue O HaWMeHbIIeM
mepuMeTpe TPeyroJbHuKa (BO3MOKHO, BIpPOUYEM, MOe pelleHne He
onTuMaJibHO). He MCKIII0UeHO, YTO KTO-TO M3 MOUX UKWTATEJeH IIPHUCY-
IuT mobeny APYrUM USAIIHBIM 9J€MEHTAapPHBIM pelnreHusM. Ho passe
MOXKHO OTPHIIATh, UTO STOT METOJ CpasKajicsa MOOCTOMHO, HU pPasy
He OTKAa3aBIINCh OT eAWHOOOPCTBA, W BCerJa IPUBOAWJ Hac K Iie-
Jau. A B CKOJBKHUX CJAyUYadAX OH OJep:;KUBaJl YBepeHHYI0 mobeny! 9To
MOJKeT TOKasaThCs YAWBUTEJbHBIM, Belb OonumH B moJsie He BomH! Ho
MOXKHO YCMOTPETh B OTOM OIPEIeIeHHYI0 3aKOHOMEPHOCTb, COIIYT-
CTBYIOII[YI0 MHOTMM YeJIOBeYeCKUM MCKaHUAM. [IpoOJIecK HMCTHUHBI PO-
JKJaeTcsi BO MpaKe, UeJOBEK JOJro OJIysKIaeT, IMpoOupasch CKBO3b
Ie0pu, a mOTOM BAPYT O0HApPYKHBAEeTCs, UTO BCE STHU OOJTHE MYUH-
TeJbHBbIe MOUCKU OBLIM KaK Obl HaNpacHBI M K IeJU BeleT KOPOTKasd
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mopora. Ho mampacusr gu? IlogymatiTe many stum camu. MHe xoTe-
JIOCH CBOEM KHUTOI JATh BAM BO3MOXKHOCTH IPOCJEIUTH 38 TEPHUCTOM
JIOPOrO#l IIOMCKOB WCTUHBI.

W emie omuH acmeKT BbIcKasbiBamusa Kypanta m Pob66uHca Xo-
TeJgoch ObI 0OcyauTh. B Te rombl, Korjga mmcaJjach KHura KypaHTa
u PoO60Oumca, CIMIIIKOM MHOTO 3HAUEHHSA IIPUIABAJIOCh IITPOTHUBOIIO-
CTaBJIEHUIO dSJIEMEHTApHOII M BbIciIeil mMaremaTuku. CamMomy sTOMYy
IPOTHUBOIOCTABICHUIO TPUCTA JeT. I'paHUIBI dJIeMeHTapHOII MaTeMa-
TUKU OIPENesIIOTCA COCEeJICTBOM C MaTeMaTHYeCKMM aHaiams3oMm. Bce,
yro OBLJIO CO3JAHO OO POXKIEHWA MaTeMaTHYeCKOro aHaausa,
Ja ¥ MHOTOE M3 TOrO, YTO IIOSABUJIOCH II03)KEe, HO HE WUCIOJb3YeT
€ro METOJOB Y KOHCTPYKIIHi, MPUHATO OTHOCUTL K dJI€MEHTApPHOI
MareMaTHuKe. MaTeMaTuuecKUil Ke aHAJIW3 MHOTIAA HA3BIBAIOT «BBIC-
el MaTeMaTHUKoM». HeKorma cumTajaoch, UTO B BBLICIIIEH MaTeMaTHUKe
COIEPIKUTCSA HEUTO «CBEPX'bECTECTBEHHOE», HEAOCTYIIHOE MOHNMAHWIO
IIPOCTOr0 YeJOBeKa, HEeUTO BOUCTUHY <«BBICIIIEE», O YeM B IIKOJe
U roBOpUTHh HeBOo3MO:xXHO. Ho Ha caMoM gesie 3TO He TakK.

MaTreMaTHuUecKUii aHaJn3 — 9TO COBEPIIEHHO eCTeCTBEeHHAasd, IIPo-
cTas U dJieMeHTapHasd HayKa, HUUYTh He OoJiee 3ayMHAasd, CJIOMKHAS
WM <«BBICIIIAsi», YeM, CKayKeM, <«dJeMeHTapHas» reomerpus. Muo-
THe TeopeMbl, TPAJUIIMOHHO BXOIUBIIKME B KYypC T'€OMETPUM, Kyaa
CJIOKHEe, YeM OCHOBOIIOJIATAIOIIME TeOPEMBI KJIACCUYECKOTO aHaJIM3a.
HpiHe mpoTuBOmOCTaBJIEHME 3SJI€MEHTAPHON MaTeMATHKM U aHanmsa
HEIPOAYKTUBHO, M BOBCE HE00A3aTENIbLHO IPOABIATH 0E3THY OCTPO-
yMUA TOJBKO JIUIIL M3 00A3HU MCIOJH30BATh CBOMCTBA HMPOW3BOIHOIM.

IIpuBHECEHUE 3JIEMEHTOB MaTEMATHUYECKOTO aHAJAW3a B IIKOJbHBIE
mporpaMMbl HeM30e:KHO IPUBEAET K IIepPecTPoiiKe M APYyrux objacTeii
MaTeMaTHUYeCKOro o0pa3oBaHUA — U3MEHUTCS COJAepsKaHue KOHKYypC-
HBIX 3a7ja4, KPY/KKOBOM pabOTHI, MaTeMaTUYEeCKUX OJMMIIMAN W MHO-
roro apyroro. Temepb y:Ke HEBO3MOKHO HEe YUYHTHIBATHL TOTO, UYTO
IMKOJbLHUK MOJIJKEH 3HATH HEUTO M3 paHee HEJOCTYIHOH eMy BBICIIEH
MaTeMaTuKU. BO3MOMKHOCTH, KOTOPBIE CKDBITHI B CAMbIX IIPOCTBIX
cpelcTBax MaTeMaTHYeCKOro aHaJn3a, f CTapajcAd IPOJeMOHCTPUPO-
BaTh B TPUHAAIIATOM paccKase, KOTJa MbI 3aHOBO peIlajy 3aJaull U3
epBO# YacTu MU OOCY:KIAJIM HEKOTOpble BOIIPOCHI, KOTOPBHIM TaM (Ha
5J€MeHTAPHOM YPOBHE) He HAIIJIOCh MecTa.

IIpu sTom ciemyeT MMeTh B BUAY, UTO €CJIU OCBOEHBI JIUIIH CaAMBIE
OCHOBBI MaTeMaTUYECKOr0 aHAJIM3a, MOYKHO yiKe HeJIaTh HOIBITKU II0-
Jo0paThbcad KO MHOTMM COBPEMEHHBLIM HpobjieMaM. B ueThIpHaAIIaTOM
pacckase s mocTapajicai OCBeTUTL TOT HYTb, KOTOPBIN OBLI TpOUMIEH
B TEOpHH 3SKCTPEeMaJbHBLIX 3amau oT Hbioroua, Jleiibuuiia, Oitjepa
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u Jlarpam:xa g0 Hamux gHei. MHe X0oTeJoch IIOKas3aTh, KakK, B CYIII-
HOCTH, HeJaJeéKo oT HploToHa mOo Hac.

OnurpadoM K IEpBOM UYACTM STOH KHUTM OBIIM M30pPaHBI CJO-
Ba Beprpama Paccemna, rge mareMaTHKa COIIOCTABJISETCI C MCKYC-
crBoM. Ilepen HauaIoOM YETBEPTOr'O paccKasa ObLIM IPHUBEAEHBI CJI0BA
I'. Xapau, rme om ¥YueHoro craBuT BbIne Ilosra. He Gymem BcTy-
math B cmop. WM HaykKa, W HCKYCCTBO COEIUMHSAIOTCA B OOIeM IIo-
HATUU — HOOCTOSHUE YeJOBeUeCKOTro pasdyma. U mHe
XOTeJ0Ch, YTOOBI MOM UYMUTATENh BOCIPUHAJ HCTOPUIO HEOOJBIIIOTO
dparMeHTa MaTEeMATHYECKOM HAYKM KAK YacTh 9TOr0 HAIIEro OOIero
KYJbTYPHOTO AOCTOSHUS.
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