International Mathematical Olympiad 1998
Hong Kong Team Selection Test 2

Date:
27 December 1997
Time:
2:30 p.m. – 5:30 p.m.

Answer ALL questions.
Each question is worth 20 points.

1. The general term of a sequence 
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. If the sum of the first 1997 terms is 1879 and the sum of the first 1879 terms is 1997, what is the sum of the first 2000 terms?

2. Show that 
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 for real numbers a, b, 
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3. Let f be a function with the following properties:


(i)
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 is defined for every positive integer n;


(ii)
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 is a positive integer;


(iii)
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 for all m and n.
Find 
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4. Recall that n is perfect if the sum of the divisors of n is 2n. Suppose now n is an odd perfect number, show that n has at least 3 distinct prime factors.

5. There are n vertices on a plane. A graph G is formed by connecting every two vertices by exactly one edge, and painting all edges, each in one colour, chosen from k given colours.

(a)
For n = 6 and k = 3, show that it is possible to paint the edges so that the graph contains no closed circuit painted in one colour only.

(b)
Prove that for every positive integral value of k (i.e. number of colours allowed), if the number of vertices 
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, then it is always possible to find a mono-coloured closed circuit in G.

6. The diagonals of a quadrilateral ABCD intersect at K. M, N are the mid-points of AB and CD respectively. Let k, m, n be the lines through K, M, N perpendicular to AD, BD and AC respectively. Show that if k, m, n are concurrent, then A, B, C, D are concyclic.
[Hint:
The converse of the intersecting chords theorem



If AC and BD intersect at K or meet, when both are produced, at K, 


and if KA  KB = KC  KD, then A, B, C, D are concyclic.]
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