Da thirc

Pa thue 1a mdt trong nhirng khai niém trung tam cua toan hoc. Trong chuong trinh
pho thong, chiing ta di 1am quen v&i khai niém da thirc tir bac trung hoc co sd, tir
nhiing phép cong, trir, nhan da thirc dén phan tich da thirc ra thira sd, dung so do
Horner dé chia da thirc, giai cac phuong trinh dai sd.

Bai giang nay sé hé thong hoa lai nhimg kién thirc co ban nhat vé da thirc 1 bién
cac dang toan thuong gap vé da thirc. O cudi bai s& dé cap 1 cach so luge nhat vé
da thtrc nhiéu bién.

1. Pa thirc va cac phép toan trén da thirc

1.1. Pinh nghia. Pa thitc trén truong sé thyc 13 biéu thire c6 dang

P(X) = a,X" + a1 X" + ... + a;X + g, trong d6 a; € R va a, = 0.
a; duoc goi la cac hé s6 cua da thuc, trong do a, duoc goi 1a hé s6 cao nhdt Va ag
duoc goi 1a hé sé tr do.

n duogc goi 1a bdc cua da thuc va ky kiéu 1a n = deg(P). Ta quy udc bac cua
da thtre hang P(x) = ag v6i moi x 1 bang 0 néu ag # 0 va bang néu ag = 0.

beé tién loi cho viéc viét cac cong thire, ta quy udc voi da thire P(x) bac n thi van
c6 cac hé so ax voi k > n, nhung chung déu bang 0.

Tap hop tat ca cac da thue 1 bién trén truong cac s6 thuc dugc ky hi¢u la R[x].
Néu cac hé sé duoc lay trén tap hop cac s6 hiru ty, cac s6 nguyén thi ta co khai
niém da thirc véi hé s6 hitu 1y, da thirc véi hé s6 nguyén va tuong ung 1a cac tap

hop Q[x], Z[x].
1.2. Pa thirc bing nhau
Hai da thirc P(x) =Y a,x*, Q(x) => b, x" bing nhau khi va chi khi m = n va a = by
vo1 moi1 k=0, 1, 2, k:? m. -
1.3. Phép cong, trir da thirc.

Cho hai da thirc P(x) = iakxk, Q(x) :Zn:bkxk . Khi d6 phép cong va trir hai
da thic P(x) va Q(x) dugc thu’ck?l)ién theo til:nzgf :}ié sO cua x, tirc 1a

P(x)+Q(X) = mi(;k +h, )X*

Vidu 0C+3¢—x+2)+ (X +x-1)=x>+4x*+ 1.



1.4. Phép nhan da thirc.
Cho hai da thie P(x) =Y a,x*, Q(x) => b x*. Khi d6 P(x).Q(x) 1a mét da
k=0 k=0

thire ¢6 bac m+n va co cac hé so6 duoc xac dinh bdi

Zabk,.

Vidu: (3 +x +3x+2)(x+3x+1) (1.1)x° +(13+11)x +(11+13+31)x +
(1.1+33+2.1)%% + (3.1 +2.3)x + (2.1) = X° + 4x* + 7x® + 12x% + 9x + 1.

1.5. Béc ciia tong, hiéu va tich ciia cc da thirc
Tir cac dinh nghia trén day, dé dang suy ra cac tinh chét sau day

Pinh ly 1. Cho P(x), Q(x) la cac da thuc bac m, n tuong trng. Khi dé

a) deg(P+Q) < max{m, n} trong d6 néu deg(P) # deg(Q) thi diu bang xay
ra. Trong truomg hop m = n thi deg(P+Q) c6 thé nhan bat ctr gi tri ndo < m.

b) deg(P.Q) = m +n.

1.6. Phép chia co du.

Dinh ly 2. V6i hai da thire P(x) va Q(x)_ bat ky, trong d6 deg(Q) > 1, ton tai duy
nhat cic da thic S(x) va R(x) thoa méan dong thoi cac diéu kién:

) P(X)=Q(x).S(x) + R(x)

i) deg(R) < deg(Q)
Chting minh. Ton tai. Ta ching minh bang quy nap theo m = deg(P) Néu deg(P)
< deg(Q) thi ta c6 thé chon S(x) = 0 va R(x) = P(x) thoa mén dong thoi cac dicu
kién 1) va 11). Gid st m > n va dinh ly da dugc chiing minh vi1 cac da thirc c6 bac
nho hon m. Ta chiing minh dinh 1y ding v6i cac da thic bac m. Gia st

P() =Y a,x, Q(x) => b, X"
Xét da thire
H(x) = P(x) —Z—M“Q(x)

n

a
=(a, X" +a, X" +..+a,x+a,) —b—mxm‘n (b, X" +...+h,)

=[am_1 ambb”‘ljx Ty

Do hé s6 ctua x™ & hai da thirc bi triét tiéu nén bac cua H(x) khéng vuot qua m-1.
Theo gia thi€t quy nap, ton tai cac da thuc S*(x), R*(x) sao cho
H(x) = $*(x).Q(x) + R*(x)

n



Nhung khi do
PO) = HOO+ 22 X™"Q() = (22X 4§ *(x)) + R*(x)

Vay dat S(x) = (am/bn)X™" + S*(x) va R(x) = R*(x) ta dugc biéu dién can tim cho

P(x).

Duy nhét. Gia sir ta c6 hai biéu dién P(x) = S(x).Q(x) + R(x) va P(x) = S*(x).Q(x)

+ R*(X) thoa méan diéu kién ii). Khi d6 Q(x).(S(x)-S*(X)) = R*(X) — R(X). Ta co,

theo diéu kién ii) va dinh Iy 1 thi ded(R*(x) — R(x)) < deg(Q). Mt khac, néu S(x)
— S*(x) khéng ddng nhat bang 0 thi deg(Q(X) (S(x)-S*(x))) = deg(Q(x)) +

deg(S(x)-S*(x)) > deg(Q). Mau thuan vi hai vé bang nhau.

Theo ky hiéu cua dinh 1y thi S(x) dugc goi la thuong s6 va R(x) duoc goi 1a du sb
trong phép chia P(x) cho Q(Xx).

Phép chiing minh néi trén cling cho chung ta thuét todn tim thuong s‘é va du sd
cta phép chia hai da thirc, goi la phép chia dai (long division) hay so do Horner.

Vi du: Thyc hién phép chia 3x% — 2x% + 4x + 7 cho x? + 2x
G2 +4x+ 7 | X2+ 2x
3% + 6X° |3x -8
S8+ AX + 7
-8x% + 16
20X + 7
Vay ta co 3x3 — 22 + 4x + 7 chia X* + 2x duoc 3x — 8, du 20X + 7.

1.7. Sw chia hét. Uéc va boi.

Trong phép chia P(x) cho Q(x), néu du sé R(x) dong nhat bang 0 thi ta noi
rang da thircc P(x) chia hét cho da thitc Q(x). Nhu vay, P(x) chia hét cho Q(x) néu
ton tai da thire S(x) sao cho P(x) = Q(x).S(x). Trong truong hop ndy ta ciing noi
Q(X) chia hét P(X), Q(X) 1 wéc ciia P(x) hodc P(x) 13 bgi ctia Q(x). Ky hiéu tuong
ung 1a Q(x) | P(x) va P(x):Q(X).

Cho P(x) va Q(x) 1a cac da thirc khac 0. Usc chung 16m nhat cia P(x) va Q(x) 1a
da thirc D(x) thoa man dong thoi cac didu kién sau:
i) D(x) 14 da thirc don khdi, ttrc 13 c6 hé s6 cao nhét bang 1
i) D(x) 1a uwdc chung cua P(x) va Q(x), tirc 1a D(x) | P(x) va D(x) | Q(X)
iii)  Néu D’(x) ciing 1a u6c chung ciia P(x) va Q(x) thi D(x) ciing 1a wdc
cua D’(x).

Tuong ty, ta ¢6 khai niém bdi chung nhé nhét cua hai da thirc.



Cho P(x) va Q(x) 1a cac da thirc khac 0. BGi chung Ién nhat ciia P(x) va Q(x) 1a da
thirc M(x) thoa man ddng thoi cac diéu kién sau:
iv)  M(x) la da thirc don khoi, tirc 1a c6 hé sb cao nhit bang 1
V) M(X) 1a boi chung ctia P(x) va Q(x), tuc 1a P(X) | M(X) va Q(X) |
M(x)
vi)  Néu M’(x) ciing 13 boi chung cua P(x) va Q(x) thi M’(x) ciing 1a bdi
cua M(x).

Ky hiéu UCLN va BCNN cua hai da thic P(x), Q(x) la GCD(P(x), Q(x)),
LCM(P(x), Q(x)) hay don gian hon la (P(x), Q(x)), [P(x), Q(X)].

Hai da thirc P(x), Q(x) duoc goi 1a nguyén té cting nhau néu (P(x), Q(x)) = 1.
1.8. Thuét toan Euclide

Pé tim udc chung 16n nhat cua hai da thirc P(x), Q(x), ta sitr dung thuét toan
Euclide sau day:

Pinh ly 3. Gia str c6 hai da thuc P(x), Q(x), trong do deg(P) > degQ. Thyc hién
phép chia P(x) cho Q(x) dugc thuong sb 13 S(x) va du s6 1a R(x). Khi d6

Néu R(x) = 0 thi (P(X), Q(X)) = q**Q(x), trong d6 q* 13 hé sb cao nhit cua
da thirc Q(x)

Néu R(x) = 0 thi (P(x), Q(X)) = (Q(X), R(X))

Ching miqh. Néu R()g) = 0 thi P(x) = Q(x).S(x). Khi d6 da thirc q*'lQ(X) rd rang
thoa man tat ca cac di€u kién cia UCLN.

Néu R(x) # 0, dit D(x) = (P(x), Q(x)), D’(x) = (Q(x), R(x)). Ta c6 D(X) | P(x) —
Q(x).S(x) = R(x), suy ra D(x) l1a udc chung cua Q(x), R(x), theo dinh nghia cua
D’(x), ta c6 D’(x) 1a udc cua D(x). Médt khac D’(x) | Q(x)S(x) + R(x) = P(x), suy
ra D’(x) 1a udc chung cua P(x), Q(x), theo dinh nghia cia D(x), ta c6 D(x) 1a udc
ctiia D’(x). Tur day, do D va D’ déu 1a cac da thirc don khoi, ta suy ra D = D’.

Dinh 1y trén giai thich cho thuat toan Euclide dé tim UCLN cua hai da thirc theo
nhu vi du dudi day:

Vi du: Tim w6c chung 16n nhét cua hai da thue x° — 5x + 4 va x° — 3x% + 2.

Ta lan luot thuc hién cac phép chia
x> —5x + 4 cho X3 — 3x? + 2 duoc x°+3x+9 du 25x°—11x — 14
X3 — 3x% + 2 cho 25x% — 11x — 14 duoc (25x — 64)/625, du (354/625)(x-1)
25x* — 11x — 14 cho x-1 duogc 25x + 14 du 0

Vay (x° —5x + 4, X* = 3x* +2) = x — 1.



Luu y, trong qua trinh thyc hién, ta co thé nhan cac da thirc véi cac hing sd khac
0. Vi du trong phép chia cudi cing, thay vi chia 25x* — 11x — 14 cho (354/625)(x-
1) ta da chia cho x — 1.

1.9. Tinh chit ciia phép chia hét

Nhdc lai, hai da thire P(x), Q(x) dugc goi la nguyén t6 cing nhau néu (P(x), Q(x))
= 1. Ta c6 dinh Iy thu vi va ¢6 nhi€u irng dung sau vé cac da thirc nguyén t6 cung
nhau:

Pinh ly 4. (Bezout) Hai da thuc P(x) va Q(x) nguyén t6 cting nhau khi va chi khi
ton tai cac da thue U(x), V(x) sao cho P(x).U(x) + Q(x).V(x) = 1.

Chtng minh. Gia sir tn tai cac da thie U(x) va V(x) thoa man diéu kién P(x).U(x)
+ Q(x).V(x) = 1. bat D(x) = (P(x), Q(x)) thi D(x) | P(x), D(x) | Q(x) suy ra D(X) | 1
= P(x).U(X) + Q(X).V(X). Suy ra D(x) = 1.

Nguoc lai, gia st (P(x), Q(x)) = 1. Ta chttng minh ton tai cac da thirc U(x) va V(x)
sao cho P(x).U(x) + Q(x).V(x) = 1. Ta chung minh bang quy nap theo m =
min{deg(P), deg(Q)}.

Néu m = 0 thi ,diéu can ching minh la hién nhién. Chang han néu deg(Q) = 0 thi Q
= q 12 hing s va ta chi can chon U(x) = 0, V(x) = q* thi ta dugc P(x).U(x) +
QX).V(x) = 1.

Gia st ta di chimg minh dinh 1y dang dén m. Xét hai da thic P(x), Q(x) ¢6
min{deg(P), deg(Q)} = m+1. Khong mat tinh tong quat, gia sot m+1 = deg(Q).
Thuc hién phép chia P(x) cho Q(x) duogc thwong 1a S(x) va du 1a R(x). Khong thé
xay ra truong hop R(x) = 0 vi khi d6 1 = (P(x), Q(x)) = q*'Q(x). Vi vay, ta c6

1= (P(), Q()) = (QK), R(X) , |
Ldc nay, do min(deg(Q), deg(R)) = deg(R) < m +1 nén theo gia thiét quy nap, ton
tai cac da thuc U*(x), V*(x) sao cho Q(x)V*(x) + R(x)U*(x) = 1. Thay R(x) =
P(x) — Q(x).S(x), ta dugc

QM)V*(x) + (P(x) — Q(x)S(x))U*(x) = 1

PO)U*(X) + Q(x)(V*(x) — S(x)U*(x)) =1
bat U(x) = U*(x), V(X) = V*(X) — S(x)U*(x) ta dugc dpcm.

Hay

Tinh chat ciia phép chia hét

i) Q|P,Q|RsuyraQ|P+R hay tong quat hon Q | P.U+R.V v6i U, V 1a cac da
thirc bat ky.



ii) Q | P, P | R suy ra Q | R (tinh bic ciu)

iii) Q | P, P | Q suy ra ton tai sb thuc khac 0 a sao cho Q = aP (ta goi P va Q 1a cac
da thirc dong dang)

iv) Neu Qq | Py va Q2 | P, thi Q1.Qz | Py.Pa.

v)NeuQ |P.Rva(P,Q)=1thiQ|R.
vi)NéuQ|P,R|Pva(Q,R)=1thiQR|P

Chung minh. Cac tinh chat i-iv) 1a hién nhién xuét phat tir dinh nghia Q | P <> ton
tai S sao cho P =Q.S.

pé chirng minh cac tinh chét v) va vi), ta s€ ap dung dinh Bezout.

v) Tur gia thiét Q | P.R va (P,Q) = 1 suy ra ton tai S sao cho P.R = Q.S va U, V sao
choPU+QV=1

Khi d6 R=(P.U+Q.V).R=(P.R)U + Q.V.R=Q.S.U + Q.V.R = Q.(SU+VR) suy
raQ|R.

vii) Tir gia thiét Q | P, R [P va (Q,R) =1 suy ra P=Q.S. ViP=Q.S chia hét cho
R, ma (Q, R) = 1 nén theo v) suy ra S chia hét cho R, tirc la S =R.S;. Vay P=Q.S
= (Q.R).S; suy ra P chia hét cho Q.R.

1.10. C4c vi du ¢6 10i giai

Bai toan 1. Tim tit ca cac cdp sb a, b sao cho x* + 4x> + ax? + bx + 1 1 binh
phuong cua mot da thirc.

Giai: Néu x* + 4x® + ax? + bx + 1 1a binh phuong ciia mot da thuc thi da thirc d6
phai c6 bac 2. Gia su

x*+ 43 + ax® + bx + 1 = (AX? + Bx + C)?
& X+ +axd +bx+ 1= A%+ 2ABX® + (2AC + BY)x? + 2BCx + C?
Pong nhat hé s6 hai vé, ta dugc

A*=1,2AB=4,2AC+B®=2a,2BC=b,C*=1.
Khong mat tinh téng quat, c6 thé gia sit A = 1, suy ra B =2. C ¢6 thé bang 1 hoic
-1.NéuC=1thia=6,b=4.NéuC=-1thia=2,b=-4.

Vay ¢6 hai cdp sb (a, b) thoa mén yéu cau bai toan 1a (6, 4) va (2, -4).

Bai toan 2. Cho da thtrc P(x) va hai s a, b phan biét. Biét rang P(x) chia cho x-a
du A, P(x) chia cho x-b du B. Hay tim du cua phép chia P(x) cho (x-a)(x-b).

Giai: Gia str P(x) = (x-8)(x-b)Q(x) + Cx + D. Lan luot thay x = a, b, ta duoc
A=Ca+D,B=Cb+D
Tir d6 suyra C = (A-B)/(a-b), D = A — (A-B)a/(a-b) = (aB — bA)/(a-b).



Bai toan 3. Tim du trong phép chia x'® cho (x — 1)%

Giai: Gia st x'® = (x-1)°Q(x) + Ax + B. Thay x = 1, ta duoc
1=A+B.

Léy dao ham hai vé rdi cho x = 1, ta duoc
100=A

Ttr d6 suy ra du la 100x — 99.

Bai toan 4. Tim a, b, ¢ biét ring da thire P(x) = x® + ax? + bx + ¢ chia hét cho x-2
va chia x* — 1 du 2x.

Giai: Tir cac diéu kién dé bai suy ra P(2) =0, P(1)=2 va P(-1) = -2, tic la
8+4a+2b+c=0
l+a+b+c=2
-l+a-b+c=-2

T dosuyrab=1,a=-10/3, c = 10/3. Tir d6 P(x) = x° — (10/3)x* + x + 10/3.

2n+1

Bai toan 5. Chung minh ring v6i moi gia trj cua n, da thic (x+1) x"*? chia

hét cho da thirc x° + X + 1.

Giai:
Céch 1. (Quy nap theo n) Véin= O diéu phai chirng minh 13 hién nhién. Gia st ta
da co (x+1)2 + x™2 chia hét cho x% + x + 1. Khi d6
(X+1)2n+3 + Xn+3 — (X +2X+1)(X+1)2n+1 + Xn+3
= X(X+l)2n+l + Xn+3 — X((X+1)2n+l + Xn+2) =0 (mOd (X2+X+1)

~1+iV3 Y
2

chimg minh P(x) chia hét cho x* + x + 1 ta chi cAn chirng minh P(ct) = 0. Diéu nay

tuong duong véi viéc chirng minh

1+iv3 2n+1+ ~1+i/3 M_O
2 2 T

Chuyén cac s phirc sang dang luong giac r6i dung cong thirc Moivre, ta c6 diéu
nay tuong duong voi

COS((szrl)ﬂjH ((2 )ﬂj COS((nJr2)2ﬂj+isin((n+2)2ﬂj:O.
3 3 3 3

Diéu nay dung vi (2n+1)7/3 - (n+2)2n/3 = x.

Céch 2. (Dung sb phirc) Pa thirc x* + x + 1 ¢6 hai nghiém 1a « =

Bai toan 6. Tim tat ca cac gia tri n sao cho x*" + X" + 1 chia hét cho x* + x + 1.

Giai:



Céch 1: Ta nhan thdy x* = 1 mod x* + x + 1. Do do6
X2 4 x™3 41 =x® + X"+ 1 (mod x* + x + 1)
Do d6 ta chi can xét véin=0, 1, 2. RS rang
V6in =0, 3 khong chia hét cho x* + x + 1
Voin= 1,X2+X+ 1 chia hét cho x? + x + 1
Véin=2,x"+x*+1=x+x*+ 1 chiahét cho x* + x + 1
Tir d6 suy ra x" + X" + 1 chia hét cho x* + x + 1 khi va chi khi n c6 dang 3k+1
hoac 3k+2.

Céch 2: (Sb phirc) Twong tu nhu bai 5, ta c6 P(x) = x*" + X" + 1 chia hét cho x* + x
+ 1 khi va chi khi P(a) = 0. Ap dung cong thirc Moivre, ta c¢6 diéu nay tuong
duong voi

(4n7zj .. (4n7rj (Znﬂj . [ZHEJ B

cos| —— |+isinf —— [+cos| —— |+isinf — |+1=0

3 3 3 3

Diéu nay xay ra khi n khong chia hét cho 3.

Bai toan 7. Chimg minh ring (x™— 1, X" — 1) = x™V _ 1,

Giai: Gia str d = (m, n) thi rd rang x™ — 1 = (x)™ — 1 chia hét cho x* — 1 va twong
tw x" — 1 chia hét cho x%. Suy ra x? — 1 1a u6c chung cua x™ - 1, X" — 1. Gia st D(x)
1a mot u6e chung cua x™ - 1, X" — 1. Vid = (m, n) nén ton tai cac sé nguyén duong
u, v sao cho d = mu — nv. Khi d6 D(x) 1a uwéc cua (x™ — 1) — (x™-1) = x™(x*-1). Vi
(x™-1, x™) = 1 nén (D(x), x™) = 1, suy ra D(x) 1a u6c cia x® — 1, suy ra xd — 1 1a
wdc chung 16n nhat caa x™ — 1 vax"— 1.

1.11. Bai tap

1. Chttng minh rdng moi da thirc don khoi bac 2n déu c6 thé viét du6i dang g + r
voi q, 1 1a cac da thue va deg(r) <n.

2. Tim du trong phép chia x'% — 2x>* + 1 cho x* — 1.
3. Tim a, b sao cho (x-1)? | ax* + bx® + 1.

4. Cho P(x) 1a da thirc v6i hé s6 nguyén. Ching minh ring khong ton tai cac sb
nguyén phan biét a, b, ¢ sao cho P(a) =b, P(b) =c, P(c) =a.

5. Cho P(x) Ia da thirc v6i hé s6 nguyén. Biét rang P(2) chia hét cho 5 va P(5) chia
hét cho 2. Chirng minh rang P(7) chia hét cho 10.

6. (Rumani 1962) Cho o 1a s thie thoa mén diéu kién sin(o) # 0. Ching minh
rang v4&i moi gid tri n > 2, da thuce



P(x) = x"sin(a) — xsin(na) + sin(n-1)a.
chia hét cho da thirc Q(x) = x* — 2xcos(a) + 1.

7. (M 1976) Gia str P(X) Q(X) R(x) va S(x) thoa min dong nhat thirc
P(X°) + xQ(x ) + X°R(X%) = (X +x3+x%+x+1)S(X)
Chtrng minh rang da thitrc P(x) chia hét cho da thirc x-1.

8. V61 nhitng gia tri nao cua n ta co
QX +x+1|(x-1)"=x"-1 b)x?+x+ 1| (x+1)"+x"+1



