2. Pa thirc va nghiém

Nghiém cua da thirc dong mét vai tro quan trong trong viéc nghién ctru cac tinh
chat cia da thirc. Nhiéu tinh chét cta da thirc dugc thé hién qua nghiém cia
ching. Ngugc lai, viéc nghién ctru tinh chat cac nghiém cua da thurc cling cling 1a
mot trong cac van dé trung tAm cua dai sb.

2.1. Vi du mé déu

Xét xem s o =3/3++/3++/3 13 hitu ty hay vo ty.
Ta c6 thé giai bai toan nay bang cach chimg minh 1an luot cac ménh dé sau:
1) Néu a vo ty thi va vo ty
2)Néu avotythi ¥a voty
3) V3 voty ’
Nhung ta cling c6 thé cé mdt cach ti€p can khac nhu sau:
1) Tim da thirc v6i hé s6 nguyén nhan o lam nghiém
2) Chtrng minh rang da thirc nay khong c6 nghiém hiru ty
Viéc tim da thtrc véi hé sd nguyén nhan o lam nghiém duoc tién hanh nhu sau

a=33+v3+/3 = a® =3++3+/3 = (¢*-3)2 =3+/3 = ((¢® -3)2 -3)* =3
= a' —12a° +48x° —72x* +33=0 (*).
Van dé con lai 13 ching minh (*) khong c6 nghiém hiru ty. Viéc ndy sé duogc thuc
hién & cudi bai.
2.2. Nghiém cua da thirc, dinh ly Bezout.
Pinh nghia. S6 thuc a (trong mot sb trudng hop, ta xét ca cac s6 phuc) duoc goi
1a nghiém cua da thirc P(x) = X" + an. X" + ...+ a;x + ap néu P(a) = 0, tirc 1a

ad" +a, "t + ... +aa+a,=0.

Ta c6 dinh 1y don gian nhung rat c6 nhiéu Gng dung sau day vé nghiém cua da
thirc:

Pinh ly 5. a 1a nghiém cta da thirc P(x) khi va chi khi P(x) chia hét cho x — a.
Dinh ly nay 1a hé qua cua dinh 1y sau:

Pinh ly 6. S6 du trong phép chia da thirc P(x) cho x —a 12 P(a).

Ca dinh 1y 5 va dinh 1y 6 déu dugc goi 14 dinh 1y Bezout. Bé chimg minh dinh 1y

6, ta chi can chimg minh P(x) — P(a) chia hét cho x — a. Nhung diéu nay 13 hién
nhién vi



P(X) — P(a) = a,(x"™-a") + ani(x"*-a"") + ... + a;(x-a)
va

X< —ak = (x-a)(x*! + x*%a + ...+ a?)

Tu dinh 1y 5, ta co thé c6 m(f)t’ dinh nghia khac cho nghiém cua da thirc nhu sau: a
1a nghiém cua da thirc P(x) néu P(x) = (x-a)Q(x) voi Q(x) la mét da thirc nao do.
V61 dinh nghia nay, ta co6 thé phat trién thanh dinh nghia vé nghiém boi.

Pinh nghia. a duoc goi 1a nghiém béi r cia da thic P(x) néu P(x) = (x-a)'Q(x) véi
Q(a) = 0.

2.3. Pinh ly Vieta

Pinh ly 7. Xét da thire P(x) € R[x]. Néu xy, X,, ..., X, 12 cac nghiém phan biét ctia
P(xz V6i cac boi 1y, Iy, ..., I twong tng thi P(x) chia hét cho (x-Xq)™(X-Xp)"...(x-
Xk)r .

Chirmg minh: Didu nay 12 hién nhién theo dinh nghia va do céc da thirc (x-x;)" doi
mdt nguyén to cung nhau.

H¢ qua:
a) Mot da thirc bac n voi hé s thuc co khong quéa n nghiém thue.
b) Néu hai da thuc P(x) va Q(x) c6 béac nho hon hay bang n bang nhau tai n+1
diém thi hai da thtrc nay bang nhau.

Dinh ly 8. Xét da thuc P(x) € R[] bac n. Gid st Xy, Xa, ..., Xk la cac nghiém phan
biét cua P(x) vdi cac boiry, Iy, ..., e tvong ing. Néury + 1, + ... + e = nthi
P(X) = an(X-X1) (X-X2)". . .(x-Xi)™.

Chtng minh: Dung dinh 1y 9, ta suy ra P(x) chia hét cho (X-Xy)" (X Xo)2. . .(x-x)"™,
suy ra P(x) = (x-X¢)™(X-Xp)"2....(x-X) ™ Q(x). So sanh bac va hé sb cao nhat ta suy

ra Q(x) = a.

Pinh 1y 9. (Pinh 1y Vieta) Gia sir da thirc P(x) = apX" + an X" + anoX"2 + ... + asX
+ 8y c6 n nghiém (trong d6 ¢ thé c6 cac nghiém boi) 12 Xy, Xo, ..., X, thi

P(X) = an(X'Xl) (X'XZ)- : '(X'Xn)
va nhu hé qua, ta cd

X1+ Xo+ ... +Xx,= 'an_llan;

X1 Xo + X1 Xz + ...+ XX, + XoXg + L XX, T L XXy = an_zlan;

X1Xs...Xn = (-1)nag/a,.

DPinh ly 10. (Binh 1y Vieta ddo)



a) Néu x +y =S, x.y = P thi X, y 12 2 nghiém ctia phuong trinh
X?—SX+P=0
b)Néux+y+z=S8,xy+yz+zx=T,xyz=Pthix,y, z1a 2 nghiém cia
phuong trinh
X -SX*+TX-P=0

Tir dinh 1y 8 ta suy ra hai hé qua don gian nhung rat hiéu qua trong giai toan sau:

H¢ qua 1. Mot da thire bac n c6 khong qua n nghiém.
Hé qua 2. Néu P(x) va Q(x) 1a cac da thirc bac khong qua n, trung nhau tai n+1
diém phan biét thi hai da thirc nay trung nhau.

2.4. Bai tap c6 10o1i giai

Bai 1. Cho a, b, ¢ 1a ba nghiém ctia phwong trinh x* — 3x + 1 = 0. Lap phuong trinh
bac ba c6 nghiém la
a) a, b c%
b l1-a 1-b 1-c
1+a 1+b'1+c
Loi giai.
Theo dinh ly Vieta, ta c6
a+b+c=0,ab+bc+ca=-3,abc=-1.
Tu do6 ta tinh duoc
a’ + b? + ¢? = (a+b+c)? — 2(ab+bc+ca) = 0% -2(-3) = 6.
a’h? +b%c? + c?a® = (ab+bc+ca) — 2abc(a+b+c) = (-3)2 = 2.(-1).0 =9
a’b?c? = (abc)’ = 1
Ap dyng dinh 1y Vieta ddo, suy ra a’, b% c?laba nghi¢m cua phuong trinh
x> —6x°+9x—1=0.

Tuong tu, ta tinh duogc
l1-a N 1-b N l1-c _ @-a)@+b)A+c)+@+a)@d-b)l+c)+@+a)d+b)1-c)

l+a 1+b 1l+c (@+a)@+b)L+c)
_3+a+b+c—(ab+bc+ca)—3abc_i__3
l+a+b+c+ab+bc+ca+abc -3 '

1—a.1—b+1—b.1—c+1—c.1—a:
l+a l1+b 1+b 1+c 1+c l+a
_ (1-a)d-b)l+c)+(@1+a)l-b)(l-c)+(1-a)d+b)(l-c)
- 1+a+b+c+ab+bc+ca+abc
_3—(a+b+c)—(ab+bc+ca)+3abc 3

l+a+b+c+ab+bc+ca+abc -3
l1-al-bl-c 1-(a+b+c)+(ab+bc+ca)—abc -1 1

1+a'l+b'1+c 1+a+b+c+(ab+bc+ca)+abc -3 3

-1.




l-a 1-b 1-c
1+a'l+b’'1+c
X3+ 3x°—x-1/3=0.

Twr do suy ra 1a 3 nghiém cua phuong trinh

Bai 2. Rat gon biéu thirc
a’ b? c?

A= + +
(a-b)a-c) (b—c)(b-a) (c-a)c—-b)
Loi giai.
X¢ét da thie
Fo= 2 (bx=c) b*(x-c)(x-a)  c*(x-a)x=b) .

(a—b)(a—c) (b—c)(b—-a) (c—a)(c—h)
Ta co F(a) = F(b) = F(c) = 0. Nhung F(x) la da thirc bac nho hon hay bang 2. Do
dé F(x) phai dong nhat 0.
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Tt d6 suy ra hé s6 cua x” cua F(x) bang 0. HE s0 nay bang

a’ b? c’
+ + -1.
(a-b)(@a-c) (b—c)b-a) (c-a)(c-b)
Suyra A=1.

Bai 3. Tim tit ca cac da thirc P(x) thoa min dong nhat thirc xP(x-1) = (X-26)P(x).

Loi gidi. Thay x = 0 vao dong nhat thtic, ta suy ra P(0) = 0. Suy ra P(x) chia hét
cho x, tirc 13 P(x) = xPy(x). Thay vao dong nhat thirc, ta dugc
X(X-1)P1(x-1) = (X-26)xP1(x)
suy ra
(DPi(x-D) = (<26)PL () (%) ,
Lai thay x = 1, ta dugc P1(1) = 0, suy ra P1(x) chia hét cho x-1, tirc 1a Py(X) = (x-
1)P,(x), thay vao (*), ta dugc
(X-1)(x-2)P(x-1) = (x-26)(x-1)P>(x)
Suyra
(X-2)Py(x-1) = (X-26)Py(x) ...
Ctr tiép tuc 1y luan nhu thé, ta di dén
P(X) = x(x-1)...(x-25)Q(X)
Va Q(x-1) = Q(x).
batQ(0)=athitaco Q(x)=avdix=1,2,3, ... suyra Q(x) =a vdi moi x.

Vay P(x) = ax(x-1)...(x-25) 1a tat ca cac nghiém cuia bai toan.

Bai 4. Xét phuong trinh x* — @™ X" — a,x"? - ... - aX — @y = 0 véi a; 1a cac sd

thuc duong. Ching minh rang phuong trinh nay c6 khong qua 1 nghiém duong.

Loi gidi. Viét phuong trinh di cho duéi dang



a a a
1=t 42+ 2,
X X X
Veé trai la mot ham s6 giam trén (0, +oo ) nén phuong trinh trén c6 khong qua 1
nghi¢m duong.

Bai 5. Vi gia tri nao cia A va B thi da thuc P(x) = A" +Bx"+ 1cox=11a
nghiém boi it nhat 1a bac 2?

Loi giai. Trude hét ta phaico P(1)=0,ttclaA+B+1=0,suyraB=—A-1.
Khi d6 P(x) = Ax"(x-1) = X"+ 1 = (x-1)(Ax" - x"' = x"? - ... - 1) = (x-1)Q(x). bé
1 12 nghiém boi it nhét 1 bac 2 thi Q(x) chia hét cho x-1, tirc 1a Q(1) = 0, suy ra A
=n. Vady a=n, b= -(n+1).

2.5. Bai tap tu giai

Bai 1. Biét rang cac nghiém cua phuong trinh xX*+ax+b=0vax*+cx+d=0
déu thudc (-1, 1). Ching minh ring cic nghiém cua phuong trinh 2x° + (a+c)x +
(b+d) = 0 ciing thudc (-1, 1).

Bai 2. Ching minh ring da thitc P(x) = 1 + x + x%/2! + ... + x"/n! khong c6
nghiém boi.

Bai 3. Rat gon cac biéu thirc sau
A= a’ + b* + ¢ + d’
~(a-b)a—c)a-d) (b-c)(b—d)(b—a) (c-a)c—b)c—d) (d-a)(d-b)(d-c)
_ a3’ N b? N 3
(a-b)(a-c) (b—-c)lb-a) (c—a)(c-h)

Béi 4. Cho a <b < ¢ 1a ba nghiém cta phuong trinh  x° — 3x + 1 = 0. Chitng minh
rang
a®—c=b’—a=c*-b=2

Bai 5. Giai h¢ phuong trinh
X+y+z=a
x?+y?+z2=a’

x>+y*+z°=a’

Bai 6. Tim mdi lién hé giita cac hé sb cua phuong trinh ax® + bx® + cx + d = 0 biét
rang tich cia hai nghiém cta phuong trinh nay bang tong ctua chung.

Bai 7. Chimg minh cac khing dinh dudi day



(a) Dinh Iy ve nghiém nguyén. Cho f(x) = X"+ a. X"+ ... + a1X + g VOi apy,

, a1, 4 la cac so nguyén va f(p) = 0 vdi p nguyen Kh1 do ao chla hét cho p.

(b) Dinh Iy vé nghiém hitu ty. Cho f(x) = X"+ X"+ L.+ aX + 8 V6 an,
, 41, 89 1a cac s6 nguyén va f(p/q) = 0 voi p/q 1a phan s6 t01 gian. Khi do ay

chla hét cho p va a, chia hét cho q.

(¢) Trong céc ky hiéu cua cau (b), voi moi s6 nguyén k sb f(k) chia hét cho

p — Kq.

Bai 8. Cho P(X) = apX" + @ X" + ... + a;x + ag € R[x]. it

M= max{|an-1/an|, |an-2/an|a seey |al/an|’ |§0/a0|}
Khi d6 moi nghiém o cua P(x) thoa man bat dang thic |a| < M + 1. Hay chung
minh.



