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PHUONG TRINH HAM CAUCHY TONG QUAT

Trong bai giang nay chlng tdi s& dé cap dén mot 16p bai toan phwong trinh ham dang
fO)+f(y)— f(x+y)=g(H(x ) (1)

trong d6 f va g la cac ham phai tim con H la ham da cho. Khi g=0 thi (1) tro
thanh phuong trinh ham Cauchy. Cac ham sé ¢ day duogc xét 1a ham sd thue, tic 13 tap
xac dinh va tap gia tri cia n6 1a R hodc tap con cua R.
1. Phwong trinh ham Cauchy va Pexider

Xét phuong trinh Cauchy

fx)+ f(y)=f(x+y). 2)
Bai toan 1.1: Ching minh rang tit ca cac ham f lién tyc trén R théa méan phuong
trinh Cauchy (2) déu c¢6 dang f(x) =cx, & day c 1a hang s6 bét ky.
Bai todn 1.2: Chirng minh rang tat ca cac ham f lién tuc tai mot diém thoa mén
phuong trinh Cauchy (2) déu c6 dang f (x) =cx, & day ¢ 1a hang sd bét ky.
Bai toan 1.3: Ching minh rang tit ca cac ham f khong am (khong duong) Véi x
duong du nho thoa man (2) déu c6 dang f(x) =cx, & ddy c 1a hang s6 duong (4m)
bat ky.
Bai toan 1.4: Chimg minh rang tit ca cac hAm f bi chin trén mot khoang du nho
thoa man (2) déu co dang f (x) =cx, ¢ ddy c 1a hing sb.
Bai toan 1.5: Chimg minh ring tit ca cac ham f bi chin mot phia (bi chin trén
hodc bi chan dudi) trén mot doan [a,b] cho trude va thoa mén (2) déu c6 dang
f(x) =cx, & day ¢ 1a hang sd.
Bai toan 1.6: Ching minh rang tat ca cac ham f don diéu théa man (2) déu co
dang f(x)=cx, & ddy c 1a hing sb.
Bai toan 1.7: Ching minh rang tit ca cac ham f kha tich trén moi doan hitu han
va thoa man (2) déu c6 dang f(x) =cx, & ddy c la hing sé bat ky.
Pinh ly 1: Gid sz f :R — R la nghiém cua (2) véi ¢ = (1) >0. Khi do ta ¢ cdac
khing dinh sau la twong dwong.

(i) f lién tuc tai mot diém x,.

(i) f lién tuc.
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(i) f la ham don diéu tang.

(iv) f khdng am voi moi x > 0.

(v) f bi chan trén trén mot doan hitu han.

(vi) f bi chan dwoi trén mot doan hitu han.

(vil) f bichan trén (duoi) trén mét tap bi chan co do do Lebesgue duong.
(vii) f bi chan trén mot doan hiru han.

(ix) f(x)=cx

(xX) f kha tich Lebesgue dia phuong.

(xi) f kha vi

(xii) f do duwoc Lebesgue.

Chu y: Mot cau hoi dat ra 13 0 tai tai hay khong nhimg nghiém khong tuyén tinh
( f(x) = cx) cta phuong trinh Cauchy (2)? Ly thuyét ctia phuong trinh ham d4 c6

cau tra 161 thong qua khai niém co s& Hamel.

Pinh nghia: Cho S 1a mgt tp con ciia R. Khi d6 mdt con B cua S duogc goi 1a
mot co sé Hamel cua S néu véi moi sb thudc S déu biéu thi tuyén tinh qua cac
phan tir cia B mot cach duy nhat v6i cac hé sb 1a cac s6 hitu ty.

Pinh ly 2: Nghiém tong qudat ciia phirong trinh Cauchy (2) ¢6 dang
f(x)= rlg(b1)+ rzg(b2)+"'+ M f (bn),
trong do B la co so Hamel cua R va

X=nb, +rb,+---+rb,, 1

.eQva b, eB,
va g la mgr ham tuy y Xac dinh trén co s¢ Hamel B.
Phuong trinh ham
f(x+y)=h(x)+9(y) 3)
dugc goi la phuong trinh Pexider.
Bai toan 1.8: Chimg minh rang nghiém tong quat cia (3) 1a
ft)=A{)+a+b, g()=A()+a, h(t)=A()+b,
trong @6 A 13 ham bat ky thoa man phuong trinh Cauchy (2) va a,b la cac hing s6

bat ky.
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Bai toan 1.9: Cho f,g,h:R —» R thoa man (3), khi d6 néu mdt trong cac ham
f,g,h 1a do dugc hodc bi chin dudi, hodc bi chin trén, hodc lién tuc tai mot diém
thi cAc ham f,g,h la lién tuc. Hon nira chdng c6 dang

f(t)=ct+a+b, g(t)=ct+a, h(t)=ct+h,
& day a,b,c 1a cac hang sb bét ky.

. Phuwong trinh ham Cauchy tong quat
Trudc hét chung ta xét mot s6 truong hop dic biét cua (1)
+ H(x,y)=xy: (1) tr¢ thanh

FO)+ (y) - F(x+y) = g(xy). (4)

+ H(x,y)=£+1 vag=-f:
Xy

f)+ f(y)- f(x+y)=—f(x"+y™). (%)
+ H(x,y)=% vag="f:
f(x)+f(y)—f(x+y):f(MJ. (6)
X*+y +Xy

Ta nhan thdy rang cic phuong trinh (4)-(6) 1a nhitng dang bai toan quen thudc
trong ly thuyét phwong trinh ham.

Nhan xét:
+ Néu g 1a ham hang, tirc 12 g(x) = ¢ thi v6i bat cx ham H d4 cho nao (1) déu
tuong duong vdi

f(x)+ f(y)-f(x+y)=c.
RO rang nghiém tong quat ciia phuong trinh trén 12
f(x) = A(X) +c,
& day A(x) 1a mot ham cong tinh bat ky, nghia 1a A(x) 12 nghiém cua phuong trinh
Cauchy (2). Vay nghiém cua (1) trong truong hop nay la
f(x)=A(x)+c va g(x)=c.
+ Tuong tu trong trudng hop H(x,y) = ¢, cdng thirc nghiém cua (1) 1a

f(x)= A(X)+g(c) va g la ham bat ky
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voi A(x) ciing 1a mot ham cong tinh tuy y.
Ching ta goi nghiém (f,g) cua phuong trinh (1) 12 tAm thudng néu f 14 afin,
tac 12 f(x) = A(x) +c, trong d6 A(x) la cong tinh va ¢ I hang sb.
+ Pé y rang cac phuong trinh (4)-(6) la dang phuong trinh (1) véi H(x,y) c6
dang sau
H(x,Y) =y (6(x) +$(y) - d(x+Y)), (7)
vi dé thidy (4)-(6) twong tUmg vo&i viéc chon $(x)=x%, Inx, x* VA
wU=-u/2 e", ut
Bay gio chung ta xét mot truong hop dac biét ctia (1) c6 dang nhu sau
)+ f(y)— f(x+y)=g(d(x)+8(y) —g(x+Y)) (8)
R6 rang néu ¢ 1a afin thi véi moi g phuong trinh (8) déu c6 nghiém f 1a afin, tac
la (8) c6 nghiém tam thuong, vi vay chung ta xét ¢ khong I afin va ky hiéu | 1a
(a,+0) (hodc [a,+0), (—0,+0), (—0,~a), (-w,~a]) trong d6 a > 0.
Bai todn 2.1: Cho ¢:1 — R la giai tich va khong afin, hay tim tt ca cac nghiém
cua phuong trinh (8).

Giai: Giast f va g langhiém cua (8). Bat F(x,y) = f(x)+ f(y)- f(x+y), thi F
|4 nghiém cta phuong trinh

FOx,y)+F(x+y,2)=F(x,y+2)+F(y,2). €)]
Do f langhiém cua (8) nén taco
F(x,Y) = 9(¢() +¢(y) ~(x +Y)),
Vi viy dang thirc (9) tuong duong voi

9B+ p(y) —p(x+ )+ a(@(x+ ) + $(2) - p(x + y + 2))

(10)
= g(g(x) +d(x+ y+2) = d(y +2))+ g((y) + ¢(z) — p(y + 2) ).

U= g(x) +(y) - p(x+ ),
V=g(x+Y)+(z) —p(x+y +2), (11)
w = g(y) +$(2) —p(y + 2),

ching ta c6 thé viét lai phuong trinh (10) dudi dang sau

g(u)+g(v) =gu+v—-w)+g(w). (12)
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Ta sé& chi ra rang (11) 12 mot phép ddi bién, tirc 1a dinh thirc Jacobi cua phép doi
bién (11) 12 khac 0. That vy,

S #'(X) - ¢ (x+Y) b(y) - ¢ (x+Y) 0
%zdet FOHY) -G Xty +7) XY Pty +D) (D) (Xt y+2)
a4 0 b(y) -4y +2) $(2)-¢(y+2
P -dx+yY)  FY)-FX) 0
=det| @' (X+Yy)—d'(X+y+2) 0 ¢'(2)—¢'(X+y+12)

0 PY)-F(y+2)  F@)-d(y+2)

=" ()= ¢ (x+ NN () =9 (x+ Y+ 2))g'(y) = ¢ (Y +2))
~(@(x+ V) =g (x+y+ )N () = (@' (D)~ ¢'(y +2)).
Gia sir ton tai mot tdp con m& khac rong ciia 1° ma dinh thic thiac Jacobi d@)ng
nhat bang 0, khi d6 do ¢ giai tich nén suy ra dinh thirc Jacobi dong nhat bang 0
trén 1°, thc1a u, v, w la cdc ham phy thudc. Mat khac, ta ¢

D(u,v) _ det{ ¢'(X)-9'(x+Y) ¢'(y)-¢'(X+Y) }

D(x,Y) P'(X+Y)—¢'(x+y+z ¢ (X+y)-¢'(X+Yy+2)
=(#'()—¢' MNP (x+Y) =" (x+ Y +2)).

D(u,v)

D(x,y

con m¢ khéac rong cua 12, Vay ta nhan duge u, v, w la cdc ham phu thudc va u,

Tu ¢ 1 giai tich va khong 1 afin nén khéng thé dong nhét bang 0 trén

v 13 cac ham doc lap, suy ra ton tai ham kha vi o sao cho
w(x,y,z) = o(u(x, Y,2),V(X,Y, z)), X,y,zel.
Vay chung ta nhén duogc

¢(y) +6(2) - p(y +2)
=a(@(x) +9(y) — g(x+¥), p(x+ ) +$(2) =g (x + Y+ 2)) V(X ,2) € I °.

Thay d6i vai tr0 caa x va y cho nhau trong hé thirc trén suy ra

$(Y) +¢(2) —p(y +2) =$(X) +$(2) = (x + 2), V(x,y,2) € I’
hay
$(Y) = ¢(y +2) = $p(x) —(x+12), V(x,y,2) € I,

Pé y rang vé trai ctia dang thic trén khong phu thudc vao x nén vé bén phai 1a
mot ham so chi theo bién z, diéu ndy khong thé xay ra vi gia thiét ¢ khong Ia afin.
Vay khong ton tai mot tdp con md khac rdng cia 1° ma dinh thic Jacobi dong

nhat 0 trén do, nghia 12 u, v, w 1a cdc ham doc 1ap véi moi (x,y,z) e 1% Bdi vi w
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la doc lap ddi véi u va v nén phuong trinh (12) co thé xem nhu 1a phuong trinh
Pexider
g(u)+g(v)=hu+v)

VGi moi gid tri ciia (u,v,w) nhan dugc tir (x,y,2) € I® qua phép d6i bién (11). Tuy
nhién do u, v, w la cac ham doc lap nén phuong trinh Pexider co tap xac dinh 1a
tap mo khac rong trong R® Theo két qua cuia phuong trinh Pexider véi moi
u=¢(X)+d(y)—g(x+y) V6i (x,y) € 1,> ham g c6 dang

gu)=A(u)+c,
& day A, 1a ham cong tinh va ¢ 12 hang s6 bat ky.
C2: Ta co (12) twong duong voi

9((u—w)+w)—g(w)+g((v—w)+w)-gw) = g((u—w) + (v -w) +w)-g(w),
hay
g(s+t+w)—g(w)=g(s+w)—g(w)+g(t+w)-g(w).
Dat ¢(z) = g(z+w)—g(w) ta nhgn diroc
p(x+Y) = (X)+o(y),
hay
o(x) = A (X),

trong dé A (x) 1a mgt ham cong tinh bdt ky.
Suy ra g(x+Yy)-g(x)=A(x), dat g(x)=AX)+9(x) khi dé ta nhin duoc
g(x+Yy)=g(X), tikc 14 g(X) =c Véi ¢ 1a hang s6. Viy

gu)=A(u)+c,
trong d6 A, 12 ham céng tinh va ¢ 1a hang so bat ky.

Thay biéu thirc cia hAm g nay vao phuong trinh (8), ta nhan dugc

FOO+ F(Y) = f(x+Y) = A(P0) +6(y) - g(x +y))+c
=Acd(X)+ A p(y) - Acp(x+y)+c

hay tuong duong voi
(F() = A op(x)—C)+(T(y) = A og(y)—c)=(F(x+y)— A oh(x+y)—c)

Diéu ndy ching t6 f — A o ¢ —c 1a ham cong tinh, tirc 12

6
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f(X)=A cop(X)+A,(X)+c, Vxel,
trong d6 A, ciing 1a mot ham cong tinh bat ky.

Nguoc lai, rd rang cdc ham f va g xac dinh nhu trén thoa man phuong trinh
(8). Vay cong thirc nghiém cua phuong trinh (8) la

{f(x):Alo¢(x)+ A (x)+c, xel,
9(s) = A(s)+¢, se {p(x)+a(y)—d(x+y) | x,yel}

& day A, A, 1acac ham cong tinh bat ky va ¢ 1a hang s6 tly Y. O

Bai toan 2.2: Xét | =R va ¢(x) =—x?/2, khi d6 phuong trinh (8) tré' vé phuong
trinh (4). Theo Bai toan 2.1 thi nghiém tong quat ctia phuong trinh (4) 1a
g(s)=A(s)+¢c, seR,

2

f(x) = Al(—x?j+A2(X)+c, xeR,

trong d6 A, A, la cac ham cong tinh va c 13 hang s6 bat ky. Dé y rang A, la ham
cong tinh nén

X2 1 )
Al(—7j = —EAI(X ), VX e R.

Tir d6 néu dat B, = —% A, thi nghiém tong quat ctia phuong trinh (4) duoc viét dudi
dang gon hon nhu sau

g(s)=-2B,(s)+c, VseR,
f(x) = B,(x*)+ A, (X)+¢, VxeR

véi B, A, la cac ham cong tinh va ¢ 13 hang s6 tly V.
Vidu2.1: Tim f: R— R lién tuc trén R thoa man

f(x+y)=T(x)+ f(y)+2xy, VX, y e R,
f@=1.

Binh luan: Tir ham f thoa man diéu kién
f(x+y)=f(xX)+ f(y)+2xy, Vx,yeR

tasuy ra f 1a nghiém caa Bai todn 2.2 véi g(s) =—2s. Theo két qua cua bai toan
nay tacéd B,(s)=s,VseRva f(x)=x*+ A(X), trong d6 A(x) la mot ham cong tinh
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bat ky. Vi vay ta st dung phép thé f(x) = g(x)+ x? thi s& nhan duoc phuong trinh
Cauchy ddi v6i an méi g.
Giai: bat f(x)=g(x)+x?, khi d6 do f lién tuc trén R nén g ciing lién tuc trén R

va di€u kién cua bai toan tuong duong voi

{g(X+ y) =9(x) +g(y),
g@) =0.

bay la phuong trinh Cauchy, nén nghiém cua bai toan la g(x) =0, Vx € R. vay bai
toan d4 cho c6 duy nhat nghiém 1a f (x) = x2. O

Vidu2.2: Tim f: R— R thoaman
f(x+y)=T(x)+ f(y)+2xy, VX, y eR,

f(x)= x“f[ij, vx # 0.
X

Giai:

bat f(x) = g(x)+ x* ta c6 bai toan tré thanh
g(x+y)=9(x)+g(y), Vx,yeR,
g(x) = x“g[%), Vx # 0. (2.2.1)
Tir diéu kién thir nhat cua (2.2.1) suy ra
g(2t) =2g(t),vteR (2.2.2)

va

g@ - 2g&j,w 0. (2.2.3)

t

Mt khac theo diéu kién thir hai cta (2.2.1) thi
g[%j = gt(“t) ,Vt#0 va g[ij _ 9@ vt = 0.

2t) 16t* "
Thé hai biéu thirc trén vao (2.2.3) ta nhan dugc

g(2t) =16g(t), vt = 0.

Hon nita, chi ¥ rang tir diéu kién thir nhét cua (2.2.1) ta suy ra g(0) =0, do d6 ta
cé
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g(2t) =16g(t),vt e R.
Két hop dang thirc ndy Vi (2.2.2) ta nhan dugce g(t) =0,Vt e R.
Thir lai ta c6 f (x) = x thoa man, vay bai toan c6 duy nhat nghiém f(x) =x2. [

Nhan xét: Rang budc thir hai 14 mot trong 4 rang budc dai sd quen thudc cua
phuong trinh ham Cauchy cong tinh. Ching ta c6 két qua quen thudc sau.

"Cho f:R — R théa mn (2), khi dé cdc khdng dinh sau la tuong dwong
M) f(xy)=xf(y)+yf(x), Vx,yeR.
(ii) f[lj )
X X
(iii) f(x*)=2xf(x), VeR.
(iv) (f (xz))2 = 4x*(f(x))’, ¥xeR."
Vi du 2.3: Xéc dinh tat ca cac ham f :R — R thoa mén
f(x+y)=f(x)+ f(y)+2012xy,Vx,y € R.
Giai: Pat f(x) = g(x) +1006x2, khi d6 diéu kién d4 cho twong duong véi
g(x+y)=9(x)+9(y).vx,yeR.
Vay nghiém ctia bai todn 1a f(x) = A(x) +1006x2 véi A la ham cong tinh bat ky. [

Bai toan 2.3: Bay gio ta ldy | =(04%), #(x)=-Inx, g(x)=h(e*) thi phuong
trinh (8) tro thanh

fO)+ f(y)-f(x+y)=h(x"+y™),vx,y>0.
Giai: Ap dung két qua ctia Bai todn 2.1, ta nhan duoc nghiém cta bai toan da cho
la

h(e®) = A (s) +¢, Vs,
f(X)=—-A(nx)+A,(x)+c, Vx>0

hay
h(s) = A(Ins)+c,Vs >0,
f(x)=—A(nx)+A,(x)+c,vx>0,

& day A, A, 1a cac ham cong tinh va ¢ 1a hang s6 bat ky. O

Binh luan: Khi lay h=—f thi ta nhan dugc cong thirc nghiém cua (5) la
9
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f (x) = A(In x),

trong d6 A 1a ham cong tinh tly y. COn khi lay h= f thi ta c6 két luan phuong
trinh

fX)+ f(y)-f(x+y)=f(x +y™), vx,y=0
chi ¢6 nghiém tam thudng f(x) =c,¥x Véi ¢ 1a hang sé bat ky.
Cha y: Ta biét rang nghiém cta phuong trinh Cauchy logarit
f(xy)=f(x)+ f(y),vx,y=0 (13)
O dang
f(xX)=A(n|x][),vx =0,

trong d6 A 1a ham cong tinh bét ky.
That vay, tir (13) cho x=y=t=0 va x=y=-t=0 taco

f(t?)=2f(t) va f(t?)=2f(-t),vt=0,
do do

f(t) = f(~t),Vt 0. (2.3.1)

Gia str (13) thoa man véi x,y >0, khi d6 dat x=e',y=e* va g(s) = f(e®) thi (13)
trong duong voi phuong trinh Cauchy

g(s+1)=9(s)+9(b).
Suy ra f(x) = A(Inx),vx > 0. Mat khéc theo (2.3.1) ta nhan dugc nghiém tong quat
cua (13) la
f(xX)=A(n|x][),vx =0,
trong @6 A 12 mot ham cong tinh bét ky.

Viy chiing ta nhan dugc khang dinh “Cac phuong trinh (5) va (13) 1a twong
duong voi moi x,y >0.”

Bai toan 2.4: Chung minh rang cac phuong trinh (5) va (13) 1a twong dwong véi
nhau trén (0,+o).

Giai: Gia st f la nghiém cua (5), khi d6 tir (5) v&i y = x " suy ra
fX)+ f(x") - f(x+x)==F(x+x1),vx>0

hay

10
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f(x™)=-f(x),vx>0 (2.4.1)
va
f(1)=0. (2.4.2)
bat F(x,y) = f(x+y)—- f(x)- f(y), do f la nghiém cua (5) nén
F(x,y)=f(x+y™),vx,y>0
va dé dang kiém tra duoc

F(x+vy,2)+F(x,y)=F(x,y+2)+ F(y,2)

f( ! +£j+f(£+£j:f(£+ 1 j+f(1+£j,VX,y,z>0. (2.4.3)
X+y z Xy X y+1z y z

Xét 1+£=1 véi y,z >0, khiddtacod y,z>1va, honnira
y z

hay

2 _ 2 _
1 +£:y + Xy — X va 1 1:y +x2/ x.

X+y z y(X+y) y+z X Xy
Ap dung (2.4.2) vao (2.4.3) ta nhan duoc

2 _ 2 _
f(y + Xy XJ+f(x+YJ:f(LXZX}VX>o,y>1,
y(x+Yy) Xy Xy

2 —
Pat u=22Y v=Y"X"X ini h¢ thic trén tro thanh
Xy y(x+Yy)
f(uv)=f(u)+ f(v).
Tru=2""Y v3 v=1—5(x+y)*1 suy ra
Xy y
y=—2 (2.4.4)
ux—1
2 12
Va X+Yy= hay (x+y)’1_ux2 ! dodév=1 (ule) , VA
_ x°u
12
U—lY = (uxle)

Do u >0 nén ta nhan dugc 0 <v <1, hon nita két hop véi (2.4.4) ta co

11
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1

TN vk

1
Jallu )

- Ju++41-v
- Juu+v-1)’

vay ta thu dugc u+v-1>0. Diéu nay duogc thoa mén néu u > 1. Vay voi x,y >0

Vi x'=u-y'nénx= hay twong duong v6i
y g g

thi u>1va O<v<] taclataco
f(uv)=f(u)+ f(v), vu>10<v<l.

Tir (2.4.2) ta d& thay dang thirc trén ciing ding v6i u =1 hic v =1, ndi cach khac ta
da chtirng minh duoc

f(uv) = f(u)+ f(v), Yu>10<v<l, (2.4.5)

Xét 1<P thi 0<P?*<1val<P<P? &pdung(2.4.5)cho P?>va P va (2.4.1)
ta nhan duoc

f(P)=f(P’P")=f(P*)-f(P)
hay
f(P*)=2f(P), VP >1. (2.4.6)

Xét 1<P<Q, khi d6 0<PQ " <1 va 1<Q<Q? lai ap dung (2.4.5), (2.4.1) va
(2.4.6) taco

f(PQ)=f(PQ™Q*) = f(PQ™)+f(Q*) = f(P)-f(Q)+2f(Q)
hay tuong duong voi
f(PQ)=1f(P)+ f(Q), VP,Qx>1.
Mat khac véi moi P,Q >1 thi theo hé thic trén va (2.4.1) ta ¢
fF(PQ™)=-f(PQ)=-f(P)-f(Q=f(P)+ Q™).
Vay ta d4 thiét lap duoc
fuv)=f(u)+ f(v), Vuv>0,

noi cac khac moi nghiém cua (5) déu 1a nghiém cua (13).

12
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C2: Véi u,v>0 taldy a >0 dilén sao cho au >1 Va 1<1, khi do theo (2.4.5) ta
a

nhan duoc
f(u)= f[au X£j= f (o) + f[i)
o o
va
f(v) = f(lxaj= f(lj-i- f(a).
o o
Suy ra

F(u)+ f(v) = f(au)+ f[1j+ f[1j+ f(a) = f[aUle= f (uv).
(04 [04 [04
Nguoc lai, gia so f la nghiém cua (13) khi do

f(x+y)= f(x(x+y)’1y): f(x)+ f((x+ y)’1)+ f(y), vVx,y>0

hay f la nghiém cua (5). Vay ta dd chirng minh duogc (5) va (13) twong duong trén
(0,+00). O

Vi du 2.4: Tim tit ca cac ham f :R* — R lién tyc thoa mén
fX)+ f(y D+ f(xT+y)=f(x+y™), vxy>0.
Giai: RO rang phuong trinh da cho tuong duong voi
f(X)+ f(y)-f(x+y)=—Ff(x"+y™"), vx,y>0.

Theo két qua cua Bai toan 2.4 thi phuong trinh trén tuong duong véi

f(xy)=f(X)+ f(y), Vx,y>0.
Vay bai toan tro thanh tim tat ca cac ham f :R* — R sao cho
f(xy)=f(x)+ f(y), vx,y>0.

Do x,y>0 va f Iéntuc trén R" nén dat x=e',y =€® va g(s) = f(e*) thi bai toan
tuong dwong vai tim tat ca cac ham g: R — R lién tuc thoa man

g(s+t)=g(s)+9(t), vst,
tire 14 g(s) =cs voi ¢ 1a hang sd bat ky. Vay nghiém cua bai toan d4 cho 1a

f(x)=clInx, ¥x>0,

13
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& day c 1a hiang s tly V. O
Vi du 2.5: Tim tit ca cac ham f :R — R thoa mén
fx+y ) —fX)-f(yD=In|x"+y]|, ¥xy=0xy=-1
f(X)=x*f(x)+@+x*)In| x|, Vx=0,

f(X)+ f(=x)=2In| x|, ¥xX =0,
f(1)=1va f(0)=0.

Binh luan: Chi y rang phuong trinh dau cua hé tuong duong véi
fX)+ f(y)—f(x+y)=—In|x+y™]|, ¥xy=0,x=-y,

day 1a dang (5) voi f(x)=In|x|, hon nita d& thdy f(x)=In|x| la mot nghiém
riéng cua phuong trinh trén.

Giai: bat f(x)=In|x|+g(x), vx=0, va f(0)=g(0) ta c6 bai toan d& cho tuong

duong voi
g(x+y ) =g(¥)+g(y™), Vy=#0,xy=-1
g(x)=x*g(x™), Vx =0,
g(=x) ==g(x), VX,
g@) =1,
hay
g(x+y)=g(x)+g(y), vxy,
g(x) =x*g(x™), ¥x=0, (2.5.1)
g =1.

Tir phuong trinh dau cua (2.5.1) ta ¢6
g(0)=0 va g(-x)=-9g(x),Vvx
Dé y rang
1 1 1

= -—, Vx=01,
X(x-1) x-1 x

1 1 1
g(x(x—l)j:g[x—lj_g@’ oL

Ap dung phuong trinh thir hai va tha ba cia (2.5.1) cho hé thirc trén ta thu dugc

do do

g(x?) =—x*+2xg(x), vx=0.1.
14
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Hon nira, r0 rang hé thirc trén ciing dung cho x =01, vay
g(x?) =-x*+2xg(x), Vx. (2.5.2)

Tur 4xy = (x+Yy)* —(x—y)* tasuy ra

g(4xy) = g((x+y)*) - g((x—y)*), vxy.
Két hop hé thirc trén véi (2.5.2) ta co

4g(xy) = —(x+y)* +2(x+ y)(g(x) + g(y)) + (x = ¥)* = 2(x = y)(g(x) = g(¥)), VX, Y,
hay tuong duong voi
g(xy) = xg(y) + yg(x) — xy, vx,y.

Bay gio ta str dung hé thirc trén voi x =0 va y = x thi nhan duoc

1=g@ =xg(x™")+x"g(x)-1, V¥x=0.

Ap dung phuong trinh thir hai cta (2.5.1) mét 1an nita, ta c6 dang thic trén tuong

duong voi
g(x)=x, vx=0,
vay
I v
£ (x) = X+In| x|, ¥x=0, (2.5.3)
0, x=0.

Thur lai, ta thdy f(x) cho boi (2.5.3) thoa mén bai todn d& cho, vay bai toan da cho
c6 duy nhat nghiém cho bai cong thirc (2.5.3). O

Vi du 2.6: Tim tat ca cac ham f :R* — R thoa mén
f((x’1 +y D (xy +1))— fx+y ™) - f(xt+y) = f((x+y)(xy+1), Vx,y>0.
Giai: Vai x,y >0 dat
U=x+y"* va v=x"+y,
khi @6 u,v>0 va u+v=(xx"+y)(xy+1), u"+v ' =(x+y)(xy+1. Vay f thoa
diéu kién ctia bai toan khi va chi khi
fw+fV)-fu+v)==f@u't+v?), vuv>0.
Suy ra nghiém cua bai toan la

f(x) = A(Inx), vx>D0,

15
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trong @6 A 13 ham cong tinh bat ky. 0
Bai to4n 2.5: Tim tat ca cac ham f ,h:R* — R biét
F(X)+ F(y) = F(x+Yy) = h(%} v,y > 0. (14)
Giai: Pé y rang phuong trinh (14) 1a truong hop riéng cua (8) véi
p(x)=x", ¥x>0va g(s)=h(s™), vs>0.
Do d6 theo két qua ctia Bai todn 2.1 thi nghiém cuia bai toan dé cho la

h(s) = A (s™")+c, Vs>0,
f(x)=A,(x)+ A (X)+c, Vx>0,

& day A, A, 1a cac ham cong tinh va ¢ 1a hang sb bat ky. O
Binh luan: Néu ta ldy h= f thi phuong trinh (14) tré vé phuong trinh (6). Noi
cach khéc, tap hop tit ca cac ham f thoa man (6) voi moi x,y >0 1a
f(x) = A(x™) +c,
trong d6 A 12 ham cong tinh va ¢ 13 hang s6 bét ky.
Vi du sau s& dua ra mot cach giai so cAp phuong trinh (6).
Vi du 2.7: Tim tat ca cac ham f :R — R lién tuc théa man

X2 +y?+xy

Fxh)+ fy ™ty - f((x+y) )= f( P

J, X,y #0,X # Y. (15)

Giai: Gia st f la nghiém cua (15), dat
F(x,y)=f(x D+ f(y")- f((x + y)’l), VX, y #0,X # —V.
Dé& dang kiém tra dugc
F(x,y)+F(x+y,2)=F(x,y+2)+F(y,2), VX,y,z#0,x#-y,y #-2,X+y+z #0.
(2.7.1)

Vi f la nghiém cua (15) nén

F(x,y):f(£+£— ! j F(x+y,z):f( t i1 j

Xy X+y X+YyY z X+Yy+z

va

16
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F(x,y+z):f(£+ L ! j F(y,z):f(£+i— ! j
X y

y+z X+y+1z Z y+z

Thé cac biéu thuc trén vao dang thirc (2.7.1) ta nhan duoc

1 1 1 1 1 1 1 1 1
f(—+—— J+f( +=— J:f(—+ — J
X X+ X+ Z X+y+z X y+Z X+y+z
y y y y y y 2.7.2)

+f(1+£— ! J vx,y,z#0.

y Z y+1z
Pit
yox,t1 ¢+, 1 .1 1
X y X+y Yy Z y+z X+Y Z X+y+z

thi (2.7.2) tuong duong voi
fw+fw)=~fv)+fu+w-v), Yu,v,w,
hay
f(u=v)+v)= fV)+ F((W=v)+V)=f(v)=f(U-V)+W=V)+Vv)-f(v), Vu,v,w, hay
f(s+t+v)—f(v)=f(s+v)—f(v)+ f(t+v)— f(v), Vs,t,v.
Pit g(z) = f(z+V) - f(v), vz, thi dang thtc trén trg thanh
g(s+t)=g(s)+g(t), Vs,t.

Mt khac, vi f lién tuc nén g lién tuc, suy ra g(s)=as Vi a la hang sb bat ky.
Vay ta co

f(x+y)—f(y)=ax, Vxy.
Pit f(x) = ax+h(x), vx, va thé vao dang thic trén ta nhan duoc
h(x+y) =h(y), ¥xy,
suy ra h(x) =b, trong d6 b 12 hang s6 bét ky.
Thirlai f(x) =ax+b tathdy thoa mén (15), vay nghiém ctia bai toan I1a
f(x)=ax+Db,
& day a va b 1a cac hang sé tly V. O

Tur két qua cua Bai todn 2.1 ta dan dén dinh 1y sau.

17
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Pinh 1y 3: Cho ¢:1 »> R la gidgi tich va khong afin, H cé dang (7) voi moi
x,yel trong d y:D—>R Véi D={p(x)+d(y)—d(x+Yy):x,yel}. Khi dé6 moi
nghiém cua (1) thoa mén

{f(x):Alo¢(x)+A2(x)+c, vxel, (16)
gew(s)=A(s)+c, VseD,
¢ ddy A, A, 1a cac ham céng tinh va c 1a hang sé bdt ky. Hon nita néu v kha
nguoc thi g c0 dang

g(s)=A oy i(s)+c, Vsey(D).
Ngueoe lai trong truong hop w khong kha nguweoe thi phwong trinh (1) Véi vé trdi
Ciia né la do dwge chi ¢é nghiém tam thuong.
Chirng minh: Cong thirc (16) dugc suy ra tir két qua cta Bai toan 2.1 va trudng
hop w kha nguoc ta nhan dugce khang dinh ngay tir cong thirc nghiém (16). Bay
gio xét truong hop w khong kha nguoc, khi d6 ton tai s,,s, e D:s, #5, nhung
w(s,) =w(s,), két hop voi (16) ta suy ra A (s,) = A(s,). Mit khac theo gia thiét
ham so

Fxy) =)+ F(y) = Fx+y) = AX) + () —p(x+y))+c

do dugc vado ¢ lién tuc va khong afin nén ham cong tinh A do dugc, vy ta nhan

duoc
A, (s) =bs,

trong d6 b 1a hang s6. Tuy nhién, tir dang thirc A (s,)= A(s,) Vi s, #s, suy ra
b=0. Vay (1) chi c6 nghiém tim thudng. O

Vi du 2.8: Tim tit ca cac ham f,g:R — R lién tuc sao cho
FOO+ F(y) - F(x+y)=g(x*y*), vxy. 17)
Giai: Ta c0 (17) la truong hop riéng cua (1) véi H(x,y) cb dang (7) trong do

2

#(x) =x*,VxeR, y/(s)=%,VSE R.

Ta cO v khong kha nguoc trén R va g lién tuc nén

F(x,y)=f(x)+ f(y)- f(x+y)=g(x*y*)

lién tuc hay F do duoc. Ap dung Dinh 1y 3 ta nhan dugc nghiém cua (17) la

18
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f(x) = A(X)+b,Vx e R,
g(s)=b,vseR.

Mt khéac theo gia thiét f lién tuc nén f(x) = ax+b,vx. Vay nghiém cua bai toan
la

f(x) =ax+Db, Vv,
g(s) =b, Vs,

trong d6 a,b 1a cac hing sb tly V.
Vi du 2.9: Tim tat ca cac ham f,g:R* — R lién tuc théa man
f(x)+ f(y)— f(x+y)=g(xy?), Vx,y>0.
Giai: Do x,y>0 nén y 1R~ > R* va y(s) = -2/s,Vs > 0. Vay bai toan d4 cho
cé nghiém
f(x) = ax® +bx +c, Vx>0,
g(s) = —2a+/s +¢,Vs >0
Vi a,b,c la cac hing sé bat ky. O
Nhan xét: Gia sir chiing ta tim dugc mot nghiém riéng khong tim thuong (f,,9,) Ccua
phuong trinh (1), ttc 13 ta c6 dang thirc
fo () + fo () = fo(x+¥) = g, (H (%, y)).

Do g, kha nguoc nén dang thic trén tuong duong véi

H(x,y) = 05" (o (X) + fo(y) = o (x+y),

suy ra trong truong hop ndy ham H cd dang (7), vay ta c6 thé coi H & dang (7) la
diéu kién can dé (1) ¢ nghiém khong tim thuong. Theo Pinh 1y 3 thi moi nghiém cua
(1) c6 dang

{f(X) =A o fo(X)+ A (X) +c,
g(s) = A °go(s) +c,
trong d6 A, A, 1a cic ham cong tinh va ¢ 12 hang s6 bat ky.

Mot cau hoi dat ra 1a néu H khdng c6 biéu dién & dang (7) thi (1) c6 nghiém
khéng tim thuong khong?

Bai toan 2.6: Cho ham H : (0,4w) x (0,40) — R xéac dinh nhu sau
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! , X, y>0:x+y<]
X+Yy
2—-X-Y, X,ye(0l):x+y=>1,
H(x,y)=11-x, xe(01),y>1, (18)
1-vy, ye(02),x>1,
(x=-D@1-vy), x,y=>1.

Chang minh rang (f,g) 1a nghiém cua (1) néu va chi néu ton tai cac ham cong tinh
A, A, :R— R vahangsd b sao cho

() = {Az(x) +b, x € (0,),
AX-1)+A,(x)+Db, x>1,

b-A@), s<0,
g(s)=<A(s-D+b, se(0,)),
b, s>1.

Hon nita, H khdng c6 biéu dién ¢ dang (7) v6i v kha nguoc.
Giai:
(i) Xét truong hop X,y >0 va x+y <1. Khi do6 (1) tré thanh

f(x)+f(y)=f(x+y)+g( 1 j

X+y
ta cO thé coi vé phai cta phuong trinh trén nhu 13 mot ham caa x+y tic 12 ta nhan

dugc phuong trinh Pexider, vi vay ta nhan dugc nghiém cua (1) 1a

f(x)=A,(x)+b, ¥xe(0,1) va f(x+y)+g(ij:A2(x+y)+2b, X+y<],
X+Yy

hay duong duong véi
f(x)=A,(x)+b, ¥xe(0)) va g(s)=b, Vs>1, (2.6.1)
trong d6 A, 1a ham cong tinh va b 13 hang so bét ky.
(if) x,ye(0,1) va x+y=>1:Do f(x)=A,(x)+b va f(y)=A,(y)+b nén (1) tro thanh
f(x+y)+9(2-x-y)=A(X+Yy)+2b,
hay
f(t)+g(2-t)= A, (t)+2b, Vt>1. (2.6.2)
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(iii) xe(0.1), y>1: Ap dung (2.6.1) suy ra (1) tré thanh

(A,(x)+b—g@-x))+ f(y)= f(x+Y).

Ta coi s6 hang dau ctia vé phai ctia phwong trinh trén 1a mot ham cua x thi phuong
trinh trén cling c6 dang Pexider, do d6 nghiém cua no la

f(y)=A;(y)+c, vy=1 (2.6.3)

va

A,(X)+b-gl-x)=A(x), Vxe(0]),
hay twong duong voi

g(s)=A,(1-s)+b—-A,(1-5), Vse(0,)), (2.6.4)
& day A, 1a ham cong tinh va ¢ 14 hang sd.
Mat khac tir (2.6.2) va (2.6.3) ta suy ra
g(s)=A,(2-s)+2b-A,(2-s)—c, Vse(0]).
Két hop voéi (2.6.4) ta nhan duoc
Al-s)+b-A,1-s)=A,(2-s)+2b—-A,(2-5s)—c,
hay
c=b-(A,0)-AQ) (2.6.5)
(iv) x,y >1: Ap dung (2.6.3) cho (1) ta nhan duoc
g(x-D@A-y))=c, vx,y=1,

noi cach khac

g(s)=c, Vs<0. (2.6.6)

Piat A = A, — A, va két hop voi cac cong thie (2.6.1), (2.6.3)-(2.6.6) ta nhan dugc
khang dinh cua bai toén.

Gia st H ¢0 dang (7) v&i w,¢ nao do, trong d6 v kha nguoc, khi d6 vai

1
X+Yy )

X,y>0 va x+y<1thitaco

¢(x) +o(y) —p(x+y) = l//l(

bat F(x,y) =¢(x) +¢(y) - ¢(x+y), khi do
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F(x, y):y/l(ﬁly} X,y >0:x+y<1.

ChU ¥ rang ta co
F(X,y)+F(x+vy,2)=F(x,y+2)+F(y,2),
do do

V/l( 1 j-i—l//l( 1 j:y/l( 1 j+l//1( 1 J VX,y,2>0:x+y+z<1.

Vay

Wl( 1 j:wl( ! } VX, y,2>0:x+y+z<],
X+Yy y+z

diéu nay 1a vO Iy véi x =z, suy ra H khong thé c6 biéu dién dang (7) v6i w kha
nguoc. N
Nhan xét: Cho ham H c6 dang (18), khi d6 tit ca cac ham f,g: (0,40) — R lién tuc
thoa mén (1) la

£(x) = cX+b, x € (0)),
~la(x=1) +cx+b, x>1
va
b-a, $<0,
g(s)=<a(s-1)+hb,se(0,)),
b, s>1.

Két luan: Bai giang ndy cho ching ta cach tiép can doi khi kha hién dai vé mot 16p
phuong trinh ham. Tuy nhién, qua d6 ching ta hoan toan cé thé xay dung duoc mot sb
bai todn vé phuong trinh ham ma c6 thé cho hoc sinh phd théng giai theo cach so cap
(cac vi du trong bai giang). Trudc khi két thic, ching ta c6 thé chi thém nhiing vi du
sau va hy vong bai giang phan ndo gilp c4c thay, co trong viéc chudn bi cac bai giang
bdi dudng hoc sinh gioi Toan.

(1) Lay ¢(x)=x* va w(u) _._3 thi ta nhan duoc bai toan: Tim tit ca cac ham
u

f,g:R" — R thoa mén

f(x)+f(y)—f(x+y):g( j vx,y > 0.

Xy(x+Y)
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(2) Chon ¢(x)=e*-1 va w(u)=u ta cO bai todn: Tim tit ca cac ham
f,g: R —> R thoa mén

FO0+ F(y)— F(x+y) =g(e* -Da—e’)) wxy.
Tai liéu tham khio
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