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Ldi néi dau

Chung t6i xin gidi thigu vdi cic ban hoc sinh, Cap 3, dagcbigt 1a
hoc sinh cac lop chuyen chon tap t3i ligu vé "DAY SO -~ CAP SO" nhém
muc dich gidp cac em ¢6 thém tai li¢u hoc tip va nang cao trmh d6 cia
minh trong chuyén dé nay.

Mdi mot van dé deu dugc bit diu bang phan tom Gt ly thuyet néu
phan nay da hoc va phan giGi theu va trién khai mét s6 kién thic quan
trong néu phan nay chua hoc hoac it dugc aé cap trong cic sach giao khoa
thong dung 6 C ap 3.Sauddla phan bai tap c6 10 giai va bai tap de nghl
b6 [a nhimg bai (ap minh hoa cac kién thic trudc do hodc nhlmg bai tap
¢b lién quan dén cac kién thitc d6 nhung cao hdn, trich trong cac de thi
Ta Tai Phap hodic cac ky thi hoc sinh glOl thanh phé HCM, Toan quc va
Qudc té. boi v@i bai tap ( dé nghi tac gia c6 hudn 2 dan qQua, nhung hoc sinh
hoan toan. ¢6 thé nghi dén phUUng phap khac rigng cdaminh, o

Tac gia rit mong mudn kinh nghiém va nhigt tinh cta minh dem
lai 1¢i ich cho cac hoc sinh ham thich toan.

Trong lan xuit ban dau tién nay, c6 thé c6 mot sb sai sot ngoai y
mudn, rat mong ban doc gop y — xin chan thanh cAm on.

TP HA Chi Minh, mua he 94
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§1 CAP SO CONG

" A TOM TAT GIAO KHOA :
1. Dinh nghia : Ta goi cap sb cfng cong sai d+ 0 tat ca day sé (un) théa.
diéu kién : .

{u ; cho séin.trong R .

.

=Wy +d (n22)
2. (,ac cong thifc quan trong : .
! uy=u;+(n-1).4d (n22)
' Up—| + Upy) o :
2 Hy E *2“’“* . (n2 2) -

Cong thitc nay la ddc trung cia cép 6 cong
n(uy + uy) n{2u1 +(n-1) . d]
2 2

3214‘. = U +u2'+...+un—
k=1

- “n{n+1
42k A =1+2+...+n=&5‘~)
k=1 ,

BAI TAP CO LJI GIAL :

Bai 1 : Chimg minh a, b, c1a ba sb duong tao thanh mét cap s6 cong|
‘néu va chi néu ba sé :

11
VF+\/Z’\/Z+\/Z’\1§+«[E

tao thainh mot cap sé cong.

Giai

“T'rudc hét ta ¢6 ,
1 e-Vr
e " e o+




- c—-b
= (a+ 0y (Vb + oy (Ve +Va)

[ S
c+\f— +\/_ (\f_+\/‘(Qb+:Jc.

. (\/t+\f_)(\/_+\/—)(\f_+\/—)

Tir hai két qua d6 ta co

I 1
T °“’<->w+r Vo +Va - ﬂf o
Hay la :
a+b

b= .‘M<_>\[—+\/—' 2(\[~+\f_) (¢1+V_)

Do chinh 1a didu phai chitng minh

Bai2
Trong mét cap s6 congtadat:S =u +u,+..+u
1/ Cho biét : S;;, = n va S;, = m (véi m # n) . Hay tinh S, ,,,.
2/ Cho.biét : S, = S, (v6i m # n) . Hay tinh Sy,

Gidi
VSny=n v,é. Sp=m . Tinh Sytn
, m{2uy +(m—-1)
Sp=n <= T oT =
2 .
<=> 2mu; + (mz—m) .d=2n(1)
Tuong ty t¥ Sp=mtacdé: 2nu; + (n? - 1'1) . =2m (2)
Iu(l)va (2) ta suy ra
.(m-n)+ [(m nz)—(m——n)].d=—2(m—n)
l)o m#nnén : »
2ui+(m+n-1).d=-2<=m+n—-1).d=-2-2u;

1
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Miit khic ta co :

(m+m2n+m+n-1).4]

rrf+n =" 9
Thay két qui trén vao bidu thitc cda Sy, ta dudc :
(m+n)Qu1 —2-2uy)

" Smn= 2 =F(m+n)

"2/ Sm=Sp. Tink Sieq .

Sm=Sp<=>m|[2u; +(m-1). d] =n[2u1+(@~1).d]
<=>2u; (n -n) + [(m 112) -(m-n)]d=0 -
<=>2u;+(m+n-1)d=0(dom#n) ‘

Thay vio biéu thitc ciia Spn ta thiy ngay :  Sman =0

Bai 3

Chu’ng minh \l’_ \/— \/—khong the I3 ba s8 hang cua bat ky
mit cap b cdng nao.

Giai

(nasu\f_ \/—— \[—labasohang thit/+ 1, m+1van+1 clia
cung mot Ld[) s0 cOng. Thé thi :

2=u+1ld; \r_—141+md \[-—u1+nd
Teds: - V3-V2 - h.d_m-
\[— \/_ (n—m)d Tn-m

m-1" m-1

€ Q.bit: " =r
n—m n—-m

Vi

ta chimg minh : \[— \/* e Q dan t8i diéu vo Iy

Nhing mal, m,ne N nén

That vay
V3 -2 3-6
;%=r= \/_1—5_ _r..>rV +V =3(@+1)

rlaséhfmt)”'nénf%(r+l)=slasohu’uty,

i M




Tacod: ) rV15 + V6 = s (i)
lu(n)tasnyra (rr+\/—) (Vr\/—- \/—)—s(r\/_ \/—)

15r° -
nén : \/-l_; \/_- J‘“ﬁ—s (it).

s cling la s hitu tyvirvas déu 1a's6 hitu ty .
e iy o ey . : s+
Tu(va(idtaco: 2rV1S=s+58 =>VI15 ‘=*2’*'

R ' . : L2r -
Vay V15 1a sé hituty : vo 1§ ! :
Tom Iai \/- \/— \/— khong th fa ba sé hang trong cung mdt -
cap s6 cong dugc.

Bai 4
v

Cho cép sb cdng ay, a2, .., an, . €b tat ca cac s_é hang déu l
khac 0. :I
. 1 1 n-l
Ching minh : + + .+ =
dydy; @yas anp_]1 Gy Ay ay
2/ Gia s £6 1 ddy s (an) véi cic s6 hang déu khéc 0, thoa diéu
kién:
1 l ' l k - 1 ’ .
~ o b= ——— véimot k>3
ard2 azas ak-1 ak  ai dk

'Hay chifng té ring day sé (a,) la mét eip sé cong.

Giai
1/'I‘adéyla:u2—a1=a3—az=...=’an—an—1=d )
. , 1 1
nén ta ¢6 : = (-
da,ad, d a
1 1 , R
= ( cO (n— 1) hang
[25) a} d [25) i

10
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‘

Cong (n - 1) déing thirc trén ta dugc :

[}
1 ! 1 1 17 1

B e I i Il GIEE
dydy  dydy dp-1ay d ay a,

dy —dar a|+(n—1)d—al

- d. (ll a,, d(l] Up
(11 (l,,
2/ Tugia thidt véi k 1in lum cho bang 3.4, ...,ntadugc:
1 1 2
T N _ (3)
d) dy dpdy  dj th
2 1 -3
e Szt (4)

dy dz uz.¢14 ay a4
n-2 1 n-1 ‘
T4 = (n)
dydy-1 dy1 dy  apdy
Bién dbi () taduge: (3)  =>a,+a,=2a,
' —>a2—a|—az—‘12_d
Nhy vgy 4, iy aq la l cip s6 u)ng cong sai d.
Bién ddi (4) : ‘ 4) =>2u,+ 2, =34,
. =>2ay=-a; + 3(a; + 2d)
=>uy =y + ?d

Gia sif ta chiing minh duge : a_, =a, + (n -2). d
Tir ding thite (n) isuyra:  (n—2) a, +a,=(n- 1. a,
Dodo: (n=2)a,  =-a,+m-1).[a,+((n=-2)d]

' c=(m=-2a,+m-Hn-2).d
Suy ra : a,=a+m-1).d
Viy diy 6 (a ) la mdt ciip 80 cong s




Bai 5 : Cho cap so cjng ay, a2, ..., an

1/ Chimg minh: a,a <a,a  <aya ,<..<aa . . <

n+1
véil<sks -
2

2/ Gia si tat ca cac sb hang cua «ap 0 cony déu khong am, hay

Chitng minh :

\/al dy s"\/a, a2 ay...dy <

ay +d,
o
2

Gizi

1/. Ta chimg minh :

: . n+l o
g | Upaps2 S dip Qppyy VO 2 <Kk < 7 That vay :

gy dp—ke2 la,+(k 2).d].Jay+(n-k+1). d]
=a +(n—l)a1d+(k 2) (n— k+l) d* N
A dgpe; =l + (k=D d] . lay + (n ~k).d]
=a+in-Dad+k-1).0-k . d @
Ta so sanh hai kit quadi 1\ va (2) bang cach lay hi¢u :

Ak ka1~ A1 ke, = [((K— D0~ k)
in-2k+2). d

n+i
Do k< 2* ndn:n-2k+120 =>n-

Vay : ak—-l a4 1,2 A ks

2

k-2(n-k+1)]. d

2k+2>0

. n+l
(vei2<k<- 2*)

Ta cho k lay cac-gia tn trén ta thu dudc bat dang thue Gcau 1/

2/ e it ciu llmoo

n
(67 aga3 ... a,,) = (aja,) - (aa,—1) ... (a4a; 2 (ayay)
Ldy cin bac 2n hai vé ta duge : Vu, u, <"Va, a, ....a, (i)

eDoa>0(i=1,2, .. n) nén bit ding thirc Cosi cho :

"""" dy+d2+ ...
"\)(ll @...dy <

H

+dn

1.




1\
=2"n [(aj + a,) + (a2 + 4y—1) + ... + (2, + 21)]

) 1 a’1+a,, L
=_—.n(@a+a)="_"4(
n n (a; +a,) , (i)

(i) v (ii) cho ta bit ding thirc kép can chimg minh.

C. BAI TAP bE NGHI .
1 Cho ca‘;p sb cONg a1, a2, «., an, ... VOi tat ca cacséd hang déu duong
via d # 0 . Ching minh : - .

1 1 n—1
S e TRy
al+\/:l; a2+\/;3— ' '\J .,_\/__ \/u,+\/"
L N

Huongddn:  —== =~ B
a,t +Na, d

2/ a, b, ¢ lan lu‘dt 13 ba s hang thd m, n, p cia mét cap b cong.
Lhu‘ngminh° a.(n—-p)+b.(p- m)+c(m n)=0

3/ Mot cap sb cong ¢6 tinh chat véi moi sé nguyén duong m va n

. 2
P rd LA N v 2 ~ P o m
khac nhau, cac tong Sm va Sp thoa hé thirc : L -
non
, . s am 2m -1
Chdng minh rang : — =

n

a, -1
4/ Hay xac dinh cap so cong biét rang :9** khéng phu thuéc vao n.
2n

{)ap sb:d= 2u1
5/1/ Pinh mot cap s6 cong biét Sp = 3n’ + 4n, véi moi sb tr
nhién n.

2/Maot sb cac so hang cia cap s6 nay la nhitng so chinh phlrdng
Hay cho bidu thifc tong quat cua ching. Klem tra thet lai.

Hudng dan
2/ uy=6n+1=2k+1) <=>3n=2k (k+1)
k vak + | nguyén 5 cung nhau, ...

13
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§2 CAP SO NHAN

A TOM TAT GIAO KHOA o |
1. Dinh nghia : Ta goi cap 56 nhan cong boi q 1at ca cdc ddy sé(un) thoa
diéu kién :-
u) cho san trong R
{un=q.un_1 (>2)

Néug=0thiug=..=up=..=0 : .

Néu q = 1 thi tdt ca cdc s6 hang bding nhau va bling u

Néuq =—lthiny=uva=us=..;m=u=..=~U

Sau nav-ta loai ba truong hgp tdm thuong nay '
2. Cac cong thuc ;
1 Uy =1 .q"_l (n22)
2 u,,2 =Ugpog - Wy (n»Z 2)
3 u]u,, = Uy =

4 ZW '=

k=1 . TN

“1(1 -q )

S Viilgl<lthiup+uy+ ... vug+..="""

BAI TAP CO LOI GIAI

B ]

Baj 1 Lhu‘ng minh rang dé ba so khac khong a b, c la ba sb hang,

cua Lung moét cap s6 nhan, diéu kién can va du la ton tai ba so
nguyén khac khéng p, q, r sao cho :

p+q+r=0
aP pl.c"=1

Giai

*  Thuan: Gidsia, b, ¢ labasohang thuk+ Li+1vam+1 cua
Lung mét cip sO nhan sO hang dau uj, long boip.

14
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4. k. ! m
Tach: a=u, .p;b=u .pi;c=u .p
T cac dang thic Ay ta suy ra :

a_ g Ay (-
a _ pk 1 => (2yi-m = plk-bii-m)

5 t-m b1 _ p(l—-m)(k—l)

c=P = '(;) .
Do db : | (Z)l—m (l?)k—l o> g ekl kel
= aTm ™R =1

Vdip=!-m;g=m~-kva r—k—lthlhlennhlenlap,q,rlaba
sO nguyén khackhdéng va: p+q+r1r=0

Pao : a, b, ¢ =0 thda hai didu kign :
p+q+r=0(1)
{ Polc'=1 )
Dop+q+r=0nén tdn tai it nhat la mot so du0ng valsd am Gia
sudélar>0vaq<0. Tir gia thlet (2) ta viét :

P b P . =1=>( =&y

d c >(b)" Q) ®

« : r b ,

Pat : p =’;=>b=ap (3{)

TU (*) tachd : ‘(;C)—)’=p’7’=>c=b p¥ =>c=a.p™ @

(3) va (4) cho thdy a, b, c 12 ba s hang cla cip sd nhan a la s6
hang dau, b 12 50 hang thi r + 1 con ¢ 1a s0 hang thir + p + 1.

Bai 2

Cho tong sé : A=1+11+111+ .. +]1L.1
nsél
. N 10"~ 9(n + 1)1
_ Chimg minhrang: A= 21 .




Giai ,
Taco : 9.A=9+99+..+99.9
nsoo9
=(10-1D+100-1)+...+(10" = 1)
=(10' +10* + ..+ 10" - n
_100-10% 10" -91-10

— =
1-10 9
A 10" — 9(n + 1)-1
Vay : A =

81

Bai3: Cho cap s6 nhan cé s6 hang dau ar #0 va q#0vaqzt1.Goi
Snla tong cua nsé hang dau tién. Chiing mmh

- Sy (S3n - SZn) = (S2n - Sn)

Giai

(1-¢>" al(l_'an)

l—q 1-¢g

=
oy
—~
—
i
=
r——_1

Sn - (SBn - S2n) =

=———-.(1—q)(_qn

n. R
=[_f'—*"*] (1
Miit khilc :

’ 2
la-¢")_a0-q]
L 1-q9 I-¢ |

(SZn - Sn)2 =

1.




= - [(l—q (1= g

U—q)
2.
=———.1¢".(A-q"]
(I-9)
arq"(1-¢")
1 . i :
S i o )
- I-g
Sosanh (Dva (2 tacd: - S, (Sy,— ;) =(Sy, =S,

Bai 4
Cho A ABC ¢6 46 dai ba canh 13 a, b, ¢. Véi diéu kién nao cla
cong bdi g thi a, b, ¢ tao thanh mét cap s6 nhan ?

.
Giai

Gia st a, b, ¢ ¢6 cong bdi g, thé thig>0doa, b, c>0

Tacd: b= uq
¢ = uq2

(ac dicu kién : at+b>c
a+c>b
b+c>a
dugce dien ta thanh :
1+q'>q2 ) - qz—q—vl<() (D)
l+q2>q <=> qz-—q+l>() (2)
q+q°>1 g +q-150 3)

biéu ki¢n (2) hién nhién ding. Con (1) thi tuong duong vai

1-+s5 . 1+v5

—tcg<

2 2
1-vs ~1+\/—

va (2) thi wwong duong v8i: g < 7"— hay q > “’5—*

17~




\/5-—1 \[5_+l

Do g > () nén ditu kign cha q rit lai 13 : ""*2"‘ Teqg<- 2

Bai 5

1/ Chéng minh rang neu X, Y, Z (ba s0 thuc khac 0) theo thu’ ty tao'

thanh mot Lap s0 nhan thi ta ¢ :
" +y +2) (" -y +z)-x2n+y +7" Vnel
Tmng tru(‘)‘ng hop nao thi phan dao ding.

2/ Ap dung Xac dinh ba sb thuc khac 0 bleta'ang chiing tao thanh
mot cip so6 nhén c6 tong nghlch dao cha ching bang 26 va tong
hinh phuong ciac nghich dao ctia ching bang 364.

| Gidi |
V.taco: x"+y"+2M . x"-y"+2N ="+ 17")2 y*" -
2n n_n 2n

=x" 47 +2x AR

Do do : b

D=(x"+y"+2"). " -y"+2") - (x3 +y?" 4 " .
=2(x" 2" - y2n)
Do x.y.znén - yr=xz=>y"=x".7"

ViyD=0nn: (x"+y"+2" x" = y"+ 2" = x2 + y?" + 227 (1)
o fai. ndu co (Dgc1aD=0nen:  x"2"=y>"
("0 hai trudng hgp phai xem xét :
1/ 0 §é 2 112 thite trén din 6i x7. = y° .
o do x. y. z theo thi tyf tao thanh mdt cip s6 nhan : Dio ding.
2/ n chan : Hg thic trén cho ‘

- Hoic la y =xz.loc dy X, y, z theo thir tif tao thanh mot cap so
nhén : })ao ding.

~ Hoicta y =—xz, lGc Ay dAo sai vi X va z tréi diu nen X. ¥, 2 khung
thé 1a mot Ldp sO nhan duoc

Téom lai : Phan déo chi dung khi n 1& hojic khi n chiin va x, y
clng du.




-2/ Chon =-1 vao (1) ta dudc .

Vi gia thiét ta suy ra :

. 1 1 1 1 11
26-(‘—‘+“)=364<=>~——"+~=14
. 1 11
Vaytacohé: {—+ -+ =26
X vz
1 1 1
——-—+—=14
X v z
: 2
Suyra : =12 <=> y="
’ y 6
11
Sawddétacd: —+ =14+6—20
x
R 1 1 1
va: Xz=""_"<=>"."=36
36 X z

1 1 . o -
vai~ la nghiém cua phudng trinh :
z :

Nhu vdy —
X
W -20u+36=0<=>u=2;u =18
Két qua : “=2<=>xX=T LTI
' X 2 vaz
1=18<=>x=L ’l’=2 <=>z="
x 18 z 2
Két luan : Hai dap sb p =i L )
et luan @ i . AN =
3 p “2°6 18 q
11
2 T, q=3)
P A S

19




C BAI TAP PE NGHI , »,
-1. Tinh téng : S TN+ 4 11T
g pmans?

, nsé7
L. 700" —o9n - 10)
Papso: ————————
81 .
o 3 5 17 2 +1
Z.Tlnhtong: Sn=]+ e B

Hudng ddn’va ddp s6 : Tinh S, — i Sn

. 20 6n+ 11
Papso: Sy = 9(-) -

i
3. Mot cap sé cong va mot cap so nhan c6 cung s6 hang thl{m +l,
thitn+1va thi p + 113 baqodu’o‘nga,b c.

Chifng minh : L S -
Hudng ddn : Dung cac cong thU’C ¢ha cap ) cong va cap s6 nhan

a=u 1+mdvaa Vi. q , ... Van vin,

4. (,hltng minh rang 2, 3, S’khong thé 1a nhifng sé hang cua cing
mét cap so nhan dugc.

Hu(mgdan Neuchung lacacsoha sthik+1,/+1vam+1
cha cling mot cip s6 nhan s6 hang diu a, cong bdi q, thi ta -
chimg minh Jigc :

2=qk—1 ,§_qm—1 ‘
. 3 " 13 .
Tir do : am 3% 5l=2! 3™ skevaiy) .

(Mot 56 nguyén duong chi ¢ thé phan tich thanh thita 58
nguyén tdO mot cach duy nhat).

5.Chom€_)tc§ps5ci§ng:fa],a2,...,’n,...

E

Vit mdt cép.sb nhan : b,,byyseesb ;e

20



1/Néuaj>0; Vlvaal-bl # a2z = by thi hay Chlrngmmh rang
apn < bp;Vn>2

2/Néu ai> 03V i va a1 = b1 # an = by thi hay Chifng minh rang:
) ak>bk véil<k<n
a <bgvéik>n

Hudng dén :
l/Chlmgtod>Ovaq>l § o
Sauddésuyra: n-1l<l+q+q +..+q" > hién nhién

2/ Cing nhu yén :»d>0vaq> 1.
n—1 k—1
-1 -1
q .4
‘ n-1 k-1
- Khin >k thi bit ding thitc hién'nhién ding
- Khi n <K thi thay d6i vai trd clian va k.

Ta sé ¢cb :

6. a, b I hai s cho sin. Ta l3p day sé (a,) nhu sau :
aj=a;a=>b '

Ay—1 + Ay
a,=———+ - 023)
. 2 . 3
1/ Chlmg minh rang day (un) dinh bdi up = an — an—1 1a mét cf;p

s0 nhan.

o)

2/ Tinh up theoava b roi tim liman
n — oo

T a+2b
Papso: limay, =‘—3—. ) R

n— oo

7.Co cap sb nhan c6 cong boi q vdi lql< 1 Tinb cac tong sau
day:
VT = 1+2q+3q +wtng" 4.

2/T2-1+4q+9q_ + wtnig" 4

3 n-1

M Ty=148q427¢% + o 40’q" 4.
. 1+gq +4q+1
‘Pap 56 - 1/T1=—-1—-5 2T, = - 3/%—92——1
u-gf - g a-g*

21
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'§3 DAY SO

A TOM TAT GIAO KHOA
1 PAI CUONG VE DAY 80 :
1. Pinh nghia :

Mot day sé 1a mot anh xa 1 tagp N dén 1ap hgp R. -

- n - > An)=u,

Ta ghi : Ddy s6 (u,), .  hodc vin tit hon : day (u )

2. Dy so tang — day so giam :
Day (uy) ting ké tir No N2 No => Ul >Un

Dﬁy (un) glé.tn ké tl‘f NN 2 o => Upy] < Up
CHUY: .
1/ Day tdng, ddy gidm dugc goi chung la day don diéu.

2/ Day co 1hé tdng hodc gidm ké 1t n,, nhung day ciing cé thé tdng ‘
hodc gidm ké 1t ddu (no = 0) Sau ndy ta goi chung la ddy tdng
hodc day gidm (ma khong ndéi ké 1l no).

3. Day sb bi chan \d
Dady (uy) bi chan trén (bi chin bén phai) :
JAe R:u, <A ; Vne N
DAy (up) bi chan dudi (bi chan bén trai) :
' dBeR:u, 2B ;¥VneN
Day () bi chn khi n6 bi chan trén va b chan dudi.
CHUY: :

I/ Cdc sO” thuc A va B noi trén khing duy nhdt. Thit vy A co thé thay
bhidi A' > A, con B thi cé thé thay bdi B' < B . -

2/ Hién nhién (uny bi chén khi va chi khi (1 ug ) b; chan trén, tic 1a :
- (un)blchan<->(ﬂA >0:luylSA; VneN):
4. Céc phép tinh vé ddaysé:
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Ti hai ddy (u,) va (v,) ta dinh nghia cac ddy mdi : ¢
Day (uq +va): Wp=Up+vVy;Vn € N
Dav (uy . vp) - Wy =uUy.vVp; Vo € N

. Dav(k.up):wa=k.up; ¥V n e N (v6ik1amdtsod thyc cho
sin)
L I PUE TN u” :
Dav( "~ )(vdivp#Z0KkEting) : wp=-"; ¥V n2n,.
Vn » Vn.

5. Dédy con

Cho day (u ). Vi mdbi s6 ty nhién n ta cho tuong ing vdi mot sO ty
nhién p, sa0 cho : ‘ -

P <Pz<p'4< -<Pn<
Ta néiday (v,) dinh bdi : v = u, lil day con cua (u,)

Hu'n nhién 1a néu day (u o) bi chén thi ddy con cla nd ciing bi chan.
11 GIG1 HAN CUA DAY sO :
1. Dinh nghia :

Davy (u,) co gmt han la | (hay : hi tu dén l) néu ton tui so thyc!l -
ydo chn vai moi 0 € > 0 ta tim dugc mdt sO 1 nhién n aé moi khi
conzn thicolu »—lt<£

Ky h.i_éu N (uy) —> | khin -+
Hogcla : lim u, =1
’ . n—oo

Do dinh nghia ta ¢6 :

Hm u,=l<=>(Ve>0; anoeN n>no—>|un—ll<£)
c"—)°°

2. Hai thi du quan trong :

s 1
1 Ching minh riang : lim —=0
n —» 400 n,
" Glat.
. _ , 1 |
Choe>0tyy. Taco: I—-0l<e <=>—"<¢ -
n n

1.




-

.
<=>n>
€

. . , |
Chon n_ ta s6 nguyén'duong 1én hon . staco:

| v

n2n=>1"-0l<e’
n .
. . 1
Viy : lim —=0-
_n—‘;+ocn

“ CHU Y v
1/ Hién nhién n_ khong phai duy nhit ; n6 tuy thudc vao €

2/ Ta ciing chitng minh- duoc lim —= 0 (a> O)
n—>+o0 n*

2. Ching minh rang: lim q"=0(vdilql<1)

n—eo

Giai
Choeg>0tuyy.
’ Tac6:1q"~0l<e<=>1ql"<¢
' <=>n.lglql<lige

lge
<—>n>“ﬁ (chiy:lglql<Q)

lge
Chon i la s6 nguyén duong 16n ho lﬁé;_l tach:
n 2n —>lq —OI<£
Vay : lim q"=0
n-—>+oo

Hai két qua Lrong cac thi dy trén sau nay s& dum: dung trong cac
phép tinh vé gidi har ma khong can ching minh lai.

3. Finh duy nhit cia | _
Dinh Iy 1 : Néu ddy (up) o gidi han 1a ! thi [ 1a duy nhét.
24




Chitng mirk
Gid sy réng (u,) ¢6 gi6i han 1a [ va I'# |

i-rl
bac: e="" T<=>11-11=2¢(i)

N3 . . de
*Dodinhnghiatac6: 3n e N :n2n; => [;unf‘ll‘sg

Jo,e N:n2np = bu,-ll<e
Dodos . : ;"-"\.
n2max (ny; . m) =>l-Ul<lu,—I1+1u, —I1<2e(ii)

~ (i) va (ii) mau thudn nhau. Vay [ =’ w
4. ﬂieu kién dé day héi tu

*

Dinh 1y 2: (can) Moi ddy hoi tu déu bi chan.
Chitng minh

Cho ddy (u;) héity dén ! : .

Ve>0 ;3nge N : m>n0—>l~a<uq<l+e
Phit: A= max{uo,ul,... l+€}

B= mmiuo,ul,... l—e}
Nhy thé hién nhién 1 : ) v.j\Su“SB ;Vne N
Tuc la day (u)) bi chan

Dmh Iy3 ({)u) Moi day tdng (gidm) va bi chan trén (du(n) thi hoi
u

Chitng minh o
- Ta Ching minh dinh li trong trudng hop ddy ting va bi chin trén.
Xeét tap hop {ug,uy, ..., uy,... }-Day 1a mot tdp hgp vo han bi
chén tén nén tOn tai mot chan trén nho nhit / ca tap hgp 4o~

Choe>0 tuy y. Hién nhién ! —€ <! nén [ - € khong phai 12 mot'

chan trén cla tip hgp a ay, suyra:
An,e N u; >1-¢
Mit khig, (u,) 1a day t5n§ nén: ‘nzn =>u >u

o
-

=>[-E<uy <y SIi<i+e

=lu,-Ill<E

25
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~ D6i v&i day (un) gid= va.bi chan dudi thi ta xét day (~us). Diy
nay la day ting va bi chan trén nén hoi tu. Tir 46 (un) hoi ty.
CHU Y : Trong chitng minh dinh Iy 3 ta d3 xif dyng ménlf @
sau day (ma ta cong nhin) : _
Moi tip hgp con cia R bj chan trén (dudi) deu ©6 mét chén

3 rd

trén (dwdi) nhé nhét (16n nhat):
5. Céc dinh I§ 'vé giéi han - | ,
Cho hai day (u,) va (v,) hi ty 1an lugt &én I va I', o va B 12 hai s3
thyc. Thé thi ; .
(i) Day (ow, + Bv, ) héi tu dén od + Br '
(i1) Dav (u_ v ) hoi ws dén LI’ S

n n
. . . u : 1
(iii) Néu v #0 (ké trn ) va néu I'#0 thi ddy — hdi ty dén I
. v
n
(cdc chiing minh xem nhu bai tdp)
6. Quan hé thi ty va sy hdi tu .

Dinh Iy 4 ;: Cho hai day (u,) va (v,) lan lugt hgi ty t6i Fva I'. Néu
i, & v, (ké 1t mot thit hang nao' do) thii< '

“Chitng minh
o Kéﬁrnltac(): ‘ u, <v,
e S -r -
Giasul<!. bit e= > >0 .f
Ton tai mot sé ty nhién n, sao cho :
’ =r
o fu,—ll< 5
nzn, => 147

: I.v-n~{"l<“'2‘f.-

Néu N, = max (nl . nz)»l.hl :

! Y= 1+7
-4 < w >
n2no=> ! ;2 => g 2
- ’ i" I-r 1+70
vy —l'<— Vg <
n 2 n 2

- 26




=>  u,>V,: méu thuin véi gia thiét. - Vay i</’

Pinh 1y 5 : Cho hai ddy (un) va (vy) Tan lugt hi ty 1Gi I va I*. Néu 7 < I'thé
thi ké tr mot thit hang nao d6 up < vp.

Chitng minh
bit : € l’;l>0
a )
Ton tai hai s6 ty nhién n, van, sao cho :
: r-1 - 1+l
nzn=>lu,~ll<e =u,-Il< D U<
, r-1 ler
.- n>n2—>lv —ll<e—>l’ Vo<ToT - =S >
2 ) n
Dodb: , max(ril,nz)->u <v,

CHUY: Trong dinh 1y 4 khiu, < vy van ¢6 thd I =I', Ching han

1 1 A
-—<; Vn;lnhu‘ng lim (— ) lim 1 LontmngdmhlyS
non n—ytoo n n—yteo n )
khi [ = I'thi ta chua két luan gi vé thd ty ¢da u,vav,

Pinh I§ 6 : Cho ba ddy (un), (Un) va (Wn) v6i n & Vn & Wn (ké 1 mot thit
hang nao d6). Néu (un) va (wn) cling hi tu dén 1 thi (va) ciing hoi tu
dén l.

. Chung mmh
Theo gia thiée, ton tai s6 1] nhién n 1 $a0 cho :
nzZn) =>4, SvpS<w,
Véi e > 0 tiy ¥, ton tai sd ty nhién n, sao cho :
l—e<uy<i+e

n2n, => .
l-e<w <l+€ "’
.I)od():
’ n 2 max (n; , ny). => l—e<u, SvySwy<l+e
‘ =>lvy,~ll<e
Vay day (v,) cing hdi ty dnl. . .
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7. Day sé tién tdi vé cwc.
Dinh nghia :
*  Day (un) tzén tdi + oo khi vdi moi s6 A > 0 ton tai sé e nhién n,
5ao cho mdi khi.cé n > Rokhi un > A. ,
Ky higu : lim u, = + oo hodc(u,)— + °°khl n— + oo
n—H-oo N
lim u,,-+°o< >(VA>03noeN n2n,=>u, >A)
- n~yoo )
*  Day (un) tién t6i — oo khi v&i moi s6 B < 0, tdn tai s ty nhién ng
sao cho moi khi ¢c6 n = ng thiu, < B, 4
K¥ higu : lim u, = — oo hodc (uy) = —ookhin ~> + oo
n—>eo R :

lim u, = —-oo<=>( VB<0;3n, e N:n2n,=>u,<B)
R—>oo *
Cic dinh Iy vé gidi han vé.cyc
1 Day (u, + vy,) _
ond,

u‘nvi«l’ Rl R

1 |l+0|+o |~ | Dang vddinh oo~ oo

+o00 J+oo |+ |[V.D

—oo j—o00 | VD |-o
|

u I'#4q 0 . oo

120( |0 o |. Dang vodinh 0. oo

0 |0 |0 |V.b|.Cactichsd cd diu dinh

*lo [ [V.D| o | bdiquiticdiu
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3 Day (:—"]

u V‘II'#&( 0 oa
T u
10 ’l: -2 -3 4 oo
v,
0 0| Vb 0
" _
A Rl oo |[ %00 V.H
Vn .
B BAI TAP CO LOI1 GIAI :
Bai 1 : Ding dinh nghia dé Chiéng minh :
+2 n-1 -
viim 2221 im ==
n—>+e="+l . .n—->f~2n +1
3/1lim ¢"=0(vdilql<1)
n—>+oo i - .
. ‘ Giai
Choe>0tay ¥:
+2 1 .
1/ 2_"-—l e<=>_"<e.
n+1 | n+l

, 1
<=>n>—-1
: €

~

0 .Dangvédinhg;z

1 Ap dung qui tic dfu

1
2

y 2 P 1
Chon n,, Ia s6 nguyén duong nhd nhét 16n hon P 1

Taré: - n2np,=>

+2

+1

<t
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' Vm e> O khg(nho du cho 3 2 £> €) thl ta chon n, 12 56 nguyén l

: n—_l 1 ,
n2n,=> |7 B MR -

2n2+>1 2
2
n -1
Viy: lim _2_ =l
nrteo 2nt+1 2

-3 F rong phan t6m Eit glao khoa ta @3 ¢6 mot cach chung mmh
cong thic :  lim .q" =O(v0| Igi<)
n—>oo

Bay gid ta dua thém cach khac :

1m

YAy wg s

lql<1=>I;> 1 {di nhién.q # 0)

1
bat: - =l+a{a>0)
ig!
Ta ¢6, theo bt ding thic Bemouilli - -

(‘IJI "= +a)2l+na>na
4

Suyra: Iq " < L
: no

3 i 2 F4 ., R 1
Ta chon n, 12 55 nguyen dudng nhd nhat 1dn hon =

Taco: n2n,=>1ql"<¢



=Iq~0l<e -
H—ytoo ‘ \

Bai 2 :a> 0 sb thyc cho'sin. Chimg minh : lim™a =1

n—y-too

| Gial
(6 ba trudng hgp can xét: -~ '

1a=1Hiénnhiena: "1 =1=>51m™1 =1
. Iy LI P

e AN
2a>1Doa>1nen™Va>1.Pat "a =1+¢,(g,>0)

Tudétacs: a=(l+¢g,)"21+n.g,(m21)

. a—1
Suyra:0<e,<—
n

- e - a o . . - - - : A ﬁ
Ma lim ——= =0Choﬂén4d e s . ot BoLT i
N-dtoo n.
lim €=0=> lim ™a=1 .
n—yios " oo

30<a<TDo®<a<1néh B'é“'“l S1
) a
" Theo 2 di Chiing minh & trén, ta duoc :

lim n‘/_b—=l = hm _L.,—.: 1 => un”'\/;= 1
n—-»;: h ‘R=—>4o0’ n-\f;l— ’ . n—rtoo .

Tém lai,néua> O chosinthitaco: .

" im ™a=1
n—>too

Bii 3 : n> 1 Ii sb ty nhién: Ching minh

tim "Vn =1

L anad

Giai
Don>1nén"™Vn >1. it :
31



M= l4en(en20)

Do @6 : ‘
an—-1 o
n»=(l+e,‘,)"=1+ne,,+~(—2“—)-.e,2, 4..+neh el
Suyradwge: 0T
n(n—1
n>(—‘2.e,2, =>Oseﬁ <V i
v . 2"‘
=> lim g =0
' n—r+oo
=> lim g, =0
Il—:)+°°
oy
Vay: tim "n=1 : ‘
Beptoo ‘ y
o ' i
Bai 4 : Xét tinh hi tu cia cac diy dinh béi :
11 1 =
l/un=-l*2f5;+...+—n—£ |
. 1 1 l ~ 2 -~ =
1Yv, =" 4" +..+ (plasd nguyén duong cho san)
n n+l np ‘ i . -

‘Giai

Phwong phip : Ding dinh 1y 3 (40) rong phén trén : -
< Xem day tang hay giam ‘
~ Xem diy c6 bj chan trén (chan dudi) khong
-~ Két luan

(Ngudi ta khong yéu ciu tinh gidi han cac diy s ay) -
V Xét (u,) ' o

L 1 1 1
Taco:uy=— +—

+ +
22 2
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1 1 1

1
Upp ] =S+ <+ +—+
12 2 n® (r;+1)2#
Dodé:u., ~u =— >0,Va21l
n+l n (n+‘1)2
Do d6 day (u,) ting . _ '
Vi moi s6 ty nhign k 3 2 ta ddu cf :
1 1 1 1 1
LI SUSEE S S
B ko (k= 1)k k—l k
. Chonén:
1
—— =l
11
9 2
-~ 1 < 1
32 2 3
L fl_ 1
Cdng tit ci cdc bit ding thic lai theo timg vé, ta c6 :
T . ) : oo
un<]+l—-”‘=2—‘l’
n n ¢

Suyra:u <2; Va'21:

: ddy(u,) bi chan trén

_Tom lai : day (u,) thg va bi chan trén nén la day h01 ty.

2/Xet(v)
| | : 1
Vn= 4T T 4 T >
n n+l np
‘ 1 1 1 L
Vel =TT T LT T T+ e
n+1 n+2 np np+1 (n+l)p

”
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1. 1. 1 1
4 .o+ -=
’np+‘l np+2  (m+lp n

Dodd: vy -—-vp=

Nhung : .. <-~l» 0
np+1. np
1 1 b
np+2 np "
1 1
NS R
n+Dp np
Suyra )
1
Vel —Va< (T 4+ —+..+ 7 )-"=0m21)
p nn’ n
L
n sO hang
T d6 (v,) 1a ddy gidm. 7
Mat khz’lc, hién nhién la ta c6:- .

v,>0;V n 21 diy(v, )bichin dubi
Tom la% . day (v) g:am va bi chin dudi nén la'ddy hoi tu.

Bai 5: Hai day (un) va (Vn) dugc goi k tiép can nhau khi chiing théa
ba dieu kign sauday : O
@) (u,,) la day ting .
(i) (vp) Ia day giam i

@) lim lug=vy1=0
Nesteo | '

l/ Lhu’ng minh rang hai day tidp ciin nhau thi hoi tu d‘én cung mjt

gidi han
< 1 1 - 1
2/ Ap dungcho:u =1+ "+ "% ..
’ . 1t 2t oAl
Vn=2p+;‘!'- - e -

Ching to riing giéi han chung cia hai diy la-mét sd vé ty.
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¢ Giai
1/ Chiing minh (u,)) va (v,) hdi tu dén ciing mét giv.'ﬂ han

+  Tacilcho ring la ba didu kién ding ngay tin = 1 (néu khong ta
loai bt di mot $0 86 hang). Xét day (wn) dinh bdi :

R
Tacd: Wnet = W = (Vpy1 — Upap) = (Vg — Uy)
= Vis1 = Vo) '(un+l - up)
Theo gia thlét (u ) 1a ddy ting va (v, ) 1a day gxam ’
nén : =
Upep—uy >0

Va+1 ™ Va <0
Che rén':
Wne1~ W <0

Suy 3 (w)) = (Vn u,) 1a ddy giam. Nhung theo gia thiét (iii)
day nay hoi ty den O cho nén :

Vp—Uy SO=>v, <y,
Nbu vay taco :
U <Up<.. <Yy SV <. <V <V
Day (u,) ting va bi chin trén (bSi v, ching han) nén héi ty. Tir-d6
ap dung dinh 1y gidi han vao (iii) ta duqc g
lim luy—vpl=0=>lim (u,- vn)—
. N—ytce R—ppoo

Im

. s

=>lim u, =lim v,
n~>+oo n—too

CHU Y : Muén ap dung dugc dinh ly gidi han vao gia thlet (i1i)
rd rang 1a ta phai chimg minh (u,) va (v,) 12 nhitng day- 56 hoi
.ty trubc da. . '
2/ ;\p dung : .
i 1 1 .
=l4+—+—+..+—
ir2! . nl
1

vn=un+—
n!




“hg,
-

Takiém tra ba dleu kién cua hai day uep cén nhau.

(i) (up) 12 dy ting. Qua vy : T
1 1 15y . 1
“n+1—un=(17* 1!+5?+'"+(n+'1)!)_(1.+ 1!+"'f;)
= >0 ; Vn21
(n+D!
(ii) (v,) la day glam Qua vay :
1 L
Voel — Vp = g4y + " +1)' un_n!
= g1 ) + Covr ;;)
' 2 1 1-n

- T >
(ﬂ+l)' n! (n+1)!<0 s VnT..Z

: ' 1
(i) lim lu, — vyl =lm = 0
R—yto ' Rt T,

Nhu vay (u,,) va (vp) 1a hai day uep can nhau nén hoi ty dén
cung mét gidi han e. Do dinh 1y vé thir ty va giGi han ta ¢6

Up< €< Vy ~
D SR I~ s X a ..
Giasuelaso hituty : e =" v01p, n_ la hai so ty nhién. Taco :

'n
o . ) :

1 1 1 1-1 - 1. 1
T+ —+ 5+ +—<£<1+-—+—+ T
12t n,! n, 1" 2 n,!  n,!

Nhén it ca cho n ! ta dugc :

A<p(n,-1D<A+1 .
Trong d6 A 13 mot s6 ty nhién. Nhu vy & giffa hai s§ ty nhién A
va A + 1 con c6 mdt sb ty nhién khac la p (n,-1);Voly!
Viy e 1a s hifu ty. :

-




X i, . . . '
Bai 6 : Coi déy so dinh bt ; up= !g' (n > 1

I/ Chiing to rang ke ty mét thu hangnao dé, day (uy) la day giam

2/ Chimg minh rang day (v, ) h6| tu va tinh lim u
A~+oo

Giai*

1/ (u )ladiyglamkewn naodo
»Tachuylau,,>() Vol
Lap ty s , o ,
' u_;.'+_n_ 10 w10

Un @D 0,.' n+l(1)

o 10
Do db:u <y <=> ;—1 <1

<=+ 1>10<=>0>9
"Qua do ta thiy diy giam kétrng=10

2/ Chitng minh (u,) bi ty. Tinh Hm u,
' B—ytoo

Diy (up) gim va bj chiin dudi bdi s6 O nén hdite |
Tacd, theo (D vdin> 102 '

00 - 0
Up="".Up=> = Uy S J"— Up—1
n . 11
‘ ke
Tuong ty : Up1 _<_.-—l—l . Up-2
SR S T N
» J uns 11 e
Nhag tit ci cac bat dfmg thirc iy va riit gon
n-l() »

" 0<uy< (——) -




n-10

Do lim u, (_'_0 =0nén lim u =0 .

)
. f—=>too 11 n=ytco
. ’.‘.', . ﬂ . o d e 1
Bai7:1/a>1chosan. Chimgminh: lim —=+o e
- . e n_++w n‘ . -
2/ Téng quit : a >1vap>0 cho sin ; ching minh :
o -
lim —=+o
n—3teo Ilp
Glai
a o
1/ Ching minh Hm - —=+e(a>1) l
n—stoo N ¢ =

Do a> 1 cho sin nén ta co thé viét :.
\ a=1+h(h>0,cd dinh)
Tt khai trién Newton'cda (1 + h)" ta suy ra :
nin—1 a -1
a" > —‘(-".—).hz =>"> *(—‘2""‘) .h2
n.

: n- . i a
Khin 5 +ethi—7— 5 +0dodd: lm ~— =+
7 2 n n
2/ Chitng minh trudng hgp tong quat

1 P
- d @
Ta viét : el R e
A R n-

Dit:b=2a" Taco:b>1 .
.

Theo cau 1/ thi : dim “=+oeo

- T N
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n .
Do d6: lim (g—)”=+°.°(-p>0) .
n L3

- Amee

Tacla: lim “*=400 -
N—dtos

C BAI TAP DE NGHI |
1. Tinh gi(ﬂ han c;ic day sau day :

v
€ —

(_ 23 BT | .
alunsz, (nza) b/“n—_—"wﬂvw(nzo)
k=0 ﬁ ) . 7', + 6 i
sin(n’ :
u, = in(r) n=1) '
. n _ o ;
2. 'l‘inh;_ T i "iny
n—rte '

. Hudng dan N > 3; gol p la s0 u,f nhnén nho nhat idn hon hoag

.o.on
n— . 4/ .
bang 2 (hlmg m . n! o2 C )" Ll

n-— .+1>£
o p -,.2

Ve

n. ] 3 a ‘. ‘;
Taddsuyra: Vn!' > (E)l/z .- "Kétluan ?

3.2 5> 0 cho sin. Tinh : lim - o
. 1 . oo n.
Hmmg dan Goi [al l.x phan nguy(“:n cua a. Khx n> [a] + l thl td
c6 the viét :
n-— e thi
[a| th asd [a] f§0
. u ad...qa aa.;a
" - 1) (a}+1) " [a]'.
N ' o

i
q




Suy ra : u, < k.g" voi = *["]a“"l‘ va k hiing s
4. Xét sy hdi ty cia cic ddy sau day :
. i 1 1
alu,=" + T4+ ngu én duon h
n= np (p guy g cho sn) -

h/un—(l+ ). (1 +4) (1 +2»n<')(n‘.21)\‘-‘
Hudng ddn ‘ o
a/ Chimg minh diy giam~

b/ Ching minh day- tang pé chimg minh diy bx chan trén ta

1
chimg minh: u, <3 (1 - - ) bang qui nap
.

5. Cho ddy (u,) hoi ty dén . Dat: TS
g+
V= 7 et (Trung binh (,esaru)
n
~ Chimg minh rang (v,) ciing hdi ty dén . )
. ’ . (" - . /.lv . l .. v l . P
Apdung: 1/Chou, ="+ "+ ...+~

‘Chimg t6 : lim u_ =0
. n—yeo

-

n
o . Z k/n
2/(ho.un=/‘n (1.+k) ;

Chimg (6 : limu, =c?
Ao ~
Huong ddn : n, 1a mot s& wg nhién thich hgp. (s6 nao ?)
(u, +‘u2 +...+ uh;)ﬂ+ (u"u R +~u”) :—}nl
Taco:v ~I="~

e e e e e

n
=a,+b,
RAi chimg minh :

40)



lim a,= Ova lim b,=0

L H—rtoo e L - T
d AR .

6.a la sb tht_l’cwcho san Tinh :

lim v, viu, = coOs a u)g 4 €os ¢
n = o WS .
n—oo ’ 2‘ ‘22_ T '2’,:'
Hudng dan e
. . R 3 . S‘. B
Dung cong thac cos 4. = dé tinh un
. 2 a . :
23m S ; -
2 o
7. Tinh gidi han cac day s6 sau ddy : .
1 1
a/u,,—(l—") (1--). .(l—"')
3 n

f~ : .
c/w =(l—-—--.(I—-'“),...,(tl—"—) N
S 22 32 . nz
Dapsd: o/ lim u, =0
(LI : n—ytoo ’
T b/ lim v,=0
n-—yteo

©oc/ lim w, =
-yt
8. Cho hai sé thyc duong a, b yéi a < b, Ta dinh day (an) va day
‘(bn) nhu sau : . '
a+h ai+b . dnithe
a = T A= T e @ =T 2“

by = ’\j:l_ b;by= ‘Jazb] ) ;}b \ja,, b"_‘
Chimg Minh rang (ay) va (by) 1ahai day hdi g dén umg mot
- gidi han. Tinh gidi hgn do.
Hudng ddn : . Pua vé bai 6

. M&i quan hé giltaa, vab,

S

I




§4 DAY SO un = f(un-1)

AMOT $O KIEN THUC COBAN

1. Mt dinh Iy vé ham lién tuc S8

i

42

A‘.
() la mot diy trong doan |a, b] , f 1a mot ham sé xic dmh trén

labl :

(i) Néu (un) hoi tu dén le Ia, b] va néu f hén tuc tm l thi day (ftun))
hoi g dén f(l). :

(it) Néu vdi bat kv day (. un) fiad hoi ty den 1€ [a, b] mcac dﬁy wong
img (f(up)) hoi tu‘den f(/) thi ham so f lién tuc tm l.

Chitng minh
Cht?ngminh i
llm sO f lign tuc uulnen
Ve>( ; a>0‘lx—ll<cx=>lf(x) f(l)l<e
Vma>()dn.do(u ) hoi tu dén /nén
A uoe N:n2n,=>luy,-/l<a

Khi dy thi : n 20 =>fu-f(Pl<e
Diéu nay chimg t (f(u,)) hoi W dén f1)
(,lulng minh (ii) .

(5id str £ khong /ién e tai /. Thé thi tdntai € > 0 sao cho biit ky
o> () nao bao gics cing tim duQC x G lan can { ban kinh o va o

A fx)=fDI> e . e
b N
Klulayq-:ltaco"{lu,—lkl e
lf(u]) ﬂl)lZ €

I 1
Khulaya—itacoilluz—lk-z ‘ |
le)_f('Bl 2e . " o s .




N

B L1
Khi Ay o ="tac6 :{lu ~I[T<—
B n ' n

) -fD1ze
Nhu thé /a ta 6 cing mot lic dﬁy (ug) tién dén l va day (f(u,,)) o
khong tién téi £(J) : trai v6i gia thiét. Vay sim sd f lien tuc tak .
~ 2. Day up = f(un-1)

Cho ham so f lién tuc trén [a, b] va c6 mién gia tri chita trong [a, bl.
Xcm day sb dinh bo: ,

~ U € [a, b]
Uy = f(un_l) (Il 2 2) _
R& rang i diy sb hoan toan dugc xac dinh vi u, € [a,b] vGinx 1

Dinh Iy 1 : Néu f /a ham s ting thi day (« ) don dwu va h(n ty den .
{. nghiém cba phuong trinh f(x) =x . ‘
Chzme minh =
Tachd: Upep = Uy = f(uy) = fu,_)

Do ham sOf ting nén f(u,,) f(u,-)) cung déu véiu, —upg;
suy ra up,] — u, cung dau véi Up = Ug-1 .Cit thé tiép tyc ta di
dén : .

Un4 ] — Uy CUNE dz“iu véi u; —uy
'ludo - Néuuy > u; thi day (up) tang
' " — Néu u, < uy thi dy (u,) gidm

Day gu,,) don di¢u va bj chjn nén hoi tuden I.Va theodmh ly
mo. dau v& ham Jién.tyc thi (f(uy)).hoi lu dén £()), do dé:

=1
Dinh ly da dudc chimg minh xong -
Dinh Iy 2 : Néu f /a ham s6 glam thi cac day con (uz,,) va (“2n+1)
cla day (u,) don di¢u va nguoc chigu bién thidn. .

Chitng minh
Trudc hét ta ching ininh bd @& _ e —
Néu f [a ham nghich bién thi fof /a hhm dong blén S \\
That vay : fyhai phAn tirx, x’ € [a,b] , taco:
x <X =>f(x) > f(x") . -




Do gia thiét ban diu nén f(x), f(x) & [a,bldodo:
(%) > f(x’) => f(f(x)) < f(f(x’))
Vay: .
x <X’ => (fof)(x) < (fof) (x*)
-~ Dt : v, = uyy. Ta chitng minh day (v,) don diéu
‘ That vy :
n = Ugq = f(U25-1) = £(f(uzp3)) = (fof) (vp—1)-

I)o fof 12 ham ddng bién (tang) nén theo dinh ly 1, diy (v,,) ="
(uy,) la diy don diéu.

" Dit: w, = Uy, . Tachitng minh dﬁy (w,,) don digu
"Thatva)' L . . iaes o .
= Uzpe1 = f(ugy) = f(f(uz,,.l» <foo (w.,_l) N
Do 486 (w.,) = (Uzu4+1) /2 ddy don diéu.

Cusi ciing ta chiing minh (v,) va (w,) /2 hai diy ngugc chiéu -
_bién thién. Ta 6 :°

Vel = W T U3 — Uy
= f(Ugp+2) = f(uzy)
= f(Vye) = f(vy)
Do f nghich bién nén f(vy, ;) — f(vy) tréi diu véi vpq — v,

'Suy ra Wp,; — Wy VA Vg, | — V,, t8i du nhau, nghia £ (w,) va
(vy) €6 chigu blén thién ngugc nhau.

GHI CHU Cac dﬁy con (uz,,) va (up,,1) cla (u_,,) don dig¢u va bi
chiin nén hi ty Iin lugt ti Lival, Diy (u,) van c6 thé khong
hdi ty néu Lzl . -

. TOM TAT Vi u, = f(u,—,) vaf lién tyc trén [a,.b] .
D& khao sét day (uy) ta tién hanh nh sau :
1/ Kidm tra xem u, € [a, b] khong ? -
2/ f ting hay glam ?

Néu f ting thi day (u,)-hdi ty vé nghi¢m l e [a, bl cha phwng
trinh f(x) X

Néuf glam thl xei rigng hal day (upp) va (u2n+1)




B BAI TAP CO 1.051 G1AI

Bail: Khao sat day (un) dinh béi :

u =1
‘ %un=é‘(un_1+—2—) ‘ n22)

Up-1

(bay Hérdn)

: ‘ . Gial
Hién nhién {x >0,Vn21l. Ngoéi rataconcd:

=.2. \/u,,_ \/— (nZi’?) .

1
. un—l

Nhumylruu,,daysoxemnmﬁhuocdoan[\[2— +oo]
Xetham $0 : f(x) = —(x+z)
1 -2
P <
Suy ra him s§ ting trén [ V2 , + =)
3 17
Ti A _—“'. - —

1 CO . UZ 2 u3 12
. Day (u,) fa ddy gidm. (Chd ylétakhﬁng dungu, = 1 b01 viu,
e V2, )

Day (u“) giam v bi chiin nén hdi ty dén |, ngh1¢m cda phuong
trinh:

»

Dao ham ; £(x) =

N [—

>0: Vx e[¥2,+e]

=>u3—u2<0

1(x)—x<-> (x+g) x<->x —2
X

Nhung / > x/— 2 nénd = \l_

Xt luan (u,) la day gidm, hoi ty dén 1= ‘/_(co hmh minh hoa)
(h.1

45

ry




3
2

Y

£
¥

-\ - ——

1)
L
-

%

b I N N,

RO

£

Bai 2 :
Khao sat day(u,) dinh béi :

ll]=l

1 :
up=1+-— (n 22)
. ’ Up-q ' ;

Gilai . . ' ~
Hién nhién 1 < u <2 ;Vn 2 1. Déy s6 xem nhy thudc doan [1,2]

, ’ 1
Xét ham s6 : fx)=1+~—
X

5

Daoham: f’(x)=——l~<,OA;V xe [1,2].
o x ‘ “

46



oy

_phuong trin nh:

A A

Ham s6 glam trén [1, 2] Day (u,) dugc xem nhu hop cia hai diy

~ con (uy,) va(uy, . ) ¢6 chiéu blen thién ngugc nhau.

) K-
Taco:.u2=2;u3=2,.u4=3 - \
Do do:

5 1 v ~ -~ .~ 8
U4—u2=%—2=—;;*<0=>(u2n)ladayg1am,
3 .
U';—U] 2—1: §>0=>(u2n'+1)ladaytang

Cac day con nay don digu va bi éhan nén hji ty.
Con day (u néu c6 hdi tu thi gidi han Iclhand st ia nghlcm clia

1 1—\/5_

I=1+-=>|1;= 2 <0: loa1

- 1+\/—.

L= nhan
2=, M
i 1 1 Lty
Tasuyra: u —l=——-"==
: Uy U lu,
1 : S
Do dd : : “{r"sj'un-;,—”' " (dou, 21

T d6 ta suy ra:
1
Iu,,_l—ll<l lupp =11 .

©o1
Iu_;—lIS;.qu—ll

Py

|02—1|S_'.|Ul—l|-

—~

Nhan tit ca cac bat ding thirc ta dugc :

47




|u;,—1|<~17‘|-1,— 1i(dou; =1)

I+V5 1 .
mal=-—"—">1nénlim —— =0chonén:
2 - P
lim u, =/
. n—ytoo .
Két Juan . (u ) dugc phin ra Jam hai day con :
(uy,) /2 ddy gidm

(U2n+|) _lf.l day tang

1+v5"

(u,) fa dy hoi ty va lim u, = —
’ L ) 2

(cO hinh minh hoa) (h.2)

it

i
'
]
. .
: : ' l\
I '|
[ : : :
1 ' .
. ¢ ! 1
: by
i to !
Lo
v , ! !
‘: :: :'l
i 1 >
0 U Uy Yy Y

k)
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Bai 3
Khio sit ddy (u,) dinh béi:

U=

4
>

u,=1-u; n22)

Giai
Trudc hét taching minhu € [0,1] ; Vn21

1
That vay : u; =E€ [0, 1]

Giasi: u € [0, 1] vdik> 1

Thi : U, =1- uk2 :

' : {OSUkSI =(0=< uk+1§1=>uk+le_[0,l]
Vayu € [0, 1]; VYn21l

Xét ham 8 : f(x) = 1 - x*

DPao ham : t”(x)——2x <0, Vxe[0,1]

: Day la ham s6 giam trén doan [0, l] Day (u,) dugc xem nhy la hop
“cua hai day con (u,, ) va (u,,)co chidu bién thién ngugc nhau.

Taco:u -é'u —l‘u -g‘g]
27403160 4256
Chonén .
- 207 3
v ug—up = ﬁ 1>0—> (U2n) la day ting

1
U3 —up = 116 5’< 0 => (upp.1) la diy giam

Cac day con nay don di¢u va bi chan nén hoi ty dén lival,
Tathdy fing : :

3 3
ZSUZn <l=1 € [Z,I]

49




1 1
0<u <-=>hLe [0,
2n+1 ) 2 [2]

. t ©3 .
Ma[O,E]ﬁ[Z, 1]=Ochonénl #1,
- .

Vay diy (u,) khéng hoi fu
Tom lai

Rid

o (up) dugc phe:m ra /am hai day con :
(uy,) /2 day ting
(Uq,1 [a diy gidm
o . (up) /2 ddy khong hdi ty
CHU Y.: Phuong trinh f(x) = x tiic /3 x?+x—-1=0

+ VN5 .
(6 nghiém [ = *2 g '[(), 1} nhung day (u,) khong hoi ty.

Bai 4 : Khao sat day (up) dinh bdi :

u; (cho sﬁ_n) -

. ’ o |
P

Uy = —;_ (2“:—'1 +2u, -1 (n22) " ‘ |

- Giai

"Xét ham sb :

y=f(x)=§(2x3+2x—1) .

2
Da()hﬁm:y7;2x2+§>'0, VxeR

"Ham s6 luén ludn ting

50

Day (u_) hoan toan dudgc xac dinh. Néu n6 'hoi ty dén / thi nhat-dinh
! phai /3 nghidm cia phuong trinh :



A

f(x) = x <=> 2x° + 2x — 1 = 3x
T <= (x- D2 2x+ 1) =0
<=>x=[l=1
Mait khac taco :

1
- (2“13 + 2“1 -D- Uy

2 S Ea

1 .
= —(u,—l).(zu%+2u1+1)

HDoZu‘ +2u +1>0batchapg1amcuau1 nenu2 u, codau

ciau, - 1.Coba trudng hop 6 the xay ra :
lVu =1 Tacod u2 =1. Va qui nap dugc :

Vn = limu,=1
n—tos

2u, <1

u2—u1<0—>u2<u1

Day (u,) glam vidodo xadinsdl=1 nén khZng phai la day
-hdi ty.

C 3>l

u; - u1>0—>u2>u1

Day (up) ting va ciing xa dan s6 / = 1 nén khong phai la day
hdi ty. .

Tém lai
Néuu;=1thiu, = 1;V.1'1
Néu uy <1 thi-(up) /2 diy giam va khong hdi ty.
Néu u; > 1 thi (u,) /a ddy ting va khong hoi tu.
GHI CHU : Mot lan nija ta thiy phlfdng trinh f(x) = x c6 nghiém

- nhung chua chac day s& ¢ hoi to. (co hinh minh hoa) (h.3)

51,




o Apmmmomemef
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L
i e 1 VAR 14 S
y W 4 4
A 2
| AP
/1‘ g .
/ (h.3)
Bat5: Khao sét day (un) dmh béi : :
‘ ‘F+\]a+1/a+ “'\f” " m=21)
- ndéucinsd .
_ Trong d6 a > 0 cho sin PR
Gidi i >

Tir biéu thifc cia u,, ta ¢6 the viét=

i Tucla u, E[\[z; +o0);Vn21

52

) "'\/__
=Va+ Uy (n >2)

Hién nhién la: u, >‘/_ Vn2>1

-~

Xethamso f(x)—Va+x xe[‘/; +°°)




‘ . 1
‘baoham : '(x) = —F7=—=>0
2 . (~)° Wa +x
Ham s& ting trén [Va , + ) . Taco
{U1=\/;.~.

=>uy - Uy > 0=>(u,) 1a ddy tiing

Ta chimg minh béing qui nap :
' 1+V1+4a
u,,s—“—-2 ;Vnzl(®
= Véin=1 S ;

e -
- 1+V1+4a '
: : u1=\[;sT<=>2\/;s1+Vl+4a

- <_=>4a31+1+4a+2\]1+4a
-<=>"2+2V1+4a >0 : hién'nhién

- Giasico:
1+V1+4a .
WS viik>1
2
1+4/1+4a
hé i = s Vs DI
. . VNta+2+2{T+da ‘/1+4a+2\[——1+4a+1
:1+V1+4a
- 2 - [4

Bt d?mg thiic (*) ding vdi k + 1, cho nén ding vdi moi n. _
Day $0 (uy) tAng va bj chan tren &n hoi tu dén 1, 46 /2 nghiém
cla phuong trinh trong mién [ Va , + )

f(;() X <=> Va+x—x
x>Va

<=> 2 ) .
a+x=x




>Va
= 2
xX"—-x-a=0

1+V1+4a

<=>X ="
2

Két luan : (u ) [a ddy s6 ting, hoi ty va : lim u,
N0

Bai 6:

1/ a/ Khao sat sy bién'thién va vé do thi ham s :

y = f(x) = 2(x ~ 1) - arctg x

b/ Chitng t6 ‘*ng phuong trinh f(x) = 0 c6 mdt nghigmduy nhit

- laac (1,V3)
2/ Xem day (u,) dinh béi :
u = 1 s

1
u, =1+ 5 arctg u, 3

Chiing t6 rang diy (u,) hdi tu dén o . Tinh gié tri cian dé u,

gan bang o , sai sd & (£ > 0 cho trudc).

(D€ thi T Tai Phdp ; 90)

Giai -
1/ a/ Khao sat va v& do thi ham y = f(x) -.
Ham s6 xac dinh va lién tyc wrén R

ao ham : £(x)=2 -
o l+x2 1+,x2

Ham s6 /udn [udn ting, khdng cb cuc tri

lim f(x)=—o0;lim f(x)=+o
H—yoo - n—ytoo

»

>O VxeR

Tiém cin : — Khong c¢6 tiém cin dimg, ti¢m cin ngang

Tiém can xién :
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. |
fim 2 ohim @-2- Y9,
nsto X posteo * x

lm [f(x) - 2x] = -2~ % lim ) = 2x] = -2 +§

n—y+oo - n——o

: : : n
Suy ra hai tiém can xién : y =2x F 5 -2

L

DPd thi: ' ' \lj

x
) Ch k)
b/ Chimg to ring phu’ong trinh f(x) 0co ngh:em duy nhit
oe (1, \/_)
f lién tyc tun (1,‘\@) v .
f(1)=—§<0 " =>f(x)=0cénghimoe (1,V3)

- .n
: f(\/3_)=2(\l'3_-—1)—§>0

Do f ludn ting trén R nén nghidm o & duy nhét
2/ Chingto (u ) bdityva lim u =o

n—=>too

. - 1
Xétham sb : g(x) = 1 * arctgx

i
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. . 1 .
..Chonéntadwc:Iun—als?un_l—al‘

‘ | . L |

Paoham: g (x)=—. =|gXlg-,¥xeR
g=7 Lo gl

Do dinh Iy s6 gia gidi ndi ta c6 : . b -

|g(x)—g(a)lsilx4a|(l) '

Nbhung ma ;" u, = g(u,_;) vag( o) =Q

Ap‘ dung liégn tiép:
o [
.Iun_l—aI$5|un_2—al_

1
lup—oal<— . luyy—ol
2 o'W
. 1 e
Suyra: Iun—ctIS(z) luy-al

1o \ :

Dolim (=)™ =0nén bit dling thic trén chimg t5 (u,) hdi ty
n—>oo 2 .

dén a. )

Tamudntinhndé:lu,—al<e
2 l ° » '
Mudn vy ta chi can chon n sao cho : (5)", Jdu—al<e

L4y logarit Néper hai vé : —n . n2 <Ine —In | u; — ot
<=>n.m22mhluy—oal-Ine

g 3 . 2
Doae (l,ﬁ)nénlul—(xlﬂi—al <\3 - 1 nén ¢6 the
chon :

 In(V3 - I-ne
nz2 ——————

* 1a dat yéu ciu
In2 Ay




C BAI'TAP PE NGHI
1 Khao sit day (u,) dinh bdi :

X | VA Ill=0
R 1+u,,_1

= . 22
Un 2+u,,_1 @ ) )
2 - fuy=1
. 3+2u,.
u,,=-~—-~n—~l nz22)
2+u,,_1 s

2. Khao sat ddy (u,) dinh' bdiu, >0 vau, = «Jun
Huodng dan .. Xét trudng hdpu; =a>1

.Saudénéu0<ul=a<lthidit:b=
3. Khio sit diiy (u,) dinh bdi :
uy=a(azQvaazl)
Upy=1-—(n22)
Up—y
Tra 101 : D3y khdong hoi tu Tai sao ? ? _
4. Khao sat diy (u,) dinh bé :

) .
u, = - —-(n22)

1+u,

'5. Khao sat diy (u,) dinh béi :
up = L
172

i(1+u n-1) (n22)

Huong dan: - Ching minh day ting
— Ching minh: u,<1,Vn
6. Cho diy (u,) dinh béi u; va h¢ thic :

1 .

I~
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o+’ uy=@-1* vy -n@22)
UDitvy=u, + 1 (n>2) . Tinh v, theo v, ; ti¥ d6 :
2/Suyra:lim v, valim u,

- s n—3+eo nFtes

Dipsé:lim v, =0
n—>+oo

, 1
lim u,=—
) n—roo 4
7. Cho ham s g dinh trén doan [0, 1] bdi :
1 )
g =-(1-1"
2
1 a/ Khao st sif bién thién va vé 46 thi ham sb .
b/cwngmnih:—%s gX<s0; Vxelo,1].

" ¢/ Chimg minh phueng trinh g(x) = x ¢6 nghi¢m duy nhit
oe(0,1] :
2/ Xem day (up) dinh bdi :

lll. = g .
| Uy = 8(Up_g) @ > 1)
“a/ Ching minh : up € [0,1];V n21

b/ Ching minh : lup ~ 01 <k Tup-1 -0l ; V21 trong dé k

Ja mot hang sb.
¢/ Tinh lim u,

n—rtoe
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§5 DAY Quil NAP TUYEN TINH

A M()T sO KIEN THUC CG BAN
1. Day qui nap tuyén tinh cap 1

.

. U
o i”h=a~'“n-1 n>=2vaa#0)
Pdv chink 1a cdp s6 nhan cong bdi a dixét 4 §2 -
U
. , | u,=au l+b(a¢vab¢ n>2)

p thé dua ddy nay vé cdp sé nhan. That vy, ddt :
Vp=u,+hh:]1 hang sonaodo)
(v,) la cip sO nhan cong boi a : e
Vp=2a.Vp <=>u,+h_ =a(u,;+h) '
<=>u, +h =(au,_  +b)+ah-b
: - \.--7Z:-a

<=>h =L.(vdia¢1)
a-1

~ Con néua = 1 thi hién hhién (u) la cap sb cong
Thi dy : Cho day (u,) dinh bdi :
, uy
=2uy_; * 3
Tu dua vé cap sé nhdn nhu sau :
bar: Lvo=u +h
. nhu trén, ta tinh dugch = 3
Do dé : Vp=u,+3=2u_,+6=2u _;+3) =
Viy (v,) fa cép s6 nhan cong bdia=2
2. Day qui nap tuyén tinh cip 2

Va-1

Dang cia logi day quan trong nay ld :

u, . u, , )
{unj—-a.un_l+b.un_z(l)(a,b:h?mgsévébkhécO)

59




Ciing nhu 1at ca cdc phdn trén ta chi a2 cap dén trudng hop dry 56
thuc ma thoi.

" Vi n cho sdn di nhién 1Q ta tinh wong minh d‘uac u, bang cach tmh

Uy Uy, . Diéu nay cho thay rang ton tai duy nhat mot day s6 thoa

‘ /gm de dat ra. - '

60

Chiing ta thit ttm xem 1on 1qi khéng cdc day; ( r )v(ﬁ rlasd thuc
khacOthoa(l) The thi phaxco T
" »—ar +br N Ze>t? —arpb =0(2)

Phuong trmh (2) goi la phuong trink ddc trung cia day (u - Co2
trudng hgp :
1/(2) c6 hai nghiém phdn bigt ry varz. Cac diy (™ va (rz ) thoa (l)

do d6 day (e 71 + B r3)ciing théa (1) - (Ban doc c6 thé kiém tra_

_lai) - Trong 86 o, B [a hai hiing s6. -

Do gid thiét va do trén ta cé hé sau day :

rpoL+1; B ny

r12 a+rB=uy 5

HE nay cho phep tmh dugc (o B ) mot cdch duy nhat. That vay
dinh thitc cua hé la : .

nn

12 22 —r1r2(r2—r1) —b(r2—r1)¢0

!

Nhu vy day o v} + B 73 1a day duy nhat tim dugc th&a vén dé

2/ (2) c6 nghiém kép. Khi dy
2

D
r,=r2=52’-vab=——(b¢o=>a¢0)

Ta thit tim xem tOn tai khdong mot day (ry vn) théa (1)
Khi &y (1) dugc vitr : S .
] a2 .
Uy =2a.Uy.|— _Z - Up-2
Hay ld :

His,

2
n—1 a  n-l i
l'l Va=arg . . Vpg - 4 I Vp2<=>Vp=2Vp - Vi

<=> Vo7 Vo1 = V-1 7 Va2

Ny |




'\

Diéu nay cho théy (vp) la mot cflp/sc‘) cong nén : '

=o+f. n
Nhu véy day (( oa+Pn). rl Y dﬁy duy nhit thoa d& bai véi
o, B tinh bm
{ (o+B).n=
A N @+2B) .=y
.D;"nh thitc-cia hg : . A
:121‘121'12 - r13. *0

B BAI TAP COLOIGIAI

&

Lﬁi 1 Cho diy (up) dinh béi us, uz v :

Up=3u,;-2u, 2(n=3)
Tinh up, khi biét :
llu1-2 uy= 3
Zlul—.() JuUp = i S

S Giai .
Phuong phap glai
Lap phuong trinh dic trung
Néu phuong trinh ¢6 hai nghlém phén biét T, T, thiddy can um
(duy nhat) c6 dang u —arf’+[3/'

Néu phuong trinh c6 nghigm kép r thi diy cin tim (duy nhét) ¢6

dang u_(a+Bn,)r"
° Phuong trinh dit mmg
r—3r+2 O<=>r=1;1=2
" Dodé: u,=o+p.2"

o Dinh o, Bnhdu, vau,
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«l‘/u1=2;u2=3.Ta06.: a+2[3=§ . {.a
: <=>
B=

N [

a+4p=3

) 1 —
Viy : u“=1+§.2"=1+2n !

2/u1'=0;u2=lTac(’):
oa+2f=0 o=-1
a+4B=O<=>{B=%

1 -
Vay:u=-14(5). 20 =142 b

Bai2: Cho diy (un) dinh vy, u2 va Uy = 4u._1 - 4un_z (n > 3)
Tmh u, khi biét :
"Uu=1;u;=2
4 2/u;=0;u3=-1

‘ _ Giai
« Phyong trinh dic mmg
P —4r+d= 0<->r_2(nghném kep)
Dod6: wu, —(a+Bn) 2"
« Dinh o, Bphdu vau2
l/u,=1;u2=2.Ta06:

- 1 1
(a+f).2=1 o+f= co=
<=> .- <=> 2
1
(a+28).4 =2 a+2B‘-="2" p=0
_1_ n 1.1—1
Vay:u, = 5 .27 =2
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Bai3:

Day FIBONACCI
Pé la diy (u,) dinh béi :
m= 1; = l‘
{ = U + Up2 ®>3)
1/ Tinh u, theon

2/ Chli‘ng minh mgt s tinh chat sau diy cia diy Fibonacci :

Vuy+um+a.tus=uy—1

2/ ug + U3+ .+ Uy = U,
Hup+ug+ .t uy=uzy,g—1
4 ulz + uzz + oot un2~= Uy . Uyyg

. Gial’

1/ Tinh u, theon

| 4

&

*

Phueng trinh dic trung o i
Vs 1+*f5—

xz—x—~l—0<=>x] —-,xz-

Do ds: [‘ f{‘r]”

Dinh o, B b3i didu kién diu :

\ . (1-J§)+B(1+J5—] \
U = . R =
™ 2 2

‘ 02=1 . u(l_z i+ﬁ(1+25i=

SN {(1-\[5)q,+_(1+?f5—)|3=2
G-V5)a+@B+Vsp=2

FIBONACCI - Titc 1 Leonard de Pise (1180-1250) nhi Toan hoc nguol ¥: hoat

ddng & nhidu linh vyc : sé hoc, hinh hoc,...
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1

'<=>a=—-‘/—ls— va ﬁ=\/—5_‘- o

1+Vs 1-v5 o
Viy : un—\[—[( \/—]‘-( 2-\/—]’]:‘\7’“21

2/ Mt 86 tinh chit ciia dily Fibonaccl t.
1./ ¢01+u2+...+l.ln=i.l;“,2—1
Do cach xac dinh ddy s, ta c6
‘ u - =ug
up+uy =uz
uz + U3 =4 -
Up + Upy =Upy2

- CoOng tht ca cac ding thic va don gian nhlmg s0 hang gnong
nhau § hai vé, ta dugc :

U+ +ut. U=ttty = u,,+2—‘l
2/ ot Ut LUy S Uy, -
Vin do cach xac dinh diy s6, ta c6 :

uy =U

u2 + u3 . ’ = u4 f\.r .
Ug + U5 = Ug
Uzn-2 + Wop-1 =Uzq

Cong tht ci cic déng thirc va don gian, ta ¢6 -
. Uptuz+Us+..+ Uy = Uy,
3/uy+ug+ . +‘“2n—u2n+1_1

Ta ciing co thé Jam nihy hai ciu trén hoiic dung ket qua hai
. Cau trén :

Uy + Uy +...+ Uzn -(lll + Uz + ...+ Uzn) (lll +u3+ ...+ u2n—1)
= (U2042 — 1) (uzq)
= (Uzp41 + Uzp) — 1 — Uy, (do dinh nghia)

3
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. . ) ) =U2,‘2+1—1
4/ Uy +U Uy =, Uy
Véi2<k<ntacH:

- Ui . Ugy) = ug (U + U) = Uy . Uy g+ u°
Vivay: ‘
ST - ujz .
Upus =uu + 022 ]
Usty = Uu3 + ﬁ32 e
 Up.Upy _ =Upp-Up#t .“n2 .
Cong tit ca cic ding thirc va don gian, ta dugc :
. _ UpUg sul+u 4ty
C BAI TAP BE NGHI

1. Cho day s6 (u,) dinh béi u,, u, v :
1
U, = g Qup.g +3u, ) (n23)

. Hay tinh u, theo n khi biét :
Vu=0;u=1
2/u =13u=1 .
Trong méi trudng hgp hiiy tinh lim u,

n—>too

. 5 21
Papso: 1/lim yp== ;2/lim up= "
nte B e 8
2. a, b la hai sb cho sin. Lap diy (y,) dinh nh sau :
uy=ajuy=b.

i

u, = 5 {u,{_; +u, 2)(n23)

Tinh u, theo n va tinh lim- u,,
e




7

‘D' P a+2b+2( b) ( 1)1'1
- Dapsd .un= “(@-bv.(-7
PO th="y 5@ 2

v a+2b ‘

im u, =

n—oo 3

3. a, b I3 hai sb duong cho siin. lap ddy (u,) dinh/hhu sau ¥
Wy =azuy=b
\ “n‘,‘= Un-1 "un—2
Tinh uytheo n va tinh lim u,, :
. n—ytoo
Hudng déin : Chuyén sang logarit rdi /am nhy bai s6 2.

ek




§6 BAI TAP TONG HOP 2

A BAIL TAP CO LOI GIAI

Bﬁi 1: Cho diy (up) dinh bdi :

n

1 o

u, = n21

" kz_;l k.(k +1)...¢k +p) 21
Trong 46 p /3 mot s6 tur nhién khac 0 cho sin -
Chiing minh : ) _
1 [ 1 af }
w,=" |-
} plp! (a+p) ’
Suyra limu,
e )
Giai

Ta ching minh h¢ thic :

iy n
" (n! (n+~p)!) @

bing phuong phap qui nap :
Véin=1.Tacod:

| 1 1
123...(14p)  (p+1)!
1 op 1 |:(p+l)-—li|.

Uy =

Tp e+t p | ()
NP N L (1) ding vm n=1
“plpt (14p)

Gia s (1) dlng vm n> 1, ta ching minh (1) dung véi n+ 1. Thit
vily, tach :
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1
_z L

k.(kt1).. (k+p)

1 .
(n+1)(n+2)...(n+p+1) ‘

. n 1 n L n!
(n+p+1)! pp! pnp)t  (n+p+1)!

=un

1o a1 1
B pp! (n+p) [p - n+p+l1
_ L omesh
T ppt pnp)(np+l)

.

1 1 (n+1)! | . L . L
=" .| 7 —=——""—-| "cong thifc (1) ding véin + 1
p p!_ (n+p+1)! _

Vay (1) da dugc chilng minh-ding v6i moi n € N*
D& tinh gii han cba u ta chd ¥ ring :
‘ n! f 1
(n+p)!  (n+1)(n+2).. (n+p)
tién tGi O khi n tién t6i + oo

Vay: limu, =
n—oo pp‘

Bai2:a>h la hai sé dudng cho san. Ta dinh 2 day sb (un) va (va)
nhu sau :
ul =a; "l =b

Up-} +Vp-1
U, =" 2 8))

Vn = Jun;l Vn-1 )

Chiing to rang hai diy sé cé chiéu bién Vghién ngudc nhau va héi
tu dén ciing mét gidi han. (Khéng yéu cau tinh gii han d6).
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Giai . ‘ .
Hién nhién lau >0,v, >0,V n21(co thé thiy bing qui nap)
Do bt déng thiccdsitacdo: v <u ;V n22
U, +v, V,— U,

Tac()' u u, =

n+l " “n 2 nT 9
Vay day (u,) giam . Mit khac :

Vn = ‘_u” Vn \, >I

Vay diy (v,) tang. Nhu’ the hai day (u ) va(v,) cod chiéu bién thién
ngucc nhau.

Ta ¢6 thé hinh dung
ViSv€ Vi3S LSS S up S Sy
C4 hai diy déu bi chan trong [a, b] nén hi tu.

bt [=lim u ;/'=1lim u,
n—>+too n—>too

Ap dyng dinh ly gi6i han vao gia tiét (1) tacod :
I+

l=—T<=>[=] i
2
Viy hai day cing hoi ty dén mdt gidi han -
_ GHICHU :

(1) Gi6i han chung nay dudc goi /a trung binh Gauss ciia hai s6 duong
~avab.

(11).Chi khi nao chiing minh xong sy h01 tu cta hai day ta méi dugc
ding dinh ly giGi han.
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Bii 3: a, b Ia hai s6 thitc cho sin. Ta dinh hai diy (un va (vn) nhu
sau @ .

yy=asvi=b

1
Un =3 2uy_y +vy1)

Vp = % Uy +2V, 1) (n22)

Chiing minh riing hai diy sé dy hai tu dén ciing mat gidi han -

: - Giai
Trudc hét ta c6, do cach xac dinh hai day (u,) va (v,) :

1
Un = Va=y Up1—Vp1) (@22)

Up-] = Vp—y = i (g2~ vp-2)
. 1 “ 1
| Uz—V2'=§(U1—V1)=§(a—b)

Ty détasuyra:

up —~ vn=~1— (a=b)=>lim (u,-vy)=0

S ptos

cho nén, néu hai day hoi ty, thi ching s& hoi ty dén cing mot gidi
Bay gid ta ta chitng minh hai day hoi t.
- Néua=b thi bling qui nap ta chimg minh dudc :

Up=Vp=a; Vnzl=>lim ‘un=lim' Va

. i n=>4oo . p—>too
- Giasta<b.Ti gia thift ta c6 thé viét :
3up =2Up_ + Vo1 <=> 30— 33Uy  =Vp g~ Uy,
.

- 1 2
<=>Up = Uy = g (Vg1 = Upp)
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Ci thé cho n cac gia tri nhd din tasuyra ;.-

1 1
un—un_l=F(vl—ul)=F(b—a)>O

Vay (u,) la day ting
Béing cach /am nhu trén ta ciing dugc :

' 1
vn—vn_1=;;_:(a—b)<0

Vay (v,) la day giam
Mit khac v8i moin 2> 2

un—v,,=3nl;l (afb)
< _—>“n<"n
Nhu viy ta co : _

a= u<u2< .<u, <V <Vn1< .<V,<v;=b
Didu nay chitng t3 ring ci hai day déu bi chan.

Két lyén n (u ) va (v,) la hai day hoi ty dén cung mot gidi han.

Bai 4 : 1/ (up) /4 mot diy sb dwong

Tou
N p 1 .
. Chémg minh ring néu im(——) =7 ,thi lim "\u, =/
n—>c0 n n—ye0
. Tim mé{t phan thi du cho thay dao lai la khong diing.
2/ Ap dung : Tinh :

a/lim "N} b 3 (n 21)

. n--oo -
b/ lim 1 L Vn(n+1). . (n+n) 21
1—o n
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< idi
1/. Cé hai tru’Bng hop, nén xét riéng :
D i> 0 ¢b dinh & sao cho & < I. Theo gla thiét :
lupy |
Joge N*:n2n => |- -—l|<£
. | un |
Dou,>0 ; \Zn“e N* nén tacé :
n2n,=>({-€)uy <y <+ u,
Twd6tasuyra: ’ V
(I—8) . U <Uy < (I +8) . Up-1

(-e)ugpg<uy<({+€)up [ (cd6n-n, -1 hang)

(I-e)uy <Uy s <U+E)uy
Tht ca cic vé ddu duoug nén c6 thé suy ra:
Uy, (-g) ! <uy<u, (1+&) "% -
Hay /a:

r-n —l

: n-n_~1 -t
N U-€) 0 <™up<"™u, (A+ve) n

Khi n — + oo thi :

n, {u"n - 1 (xem bai 2, §3)
(n-n,',—l)’
U-e) n —1-¢
(n-n~1) -
) ‘+€) =n —> l+€

Cho nén :

’ Bnle N*:ﬁan =>l.—‘28<"‘/;,,—<l+2£ .

Digu nay chimg 4 : lim ”\/—u:= l
T oo

2)I=0
Vane>0cho sin, ton tai n, € N* saocho
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u

n+1
n2n_ => O< - <¢
. u, ‘
. =>0<“n+1<“n-€¢ ‘
Dung cich lap fai nhigu lan nhu trén ta dugc :
B b | -
<up< Uy €
Suyra:
n-n,—1

0 <™y, <™ Uy € m
Khin — + oo thi .
N, - 1

n-n,~1

€ .n —>E
Cho nén : ) ,

an, eN*:n2n; > 0O<u,<2e
Vay: lim "N, =0

n—3+oo

-~

T6m lai trong ca hai tru(‘mg hop ta déu cb. lim ty =1
' n—oo

e L
Dao lai khico lim wu,=/  .chuachicdacélim —— =

n-—>+oo n~>+oo Uy

That vay ta chon diy (uy) dinh nhy sau :

{“2 =uy = =Uy, =2

. ul=u3:-=...=u2n+1=b(a>(-);b>()vaa¢~b)
P . wm [ . TN
TacH: lim iy, =tim “a=1
T n—tee oo
T o 2

lim " Nugyy =lm i \/;)_= 1

n—>too n—y+oo
e s . n
l'ac la - lim "Vu, =1

H—>+o00
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- Trong khi d6 :
f{z,ﬂ?.,]._g > u2n - g
Un @ Ugpy b
booa., . L
Ma a vi ;7 la nhiing hang s6 khac nhau nén ta co theé ndi ( Gt )
. : ‘ .

khong ¢6 gidi han.

N

2/ Ap dyng
o Tinh m "NC,
yHim o ™ | ]
pat u, =G,,.Tachd: . ,
o @n)!  @n)!
" ooxeny L) ,
" n'(2n-n)! (rl')z '
1 (2n+2)'
Unet =C2me)=""" 5
o (n+1)
Do d6 nén :
Hpy 2n+2)(2n41 o Uy
frer Q1 _,2£~2.t-2 o lim (™24
Un ) (n+1) H=>too  Un

Hién phignu,>0; Vne N* cho nén ap dung cau 1/ taco :

lim "u, =lim "N, =4

n—>+o0 . N—>+0o0
1 - :
b/ Tinh  lim . "Nn(n+l)...(n+n)
H—Do0 n . ‘yf
. n(n+l)...(n+n)
bat: u,=-—- S
Tacd: . a
(n+1)(n+2).. .(n+1+n+l) : ‘
Upe) = 7° o r.rl:lw T
(n+1)
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(n_fl)(n+2) (n+1tn+l-) .

un+l (n+l)"+] ’

Uy n(n+l) (n+n)

n

e
= P (2n+l) (2n+2)
n(n+1)
Go_[on | @ntl).(2n+2)
_[n+l Conn+l)
1 @ntl).(2n+2)
n.(n+1)

a

e
(a+=y
n
. . 1 .
Khin—>+othi(l+ ) — cchonén:
o

" o '
e =gt ' -

n-—>+°°un ¢ e

Ap dyng ciu 1/ tasuyra:
lim - Vn(n+1) (n+n) -"
n—->eo

GHI CHU Cau nay co the diing dinh nghia cla tich phan xic
dinh d8 gidi.Ldi glal van tit nhu sau ;

u, = 1 M n(n+1)...(n—,m) ="

h n

n(n+1)...(n+n)

n

Lay logarit Néper hai vé :

nj
Inu, = In ‘\ll_[(\H%)
< op=1

1 n
=3 ma+b)
n n
p=1
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V& phai la téng tich phan cta ham sd f(x) = /nx trén doan |1, 2]

., P ~ PO p !

g v&i phép phan hoach déu va phép chon & =x; =1+ .
‘ ‘ n

Suyra: ‘

- lim Iny, =_,.2 Inx . dx

H-—30 1

2

= [x/nx —nj; "
=2m2-2)-(nl-1)

=ln4—l=lné

e

o g . ) 4

Twdosuyra: lim w,="

' n—yoo €

(Bai gun van At nay doi hoi ngum doc phai biét tich phan xac
dinhva nlueu kién thic khac co lien quan nén ngudi viet néu ra
cho mot -8 ban ‘doc ¢6 trinh dd, dé tham khao).

. .

-

Bai 5 :
1/ Khao sat sy bién thién va vé do thi ham so :
O(x)=ln(1+e)

. 1 y
2/ Ching o 1 @7 (x) | S; s Vx>0

3/ Xem day sb u, = (I)"‘(un_.yl) véin=>1va u;= o
Chifng to rang (u,) [a day hdi tu va tinh gidi han cia né.

Gii
1/ Khao sat va vé do thi ham sb
Mién xic dinh : 1) = R
~=X

: e
- baoham ' y' =@’ (x) <) ;Vxe R
|

Ham s6 ludn giam, khong cb cuc tri
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Tiém cin :
- Hién nhién 12 : lim & (x) =0
X—>to0
Cho nén bén phia x > 0 dd thi ¢6 tiém cin ngang /2 truc hoanh.

- Mit khac ta viét

X
e +1 . '
Q)= (—)="x+ e +1)
;
Dolim In(e* + 1) = 0 nér pRia bén x < 0 dd thi ¢6 tiém cin

p—->—c0 N
xién [a dudng thing y = —x

.'Bang bién thién

D) Cem—
\
D(x) oo . . 0
Do thi




1
2/ Chidng minh : | @ (x)I < 2 s Vx20

- _x

Taco: @ ()="""=>1® x)I= = )
¢+ e+l €+l
-

Dox>0néne* >1,dod6: l(D’(x)lgE;szo

3/ Khao eat day u =®,_,)

Néu day (u,) hdi tu thi phai hdi ty dén /, nghlem cha phuong
trinh -

D (x)=x

Tl in(1+¢ ) =x <=>—x + In(e* + 1) =x
<=> In(ex +1)=2x
<=>¢" + 1=¢>

<=> (" ) —e —1—()
l+f '
2
- Mitt khic, ap dung dinh 1y lagrange trén [a, b) vdi O <a<b

*l)ol>()nen =

Tacd:
" DB -D@ =D (c).(b—a)viice (ab)

1
Cho nén : 1 ® (b) — (D(a)|<2Ib al
1
Suyra: Iu,,—(D(l)I<2Iun_1-lI
hay f (do 1= D)) : lu -lI<2|u,,_1-lI (n=

Ap dung fign tiép bit dang thirc nay rdi nhan tit ca vé lai ta
duge .

1 ‘ 1
U, = 1< tug—11=—-la—1I
2" 2"
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p ., .\ R l+‘v’§
Kétqua: (uy) ladayhfitwva: lim u,=l=-"""
n=>+oo 2
BAI TAP PE NGHI. (Téng hop — On)
1. 1/ Chimg minh : - .
: 2
a—gz‘<ln(1+a)<a; Ya>0

2/ Xem day (u,) dinh béi :

u,,=(1+i)_(1+42~)...(1+1) ‘
ﬂ n n

Ap dung bat dang thic & cau' 1/ dé chu’ng mmh rang (uy)
la day hdi tu ma ta sé phai tinh gigi han clia né.

Hudng dan
1. Diing sif bién thién céia ham sé :
¢(@=a-n(l+a)
' 2

'\|l(a)=ln(l+a)+92~—.x

2. Coi hai ddy (u,) va (v,) dinh bdi :
uj , vq (hai sb duong cho sin)

-

(,hu’ng minh hai diy cung hdi tu den mdt gigi han. Tinh gidi

han ay.

v Hudng dan ‘ - :
Bang qui nap chimg minh dugc (u,) la diy giam va (v,) la day
ting.

1
Hay chung minh: u,—vp< 5 (un_1 - Vi-1)

T 46 két Tuan ?
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Dé tim giGi han chung hdy vy ¥ :
Uy Vp=Uyp . Vg vavy € \/;4,,_1 V1 Su,
3. Coi hai day (u)) va (v,) dinh bdi :
u;>1 ; vi>1(chosan)
U <vy

Up = ; (up1 + Vv )
1 .
u, =7 (Vn-l +Nupy) °

Chu’ng minh hai day cung hgi tu dén mdt gidi han. Tinh gldi
han ay.

bapsd:I=1
4. (u ) va (v ) [a hai day héi tu. Ta dat :
M,, = max (uy , vy,)
my, = min (u,, v,)

Lhu‘ng to rang M,) va (mn) la hai day h01 tu va tmh gidi
cua ching.

- i
dengddn:Ch\’mgminh:max (a,b)=5(!a--b|+a +b)

1
min(a,b)=_(-la —bi+~a+bh)
Z

Vi moi s6 thyc a, b rdi ap Gung g.4i auyét bai toan
5. Coi hai day (un) va (vn) dinh bdi. ‘
u,_-—.,innoc;((x#knchos?m;ke 7)
u, = cos na. .

1/ Chiing to rang néu mjt trong hai day héi tu thi day con lai cling
hoi tu.

2/ Dung dinh Iy gidi han va vai cong thirc llrdng gidc co ban chu’ng
to raag sy hoi tu néi trén sé dan téi dieu vo ly. Tudé két luan?

6. Coi hai day (un) dinh bdi :
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= V1244 (3 1)

A n can sb chz‘ing chit
1/ Chimg minh (w) Ia day tang
2Pat:v, = ‘/2—2: 2 4N N2 2
. Chémg minh : 022" v8i moin > 1
. Chimg minh : u, < \A _
N o et

n cin sb chdng chit

Chu‘ng minh:v = =V2. w,

Chung minh cac day (v,)va (w ) hoi ty, suy ra{u) h01 tu.
7. 1/ Chitng minh rang phuong trinh tgx = x c¢d mét nghiém duy nhat

kd n n A
un trong khoang (_-E+nn,5+nn)v6ine N
2/ Khio sit day (v,) dink. bdi :
. 1: :
v,,=5+n1t—u,,;(ne N)

" 3/ Twdé suy ra c6 thé khai trién u, nhu sau :

1 1
Upy=SNR+ " ~—+—.g,
L 2 nm nm
Véi lim €,=0
H—3too
Hugrig din

11
1/Xethamf(x)—tgx X trén (- — +n1t,5+n1t)

2/.Cl_u’mgt6v,,e(0,-2-);v ne N

. lim v, =0
n—>too
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1 1
3/Dovy=—"nénvy, = —; (+¢g)
nw n

1 1.1
8.1/ Chimgminh: ——<h{1+-)< ;V x>0
1+x X x
n-1

n
1 e | .
2{(1h1’mgminh:2* <lnn<2— ; (n22vane N)
. p
p= p=1 )

n
_ 1 N .
3/ Dt u, = 2 , ~Inn. Chimg minh ring day (u,) hoi ty
- _ ‘
(Ghi cha : Gnm han cua nd dugc dat tén /a hang so Euler)

9Dat u—l+‘j—2- v=1-2 St
1/.Chiing minh ring ta cé thé viét : ‘
u—a,,+bn\[—vav =a, - b,,‘l—
Trong dé a,, va by, /a hai s6 nguyen dudng tién ra + o khi n
tién ra + oo .Suyra rang

im =v2 * va lim (u"-2a)=0

n+ee Un n—ytoo
2/ Chimg té an” - 2b.,2 c6 dinh, suy ra a; va bn nguyén té cang
nhau..
a b '
+1 +1
3/ Tinh : lim —— ; —
n—r+oo _an bn

* 4/ Tinh cac tdng sau day theon:

n n
s’n=2a,- va S”n;zbi -
i=1 Cis=1
e L ; : S
va tim gidi han: lim — -
" e S




5/ Chitng minh ring ton tai hai s6 thyc ¢b dinh o va B sao cho :
Bpe2=C.agy +B.ay -
bri2= 0. by +f.by

Tinh nghiém cia phuong trinh X zox+ B va giat chich két
qua thu dugc.

5




