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MOT BO PE BAT PANG THUC THU VI

Hoang Dic Hung
10 To4an - THPT Chuyén Nguyén Trai Hai Duong
14/9/2014

Bat dang thire (BPT) 12 mot trong nhirng mang khé cua toan hoc so cap. Do @6, trong cac dé thi HSG cAc cip ciing nhu ki
thi V6 dich Toan Quéc Té (IMO) thuong c6 nhitng BPT hay va thi vi. Trong bai viét nho nay, minh xin duoc gidi thiéu
mot bé & BDT rat hiru hidu trong viée giai caic BDT, phat biéu nhu sau:

» Choa, b,c>0.Khidb:

27
(atb+c)’ > T (a*b+b*c+ca+abc)

BDT 6 rang c6 hinh thirc kha cong kénh. Tir d6, ta nghi t6i huéng CM bang ki thuat chuan héa vi nhan thiy vai
tro cac bién la nhu nhau.

CM: Chuin héa a+b+c=3 .Khi dé, ta phai CM:

a’b+bc+cta+abe<4 (k)

Giad st bndm gitta a va ¢

c(b—a)b—c)<0 & b c—b? —abc+a<0 < a’b+bc+cPa+abe<a’b+b c+2abc

& VT <bla+c)> =b3-b)?

Nhu vy, cdn CM: b(3—b)? <4 < (b— 1)*(b—4<0) (diéu nay dung)
Daubangxayra@a b=c=1;(a,b,c)=(2;1;0) vahoan viO
Vi ddu bang xay ra tai (2; 1; 0) nén ta c6 thé lam kho BDT ()bang cach bo abc & V' T

a’b+bc+cta<4

Mot dang tuong duong cua (k)la:

Va+c*b+a?c+abe<4

Bay gio, ta sir dung BDT (%)dé giai quyét cac bai toan sau
CAC BAI TOAN AP DUNG
Bai toan 1: Choa,b,c>0 théaa+b+c=3 .CMR:
a*+b +c2>a’b+bc+cla
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VP cua BPT di goi y cho ta huéng di. Cong vao mdi vé ciia BDT abc, ta duoc:

a’>+bB +c* +abe>a’b+bc+cta+abe

Mit khac, theo (k) : a?b+ b c+ c*a+abc <4 . Do d6, ta phai CM:
a’>+ b +c* +abe>4

Pay 1a mot BPT ¢ nhiéu cach CM, ta c6 thé dung Schur , Ham sd,... Nhung trong khuon kho bai viét, minh s&
khong CM BDT nay o

Van dung Bai toan 1, ta thu dugc hai BDT sau day:
Bai toan 2: Choa,b,c>0,a+b+c=3 .CMR:

2 2 2
a b c
_+_+_2a2+b2+02
b c a

Bai toan 3: Choa,b,c>0,a+b+c=3 .CMR:

ab+bc+ca

a’+b +c*+ .
alb+bc+c2a

Bai toan 4 [Pham Kim Hung]: Cho a,b,c>0,a+b+c=3 .CMR:

N1+p w0V 1+ +eV 144 <5

Loi gidi: Ap dung BDT AM —GM , ta c6;

— l+b+b —b+1 b +2
N1+8 = A+h) B -b+1) <a - _ 4 > ¢

Tuong tu véi cac BDT con lai, cdng theo ve, ta co:

< ab’® + bc* + ca?
- 2

+a+b+c

Mit khéc, theo (k) : ab® + bc? +ca® < 4
Dodo: VT <5 (O.E.D) O

Nhiéu khi ta phai sir dung cac ki thuat CMBDT dé van dung bd dé mot cach hiéu qua nhat

Bai toan 5: Choa,b,c>0,a+b+c=3 .CMR:

a b c 1
+ + > —
P+16 3+16 a3+16 ~ 6
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Loi giai. Ta co:

a 1 16a 1 ab’+16)—ab’ 1 ( ab’ )
= e— . = e— . — a——
P+16 16 p+16 16 b +16 16~ p*+23+23

Ap dung BPT AM —GM , ta c6:

B +23+23 >3V 2323 = 12p

Do do:
1 ab’ 1 ab’
— — P — — —
TR R T G e
Tuong tu véi cac BDT con lai, cong theo vé, ta dugc:
PT > 1 3 ab* + bc? + ca?
— 16 ( 12
Ta phai CM:
1 3 ab® + bc? + ca? >1 B+ b +cq? < 4
— (3— -
76 ¢ 12 )25 Sabitbe teat s

Tuy nhién, day lai 1a truong hop dac biét cia (*)nén BDT dugc CM hoan toan
Dau bang xay ra < (a, b, c) € {(1;2;0);(0;1;2);(2;0; 1)}

Trong céc bai toan BDT, thong thudng nhitng BDT it bién s& d& CM hon 1a cic BDT nhiéu bién. Vi vAy, mét y
tudng ta co thé 4p dung bo dé BDT trén dé dua bai toan vé it bién hon:

Bai toan 6 [V5 Qudc Ba Can]: Cho a,b,¢>0,a+b+c=3 .CMR:

1 1 1 1
+ + > —
ab* +8 b2 +8 ca?2+8 3

Lot giai: BDT can CM tuong duong véi:

3 (ab?® + 8)(bc? +8) > [](ab” + 8)

Dé cho gon, ta dit p = a’b+ b c+cta,q=ab> +bc* +ca’,r=abc .Tacé

3pr+48q+576 > 12 +64q + 8pr+ 512

< 16q+5pr+r’ <64
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Theo BT Schur :
(a+b+c)’ >3abc+4(ab® +bc? +ca’ +a’b+bc+cPa)
< 27>3r+4(p+q)

Lai theo (k) ta co:

ab® +bc? +ca’ +abc<4 < g<4-r

Xét hiéu:
16g+5pr+r>—64=11g+5@p+q)+5p(r—1)—64<11(4—r)
+ % 7-3r+5@4-rNr—1)+r’—64= % (r—1)(@r* —16r+25)
Mat khac:
r=abc < —(a+b+c)3 =

N 27

472 —16r+25>0

Néntacd Q.E.D O

» Mot két qua day y nghi rit ra tir BDT (*)nhu sau:
Choa,b,c>0 thbamidna+b+c=3 .CMR:

+ + <1 (k%)

CM bing céch bién ddi twong duong o
Vi két qua ( *,)ta s& giai quyét duoc mot bai toan hay sau:
Bai toan 7: Cho a,b,c>0 théamana+b+c=3 . CMR:

2
a’b b c a

- -
1+a+b 1+b+c l+c+a

Loi gigi: BPT can CM tuong duong véi:

a’b e ’a

4( + +
1+a+b 1+b+c l+c+a

)<4
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a’bc ab’c abc?

+ + <4
l1+a+b 1+b+c¢ l+c+a

< alb+bce+cla+t

o a2b+Be+Pa+abo(—— + + <4
“ creard c(4—b 4—c 4-a )<
T (k%) = VT <a’b+b c+c*a+abc<4.Nhung ddy chinh 1a BDT (%)néntacé Q.E.D o

» Ngoai ra, ta con ¢6 mot b d& BDT khac véi hinh thie khéc giéng ()
Cho a,b,c>0 thoa man a®+5* +c* =3 .CMR:

a’b+bc+cta—abe<2 (k * %)

Tat nhién, cach CM twong tu nhu (%) d6 13 st dung don bién. Ta cling c6 mot md rong cua (* * *jhu sau:
Cho a,b,c>0 théamin a? +b +c2 =3 .CMR:

a b c
+ - <1
b+2 c¢c+2 a+2

Qua qu4 trinh nghiém thu, ta c6 thé mé rong diéu kién ciia (k *jhanh a? + 5 + ¢ , hodc ¢ thé 1a
a +b" +c" =3 véin € N¥ n cang 16n thi BDT cang yéu.

Do do, ta co mot BDT kha hay sau:

Bai toan 8 [HDH]: Cho a, b, ¢ >0 thoamin a® +5° +c> =3 . CMR:

a b c 1
+ + <=
4-b)b+2) 4-c)c+2) @4-a)a+2) 3

Thuc chat BDT nay 1a két qua cua viée cong hai v& BDT (% % % ) sw m& rong (% * Vdi diéu kién
2 2 2 _
a“+b tc =3

s Tong qudt mot sé két qua trén, ta thu dwoe:
[1] Choa,b,c>0 théamina+b+c=3 .Khidé, Vn>2,n € N thi:

3t pn

a'b+b'ctc"a<max{3, ————}
(n+1)"

Choa,b,c,dEO;a%+a§+...+a%=n .CMR:
ai an ap
+ R
a,+(n—1) ay+(m—1) ar+(n—1)
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B6 dé BDT trén con c6 rat nhiéu ung dung thu vi, mong ban doc kham pha, chi it 1a qua cac bai tip sau

BAI TAP
Choa,b,czo,a+b+c=3 .CMR:
a b c 1
+ + <=
4a+4b+c 4b+4c+ta  4dctda+b 3
[2] Choa,b,c>0,a+b+c=3 .CMR:
ab bc ca 9
+ + <
b+tc ct+ta a+b ~ 2ab+bc+tca)
[3] [TTT 6 120] Cho a,b,¢>0,a> +b* +c* =3 . CMR:
a b c |
+ + < —
P¥+5 c2+5 a?+5 "2
[4] Choa,b,c>0,a+b+c=3 .CMR:
ab bc ca 1 (a+b)b+c)cta)

- - o> a
Vb+e Neta ANa+b VI~ W72
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