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PHUONG PHAP VECTO TRONG GIAI TOAN

VE MOT PHUONG PHAP CHUNG MINH PANG THUC VECTO

Dé ching minh mo6t dang thic vecto ta
thuong dung cdc bién doi vecto va sir dung
cdc dang thiic vecto co ban. Bai nay dua ra
mot phuong phdp chimg minh dang thitc
vecto khd thuan loi trong nhiéu trudng hop :
Phuong phdp st dung hinh chiéu vecto trén
mot truc. '

1. Hinh chiéu cia mot vectotrén
mot truc '

Trén mat phéng cho vecto a=AB va mot
truc Ox. Goi A, B' lan luot 1a hinh chiéu
vuong goc cua A va B trén truc Ox (h.8). Ta
g0i hinh chiéu cua vecto a=AB trén truc Ox
fa do dai dai s6 A'B', ki hiéu la

A'B' = f.(a) = f.(AB).
Khi chi chi€u trén mot truc ta viét gon 1a
A'B' = f(AB).
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Hinh 8
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NGUYEN VIET HAI (Hdi Phong)

Hinh chiéu cla vecto trén mot truc ¢6 cic tinh
chat sau :

1.1. f(a)=lal.cosp, trong d6 lal 1a do dai

dai s6 cia a con ¢ la géc tao bGi a va chiéu
duong ctia truc Ox.

12. f(a+b)= f(@)+ f(b)
1.3. V6imoi k € R thi f(ka)=k.f(a).
14. a=b& fa) = f.(b) va f.(a)=f.(b)

trong d6 Ox va O'v la hai truc khong song
song.

Chitng minh cic tinh chat 1.1, 1.2, 1.3 khong
khé. Ta chi néu phép chimg minh 1.4,
Diéu kién cdn : Hién nhién do 4p dung 1.1.

Diéu kién dii : Dat a = AB ; b =CD, gia sit
fv(XE)ZAIBI ’ fx(C—D')zch] ;

f.(AB) = A,B, ; f.(CD)=C,D,.

Goi E la giao diém cha AA, va BB, F 1a
giao diém cta CC, va DD, (h.9). Bing cich

xét hai tam gidc vuong AEK va CFH bing
nhau ta suy ra FA // FC, EA = FC, nén

AE =CF.




hay a=b.

2. Ap dung

Cdc bai toan sau day déu c6 thé giai duoc
khong cdn dung cach chi€u vecto trén mot
truc. Ban doc ¢6 thé so sdnh cach gidi ¢ day
va cdc cdch giai da bi€t, dac biét hai Bai toan
3 va 4 néu khong dung phép chiéu vecto cich
giai s& kho6 khan hon.

©Bai toan 1. Cho H va O theo thit ty la truc
tdm va tdm duong tron ngogi tiép tam gidc
ABC. Chitng minh rdng

517=5Z+5E+5—5 N

Hinh 10

Loi gidi.
e Chon dudng thing BC 1a truc theo chiéu clia
BC =x (h.10)

e Goi M, N la trung diém clia BC, AB theo thit
tu. Tacé

f:\'(O_A"FO_B.-i-.'T(j) = f\’(b—Z)_Ffr(a"B_*_aé)
= £.(OA)+ f.20M) = f,(OH)+0

= f.(OH)

e Tuong tu néu chon AB 14 truc v6i chiéu cia
AB=v thi

£.(0A+0B+0C) = f.(OA+0B)+ f,(0C)
= f,(20N)+ £,(OH) = f,(OH).

Theo tinh chat 1.4 ta c6 déng thic (1). O
©Bai toan 2. Chimg minh rdng diém J la

tdm duong tron noi tiép tam gidc ABC khi va
chi khi ;

aJ_A.+b71§+c.—lE =0 )
Loi gidi. Diéu kién can
Gia sir J 12 tam dudng tron nodi ti€p tam gidc
ABC (h.11)

Hinh 11

L4y truc la dudng thing Ax vuong goc v6i JA
tai A, c6 chiéu nhu & hinh 11. Ha BB,, CC,
vuong géc véi Ax tai B), C,. Dat Za =x.
Goi A, 1a giao diém cua hai dudng thing AJ
vaBC. Taco

f.(aJA+bIB+cIC)=0+ f (bJB+cJC)

= bm+cxa
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AB, _AB ¢
AC, AC b

phan gidc AA,, boi vay

(theo tinh chdt cua dudng

bKEl +(‘R1 =0

suyra f(aJA+bJB+cIC)=0=f.0). (3)
Tuong tu 18y truc vudng goéc vdi JB tai B, ké
AA, vubng gbc v6i truc dé tai A,, dat
v = BA thi

f.(@JA+bIB+cJC)=0= £,(0) @)
Tir (3), (4) theo tinh chét 1.4 ta c6 ding thitc
(2).
Diéu kién di
Gia st ¢6 diém J thoa man (2). Goi T 1a tam

duodng tron noi tiép tam gidc ABC. Theo diéu
kién can, T phai thoa man

aTA+bTB+¢TC =0
Tu (2) va (2') ta cé
0= a(AJ — AT) + b(BJ - BT) + ¢(CJ - CT)

(2)

> (a+b+c)TJ =0 < TJ =0, titc 1a J tring
voiT. 3

QBai toan 3. Goi (0 : R)va (J ; r) la cdc
duong tron ngoai tiép va noi tiép tam gidc
ABC. Goi D, E, F ldn luot la tiép diém cia
(J ; r)voi BC, CA, AB. Goi K la trong tém tam
gidc DEF. Chimng minh rdng

0J = 3’;1371? (5)
Loi giai. Dé y ring
(5) < OJ ='§r5.%(1_15 +JE +JF)
= §(713 +JE + JF) (6)

L4y BC 1a truc véi chiéu ciia BC = x.
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(h.12)

Hinh 12

Ta co
f,(OJ)=f,(BJ -BO) = BD-BM

at+c-b a c-b
T2 T2 T2 @)

Mat khic
f.(ID+JE+JF) = 0+ f.(JE)+ f.(JF)
= r.cos(90° — ) +rcos(90° + S3).

(Vi JE,JF 12 hai vecto c6 do dai r, tao véi
chiéu duong cta truc BC cic géc tuong (ng
90° - 7; 90°+ f).

Sau d6 4p dung dinh Ii sin vao tam gidc ABC
ta c

1B+ £, UF) = r(siny =sinf) = =~(c =b)
Tir d6 va (7) ¢6

fOH=32 R, GB+TE+TF)  ®
X 2 r X

Ciing tuong tu nhu vdy khi chon AC 12 truc va

dat AC=v ta ciing chitng minh duoc
£,(O) =—§ﬁ(75+75+7ﬁ)

Tu d6 va (8) theo tinh chét 1.4 suy ra (6), do
dé (5) ding. O3

QBéi toan 4, Gid su tam gidc ABC ¢6 AB = c,
BC = a, CA = b. Goi G va O theo thit tu la




trong tam va tdm duwong tron ngoai tiép tam
gidc ABC.

y P S T = B 3 i =
Dar S =S8,pc. Goi m, n2, n3 la cdc vecto = b’siny—c’sinff =

don vi theo thit ty vuong géc véi BC, CA, AB,
cung chiéu vdi cdc vecto .75, ﬁf, ﬁ; trong
Bai todn 3.

Chiing minh rdng

S+ +Em =125.GO )

A

GO
=

B 2 C

Hinh 13

Loi gidi. Lam tuong ty Bai todn 3, ta ha
AK L BC tai K (h.13). Pat BC = x. Goi N Ia
trung diém cta BC.

— 1

Tt OG = 5@%5&&)‘5) ta c6
N T
£.(GO) = 5( £.(AO) - /X(03+0c)

= %/.'\.(}1_5) :%f}(B_O.—I‘BZ) hay

/,(GO) = 5(BN - BE) = £(BN ~2BK)

- %(EE—EE—EE) - %(EE-EE)

_ 1 (KC-BK)(KC + BK)
6 BC
b? - ¢?
= " 6a
(theo dinh Ii Pythagore)

(10)

f:r(a'?’nl +b'm +c*m) = f_'v(b3nz +c*n3)

bc—c3b
2R
(xem ching minh bai todn 3).

be=cb _abe(h® -?) a5/ B
2R R 2a 7\ 2a )

Tir d6 va (10) c6

i (@m +b3n +c3nz)

=12.5.1.(GO)

22
=g§_(_ba__‘_2 (11)

Hoan toan tuong tu khi 18y AB 1am truc véi
AB=v ta ciing c6
f(@m+ b2+ n3) = 125.£,(GO)

Tir d6 va (11), theo tinh chét 1.4 ta suy ra diéu
phéi chitng minh, nghia 1a (9) ding. O
Dé 4p dung phuong phép trén ban doc hiy tu
ching minh dang thitc :

sin2A. OB+sin2B.OB+sin2C.0C=0 (12)

trong d6 O la tam dudng tron ngoai ti€p tam
gidc ABC.
bén day ban doc ciing tu thdy : Tr mot dang
thitc vecto da biét, bang phép chiéu trén truc
thich hop ta s& dugc cdc dang thic tuong ng.
Néi cdch khéc, ta ¢6 thé sang tao ra nhimg bai
todn méi. Chéang han khi ta chiing minh dugc
(12), ta s& c6 cac ding thitc sau :

(b* - c?)sin2A = a*(5in2C —sin2B)

(c® —a*)sin2B = b*(sin2A - sin2C)

(a® =b*)sin2C = c2(sin2B —sin2A)
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TIiM THEM NHUNG HE THUC VECTO TRONG TAM GIAC

Trong cdc sach tham khao vé todn va trong
mot 6 dé ra trén tap chi THTT da cung cip
cho ching ta mot s6 hé thic vecto trong tam
gidc sau day.

Cho tam giac ABC goi G, H, O, J theo tht wr la
trong tam, tryc tam, tim dudng tron ngoai tiép,
tim duong tron noi ti€p ciua tam gidc ABC.
Khi dé

(H GA+GB+GC =0

(2) tanA.HA +tan B.HB + tanC.HC =0

vGi AABC khong vuong

(3).sin/\.jz +sinB.JB +sinC.JC =0

(4) sin2A.0A +sin2B.0B +5in2C.0C =0
M®i bai todn trén di dugc giai theo mot kiéu
khic nhau.

Ta ¢6 thé dua ra mot cach chimg minh chung
cho tat ca cac hé thic néu trén trong dinh i sau.

bDinh li. Cho tam gidc ABC. Trén cdc duong
thang AB va AC theo thit ty ldy hai diém E, F
sao cho hai duong thdng BF va CE cdt nhau ¢

M. Pt === p, == =¢q. Chitng minh ran;
" EB P FC 7 8 g
AM = pMB + gMC (1)

Loi gidi. Ké AT // BF va AT cit dudng thang
CE 6T. Ké AK // CE va AK cét dudng thang
BF 6 K (h.14).
Tacéd AM = AT + AK.
Theo dinh Ii Thales :

AT AE

——=—=p= AT = pMB
MB EB P P
i—:-ﬁi—:q:A[f-—-qu.
MC  FC
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A F C

K
Hinh 14

Chiy :Khip+q+ 1=0thi BF //CE.
Ta sé chi ra rang cdc hé thitc vecto néu trén la
hé qua truc ti€p cua dinh li nay.
1) Khi M trung véi G 1a trong tdm tam gidc
ABC thi E, F theo thit tu 1a hai trung diém clia
ABvaACnénp=gqg=1,suyra

AM = MB + MC => MA +MB + MC =0.

2) Khi M tring v6i H 1a tryc tam tam gidc
khong vuong ABC thi CE, BF 1a hai dudng cao.
Xét truong hgp tam gidc ABC c6 ba géc nhon.

_
_AE _gp _tanABC
P"EB CE tanBAC

AE

_AF _wnACB

YFC @nBac

Chia y ring két qua trén ding ca khi tam gidc

ABC c6 gbc tu.

tanB —
.MB

tanA * tan A

tanA.m+tanB.m+tanC.ﬁ(—f =0.

3) Khi M trung véi J 1a tam dudng tron néi
ti€p tam gidc ABC thi BF va CE la hai dudng
phan gidc trong.

tanC ——

Vay AM = .MC hay Ia

Xét truong hop tam gidc ABC c6 ba géc nhon.




_AE_AE_CA_b_sinB
P T EBTCB T4 SinA

__;\:_I—'__sinC
q_F_smA

Chi y ring két qud trén vin ding khi tam
giac ABC ¢6 goc tu hoac vuong.
sinB - sinC —

MB+

M
sinA sin C

Vay AM =

_____ ———

Hay la sinA. MA +sin B.MB +sinC. MC 0.
B

P

A 3 c

Hinh 15
4) Gia su M m‘mg voi O la tam duodng tron
ban kinh R ngoan tlep tam glac ABC. Ki hiéu
AOE = ()1, BOF Oz, AEO = E1 (h.15)

Nho dinh If sin trong cdc tam gidc AOE va
BOE ta co

AE. R EB R
sinQ sml:, sin0,  sin(n—E,)’
Tir d6 AE sm()l.
EB sin0,

Nhung sinO; =sinAOC =sin2B va
sin0, =sinl?(—)z’ =smn2A, nén
AE _sin2B wong 1y AF _ sin2C
EB  sin2A’ gH FC sin2A°
Cha y rang két qua ding ca khi tam gigc ABC
¢6 goc L, tic la thm O ndm ngoai tam giéc.
sin2B —:  sin2C ——
sin2A'OB sin2A’ 0C

= $in2A.0A +sin2B.0B +sin2C.0C = 0.

Tiép tuc cach lam trén cic ban c6 thé t tim
dén cac dang thifc sau.

(5) 51—4‘4—(75?4-56 =5ﬁ,trong do H 1a truc
tam tam giac ABC.
(6) Ching minh rang trong tam gidc ABC cic
duong n6i méi dinh vdi tiép diém clia duong
tron noi ti€p trén canh doi dién thi dong quy
tai mot diém K va
A= B —= Co= =
tanE.KA + tan—2-.KB + tan?KC =0,
(7) Goi O, la tam duong tron bang tiép géc A
cta tam gidc ABC. Ching minh ring
sinB.5,_1§ + sinC.O—IE —sinA.O—l/_i =0.
(8) Chimg minh ring trong AABC cic dudng
néi moéi dinh véi ti€p diém cha dudong tron
bang ti€p géc A trén canh d6i dién hoac phin
kéo dai, déng quy tai mot diém L va
tan=- L +1an= LC + tan . LA = .
Thém nira xin moi cdc ban hdy chimg minh
céc dang thic sau véi cac ki hiéu nhu trén

9) CosA — cosB —
sinB.sinC’ sinA.sinC’
cosC — =
- T T . C:O
sinA.sinB

(10) OH = cot BcotC.OA +cotCcot A.OB

+colAcotB.56
cos(B-C) -—Z+cos(C—A) OB

(11) 3GH =

sinBsinC sinAsinC '
cos{(A-B) —=
—_— 0
+sinAsinB ¢
. sin—2— . sin§ .
= + B
h 20l ; £ OSEOA cosgcoséo
coszc 5> 87508
sin—q
— 2 oc
+cosécos§0C .
2 2

O day ching t6i chi méi xoay quanh mét
huéng dé tim dén céc hé thirc. C6 rat nhiéu
huéng khiac nita. Mong cdc ban tim thém
nhiéu nita cdc hé thic vecto trong tam gidc.
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TIEP TUC KHAI TRIEN PHUONG PHAP VECTO

Bai Phuong phdp vecto trong Tuyén tdp 5
nam Todn hoc va Tuoi tré, NXB Gido duc,
2003, trang 168, da gidi thiéu viéc sir dung
vecto dé gidi todn hinh hoc. Sau day t6i xin
cung cip mot s6 phuong phap co ban sit dung
veeto dé gidp ban doc ¢6 théem cong cu gidi
todn va di tir nhitng bai todn co ban.

©Bai toan 1. (Bai todn vé trong tdm)

a) Cho tam gidc ABC ¢6 G la trong tam.
Chitng minh rdng
GA+GB+GC =0
b) Cho tit dién ABCD, 1 1a trung diém AB, J la
trung diém CD, G la trung diém 1J.
Chitng minh rdng
1) 21/ = AC + BD
2) GA+GB+GC+GD=0.
Xdc dinh vi tri diém M dé
MX+M§+ME+W)\ bé nhdt
Loi gidi. Ban doc tu chimg minh phan (a).

Xét phan (b) (h.16) 4

Do d6 !

1] = AC + BD s

2) Tacod B

GA +GB =2GI J

GC+GD =2GJ

= GA+GB+GC +GD
= 2(GI +GJ)=0.

Taco

1) 7]:YX+ZE+E‘3

— ——

Hinh 16

—_—

MA+MB+MC+MD

—— | ————, 3 ——— s ———)

= MG +GA+MG+GB+MG+GC+MG+GD
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Theo (2) ctia bai toan 1 ta cé
GA+GB+GC+GD =0

nén MA + MB+ MC + MD = 4MG.

Suy ra

| A + MB + MC + MD| = |4MG|= 4MG.

Vay |MA + MB + MC + MD)| bé nhét khi MG
bé nhat, lic d6 M tring v6i G. O

€& Bai toan 2. Cho tam gidc ABC ¢6 BC = a,
CA = b, AB = ¢ va J la tam duomg tron noi tiép.
Chitng minh rdng aJA+bJB +cJC =0.

Loi gidi. Goi giao diém cuia duong phan gidc
ctia goc BAC véi BC 1a D (h.17).

DB c
Ta c6 = = —— (tinh chdt duong phan giic)
e b g phan g

hay DB = —%55

&> E-JB:-%(?Z‘-?B)

< bIB+cJC=(b+c)ID (1)
A
J
B D C
Hinh 17

Lai co
— BD —
JD = BA —.JA (BJ 1a phan giac goéc DBA)

., DB ¢
Tacé DC =B




DB _DC _DB+DC _ a

¢ b~ c+b  c+b :
ac DB a
nen I)B—c'+b BA b+c’

vvvvvv a .
ay JD = -| —=—|.JA.
vay J (b+c‘]J
Tir d6 va (1) ta thu duoc bJB +cJC = —aJA

hay aJA+bIB+cJC =0 (dpcm). O .

Viéc van dung nhimg bai todn co ban trén
mot cdch thich hgp lam phuong phdp giai
todn nhu th€ nao dugce trinh bay trong céc thi
du cu thé sau day.

* Thi du 1. Cho tr dién ABCD, I la trung
diém AB, J la trung diém CD, P la diém thudc
AC, N la diém thudc BD sao cho PA_ i_g
PC ND

Chimg minh rang bon diém I, J, P, N thudc
ciing mot mdt phdng.
Loi gidgi. Gia sit AC = k.AP, BD =h.BN
Tir gia thi€t (h. 16)

_E_é:g suyrak=nh

PC ND
Theo (bl) ctia Bai todn | thi

- —_

21] = AC + BD= kAP + kBN
Zi:g(mm =§<27+17»+73;+m)

> U= g(Tﬁ +IN)

Ping thic ndy ching to IJ,IP,IN déng
phing, suy ra bén diém /, J, P, N thudc cing
mot mat phang. O

* Thi du 2. Cho tir dién ABCD. Tim diém M
sao cho MA? + MB* + MC? + MD? bé nhat.
Loi gidi. Goi I 1a trung diém AB, J 1a trung
diém CD, G 1a trung diém IJ (h.16) ta c6

GA+GB+GC+GD =0

(theo Bai toan 1). Taco

MA? = (MG +GA)* = MG? + GA® +2MG.GA
Tuong tu cé

MB?* = MG* + GB® +2MG.GB

MC? = MG* + GC? +2MG .GC

MD? = MG? + GD* +2MG.GD, suy ra

MA? + MB? + MC? + MD?

= 4MG? + GA® +GB* +GC? + GD?

—— ———h e ) et

+ 2MG(GA+ GB+ GC +GD),

hay

MA? + MB? + MC?* + MD?

= 4MG* + GA®> + GB® + GC? + GD*. Do d6
MA? + MB* + MC* + MD?

> GA® + GB* + GC* + GD?.

Dang thifc xay ra khi va chi khi M tring véi G.
Vay MA®+MB*+MC*+MD* bé nhit khi M
tring v61 G. O

* Thi du 3. Cho tam gidc ABC véi J la tdm
duong tron ndi tiép tam gidc. Pata=BC, b =
CA, ¢ = AB. Chitng minh rdng
JA® B Jc?
bc ca ab
Loi gidi. Theo Bai toan 2, (h.17) tacé

1

aﬁ+b)§+c7€ =0

(aJA+bJB +cJCY =0
< a*JA? + PR IB? + PUCH
+ 2ab.TA.ﬁ§ + 2a('ﬁ.ﬁ + 2bcjl—3;.._lz' =0
Ma 2JA.JB=JA +JB* — AB?
2JA.JC = JA? + JC? - AC?

2JB.JC = JB* + JC* — BC?
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nén

2JA? + b2 IB + P IC? +ab(JA® +JB? — AB?)
+ ac(JA* + JC? - AC?)

+ be(JB® +JC? = BC?) =0

& (a@* +ab+ac)JA + (b +ab + bc)JB?

+ (? +ac+be)JC* —(abe? +ach® +bca®)=0
< ala+ b+ c)JA2 +b(a+b+ c).IB2
+ca+rb+)JCt —abc(a+b+c)=0

<> (a+h+c)alA® +bIBE +cJC? - abc) =0
Doa+b +c¢>0nén

aJA® + bJB* + ¢JC? = abe

hay
alA®> bIB* JC?
+ + =1
abc abc abc
JAT JB? JC?
Vi =
Y bc " ac * ab I (dpem) O

KX Thi du 4. Cho hinh hop ABCD.A'B'C'D".
Tim diém M trén AC va diém N trén DC’ sao

, .MN
ho MNIIBD'. Tinh tf 56" —— .
cho inh 1 6 s

Loi gidi.
Do MN // BD' nén viét duoc MN = zBD'

Dat BA=a,BC =b, BB =¢
vGi a.h,¢ khong déng phing (h.18).

D C
"
3\ //
[ i
t \\ Vs
A : \ ///
L\ p
| \ .
y 7S
1Y, \
LA \
1o
4 \ \ -
’ -
’ \ \ L
/ (WP
/ % \
/ - M \
/. \
A B
Hinh 18

Tacéd BD =a+b+c¢.DEMN//BD' thi

MN = z(a+b+¢) ()
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Mat khac MN = BN — BM

Giasit AM = xAC
DN-=yDC'

-TtrbTV.-—-yBE" ta co

BN - BD = y(DC +CC")
— BN—-(a+h) = y(¢ —a)
= BN=(l-y)a+h+yc
o Tit AM = xAC tacé
W~EA=,\‘(B_C"—EA) =
B_M—azx(g—;) = Wz(l—x‘)5+x5
Do dé

MN = (x—y)a+(1-x)b+ yc 3)

e T (2) va(3)tacd

(.r—_v)c;+(l—,\‘)l;+31?::(;+B+;)
Do a, b, ¢ khong déng phing nén

X =
X—y—z=

l-x-z=0 < <y

W= Wwi—= wjr

) —
y-—:z

[
i

Vay M va N dugc xéc dinh boi

2 1

AM =2AC, DN ==-DC".
34¢ 3

Ngoai ra MN =lzl= !

BD' 3 O

X Thi du 5. Cho hinh chdp S.ABCD, ddy
ABCD la hinh binh hanh. Goi K la trung diém
ctia SC. Mdt phdng qua AK cdt cdc canh SB,
SD lan luot tai M va N. Chitng minh rdng

SB SD

smTsN S




e e, B SD
Loi giail. DatW—.\ ; SN_y
AC cat BD tai H.

Goi J 1a giao diém cla SH va AK.
Do M, J, N thing hang nén

Si=aSM+p.SN ()
(trong d6 a + f=1) (h.19).

S

A V
C
B
Hinh 19
Do H, K 12 trung diém cia AC va SC nén J l1a
trong tam tam gidc SAC, suy ra SJ = %SH.

. ) 2 1= 1=
VaytacHd: (1) < SSH = a.—\jSB+,B.;SD
Ma 2811 = SB+SD nén

21 52 == 1= 1 ==

(e Na (B Neposd
Q(.\' 3JSB+(; E)SD-O

Vi SB,SD khéac phuong nén

Ma a+ f=1nén %(_Hy):l, suyra x+y=3.

SB SD
Vay —+——= O
977N 3 (dpem)
Dé nghi ban doc tim toi phat hién thém nhiing
cach giai sir dung vecto & cdc bai tap sau.
BAI TAP

Bai 1. Cho tam gidc ABC véi H 1a giao diém
ba dudng cao. Tim cdc s6 a, B, ysao cho

a.m+ﬂ.ﬁ1§+}/.ﬁ(_j =0.
Bai 2. Tim tap hop nhing diém M trong mat
phéing chita tam gidc ABC sao cho
MA2 —2MB* +3MC? = k* véi k 1a hang s6.
Bai 3. Cho tam giac ABC. Goi J la tam duong
tron bang tiép tng v6i goc BAC. Ching minh
rang

—aJA+b.JB+c.JC =0.
Bai 4. Cho tam gidc ABC véi J la tam duong
tron noi tiép tam gidc d6. Ching minh rang

JAJBIC _ _\3

WA +bIBE +cJCr 3

TiNH CHAT PAC TRUNG CUA VECTO 0 VA UNG DUNG

Trong tap hop vecto, c6 mot phén tir dac biét

[a vecto khong AA =0. Vecto khong 6 do dai
bang 0 va ¢6 hudng tuy y. Mudn chimg minh
vects AB 13 vecto khong ta chi cdn ching

PHAM CONG MINH (/1di Duong)

minh vectd AB thoa man mot trong cdc tinh
chat sau :

i) lAB1=0
ii) AB c6 hai huéng phan biét.

1




D6 1a cdc tinh chat dac trung cla vecto khong.
Trong qua trinh giai toan vecto, 16p bai toan
quy vé chiing minh vecto v =0 ciing kh4 phd
bi¢n. O bai viét nay t6i muon khai thac tinh
chat dic trung cua vecto khong dé giai todn.
Ta hay bat dau xét mot bai toan quen thuoc.
@Bai toan 1. Cho ngii gidc déu ABCDE c¢6
tam O. Chitng minh rdng
OA+OB +0C +0D +OE =0.
Loi gidi. Dat v = OA + OB + OC + OD + OE.
Cdch I. Tir gia thiét ABCDE 1a ngii gidc déu
suy ra OA la truc d6i xing cua B va E, cua D
vaC.Do dé6:

mOA = OB +OE
kOA = OC +OD
vay v=0A+0B+0C +0D +0OE =
= OA(1+m+ k).
Chitng minh tuong tu ta cling dugc

;=5§(1+m+k).

Do dé v cong tuyén vdi hai vecto khong cong

tuyén, nén v =0,
Cdch 2. Vi ABCDE la ngii giac déu, nén :

OA + OB = kOD (v6i k < 0)
OB +0C = kOE
OC + 0D = kOA
OD+OF = kOB
OE +OA = kOC
Cong timg v€ clia cdc dang thic trén, ta c6
2v=kv

D¢ y rang k < 0 nén v c6 huéng nguoc véi

chinh n6. Vay v=0.
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Cdch 3. Tix gia thi€t ABCDE 1a ngii gidc déu
c6 AB L OD va OA+0B = kOD
OE +0C = mOD
Khi dé
v=0A+0B+0C +0D +OE
= kOD + mOD +OD
= AB.v :rZE.b—ﬁ.(k+m+l)=0.
Chiing minh tuong tu ta ciing cé BC.v=0

ma BC,AB la hai vecto khong cong tuyén
nén :

Cl

ABv=0 |ABlv -
L N, L, == Vv=E
BC.v=0 BC 1v
Cdch 4. Bay gio ta suy nghi manh dan hon.
Tu gia thi€t ABCDE la ngii gidc déu, suy ra
OA=0B=0C =0D = OE nén
OA.v = 0A% + 0A* cos(ﬁ,bﬁ)
+ OA? cos(5/—§.,5(?)

+ OA? cos(m,aﬁ)+0A2 cos(az,bf)
= 0A’ (1+2cosz—n+2cosﬂ).
5 5
Ching minh tuong tu ta cling cé
OB.v = OB’ .[1 + 2003—2-SE+ 2005%2}
Do d6 OA.v = OB.v <> AB.v=0
< AB L.
Suy luéan tuong tu ta ciing c6 BC Lv. Ma A,
B, C khong thing hang nén v =0,
Piéu thd vi bat ngd 1a ta tim dugc mot bai
todn méi. Chang han, chimg minh ring :

1) 1+2cosz?n+2cosi5§=0 ;

_2_5 27

2) 4cos’ 5 fZCos?—1=0 ;




3) 4sin® =+ 2sin——-1=0 :

10 10
2n V5-1
4) cos—= =0 .
) cos 5 T
. T V5-1
5) sin— = X2_"
T
Réi ta ciing ¢6 két luan vé céc gid tri cos—l%,
sinlt— coslt— sin3—7r cosgﬁ
st TS 10° 10"

Cdch 5. Xét phép quay QF tam O, géc quay
2n
=5
Ta c6 O, (ABCDE) = BCDEA.

Nhu thé O (v) = v. Vay v c6 hai huéng phan
biét nén v=0.

RO rang véi céc y tudng trén ta c6 thé md
rong 1oi giai cho da gidc déu 2n + 1 canh. Dé
thdy tinh chat nhu th€ diing cho da gidc déu
2n canh. Nhung vdn dé dit ra 12 : Khai thac
tinh chat didc trung cia vecto khong dé giai
cdc dang todn nao ? D€ sdng to, ta hdy theo
ddi mot bai todn khic.

QBai toan 2. Cho tam gidc ABC véi O la
tam duong tron néi tiép. Ching minh rang
a.0A +b.0B +¢.0C =0.
Loi gidi. Dat v=a.0A +b.0B +¢.0C
Tacé .
OA.v= a.0A +b.0B.OA +¢.0C.OA
= OA(a.OA + b.OBcos(OB,0A)
+ c'.OCcos(az“,‘Oi:\'))

= ()A(a.OA + h.OBcos(n ——/21 —gj

A C
+ ¢ .OCCOS[TE - "é' -“—2—)]

- ¢.0Ccos

= OA[a.OA—b.OBcosA+B A+Cj

2

= OA[a.OA - b.OBsinE - c.OCsin—g]

2
) r ) r . C
= 2R0A smASin —smBSinésmg
2 2
—sinCSi;C sin—g-
2

= 4R.()A.r[cosé - cosﬁsin— - cosg—sinéj

= 4R.0A.r[cos§ _sin2 Jz’ C) =0.

Vay OA Lv. Chitng minh tuong tu ta ciling c6
OB 1v. Nhung O, A, B khong thing hang, do
d6 v=0. O
Véi y tudng trén ta cling giai duoc bai toan
sau.
@Bai toan 3. Goi J la tam duong tron bang
tiép géc ACB ciia tam gidc ABC. Ching
minh rdng
aJA+bJB—cJC =0.
©QBai toan 4. Goi K, E, F theo thit tie la hinh
chiéu vuong géc cua trong tam G cua tam
gidc ABC trén cac canh BC, CA, AB. Ching
minh rdng
a2ﬁ+b2ﬁ+c2ﬁ =0.
Loi gidi. Goi AH, BM, CN 1a cac dudng cao clia
tam gidc ABC. Ap dung dinh i Thales ta thdy
a*GK +b*GE + *GF =0
< a*AH +b*BM +*CN =0,
bat v=a*AH +b*BM + ¢*CN.
Ta cé

113




;&_ﬁ;z Xﬁ(a2m+b2m+c'2m)

AH(a%.AH + b®.BM cos(AH,BM)

+ 2.CNcos(CN,AH))
AH.2R.2S g (sin A-sin BcosC—sinCcos B)
AH.AR.S g (sinA—sin(B+C))=0.

Il

Vay AH Lv. Chimg minh tuong tu ta cling

¢6 BM Lv. Nhung A, B, M khong thing

hang nén v=0. 0

@Bai toan 5. Cho M la mot diém tup y trong

tam gidc ABC. Chitng minh rang
Sype-MA+Syyca MB +Syyu5.MC = 0.

Loi giai. Ki hiéu céac goc

AMB = M;, AMC = M,, BMC = M,.
Dat v =Sy,50. MA +Spc. MB + Sy, 5. MC
Ap dung cong thitc S,p~ = AB.AC.sinA

SN

(sinM, +sinM, cosM, +sinM,cosM,)
1 2 3 3 2

MA® . MB.MC (sin M, +sin(M, + My))

I

=MA> MB.MC(sin M, +sin(2n — M,)) =0.

[\

Vay MA Lv. Chitng minh tuong tu ta ciing
¢6 MB L v. Nhung A, B, M khong thing hang
nén v=0. 0

Ciing bing phuong phdp nay ta dé dang ching
minh duogc

Sngc-NA+Syca-NB = Sy5.NC =0
v6i N la diém & ngodi tam gidc ABC va &
mién trong géc ACB.
Q@ Bai toan 6. Goi O la tdm dudng tron ngoai
tiép tam gidc ABC. Chimg minh rang
sin2A.0A +sin2B.0B +sin2C.0C =0,
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Li gidi. Dat
v =sin2A.0A +sin2B.0B +sin2C.OC

Ta cé

- ——

v.OA = Rz(sin2A + sinZBcos(bX,a_é)
+ Sin2CCOS(m,O_C.))
= R(sin2A +sin2Bcos2C +sin2Ccos2B)
= R*(sin2A +sin(2B +2C))
= R*(sin2A +sin2(z — A)) = 0.

Ching minh tuong tu ta cling ¢o v.0B =0.
Nhung A, B, O khong thing hang nén v =0. 0
Chu y. Néu tam gidc ABC c6 mét goc tu, bai
todn van ding.

Dén day ching ta da rd, viéc sir dung céc tinh
chat dac trung cia vecto khéng dé chimg
minh dang thic vecto v=0 12 ¢6 ging chimg
minh v ¢6 hai huéng phan biét hoac c6 do dai
bing 0. Ci khé 12 tao ra tinh th€ dé v phai 16
10 cdi tinh ba phdi clia n6. Diéu thi vi b4t ngd
1a khi cdi tinh ba phdi thich chiéu nao quay
chiéu d6 cha vecto v cdn duoc khang dinh thi
ca khai lugng céng viéc cidn ching minh da
duoc giai quyét xong. Biy gio ta hdy xem
thém mot tinh hudng nita.

©OBai toan 7. Cho tam gidc ABC khoéng
vuong, H la tricc tdm. Ching minh rang

a

HB +—— HC =0.
COsA

HA+
cosC

cosB’

Loi gidi.

—

HC

a —_—

HA+

— c

HB +

bat v=

cosA’ cosB’ cosC’

Bay gid phai c6 gang chiing minh v c6 céi
tinh ba phai. Ta thit chon phuong an tinh

v.BC (dé cong viec don gian dugc chang?).




B R —

v.BC = HB.BC + .HC.BC
cosB oS
= 2R. BC(
+ 308 e cos(HC BC))
cosC
= 2R.BC n8 HB(~ smC)+ in¢ HCsmB
cosB osC

HC _ HB
cosC cosB

2R.BCsinCsin B(

Vi tam gidc ABC khong vuong nén

HB = If\ = HE,
sinHBC cosC
HC = lﬁ\ - HE
sinHCB ¢osB

(trong do £ la chan dudng vudng goc ké tir A
xudng canh BC).

1HHC  HB

Do d6 - =
cosC cosB

Vay v.BC =0. Léap luan tuong tu ta ciing c6
két luan v.AC =0. Ma A, B, C khong thing
hang nén v=0. 0

Ta cling vui mimg nhan ra moét két luan mdi :

HA _HB _ HC
cosA cosB cosC’

Ta ciing c6 thé chimg minh v=0 bing cich
dat vin dé tinh v.HA ? Chic la nhanh vi da
c6 két luan trén. That vay ta c6

HA+ HBcos(HB,HA)

b
cosA cosB

S.HZ=HA(

HA2R.k(sinA —sinBcosC —sinCcosB)
HA2Rk(sinA-sin(B+C))=0

HA _HB _ HC
cosA cosB  cosC’

vOi k=

—

Ching minh tuong tu ta ciing ¢6 v.HB =0

ma H, B, A khong thing hang nén v =0.0

UOC LUONG KHOANG CACH GIUA CAC DPIEM PAC BIET
TRONG TAM GIAC

Trong bai nay, ta sir dung cac ki hiéu quen
thudéc G, H, J, O theo thir tu 12 trong tam, truc
tam, tam dudng tron noi ti€p va tam dudng
tron ngoai ti€p cta tam gidc ABC véi ba canh
a=BC, b=CA, ¢ = AB. Truéc hét dé phuc vu
cho muc dich cua bai nay, dé nghi cic ban
giai bai toan nho sau.

QBai toan 1. Chitg minh rdng trong tam
gidc ABC bat ki ta ¢6 hé thirc sau

DINH THANH TRUNG (Ha Ngi)

a.ﬁ+b.7§+c.75 =6.

Ta sé€ tinh cac do dai OG, OJ, HJ, JG... thong
qua a, b, ¢ va ban kinh R clha dudng tron
ngoai ti€p tam gidc ABC, sau d6 so sanh céic
khoang cach nay.

e Tinh OG : Xuit phat tit dang thitc quen
thudc GA+GB+GC = 0 ta s€ duoc

30G = OA+0B +OC,
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binh phuong v6 hudng hai v& réi sit dung
hé thic

S S, U,
20A.0B= OA" +OB" —(0OA—-O0B)

= 2R* - ¢*

va hai hé thic tuong tu ta tinh duge khoang
cich OG la
a +b +c?

9 ,
e Dé tinh khodng cdch OJ ta s& st dung hé
thic trong Bai todn 1. Phan tich JA = JO + OA,
JB=JO+0B, JC=JO+OC réi nhém lai ta
dugc (a+b+ c)f)—] = afﬁ + bf)_é + c.()_C'.
Tiép tuc binh phuong vo6 hudng hai v€ va sir
dung phép bién déi & trén suy ra

(@a+b+c)0J?

0G?* = R? - )

= RYd® +b +*)+ab2R? - ?)
+ be(2R? - a®) + ca(2R? —b%)

abc
at+b+c

& 0JP =R - )

Dén day dé y ring véi a, b, ¢ 12 cic s6 duong
thi theo bat dang thiic Cauchy ta c6

(a2 +b% +¢? Wa+b+c)29abc
ching ta s& thu dugec OG < OJ. 3)

e Khodng cdch JH ciing c6 thé tinh dugc nho
h¢ thic & Bai todn 1 theo cach tuong tu.

(a+b+(')m = a.i—'lz+b.;1§+c‘.ﬁ(,:
Binh phuong v6 hudng hai v€, bién doi
2HA.HB = HA® + HB* —(HA — HB)* suy ra

(a+b-¢~c)2HJ2
= (a+h+c)aHA? + PHB? +cHC?)
—abc(a+b +¢).

Chi y rang céc do dai HA, HB, HC c6 thé tinh
theo cach sau (h.20).

116

J A0

H

B M C

Hinh 20
HA? =40M?* = 4R - &°,
HB? = 4R? - b,
HC? =4R* -,
thay vao hé thic ¢ trén ta duge

H‘12=4R2~a3+b3+('3+abc @)
a+b+c '

Tt @® +b* + ¢ > 3abe ching ta ¢6
HJ £20J &)

Day chinh la n6i dung mat bai toan trong Ki thi
chon déi tuyén Olympic Viét Nam nam 1993.
e Mot cau hoi dat ra la giita HJ va OG ¢6 moi
quan hé nhu thé nao ? Tir su chénh léch hé s6
cha R gitta HJ® va OG® ta thir so sinh
HJ?* v6i 40G*. Taco

40G* - HJ?

@ +b + +abe _ a(a* +b* +c?)

a+b+c 9 '

Phdi chang ta c6 bat déng thiic

& +b + P rabe 4@ +b+%),
a+b+c B 9 '
Khang dinh trén tuong duong véi
5(a® +b° +¢*) +9abe

2 dabla+b)+4bc(b+c)+4ca(c+a).
Viéc kiém tra tinh diing dén clia bat dang thic
nay khong phai la dé, tuy nhién néu ban binh
tinh suy xét s& thdy né chi 12 hé qua cua mot




bat déng thiic quen thuéc sau ma néu ban
chua gap thi c6 thé chimg minh lai xem nhu
mot bai tap.

©Bai toan 2. Chimg minh rdng véi ba s¢

thic khong ém a, b, ¢ ta ¢6 bdt ddng thirc
a*+ b+ +3abc

2 abla+b)+bc(b+c)+calc +a).
Nhur vay ta da ¢4 duge diéu mong muén

HJ £20G ' (6)
Tir (3) ta thiy ngay bat déng thiic (5) chi 1a hé
qua cua (6).
e Dén day céc ban s¢ thdy con mot dai luong
ta chua dé cap t6i, d6 chinh 1a khodng cdch
JG. Dung hé thitc cua Bai toan 1 két hop véi
cong thic tinh do dai dudng trung tuyén cic
ban ¢6 thé tim do dai JG, & day t6i muon dua
ra cdch lam khdc bang viéc sit dung hé thic
Stewart cho tam giac JOH.
JH?.0G +JO* . HG = JG* .OH + HG.GO.OH.
Ta da biét theo dinh Ii Euler

1

0G = 5()11, HG = %0[1, do vay ta sé c6

JG? = %JH2 +-§—OJ2 -20G?, suy ra

B @ +b° +¢* +3abc
3a+b+c)

Trong tam gidc ta c¢6 bat déng thitc quen thuoc

a* +b% +¢* <9R?, két hop véi bat ding thic

JG? = -g-(a2 +b° +¢%)

Cauchy a® + b+ 2 3abc taséco
2abc

JG? <2R? ~=——=20J" suyra

JG <207,
Deé két thiic, dé nghi c4c ban hdy giai bai todn
sau.

OBai toan 3. Chimg minh rdng tam gidc
ABC déu khi va chi khi
OH?* =50J% + HJ*.

Cic ban da thdy bang nhimg kién thifc todn
hoc binh thuong chiing ta da tim dugc nhimng
moi quan hé tuong doi thi vi giita cdc khai
niém von da quen thudc. T4t nhién sé con
nhiéu nhiing tinh chét nhu vay, t6i mong rang
cédc ban hay ti€p tuc tim toi, khdm phd dé lam
giau thém kién thitc todn hoc clia minh.

MOT BAT PANG THUC HAY TRONG TAM GIAC

Sau khi doc bai bdo "MJ réng két qud cia
Torricelli" trong Tuyén tdp 5 ndm Todn hoc
va ol tré, NXB Gido duc, 2003, trang 126,
t0i nhan thdy trong tam gidc c6 mot bat ding
thirc dang chi y sau.

binh li. Cho tam gidc ABC va M la mét diém
trong tam gidc dé. Khi dé véi diém N bdt ki
ta co

NA.sin BMC + NB.sinCMA + NC.sin AMB

2 MA.sin IS/ATC+MB.sinm+MC.Sinm.

NGUYEN THE PHUONG (Ha Noi)

Ddng thicc xdy ra khi va chi khi N tring
voi M.

D€ ban doc tién theo ddi, truéc khi chimg
minh dinh i trén, t6i xin nhic lai két qua co
ban ma bai bdo néu trén di dat duoc, xem nhu
1a bé dé.

B4 dé. Cho tam gidgc ABC va ba s6 duong
X,y 2.

a) Gia st x, y, z khong phai 1a do dai ba canh
cia mot tam giac nao dé. Khi dé
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}) néu y+z<x thi xMA+ yMB+:MC nho
nhat khi M tring A.
2) néu z+x <y thi xMA+yMB+:MC nho
nhat khi M trung B.
3) néu x+y<:z thi xMA+yMB+:MC nho
nhat khi M trung C.
b) Gia st x, y, z 1a do dai ba canh cia mot tam
gidc nao do. Ta ki hiéu tam gidc do la A'B'C'
vii B'C'=x, C'A'=y, A'B'=z Khido
1) Néu max{A+A B+B.C+C'} < 180° thi
XMA + yMB + zMC nho nhat khi :

BMC =180° — A

CMA =180° — B
AMB =180° - C

2) Néu A+A'>180° thi xMA + yMB +zMC
nho nhét khi M triing A.
3) Néu B+B'2180° thi xMA+yMB+:MC
nho nhat khi M tring B.
4) Néu C+C'>180° thi xMA + yMB + zMC
nho nhét khi M trung C.
Nao bay gio chung ta ching minh dinh Ii trén.
Qua A, B, C ké cic dudng thang B'C', C'A',
A'B' theo thit tu vuong géc v6i AM, BM, CM

va ching céit nhau tai C', A, B' tuong ing
(h.21).

Al

Hinh 21
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Ta thay

BMC =180° -B'A'C’

CMA =180° —~C'B'A'

AMB =180° —A'C'B'
Vay theo b6 dé trén thi

B'C'NA+C'A'NB+A'B'NC

> B'C.MA+C'A"MB+ A'B'MC (D
Ding thic xay ra khi va chi khi N tring M.
Ap dung dinh Ii sin cho tam gidc A'B'C" tacé

pCc  CcA AR
sinB'A'C'  sinC'B'A’ sinm‘
Suy ra
BC  CA  AB 2
sinﬁ/l?‘ sin(i‘@& sinm
Tur (1) va (2) suy ra

NAsin BMC + NBsinCMA + NCsin AMB

> MAsin BMC + MBsinCMA + MC'sin AMB.
Dang thitc xay ra khi va chi khi N trung M. O
Dinh 1i trén khé sau sic. Nhimg Bai todn sau
day ching t6 diéu dé.

@Bai toan 1. Cho tam gidc ABC ¢6 BC = a,
CA = b, AB = ¢ va m,, my, m, theo thit tu la
dé dai duong trung tuyén xudt phdt tir dinh A,
B, C. Chiing minh rang

cosg.ma +cos—[23.m,J +cos—§—.m(. > %(a+b+c).
Loi gidi. Goi J 1a tam dudng tron not tép, G
12 trong tam tam gidc ABC, con M, N, P theo
thit ty 12 ti€p diém cha dudng tron noi ti€p véi
cdc canh BC, CA, AB (h.22).

A

B M C
Hinh 22




Ta cod

sin BJC = sin| 90° +—/1 = cosé
2 2
sinCJA = sin[90° +£ = cos-l-gi
2 2
- s C
sin AJB = sin| 90 +—i— = COS—
Vay theo dinh Ii trén, ta thay
A B C .
A.cosS— .COS— .COS—
G cosz +GB cos2 +GC cos2

> S —
> JA.cos ) +JB.cos 5 + JC.cos 3

= g m cosﬁ+m COS§-+m COSg—
3L ey TRy T e

>AN + BP + CM.

= g m C0§ﬁ+m COS‘—B-+H1 COSC
3 a VT 2 (e 2 ¢ )

> a+b+c
2

A B C
& M, COS— + My, COS—-+ M, COS—

> %(a +b+c).
Dang thitc xay ra khi va chi khi G tring véi J,
hay tam gidc ABC déu. O

Bai toan | rat kh6. N6 la su mo rong thuc su
clia bat dang thic quen biét :

3 b
m, +my +m. > Z(a +b+c).

©Bai toan 2. Cho tam gidc nhon ABC, cdc
diém X, Y, Z theo thir tw thuéc cdc canh BC,
CA, AB. Chitmg minh rang
2YZ.cosA+ZX.cosB+ XY .cosC)

> BC.cosA+CA.cosB+ AB.cosC.

Loi gidi. Gia st (O;R), (Oy;Ry), (O3:Ry)
theo thit tu 1a dudng tron ngoai ti€p cdc tam
gidc AYZ, BZX, CXY. Dé thdy ba dudng tron

nay cung di qua mot diém. Ta ki hiéu diém d6
laT (h.23).

BWC
' Hinh 23

Goi (O ; R) 1a dudng tron ngoai ti€p tam giac
ABC. Nho dinh Ii sin va dinh Ii trén ta ¢
2(YZ.cosA+ZX.cosB+ XY .cosC)

= 4(R,.sinA.cosA + R, .sinB.cos B
+ Ry.sinC.cosC)
= 2(R,.sin2A + Ry .sin2B + R;.sin2C)
> TAsin2A +TB.sin2B+TC.sin2C
= TA.sin BOC +TB.sinCOA + TC.sin AOB
2 OA.sinEO\C+OB.sin(j:(.)74 +0C.sinAOB

= R.sin2A + R.sin2B + R.sin2C

= BC.cosA+CA.cosB + AB.cosC .
TA =2R,
TB =2R,
TC =2R,
T=0

Dang thic xay ra <

hay X, Y, Z theo thif ty 1a trung diém céc canh
BC,CA,AB. O

To6i da tim thdy Bai todn 2 trong mot tai liéu
todn so cdp nu6c ngoai. Nhumg chi dén khi
phat hién ra dinh i trén t6i méi giai dugc nod.
Bai to4dn sau day khd quen thudc, tuy nhién
161 giai dua ra & day khdc hén véi 101 gidi
théng thuong nhd phép doi xing truc.

©Bai toan 3. Cho tam gidc nhon ABC. Ldy
cdc diém X, Y, Z theo thir ty nam trén cdc

canh BC, CA, AB. Tim vi tri cia X, Y, Z dé
chu vi tam gidc XYZ nhd nhat.
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Loi gidi. Goi (O;R)), (05:R,), (O5;Ry) theo

thir tr 1a dudng tron ngoai ti€p cdc tam gidc

AYZ, BZX, CXY. Dé thdy cac dudng tron trén

cung di qua mot diém. Ta ki hiéu diém dé 1a

T (h.23). Goi H 1a truc tam tam giic ABC.

Nho dinh 1i ham s6 sin va dinh li trén, ta ¢6
XY +YZ+7ZX

2(R,.sinA+ Ry .sin B+ Ry.sinC)

il

v

TASinA+TB.sinB+TC.sinC ’

= TA.sin(180° — A) + TB.sin(180° — B)

+ TC.sin(180° - C)

= TA.sin BHC +TB.sinCHA + TC.sin AHB
> HA.sin BHC + HB.sinCHA + HC.sin AHB
Dé dang chimg minh ring

HAsinBIHC + HB.sinCHA + HC.sin AHB

= 4R.sinA.sin B.sinC

Vay XY + YZ + ZX > 4Rsin A.sin B.sinC

TA=2R,
, o, TB =2R,
Dang thic xay ra <
T=H

lic d6 X, Y, Z theo thit tu la chan céc dudong
cao ha tr A, B, C cua tam gidc ABC. O

Bai todn 3 da duge gidi quyét. Két tuan cu thé
xin danh cho ban doc.
Ngoai ba bai toan trén, nhd dinh If trén ta con
c6 thé gidi dugc nhiéu bai toan khic. Xin néu
ra ddy mot vai bai tap.
BAI TAP

Bai 1. Cho tam gidc ABC. Chimg minh ring
a+b+c

2r

m, my, m, >

sin-é
2 2 2

Bai 2. Cho tam giac ABC. Chimg minh rang
(b+c)ak, =(c+a)bk, +(a+b).ck.

2 Ha+b+c)Sype.

trong d6 k,.k,.k. theo thit tu 1a do dai cic
phéan gidc xudt phat tr A, B, C dén canh doi
dién.

Bai 3. Cho tam gidc ABC. Cic diém X, Y, Z
theo th tu thuoc cdc canh BC, CA, AB.
Chimg minh rang

YZ X XY
> Lo
siné sin£+sin§— marhre
2 2 2

KHAI THAC MOT BAT DPANG THUC HINH HOC

NGO QUANG VIET (Truong THPT chuyén Qudng Binh)

Khi nghién ciru hinh hoc ta thuong phai xét
mot bai todn tir nhiéu géc do khac nhau dé co
tim ra mot cai gi méi trong nhiing cai da biét
roi. Néu gap bai todn véi tinh khdi qudt cao
thi khi xét nhitng trudng hop riéng ta gap lai
mot s6 két qua da biét, hoac ca két qua méi,
nhung ching ¢é nhimg mo6i lién hé véi nhau,
lic do ta ¢6 mot cdch nhin cédc su kién riéng
phong phii, da dang trong mot thé théng nhat.
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Xin minh hoa bang cédc thi du dudi day khi
khai thdc mot bat dang thic hinh hoc.

1. BAI TOAN GOC

Gid sw diém M ndm trong tam gidc ABC. Pdt

a=BMC , f= CMA , y=AMB . Chimg minh
rang vdi diém N bdt ki (ndm trong mdt phdng
ABC) luén c6 bdt dang thirc




NAsina + NBsinff + NCsiny
2 MAsina + MBsinf + MCsiny N
Dding thitc xdy ra khi va chi khi N triing véi M.
Chirng minh (h.24).

BN

Hinh 24

NAMA NA.MA

Bién déi NA =
1én do1 NA VA A

JPOOUEDURREEP U

_ (NM+MA)MA _ N_M.Y\TA+
MA MA
Tuong tu doi véi NB va NC, tir d6é
NAsina + NBsinff + NCsiny

MA

) e

—— MA MB
NM| — . si
M VA sino + VB e

+ (MA.sina + MB.sinf3 + MC siny) (2)

et

v

sinf+ .siny

Vi msina+@ sin/}+M' 5in
M Ty Ty

2
= MAMB.MC

(Biéu thic vecto trong ngoac bing 0 di c6
trong nhiéu tai liéu, chang han trong bai Tinh
chat ddc trung cua vecto 0 va ung dung cua
chuong nay).

Tu (2) va (3) suy ra di€u phai chimg minh.

_

Dang thic xdy ra khi NAMA =NA.MA,

NB.MB =NB.MB, NC.MC = NC.MC, lic
dé N tring véi M. O

(Chiing minh trén cua TS Nguyén Minh Ha :
bai tap 5.34 trong quyén sach Todn ndng cao
Hinh hoc 10, tac gia : Nguyén Minh Ha,
Nguyén Xuan Binh, NXB Giio duc).

I1. KHAI THAC BAI TOAN GOC TRONG
HINH HOC PHANG

Khi cho M (nam trong tam gidc ABC) hoac N
triing véi cdc.diém dac biét trong tam gidc ABC
ta dugc cic bat dang thic trong cdc trudng
hop riéng. Ki hiéu a = BC, b = CA, ¢ = AB,
a+ b+ c=2pvam, m, m.la do dai ba
duong trung tuyén xuit phat tr A, B, C. Goi
G, H, J, Q va R theo thit tu l1a trong tam, truc
tam, tdm dudng tron néi ti€p, tdm va ban kinh
dudng tron ngoai ti€p tam giac ABC.

1) Néu tam gidc ABC c¢6 cac goc déu nho hon
120° thi t6n tai diém T (diém Torricelli) nam
trong tam gidc ma nhin cic canh AB, BC, CA
cung dudi mot géc 120°. Lic dé vé6i diém N
bat ki tir (1) ta co

NA+NB+NC=2TA+TB+TC.
2) Xét tam gidc ABC bat ki, cho M tring

. , r e . A
véitam J. Lic d6 dé thay sma:cos—2—,

: B c . o,
sinff =cos—, siny =cos— va v€ phai cua

2 2
(1) tro thanh

A B C
JA.cos—z— + JB.cos—z— + .IC.cosE =p.

e Khi cho N tring véi G c¢6 bat dang thic

m cosé+m cos£+m cosE >3—17
@t TRy T T g
e Khi cho N tring v6i tam Q c6 bat dang thitc

A B C_p
— — S >
COS = +C0S 5 +C08 > 2

e Khi cho N triing vé6i H c6 bat dang thiic

cosA.Cosi;—+cosB.cos—§+cosC.cos% > %

3) Xét tam gidc ABC c6 ba géc nhon, cho M
trung v6i truc tam H. Lic d6 sina = sinA,
sinf = sinB, siny = sinC va HAsina =
2R sinAcosA = a.cosA. Tuong tu HB.sinf =
b.cosB, HC .siny = c.cosC. V& phai cta (1) tro
thanh a.cosA + b.cosB + c.cosC. Liic nay :
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e Khi cho N triing véi tam J ¢6 bdt dang thic

(b+c¢- a)sing +(a+c- b)sing

+ (b+a- c)sing—

> d.cosA + b.cosB + ¢.cosC.
e Khi cho N trung véi tam Q c6 bat déng thiic
d.coSA + b.cosB + c.cosC<p.
e Khi cho N triing véi G c6 bt déng thic
2(m,.sinA + m,.sinB + m_.sinC)
> 3(u.cosA + h.cosB + c.cosC).
4) Xét tam gidc ABC cé ba géc nhon, cho M
trung voi tam Q. Lic do6 v€ phai cua (1) trd
thanh
R(sin2A + sin2B + sin2C).
e Khi cho N tring v6i G c6 bat dang thiic
2(m,.sin2A + my, sin2B + m_.sin2C)
> 3R(sin2A + sin2B + sin2C).

e Khi cho N triing véi tam J c6 bét dang thic

(b+c¢- a)cosAsin% +(a+c— b)cosBsing

+ (a+b-— c)cosCsin%

> g—(sinZA + 8in2B + sin2(C).

e Khi cho N triing v6i truc tam H c6 bit dang
thic

2(cosAsIn2A + cosBsin2B + cosCsin2C)
> sin2A + sin2B + sin2C.
5) Cho diém M nam trong tam gidc ABC va
diém N bat ki. Ta c6

MB.MC.sina
Sa=Supc =—""—>

TUUng tU voi Sh = SMCA' S(. = SMAB'
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Nhan theo timg v€ cia (1) & bai todn géc duge
bat dang thitc
S,.MANA+S, . MB.NB +S,.MC.NC
> S, .MA* +S, MB* +S..MC?.
e Khi M trung vdi trong tdm G thi

S,=8,=8, = ';;SABC nén c6 bat dang thic

GA.NA + GB.NB + GC.NC >GA® + GB” + GC”

e Khi N tring véi tam Q ¢6 bat déng thic
R(GA + GB + GC) 2 GA” + GB® + GC*

= 2R(m, + my+m,) 2d + b+

e Khi N triing véi truc tam H c6 bat dang thic

4R(m,,.cosA + my.cosB + m,.cosC) 2d’ b+,

I1L. MO'RONG BAI TOAN GOC TRONG
KHONG GIAN
Xin trinh bay tém tit nhimg két qua tuong tu
trong khong gian.
@Bai toan géc. Gid sit diém M ndm trong
luén cé bdt ddng thirc.
V_.MA.NA +V, MB.NB +V .MC.NC
+V .MD.ND
>V, MA+V,MB* +V.MC*+V MD’.
Gia stt G, V, R theo thit ty 13 trong tam, thé
tich tit dién ABCD va ban kinh mat cau ngoai
ti€p tit diéen ABCD, tir bai todn géc trén ta cb
céc bat dang thifc sau
1) R(GA + GB + GC + GD)
> GA® + GB* + GC? + GD?;
2)V MA+V,MB+V,.MC+V,MD<RYV.

Viéc tim thém mot s6 bat ding thic nita xin
danh cho ban doc. ‘




TIEP TUC KHAI THAC NHUNG TINH CHAT DEP CUA DA GIAC PEU

Trong bai bdo M¢r tinh chdt dep cua da gidc
déu trong Tuyén tdp 5 nam Todn hoc va Tudi
tré, NXB Gido duc, 2003, trang 79, di dua ra
mot tinh chat rat hay clha da gidc déu. Tuy
nhién, cich chimg minh dé din dén két qua
con hoi dai. Sau day, n€u sur dung cong cu
vecto thi cdch giai ngén gon va don gian hon.

e Xét da gidc déu AA,...A, (n 2 3) ndi tiép
duong tron (O ; R) va M 1a diém tuy y trén
duong tron (O ; r) thi ta ¢6 cdc tinh chat dudi
day (h.25).

n E— —
Tinh chat 1. > 0A; =0. (1)

Hinh 25

Xem ching minh trong bai Tinkh chdt ddc trung
ctia vecto khong va ing dung & chuong nay.

n i
Taco Y MA? =) (MO +0A;)
i=1 =]

1
D (MO? + OA? +2MO.0A;)
i1

n .
n(R* +;~2)+2ZM0.0A,

=1

1
n(R® +r*)+2M0.> OA;

i=1

NGUYEN TIEN THANG (/1a Noi)

Tudo co:
n

Tinhchat2. Y MA?=n(R*+/%)  (2)
i=1

Tinh chat trén chi cé & da gidc déu hay con
nhitng da gidc khong déu ma van c6 tinh chat
nay khong ?

e Xét da gidc B|B,...B, (n23) noi ti€p dudng
tron (O ; R) va M 1a diém tuy y trén duong
tron (O ; r) (h.26).

Hinh 26

R no___ .
Ta c6 Z:MB,-2 = Z(MO +OB; Y’
=1 i=1
n
= n(R* +r°)+2M0.> 0B
i=l
n
D MB? khong ddi khi va chi khi
i=1
_.n no_. -
MO.Y OB; khong déi < > 0B; =0.
=1 =1
n
Khi d6 Y MB? =n(R* +r*). Rd rang da gidc
i=]
B\B,...B, (c6 thé khong déu) chi cin thoa
man diéu kién noi tiép dudng tron (O ; R) va
n
D 0B; =0 thi ciing ¢6 Tinh chét 2 nhu tren.

=]
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e Chic cdc ban ciing da timg gap bai todn sau.
Cho tam gidc déu ABC noi ti€p dudng tron
(O; R) vi M 1a diém tuy y trén dudng tron
(O ; r). Chimg minh rang
MA* + MB* + MC* =3(R* + 1) +6R*r°.

Két qua bai toan trén 1am chiing ta tin rang da
gidc déu AjA,...A, con c6 mot tinh chat nita
tuong tu tinh chat 2.
e Xét da gidc déu AA,...A, (n 2 3) noi ti€p
dudng tron (O ; R) va M 12 diém tuy y trén
duong tron (O ; r) (h.25).
+ Lap ludn nhu trén ta ¢6

n H s —— ~ 2

> Ma! =Y ((MO+04; 7)

il i1

n ey
> (R +r% +2MO.0A: )
11

n
= n(R”+r7) +4(R* +r*)MO.) OA;

i=1

1 ey e,
+ 43 (MO.OA Y
11

= n(RE+72) +4Z(M_6.b7{,» ¥ (docé (1))

i=]

" ——
= n(R2 +r? )2 +4R2r22(—cosMOA,' )2
i=1

0
hay > MA' = n(R +17)
i=1

n
+4R*? Y cos* MOA;  (3)

[

n
+Dat P = Zcos2 MOA; ;
i=1

a =MOA ;
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mz =(a+27nj;

/\70\/43‘2 (a +i4n—n) ;

MOA, = (a +(n- 1).2—’1’3).

Tacéd

n—l
P= Zcos2 (a + 12_7tj
i=0 n

[N I

n—1
+%.ZcosZ(a +1'.—27?). 4)

=0

n—1
2 .
+bat Q= 20052((1 +i.-—n£) vGin = 3.
i=0

Taco
2sinEE Q= §2sin@-cos 2 +i an
n'< pord n “n
’1——1 2TC
= Z(sin(%z +7(2i+1))

=0

—sin(Za 20 1)))
n
2n

2n
sin(2a +—.Q2n-1H+ 1)) —sin(2a ——)
n n

sin(Za +47 —EE) -—sin(Za _EEJ =0.
n n

Vin > 2nén Q = 0. Thay vao (4) dugc

P= % Lai thay vao (3) duoc

n
Z:MA,-4 = n(R2 +r )2 +2nR%.1*

i=1




Ta ¢6 dinh Ii sau day.
Dinh li. Cho da gidc déu AA,...A, noi tiép

dieong tron (O ; R) va M 1a diém tuy y thude
dudmg tron (O : r). Khi dé

n
> MA" = n(R* +1*) +2nR*? (5)

i

trong d6 biéu thic & vé& phdi cha (5) 1a mot
hang s6, khong phu thudc vi tri cta diém M
trén dudng tron (O ; r).

Tinh chét trén c¢6 phai chi ding cho da giac
déu khong, hay con nhiing da gidc khong déu
ma van c6 tinh chat d6 ?

Rat mong cdc ban cung nghién ciu tiép bai
todn nay.

BAN VE MAY BAI TOAN CUC TRI TRONG PA GIAC

1. BA BAITOAN CUC TRI TRONG TAM
GIAC VA MO RONG SANG DA GIAC

Chiing ta di gap ba bai toan sau (h.27).

Cho tam gidc ABC. Goi MH |, MH,, MH, la cdc

khodng cach tr M 161 ba canh tam gidc. Tim

diém M thuée mién tam gide ABC sao cho :

@Bai toan 1. Tong MA + MB + MC dat gid

tri bé nhdat.

O Bai toan 2. Tong MH, + MH, + MH, dat

gid tri bé nhdt.

OBai toan 3. Tong MH | + MH, + MH, dat

gid tri lon nhat.

Hinh 27

Bai todn ! dugc goi la bai todn Torricelli,
diém M cén tim dugc goi 1a diém Torricelli.
Két qua cua ba bai toan ndy da dugc gidi
quyét. Cu thé nhu sau :

vU QUOC LUONG
(Truong THCS ChuVdin An, Ha Néi)

O Bai toan 1 :

o Néu tam gigc ABC c¢6 cd ba géc déu nho
hon 120° thi diém M cdn tim la diém nhin ba
canh voi cung mot géc 120°.

o Néu tam gidc ABC c¢é mor géc khong nho
hon 120°, thi diém M cdn tim la dinh ciia géc
do.

O Bai toan 2 diém M cdn tim trung voi dinh
tam gidc uing voi duong cao nho nhdt, hodc
di dong trong toan bo mién tam giac ABC
néu tam gidac dé déu.

O Bai toan 3 diém M cdn tim tring véi dinh
tam gidc ung voi duong cao lon nhdt, hodc
di dong trong toan bé mién tam giac ABC
néu tam gidc do déu.

Vin dé dat ra la ta cdn xét xem ¢6 10 gidi cho
bai todn tong quat hay khong?

Ba bai todn cuc tri tuong ng cho da giéc la:
Cho da gidc 1oi A\A,...A, (n 2 3). Goi MH, la
khodng cdch tr M 161 canh A/A;,, cia da gidc
(coiA, =A). Tim diém M thuoc mién da

idc A\A,...A, sao cho :
8 1412 n
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& Bai toan 1'. (Bai toan Torricelli):

n
BPui luong ZMA, dat gid tri bé nhdt.
il

4

OBai toan 2'. Dai lupng Y MH, dat gid tri
i=1

hé nhdat.

n
OBai toan 3'. Dai lugng Y MH,; dat gid tri
i=1

{on nhdt.

I1. NHAN XET

Bai toan 1 déi véi tam gidc ABC c6 nhiéu cach
giai, nhung déu khong thé 4p dung vao viéc
gidi Bai toan 1' doi véi da gide. Ta chii y (6
mot tinh chat sau, ma nhd d6 c6 thé dp dung
vao Bai todn 1' d6i véi da gidc téng quat, dong
thoi giai luon duge cac Bai todn 2' va 3' mac du
ta thay rang Bai todn 1' véi Bai todn 2' va 3'
khong ¢6 vé gi lién quan véi nhau.

1) Mot tinh chdt dep clia tam gidc déu :

Trong mét tam gidc déu, tong cdc khodng
cdch (doan thdng vuong goc) tic mot diém M
hdt ki toi ba canh tam gidc la mot hang so,
khong phu thugce vao vi tri diém M.

(Ban doc tu ching minh).

2) Ta 4p dung tinh chat trén vao giai Bai toan |
doi v6i tam gidc c6 ba géc nho hon 120°.

Ta chimg minh ménh dé sau :

Néu tam gidc ABC ¢6 diém T nhin ba canh
ctia tam gidc véi cing mot géc 120° thi T
chinh la diém Torricelli cua tam gidc do.
Chitng minh. Cho tam giac ABC. Qua A, B, C
dung cdc dudng thang tuong iing vuong goc véi
TA, TB, TC. Chiing cét nhau tai A", B, C' v6i A
thudce B'C', B thuoc A'C', C thudec A'B' (h.28).
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Hinh 28

Do ATB=BIC=ATC = 120° nén

AC'B=BA'C=CB'A=60°
hay tam gidc A'B’'C’ déu.
Ldy M la mot diém bt ki trong tam gidc
ABC. Goi h|, hy, hy theo thit tur 12 cdc khoang
cach tir M t6i ba canh B'C’, C’'A’, A'B’ cua tam
gidc A'B'C’. RO rang

MA > hy, MB > h,, MC 2 h,
nén MA +MB+MC=h, +hy+hs.

Ap dung tinh chdt dep cho tam gidc déu
A'B'C’,tachd
TA+TB+TC = hy + hy + hs.

Vay TA + TB + TC < MA + MB + MC
(dpcm). O

Nhdn xét. Tinh chdt dep ctia tam gidc déu con
¢6 & nhimg da gidc khong déu, chang han,
hinh binh hanh cling ¢6 tinh chdt dep tuong tu
nhu clia tam gidc déu va cac da gidc déu. Ta
g@i dé 1a nhitng tam gidc hdng so, nr gidc
hdng s6, da gidc hdng sé. Muon tim dugc
diéu kién can va di dé mot da gidc 16i bat ki
1a da gidc hang so, ta can chinh xéc héa khai
niém ndy va md rong cho ca trudng hop diém
M & mién ngoai da giac.




I11. DA GIAC HANG SO VA VECTO DAC
TRUNG CUA MOT PA GIAC

1. Dinh nghia 1.

Da gidc 10i A|A,...A, (n 2 3) dugc goi 1a mot
da gidc hdng s6 néu nhu trong mat phang
chita da gidc téng céc khodng cdch dai so tit
mot diém M t6i cac canh cua da gidc 1a mot
hang 6, khong phu thudc vao vi tri diém M.
Chi y. Khodng cdch dai so'tt M t6i méi canh
cia da gidgc dugc hiéu la do dai dai so,
khoang céch dé la duong (hay am) tity theo M
va da gidgc ¢ ciung phia (hay khac phia) vai
dudmg thang chia canh do.

2. Pinh nghia 2 (h.29).

> ‘An—l
e
An n—1
A3
>
e, e
A, A,
:
€
Hinh 29

Cho da gidc A|A,..A, (n = 3). Ta goi hé vecto
dom vi ciia da gidc dé1ahé (€, é,,...,é,}co goc
dat tai mot diém O tuy ¥y ndm trong da gidc,
trong d6 cic vecto ¢; dugc xac dinh nhu sau :

' e,' I = 1

(6 » Ay ) = +90°,
véii=1,2,..,n;coi A, trung vii A va
chiéu duong cta géc dinh hudng nguogc véi
chiéu quay kim dong ho.
3. Dinh nghia 3. Ta goi vecto ddc trung T
cia da gidc 16i AlAy...A, 12 vecto tong cla hé
vecto don vi cia da gidc d6, nghia la

. n —
I=Ze, .
il

Nhu vay, véi mot da gidc cho trudc, c6 mot
hé vecto don vi (khong phu thudc vitri goc
O niam trong da gi4c) va mot vecto dac trung

T duy nhat, Lic d6 khoang céch dai so

tir diém O 161 mbi canh da gidc 1a s6 duong

r(i=12,..,n).

4.Dinhlil

Cho da gidc 10i AjA,...A, (n 2 3) vdi diém

géc O tuy y ndm trong da gidc va vecto ddc
n no_

trungT . Néu ki hiéu Zr,- , Zh, tuong ung
i=l i=)

la téng cdc khodng cdch dai so' tir O va tir mot

diém M nao dé téi cdc canh da gidc thi

iE:iq-B”M’.? (1)

trong dé6 OM.T la tich vé huong cua hai

vecty ()M va —7:
Chirng minh. (h.30)

ey,

Hinh 30

Goi N va K theo thu ty 12 hinh chi€u vuong
géc cua M va O xudng canh AA;,,.

Tacé MN=MO +OK + KN .

Nhan vo hudng ca hai vé€ véi 2 , ta duge

—— —

h=r—-OM.e .Tixdé

ﬁﬁziq—&\?f (hH O
i=1 i=l
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Céc ban thdy day: Néu cdc ban hoc tap mot
cdch chu dong, sdng tao va biét ngac nhién
trude mot 1oi giai thi ban c6 thé tim ra biét bao
diéu hay va thd vi. Néu ban doc ki bai nay thi
ban c6 thé giai dugc bon bai toan téng quat
sau day:

Cho da gidc loi A\A,...A, (n 2 3) va bg sé'a;
(i=1,2,..,n).Tim diém M ¢ mién da gidc sao
cho m¢t trong cdc diéu sau xdy ra :

n
1) Zai.MAi dat gid tri nhd nhat.
[

n
2) Za,-.MHi dat gid tri nho nhdt trong dé

i=l
MH; (voi i =12, ..., n) la khodng cdch tie M i
cdc canh da gidc.

n
3)Y a,.MH; dat gid tri lon nhat.

i=1
n )
4) Zai.MHi la mot hdng 56’ cho trudc.
i=1

Chuc cac ban thanh cong.

KHOANG CACH GIUA CAC TRONG TAM CUA HAI HE PIEM

Trong sdach gido khoa Hinh hoc 10 c6 cong
thie tinh d¢ dai duong trung tuyén cua tam
gidc ABC nhu sau
2
b +¢* =2m° +%—

trong d6 AB = ¢, BC = a, CA =b vamla do
dai trung tuyén xudt phat tir dinh A. Tix d6

2 1 2 2 1 2
=—(b 2y
m 2( +c7)——a (N

Sau d6 c¢6 bai toan dp dung : "Chimg minh
rang : Trong hinh tf gidc, tdng cac binh
phuong cua bon canh bdng téng céc binh
phuong cua hai dudng chéo, cong thém bon
lan binh phuong khoang cach hai trung diém
cua hai dudng chéo".

N6i cich khac goi M, N tuong ung la trung
diém hai dudng chéo AC va BD cla tit gidc
ABCD thi

2

MN? = 2]1-(/&132 +BC? + DA% + DC?

—(AC? + BDY)) 2)

NGUYEN VAN LOC
(DHSP TP. 116 Chi Minh)

Chd y rang trong tam cta mot diém 1a chinh
noé, trong tam hé hai diém 1a trung diém cua
doan thang noi hai diém dé, thi cong thic (1)
biéu thi binh phuong khoang cich tir trong
tam mot diém dén trong tam cta hé hai diém,
con cong thic (2) biéu thi binh phuong
khoang cach gilta cdc trong tam ctia hai hé hai
diém. Nhu vay ta c6 thé dat vin dé tim cong
thitc t6ng qudt clia cac cong thic (1) va (2).

I. TRONG TAM CUA MOT HE DIEM

Pinh nghia. Xét he m diém sap xép tuy y
trong khong gian khong phan biét thi tu
{A,Ay,... A, ). Ta goi trong tam ciia hé diém

trén 1a diém G thoa mén hé thiic :
>'GAi =0 3)
Dé dang chimg minh dugc (bing phan chimg)

rang trong tdm G cla hé m diém 1a xdc dinh
duy nhat.
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Hé qua. Néu G la trong tdm cia hé m diém
(A Ay A} va M la diém bt ki thi

MG = ——ZMA, 4)
i=1

Dinh li. Gid si O, la trong tdm cia hé diém
(A Ay A

n

{B,,B,,....B,}. Khi dé trong tdm G cia hé tdt

} va O, la trong tdm ciia hé diém

By,...,B, nam trén
GO, n

GO, m
0,0,

cd m + n diém A,...A,,

doan 0,0 va thod man diéu kién

Chimg minh. Véi diém G thuoc doan

thoa mén diéu kién GO =2 thitacé
(102

mGOy +nGOy =0 (5)
Do O, 1a trong tam cia hé diém {A,..,A,,}
nén theo (4) c6

nt —— — .

> GAi -mGOy =0 (6)

i=1
Tuong ty, O,la trong tam cla hé diém
{B,,B,,....,B,} taciing c6

n — — —

> GBj-nG0O2 =0 (7)

=1
Tl cac hé thatc (6), (7) va (5) ta nhan duoc

S GA+ 3 GB, =0
i j=1

Dang thitc ndy chimg t6 G 1a trong tam cla hé
diém {A,Ay.... A, B.By,....B,} dicho.

Cdc truong hop riéng

1) V6i m = n = 1 thi trong tam cda hé hai
diém tring v6i trung diém ctia doan thing néi
hai diém do.

2) V6i m = 2, n = 1 thi trong tam cua hé ba
diém {A|,A,,A;} tring véi trong tam tam gidc

AAy Ay nhu ching ta da biét.

130

3y V6im=
Cic doan thang néi méi dinh cla ti dién véi
trong tam clia mat d6i dién cét nhau tai diém
G la trong tdm cia tit dién va di€ém G chia méi
dudng theo ti s6 3 : 1 k€ tir dinh. Di qua G con
c6 ba doan thang n6i trung diém cdc canh doi
dién, them vao d6 G Ia trung diém clia mbi
doan thing nay.

3, n= 1. Trong khong gian ta c6 :

4) Véi m va n = 1, bang ching minh quy nap
ta suy ra su ton tai clia trong tam cta hé diém.

II. CONG THUC LAGRANGE - JACOBI

Gia st G la trong tam cha hé diém
{ALAy,..., A} va M 1a diém tuy y, khi d6 ta

¢6 cong thic (4). Khi binh phuong v6 hudng
cong thuc (4), ta nhan dugc

2 1. - T o | e
MG® = —| > MA7 +2 3 MAi.MA; | (8
j=1 Isi<j<m
Bo&i vi
IMA; MA; = MA; + MA; —(MA, - MA;)?
_ aga2 2 2
Khi cong vo hudéng céc hé thic nay dé6i voéi
moi cap i, jtrong d6 1 £/ < j < m ching ta
nhéan duoc
m ——— —
2 ) MAi.MA;

1<i<j<m

= (m—l)ZMA, - > AA ©)

I<i<j<m
Khi thay (9) vao (8) va rit gon ching ta tim
duoc

Gz=—,;1-iMA,2——13 > AAT
P

M 1<icj<m

Y

Heé thic (10) 1a cong thiec Lagrange — Jacobi,
biéu thi binh phuong khoéang cdch tr diém M
dén trong tam G cia h¢ di€m {A,A;,....A,}
qua binh phuong cic khoang céch tir diém M
dén cdc diém A va cdc binh phuong khoang
cach AA;.




I11. KHOANG CACH GIUA CAC TRONG
TAM CUA HAI HE PIEM

Gia sit cho hai hé diém

{A19A2 ""’ATVI}
va{B,,B,,...,B,} . Chiing ta tinh khoang cich d
gilta cac trong tam O; va O, cia hai hé diém
ndy, khi biét tat ca cac khoang céch giita cic
diém cua hé thit nhat, tat ca cac khoang cach
giita cdc diém cla hé thit hai va khoang cach
gifta mdi diém cla hé nay v6i méi di€m cla

h¢ kia. Ta ki hieu AA; =aq;, BB, =by,
AB, =cp, véi 1<i,j,p<m ; 1<s,t,g<n.
Ap dung cong thic (10) ta c6
& = 0,03
I¢ 1 ¢
ASom-L Yy
gl - y<s<rn
5 l m ) l m )
OBy =~3 B A -— 3 a (12)
p-i I<i<j<m

Thay (12) vao cong thitc (11), rit gon ta duoc

n n

2 2o L 2
d* =0,0;= ’"_-’;ZZIC’”’
p=lg=

m

)

m I<i<j<m

“ 1 n
a-— 2, by (13)

N <s<rgn

Pay la cong thic tinh khoang céch giita cac
trong tam clia hai hé diém.

Cdc truong hop riéng

1) Tro lai cac cong thic (1) va (2), ching
chinh 12 cdc truong hop riéng ctua cong thic
(13Ykhim=1,n=2vam=2,n=2.

2) Khi m = 1, n = 3 ta ¢6 cong thitc Leibnitz
tinh do dai duong trung tuyén AM noéi dinh A
cua tt dién ABCD vdéi trong tam M cua tam
giac la BCD :

AM? = %(ABZ +AC? + AD?)
~ %(BCZ + BD? +CD?)

BAI TAP
Céc ban hdy lam cdc bai tap sau vé trong tam
cac he diém.
Bai 1. Chimg minh ring téng cic binh
phuong cdc khodng cdch tir diém bat ki clia
dudmg tron ngoai ti€p da gidc déu dén céc
dinh cha da gidc 1a khong déi.
Bai 2. Cho tam gidc ABC va duong tron (O).
Chimg minh ring vé6i bat ki hai diém xuyén
tam d6i P va Q cia dudng tron (O), tong
PA? + PB* + PC? + QA% + OB + QC? ¢6 gid
tri khong doi.
Bai 3. Trén duodng tron cho n diém (n 2 3).
Qua trong tam mdi hé n — 2 diém v& mot
dudng thing vuong géc véi dudng thang noi
hai diém con lai. Ching minh rang C% duong
thing cit nhau tai mot diém (goi la truc tam
ctia hé diém da cho).
Bai 4. Cho hai tam gidc ABC va ABC, c6
chung trong tam. Chiing minh réng t6ng
AA? + AB? + AC? + BA? + BB} + BC!
+ CA> +CB +CC}
khong phu thuoc vao su sap x€p cic tam gidc
da cho trong khong gian.
Bai 5. Ching minh ring : téng cdc binh
phuong tat ca cac canh va tat ca cidc dudng
chéo cha n — gidc déu bing n’R?, trong d6 R
12 ban kinh dudng tron ngoai ti€p da giac do.
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UNG DUNG TiNH CHAT CUA TAM Ti CU

1. Binh nghia

Tam ti cy cha he diém {A[,A,,...,A,} ing véi

n
ho he 56 {k.ky.....k,) ma Dk #0 la di€m G

i=1

n
thoa man )k GA; =0.

i}
Vé6i T 1a diém tuy y thi diém G duge x4c dinh
duy nhit bdi hé thic

=
Bai viét nay néu viéc (g dung mot tinh cht
ctia tam ti cy cha hé diém dé gidi mot s6 bai
toan hinh hoc phang ciing nhu hinh hoc
khong gian.
2. Mot tinh chat cia tam ti cu

Meénh dé. Gid sit {A, Ay,..., A} la hé n diém
trong khong gian ¢ tinh chdt sau :
Ton tai mot diem G va n s thuc duong

ky.ky,....k, sao cho

n — -
a) D k.GAi =0 ;
i=1

b) GA =R(i=1, 2,..,n).
Khi dé voi diém M bdt ki thi
. n n
> k. MA, Z(Zk,-jR (M
i i1
Dang thice xdy ra khi va chi khi M triung voi

diém G.
Chitng minh. Vi GA; = R va k; >0 nén

k.. MA, =7‘§.k,.,|m LI GA; |

1 —— — ] — —
> .k MA; GAi = — k(MG +GA)GA;

k(MG .GA)+kR  (2)

=
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Véii=1,2,...nth(2)tacd

1 1 | — n

> ki.MA 2 ZMG| 3k GAi |+ kR (3)
i=1 i=1 i=1

Tir tinh chat a) va (3) suy ra (1) ding.

Péng thic trong (1) xay ra khi va chi khi
MA; song song cing chiéu véi GA; véi moi
i=1,2,..,n, tic 1a M tring véi diém G. O
3.Ap dung

Tu ménh dé trén ta giai dugc mot 16p cdc bai
toan hinh hoc ma viéc st dung phuong phap
téng hop dé giai c4c bai toan nay nhiéu khi
hét sitc kh6 khin. Sau day 1a mot s6 thi du.

% Thi du 1. Cho tr dién gdn déu ABCD vii
AB=CD=a;AC=BD=b;BC=AD=c.
Chitng minh rdng véi diém M badt ki, ta c¢6 bat
dang thitc

MA + MB + MC + MD > {2(a* +b* +¢%).

Loi gidi. Vi ABCD la t¢ dién gin déu nén
trong tam cla td dién trung véi tam G cia mat
cdu ngoai ti€p ti dién nghia la ta ¢
GA+GB+GC+GD =0
vaGA=GB=GC=GD =R.
Ap dung ménh dé trén ta c6
MA +MB+MC +MD =24 .R 4)

Déng thiic xdy ra <> M tring v6i tam G.
Dé dang tinh dugc

Rz—{l—i.\/az +b2 +c2 (5)

Tix (4) va (5) ta c6é dpecm. OJ
Bai toan nay néu dung phuong phap tdng hop
dé gidi s€ rat vat va.




X Thi du 2. Trong mdt phdng cho da gidc
AlA, .. A, ngoai tiép dudng tron tdm O, bdn
kinh r. Goi B; (i = 1,2, ..., n) la tiép diém ciia
AA, vOi duong tron (xem A, = A)).

Chitng minh rang

S A A MB, > 2.n.r tan
~
voi diém ’M bat ki trong khong gian. |
Loi gidi. Pat V:Zn;A,.AM.(Téi. Goi Q, Ia
i=1
phép quay tam O véi goc quay 90° va chiéu

quay cung chiéu véi géc nhon tir OA; dén
OA,. Dé dang thdy ring

0, (A A, .0B) = r.AA, (i=1,2,..n)
nen  Qp(V)= D 0y(AA,,.0B)
i=1

Do d6 V =0. Ma theo gi4 thiét ta c6 OB, = r

(i=1,2, .., n) nén dp dung ménh dé trén ta
cod

ZAI'/‘I'w“]‘MBi 2 r'zAiAiH (6)
i1 i=1

—

Dal B’OBP{l :2/\'1 (l = 1, 2, ey N

B

[

+1 = By). Dé dang thdy rang 0< x; <g va

AA,, = r.(tanx; +tanx;,,;). Do vy tir (6) ta
co

n
ZAiAi+,.MBi > 2.7 tanx; > 2.n.rtang
il
(theo BDT Jensen).
Ding thic xay ra khi va chi khi M tring vé6i
tam O va x; =-:— < Mitrang O va A Ay . A,
1a da gidc déu. O

X Thi du 3. Cho hinh chép tam gidc déu
S.ABC ngoai tiép mdt cdu tdm O bdn kinh r.
Goi S,,A;,B,,C, theo thir ty la diém tiép xiic
cua mdt cdy véi mdt doi dién voi cdc dinh S,
A, B, C. Goi Q,0,,05,0, theo thit tw la dién
tich cdc mdt cua hinh chép doi dién vdi dinh
S,A,B, C.

Chimg minh rdng vdi diém M bdt ki trong
khong gian ta cé bdt ddng thirc

O, .MS, + Q) MA + Q3 MB; +Q, .MC,
> 24.3.°

Loi giai. Theo dinh li con nhim cho t& dién
S.ABC tacé

0,.0S1 + 0, .0A| +Q;.0B) + Q,.0C1 =0
Mat khéc
0S,=0A =0B, =0C, =r
nén theo ménh dé trén ta c6
Q). MS, + 0y .MA, +Q5.MB, +Q, .MC,
2 (Q+0Q)+Q+Qy).r €))

Goi u 1a goc tao bsi mat bén va ddy hinh chép

1
O+ +0;+0, =0 .[l + cosuj

va Q =3.43.r cot—;—

Do vay tir (7) ta cé
O, .MS, + 0, .MA, + O3 MB, +Q, .MC,

> 3.\/§.r3 coty-(l +—1——j (8)
2 cosu
Dit x=tan—;— ;Vi0<u<90°nén0<x <l
ta co
u 1 2
= = >8 9
COtZ(] +coqu x(1-x) ©)

Tir (8) va (9) suy ra dpcm. O
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Do khuon khé bai viét nén t6i chi dua ra mot
s6 thi du d4p dung ménh dé trén (12 mot tinh
chét clta mot hé diém c6 tam ti cu cach déu hé
diém da cho véi hé s6 ti cu duong). Céc bai
toan trén néu st dung phuong phap téng hop
dé gidi ta s& gap kho khan khong nho. Sau
day 1a mot s6 bai tap ma 10i giai s€ rat gon
néu sir dung ménh dé trén.

BAI TAP

Bai 1. Cho tam gidc nhon ABC ndi ti€p duong
tron tam O bén kinh R. Hay tim gi4 tri bé nhat
cua dai lugng sau

S= tang.(MBwL MC)+ tang.(MC + MA)

+ lan—g—.(MA +MB)

khi diém M thay déi trong khong gian va tam
gidc ABC thay déi sao cho né ludén nhon va
luon noi ti€p trong dudng tron tam O béan kinh
R ¢6 dinh.

Hay md rong bai toan trén cho truong hop
n — giac noi tép.

Bai 2. Cho x thuoc R, hay tim gia tri bé nhat

cua
n-1
f0) =" B (x), trong a6
k=0

B (x) = X+ g% (x) +1

2km . 2km
-2| x.cos a+—);— + g(x).sin a+-n—

trong d6 g(x) 1a mot ham s6 ma do thi cha
n6 qua goc toa do, con a la so thuc tuy y.

Tam ti cu cua hé diém c6 ing dung khé nhiéu
trong viéc giai cdc bai toan hinh hoc. Néu cic
ban chiu khé dau tu suy nghi vé viéc dp dung
né thi cac ban thuong thanh céng khi tim loi
gidi bai todn ma nhiéu khi phuong phép tong
hop 6 ra it ¢6 hiéu qua.

TiCH NGOAI CUA HAI VECTO

Cung véi tich vo hudng, tich ngoai cha hai
vecto cling 1a mot trong cdc ndi dung quy
dinh d6i véi cudc thi hoc sinh gidi todn qudc
gia (cong van 11636/THPT). Tuy nhién, vin
dé nay van duogc coi 12 méi la d6i véi nhiéu
gido vién va hoc sinh chuyén todn. Vi I€ d6,
bai vi€t nay xin gidi thiéu véi ban doc nhitng
tinh chit co ban cia tich ngoai ciing nhu
nhitng ki thuat quan trong nhdt dé gidi mot
bai toan bang tich ngoai. Hi vong rang né s&
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c6 ich d6i véi cdac ban dong nghiép va cac hoc
sinh trong viéc giang day va hoc tap.

Trong toan bo bai viét nay, mat phing ma ta
xét da duoc dinh hudng ; theo quy udc thong
thuong, huéng duong ngugc véi hudng quay
ctia kim d6ng hé, huéng am tring vé6i hudng
quay cta kim déng hé.

Ta ki hiéu (a,b) la géc dinh huéng giita hai

vecto a, b.




1. DINH NGHIA VA TINH CHAT CUA
TICH NGOAI

1. Dinh nghia. Tich ngoai cla hai vectc

a.b 1a mot s6, ki hieu 1a aAb va duge xac

dinh nhu sau :

_la
e Néu |
{b =

a#z0 - . o .
eNeu 1“7 " thi anb=lal.iblsin(, B)
b=0

thi anb=0

I
Ol Ot

Tir dinh nghia trén ta c6 ngay hé qua hién
nhién la
ava b cung phuong <> anb=0.

2. Biéu thuc toa d¢ cua tich ngoai

D¢ ¢6 thé ching minh duogc cic tinh chét cia
tich ngoai trude hét ta can dinh Ii sau :

Dinh i 1. Trén mdr phdng toa do cho hai
vecty ;1=(xl,y,), Bz(xz,yz). Khi do

—

anb=xy -x

Chitng minh. Lay cic diém A, B sao cho

OA=a ; OB =b(h.31).

Hinh 31
Ly diém A' sao cho
{(5}{, OA) = 90°
I0A' =104
Dat @' = OA". Tacé
(a,b)=(a,a’)+(a"b) =90° +(a',b) (mod 360°)

= sin(a,b) = cos(a',b) (1)

Mat khic (0X,a') = (OX,a)+(a,a’)
= (0X,a)+90° (mod 360°). Tir d6
{I a'l cos(OX,a") = — | alsin(Ox,a) = -

|d'Isin(OX,a") =l a | cos(OX,a) = x,
=d'=(-y.x) )
Tu (1) va (2) suy ra
anb=lallblsin(@b) = 1a'l1blcos(a.b)
= a'b=(=y,x).(x,5) = Xy —X5,. O

Nhdn xér. Khang dinh (2) sé& dugc chimng
minh don gian hon néu ta dung phép quay
vecto.

3. Tinh chat. Tich ngodi cia hai vecto cé
cde tinh chdt co bdn sau day :

1) anb= -bnra (phdn giao hodn).

2) ;A(B+Z)= anbranc (phdn phor)
3) (ka) A (th) = (kt)(a A b).

Chimg minh

1) anb = lallblsin(a,b)

—1bllalsin(h,a) = -bAa

2) Gia su le(xl,yl) 5 BI(XQ,)’z);

1

o~

*=(X3,)2), tach
3,33

anb+c) = (x,y) Al +x3,y, +y3)

X (O +y3)—(xp + X3

(X1¥2 =X y1)+ (X1 y3 — X3y))

=anb+anc

—

3) Gia st az(xl,y,) b =(x,y),tacod

(ka) A (th) = (kx, ky, ) A (%,1y,)

ktxy, —ktxyy,

kt(x\y, ~ X, y,) = (kr)(a A 1;). 3
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I1. HUONG VA DIEN TiCH DAI SO CUA
TAM GIAC

1. Hudéng cua tam giac

Cho tam gidc ABC, ta thay cdc huéng quay tu

Adén Bden C,tie Bdén C dén A, tt C dén A

dén B tring nhau va goi la huéng cua tam

gidc ABC. Nhu th€ cac tam gidc ABC, BCA,

CAB c6 cung hudng.

Né&u huéng cua tam gidc ABC trung v6i hudng

cua mat phing thi ta néi tam gidc ABC c6

huéng duong. Néu tam gidgc ABC ¢6 hudng

nguoc véi huéng clia mat phang thi ta néi tam

gidc ABC c6 hudng am.

2. Tam giac suy bién

Theo dinh nghia thong thuong, ba dinh cta
mot tam gidc phai 13 ba diém khong thang
hang. Tuy nhién, khi xét céc bai todn vé dién
tich, yéu cau nay doi khi tr& nén khong can
thiét ma con gy trd ngai cho viéc lam toan.
Vi vay, ta dua ra khai niém tam gidc suy bién,
tic la tam gidc ma ba dinh cla no6 12 ba diém
thang hang. Dé cho thuén tién, trong bai viét
ndy, ta st dung cum tlr tam gidc chung cho ca
hai trudong hop tam gidc khong suy bién hoac
suy bién.

3. Dién tich dai s0 cuia tam giac

Dién tich dai s6 clia tam giac ABC 1a mot s0
dai s6 (c6 thé duong, am hoidc bang khong),
ki hiéu 1a § 4pc) va duge xdc dinh nhu sau :

1l —

Tir dinh nghia trén, ta cd ngay hé qua Ia
SiaBc) = S sca) = Scasy

Ta chi cin ching minh dang thic thit nhat,

con dang thirc thi hai duge rit ra mot cach

twong tu.

- oo 1o == —
Sasc) =5 AB A AC = 5AB A (BC - BA)

— ——— —— ——

= —2—(AB/\BC—AB/\BA)

==
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4, Méi lién hé gitra dién tich dai s6 va
dién tich hinh hoc cua tam giac

Khdi niém dién tich hinh hoc chinh la khai

niém dién tich ma ta van hi€u theo nghia

thong thuong, lic d6 khong xét hudng cua

tam gidc va s6 do dién tich luén la duwong. Ki

hiéu dién tich hinh hoc cta tam gidc ABC

(cling nhu md& rong cho da giac) 1a Syp-, lic

d6 Sapc =Spca = Sacs -

Tuy nhién khi can phan biét khdi niém dién

tich (thuong diung) va dién tich dai s6 thi

ngudi ta thudng thay tir dién tich boi cum tir

dién tich hinh hoc.

Dadi v6i mot tam gidc cd huéng thi dién tich

dai s6 va dién tich hinh hoc cua né dugc lién

hé bai dinh li sau day.

DPinh i 2

1) Néu tam gigc ABC cé huong duong thi

Sasc) = Sasc

2) Néu tam gidc ABC ¢6 hudng dm thi

SaBc) = ~Sasc:

Chitng minh

l— —

- %AB.Ac.sin(E,ZE)

_ %AB.AC.sinBA/\C = Sapc

2) SaBc1 = "S[ACB] ==Sacs =—Sapc O
Hé qua. Trén mdt phdng toa do cho tam gidc
ABC. Biét rang AB = (x,,y,), AC =(x5,).

1

5. Tinh chat. Dién tich dai s6 cua tam gidc

6 hai tinh chdt co bdn sau.

1) Cho tam gidc ABC, véi méi diém M ta c6
Stascy = Simay + S mecy T Smca)

(hé thitc Chasles vé dién tich)




2) Cho tam gidc ABC, véi moi diém M thuéc
dwong thang BC ta ¢6

| —  —
S asc) = Smas) S mcal = §BC/\MA
Ching minh

:%@_m)AMam
=;(‘M§A“Mé_mmz
— MB'AM/—{-FMZ/\MZ)

e e d

= %(MXAM13+MBAFC+_AEAMZ)
= Smas) +mec) S mca)
2)M & BC thi § apc) = Smas) + Smca

———

EMA/\mﬁ-%ME/\m

S(MC ~ MB) n MA = 2 BC n MA

Diéng thic $ 4pc) = %B—é AMA chinh Ia sy
mo rong két qua co ban d6i véi dién tich hinh
hoc cua tam gidc.

S anc :%q.hf —;—BC.MAsin(B_C.,m) 0

111. HUONG VA DIEN TiCH PAI SO CUA
DA GIAC LOI

C6 thé md rong khai niém huéng va dién tich

dai sO tir tam gidc dén da giac 16i. VGi su md

rong nay, khai niém tich ngoai trd nén cé hiéu

luc hon nhiu trong viéc gidi cdc bai todn

hinh hoc.

1. Dinh nghia

Di¢n tich dai s6 cua da gidc 16i AA,..A, 1A

mot s6, ki hiéu 1a S[A,Az...A,,] va duogc dinh

nghia nhu sau.

e Néu da gidc AA,...A, c6 huéng duong

(tring v4i hudng chia mat phang) thi

%A,Az...A,,l = SA,AZ...A,,

e Néu da gidc A/A,...A, c6 hudng am (ngugc
vGi hudng chia mat phing) thi
S[AIAZ.,.AMI = _SAIA?_...A,,
Tir dinh nghia trén, dé thay ring
S[AIAZ"'AH*IAn] = SlA2A3"'Ar1AIJ T
= S[AnAI"'An—ZAn~11

Dinh i sau day rdt quan trong. N6 cho phép ta
khai trién dién tich dai s6 ctia mot da giac 16i
thanh téng cac dién tich dai s6 cua cic tam
gidc va thuong duoc goi la hé thic Chasles
tong quat vé dién tich.
2. Dinh li 3. Cho da gidc 1oi AA,...A,. Vi
méi diém M ta c6

Sady.a) = SMas1 + SMapa;)

+ ses + %MA”AI].

Chitng minh. Dinh i dugc ching minh bang
phuong phap quy nap va danh cho ban doc.

IV. MOI LIEN HE GIUA PO DAI PAI SO
VA DIEN TiCH PAI SO

Hai dinh i quan trong dudi day, cho ta thay

moi lién hé gilta khdi niém do dai dai s6 va

khdi niém dién tich dai s6, dong thdi ching

cling chinh la su m& rong cic két qua quen

biét vé mai lien hé gitta khai niém do dai hinh

hoc va khdi niém dién tich hinh hoc.

Pinh li 4. Cho tam gidc ABC. Cdc diém B', C'

ndm trén dwong thiang BC. Ta c6

BC _ Sasc)

B'C' Sapc)
Ching minh. Goi e la vecto chi phuong cia
truc BC, ldy M trén duong thang BC, ta c6
S[ABC] _ B—C:/\MA _ -B_C(ZAW) _ —é_C:
Sapc) B'C'AMA B'C(eAnMA) B'C'
Pinh i 5. Cho tam gidc ABC va diém O. Gid
st cdc duong thang AO va BC cdt nhau tai
diém M (khdc B, C). Ta c¢é

MB _ Sos

MC  Soca)

a
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Chirng minh. Goi ¢ 1a vecto chi phuong cua
truc BC, ta cd

Sosa) _ S BAO] _ AO A MB B ME(X@/\E)
Soca)  Scao

A?jAW X/I—C:(Xé/\;)
_ MB 4
MC

K&t qua sau c6 thé coi 1a hé qua truc tiép cla
dinh 1i 4 va ciing c6 thé coi 12 hé qua truc tiép
cuadinh i 5.
Hé qua. Cho tam gidgc ABC va diém M ndm
trén duong thing BC.Ta c6

ﬁ_’l_—lf_ _ S mBaA)

MC  Smca)

MOT SO BAI TOAN UNG DUNG CUA T{CH NGOAI CUA HAI VECTO

Trong bai viét trén (trang 134) da gidi thiéu
vé tich ngoai cua hai vecto va mot s6 tinh chét
cta né. Nhilmg tinh chat d6 s& duoc sir dung
dé giai nhiéu bai toan hinh hoc duéi day. Chi
y rang tich ngoai cta hai vecto cung phuong
bang s6 0.

Bai nay xin gi6t thiéu véi ban doc nhiing ki
thuat quan trong dé giai mot bai todn bang
tich ngoai. Nhimg ki thuat ndy dugc thé hién
qua céc thi du sau.

* Thi du 1. Cho nt gidc 16i ABCD c¢é cdc
ducmg thang AD va BC cdt nhau tai E. Goi |,
J theo thit tw la trung diém cia AC, BD.
Chitng minh rdang

|
SE/./ = ZSABCD

Hinh 32
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NGUYEN MINH HA
(Truong THPT chuyén, PHSP Ha Noi)

Loi gidi. (h.32) Ta co

SEu Z%E AE]

- L 1A+ EC) n (B + ED)
1] o o o

= ——(EAAEB+EC AED)
42

—ll(ﬁAﬁ+EEAEE

T 472

+ I_i‘_C’4/\ETD‘+E)4/\E74')

1
Z(S[EAB] +Sescy T NEcp) T EDA)
1
= Z%ABCDJ
< ax 1
Tu dO Suy ra SEIJ = ZSABCD D
Nhdn xér. Loi giai sit dung tich ngoai khong

ta bi€t tam gidc ElJ va t¢ gidc ABCD cing
huéng (mot két qua khong dé ching minh).
Néu khong sir dung tich ngoai thi phép ching
minh rdt dé phu thudc vao hinh vé do d6 phai
xét qua nhiéu truong hop.




* Thi du 2. Cho tam gidc ABC vdi cdc diém
A, B, C' theo thit ty thuéc cdc duong thang
BC, CA, AB. Goi A”, B”, C" theo thi ty la
trung diém cua cdc doan AA’, BB', CC'.
Chitng minh rdang

Hinh 33

Loi gidi. (h.33)
Ta co

Sy =5A B AAC

II

l.(l(TB +A'B) A-;-(R + TC'))

1{1— 1 e
—4[2AB/\AC+§AB AC

+ %ﬁ; AA'C +%A'B’ A A'C']

1 [—— ey
LBAnCA ;A,B,C.]]
1

= Z(S[AB(.‘] ~Saac) ~Sasar S asce)

ZS[A'B'C'J
1

Tu do suy ra Sy goce = ZSA'B'C' a

% Thi du 3. Cho tam gidc ABC. Qua diém M
bdt ki dung duong thdng A cdt cdc duong
‘thang BC, CA, AB ldn lugt tai A, B,,C,.
Chitng minh rdng

%_IZI_I_%_C]
MA

+ S[EA]
MB

S[MAB 0.
MC[

Loi gidi. Goi e 1a vecto chi phuong don vi
cua A. (Ban doc tu vé€ hinh). Ta c6

Smac | Smea) | Smas)
MA,  MB MC,
B MA]/\BC MB]/\CA MC]/\AB
2MA1 2MB] 2MC1
_ 1 MA] EE: MB] AC—,A* MC1 /\Xé
2 MA1 MB] MCl

- %(;Ag—cu;mmz@)

= 5e(BC+CA+AB) %ZAEB:O 0

K Thi du 4. Cho luc gidc 16i ABCDEF. Goi
M, N, P, Q, R, S theo thit tit la trung diém ciia
cdc canh AB, DE, CD, FA, EF, BC. Chung
minh rang : MN, PQ, RS dong quy khi va chi

Loi gidi. Ban doc tu vé hinh.
Ldy diém O bat ki, ta thdy

—_— et g ey

4(OM AON +OP AOQ + OR A OS)

((OA +0B) A (OD +OF)

+ (OC +OD) A (OF +0A)

+ (ﬁ+0_ﬁ)/\(0—3+56))

— —— 3y d et mn

OAANOD+OAANOE+OBAOD

+ OBAOE+OCAOF +0C AOA

+ OD AOF +0D A OA + OE A OB
+ OE AOC +OF nOB+OF AOC
(OA AOE +OE AOC +0C n OA)

—_— b —— e ey

~ (OBAQOF +0OF AOD +0D AOB)
2(Sioar) * Sozcr + Socar)
~ 2(S08r1 + Sorp) + Sons))

2(SlAEC] A—S[BFD])'
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Suy ra

———

= 2(51,415('1 - 91 BFD 1)

Nh¢ déng thitc nay bai todn duoc gidi quyét

don gian nhu sau.

Goi O 1a giao diém ciia MN va PQ. Ta thiy
OM AON =0OP A 0OQ =0.

Vay MN, PQ, RS dong quy < 5BA5§ =0

<> ()MA(fN+5ﬁA5Q+5E/\55=O

< Sace)~S8rp; =0

BFD cung hudng)

< SACE = SB/‘.D' D

K Thi du 5. Cho tam gidc ABC va diém M

khac A, B, C. Cdc duong thdng qua M, ldn

luogt vuong géc voi MA, MB, MC, cdt cdc

duwong thang BC, CA, AB i A,B,C,.

Ching minh rdang A, B,,C, thdng hang.

Loi giai. Ban doc ty vé hinh. Ta ¢6

AlB SIMA]B] MA]/\IT/IB
AC %MA]C] MA]/\/—VI‘C

B MB.sin(l_\/I_Al,m)
MC .sin(MA,, MC)
Mat khic ta co

(D

(MA] MB) (MA[ MA)+(MA MB)

(mod 360°)
(VA MC) = (MAr, MA)+ (A, MC)

(mod 360°)

Co thé xéy ra mot trong hai truomg hop goc
(MA1, MA) = 90° (mod 360°) hoac

(MA1, MA) = —90° (mod 360°).

Tuy nhién, trong ca hai trudng hop ta déu c6
sin(m1 MB) cos(m, Wz) @)
sm(ﬁ/I—;\'] MC) cos(m, MC)
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Tir (1) va (2), suy ra
AlB MB. cos(MA MB)
A,C MC. cos(MA MC)
Tuong ty nhu vay
B,C _MC.cos(MA, MB)
B,A - MA.COS(?\;I_[;, VC)
CI-Z B MA.cos(M—C, MZ)
CB _VMB.cos(M—C., M_B)

Nhan theo timg v€ cdc dang thitc (3) (4) (5),
theo dinh 1i Menelaus thi ba diém A, B,,C,

théng hang. O

3)

4

5)

% Thi du 6. Cho tam gidc ABC. Gid sit M, N,
P theo thit tw thuéc cdc duong thang BC, CA,
AB. Chimg minh rdang AM, BN, CP déng quy
hodc doi mot song song khi va chi khi
sin(m XB) sin(B/V BC) sin(C_B CZ)

—— ——»

sin{AM,AC) sm(BN BA) sm(CP CB)

Loi gidi. Theo dinh Ii Ceva ta thdy AM, BN,
CP dong quy hodc doi mot song song, lic dé

MB NC PA

MC NA PB

Smpa) Snes) Spacy _
Smcay Sivag) Spac

S[AMB] SlBNC] S[CPA} =1
S[AMC) S[BNA] L%CPB]

- AMAAB BN ~BC CPACA L
"AM ~AC BN ABA CPACB

AM_.AB.sin(AM , AB)
AM.AC sin(AM,AC)

BN BC. sm(BN BC)
BN BA. sm(BN BA)

CP CA. sm(CP CA)
CP CB. sm(CP CB)

biéu nay tuong duong véi déng thirc phai
ching minh. (J




Nhdn xér. K&t qua trén rat c6 loi trong viéc
chimg minh su déng quy clia ba dudng thang.
N6 duge got la dinh li Ceva dang sin va duoc
chiimng minh mot cach chat ché nhu trén.
*Thi du 7. Cho tam giéc ABC. Vi méi
diém M chiing minh rdng

%MBC]'MA+SIMCA]'MB+S[MAB]‘MC ZO.
Loi gidi. Dat |

B

Ta thay uAMA

0]

SIMCA](ME A m)+ S[MAB](-M(" A MA)

2(SIMCAI'S[MBA] +SIMABJ'S[MCA])

= 2(SIMCA|'S[MBA] _SMBAj«S[MCA]) =0.

Tuong tu nhu vay c6

;/\X/l—é:O, ;/\—A?C—::O.
Suy ra u cung phuong véi cidc vecto m
MB, MC.

Chd y rang, trong ba vecto MA, MB, MC ta
ludn chon duge hai vecto khong cung phuong.

Vay u=0 (dpcm). O

Nhdn xét. Két qua trén doi khi duge phét biéu
duéi dang khac :

Cho ba vecto ;, B, . Chimg minh rdng

(bAc)a+(cna)b+(anb)=0.

SU DUNG TiCH NGOAI CUA HAI VECTO VAO GIAI TOAN

Dé sir dung duoc tich ngoai cla hai vecto nhu
mot cong cu trong viéc giai cac bai toan hinh
hoc, trudc hét cdn ndm vimg dinh nghia va
cdc tinh chat cua tich ngoai cua hai vecto (da
dang trong THTT s6 294 thang 12/2001). Mot
sO ki thuat sir dung tich ngoai cua hai vecto
vao gidi todn ciing da duogc gidi thiéu trong
THTT s6 295 (1/2002). Ca hai bai nay déu
dang & phan trén. Xin nhdc lai mot s6 kién
thic.

Dinh nghia

1) anb=lallblsin(a,b) khi a=0, b=0,
con anb =0 khi a=0 hoacl;za.

2) qABC,zé(EAE) = %(ZMAEE)

—— ——

~Sspc NéU (AB, AC) c6 huéng am

NGUYEN MINH HA
(Truong THPT chuyén, DHSP Ha Noi)

trong d6 Sypc 1a dién tich tam gidc ABC, M
thudc BC.

Tinh chat

1) 2 A B = —B A Zl

2) 2/\(5+Z):2/\E+5/\;

3) (ka)a(h) = (kna nB)

) (BAdas(é (i nB)0 =0

V6i tam gidc ABC va mbi diém M thi :

3) Siasc1 = Smasy + Suscy T Smca)

Ding thic trén duge mé rong cho da giac 16i.
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Bai vi€t nay trinh bay ti€p mot s6 bai todn
khéc nhim 1am rd hon hiéu lyc cta tich ngoai
cua hai vecto khi giai todn hinh hoc.

* Thi du 1. Cho tam gidc ABC va M la mot
diém ndm trong tam gidc.

a) Chimg minh rang cdc s6" do Sypc-MA,
SvcaMB, Syap-MC la do dai ba canh cua
mot tam gidc nao do.

b) Tim M sao cho dién tich tam gidc néi trong
cdu (a) la lon nhat.

Loi giai. a) Vi M thudc tam gidc ABC nén
cdc tam gidc MBC, MCA, MAB cung huéng
va cic vcctoSMBC.m, SMCA.X/I_E , SMAB.X/IE
doi mot khong cung phuong, theo tinh chat 6
va dinh nghia phép cOong vecto, ta thdy :
Supc-MA, SycaMB, Spyap-MC la do dai ba
canh cua mot tam giac.

b) Ki hi¢u di¢n tich cta tam gidc néi trén la
Sy theo tinh chét 3 ¢6

ey

1 —

] — —

SMCA 'SMAB S[ MBCI‘

3
S +S +§
=S..,..S S < MCA MAB MBC
MCAPMABMBC ( 3

I 3
= _2—77_5‘/\8("

})éng lhlj’C Xéy ra < SMCA = SMAB = SMBC L
M la trong tam tam giac ABC. O

Tém lai : Sy, 16n nhét va bing -2-]753‘30 khi M
la trong tam tam giac ABC.

*Thi du 2. Cho bon vecto a,b,c.d. Chimg

minh rdng :

(&AB)(ZAZ/)+(5AZ)(QAB)+(ZAZJ)(BAZ) =0
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Loi gidi. Theo tinh chat 3 va 4 ¢6 :
(@ nB)End)e (323 B (and)(3r7)
an((Endfp)ean((@n)e) «al(5a2)a)

ZA((ZAZJ)B+(3AB)Z+(BAZ)ZJ)

an0=00

% Thi du 3. Cho ngii gidc 16i AA,AyA,As 6

(Ag=A,A;=A,). Tinh Stheo a; (1 <i<5).

A

Hinh 34
Lai gidi (h.34). Ap dung két quéa ctia Thi du 2
chobon vécto A A, , AjAy, AjA,, AjA tach:

(AlAz A A1A3)(Al A A AIAS)

+ (A AAA)(Aids A A )

]S4 Aus) T ) S aass)
* S[AlAzAs]'S[A1A3A4] =0 (1)

AA A, Ay, AA Ay As cuing hubng
Ta thdy {AA A, A,,AA AsA; nguge hudng
AA Ay Ag,AA A A, cling hudng




Samal a0
nén S[A|A2A4]‘S[A|A5A3] <0 (2)
S[AlAzAs]'S[AnAaAd >0
Tu (1), (2) suy ra
Styfo g ShAgAs = Sy AyAy ~SAyAshy
+ Spayas-Saagn, =0
=ayay—(S—ay—au)S—-a,—aj)

+a5(S—al—a4)=O

5 5
) SZ _[ZGI]S + Zaiaiﬂ = 0 (a6 = al)
i1 i1

A T
Dé thay § > EZa,» . Vay

i=1

e 5 )2 5
SZE Za,-+ [Za,} —4[Zl:aiai+lj 0
) i=1 i=

* Thi du 4. Cho it gidc 16i A\A,A3A,. Goi
H, H,, Hy, Hy theo thit ty la truc tdm cua cdc
fam gia,(' A2A3A4, A3A4Al, A4A1A2, A]A2A3.
Chitng minh rdng
N H{HyHyH, ) = S[A|A2A3A4 Ik

Loi giai. Vi H |, H, la tryc tam céc tam gidc
AsA3A4, AJALA nén

A, 1L AA,

Al L AA,
= AHyAAH, =0 3)
Ldy diém P b4t ki. Tir (3)va tinh chét 2 ¢6

i (7)o

=> PA, A PAy—PH, A PH,

= PA, APH,~PA, n PH,

Suy ra
2S(paag]~2Siprypy) = PAIAPH, ~PAy APH, (4)

Tuong tu c6,

28 payty) ~2ptiyiy) = P2 NPHy~PAs APH, (5)

28 paa)~2Spryn] = PAsAPH;~PA APH; (6)

Cong theo timg v€ ctia (4), (5), (6) va dp dung
tinh chdt 5 ta cé

S[A1A2A3] - S[Hl”zH3]
Tir d6 AA A, Ay, AH\H,H; cung huéng va
SA,A2A3 = SH|H2H3'

Tu‘o’ng ty ta co SA2A3A4 = SH2H3H4 ’

SA3A4Al = SH3H4H| , SA4A|A2 = SH4H|HZ

va tat ca cdc tam gidc trén déu cing hudng
voi AAAA,, do d6 it giac H H,H3H,
ciing 161, cing huéng véi A A, AA,, suy ra

S[A,A2A3A4] = S[H|H2H3H4]' o

X Thi du 5. Cho ti gidc 16i ABCD. Ching
minh rang
lf— -
Loi gidi Ta c6
SiaBcp) =S aBc) T acp)

%(m;{aﬁ:aa)

- %Z“C'(Alj—iﬁ)

%(R@) 0

Nhdn xér. Két qua trén la su md rong cua
cong thic quen thudc :

SABCD = ‘;‘ ACBDSln(AC, BD)
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% Thi du 6. Cho luc gidc 16i ABCDEF. Goi
M, N, P theo thit tr la trung diém cua AD,
BE, CF. Chimg minh rang M, N, P cung
thuéc mot duong thdng khi va chi khi

Sascper = Sace + Sepr

F

P

Hinh 35
Loi gidi. Khong mat tinh tong quat gia su
ABCDEF ¢6 hudéng duong (h.35). Theo tinh
chat 2,3 va Thidu 5 taco
MN A MP = 3(AE + DB) n(AC + DF)

l(lZEAXé%BEAKé%KEABF

it

212

1
= 5(‘%/115(?] +Spasc) + S apeF) S[DBF])

1, ,
= 5("5AC15 +Spac +Saper ‘SBDF)

1

) (Sascorr =Sack = Spor)-
Vay M, N, P cing thu6c mot dudng thing

< Sapeprr = Sace + Spor-

D¢ ren luyén viéc sir dung tich ngoai cia hai
vecto vao viéc giai todn, moi cic ban lam mot
s0 bai tap dudi day.
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BAI TAP

Bai 1. Cho tam gidc ABC va diém M nao dé
khac cdc dinh. Gia sit AM cat BC tai A’, BM cit
CA tai B', CM cit AB tai C". Ching minh ring

MA'" MB' MC'

e e b = |,

AA'" BB CC'
Bai 2. Cho tt gidc 16i ABCD c6 AD = BC. Vé
phia ngoai né ta dung cac tam gidc ADE, BCF

can tai A, B sao cho DAE = CBF. Chitng
minh ring trung diém cla c4c doan thang AB,
CD, EF thang hang,.

Bai 3. Cho tt gidc 161 ABCD, AB cit CD tai E,
AD cét BC tai F. Chiing minh rang trung diém
cta cic doan thang AC, BD, EF thang hang.

Bai 4. Trén ba dudng thang a, b, ¢ theo thi tu
c6 cac diém A, B, C chuyén dong véi van téc
déu. Biét ring tai thoi diém ban dau A, B, C
khong thang hang. Chimg minh ring ton tai
khong qua hai thoi diém ma tai d6 A, B, C thing
hang.

Bai 5. Cho tam gidc ABC va hai diém O, O'.
Gia sit AO cat BC tai A', BO cit CA tai B', CO
cit AB tai (", AO' cat B'C' tai A", BO' cat C'A’
tai B", CO' cit A'B' tai C". Ching minh rang
cdc duong thang A'A", B'B", C'C" dbng quy
hodc d61 mot song song.

Bai 6. Cho tam gidc ABC. Cic diém A', B', C'
theo thit tu thudc cdc canh BC, CA, AB. Goi
A", B", C" twong ung 14 cdc diém d6i xing cla
céc diém A, B, C theo thit ty qua céc diém A,
B', C'. Chiing minh rang

Sarprer = 3Sapc + Bapc
Bai 7. Cho tam gidc ABC. Cic diém M, N, P
theo thd tu chay trén cdc duong thang BC,
CA, AB sao cho ﬂ:g_l—v—:—/‘;{)-
BC CA AB
a) Chimg minh rang ciac do dai AM, BN, CP
tao thanh ba canh cua mot tam gidc.
b) Tim vi tri cua M, N, P sao cho dién tich
tam gidc néi trong cau (a) nho nhat.




Bai 8. Cho tam gidc ABC v6i BC = a, CA = b,
AB = ¢. Goi G, I, O theo thit tu 1a trong tam,
tam dudng tron noi ti€p, tam dudng tron ngoai
ti€p cua tam gidc. Chuing minh ring
(a+b+c)Xb-c)c—a)a-b)
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Bai 9. Cho tam gidc ABC. Cic diém M, N, P
theo thit tu thudc cdc canh BC, CA, AB. Goi X,

SIGOI| =

Y, Z tuong ung la trong tam cdc tam gidc
ANP, BPM, CMN. Ching minh rang

9

) Sapc < ‘2’Sxyz

Bai 10. Cho ti gidc ABCD noi ti€p. M 1a mot
diém bat ki. X, Y, Z, T, U, V theo thit tu la
hinh chiéu clia M trén cdc dudng thang AB,
CD, AC, DB, AD, BC. Goi E, F, G theo thit tu
la trung diém cha XY, ZT, UV. Ching minh
rang £, F, G thing hang.

VAN DUNG PHUONG PHAP GIAI MOT BAI TOAN
TU MAT PHANG SANG KHONG GIAN

Cac ban hoc sinh da biét nhiéu cich giai bai
to4n sau :

Trong tam gidc ABC vdi cdc duong cao AA,
BB, CC| dong quy ¢ H ; trung diém cdc
canh BC, CA, AB theo thit v la M, N, P ;
trung diém cdc doan HA, HB, HC theo thir tu
la1,J, K thi chin diém A, B,, C,, M, N, P,

1. J, K nam trén cing mot duong tron (duong
tron Euler).

Dudi day trinh bay mot cach giai.

Hinh 36

DAO TAM
(Khoa Todn, DH Vinh, Nghé An)

Tt gia thiét suy ra

HA=2HI, HB=2HJ, HC =2HK (1)
Goi M, la anh d6i xding cia H qua tam M,
khi d6 HBM|C la hinh binh hanh (h.36) va

BM,C + BAC = BHC + BAC
= C,HB, + BAC = 180°.

Vay ABM|C la ut gidc noi ti€p, suy ra M,
thuéc duodng tron tim O ngoai ti€p tam gidc
ABC. Tur d6

HM,\ = 2HM (2)
Goi A, la anh d6i ximg cua H qua truc BC,
lap luan tuong tu c6 A, thudc duong tron (O).
Tir d6 HA; = 2HA (3)
Tu (1), 2), By ritrarang [, J, K, M, A, tuong
ing la anh cta A, B, C, M,, A, qua phép vi tu

V( 1y tam H, ti s6 % Chung minh tuong tu,
Ho—
3)
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cdc diém N, P, B, C, 1a anh cla cdc diém
Ny, B, By, C, thuoc (O)qua V, 5.

[3)
Vay duong tron di qua chin diém néi trén 12 anh
ctia dudng tron (O) qua phép vi tu V( 1]. a

H =

Tir cach gidi bai todn trén trong mat phang c6
thé dé xuat bai todn méi tuong tu trong khong
gian nhu sau.
Cho tt dién ABCD c¢6 cdc duong cao AA,
BB, CC,, DD, dong quy tai H, bon trong
tam M, N, P, Q ciia bon mdt tuong g doi
dién vdi cdc dinh A, B, C, D va bon diém 1, J,
K, F thuoc HA, HB, HC, HD

HI_HI_HK _HF 1
HA HB HC HD 3
thi 12 diém A,, B, C\, D;, M, N, P, Q,1,J, K,
F thudéc mét mdr cau (Mt cdu muoi hai diém).
Bai todn mdi dat ra chi ding cho 16p cde nr
dién truc tdm tic 12 uf dién c6 cic dudng cao
déng quy. Cac ban c6 thé du dodn bai todn sé
dugc giai nho sir dung phép vi ty V, |\ ¢c6
[3)
tam H, ti s6 1
’ 3'
D€ chiing minh chiing ta cdn c6 b6 dé sau :
Trong mot tw dién truc tdm ABCD thi truc
tam H, trong tdm G va tdm O cua mdt cdu
ngoai tiép nr dién thdang hang va G la trung
diém cia doan OH.
Dé chitng minh b6 dé ching ta st dung bai
toan quen biét trong hinh hoc phang :
Trong mdt tam gidc thi trong tdm, truc tdm va
tam duong tron ngoai tiép ndm trén mot
duong thang.
Chd y rang hinh chi€u vuong géc cta cic
diém G, O, H lén hai mat phing (BCD) va
(ACD) tuong ung theo cidc phuong AA; va
BB, 1a théng hang. Tir d6 dan t6i G, O, H

thudc giao tuyén clia hai mat phang cit nhau.
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Chirng minh bii todn vé mat cdu muoi hai
diém :

Gia str S 1a diém d6i xing cia A qua tam O
clia mat cdu (O) ngoai ti€p t& dién ABCD ; H
1a truc tam va G 1a trong tam cia t¢ dién dé.

Goi E 12 diém sao cho HE = 3HA,. (h.37)

Hinh 37

Theo ménh dé néu trén G, M thudc mit phang
(HAO) va

W:Hd+ﬁx’i=%ﬁ0’+%fx_c§

1] —

= —2-H0+%(25+55)

l—= 1-—= 12
= —2-H0+§AO—-3—GO

I 1o 1o 1o
= 3HO+3A0~2HO = 3(HO +A0)

| — = -
= g(H()+OS)—§HS.
Vay E‘M:%ﬁé @)

Tir hé thic (4) va HA :%ﬁ suy ra

AM/J/ES va tir 4 AES=90°, hay E thuoc
mit ciu (0).

Cic dang thic ﬁ?:-;-fTA ; W:%?&;

HA| = %mf chimg t6 rang cdc diém I, A,M




