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CAC KY HIEU

Trong cuén luan van nay ta st dung cac ky hiéu sau:

Tap cac sb thuc duge ky hiéu 1a R.

Tap cac sb thuc khong am duge ky hiéu 1a R”.

Tap cac sb hitu ti duoc ky hiéu 12 Q.

Tap cac sb nguyén dugc ky hiéu1a Z={...,-2,-1,0,1,2,...}.
Tap cac sd ty nhién duogc ky hidu 1a N={1,2,3,..}.

Tap cac sé nguyén duong dugc ky hiéu 12 Z* hoic N
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LOI NOI DAU

Do tinh doc d4o cua ham phan nguyén, thi dy, hdm phan nguyén vira
don gian (12 ham hang timg khiic) lai vira phiic tap (gidn doan tai cac diém
nguyén nén kho 4p dung cac cong cu cia giai tich), nhiéu bai toan hay vé
phan nguyén da duogc sir dung lam dé thi hoc sinh gioi cac cip, trong do6 c6 rat
nhiéu cac dé thi hoc sinh gidi qudc gia va Olympic quédc té. Mit khac, ham
phan nguyén c6 nhiing tng dung quan trong khong chi trong toan hoc phd
thdng, ma con trong nhiéu van dé cua toan tmg dung va cong nghé thong tin
(1am tron sd, tinh gan dang,...). Phan nguyén ciing thé hién su két ndi giira

tinh lién tuc va tinh roi rac, gitra toan giai tich va todn roi rac nén khé tha vi.

Li thuyét va bai tap vé phan nguyén rai rac da co trong céc sach va céac
tap chi, thim chi da 1a nhirg chuyén dé trong mot sé sach vé sé hoc (xem [3],
[5], [8]). Tuy nhién, hinh nhu chua c6 mot cudn sach ndo viét du phong phu
va téng hop vé phan nguyén. D6 chinh 1a 1i do dé tac gia chon dé tai nay lam
luan van cao hoc.

Luan van Ham phdn nguyén va ing dung ¢6 muc dich trinh bay cac
kién thtrc co ban cua ham phan nguyén va tng dung cua né trong giai toan so
cap, cu thé 1a trong sb hoc, dai s va giai tich (toan chia hét, giai phuong
trinh, tinh chét cua ddy, tinh giéi han, tinh tong cua ddy, chudi,...chira phan
nguyén). Pong thoi luan van ciing trinh bay méi quan hé mat thiét cua phan
nguyén véi cac dang toan khac (ddy truy hdi, nhj thirc Newton, hé dém,...).
Dic biét luan vin tdp hop mot khdi lwong 16n cac bai toan thi v dich qudc
gia va qudc t& minh hoa cho Ii thuyét vé phan nguyén.

Luan vin gom ba chuong.

Chuong 1 trinh bay c4c dinh nghia va tinh chat co ban ciia ham phan

nguyén va do thi cia ham phan nguyén.
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Chuong 2 trinh bay mét sé dang toan chira phan nguyén trong s6 hoc
va dai sd (toan chia hét; tinh toan va chiang minh cac hé thirc chira phan
nguyén; giai phuong trinh va hé phuong trinh chira phan nguyén;...).

Chuong 3 trinh bay mot s6 dang toan chira phan nguyén trong giai tich
(cac tinh chat nhu tinh bi chin, tinh tuin hoan cua dy sd; tim sb hang va tinh
gidi han cua day sb, tinh tong hitu han cta day sb, tinh tong cta chudi chua
phan nguyén, ...).

Nhiéu vi du va bai toan tap hop trong luan vin da dugc dwa vao ban thao
cubn sach cua tac gia luan van viét chung v6i Thay hudng dan va Thac si
Nguyén Thi Binh Minh. Vi han ché sb trang luan vin, trong mdi chuong,
ching tdi ¢d gang trinh bay cac van dé 1i thuyét 1am co s& dé phan loai va
tong két cac phuong phap giai timg dang toan chira phan nguyén. Cac vi du
minh hoa phwong phap duoc lwa chon mang tinh chat dién hinh, sé luong 16n
bai tap thé hién sy phong phi mudn hinh vé cua tng dung ham phan nguyén
trong giai todn va d duoc giai chi tiét trong [2] nén khéng trinh bay lai trong
luan van nay.

Luan van dugc hoan thanh dudi sy huong dan khoa hoc cua PGS TS Ta
Duy Phuong. Xin dugc t6 10ng cam on chan thanh nhat t6i Thay.

Tac gia xin chan cam on Truong Pai hoc Khoa hoc Thai Nguyén, noi tac
gia d& hoan thanh chuong trinh cao hoc nganh toan.

Va cudi cing, xin cam on gia dinh, ban bé va dong nghiép da cam thong,

tng ho va gilp d& trong sudt thoi gian tac gia hoc cao hoc va viét luan vin.

Ha Noi, ngay 15 thang 9 nam 2010

Tac gia

Nguyén Thi Hong Hanh
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Chuwong 1
CAC KIEN THUC CO BAN VE PHAN NGUYEN

§1 KHAI NIEM VE PHAN NGUYEN

Pinh nghia 1.1 Cho mét sb thuc x € R. S6 nguy#n 16n nhit khong vuot qua
x duoc goi 1a phan nguyén (integer part, integral part) hay san (floor) cua x.
Ta thuong ki hiéu phan nguyén caa x 1a [X] Nhiéu tai liéu goi phan nguyén
cuia x 13 san va ki hiéu phan nguyén cua x 1a | x|, vi san c6 lién quan mat
thiét voi khai niém tran [ x] ciia X. Hai khai ni¢m tran va san thuong dugce
sir dung trong tin hoc. Trong luan van ndy ta s& dung ca hai ki hiéu phan
nguyén (san) la [x] va | x].

Pinh nghia 1.2 Cho mét sb thuc x € R. S6 nguyén bé nhat khong nho hon x
duoc goi 1 tran cua x va ki hiéu 1a [ x].

Dinh nghia 1.1 va Dinh nghia 1.2 twvong duong véi:

Z<X<Z+1 {O£x—2<1;
=
ze’.

va

Z2-1<x<1z; 0<z-—-x<1
[x]=z< o
ze’. ze’.

Hon nita, [ X|=| x| néu xeZ va [x]=| x|+1 véimoi xgZ.
Pinh nghia 1.3 Phan dw (phan thdp phan, phan Ié, gid tri phdn - fractional
part, fractional value) cua mét sé thuc X, ki hiéu 1a {x} dugc dinh nghia baoi

cong thirc {x} = x—[x].
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Tu Pinh nghia 1.3 ta suy ra ngay, 0<{x} <1 v6i moi xeR va {z} =0 khi va
chi khi z 1a s6 nguyén.

Ta biét ring, v6i mdi x € R thi ton tai s nguyén zeZ sao cho z< x<z+1.
Pinh nghia 1.4 Gia tri nho nhat giita hai s6 x—z va z+1—x duoc goi 1a
khodng cdch tir x dén s6 nguyén gan né nhat va duoc ki hiéu 1a ]x[ .

Taco |x[=|x—2|<0,5 véi moi Xx.

Pinh nghia 1.5 S6 nguyén gan mét sé thuwe x nhdt duoc ki hiéu 1a (X) va
(x) dugc goi la s6 /am tron cia X.

Khéi niém 1am tron s duoc s dung rong rdi trong may tinh.

Pé x4c dinh, néu c6 hai s6 nguyén clng gan x nhat (nghia 1a khi
x=2+0,5=(z+1)-0,5 thi z va z+1 cling c6 khoang cach t¢i X béng 0,5
(x—z=2+1-x=0,5) thi ta qui udc chon sé 1én, tirc 1a néu z<x<z+0,5,

thi (x)=z,connéu z+0,5<x<z+1thi (x)=z+1.

§2 CAC TiNH CHAT CO BAN CUA PHAN NGUYEN

Tir cac Pinh nghia 1.1 - Pinh nghia 1.5 ta di dén cac tinh chit tuy don gian
nhung rat co ban va hay str dung sau ddy cua phan nguy@n. C4c tinh chat nay
d& dugc chimg minh chi tiét trong [2], vi vay dudi ddy ching t6i chi liét ké

ma khong ching minh.
Tinh chat 2.1 Véi moi x e R ta co
a) [X]<x<[x]+1hay x-1<[x]<x;

b) [x]|-1<x<[x] hay x<[x]|<x+1.

Dau bang xay ra khi va chi khi x 12 s§ nguyén.
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Tinh chat2.2 x=[x]+{x}; 0<{x} <1; x={x} < 0<x<1.

Hé qua 2.1 [x+2z]=z thi zeZ va 0<x<1.

Tinh chat 2.3 [x+z]=[x]+z; {x+2z}={x} véimoi z€Z.

Dao lai, {x} ={y} thi y=x+1z v6i zeZ nao do.

Tinh chat 2.4 Néu x e Z thi [x]=x va {x} =0.

Nguoc lai néu [x]=x hodc {x} =0 thi xeZ.

Néu x e Q la sb hitu ti nhung khdng phai 1a s6 nguyén thi {x} ciing 1a mét sb
hitu ti thudc khoang (0;1).

Néu xeR 13 s vo ti thi {X} cling 14 mot sb vo ti thudc khoang (0;1).

Tinh chéit 2.5 Phan du, san va trin c6 tinh chit luj dang (idempotent), tirc 1a

khi hai lan ap dung phép toan thi két qua khong doi:
{{xt} = ()3 [[] =[] va [[xT] =T x] vei moi xe.
Hon nita, {[x]} =[{x} |={[x]} =0 véi moi xeR.
Nhung [ {x} |=0 va[[x]]|=[]x]]=x véi moi xe Z;
1311, [[X]]=[x) = x]-2=[T X]] -1 vsi moi xe 2,
Tinh chit 2.6 Céac qui tic d6i chd (hoan vi), két hop cua phép toan cong va

phép toan nhan; qui tic két hop gitta phép toan nhan va phép toan cong van

dung cho phan nguyén va phan du.
Tinh chét 2.7 Phép 1am tron s6 (x) thong thuong nhu dd néu trong Dinh

nghia 1.5 chinh 1 phép lay phan nguyén cua x+0,5, tic 1a (X) :[X+0,5].
Tinh chat 2.8 Néu [x]=[y] thi [x-y|<1 hay -1<x-y<1.

Tinh chat 2.9 Néu x> y thi [x]>[y]. Ddo lai, néu [x]>[y] thi x>y.
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Tinh chit 2.10
a) C4 hai s6 x va y la hai s nguyén khi va chi khi {x} +{y}=0.
b) Trong hai s6 x va y c6 mot sb nguyén va mot sé khong phai 1a s6 nguyén
thi 0<{x}+{y}<1.
c) Hai s6 x va y khong nguyén cé tong x+y la mot sé nguyén khi va chi
khi {x}+{y}=1.
Tinh chat 2.11a V&imoi x,yeR taco
{x+yb<{x}+{y} <{x+y}+1; [x]+[y]<[x+ y]<[x]+[y]+1.
Nhan xét 2.1 Tinh chit 2.11a c6 thé duoc phat biéu dudi dang sau.

£ X|+ khi 0<{x!+ <1
Tinh chat 2.11b [x+y]= [x]+[v] _ {x}+{yj
[x]+[y]+1 khi 1<{x}+{y}<2.
Tinh chét nay ciing dugc viét dudi dang sau day.
[x+y]  khi 0<{x}+{y}<%

Tinh chat 2.11¢ [X]+[y]{[x+y]—1 i 1< x4y} <2

Hé qua 2.2 [ZX] > 2[X] Vo1 moi Xxe R.

Hé qua 2.3 [-x]=—[x] va {-x} ={x} =0 néu xe Z;
[x]+[-x]=-1va {-x} =1-{x} néu x e Z.

Hé qua 2.4 [x} :—[—X] voimoi XeR.

Tinh chit 2.12a Véimoi x va y 1a c4c sb thuc ta co
[2x]+[2y] 2 [x]+[y]+[x+y]=2([x]+[y])

va [2{x}]+[2{y} ]2 [{x}+{v}].

Nhan xét 2.2 Tinh chit 2.12a c6 thé duoc viét dudi dang sau.

Tinh chét 2.12b a) Néu max {{x},{y}} <% thi
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[2{x}]+[2{y}]=0=[{x}+{¥}]

va [2x]+[2y]=[x]+[y]+[x+Yy]=2[x]+2[y].
b) Néu min{{x},{y}}<%£max{{x},{y}}s{x}+{y} <1thi

[2{x} ]+ [2{y}]=1=[{x} +{y}]+1

va [2x]+[2y]=[x]+[y]+[x+y]+1=2[x]+2[y]+1.
¢) Néu min{{x},{y}}<%£max{{x},{y}}<1s{x}+{y} thi
(200 ]+ [2{y}]=1=[{x}+{¥}]

va [2x]+[2y]=[x]+[y]+[x+ y]=2[x]+2[y]+1.
) Néw 2 < min{{x},{y}} thi [20x)]+[2{y}]=2=[{x}+ {y}]+1
va [2x]+[2y]=[x]+[y]+[x+ y]+1=2[x]+2[y]+2.

Tinh chat 2.13 V&i moi xe R ta ludn co

{{x}+ﬂ:[2 }] va [x+ } [2x]-[x].

Hé qua 2.5 V&i moi sd nguyén duong ta ludn co [g} + {nTH} =n.

Tinh chat 2.14a Vi moi x,y € R ta ludn c6
[ix}={y}]<0va[x]-[y]=[x-y].
Nhan xét 2.5 Tinh chat 2.14a c6 thé phét biéu dudi dang sau day.

[x]=[y]  khi {y}<{x};

Tinh chat2.14b [x—y]= {

[x)-[y]-1 kni {x}<{y}
Tinh chat 2.14c [x]-[y]= {[[: ;/]]+1 ::.I i:}l{{;i
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Tinh chét 2.15 V4i moi sb tu nhién n va véi moi s6 thuc x e R ta c6
n[x]<[nx]<n[x]+n-1.

Tinh chat 2.16 Véi moi sé thuc x khdng phai 1a s6 nguy@n va véi moi sb

nguyén n ta luén c6 [x]+[n—x]=n-1.

Tinh chit 2.17 Véi moi s6 nguyén duong n va véi moi sd thue x ta ludn co:

[x]+{x+ﬂ+...+{x+n7_l}:[nx].

Tinh chéat 2.18 Véi moi xe R va n 1a s6 ty nhién ta ludn c6 {—} = {U}
n

Tinh chat 2.19 Vi moi s6 tu nhién k >3 va moi sd tu nhién n ta co

2n n n+2
— == |+ —
k k k
Tinh chat 2.20 Cho k;, k,, ..., k. 1abo n sé nguyén duong. Khi dy

kl+k2+...+kn2{k1+k2+'"+k“}+n—l.
n

Tinh chit 2.21 Véi moi s6 nguyén k ta ludn c6 {EJ + {g—‘ =k.

Tinh chit 2.22 Cho «, 8 la nhiing s6 vo ti duong sao cho lJr%zl. Tap
o

{a,}7, ={la].[2a].[3a].,..} va {b,}" ={[B].[28].[3B]...} tao thanh m¢t phén
hoach cua tap sb nguyén duong, tirc 14 {a,}”, va {b,}" lacac tap khong giao
nhau va hop ctia ching bang chinh tap tit ca cac sd nguyén duong.

Tinh chat duéi day dugc sir dung nhiéu trong tin hoc.

Tinh chat 2.23 Cho a va b>2 la c4c sé tu nhién bét ki. Khi ay [log,a]+1

chinh 12 sb cac chir s6 cua mot s6 a viét trong hé dém co sb b.
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§3 HAM PHAN NGUYEN VA PO THI HAM PHAN NGUYEN

Tir cac dinh nghia phan nguyén (san), tran, phan du, s6 1am tron trong §1, ta
c6 thé dua ra cac dinh nghia sau day.

Ham san Ham f :R —Z, f(x):=[x] cho twong ing mdi s6 xR voi phan
nguyén [x]eZ ciia n6 duoc goi 1a ham phdn nguyén.

Trong mot sb tai liéu, ham phdn nguyén con duoc goi 1a ham san (floor
function) va ngoai ki hiéu f(x):=[x] con dugc kihiéula f(x):=|x].

Po thi ciia hAm phan nguyén

y=|x| + *=—0

— | Hinh 1
Ham phan nguyén 12 ham hang sé tirng khiic (nhan gié tri khong doi trén ting
nua khoang [Z; z +1) Véi z€Z); gian doan logi mot tai cac diém zeZ voi
d6 1éch khong d6i bang 1 ( lim £ (x) - lim f (x) =1, tirc 14 hi¢u gitta gioi han
ctia ham sb khi d6i sé x tién toi n tir bén phai va tir bén trai bang 1).
Nhu vay, ham phan nguyén khdng lién tuc (gian doan loai 1), nhung 14 nira
lién tuc trén. Do nd 1a ham hang timg khuc nén dao ham cia nd ton tai va
bang 0 tai moi diém khong nguyén va dao ham khong ton tai (thAm chi ham

s6 khong lién tuc) tai cac diém nguyén.
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Ham tran Ham f:R—>7Z, f(x)= [ x] cho twong trng mdi s xR Vv&i trin
[x]eZ cuané dugc goila ham tran.

Po thi ciia ham tran

Hinh 2
Ham tran 1a ham hdang s6 timg khiic (nhan gia tri khong dbi trén timg nira
khoang (z;z +1] V6i z € Z); gidn doan loai mét tai cac diém x=1z, zeZ Véi

d6 1éch khong doi bang 1 ( lim f(x) - lim f(x)=1).

o r
Vay, ham tran khong lién tuc, nhung 13 nira lién tyc dudi. Do n6 1a ham hang
tirng khiic nén dao ham cua né ton tai va bang 0 tai moi diém khong nguyén
va dao ham khong ton tai tai cac diém nguyén.

Mt khac, do thi ciia ham tran c¢6 thé nhan dugc bang cach tinh tién do thi
ham f(x):=[x] 1én trén (theo tryc tung) 1 don vi trén cac khoang (z;z+1),
z €7 . Tuy nhién, tai cac diém nguyén thi chiing nhan céc gié tri khac.

Ham phin dw Ham f :R —[0;1) tir tap s6 thuc R vao tap con [0;1) cia tap
so thue R, f(x):={x} véimoi xeR cho twong tmg m&i sb thuc x véi phan

du {x} ciané duoc goila ham phdn duw (hay ham phdn phdn, ham phdn [é).

Do thij ciia ham phan dw f (x) = {x} =x—[x]
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LLLL L,

Hinh 3
Ham phan du chi nhan gia tri trong nira khoang [0;1), tang tung khic (tang
trén tung nira khoang [Z; Z +1) V6i 2 € Z) va gidn doan logi mét tai cac diém
X=2, Z&Z Vi lim f(x) - lim f (x)=1. Ddc biét, ham phan du 1a ham tuan
hoan véi chu ky 1, nghia la {x+1} ={x} v6i moi xeR.

Ham khoing cach Ham f :R —[0;0,5] cho twong mg mdi s thuc X Véi
khoang cach t6i s6 nguyén gan né nhat dugc goi 1 ham khodng cdch tir x téi
s6 nguyén gan né nhat va ki hiéu 1a f (x):=]x[.

Ham khoang cach chi nhan gia tri trong doan [0;0,5], tang tung khuc trén
ting doan [z;z+0,5] va giam tirng khiic trén [z2+0,5;z+1] voi zeZ. Ham
khoang cach 1a ham lién tuc va tuyén tinh ting khiic. Bac biét, hAm khoang
cach la ham tudn hoan véi chu ky 1, nghia 1a |x+1 =]x[ véimoi xeR.
Ham lam tron Ham f :R — Z tir tap s6 thuc R vao tap sb nguyén Z cua
tap s thuc R, cho twong tng mdi sb thuc X véi s6 nguy@n gan né nhat duoc
goi 1a ham lam tron va ki hiéu 1a f (x):=(x).

Nhan xét 3.1 Ta ludn c6 (x) =[x +0,5] véimoi x (xem Tinh chét 2.7 §2).
Do thi ciia ham [am tron f (x) =(x) =[x +0,5]

Do thi ciia ham f (x) =(x) chinh 1a d6 thi cua ham f (x)=[x] tinh tién sang

bén trai 0,5 don vi (cd thé thiy rd diéu ndy qua so sanh hai db thi).
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Hinh 4
Tur Tinh chat 2.3 §2 suy ra mot tinh chét tha vi ctia ham phan du sau day.
Tinh chat 3.1 Ham phan du va ham khoang cach (tir x t6i s6 nguyén gan no
nhat) 1a ham tuan hoan véi chu ki nho nhat bang 1.
Ta nhic lai rang ham ¢:R — R xac dinh trén tap sb thuec R va nhan gia tri
cling trong tap sd thuc R duoc goi 12 tuan hodn néu ton tai mot sé duong T
sao cho X+ T e X va @(X+T)=¢(x) voi moi XxeR.
S6 T duoc goi 1a chu ki cta ham tuan hoan ¢(x).
Hién nhién, néu ¢(x) 12 ham tuan hoan chu ki T thi @(x)ciing 1a ham tuan
hoan chu ki nT véi moi sb ty nhién n. That vay, vi ¢(x) 1a ham tuan hoan
chuki T nén véimoi Xxe R ta co:

o(X+nT)=p(X+(N-DT +T) =X+ (N-DT) =...=(X).

Chung to ¢(x) 12 ham tuan hoan chu ki nT véi moi s ty nhién n.
S6 T, >0 nho nhit (néu cd) trong sb tat ca cac chu ki duge goi 1a chu ki chinh

hay chu ki co' s¢ ctia ham tuan hoan ¢(X).

Pé ngin gon, khi n6i ham @(x) 1a tuan hoan véi chu ki T, ngudi ta thuong

hiéu T 1a chu ki chinh T, (néu c6) ctia o(X).

Thi du, vi {x+n}={x} véi moi ne N nén ham phéan du y={x} c6 chu ki la

T =n v6i moi n 12 s6 ty nhién va chu ki chinh 1a T, =1 (xem Hinh 3).
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Tuong ty, vi [x+n[=]x[ véi moi neN nénham y=]x[ céchukila T =n
véi moi n 14 sb tw nhién va chu ki chinh 12 T, =1.

Nhan xét 3.2 C6 nhitng ham tuan hoan khéng c6 chu ki chinh.

Thi du Ham Dirichlet y = y(x) dugc dinh nghia nhu sau: y = y(x) =1 khi x
2 s6 hiru ti; y = x(x)=0 khi x 1as6 v ti 1a mot ham tuan hoan c6 chu ki Ia
s6 hiru ti g bat ki. Tuy nhién, vi tip Q° cac s hiru ti khéng am khong c6 sb

nho nhét (voi mdi sé hitu ti >0 ta ¢ thé tim duoc sb % nhé hon ¢ ciing 1a

s6 hiru ti) nén ham s y = y(x) khong cé chu ki chinh, tirc 12 khong ton tai sb
T, >0 sao cho T, <q v&i moi chu ki q (v6i moi s6 hitu ti q). Vay y = x(X)
la ham tuan hoan khéng c6 chu ki chinh.
Pinh nghia Ham y = f(x) xac dinh trén tip X <R duogc goi 1 phan tudn
hoan chu ki T >0 néu v&i moi xe X tach

X+TeX va f(x+T)=-f(X).
Tinh chat 3.2 Néu y = f(x) 1a phan tuan hoan véi chuki T >0 thi y= f(x)

| tudn hoan véi chu ki 2T > 0. P4o lai khong ding.
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Chwong 2

PHAN NGUYEN TRONG TOAN SO HQC VA PAI SO

§1 PHAN NGUYEN TRONG TOAN SO HQC
1.1 Mt s6 tinh chat b6 sung vé sé nguyén va 4p dung trong toan sb hoc

Nhiéu bai toan s hoc lién quan mat thiét véi phan nguyén.
Ngoai céc tinh chat chung cho phan nguyén néu trong §2 Chuong 1, ta cOn c6
mot s tinh chat khac kha thu vi riéng cho cac sb nguyén va hay duoc ap dung

trong bai tap sau day. Chirng minh céc tinh chat ndy c6 thé xem trong [2].

Tinh chat 1.1 Gia sit r 1a phan du khi chia mot s6 nguyén m cho mot sé

nguyén duong n, m=pn+r véi re{0,1..,n—1}. Khi dy r:m—n[%}.

Tinh chat 1.2 Néu p va q la nhimng s6 nguyén dwong sao cho P khong phai
q

la 6 nguyén thi 2> [E} ey
qa la] g

Tinh chat 1.3 Cho g la s6 ty nhién, x 1a s6 thuc duong bat ki. C6 dung {5}
q

s6 tw nhién khong vuot qua x va chia hét cho q.

Hé qua 1.1 Cho g va n 1a cac sb ty nhién bat ky. Trong ddy cac b 1, 2, ..., n

co dung {E} s6 chia hét cho Q; {%} s6 chia hét cho ¢?; {%} s6 chia hét
q q

cho ¢?; ...; {q—nk} s6 chia hét cho q*.
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Ta nhic lai, mot sd ty nhién bao gid ciing c6 mot phan tich duy nhét ra thira
s6 nguyén to, tirc 12 n = p™ p22...p% véi p; la cac s6 nguyén té khac nhau va

o, 1a cac sb ty nhién,

Tinh chét 1.4 (Cong thirc Polignac) S6 mii cao nhét k cua thira s nguy@n t6

q trong phan tich n! ra thira sé nguyén té bang k = {g} + {q—nZ} + [%} T

Thi du Phan tich 6! ra thira s6 nguyén t6: 6!=2%3%25%7%_ p

Taco o, = 6 + % + % +...= 6 + % =3+1=4;
2 2 2° | 2] | 27]
o, = g + 3% + % +...= g + 3—62 =2+0=2;
oy = g + = + 5—63 +.o.= g + 5% =1+0=1; a,=a;=...=0.

Viy 61=23%5.

Ky

p:

Tinh chat 1.5 Néu p 12 s6 nguyén té thi ch = chia hét cho p voi

moi i thoa man diéu kién 1<i< p* —1.
Tinh chat 1.6 (Cong thirc Legendre) Sb cac sé trong ddy 1, 2,3,...,n khong

chia hét cho mot trong cac sb nguyén tb Py Pysey P duoc tinh theo cong thire

B(N; Py, Pyyees Py) = n({£}+{1}++{1} +
Py P, Py

e e bl ool R
+ + +ont —~ + Foh | —————
[ P.P; P1Ps Py-1 Py PuP2Ps | [ PiP2Py Py—2 P Pk

ot (1) {ﬁ}
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Thidu 2.1 Trong day s6 1,2,...,32 ¢c6 96 1,7,11,13,17,19, 23, 29, 31 khong

chia hét cho mot trong cac s6 2,3,5.Taco

ocezan - 3|+ S 3] 55) %]
=32-(16+10+6)+(5+3+2)-1=09.

Céc tinh chit néu trén duoc st dung trong mot $6 dang toan s6 hoc dudi day.

Bai toan 1 Tim chir sb tan clng ciia mdt sé tu nhién
Phuong phap Sir dung cac tinh chit ciia phan nguyén

Pé tim chir sd tan clng cua mot s ta thuong st dung cac tinh chit chung vé
phan nguyén trong §2 Chuong 1 va cac tinh chat ciia phan nguyén néu trén.

Pic biét, mot s6 chin chuc (cé tdn cling bang 0) phai chia hét cho 2 va cho 5.
Thi du 2.2 (Olympic Moscow, Vong 1, 1940)

Hoi 100! ¢6 tan cling bang bao nhiéu chit s 0.

Giai Theo Tinh chit 1.4, s6 mii cao nhit cua 2 va cua 5 trong phan tich 100!
ra thira s6 nguyén to s& 1a:

100 + 1020 +{1030}+[1OP}+[10£}+[1060}:50+25+12+6+3+1:97.
2 ] L2 2 2 2 2

100 | _100} {100
+

_+_
5 | |25 |125

} =20+4+0=24.

Nhu vay, 100!=5% x 2% xk = (5x 2)* x q=10* xq.

Trong phan tich sé q ra thira s nguyén té khong c6 sd 5 ndo nén q la sb
chin nhung khong phai 1a s6 chin chuc. Vay 100! ¢6 tan ciing la 24 chir s6 0.
Thi du 2.3 (Thi hoc sinh gioi bang New York, 1985. Cau hoi dong doi)

C6 bao nhiéu s6 nguyén duong n sao cho n! c6 tan ciing bai 25 chir s6 0.
Giai Dé n! c6 tan cing boi 25 chir s6 0 thi n! phai dwoc phan tich ra thira sb

nguyén té dang n!=10%q=(5.2)q=5%.2.q, trong d6 q khdng phai 1a s6
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chén chuc, nghia 1a 25 phai 1a 6 mii cao nhit cia 5 trong phén tich cta n! ra
thira sb nguyén to.

Theo Tinh chit 1.4, s mii cao nhét cia 5 trong phan tich ctia n! chinh Ia:

n n n «
Sn:{g}+{5—2}+...+{5—k}:25. *)

D& thiy rang voi n=105 thi 5105:[%}{1%}:25. Hon nita, vi

Sy = [%} + [1;—24} =24 nén n=105 la s6 nho nhét théa mén diéu kién nay.

Bén s6 tiép theo 1a 106, 107, 108 va 109 ciing thoa man diéu kién (*). Voi

n=110 ta cd S, :{%}{%} = 26. Vay chi ¢6 nam s6 105!, 106!, 107!,

108! va 109! cd tan cling bang dung 25 chit s6 0.
Bai toan 2 Toan chia hét
Phwong phap Sir dung cac tinh chit ciia phin nguyén

Thi du 2.4 Ching minh ring n!'=1.2.3..n khong chia hét cho 2".

Giai Theo Tinh chit 1.4, sé mil cao nhét cta 2 trong phan tich n! ra thira s6

nguyén té 1a: k =| 2 |+ 12 Fot Lm véi 2" <n< 2™t
2 2 2

. .. . . In]l_n|n n n n
Vi [x] < x véimoi x nén | — s-;[—Z}S—Z;[—}S—m.
2 2 |2 2 2" 2

Cong timg vé ctia m bét dang thuc trén ta co:

Vay k <n va n!=1.2.3...n khéng chia hét cho 2".
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Bai tap 2.1 (Olympic 30.4 lan thir 14, 2008. Dé thi dé nghi, THPT chuy@n L&
Quy Pon) C6 bao nhiéu s6 nguyén duong n khong vuot qua 2008 thoa méan
CJ khong la boi ciia 4. (C* 1a ki higu t6 hop chap k ctia n phan tir)

Bai tap 2.2 Tim luy thira cao nhéat k ctia 7 ma 1000! ¢6 thé chia hét cho 7.
Bai tap 2.3 Chuing minh rang 1300! chia hét cho 169%.

Bai tap 2.4 (Thi hoc sinh gioi cac vung cia Mi, 1986. Cau hoi ca nhan;
Olympic 30.4 lan thir 10, 2004, 16p 10. Dé thi dé nghi, THPT Sa Pec, Dong
Thap) Tim sé nguyén duong nhoé nhat N sao cho N! chia hét cho 12',

Bai tap 2.5 Ching minh rang néu (n—1)! chia hét cho n thi n khdng phai la
s6 nguy@n tb.

Bai tap 2.6 Trong cac s6 ty nhién tir 1 dén 250 c6 bao nhiéu sé khong chia
hét cho dting hai trong ba s6 2, 5, 7.

Bai tap 2.7 Trong cé4c sé tu nhién tir 1 dén 10° c6 bao nhiéu s6 dong thoi
khong chia hét cho 6,9,15.

Bai tap 2.8 (Thi hoc sinh gioi Qudc gia, 1995) Tim s6 tu nhién Ion nhét k
thoa mén didu kién: (1994!)"" chia hét cho 1995".

Thi du 2.5 (Thi hoc sinh gidi bang New York, 1986) Khi biéu dién trong hé
dém co s6 8, N! duoc két thiic boi ding 21 chir s 0. Hay tim sé nguyén
duong 16n nhat N c6 tinh chat nay (tim biéu dién ciia N trong co sb 10).
Giai Trudc tién ta giai thich déi chut vé hé dém co sb 8.

Theo thuat toan Euclid, bat ki mot sé ty nhién n ndo ciing déu phan tich duoc
ra liiy thira ciia 8 dudi dang n=a 8 +a _,8"'+..+a8+a,, trong do
a,,a,,..., &_,, 8 Nhan mot trong cac gia tri 0,1,2,3,4,5,6,7 va a, =0. Diéu
nay cho phép biéu dién bat ki s6 tw nhién n nao dudi dang n=a,a,_,...a,a,
V6i cac hé s6 1a mot trong 8 ki tu 0,1, 2,3, 4,5,6, 7. Biéu dién nay duoc goi 1a

biéu dién ciia n trong hé dém co so 8.
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Pé tim biéu dién ctua mdt s trong co sb 8 ta phai phan tich sé d6 duéi dang
[ty thira cua 8. Thi dy, 16,, = 20,; 63, =774; ...

Pé mot s6 12 “chin chuc” trong hé dém co s6 8, s6 d6 phai c6 dang a.8* trong
hé dém co s6 10. Thi du, 16, = 2.8"; 100, =8 =64; 1000, =8° =512, ...

Bay gio ta di giai bai toan.

Vi khi biéu dién trong h¢ dém co s6 8, s N! duge két thuc boi diang 21 chir
s6 0 nén N! phai 12 boi ciia 8% =2%, nhung N! khong 12 boi ciia 8% = 2%,
Nghia 13, trong phan tich cta ra thira s6 nguy@n t6 thi s mii cao nhat S cua
2 phai thoa mén diéu kién 63< S, <66. Theo Tinh chat 1.4 §1 Chwong 2, sb

mii cao nhét ciia 2 trong phan tich ciia N! ra thira s nguyén t6 dugc tinh theo

cong thirc 63< S, :[%}+[%}++[% <66.

S6 N nho nhat thoa man bat dang thic trén 1a N =64 vi

Ses = o4 + % + % + % + % + 6—? =32+16+8+4+2+1=63,
2 2 2 2 2 2

con

Sgs = 53 + 6—? + 6—3 + 6—? + 6—3 =31+15+7+4+1=58.
2 2 2 2 2

Ta co: 641=2%x(; 65! =64 65=2%x65(;

66! =645 65x 66 = 2% x 65x 660 = 2% x 2x 65x 330 = 2% x q,
67!=6465x66x67 =2%q, x67 =2% xq,; véi q, g, q, 146 1¢;
Nhung

68!= 64k 65x 66 x 67 x 68 = 2*'q, x68=2%q, x2* x17 =2% x g .

Viy, 68! c6 thira sé 2% =8% trong phan tich ra thira sé nguyén t5, hay 68!
6 22 chir s6 0 trong hé co sb 8. Do d6 s6 N 16n nhit ma trong phan tich N

ra thira s6 chira 2% =82, hay N! cd 21 chit s6 0 trong hé co sb 814 N =67.
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Bai tap 2.9 (V6 dich toan Bungaria, 1968) Ching minh rang C* 1a sb 1¢ khi
va chi khi sé k,ne N thoa man diéu kién: Néu & mot hang nao do6 cua sb k
trong hé dém co s6 2 1a chit s6 1, thi & cung hang d6 cua sé n trong hé dém

co sd 2 ciing 1a chir s6 1.
1.2 Nhj thirc Newton va tng dung trong toan s6 hoc chira phin nguyén

Pang thire 2.1 Vi moi a,b 12 cac s6 nguyén; x 1a s nguyén duong khong

, Y Y ~ n
chinh phuong; n 12 sb tu nhién, ta c6 thé biéu didn (a + b/x ) dudi dang

<a+b\/§)n = A +B/x va (a—b\/;)n = A —-B X,
trong d6 A, B 1a cAc s6 nguyén.
Chirng minh 1 Véi n=2 ta co: <a+b\/§)2 = a?+2aby/x +b2x = A, + B,+/x.
Suyra A =a’+b’x va B, =2ab, A, va B, la nhiing s6 nguyén.
Tuong tu, (a—b\/;)z —a? —2aby/x +b2x= A, — B,"/x.
Theo gia thiét qui nap ta co:
(a+bvx)™ = (A, +B,x)(a+bvx)=(ah, +bB,x)+(aB, +bA )X,

Vay A, =aA +bB x va B, =aB, +bA lanhiing s6 nguyén.
Va ta ciing co:
(a—b\/i)n+1 = (A, —B,Vx)(a=byx)=(aA, +bB x) - (aB, +bA, )x

= Ah+1 - Bn+1\/;'
Vay Dang thic 2.1 dugc chirg minh.

Ping thirc 2.2

) (VX+yy) = A +Bxy va (Vi -y ) = A By
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) (Vx+y) " = ANX+ By va (VX —y) " = AVX By

Chéng minh a) Vi n=1:

(x/;+\/§)2:x+2\/;\/§+y:(x+y)+2\/W:Al+Bl\/X7y.

Suyra A =x+y va B =2, A va B, lanhimng sb nguyén.

Tuong tu,

(V=T ) =024 5 4y = (s ) -259 = A - B

Theo gia thiét quy nap ta co:

(7 () () (3B )25
= A (X+Y) +2B,xy + (2A, + B, (x + ¥)) /Xy = A, + Boa/xy,

A=A (Xx+Yy)+2Bxy va B,,,=2A +B, (x+Y) lanhiing s nguyén.
Tuong tu,
(&—\/V)Z(m):(ﬁ—ﬁ)zn(ﬁ—ﬁ)z:(An—Bn\/@)(Hy—Z\/Ty)
= A (x+Y)+2Bxy —(2A, + B, (x+ ¥))\XY = At — B/

b) Véi n=1 ta co:

(Ve 3] = () + 30y + 3 () + ()
_xf+3xf+3\fy+yf x+3y f+ y+3x \f Al\&+Bl\f
Suyra: A =x+3y va B, =y+3x, A va B, la nhiing s6 nguyén.

Tuong tu,

(VX =) = () -3( )2f+3f<f)2—<f)3

= XX — 3x\/7+3\fy y\/7 x+3y y+3x\/7 Alf lﬁ.

Theo gia thiét quy nap ta co:
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(VX y) " = (Ve dy ) (VY ) = (A BY)(x+y +24)
= A (x+ Y)Vx+2AxJy + B, (x+ y)y + 2B, yv/x = A, Vx + B,.1\y,

trong do

A=A (x+y)+2By va B, =2Ax+B, (x+Y)

la nhitng s6 nguyén. Tuong tu,

(R =885~ (A 5) 5 245)
= 'Ah (X+ y)\/;_ Z'Ahx\/y_ Bn(x+ y)\/§+ ZBny\/; = A1+l\/;_ Bn+l\/§'

Vay céc cong thirc trong Déang thire 2.2 duge chimg minh.

Nhi thirc Newton (cac Pang thirc 2.1 va 2.2) dugc ap dung rit hiéu qua vao
nhiéu bai toan, trong d6 c6 cac bai toan sb hoc.

Phwong phap 2 Ap dung nhi thirc Newton

Thidu2.6 Cho a=5+26; b=5-26.Pat S =a"+b".

a) Chung minh: a®> =10a—1; b*=10b-1.

b) Chirng minh S

va S, la cac sb nguyén co cling chit sb tan cling.

n+4

‘ 8
¢) Tim chit s6 hang don vi cta |:<\/§ + \/5)4 }
‘ 250
d) Tim chit s6 tan cling cua [(ﬁ + \/E) }

2
Giai a) Ta c6: a’ :(5+2J€) :49+20\/€:10<5+2\/§)—1:10a—1.

2
Tuong tu, b? :(5—2\/6) :50—20%—1:10(5—2\/6)—1:1%—1.
Nhan xét rang, a va b 13 hai nghiém cuia phuong trinh x* —10x+1=0.
b) Taco a? =10a—1 va b*=10b—1.
Suyra a"? =10a"" —a" va b™? =10b™* —p".

Véy an+2 + bn+2 :1Oan+1 +:I_Oanrl _ an . bn hay Sn+2 :1OSn+l _ Sn .
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Thay n bang n+2taco S, =10S, . -S,,,. Suy ra

n+2 "
Sn+4 = 1OSn+3 - Sn+2 = 1OSn+3 - (1osn+1 - Sn) = 1O(S
hay S,,,—S, =10(S

Vay S

Sp1)+S

n+3 n

S,.,) chia hét cho 10.

n+3

: A hai s6 nguyén c6 cv it sb tan cung.
va S, la hai so nguyén c6 cling ch tan cun

n+4

¢) Taco S, :(5+J€)°+(5—J€)°:2; 31:(5+J€)1+(5—J6)1:10

24

va (V3++2)" :[(@ﬁ)z) (5+248)".

S6 S, = <5+ 2\/6)24 +<5— 2\/6)24 la sb nguyén c6 chit s tan clng bang chi

s6 tan cling cta S, Vi
Spa— S0 =(Spa —S10)+(Spp —Si5 )+ +(S4 — S5 ).

Mdi s6 hang S,,., —S,, V6i n=0,1,2,...,5 déu chia hét cho 10 nén S,, —S,,

chia hét cho 10, ma S, =2 nén S,, ¢6 chir s tan cling la 2.

24
Mit khac, 0 <526 <1. Suy ra (5—2%) <1.Vay

S, ~1=(5+2J6) +(5-26) ~1<(5+246) <5y,

24 N 7 4 AN \ A
Chtng to [<5+2\/€) }:824—1. Vi S,, c6 chlr so tan cung la 2 nén

[(\/5 " ﬁ)ﬂ . [(5+ 2\/6)24} —S,, —1 c6 chit s6 tan clng 12 L.
) Taco | (a+v2)" || (s+246)" |

Vi125-1=124=4x31 nén S, c6 chit s tan cling la 0 (tring v&i chit sb tan

250
cuing cia S,). Mt khac, 0<5— 26 <1 nén 0<(5—2J6) <1. Vay

Sus—1=(5+246) +(5-2V6)  ~1<(5+2V6) " <Sps.
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125 Y 7 4 AY Y
Ching to [(5 +2./6) } =S,,. —1. Ma S, c6 chit sé tan ciing 13 0.

, 250 125 ,
Vay so [(\/§+\/§) }:[<5+2\/€) } cd SO tan cung 1a 9.
Thi du 2.7 (Tap chi Toan hoc va Tudi tré, thang 2, 2005) Tim s6 nguyén té p

, 5 2n , ,
nhé nhét dé [(3+,/p) }1 chia hét cho 2™ véi moi sé tu nhién n.
e, N 4 A LK 3
Giai V&i p=2, chon n=2 thi [(swi) }+1:378 khong chia hét cho 23

Véi p=3, chon n=1 thi [(3+\/§)1+1:23 khong chia hét cho 22,

Nhu vy, sb nguy@n té nho nhat thoa man dau bai chi co thé p=5.

Véi p=5 taco: x, :(3+J§)2 =14+ 65 va X, :(S—JE)Z =14-6+/5. Vay
(3+J§)z +(3—\/§)2 =28 va (3+J§)2.(3—J§)2 16 hay x,, 1a nghiém cta
phuong trinh bac hai x* - 28x+16=0.Dit S, = X + X ta co:

S,., = X"+ X3 = (xl"+l + x;“l)(x1 +X,) = XX, (xl" + xg) =28S, ., —16S .

Nhu vdy, S la nghiém cia phuong trinh sai phan cip hai

2
S,.,—28S,.,+16S =0. Do 0<x2:(3—J§) =14-65<1 nén 0<x} <1.
SuyraS,>x'=S,-x,>S, -1 hay [x{‘]+1:8n.
Tacod S, =28 chia hét cho 2°=4. Gia st S, chia hét cho 2" va S_, chia

hét cho 2"2. Khi &y | x** [+1=S,., =288, +16S, =2"°(7q, +2q,) chia

hét cho 2™ hay [(SNE)Z”}H:[X;]H chia hét cho 2™ véi moi n.

’ y 2010
Bai tap 2.10 Tim hai chir sb tan cing caa sb [(29 + \/2—1) }
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. 7 C s . .
Bai tap 2.11 Chimg minh sb (8 137 ) c0 bay chit s6 9 lién sau d4u phdy.
Bai tap 2.12 (Tap chi Toan hoc va Tudi tré) Chirng minh rang trong biéu dién
thap phén cia sb (7 + 4\/§>n v&i moi s6 tu nhién n>1, c6 it nhat n chir s 9

ngay sau ddu phay.
Bai tap 2.13 (Tap chi Toan hoc va Tuéi tré) Chirng minh rang phan thap phan

cua (5 + 2\/€>n , V6i moi sb tw nhién n>1, bit ddu bang n chit s6 gidng nhau.
NG ~ 4 14 n
Bai tap 2.14 Tim s6 mi cao nhat cta 2 trong phén tich [<1+ \/5) ] neN

thanh tich cac thira s6 nguyén té.
Bai tap 2.15 (Olympic 30.4 lan tht 7, 2001, Lép 10. Bé thi dé nghi, THPT

chuyén Tra Vinh) Tim sé k 16n nhit sao cho [<1+ \/5)2001} chia hét cho 2*.
Bai tap 2.16 (Olympic 30.4 lan thi 15, 2009, 16p 10. Dé thi d& nghi, Qudc
hoc Hué) Cho X, :[(4+JE)”} v6i neN. Tim sé du cta x, khi chia cho 8.
Bai tap 2.17 (Olympic 30.4 lan thir 10, 2004. Dé thi dé nghi, THPT Ly Tu
Trong, Can Tho) Chirng minh ring [(\/§+\/§)2n} khong chia hét cho 5 véi
moi s4 tu nhién n.
§2 TINH GIA TRI CUA MQT SO HOAC MOQT BIEU THU'C
CHUA PHAN NGUYEN

Tinh gié tri ciia mot sé hoic mot biéu thirc chira phan nguyén 1a mot dang
toan doc 1ap, dong thoi né lién quan mat thiét va ¢ thé hd trg dé giai cac
dang toan khac (chimg minh hé thirc chira phan nguyén; giai phuong trinh va

hé phwong trinh chira phan nguyén:;...).
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Pé tinh mot s6 hodc mot biéu thirc chira phan nguyén, ta can sir dung céc tinh
chat ctia phan nguyén néu trong §2 Chuong 1, két hop véi cac ki thuat tinh
toan khac, dac biét la:

Phuwong phap “kep”

Panh gia s6 hang dé “kep” sd can tinh phan nguyén giira hai s nguyén lién
tiép: Pua biéu thirc vé dang z < A<z +1 va két luan [A] =Z;

Dudi day 1a mot s6 vi du minh hoa.

Thi du 2.8 (Tap chi To&n hoc trong nha truong, 1981)

Tim phan nguyén cta a_ :\/6+\/6+\/6+...+\/€ (n dau can).

Giai Day {a,} la déy tang va a, >a, =+/6>2 véi moi n.
Ta lai co: a, =/6 ~ 2,449489742 <3. Vay [a,]=2<3.

Tacd a, =/6+6 = /6+a, </6+3=3.

Theo quy nap ta c6 2<a, <3 voimoi n. Suy ra [a,]=2 v&imoi n.

Thi du 2.9 Tim phan nguyén ctia s6 b, = %/6 +36+..+36 .

n

Giai Déy {b,} la day ting va b, >b, = 36 ~1,8171205928 > 1 véi moi n.

Taco: b =/6 ~1,8171205928 < 2; b, =36+ 36 </6+2=38=2.

Theo quy nap ta c6 bn+1:§/6+\3/6+...+3/5 =3f6+b, <¥6+2=38=2.
n+1

Vay 1<b, <2 véimoi n hay [bn]zl VGimoi n.
Thi du 2.10 (Tap chi Toan hoc trong nha truong, 1986) Tim phan nguyén

clia s6 cn:\/6+\/6+\/6+...+\/€ +§/6+\3/6+...+§/§.

n n

S6 héa boi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://'www.lrc-tnu.edu.vn



-29.-

Giai Taco: 4<c,=a,+b, <3+2=>5 véimoin.Suyra [c,|=4 véimoin.

Thi du 2.11 Tim phan nguyén cia A = \/4n2 ++/16n> +8n+3.

Giai Ta co: 2n +1<\/4n2 ++/16n* +8n+3 <2(n+1).

Vi 2n+1 va 2n+2 la hai so ty nhién lién tiép nén [A ]=2n+1 véi moi n.

Thi du 2.12 (Thi hoc sinh giéi cac ving cia Mi, 1987) Biét phwong trinh
f (x) =x* —3x* —~6=0 c6 dung hai nghiém thuc x, va x,. Tinh [x,] va [x,].

Giai Tacé —2<x, <-1va3<x,<4.Suyra[x]=-2va[x,]=3.

Thi du 2.13 Tinh phin nguyén ciia A=./n(n+1)(n +2)(n +3).

Giai Tacé n> +3n<A<n®+3n+1 hay [A]=x=n’+3n.

. . Ma |n . N .z
Thi du 2.14 Tinh {[ ] } véi m, n la cac so nguyén duong va a la so vo
a

ti, a >n.
Giai Do o 146 vo ti nén mo ciing 14 s6 vo ti. Theo dinh nghia phan nguyén

taco [ma]=ma—{ma},0<{ma}<1. Vay

e

" n \ ,
Doa>n>0nén -1<——<0 vataco:
a

0<{ma}<1<:>—1<—{ma}<O<:>—n<—n{ma}<0<:>——<— <0.
a a
Suy ra —1<—n{La}< 0 hay {—M}:—l. Vay {M}: mn-—1.
a a a

Thi du 2.15 (Tap chi Toan hoc va Tuéi tré, s 364, 2007) Tinh [S] véi
\/2+1 \/3+1 \/4+1 n+1
S= + 3 + 4 + .+ —.
2 3 4 n
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Giai Nhan xét rang moi s6 hang trong tong S déu 16n hon 1 nén

\/2+1 \/3+1 \/4+1 /n+1
>n-1.

Mt khdc, ta lai c6 bat dang thire 1+kx < (1+ x)k hay &1+ kx <1+ X véi moi

_kk+1<1 1

Xx>0. Chon X:%,tadu:qc K1+ kx =k

Ap dung bat déng thae trén voi k=2, 3, ..., n va cong lai, ta dugc

S<(n- 1)+2i+ +n1 <(n- 1)+i+i L

+..+ =
12 23 (n=2Dn
:n—1+(1—1j+(1—1j+
2 2 3

+(L—1):(n—l)+1—1:n—1<n.
n-1 n n n
Suyran-1<S<n.Vay [S]=n-1.

Phuwong phap st dung nhi thirc Newton

Thi du 2.16 (Olympic 30.4 lan tha 9, 2003, 16p 10. B¢ thi d& nghi, THPT
Trung Vuong, thanh phd H5 Chi Minh)

Chuang minh ring [(2 + \/5)1 la mot s6 1& véimoi ne N,

Chirng minh Theo Pang thirc 2.1 ton tai hai sé nguyén A, B thoa man
(2+43) =A+BV3 va (2-43) =A-B3.

Suy ra (2+J§)” +(2—J§)” _2A.

Mt khac, vi 0<2—+/3<1 nén 0<(2—\/§)”<1, hay —1<—(2—\/§)”<0.

Cong vé véi vé hai bit ding thire trén ta duge: 2A-1<(2+ JE)” <2A.

Suy ra [(2+\/§)”}:2A—1 la mot s6 1& véi moi ne N.
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Bai tap 2.18 (Tap chi Toan hoc va Tudi #ré) Tinh [(4 +/15 )7}
Bai tap 2.19 (Olympic 30.4 lan thir 7, 2001, 16p 11. Bé thi dé nghi, THPT
Thoai Ngoc Hau, An Giang) Tinh [(45 + M)Zom]

§3 CHUNG MINH CAC HE THUC CHUA PHAN NGUYEN

Chang minh cac hé thirc chira phan nguyén thuc chit co thé coi 1a chimg
minh cac tinh chat ciia phan nguyén. Pé ching minh cac hé thitc chira phan
nguyén ta phai sir dung cac tinh chat d& néu trong §2 Chuong 1, két hop véi
cac ki thudt tinh toan dai sb khac dé sir dung dugc phuong phap “kep”. Nhirng
bai tdp chirng minh cac hé thirc chtra phan nguyén ciing lién quan chit ché voi
cac bai tap tinh gia tri ctia biéu thirc chtra phan nguyén. Dudi day 14 cac vi du.
Thi du 2.17 (Cudc thi mang tén Niels Henrik Abel, 1995-1996, vong chung
két) Cho n 1a sb tu nhién. Chtmg minh ring: [\/4n +1] - [\/4n n 2} .

Ching minh Dat [\/4n + 2] =a; [\/4n +1] =b.Rdrang a>b.

Do [\/4n+2]:a nén 0<a<+4n+2 hay a*<4n+2.

Gia sir a> =4n+2. Khi ay a>=2(mod4). V6 Ii vi mot s a chi c6 thé c6
dang a=4k; a=4k +1; a=4k +2 hoic a=4k +3, trc 1a a* chi c6 thé chia
hét cho 4 (khi a=4k hodc a=4k +2) hoic chia cho 4 du 1 (khi a=4k +1
hoic a=4k+3). Suy ra a®*<4n+2 hay a’<4n+1, tic 1a a<+/4n+1. Do

a la sb nguyén nén as[\/4n+1]. Vay a<b.Dodé a=bh.
Bai tap 2.20 (Olympic Ao, 1974; Dé thi chon d6i tuyén Hong Kong dy thi

Qudc té 1988) Chirng minh rang: [\/ﬁ +4/Nn +1] = [\/4n + 2] :
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Bai tap 2.21 (Olympic Canada, 1987) Cho n 14 sb ty nhién. Ching minh
ring: |:\/ﬁ+\/n +1]:[«/4n +1]:[\/4n+2]:[\/4n+3].

Bai tap 2.22 (Tap chi Kvant, M532) Cho a =+/n+~/n+1 va b =~/4n+2,
1

16nJn

n 12 s ty nhién. Chimg minh réng: a) [a,]=[b,]; b) 0<b,—a, <

Bai tap 2.23 a) Ching minh ring {\/ﬁ +%J = M n —% + %J :

b) Tim x dé [\/n + X + %} = [\/ﬁ + %} dung voi moi s6 n nguyén duong.

§4 GIAI PHUONG TRINH VA HE PHUONG TRINH

CHUA PHAN NGUYEN

Phuong trinh va hé phuong trinh chira phan nguyén c¢6 mot luong bai toan rat da
dang va phong phu. Giai mdi phuong trinh thuong doi hoi mot sb suy luan dic biét.
Twong ty nhu phuong trinh chua tri tuyét ddi, giai phuong trinh chira phan nguyén
thuong dwa vé giai hé bat phuong trinh, nhung khé hon vi c6 thém “diéu kién
nguyén” (an hoic biéu thirc chira 4n 1a s6 nguyén). Phuong trinh chira phan nguyén
cling kho hon phuong trinh v0 ti vi phuong trinh v0 ti thuong twong duong voi mot
hé phuong trinh va bat phurong trinh trén tap sé thuc ma khong doi hoi “diéu kién
nguyén”. Trong § nay ching tdi trinh bay mot sé phan loai cac dang phuong
trinh va cac phuong phap giai chung. Cac thi du minh hoa dugc chon lya
nham 1am sang to phuong phap. Cac bai tip néu trong chuong nay nham minh
hoa s6 lwgng phong pha va da dang cta phuong trinh chira phan nguy@n, 1oi

giai chi tiét cac bai tap da dugc trinh bay trong [2].
4.1 PHUONG TRINH CHUA MOT DAU PHAN NGUYEN DANG

[f()]=0(x)
Phwong phap 1 Sir dung dinh nghia
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@(x) < f(x) <1+ ¢(x);

(1)o7

Nhu vay, d¢ giai phuong trinh [ f (X)] = @(x), ta dua n6 vé giai hé bat

f(X)—@(x)>0;
phuong trinh < f(x) —p(X) <1
o(X) e Z.

Trong nhitng bai toan cu thé, ta thuong chi giai hé bat phuong trinh

f(X)—p(x)>0;
f(x) —p(x) <1.

dé dugc nghiém, sau d6 kiém tra diéu kién @(x)eZ Véi cac nghiém tim

*)

duogc. Nguoc lai, trong mot sO bai tap, nhiéu khi ta lai giai phuong trinh
@(X) =1z Véi z 1a 6 nguyén dé duoc x hoic [X] (thwong 1a tap hiru han cac
s6 nguyén), sau do6 thir vao hé (*) dé duoc nghiém.

Nhan xét 4.1 Tuong ty nhu phwong trinh chira tri tuyét ddi, nhiéu phwong
trinh chaa phan nguyén ¢ nhiéu nghiém, thim chi c6 v6 sd nghiém hoic
nghiém 12 ca mot doan nao d6 cua dudng thang thuc.

Thi du 2.18 Giai phuong trinh 3[X] —2x=3,6.

Céach giai 1 Ta co:

2X+3,6 2X+3,6
<X< +

1; (1)
[]-2x=36 = [}-Z2 ) 3 3
X*30 ez )
3
Giai (1): (1) < 3,6 <X<3+3,6 < 3,6 <x<6,6.
Do 3.6<x<6.6 nén 3.6< 2230 55 \j X360 e X306

c6 thé bang 4 hoic 5.
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2X+3,6

Néu =4 thi x=4,2 (thoa man diéu kién 3,6 <x <6,6);

2X+3,6

Néu =5 thi x=5,7 (thoa man diéu kién 3,6 <x<6,6):.

Cach giai 2 Giai (2):

ZX;3’6 eZ hay 2_;+1,2: 2 v6i 2 1a mot sd nguyeén. Hai s % v

) <

1,2 khong phai 1a s6 nguy#n c6 tong 1a mot sé nguyén nén theo tinh chat 2.10
§2 Chuong 1 ta co {%} + {1,2} =1 hay {%} =0,8.
Tacd: (1)< 3,6<x<3+3,6 < 3,6<x<6,6.

Vi 3,6<x<6,6 nén2,4< 2—; <4.4.Do {%} =0,8 nén chi c6 hai kha nang

sau: 1) 2—:;(:2,8. Suy ra x=4,2 hoac 2) 2—:;(:3,8. Suy ra x=5,7.

Pdp s6: x=4,2 hodc x=5,7.
Thi du 2.19 Giai phuong trinh x? —8[x]+7=0.

x2+7<:> 8 8

Giai Tac6: x*—8[x]+7=0 < [x]=

x> —8x+15>0; X>5x<3; 5
& <1<x<3hoiac 5<x<7.

Giai (1): (1) @{Xz Cerire0 Sllexer
Suy ra: [x] chi c6 thé bang 1,2;5;6;7. Tur x’—8[x]+7=0 ta suy ra
x*=8[x]-7. Vay x* chi c6 thé bang 1,9;33;4L49. Ching o
x6{1, 3,/33, JHJ}, x =3 bi loai. Ta di dén Dadp 56" x6{1, J33, \/4—1,7}.

Bai tap 2.24 Giai cac phuong trinh chira mot phan nguyén:
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1) [x]+1=-7; 2) [2x]+0,3=7,3; 3) {7x—§}:2,5;

4) [x]+0,3=7,4; 5) [5,75]+ x=8; 6) [2x-7,5]=-2;

7) {x}=0; 8) {-4,7} +{1,3} —x=8,4; 9) {5,73} +2x =4;

10) 2[x+0,7]+x-15=0;  11) _2_45)(_:—x; 12) {3“1}:2%1;

13) {7x—5}:16x+3; 14) _5+6x_:15x—7; 15) X2 8]+ 7=0;
3 5 8

16) X2 —6[x]+5=0; 17) 4x* —40| x | +51=0.

Bai tap 2.25 Mot ngudi di bo voi van tée 5 km/h. Clr sau 4km nguoi dy lai
nghi, mdi 1an nghi, trir 1an tht tu 1a 10 phat. Lan nghi thir tw 1a 1 gio. Hoi
ngudi dy d4 di duoc bao nhiéu km biét rang ngudi dy khoi hanh ldc 4 gio
sang va dén dich vao luc 12 gio trua.

Bai tap 2.26 Giai va bién luan phuong trinh [ax]=m véi a la s6 thuc bat ki,
con m 1a sé nguyén.

Bai tap 2.27 (Olympic 30.4 lan thir 10, 2004, 16p 10. Dé thi d& nghi, THPT
chuyén Nguyén Du, Pak Lik) Giai phuong trinh X +[x —1]=2004.

Phuwong phap 2 (Pit 4n phy) Pat 4n phu chira phan nguyén dé dua vé
phuong trinh dai s6. Giai phwong trinh dai s6 va sau d6 thay an phy dé giai
phuong trinh chira phan nguy@n. Chu y téi cac diéu kién nguyén (thi dy, phan
nguyén cia mot sb phai 1a sb nguyén).

Thi du 2.20 Giai phuong trinh 3[x]* +5[x] = 2.

Giai D4t [x] =y, y € Z. Phuong trinh tré thanh 3y? +5y—2=0.
- 1 1 .

Suy ra y=-2 hoac y:—§ (y:—5 loaido yeZ).

Vay [x]=y=-2.Suyra —2<x<-1. Ddp s6: -2<x<-1.
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Bai tap 2.28 Giai a) [x]’ -2[x]-3=0;  b) [x]' ~[x]-2=0.

Phuwong phap 3 (Chia khoang) Chia truc sé thanh mot sé khoang. Giai

phuong trinh trong timg khoang bang cach danh gia gia tri cia biéu thirc,

chuyén phuong trinh chira phan nguyén vé hé bat phwong trinh khong chua

phan nguyén.

Thi du 2.21 Giai phuong trinh x° —[x]=3.

Céch giai 1 (Chia khoang) Ta cd:

x*—[x]=3 o[x]=x*-3c 0<x-(*-3) <l < {Xz_X_SSO; (1)
X*=x-2>0.

Véi x<-1thi xX*>1 hay x*-1>0. Khi ay x> —x=x(x* -1)<0. Do d6 bt

dang thire x® —x—2>0 khong thoa mén hay x < -1 khong la nghiém cua (1).

Véi -1<x<0 thi —-1<x®<0 va 0<—x<1. Suy ra x®—x—2<—-1. Do 6 bat

dang thirc x* —x—2>0 khong thoa mén hay —1< x<0 ciing khong phai 1a

nghiém cua (1).

Véi 0<x<1 thi x*-x<x*<1. Suy ra x*—x-2<x®-2<-1. Do d6 bit

dang thac x®—x—2>0 khong thoa mdn hay 0<x<1 ciing khong phai 1a

nghiém cua (1).

Véi x>2 thi x®*—x=x(x*-1)>2.(2°-1)>6. Suy ra x*-x-3>3. Do d6

bat dang thirc x* —x—3<0 khong théa min hay x>2 ciing khong phai 1a

nghiém cua (1).

Chimg to néu x la nghiém ciia x*—[x]=3 thi 1<x<2. Véi 1<x<2 thi

phuong trinh x* —[x]=3 tro thanh x* ~1=3 hay x*=4. Suy ra x=34.

Cach gidgi 2 Taco: X’ —[x]=3 & x*—(x—-{x})=3 & x* -x=3-{x}.
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xXX—x-2>0;

Vi 0<{x}<1nén2<3—-{x}<3.Suyra2<x’-x<3 hay
x* —x-3<0.

Giai trong tw nhu cach 1 ta di dén Ddp so: x =34 .
Bai tap 2.29 (Olympic 30.4 lan thir 13, 2007, 16p 10. Dé thi d& nghi, THPT

Lé Quy Pon, Quang Tri) Tim tat ca cac nghiém khong nguyén cia phuong

trinh x+%:[x]+%

X [x]

Bai tap 2.30 Gidi phuong trinh x* —3x* —[x]=0.

4.2 PHUONG TRINH CHUA HAI DAU PHAN NGUYEN
[f)]=[e()]+w(X)
Dang toan 1 [ f(X)]=[p(X)].

Phwong phap 1 Str dung tinh chit 2.8 ctia §2 Chuong 1:

Tinh chat [f(X)]=[e(X)]=-1< f(x)—p(x)<1.

Khi 4p dung tinh chit nay thi ta duoc hé bat phuong trinh khdng trong duong
V6i phuong trinh ban dau. Vi vay sau khi tim duoc gid tri cua x ta thuong
dua phuong trinh chira hai ddu phan nguyén vé phuong trinh chira mot dau
phan nguyén dé kiém tra nghiém.

Phwong phap 2 Dua vé phuong trinh chira mot dau phan nguyén bang cach
dit mot phan nguyén la tham sd. Giai va bién luan phuong trinh chira mot
phan nguyén va chira tham sb.

bat [ f (X)] =m, meZ. Khi ay phuong trinh [ f (X)] = [(p(x)] dugc tach thanh
hé hai phuong trinh chira mot diu phan nguyén:

[f(x)]=m;

[”X)][‘”(X)]@{[@(x)]m.
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0< f(x)—m<7;
. [f()]=m;
Str dung dinh nghia ta co: <10<p(X)-m<1;
[o(]=m. me Z.
0< f(x)—m<];
s . ok - Ja(m)<x<b(m);
Giai hé bat phuong trinh ta di dén: {0<¢p(X)—-m<1, <

a,(m) < x<hb,(m).

m e Z.
Giai hai bat phuong trinh ndy theo tham s m, két hop véi diéu kién m 1
mot sb nguy@n ta tim dwoc cac gia tri nguyén cia m. Thay vao phuong trinh
[f(x)]=m va [p(x)]=m (hay vao cac bat phuong trinh 0< f(x)-m<1 va

0<@(x)—m<1) ta tim dugc cic gia tri cua x va di dén déap sb.

, {ai(m) < x <y (m);

Vi giai h¢ phuong trinh chira tham s6 |2 phtrc tap, nén dé
a,(m) < x<b,(m).

giai nd, ta thuong tim diéu kién dé hé vo nghiém, tirc 1a:
Hoac khoang [ai(m),bl(m)) phai nim han vé bén trai khoang [az(m);bz(m)),
tie 1a b, (m) <a,(m);
Hoac khoang [ai(m),bl(m)) phai nam han vé bén phai khoang [az(m);bz (m)),
tie 1a b,(m) <a,(m).
Tir d6 suy ra cac gia tri cia m dé hé c6 nghiém.
Thi du 2.22 Giai phuong trinh [x-2,3]=[4-X].
Giai Tur Tinh chit 2.8 §2 Chuong 1 ta suy ra
[x-23]=[4-Xx]=-1<(x-2,3)-(4-x)<1
< -1<2x-6,3<1< 2,65<x<3,65.
Suy ra 0,35<x—2,3<1,35. Do d6 [x—2,3]=0 hogc [x—2,3]=1.
Vi 2,65<x<3,65 nén 0,35<4-x<1,35. Suy ra [4—x]=0 hoac [4-x]=1.

Truwong hop 1. [X—2,3]:[4—X]:O.
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Taco: [4-x]=0 < 0<4-x<1 < 3<x<4;
[x-2,3]=0<0<x-2,3<1hay 2,3<x<33.

Két hop hai diéu kién ta dugc: 3< x<3,3.

Truwong hop 2. [X—2,3]:[4—X]:1.

Taco: [x—2,3]=1 < 1<x-2,3<2 < 3,3<x<4,3;

[4-x]=1 = 1<4-x<2 < 2<x<3.

Khong c6 x nao thoa man ca hai diéu kién trén nén ta c6 Pdp s6: 3< x < 3,3.
Bai tap 2.31 Giai cic phuong trinh

X+2

1) [2x-15]=[x-2,7]; 2) [x—l]:{ }; 3)[x-2,3]=[4-x];

W[ B g s ed]

Dang toan 2 [ f(x)]=[e(X)]+v(X)

Phwong phap 1 Str dung céc tinh chat 2.11¢ va 2.14c cia §2 Chuong 1.

Khi 4p dung cac tinh chat nay vao phwong trinh thi ta dugc hé cac bat phuong
trinh khong tuong dwong voi phuong trinh ban dau vi n6 chi twong duwong khi
diéu kién néu trong Tinh chat 2.11c¢, 2.14¢ dugc théa man. Giai cac diéu kién
nay twong ddi phirc tap. Vi vay sau khi tim duoc gia tri ciia X ta thuong dua
phuong trinh chira hai ddu phan nguyén vé phuong trinh chira mot ddu phan

nguyén dé kiém tra nghiém.
Phuong phap 2 (Dit an phu) Dat [f(x)]=m, meZ. Khi dy phuong trinh
[f(X)]=[e(¥)]+w(X) dugc tich thanh hé hai phuong trinh chira mét dau

[f()]=m;

phan nguyén: [ f (x)]=[p(x)] < {[go(x)] +y(x)=m.
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0<f(x)—m<];

q o [Fe=m, .
St dung dinh nghia ta co: < 10<p(x)—(m-w (X)) <1
[e()]=m -y ().

m—y (X) € Z.
Giai hé bat phuong trinh ta di dén hé:
0<f(x)—m<1 (m) < (m)
m) < X m);
0<p(X) (M- (X)) <L o <b
a,(m) < x<h,(m).
m e Z.

Giai hai bat phuong trinh ndy theo tham s m, két hop véi diéu kién m 1
mot sb nguyén, ta tim dwoc cac gid tri nguy@n cua m. Thay vao phwong trinh
[f()]=m va [p(X)]+w(X)=m (hay vao cac bat phuong trinh

0< f(x)-m<1va0<ep(x)-(m-y(x))<1) tatim duoc cac gia trj cua X.

, {ai(m) < x <y (m);

Vi giai h¢ phuong trinh chira tham s6 |2 phtrc tap, nén dé
a,(m) < x<hb,(m).

giai nd, ta thuong tim diéu kién dé hé vo nghiém, tirc 1a:

Hodc khodng [a,(m);b,(m)) phai nim han vé bén trai khoang [a,(m);b,(m)),
tic 1a b (m)<a,(m);

Hodc khoang [a,(m);b,(m)) phai ndm han vé bén phai khoang [a,(m);b,(m)),
tie 1a b,(m) <a (m).

Tir d6 suy ra cac gia tri cia m dé hé c6 nghiém roi thir lai.

Thi du 2.23 Giai phuong trinh [X—l] —[—X] =-2.

Céch giai 1 Ap dung Tinh chit 2.14¢ §2 Chuong 1 ta c6:

Hoac [x —1]-[-x]=[(x-1) - (-x)] =[2x —1]

hodc [x—1]-[-x]=[(x-1) - (-x)]+1=[2x-1]+1.

Phuong trinh (1) tré thanh: [2x —1]=-2 hoac [2x —1]+1=-2.

Vay theo dinh nghia, phuong trinh da cho twong duong vai:
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1
{[2x1]2<:>{032x1(2)<1<:> _ESX<O < —1<x<0

[2X—1]:—3 0<2x-1-(-3)<1 f<x< 1t
B 2

Thir lai: D& thay x =—1 khéng la nghiém ctia phuong trinh da cho.

V6i moi —1<x<0 tacod: —2<x-1<-1va 0<-x<1. Vay [x-1]=-2 va
[—X] =0. Chting t6 moi gia tri —1< x <0 thoa man phuong trinh da cho.
Cach giai 2 B3t [x-1]=[-x]-2=m, meZ. Ta co:

[x=1]=m; 0<x-1-m<1; m+1<x<m+2;
= =
[-x]-2=m. 0<—x-(M+2)<1l |-m-3<x<-m-2.

Dé hé nay vo nghiém thi

hoac m+1>—m—2<:>m>—g hoac m+2£—m—3<:>m£—g.

Vay dé hé co nghiém thi —g< m s-%. Do m nguyén nén m chi co thé 1a

m=-2.V&i m=-2 ta co:

[x-1]=-2; 0<x-1-(-2)<1, [-1<x<0;
[—x]—2:—2.<:> 0<-x<1. @ ~1<x<0.

& -1<x<0.

Pdp s6: -1<x<0.
. < X X
Thi du 2.24 Giai phuong trinh {E} + {E} =X.
Cé4ch giai 1 Theo Tinh chat 2.11¢ §2 Chuong 1 ta co
X X | 2 X 22 moge [ 2] ] X || X %] 2= | 2 1.
2] 13] |2 3] |6 2] 3] [2 3 6

Vay néu x 1a nghiém cua phuong trinh {%} { } X thi { } X hodc
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5x 5x
0<—— 1 0<—-— 1)<1;
{%}—1:x,t&clé 6 " hoic g (rh<
XeZ. XeZ.

hay -6 <x <0 hoac —12<x<-6.Vay —-12<x<0.
Do x nguyén nén x chi co thé 1a —11;-10;-9;-8;—7;—6;-5;—4;-3;-2;-1; 0.

Thay vao phuong trinh va thir lai, ta dugc x =-7;-5;,-4;-3,-2;0.

. - .| X s A A . £
Cach giai 2 bat {E} =m, m la so nguyén. Khi ay

X -
F}_m_ OSE_md’ 2m< x < 2(m+1);
2 - ]
olo<Xxem<t e Sm-n<x<Sm: *)
X | 3 2 2
X= 3 =m X e Z. X eZ.

Vi2m<x<2(m+1) vd xeZ nén x chicé thé 1a: x=2m hodc x=2m+1.
. .3 3 s 3 3
Voi x=2m thi E(m—1)<x£§m tré thanh E(m—1)<2m sam hay
—3<m<0. Vi m lasd nguyén nén m chi co thé 1a: m=-3-2;-1,0.
. .3 3 P 3
Voi x=2m+1 thi E(m_1)<XSEm tré thanh E(m—1)<2m+1sEm hay

—5<m<-2.Vim lasbnguyén nén m chi co thé 1a: —4;-3;-2.

-8 < X< —6; 15
—— < X< —6;
Vi m=—4: Hé (%) trd thanh —%<x£—6;<:> =X
X € Z.
X € Z. <
Hé c6 duy nhét nghiém x=-7€Z.
—-6<Xx<—4;
. . -6 < x<-4,5
V6i m=-3: Hé (*) tro thanh { -6 < x<—4,5, <
X €.
X € Z.
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Hé c6 duy nhit nghiém x=-5¢eZ.

—4<X<=2;
.. . A —-4<x<-3
V&6i m=-2: Hé (*) tro thanh { —4,5<x<-3; <
X e Z.
X e Z.
Hé c6 duy nhét nghiém x=—4¢Z.
—2<x<0; 3
—2<X<——;
V61 m=-1: Hé (*) trd thanh —3<x£—§;<:> < 2
X € Z.
X e Z. <
Hé c6 duy nhét nghiém x=-2€Z.
0<x<2;
. R Y s 3 X=0;
Voi m=0: Hé (*) tré thanh < —— < x<0; <
2 X e Z.

XeZ.

Hé c¢6 duy nhat nghiém x=0eZ.
Cach giai 3 Tu phuong trinh B}{ﬂ =X suy ra xeZ. Vi xeZ nén chia

Xcho6tadu:qc:X:6a+r(an,re{0, 1, 2, 3, 4, 5}). Khi 4y
X X 6a-+r 6a+r
— |+ ==X + =6a+r
S PSS
< S5a+ r + r =6a+r < a= r + r —-r.
2 3 2 3

Chor=0,1,2,3,4,5 tadugc dap $O tuong ung trong bang sau:

r 0 1 2 3 4 5
0 -1 1 1 1 2
X 0 5 4 -3 -2 7

Pdp sé: x=-T7,-5,-4,-3,-2;0.

Bai tap 2.32 Tim nghiém nguyén cua cac phuong trinh
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1) :ﬂ{ﬂ:l?; 2) F}F_:s; 3) [x—2]+[2x+1]=x+5,3;

X X |
4) Sk I P :1_3)(;5) S+ox|_15x=7 ; 6) [—x2+3xJ: x+ 2|
2 2 8 8 5 2

Bai tap 2.33 (Olympic 30-4 lan tht 14, 2008, 16p 10. Dé thi d& nghi, THPT

4x—1}_16x—7
3 9

chuyén Bén Tre) Giai phuong trinh {8)(; 1} +{

43 PHUONG TRINH CHUA NHIEU DAU PHAN NGUYEN

Phuong phap Dung dinh nghia hodc dit an phu dé dua vé phuong trinh c6 it
phan nguyén hon.
X X

Thi du 2.25 Giai phuong trinh | > [+] 2 |+ X |=x.
2]"3] |4

Cach giai 1 Dt [§}+[ﬂ:m, meZ. Khi &y phuong trinh tro thanh:

[l}zx—m@ 03%—(X—m)<1;<:>{2(m—1)<x£2m; -

XeZ. XeZ

Vi x nguyén va 2m-2<x<2m nén x chi c6 thé 1&: x=2m-1 hoic
Xx=2m. Thay x=2m vao phuong trinh [§}+B}:m ta co:
2m 2m .1 2m 2m m . | 2m 2m m

— |+ — |=m. VI + = hoac + = -1
3 4 3 4 6 3 4 6

A . 2m 2m .
nén phuong trinh 3 + VR m tuong duong voi

[7_m} =m hoac [7—m}—1: m
6 6

< Os%n—m<1 hoac 037?m—(m+1)<1
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< 0<m<6 hodac 6<m<12 < 0<m<12.

Vi m nguyén nén m chicé thé 1&: m=0;1;2;3;4;5;6;7;8;9;10;11.
Véi m=0;1;2;3;4;5;6;7;8;9;10; 11 thi
x=2m=0;2;4;6;8;10;12;14;16;18; 20; 22.

Thit vio phuong trinh [ﬂ ; [ﬂ i {ﬂ — x ta dugc: x =0 4 6;8;10: 14.

Thay x=2m-1vao | > |+| 2 |=m ta co: 2m-1) 12m=-1_
3 4 3 4
2m-1 2m-1 2m-1 2m-1 14m -7
Nhung + = + =
3 4 3 4 12
. | 2m-1 2m-1 2m-1 2m-1 14m -7
hoac + = + 1= -1
3 4 3 4 12
. . 2m-1 2m-1 .
nén phuong trinh 2 + R m tuong duong voi

14m -7 . | 14m-7
[ }:thac[ B }—1=m

12
o<l hozc Osl4m_7—(m+1)<1
7 19 19 31 7 31

& —<m<— hodc —<m<— & —<m<—.,
2 2 2 2 2 2

Vi m nguyén nén m chicé thé 1&: m=4;5;6;7;8;9;10;11;12;13:14;15.
Voi m=4;5;6;7;8;9;10;11;12;13;14;15 thi
Xx=2m-1=7;9;11;13;15;17;19; 21; 23; 25; 27; 29.

Thay vao phuong trinh [ﬂ 4 [ﬂ 4 [ﬂ — X ta duoc x=9:13;15:17;19; 23.
Ta di dén Pdp s6: x=0; 4; 6;8;10;14; 9;13:15;17;19; 23.

Céch giai 2 Tu phuong trinh {%} + {%} + [2} =Xsuyra xez.
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Vi X eZ nén chia x cho 12 ta dugc: x=12a+r (aeZ, r la mot trong cac
$60,1,2,..., 10, 11). Khi 4y

S [ {2 e
o v g} g}t oo [}

Chor =0,1,2,..., 10, 11 ta duoc dap sb twong tmg trong bang sau:

r | 0123|456 |7]8]9]10]11
a/0}j]1]1]1/]0;]12)0]1]0]0]0]1
x| 011314154 |17 6 198 |9 |10)23

Bai tap 2.34 (Olympic Canada, 1998)

X4c dinh sb tat ca cac nghiém x cia phuong trinh [%} + [g} + [g} =X.
Bai tap 2.35 (Olympic Canada, 1981) Chimg minh rang phwong trinh
[x]+[2x]+[4x]+[8x]+[16x]+[32x]=12345 khong c6 nghiém.

Bai tap 2.36 Tim nghiém nguyén cua cac phuong trinh
a) | 2| 2| X =224 by | 24| 2| 24| 2 21001,
1! 2! 3! 1! 2! 3! 10!
Bai tap 2.37 (Olympic 30.4 lan tht 15, 2009, 16p 10. THPT chuyén Ly Tu
Trong, Can Tho) Giai phuong trinh

[x]+[x+%}+{x+%}+...+{x+%}:[x+1].

4.4 PHUONG TRINH DANG HON HOP

C6 nhitng phuong trinh chira ca phan nguyén va phan du, hodc phan nguyén
V6i cac phép toan khac (Iiy thira, can thic,...), ta xép chung vao dang phuwong
trinh hén hop. Giai chiing n6i chung 1 kho, can két hop nhiéu suy luan va ki

thuat khac nhau, nhu dung dinh nghia, chia khoang, str dung tinh chat sd
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nguyén ciia [x] hodc tinh chat 0<{x} <1, cac tinh chat x nguyén khi va chi

khi {x} =0 hodc x=[x], cac phuong phép cua dai s6 nhu dat an phu, bién

d6i twong duwong hé phuong trinh,... Dudi ddy 1a nhitng vi du.

Thi du 2.26 Giai phuong trinh trén tap s6 duong | X* |=[x]".

Gidi Xét n<x<n+1, hay [x]=n, trong d6 n 1a mot sb tu nhién (c6 thé

béing 0). Ta c6 n° < x*<n”+2n+1. Do d6 | X* | chi c6 thé nhan céc gid tri
n?; n®+1; n>+2;..; n*+2n.

Nhung [x]* = n? nén phuong trinh d& cho ding khi va chi khi

[xz]:[x]2 =n?, tic 1a {:;SXX: :j:+l; hay n<x<+/n*+1.Vi x>0 nénta
c6 Pdp sé6: 0< x <1 hoic n<x<+n?+1l,n=12,..

Thi du 2.27 Gidi phuong trinh | * |+ [x] = {x} +2.

Gidi Tur gia thiét ta suy ra {x} = [xZ] +[x]-2. V& phai 1a mot s6 nguyén, ma
vé trai 0<{x} <1 nén {x}=0. Vay x la mot so nguyén. Do d6 x* ciing 1a
mot sd nguyén. Suy ra |:X2] =x? va [x]=x. Phuong trinh da cho tr& thanh
x? + X — 2 =0. Phuong trinh ndy c6 nghiém x =-2 hoic x=1.

Thi du 2.28 Gidi bat phuong trinh [x]{x} < x-1.

Giai Bt phuong trinh [x]{x} <x—1 tuong duong véi [x]{x} <[x]+{x} -1
hay [x]({x} -1) <{x} -1 < ([x]-1)({x} -1) <0.

Do {x} -1<0 nén [x]>1 hay x>2. Ddp s6: x> 2.

Bai tap 2.38 (Olympic 30.4 lan thir 10, 2004, 16p 10. Dé thi d& nghi, THPT

Phan Chau Trinh, D4 Ning) Giai phuong trinh [ x* - 2x |+ 2[x]=[x]".
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Bai tap 2.39 (V6 dich Thuy DPién, 1982) Véi mdi ne N, hdy x4c dinh xem
phuong trinh x? —[xz] = {x}2 c6 bao nhiéu nghiém trén doan [1;n].
Bai tap 2.40 (Olympic 30.4 lan thir 13, 2007, 16p 11. Dé thi d& nghi Truong
THPT chuyén L& Quy Pon, Quang Tri) Tim tit ca cac s6 thuc x =0 sao cho
ba s x, [X], {X} , theo thir tu éy, lap thanh Cép s6 nhan.
Bai tap 2.41 (Thi hoc sinh gioi toan PTTH toan qudc lan thir 17, 1979) Tim
tit ca nhitng s6 a sao cho phuong trinh x> —2x[x]+x-a =0
c6 hai nghiém s6 phan biét khong am.
Bai tap 2.42 (M429, Kvant, No10, 1977)
a) Phuong trinh [x]-1977{x} =1978 c6 bao nhiéu nghiém?
b) Chung minh ring v6i moi s& q va moi s6 p=0 phuong trinh
[x]+ p{x} =q co hodc 1a [|p|] hoac 1a [|p|]+1 nghiém.
Bai tap 2.43 (Olympic Czech and Slovak, 1998)
Tim tat ca céc sb thuc x sao cho xLxLxLxJH =88.
Bai tap 2.44 (Olympic Belarus, 1999). Chiing to rang phuong trinh
{x3} + {y3} = {23} c6 v sd nghiém nguyeén.
Bai tap 2.45 (V6 dich Australia, 1999) Giai hé phuong trinh

x+|y |+{z}=200,0;

{x}+y+|z|=1901;

| x |+{y}+2=1788.
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Chuong 3
HAM PHAN NGUYEN TRONG TOAN GIAI TiCH
§1 MOT SO TiNH CHAT CUA DAY SO CHUA PHAN NGUYEN

1.1 Tinh s6 hang cia d&y sé chira phin nguyén

Pé tinh s6 hang ctia ddy chira phan nguyén ta thudng phai sir dung cac suy

luan dic thd cho phan nguyén va ki thuét tinh biéu thirc chira phan nguyén.

Thi du 3.1 Cho day so {a,} ,={12,233,34,4,4,4,55,5,55,86,..}.
Chirng minh rang s hang tong quat ciia ddy s6 1a a_ = [\/% + %}

Giai DAy s6 trén dugc tao thanh tir cac nhom sb c6 cling gia tri, nhom sb thir

N N £ , . X . m(m -1 X
m c6 gia tri la m va gom m so hang a6 c6 chi s6 n tu %74 dén

m(m+1 . X Z s N

Q.Nhu vay, s0 hang a, cua day so co gia tri la m thi
m(m-1 m(m+1

an:m©%<ns%<:>mz—m<2n£mz+m

) 1 ) 1 1Y 1Y)
Smi-—m+—<2n<m°+m+—<|m-=| <2n<| m+=
4 4 2 2
1 1 1 1 1
<:>m—E<\/2n<m+5<:>m<\/2n+5<m+5<:> \/2n+5 =m.

Chung t6 a, = {\/ﬁ +%}

1.2 Tinh tuin hoan cia day sb

Thi du 3.2 (V6 dich Nhat Ban, 1996) Cho x >1 la mot s6 thuc, nhung khong
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phai 1a s6 nguyén. Xét day s6 {u,} xéc dinh bsi u, =[ X" |-x|x"|,neN.
Chuang minh rang day s6 {un} khong la ddy tuan hoan.

Giai Gia st phan ching, ddy s {u,} co tinh chat tudn hoan, nghia 1a ton tai
s6 nguyén p >0 sao cho u,,, =u,, VneN.

Vi x>1 nén lim X" =+, do dé ta ciing c6 lim [x] = +00. Theo dinh nghia
n—+o N—-+o0

gi6i han, ton tai s6 n, dé [x”*p]—[x”] >0 voi n>n,.

Véi n=ny, tinh tuan hoan cua day {u,} ta suy ra
un+p _ |:Xn+p+1] _ X|:Xn+p] =u, = |:Xn+1] _ X[Xn] .

|:Xn+p+1] |:Xn+1]
Do do6 x= [me] [ n] . Vay x 1a s6 hiru ti va khdng phai 1a s6 nguyén.
—| x
bat y=xP va

3 R L S P
[ ][ ()

Do day {u,} tuan hoan chuki p néntac6 u,

'U
|_\

X
Il
o

=u Vay

m+1) p+k mp+k *

-1

p—k-1 p—k-1 p—k-1
m+1 X u(m+l) p+k Z X ump+ p+k — Z X ump+k b
k=0

O
I
ki

x
Il
o

Do x>1 la sé hitu ti va khéng phai 1a s6 nguyén nén y = x” ciing 1a s hiru ti
va khéng phai 1a s6 nguyén.
biat ¢, = [ym”] —[ym] thi ¢ 1a s6 nguyén véi moi m.

Tu b, =b,, vatheo cach dat b o trén ta co

b2 =bp [ y™ [=y[y™ [=[y™ |- y[y"]
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-y =v(ym ][] o ena = e

Tirdésuyra ¢, =y™c,. Do y lasé hitu ti va khdng phai 1a sé nguyén nén
khi m du 16n thi y™c, khong thé 1a s6 nguyén. Diéu ndy mau thudn véi ¢ la

s6 nguyén véi moi m. Chimg t6 ddy s6 {u,} khong phai 1a day tuan hoan.
1.3 Mét s6 tinh chit khac ciia diy sé chira phan nguyén, phan dw

Thi du 3.3 (V6 dich Nam Tu, 1983; Olympic 30.4 1an tha 8, 2002. THPT L&
Khiét, Quang Ngi) Cho day sb {X,} duoc xé4c dinh boi cong thic X, =2;

3 . : X A 1A . A < A A . A 12
Xoyg = [E X, |. Chirng minh d&y s6 c¢6 v6 han céac so chan va v0 han cic so 1¢.

Giai Gia st day {Xn} chi ¢6 hitu han sé chin, nghia 13 ton tai s6 k sao cho X,
la sb 1¢ véimoi k>n. Vi x_ 146 1é nén no co thé biéu dién duoc dudi dang

x =2"u +1,trongdé t >1vau, lasélé Suyra
X, = E(2tnun +1) _ §2‘nun i1+t =320y +1.
2 2 2
Vi x,,,=32""u +1cinglasélévau, lasdlénént —1>1.
Suyra x,.,= B(s.z‘n—lun +1)} = [:ezz‘n*un +1+ﬂ =322y 41,
Vi x.,,=322""u +1cinglasblévau, lasdlenént —2>1.
Tuong tu, ta c6 X, ; = B(Si‘l.z‘"‘”lun +1)} =327y +1.

Theo gia thiét x, 1a nhitng s6 1é v6i moi k >n nén x . =3.2""'u_ +1 voi moi

i1=12,...,t -1 lanhiing s 18. Nhung khi éiy
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Xn+Tn - |:g(xn+tn—l + 1>j| = |:3tn Un +1+ %i| = 3tn un +1

la mot s6 chin. Vo li.
2) Gia str ddy {Xn} chi c6 hiru han s 1¢, nghia 14 ton tai s6 n sao cho x, lasé
chin véi moi k>n. Vi x_ 12 s6 chan nén né c6 thé biéu dién duoc dudi dang

x =2"u , trongd6t >1va u_ lasd 1. Suyra

X = E(Zt” u, )} = E 2in un} =3.2"y, .

Vi x,., =3.2""u, lasd chin va u, lasélénént, —1>1. Suy ra
2
e F<3'Zt"_1”“)} i [S_Ztﬁ“n} — 322y,
2 2

Vi X ,,=3°2""%u_lasdchinvau, lasdlénént, —2>1,
oA , 3 i-1 pty—i+l i oty—i
Tuong tu ta c6 cong thirc X, ,; = E(S 20 un) =3.2""u,.
Tiép tuc qua trinh ndy ta di dén: x,,, =3"u, la mot s6 lé. Vo 1i.
A oA A A < DA A A 12 ~ 3
Vay c6 v0 s0 s chan va v0 SO so 1¢é trong day X,,, = Exn :
Thi du 3.4 (Olympic Quéc té. Pé du tuyén, Thuy Pién dé nghi) Ching minh
rang tat ca cac sb dang {10”\/5 } , Ne N la d6i mot khac nhau.
Giai Vi +/2 1256 vo ti nén 10"v/2 ciing 12 56 v6 ti. Do dé {10”&} ciing 12 56

v ti. Biéu dién cua /2 trong co sb 10 ¢6 dang /2 =1, kK,..K,... Khido

10"V2 =10" (1+ﬁ+...+k—“n+ k“n”l +j =10" +10""k, +...+ k, + k“;jl +on
10 10" 10™ 10
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Do d6 {10"V2} =0,k, 1k, -

Gia sir ton tai hai sb nguyén duong i, j (i#j) sao cho X =X;, tic la
{10 \/_} {101\/—} Do tinh duy nhit cta biéu dién mot s6 vo ti trong hé dém
co s6 10 ta co Ki.p =K, ,v6i moi peN. Piéu ndy ching t6 dang thap phan

clia v/2 €0 tinh tudn hoan véi chu ki 1a |i — j|, mau thudn véi tinh chét v ti

ciia v/2. Vay {10[} {10%'} Véimoi i # j.

§2 TINH TONG HUU HAN CUA DAY SO CHUA PHAN NGUYEN

Bai toan tinh tong hitu han ctia ddy voi cong thirc tong quat nao dé nodi chung
la mot bai toan hay. N6 lién quan nhiéu dén cac dang toan khac nhu phuong
trinh sai phan, cong thirc truy hoi,... va cac ki thuat tinh toan nhu nhom hoic
s6 hang, danh gia, bién d6i twong dwong. Dé tinh tong v6i sé hang chira phan
nguyén, ngoai nhitng ki thuat tinh tong thong thudng, ta con phai sir dung
nhitng ki thuat va tinh chat dic thi caa phan nguyén. Tinh tong con lién quan
dén cac dang toan khac (giai phuong trinh, ham s chira phan nguyén,...).
Thidu 3.5 a) Tinh tong A :[ﬁ]{ﬁ]{\@}...{@].

b) (Chon ddi tuyén Hong Kong du thi Olympic Quéc té, 1988)

Tinh A :[\/1]+[\/§]+[\/§]+...+[x/nz —1]

Giai a) Ta chia thanh cac nhém: [ } [ } [\/5] (3 s6 hang);

[Va]+[ 5]+ [VB ]+ V7 +[VB]=2 (5 56 hangy

(Vo ]+[ V10 |+ Vi1]+[V12]+[ V13 ]+[ V14 |+[ V15 ]|=3 (7 50 hang);
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(V6] [17 1.+ [ V23] [ V24 ]=4 (056 e

Vay A=1x3+2x5+3x7+4x9=70.
b) Ta co

[ﬁ]:k<:>ks\/H<k+1<:>k23n<(k+1)2<:>k23ns(k+1)2—1.
Céc sb hang trong tong duoc nhém thanh cac nhém sao cho s6 hang tha nhat
ciia nhém ndm dudi ddu cin 14 binh phuong cua mot sé k nao do, con sb
hang cubi cling cia nhom nam dudi dau can 14 (k +1)? -1, tic 1a

S :[ﬁ]+[\/§]+[\/§]++[M}
:([\/i]+[\/§]+[ﬁ])+([\/ﬂ+[£]+...+[J§])+...

...+([\/(n —1)2}+[«/(n ~1)° +1}+...+[\/n2 —1}).
Nhu vy, ¢6 (n—1) nhém, trong mdi nhom gia tri cac sé hang bang nhau va

bang s6 hang dau tién cia nhom. Tu k®> dén (k+1)°-1 cO tat ca

((k+1)*~1)-k®+1=2k +1 s6 hang. Do d6 nhom thir k gém c6 2k +1 s

hang va c6 tong 1 [JF’Z}[M}...{\/« +1)2 —1} —(2k+1)k. Suy ra

S| SR “Dn2n-1) (n-1 _1)(4n -1
szé(zku)k:z;k +kz=;k:2(” )”6(” )+(”2)”:”(” )6(” ).

Thi du 3.6 Cho céc sb nguyén a,b, m c6 a va m 1a hai sb tu nhién nguyén t6

m-1 H
cuing nhau. Tinh tong S :Z{a' +b}.
m

i=0

Giai Véi ieN, chia ai+b cho m ta dugc ai+b=mg, +r, trong do

0<r<m-1, tucla a|+b:qi+i hay{a|+b}:i_
m m m m

86 héa boi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://www.Irc-tnu.edu.vn



-55-

Gia str ¢6 hai 6 m—-1>i,>i,>0 sao cho r, =r, . Khi 4y

a(il_iz)_ail+b ai2 +b_mq|1+r|1 mq|2+r|
m m m m m

: =0; — 0

a(il — iz)

la s6 nguyén. Nhung a va m 1a hai s6 nguyén t6 cing nhau nén
m

=— nhan dtng m gi4 tri khac

khong thé 1a sé nguyén. Vo Ii. Vay {a' * b} _f
m

nhau la 9. l,g m_l . Suy ra

m'm m m
1

S - Z{awb} 0. +m—1_1+2+...+(m—1)_m(m—l)_m—l
m m  m m 2m 2

Bai tap 3.1 (Olympic 30.4 lan thtr 13, 2007, Bé thi dé nghi, THPT chuyén
Thang Long, Pa Lat) Tim nghiém nguyén duong ctia phuong trinh

[\/i]+[\/§]++ _\/?}+[\/x2 +1}+[\/x2 +2}:5190.
Bai tap 3.2 (Olympic Anh, 1975) Tim sé ty nhién x thoa man phuong trinh:
[iﬁ]+[§/§]++ 3 —1} = 400.

Bai tap 3.3 (Olympic 30.4 lan thir 15, 2009, 16p 10. Bé thi dé nghi, THPT
chuyén Lé Quy Pén, Binh Pinh) Tim s6 nguyén dwong n thoa man

[%/i]+[§/§]+[§/§]+...+[§/n37—1}:85n2.
Bai tap 3.4 Tim cac s6 nguyén té X, y thoa man phuong trinh
[%/1]+[§/§]+[§/§]++[3 X —1}
Bai tap 3.5 (Olympic 30.4 lan tht 9, 2003, 16p 10. THPT Bén tre) Tim s6 n

nguyén duong sao cho [é/i] + [%/5] +..+ [\3/n3 +2n+ 4} =7225.

y.
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§3 GIOI HAN CUA DAY SO CHUA PHAN DU

Do tinh dic thi ctua phan nguyén, dan toi viée tinh toan khé khin, bai toan
tinh gioi han cia ddy s6 chia phin nguyén rit hay gip trong cac ki thi
Olympic. Dudi ddy 1a mot s6 vi du minh hoa.

Thi du 3.7 (Kvant, s6 2, 1980)

Chimg minh ring day s6 {(2 + Jé)} hoi tu va tim giéi han cta né.

Giai Theo Pang thiic 2.1 §2 Chuong 2, ton tai hai s6 nguyén A , B, sao cho
(2+\/§)n = A, +B, 3 va (2—\/§)n - A -B3.

Vay (2+J§)”+(2—J§)” = 2A 1as6 nguyén. Theo tinh chit 2.10 §2 Chuong

1taco {(2+8) | -1-{(2-3] |

Nhung 0<2—+/3 <1 nén |im{(2—\/§)”}: Iim<2—\/§)n -0.

nN—o0 nN—oo

Suy ra Iim{(2+\/§)n}:1— Iim(Z—\/§)n =1.

nN—o0 nN—o

Thi du 3.8 (Bai T7/285, Tap chi Toan hoc va Tuéi tré, thang 7, 2001)

Cho day s6 {x,} xdc dinh boi cong thire truy hdi
X, =a,azl; X, =

voimoi ne N,

Chuang minh rang day s c6 giéi han va tim giéi han dé.
Giai Truwong hop 1. Néu a 1a sb tw nhién. Khi ay [x]=a=x va {x}=0.

Suyra X, =%, =...=1.
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Vay {x,} laday hang, x, =1 véimoi n>2,do d6 lim x, =1.

n—o0

Truong hop 2. Néu a khong phai 1 s6 tu nhién. Khi iy

(alcla) 20’ , (; fa))
o)
Vio<{a}<1lva[a]>1do azlnénos%<l.8uyra1<x2<2.

Gia str 1< x, <2 véimoi n>2. Khiay [x,]=1va

X2:

X2

=2 (o -2t e 20 =21 ) <2

va X, =1+ 2{xn}—{xn}2 >1+2{x, } = {X,} =1+{x,} >1.

Do d6 1<x,<2 véi moi n>2. Suy ra [x,]=1 va {x,}=x,—[x,]=%, -1.

2 2
Véy X1 :%: Xr? _Z(Xn _1)2 :_Xr? +4Xn -2

hay 2 x,., =X —4x,+4=(2-x,)". Do dé

2 x5 =(2- %) =((2-%,.)) == (2-%,)

Vil<x,<2nén 0<2-x,<1. Chimgto limx =2. Pdp so: lim x, =1 khi

N— n—o0

Zn—l

a lasé ty nhién; limx_=2 khi a>1 khong phai 14 s6 tu nhién,

nN—o0
Thi du 3.9 (Tap chi Toan hoc va Tuéi tré, s6 340, 2006) Cho f(x) la mot da
thirc bac ba véi cac hé sb nguyén va hé s tng v6i sé mii cao nhét bang 1.

Biét f(0)+ f(1)+ f(~1) khong chia hét cho 3. Tim Iim{?/f(n)}.

N—oo

Giai Giastr f(x)=x>+ax’+bx+c véi a,b,ceZ. Theo gia thiét
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f(0)+ f(1)+ f(-1) =2a+3c khdng chia hét cho 3 nén a ciing khdng chia

hétcho 3. Pat a=3k +r, re{1,2}. Khi d¢
f(n)=n®+(3k+r)n’+bn+c=(n+k)*+rm?+(b-3k*n+c-k°.

Khi n du lén thi r?+(b-3k*)+c-k*>0, dodo f(n)>(n+k)*. Talaico

fF(n)=(n+k+13+(r—3)n?+(b-3(k +)?)n+c—(k +1°. Khi n da 16n thi

(r=3)n*+(b-3k+D)n+c—(k+1)3*<0, do @6 f(n)<(n+k+1)> Vay

(n+k)°< f(n)<(n+k+1)° Suyra [m]zmk khi n di 16n. Do d6

_ , . f(n)—(n+k)®
lim{3/f(n)t=Ilim(3f(n)—(n+k)|=Ilim 5 .
”*‘”{ } “*”< ) ”*‘”(;ﬂ/f(n)) +(n+K)YT(n) +(n+k)?

Thay f(n)=n*+(3k +r)n*+bn+c vao biéu thirc trén ta dugc

_ _(n®+@k+nn®+bn+c)—(n+k)*
lim{3[f(n)! =1 '
T!{ ! } ”m<§/f(n)) + (N +K)3T(n) + (n+k)?

(n3+(3k+r)n2+bn+c)—(n+k)3
=1

() )2 +(n+K)ITM) + (n+k)?

_lim r”+bn+c—-3nk* —k* L_{E}
3 13)

I 2
”*”(,S/f(n)) + (n+ KT () + (n+k)?
Pap 6 m{,S/f(n)}:{%}.

Thi du 3.10 (Olympic 30.4 lan thir 13, 2008. Qudc hoc Hué) Véi x>1, dit

f(x):\/[T]% V{X}. Cho x,>1, xét ddy so {x,} xéac dinh boi cong thirc
X

X, = f(X,4), 1<neN. Chimg minh ring ddy s6 {X,} c6 gi6i han hitu han.

Giai Dat [x]=k, k=1, {x} =r,0<r<1. Khidy x=Kk +r vataco
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f(x)ZM,suy ra (f(x))2:k+r+2\/ﬁzl+ 2\/521.
Jx X X
Mat khac JW<k—;r:§ nén (f(x))" =1+ 2M<2.Véy 1< f(x) <2,
X

Nhén xét ring véi moi X, >1 tac 1< x, <+/2 véi moi 1<neN.

Néu x, =1 thi x, =1 véimoi 1<neN, suyra limx, =1.

1+4x-1
X

Xét truong hop 1< x <+/2, khi d6 vi [x]=1 nén f(x):T

Vi f(x) lién tuc khi x>1 nén néu ddy x, cO giéi han 1a a thi do

x =f(x_) nén lay giéi han hai vé ta dugc a=f(a). Ta lai co

£(x) = 1-4x-1
2%/ X(x—1)

Xét o(x) = f(X)=x. Ta c6 p(L2)=f12)-12=5Y%2 _15.0006>0

2

va @(ﬁ):f(ﬁ)—f:%—fz—0,32<0 nén phuong trinh
2

¢(x)=0 hay phuong trinh a= f(a) c6 nghiém duy nhét trong khoang

>0 v&i moi x6<1;\/§) nén f(x) dong bién trén (1\/5)

(1;\/5).Suyra f(x)>x néul<x<ava f(x)<x néua<x<+2.

Néu x, =a thi x,=f(x)=f(a)=a .Vay x, =a.Suyra limx_=a.

n—o0

Néu 1< x, <a thi ddy {x,} ting va bi chan trén boi a, suy ra limx, =a.

n—o0

Néu a<x <+/2 thi ddy {x,} giam va bi chan dudi bsi a, suy ra limx, =a.

n—o0

Thi du 3.11 Cho a,b 14 hai s nguyén duong cho trudc, voi mdi sé nguyén

dwong cho truge n, dit x, =a’n’+bn. Tim Iim{ﬂlxn }

N—oo
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Giai LAy b chia cho 2a ta duwgc b=2am+r voi m,r 1a s6 khong am va
0<r<2a-1. Xét hai truong hop:
Trwong hop 1. Néu r =0. Khi 4y b=2am va
x =a’n’+2amn = (an+m)’> —m* < (an+m)°.

Ta chimg to rang, v6i n du 16n thi (an+m—1)° <x_=(an+m)> —m?.
That vay, bat dang thirc nay trong dwong voi

(an+m-1)* —(an+m)? <—m* < -2(an+m) +1< —m?

< 2an>m’ -2m+1=(m-1)°
dang voi n du 16n vi a, b 1a hai s6 nguyén duong cho truée nén m ¢b dinh.
Tir cac bat dang thirc trén ta suy ra

(an+m-1)? < x_<(an+m)? hay [ﬁ]:an+m—l.
Do d6

{JZ}:JZ—[JZ]:\/(an+m)2—m2 —(an+m-1)

_ 2an — (m-1)?
\/(an+m)2 “m?+(an+m-1)

Suy ra Iim{\/Z}:l.

N—oo

Trwong hop 2. Néu r #0, tec la1<r <2a—1. Khidy b=2am+r va
x =a’n’+(2am+r)n = (an+m)* +rn—m* > (an+m)°’
VGi n du 16n. Dong thoi ta cling c6 X, =a’n® +(2am+r)n < (an+m+1)?,
Vi bét ding thire nay twong duong véi
m-m?<2(@a+m)+1< 0<(2a—-r)n+ (m+1)>°
dung véimoi n va m do 1<r<2a-1.

Tir cac két qua trén suy ra, véi n du 1om, ta c6

86 héa boi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://www.Irc-tnu.edu.vn



-61-

(an+m)® <x, <(an+m+1)® hay [\/Z]:an+m.
Do d6
{JZ}:JZ—[JZ]:\/(an+m)2+rn—m2 —(an+m)

rn—m?2

\/(an+m)2+rn—m2 +(an+m)

R T . - . o o
Vay !m{ﬂ}—g.Dapso. !m{ﬁ}_l khi b =2am; r!m{\/Z}_ - khi
b=2am+r,0<r<2a.

Bai tap 3.6 (Olympic 30.4 lan thir 13, 2007, 16p 11. Dé thi dé nghi, THPT

Chu Vin An, Ninh Thuin) Cho ddy s6 {x,} xac dinh boi cong thirc

X, =4n’+38n véi ne N. Tim lim{/x, .

Bai tap 3.7 (Olympic USA lan tht 26, 1997) Cho p,, p,, ... 1a cac sb nguyén

t6 duoc viét theo thir tu tang dan va cho 0< x, <1. V&i moi k nguyén dwong,
0 khix,, =0

ta dinh nghia X, = { Py

Xy

} Khi x,_, #0.
Tim tt cd céc X, théa mén 0< X, <1 sao cho ddy {x,} tién dén 0.

Bai tap 3.8 (Tap chi Toan hoc va Tudi tré, s6 364, 2007)

Tinh Iim{(7+4\/§)n} véi moi sb tu nhién n>1.

n—o0

Bai tap 3.9 (Chon d6i tuyén Qudc gia, 2008) Cho day s6 {x } xac dinh bsi

2 n
. X : Xi
cong thire truy hoi X, =1, X,,; =X, + ———. Tinh lim E — .
g y 1 n+1 n 2008 n_>00|:i_1 XI+1:|
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84 HAM SO CHUA PHAN NGUYEN

Nhu d4 thiy trong §3 Chuong 1, ham phan nguy#n c6 nhiéu tinh chat dic thu,
thi duy, 1a ham hﬁng tirng khtic, do d6 dé tinh toan, nhung lai gian doan, do d6
kho &p dung cdng cu giai tich. Mot s6 ham (phan du, khoang cach) c¢o tinh
tuan hoan. Cac tinh chét dic thd ndy dan t6i nhiéu tinh chat va bai tap hay vé
ham phan nguy@n. Rat nhiéu dang bai toan vé ham sé chira phan nguyén: tinh

tuan hoan, tinh chin 1¢, tinh bi chan, gi6i han,.... Dudi day 1a mot sb vi du.

Thi du 3.12 (Olympic 30-4 lan thir VII, 2001, Lép 11)
Chohamsé y= f(x)=x— n{ﬁ} véi n >0 cho trude. Chirng minh rang:
n

1) f 12 ham sb tudn hoan. Tim chu ki. 2) 0< f (x) <n véi moi xeR.

Giai 1) Véimoi xe R tacod

f(x+n):(x+n)—n[ﬂ}:(x+n)—n[l}—n:x—n{l}:f(x).
n n n

Chung to f 12 ham s6 tudn hoan véi chu ki T =n.

Giasir 0<T <n.Khi 4y chon x,=n-T <n. Taco

f(xo):n—T—n[ﬂ}:—T—n{i}:—T +n>0
n n

va f(x+T)= f(n):n—n[ﬂzo;t F(x,).

Chuang to T =n 1a chu ki nho nhat caa ham f .

2) Taco [§}S§<|:§}+l<:> n[§}£x<n{§}+n
n]™n n n n

<:>0£x—n[%<n<:>0£ f(X)<n véimoi xeR.
n
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X

Nhan xét rang ham y = f(x):x—n[
n

}: X trén [O;n) tang trén [O;n), tuan
hoan véi chu ki chinh 1a n, gian doan tai X =kn, ( Ii{n0 f(x)=n; f(kn)=0).

Thi du 3.13 (Olympic Canada, 1996) Cho cac sb hiru ti duong 1, t,, ..., I €O

tong bang 1. Ta dinh nghia ham s6 f :N— N nhu sau: f(n)=n->[nr].

k=1

Tim gi4 tri 16n nhat va nho nhit cua f(n).

m
Giai Do ) r, =1 theo gia thiét va [nr, ] <nr, nén ta co:

k=1
m m m m
Y[ ]<d nr=n> r,=n.Dodo f(n)=n->[nr,]>0 véi moi n.
k=1 k=1 k=1 k=1

Vay gia tri nho nhat cua f(n)=0 dat dwoc khi n=0.

Mat khac, ta c6 nr, —1<[nr | < nr —[nr]<1. Vi vy

f(n)= n—g[nrk]: nzm:rk —g[nrk]:gnrk —g[nrk]:é(nrk ~[nr J)<m.

k=1
Vi f(n)=n->[nr] 1as6 nguyén nén f(n)<m-1.
k=1

Vay gi4 tri 16n nhit ciia f(n) =m—1 dat dugc khi n=t -1 trong d6 t 1a mau

s0 chung nho nhat cua cadc mau so cua r,, V61 kK =1,m.

Thi du 3.14 (Olympic chau A-Théi Binh Duong, 1993) Tim tat ca cac gia tri
nguyén khac nhau cia ham s6 f(x) =[x]+[2x]+ Ex} +[3x]+[4x] khi x
nhan gid tri 1a c4c s6 thuc trong khoang 0 < x <100.

Gidi Dat h(x) = [x] + [2x]+ [3x] + [4x]. Khi dy (<) = h(x){%x]
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Vi h(x+1) =h(x) +10 nén chi can xét h(x) trén nia khoang [0;1). Trén nira

khoang [0;1) ham h(x) 1& mot ham bac thang, don diéu ting va c6 cac budc
nhay (thay doi gia tri) tai sau diém x=0;=;=; =; =; =,
Vi f(x+3)=35+ f(x) nén chi can xét f(x) trén nira khoang [0;3). Trén

nira khoang [0;3) ham f(x) la mot ham bac thang, don diéu tang, co céc

buéc nhay tai cac diém sinh ra do ham h(x) va tai bén diém x zg; g; %%

sinh ra do ham g(x) :[%X} Nhu véy, trén doan [0;3)=[0;1) U [1;2)U[2;3),
ham f(x) nhan tit ca 3x6+4 =22 gia tri khac nhau.
Trén nua khoang [0;99) ham f(x) nhan tht ca 22x33=726 gi4 tri khac

nhau. Ngoai ra, trén doan [99;100] ham f(x) con nhan thém 6+1+1=8 gi&

tri khac nhau nira tai cac diém 99; 991; 991; 991; 99§; 993; 99§; 100.
4 3 2 5 3 4

Vay f(x) nhan tit ca 726 + 8= 734 gia tri (nguyén) khac nhau.

Thi du 3.15 (Olympic cac nudc Flanders, 1993-1994, vong 1) Cho
f:[0,27] >N, f(x)=[3sinx]. Hoi d6 thi cia f c6 bao nhiéu diém tach
biét (chon mot trong nam dép sd): (A): 3; (B): 2; (C): 3; (D): 2/3; (E): 4.

Giai Ham f(x) =[3sinx]=[u] s& thay doi gi4 tri khi u=3sinx nhan céc gia
tri nguyén. Vi khi x thay doi trén doan [0,27] thi ham lién tuc u=3sinx

nhan céc gid tri va lap day doan [-3;3] nén f(x)=[u] chi nhan bay gi4 tri

-3,-2;-1;0;1;2;3. Trong bay gia tri nay chi c6 hai diém XF% va
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xzz—% la hai diém tach biét vi f(%):[SSin%}:3> f(x) véi moi
0<x<2r, x¢%. Tuong tu, f(—%):[Bsin—%}:—3<f(x) Véi moi

0<x<L2m, X# —%. Vay ta c6 Dap so: Hai diém. Dép an (B) 1a dép an dang.
Thi du 3.16 Ton tai hay khong cac ham s6 f :R - R va g:R — R, trong do
g la ham tuan hoan va thoa méan x° = f ([x])+ g(x) voi moi xeR.
Giai Gia str cac ham s f va g thoa mén diéu kién dé bai. Ki hiéu T>0 Ia
chuky ctia g. Vi x° = f ([x])+g(x) véimoi xeR nén

(x+T)° = f([x+T])+g(x+T) = (x+T)° = £ ([x+T])+g(x).
Suyra f([x+T])—f([x])=T>+3T°x+3Tx’. *)
V6i 0<x<[T]+1-T =1-{T} <1 thi [x]=0 va [T]<T <x+T <[T]+1 nén
[x+T]=[T] va f([x+T])-f([x])=f([T])- f(0):=c Ia hing sb. Vay (*)
la mot da thire bac hai 3Tx* +3T2x+T°—c=0 véi moi 0<x<1—{T}, do do
T=0.VOIliviT>0.Vay khong ton tai ham s6 f va g thoa mén dé bai.
Bai tap 3.10 (Olympic 30-4 lan tha 7, 2001, 16p 11. Bé thi dé nghi, THPT
chuyén Tra Vinh) C6 ton tai hay khong hai hams6 f :R >R va g:R—> R
thoa man x* = f ([X])+ g(x) voi moi xeR, trong d6 g(x) c6 dd thi (C)
thoa man diéu kién:
1) Nhan diém A(X,,Y,) lam tdm doi ximg;

2) Nhan dudng thang x=b Iam truc déi xang (X, = b).
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Thi du 3.17 (Olympic 30.4 lan tht 13, 2007, 16p 11. THPT chuyén Tran Pai
Nghia, TP Hd Chi Minh) Cho phuong trinh 2007* + X — [Iogmom_n e] =0.

Vi gia tri nguyén duong nao cta n thi phuong trinh ¢ nghiém x e (1;2).

i Ine 1
Giai Taco | lo el= = )
[ 92007 ] In(l+lj {In(2007n+1)—|n 2007n}
2007"

Ham f(x)=Inx c6 f'(x) == véimoi X >0. Theo dinh li Lagrange, ton tai
X

, tare 1a

mot sé ¢ e(a,b)::(2007”, 2007" +1) sao cho f'(c) :w

F1(c) = £ = IN@OOT_+1) = In2007° 50077 4 1)~ 1n2007". Vi #/(x) =
¢ (2007" +1) - 2007

L £/(0)=In(2007" +1)~ N 2007" < —~__.
2007" +1 2007"

1
In(2007" +1) — In2007"

la ham nghich bién nén

Viy 2007" < <2007" +1 hay [Iogmo(ﬂ_n e] —~2007".

Phuong trinh tré thanh 2007 + x —2007" =0,

Ham s6 g(x)=2007*+x—2007" lién tuc va ddéng bién trén R. Do d6
phuong trinh g(x)=0 c6 nghiém x,e (L 2) khi va chi khi g(1)<0 va
9(2)>0, nghia 1a 2007 +1-2007"<0<2007°+2-2007" hay
2007 +1< 2007" < 20072 + 2. Piéu ndy chi xay ra khi n=2. Pdp s6: n=2.

Bai tap 3.11 V&i n 1a s6 nguyén duong cho truée, ham sé f :N— R duoc
cho bai cong thire f (k) =k? +{ki} v6i k e N. Xac dinh tit ca cac gia tri

2

nguyén dwong ma n c6 thé nhan sao cho rpll\p f (k) =200.
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§5 CHUOI SO CHUA PHAN NGUYEN
5.1 Nhic lai mét s6 dinh nghia va dau hi¢u hdi tu cia chudi s6
Chuédi sé 1a biéu thirc dang &, +a, +...+ 2, +...= 2an . (1)
Céc sb a, duoc goi 12 CAc 6 hang cua chudi va a dwoc goi 14 6 hang thit n
hay so hang tong qudt cia chudi (1).
Ta goi day tong riéng cia chudi (1)1a S, =a,+a, +...+a, = kzn;ak , neN.
Néu ton tai gidi han hitu han cua diy tong riéng, Inlm S, =S, thi chudi (1)
duoc goi 1a chudi héi tu va co tong bang S. Néu InLrQ S, = hodc khong ton

tai thi chudi (1) dugc goi 1a chudi phdan ky.
Néu a, >0 thi chudi (1) dugc goi 1a chudi s6 dirong, con néu a, >0 thi chudi
(1) duoc goi 1a chudi s6 dwong thiee su.

Phan duw sau s6 hang tha n (phdn dur thir n) cua chudi sb (1) 1a

L= & =a.,+a.,+..
k=n+1
Dé chudi (1) hoi tu, diéu kién can 1a lima, =0.
Tiéu chudn Cauchy Diéu kién can va du dé (1) hoi tu 1a voi moi & >0 ton tai

sb ty nhién N sao cho v&imoi n> N va véi moi sb tu nhién p ta co

<éE&.

Sn+p - Sn

:‘am—l +an+2 +..+ a'n+p

Ko geA 7 s x. 21 N e 3. X a2 .
Chuéi diéu hoa Chuoi so ZF dugc goi 1a chuoi diéu hoa tong quat.
n=1

Chudi anp hoi tu khi p>1 va phan ky khi p<1.
n=1

Khi p =1 thi chudi nay duoc goi 1a chudi diéu hoa.
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Chuéi tréi Néu a, <c, véi a,>0 thi chudi sb icn duoc goi 1a chudi tréi
n=1
cta chudi (1).
Tir sy hoi ty cia chudi troi ¢, suy ra sy hoi tu cita chudi (1) v tir sy phan
n=1
ky cua chudi (1) suy ra sy phan ky cta chudi troi bat ky cta no.

Déu hi¢u so sdnh chung Néu chudi (1) 1a chudi sé duong va chudi >hb, la
n=1

X A N A . - a y o ~
chuoi so duong thuc sy va ton tai Ilmb—n =c Vvéi ¢ >0, c=const thi:
n—oo
n

1) Néu 0<c <+ thi chudi (1) va chudi b, ddng thai hoi ty hogc phan k.
n=1
2) Néu ¢ =0 thi tir sy hoi tu ctia chudi 3, suy ra sy hoi ty cia chudi (1).
n=1

3) Néu ¢ = +oo thi tir sy phan ky cua (1) suy ra sy phan ky cta chudi ibn :
n=1

Dau hi¢u so sanh voi liy thira Néu khi n— oo ta co a, :O*(—pj thi véi
n

p>1 chudi (1) hoi ty, véi p<1 chudi (1) phan ky.
Déiu higu D’Alembert Néu chudi (1) 1a chudi s6 duong thuc su va

lim22L — | thi véi L <1 chudi d6 hoi tu va véi L>1 thi chudi do phan k.

nN—oo an
Véi L=1 thi sy hoi tu ctia chudi (1) chua xac dinh duoc, bdi vi ¢O nhiing

chudi hoi tu hodc nhitng chudi phan ky khi L=1.

Ddu higu Cauchy Néu (1) 1a chudi sé duong va limg/a =q thi véi q<1

chudi d6 hoi tu va voi q>1 chudi dé phan ky. V&i q=1 thi sy hoi tu cua

chudi (1) chua xac dinh.
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e .n e N X. X T a
Dau hiéu Raabe Néu (1) 1a chuoi so duong thuc sy va lim n[ n

—lj =p, thi
n—oo a

n+1
véi p>1 chudi d6 hoi tu va véi p <1 chudi dé phanky. Vi p=1 thi sy hoi
tu cta chudi (1) chua xac dinh duoc.

Ddu higu Gauss Néu (1) 1a chudi s6 duong thyc sy va a :i+ﬁ+i,

n nv
trong d6 &>0,|0,|<c, thi véi A>1 chudi d6 hoi tu va v6i A <1 chudi do
phan ky. Vé6i A =1 thi chudi (1) hoi tu khi g >1 va phan ky khi p <1.

D4u hiéu Gauss 12 tong hop dau hiéu D’Alembert va Raabe.

Déu hi¢u tich phdan Cauchy Néu ham f(x) >0 khi x>0 va khong ting thi

chudi 3" f(n) hoi tu hay phan ky dong thoi véi tich phan suy rong [ f (x)dx.
n=1 1
Chudi (1) hoi tu tuyét ddi néu chudi 3ja,| hoi tu. Néu (1) hoi tu con chudi
n=1

>"|a,| phan ky thi ta n6i (1) héi tu c6 diéu kién (ban hi tu).

n=1

Néu chudi hoi ty tuyét d6i thi cac s6 hang ciia chudi c¢6 thé d6i chd cho nhau
theo thir ty bat ky va tong ciia chudi d6 van gitr nguyén.

Néu chudi hoi tu ¢ diéu kién thi nhd dbi chd thich hop cac sé hang cia no ta
nhan duogc chudi ¢ tong bang mot sd cho trude bat ky (co thé bang + ).
Ddu hiéu Leibnit; Néu a, = (-1)'b,, véi b, >0 va day b bat dau tir mot chi
s6 n, nao d6 don diéu tién dén 0 thi chudi (1) hdi tu.

Déi voi phan du ctia chudi ta ¢6 wéce lugng R =(-1)"0b ., 0<6 <1.

17

Déu higu Abel Chudi sé 3 ab, hoi tu néu chudi > a, hoi tu va day b, don
n=1 n=1

diéu va gioi ndi.
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Ddu higu Dirichlet Chudi > a b, hoi tu néu ddy b, bat dau tir mot chi sé n,
n=1
nio d6 don di¢u tién t6i 0 va day tong riéng cta chudi > a, bi chan.
n=1

Céc sb hang cua chudi hdi tu c6 thé nhom lai voi nhau mot cach tly y, khi dy

tong cua chudi khong thay doi.

Céng cic chudi Néu cic chudi > a, va >.b, hoi ty thi ta co
n=1 n=1

S (Aa, + ub) =23 a, + u3b,, trong d6 4, u 1 céc sb tly V.
n=1 n=1 n=1

Tich cac chuéi (Quy tac Cauchy) Tich cac chudi > a, va >'b, 1a mot chudi
n=1 n=1
thr ba ma s6 hang tong quat cua no c6 dang ¢, =ab, +ab, , +...+ah.

NG6i chung >'c, = > a > b,. Tuy nhién, néu mot trong hai chudi hoi tu, con
n=1 n=1 n=1

chudi kia hoi tu tuyét déi thi ta ludn c6 Yc, =>a,>h,.
n=1

= e
Cong thirc nay duoc thoa man trong truong hop ba chudi déu hoi tu.

Héi tu déu ciia ddy ham Day ham f (x) duoc goi 12 héi tu déu vé ham f(X)
trén mot khoang X , néu véi moi € >0 t6n tai N = N(g) (phu thudc vao ¢ va
khong phu thuoc vao x) sao cho véi moi n>N(e) thoa man

f.(0)— f(X)|<¢, voimoi xe X.

Trong trudng hop ndy ta viét f (x) = f(x), Vxe X ..

H@i tu ciia chugi ham Chudi ham > u,(X) = u,(X) + U,(X) +...+ U, (X) +... dugc
k=1
goi 1a hgi e té6i ham S(x) trén khoang X néu ddy téng riéng cua né

S,(X) = > u(x), n=1 2, ... hoi tu, dong thai limS,(x) = S(x).
k=1 n—ow
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Héi tu déu ciia chudi ham Chudi ham > u,(X) = U,(X) + Uy(X) + ...+ U (X) + ...
k=1

duoc goi 1 héi tu déu t6i tong S(X) cua nd trén khoang X néu day tong riéng

S.(x) cta chudi hoi tu déu téi ham S(x) trén X.

Déu higu Abel Chudi ham 3 u,(\)v,(x) héi tu déu trén khoang X néu chudi
k=1

kivk(x) hoi tu déu trén X , con cac ham u,(x), k =1, 2,... déu gi6i ndi va Véi
=

moi X lap thanh mot day don diéu.

Chuéi liiy thira 13 biéu thic 2:3,1(X—a)”, trong d6 a, 1a hé s6 cua chudi
(khéng phu thudc vao x), a la diém c6 dinh trén truc sd.

Mién hoi tu cta chudi lily thira ludn 1a khoang |x —a| <R, trong d6 R 1a ban
kinh hoi tu caa chudi (R >0). Ban kinh héi tu ciia chudi co thé dugc xac dinh

a,

, Néu

theo cong thirc Cauchy-Adama (a) Flazmq/a , hoac (b) R=Iim

n—oo

4
C4C giGi han ndy ton tai. Trong truong hop gidi han (a) bang 0 hodc gii han
(b) béng +oo thi chudi lity thira hoi tu trén toan truc $0.

Pé tim dang diéu cua chudi lity thira tai cac diém mut cua khoang hoi tu can
st dung céc dau hiéu hoi tu ctia chudi sb.

Néu ham f(X) c6 thé khai trién trén khoang (a—R;a+R) thanh chudi liy
thira thi chudi nay duoc goi 1a chudi Taylor @i véi ham f (x).

Diéu kién can va dua dé ham f(x) c6 thé khai trién thanh chudi Taylor trén
khoang (a—R;a+R) 1aham f(x) kha vi vo han va phan du trong cong thirc
Taylor d6i vai ham nay tién t6i 0 khi n — oo trén khoang do.

o £ 09
= k!

Khai trién c6 dang f (x) = D (x—a) . @)
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Ham gidi tich Ham f (x) khai trién duoc thanh chudi Taylor duoc goi 13 ham
gidi tich va khai trién (2) ciia n6 1a duy nhat.

Trong thyc hanh, cac truong hop quan trong 12 c4c treong hop biéu dién phan
du cua khai trién (2) (hay phan du cua chudi (2)) duéi dang Lagrange

1, £9(q) F09(a 1 9(x - a))

R(¥)=f(x)-> (n+1)!

21 (x—a)“=

(X _ a)n+l '

va dudi dang Cauchy

(n+1) _
R(x) = @ +n?1(x ) 1— )" (x—a)"™, trong d6 0< 0 <1: 0<6, <1.
5.2 Mot s6 két qua bo tro

M¢énh dé 5.1 Chugi s6 > a, hoi tu néu thoa man céc diéu kién sau:

n=1

i) S6 hang tong quat a — 0 khi n — .

ii) Chudi > A nhan dugc bang cach nhom cac s6 hang ctia chudi d cho theo

n=1
thr tu tu nhién cua no, hoi tu.

, N ” Ppaal
iii) SO phan tir &, c6 mat trong tong A = > a,1=p <p,<.. lahiuhan.

i=p,

Chimg minh Gia st S, 12 ddy tong riéng cia chudi » A, . Khi d6

n=1

A
Sk =&t +..+a, j+a, +a, gt ta, Tt

a, +a, 4 +..+a +a,+..+a =S, +a,,+..+a

Pn+1-1 Pns1-1?

V6i p, <k < p,,, —1, trong d6 S, 1a day tong riéng cua chudi »_a, .
n=1

Vi a, — 0 va cac so hang cua ddy a,,, +...+a, ,=C, theo diCu kién la hitu

1

han nén C, — 0 khi k - 0. Do d6 Iierﬁ(zllimSk.

N—oo
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Ménh d€5.2 Chuoi so a +a, +...+a,, ; — 8, —..—8, 3 +a, +.. (3)

hoi tu hay phan ky dong thoi véi chudi

P11

Z( 1" 1[Zaj,trongdé 8, >0,1=p<p,<... (4)

1=Pn

Ching minh Gia st chudi (3) hoi tu. Khi d6 ddy con tuy y cua ddy tong riéng

P11 )
clia nd ciing hoi tu, trong sb d6 co day Z( )" 1( Z a, j, tirc 1a day tong

n=1 i=pp
riéng cua chudi (4) hoi tu. Do d6 chudi (4) ciing hoi tu.

N Ppi1-1 .
Bay gio, gid st chudi (4) hoi ty, khi d6 > a —0 khi n—oo. Diéu ndy c6
i=pp

nghia 13, do a duong nén tong &, t..ta, 4 cing tién t6i 0 va

limS/, = lims, , tirc Ia chudi (3) hoi tu.

nN—oo

5.3 Mot so bai tap vé chudi sé chira phan nguyén

i o 5 D
Thi du 3.18 Xét sy hoi tu ciia chudi sau ZT

Gidi Taco [Vn|=k ok <Jn<k+1ek <n<(k+1),

Xét chudi nhan dugc do viéc nhom cac sé hang cling déu cua chudi da cho

1 1 1 1 1 1 1
1+=+=|+|=+.ct= || =+ —+...+—= |+
( 2 3] (4 8) (9 10 15)

1 1
+ (- 1)( Pa] +"'+(k+1)2—1j+

BOivi A=t 1 L 2k+1

———+.. Khi , VE
% k2+1+ +(k+1)2—1< % — 0 khi k >, va
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1 1
k+1?+m) k*+4k+2 k*+4k+3

A-AL=@kr DY o

(2K +1)? 1 1

(K> +2K) (K> + 4k +1) K> +4k+2 K4k +3 >0

véi k >k, nén chudi > (-1) A hoi tu theo dau hi¢u Leibnitz.

Do d6 chudi d& cho ciing hoi ty.
[n]

00

Thi du 3.19 Xét sy hoi ty, hoi tu c6 diéu kién hay phan ky cta > (-1
n=1

Giai Hién nhién khi p>1 chudi hoi tu tuyét ddi va phan ky néu p<0. Ta s&
chi ra rang néu 0< p <1 thi chudi hoi tu cd diéu kién. Ta thay rang, s6 hang
dau tién caa chudi 1a s6 &m, nam sé hang tiép theo 1a s6 dwong, ... Dé tim

mién hoi tu c6 didu kién, ta xét chudi dan dau > (-D"A , trong d6
n=1

o1 1 1
A= 2 =y T sy T sy

nhan dugc bing cach nhém
cac s6 hang cung du cua chudi d4 cho.

(n+l)
Hon nita, véi a =1 thi A‘<n1 j lo=1 1_1p((n+1)2-2p—n2-2p).

Do ;< p <1 nén

p
O<(n+1)’)—n’):n”[(l+ij —1j<np((1+i)—lj:nll_p—>0 khi n — oo.

Vivay, limA =0 néu;< p<1.

Voi p=1taco 2<A1<2nn+l vavivay limA = Ovo1;< p<1.

Ta sé& chi ra rang véi ;< p <1thiday {A} don di¢u giam. Thét vay,
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(ne)P-1 ] (n+2)%-1 1 ()21 ] (n+1)?+1 1
A]_A]+l:|<i:l(’)_ ik i kP izww)

k= (n+l k'=n

o1 ] 1
T A (k” (k+2n+1)j ((n+2) —2)P  (n+27-1)

2n

Z( j 1 B 1
A\ (n* +k)” ((n+1) +k)?) (n+2?%-2° ((n+2)°-1)°

trong d6 bat dang thire cudi clng suy ra tir tinh don

o1
(n+27 -1"’

. R 1 1 R . .
u ci = - :2n]. V6i n du lon, t
diéu cta ham g(x) 0 (D) trén [0;2n]. Vi n du I6n, ta co

1 1 1 1
A‘_A“+1>(2n+1)((n2+2n)”_(n2+4n+1)”j_(n2+4n+2)’)_(n2+4n+3)”

1 1 2
> (2n +1)((n2 +2n)p B (|’]2 +4n +1)pj_ (n +1)2p

= nzzp((n + ;)((n + ;jp —(1+f]'+nlzj_pj(l+ ij_zpj 2n*"(2p-1)>0,

2
Wi (14X >1—px va (1+x)°>1- px+p(p;1)", 0. x>0, hai bét ding
thirc nay c6 thé chirng minh bang dao ham).

Vi vy, theo déu hi¢u Leibnitz thi chudi 3" (-1 A, hoi tu voi ; <p<1.Dods
n=1

chudi d& cho hoi tu khi va chi khi ;< p<1. Mién hoi tu cta chudi di cho

duoc xdc dinh boi ; <p<l.

(2n+1)
(n*+2n)°

3" (-1"A, phan ky néu 0< ps;.

Mat khéc, A > khong tién t6i 0 véi 0< ps;. Vi vay chudi
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Thi du 3.20 Tinh tong cua chudi ixmy[nﬂ , V6i [xy|<1.
n=0

Giai Do chudi D" (xy)" hoi tu, ta c6 thé nhém cic sb hang nhu sau
n=0

ix%yn =1+ y+Xy+Xy>+ XY+ Xy +..

n=0

1+y

=3 00)" +y > (o) =(1+y)g(xy>“ e

© Inn

Bai tap 3.12 Xét su hoi tu ctia chudi Z

n=1

Bai tap 3.13 Tinh Zl[ Inn }

—Inn
A e e A o 3+(-D)"
Bai tap 3.14 Cho {a,} Xx4c dinh boi cong thirc: 8,=2, a,,=a,+—— >
n+l 1
Tinh (1) 7 1.
in nz(;( 1).2 71

Bai tip 3.15 X&t su hoi tu cua chudi i[n]
=1 5
- (U

—— Vo1 0< X< 400,
nzi‘«/n(n+x) 1 *

Bai tap 3.17 (chudi Prinxgay) Xac dinh ban kinh, khoang hoi tu va nghién

Voi \x\<a trong d6 a>0.

Bai tap 3.16 Xét sy hoi tu déu cua chudi

A XA A x. o (-1
cuu dang di¢u tai cac di€m bién cua khoang hoi tu ctia chudi ZL
n=1 n
N T C e
Bai tap 3.18 Xét sy hoi tu, hdi tu tuyét doi cua chudi Y| .
n=1
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KET LUAN

Luan van d& trinh bay twong d6i diy du vé ham phan nguyén va cac
dang toan co tham gia phan nguyén trong sé hoc, dai sé va giai tich. Nhiéu
van dé li thuyét ctia phan nguyén lién quan dén tinh chia hét, nhi thuc
Newton, phuong trinh sai phan va hé dém. Theo ching ti, phan nguyén la
mot chuyén dé ot gitip hoc sinh, sinh vién thanh thao cac ki thuat thao tac véi
phan nguy@n, ma con gilp nang cao kién thirc va trinh do toan néi chung. Bai
tap vé phan nguyén nhiéu khi doi hoi 10i giai dic thu va doc dao. Trong luan
vin nay ching tdi c6 gang tap hop, phan loai cac dang bai tip va cac phuong
phap giai ching. S6 lwong khé 16n cac vi du minh hoa, bai tip va bai thi
(duoc giai chi tiét trong [2]) ching to ham phan nguyén duoc nhiéu tic gia ra

dé thi Olympic qudc gia va qubc té, nhiéu tap chi toan phd théng quan tam.

Chung toi hi vong luan van nay cung véi [2] dugc cac giao vién va cac

hoc sinh phé thong, sinh vién dai hoc quan tam.
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