TRAN TRI QUOC THPT NGUYEN HUE PHU YEN

? CHUYEN DE
DAT AN PHU GIAI PHUONG TRINH VA HE PHUONG TRINH VO TY

Nhu céc ban da biét trong chuong trinh Toan THPT thi phuong trinh va hé phuong trinh vo ty
luon 1 mot chi dé kinh dién, béi thé nén né luon xuat hien trong céc ki thi 16n nhu thi Dai hoc va
cac ki thi hoc sinh giéi 16n nhé. Trong dé phuong phap ding an phu dé giai toan luon 1a mot cong cu
manh va hitu ich. Hom nay bai viét nay sé trinh bay mot sé phuong phap dit an phu dé giai quyét
cac bai toan.

No6i dung: Dt bicu thic chita cin bang biéu thitc mdi ma ta goi 1a an phu, chuyén vé phuong
trinh theo an méi. Gidi phuong trinh an phu rdi thay vao biéu thiic tim nghiém ban dau.

Phuong phap: Gom c6 cac bude sau:
Budc 1: Chon cach dit an phy, tim diéu kién xac dinh ctia an phu. Dé lam t6t budc nay phai co su
quan sat, nhan xét mo6i quan hé ciia cac biéu thic c6 mat trong phuong trinh roi dua ra biéu thic
thich hop dé dat an phu.
Buéc 2: Chuyén phuong trinh ban dau vé phuong trinh theo an phy, thudng 1 nhung phuong trinh
da biét cach giai, tim duge nghiém can chi ¥ dén diéu kién ctia an phu.
Budc 3: Giadi phuong trinh véi an phu vita tim duge va két luan nghiem.

Thanh vién tham gia chuyén deé:
1-Tran Tri Qudc 11TL8 THPT Nguyén Hue, Phu Yen
2-Ho6 Ditc Khanh 10CT THPT Chuyén Quéng Binh.
3-Doan Thé Hoa 10A7 THPT Long Khanh, Dong Nai
4-Thay Mai Ngoc Thi THPT Hung Vuong, Binh Phudc.
5-Thay Nguyén Anh Tuan THPT Lé Quang Chi, Ha Tinh.

Dau tién ta cling gidi cac vi du co ban sau:
C6 1& nhieu ban da quen vé6i bai tap dang loai nay nén minh chi mudn nhic lai 1 ty
I-Dat an phu dua vé phuong trinh theo an phu:

Dang 1
b
Pt ¢6 dang ax? + bx + ¢ = \/px? + qx + r trong do @e_?
P q

Céch giai : Dat t = /px2 +qr+r,t >0
Toi sé dua ra vai vi du dé cac ban on lai vi day la phan kha dé

Giai cac phuong trinh sau
1/(DH Ngoai Thuong-2000) (z + 5)(2 — z) = 3vz? + 3z
2/(DH Ngoai ngtt 1998) (z +4)(z + 1) —3v2? 4+ 52 +2=6
3/(DH Can Tho 1999) \/(z + 1)(2 — ) = 1 + 2z — 222
4/ 4z* + 10z +9 = 5v/22% + 5z + 3
5/ 18x? — 18z + 5 = 3v/922 — 9z + 2
6/ 322 +2lx + 18 + 2Va2 + T + 7 =2
Dang tiép theo ciing rat quen thuoc
Dang 2

PT c6 dang P(z) + Q(z) + (/P(z) £ /Q(x)) £2/P(2).Q(z) + o = 0 ( a 1a 85 thuc)
Cach giai Dat t = \/P(z) £ /Q(z) = 1* = P(z) + Q(z) £ 2\/P(x).Q(x)
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TRAN TRI QUOC THPT NGUYEN HUE PHU YEN

2
Bai 1: Giai phuong trinh 1 + gx/x —2=\r+V1—=x

Giai

2

DKO0O<z<1, Taditt=+z++1—2thivz—22=
la t

&1+ 3 =tet?-3t+2=0t=1;t=2
TH1t=2< /x++1—2=2(VN)

TH2t=1<z+V1-z=12=0z=10
Giai cac phuong trinh sau

, phuong trinh tré thanh bac 2 véi an

2

1/(HVKTQS-1999) V37 — 2+ v — 1 =4z — 9+ 2322 — 52 + 2
2/ V2r+3+Vr+1=3r+2v222+5x+3—16
3/Vdr +3+2x+1=06x+ /8x2+10x +3 — 16
4/(CDSPHN-2001) vz —2 — /T + 2 = 2V/a% — 4 — 22 + 2

Thé 1 da xong cac vi du co ban rdi bay gis ta xét dén cac vi du ma can su bién déi khéo léo mot
chiit v& c6 st quan sat danh gia méi c6 thé dua vé dang co ban dé dit an phu duge.

II-Dit an phu dua vé phuong trinh tich

Xuét phat tit 1 s6 hiing déng thic co ban khi dat an phuy:
B+l=(x+1)(2*—x+1)
et 4+ 1= (22— V2r +1)(2® + V22 + 1)
4?4+ 1= (" +222+1) -2 = (@ +2+ 1) (22 -2+ 1)
drt + 1= (22% — 2z + 1) (222 + 22 + 1)

Chu y: Khi dat an phu xong ta c6 ging dua vé nhitng dang co ban nhu sau
vtv=14uwe (u—-—1)(v—-1)=0
au+bv=ab+vu < (u—>b)(v—a)=0
Phuong trinh déng cap bac hai az? +bry +cy> =0 at?> +bt +c=0v6i t = E
)

Lai lay Bai 1 6 trén 1 lan nita

Giai

2
Giai phuong trinh 1+ g\/:r —2=\r+1—z

Nhan xét: Ta thay (/7)? + (V1 — 2)* = 1(**), ma ti phuong trinh dau ta rat duge mot can thic
qua can thitc con lai

Giai
3WV1—-—x2-3 . 3t —3

Thay vao (**) ta bién doi thanh ¢(t — 1)(2t? =4t +3) =0« t = 0;t = 1 hay = 0; 7 = 1 la nghiém
ctia phuong trinh.O
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TRAN TRI QUOC THPT NGUYEN HUE PHU YEN

Ta xét vi du sau

Bai 2: Giai phuong trinh r +1+ Vo +2=1+ Va2 + 3z +2

Giai

Ta thay (z + 1)(x +2) = 22 + 3z + 2
bat u=va + Lv= vz +2
PTeut+v=1+uw
Su—-1)wv-1)=0

Giai tiép ta dugec z = 0; 2 = —10

Ta xét vi du sau, kha gidng bai ¢ trén nhung khé hon.
Bai 3: Giai phuong trinh Va2 +3z +2(Vr +1—- Vo +2) =1

Nhan xét: Cach lam bai nay ciing kha giéng nhung phai dé ¥ that ki ben VP vi ta tach VP
thanh bicu thic "lien quan" dén bicu thic an phu.
Giai

Loi giai: Phuong trinh da cho tuong duong véi
(z+1)—(z+2)+ Va2 +3r+2(Vz +1— V2 +2) =0

Ta dat Vx + 1 =a;b = —v/x + 2, khi d6 phuong trinh tuong duong
a®+ 0 —abla+b) =0
& (a+b)(a—0)2=0
@azi%@ Ve+1==+vr+2

Sr=—C
Ty

. . 3 .. . 3
Thu lai thay x = —5 thoa méan. Vay phuong trinh c6 nghiém duy nhat z = —§D

Vi du tuong tu
Bai 4: Giai phuong trinh (z +2)(v22 +3 —2vVx + 1) + V222 + 50+ 3—-1=0

Giai
3
r > —=
DK - 2 =x>-1
x> —1

V2r+3=a r+2=a%— b
Dit Ve +1=0 ={V2:2+5z+3

a;b>0 1 = a? — 202
Nén PT < (a® — b*)(a — 2b) + ab = a® — 2b?
& (a®> = b?)(a —2b) + b(a+b) — (a® = b*) = 0. Via+b > 0 nén ta chia 2 vé cho a + b
< (a—b)(a—2b)—(a—20)=0< (a—2b)(a—b—1)=0
eVéia=b+1=+2x+3=+vVax+1+1(VN)
e Viia=2b=21+3=2 x+1<:>:c——% (TMDK)

1
Vay phuong trinh c¢6 nghiém S = {——}

2
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TRAN TRI QUOC THPT NGUYEN HUE PHU YEN

Bai tap dé nghi
Giai cac phuong trinh sau
1/(Wx+5—+Vae+2)(1+ Va2 +Tr+10) =3
2/(Ve+1++vVa—2)(1—va?—z—2)=3
3/Ve —22+/1—z=1+(1—-2)\/z
4/+/32% — 18z + 25 + /422 — 241 + 29 = 62 — 2% — 4

. . 24+ Vx 2—\x
Bai 5: Giai phuong trinh + =2
V2424V V2—-42—x
Giai

Thoat nhin ta dua ra danh gia rat dé thay 2+ /2 +2 — /r =4
Neén ta dat /2 + vz =a;\/2—/x =D
Taco ab=+4 —x;a®> +b*> =4
Ta \;iét lai ph%’ong trinh nhu sau:

a b
\/§+a+\/§—b_\/§
= a®V2 — a®b + V*V2 + ab® = V2(2 — bV2 + av/2 — ab)
& V2(a?> 4+ +ab—2) — ab(a — b) = 2(a — b)
& V2(ab+2) = (a —b)(ab+2). Dé ¥ a®> + b = 4
V“lab—l—?;éOnéna—b:\/ﬁ
Sal+?-2ab=2=ab=1=Vd—z=1
Nén x =3
Vay phuong trinh c¢6 nghiem S = 30.

Bai 6: Giai phuong trinh (13 — 4z)v/2x — 3 + (4 — 3)v/5 — 20 = 2 + 8y/16z — 422 — 15
Nhan xét: Dé thay ring (22 — 3)(5 — 2x) = 162 — 42® — 15, nhung con cac nhi thiic 6 ngoai can ta
khong thé biéu dién hét theo 1 an phu dudc, ta dat 2 an phu va ¢d dua vé phuong trinh tich.

Giai
Loi giai: DK;Sng
Ditu=+2r -3 =u?>=20v—3;2u> +3 =4z — 3
v=+b—-2r=0>=5—-22;20° +3 =13 —4x
= u? +v? = 2;uv = /162 — 422 — 15(1)
= PT & (202 + 3)u + (2u® + 3)v = 2 + 8uv = u® + v? + 8w
< 2uv(u+v) 4+ 3(u+v) = (u+v)* + 6uv
& u+v—3)(2uv—u—v)=0
TH :u4+v=3
< /160 — 422 — 15 =
THy :u+v=2uv
& V/16r — 422 — 15 =1
= z = 2 (Thoa DK)
Vay phuong trinh da cho c¢6 nghiém duy nhat z = 20

L(VN)

Bai 7: Giai phuong trinh 22 + /2 +1 = 1|(*)

Giai
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TRAN TRI QUOC THPT NGUYEN HUE PHU YEN

bat vVx+1=¢tt>0

PT(*) & (2 -1 +t=1<tt—-1)#*+t—-1)=0
TH1 Vé6i t = 0 thi x = —1.

TH2 V6i t = 1 thi x = 0.

TH3V6it:%\/gthix: 2‘/5

O

Ta tu lam khé véi kiéu bai trén lén mot ty nhé, nang bac lity thira, ta xét vi du sau

Bai 8: Giai phuong trinh 2* + V22 4+ 3 =3

Giai

Dé don gian héa, ta dit 22 =a,a > 0

PT < a®> + va+ 3 = 3, ta sé tach dé dua vé phuong trinh tich nhu sau:
Sa?—(a+3)+(a++va+3)=0

e (a+vVa+3)(a—vVa+3+1)=0

ia>0=a++va+3>0(VN)
Tacoa+1=+a+3
sSal4+a—-2=0
=a=1(a >0)nén x = +10

Bai 9: Giai phuong trinh (2% +2)? +4(z + 1> + Va2 + 2x + 5= (20 — 1) + 2
(D& thi chon doi tuyén 10 THPT chuyén Luong Van Chanh-Phu Yen)

Nhan xét: Bai nay c6 liiy thita bac cao nhat 1a 4, va c¢6 ca cin bac 2 nén ta sé c6 nhém céc biéu
thitc lity thita giéng trong can dé c6 thé dat an phu.

Giai

Sat+ 4 +4+4@P+ 322 + 30+ 1)+ Vat+ 20+ 5 =42 — 4z + 3
& (22 +2x)? +8(2? 4 2x) + V2?2 + 2z + 5+ 5 = 0 (Cong doan nhom lai thé nay ciing rat quan trong)

Ditt =+vVa2 +20+5,t>2=t>-5=2a2+22
Ta viét lai PT da cho tuong tuong vé6i (12 — 5)2 +8(t* = 5) +t+5=10
St -204+t—-10=0& (t—2)(*+ 2> +2t+5) =0
Vit>2mnent3+2t2+2t+5>0

Tacot=2
= Vr2+2r+5=2
Vay x = —10

Bai 10: Giai phuong trinh Va2 — 22 +5++V2r —1=2

Giai
Datt=vVz—1,v6iz>1, t>0=t>=2—1
Phuong trinh da cho viét lai\/(z — 1) +4=2— 2z — 1

Tré thanh:vitt +4 =2 — t(t < 2)
Sttt 4+4t=0
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TRAN TRI QUOC THPT NGUYEN HUE PHU YEN

Vite[0;2]nént*—t+4>0
Vayt =0= 2z =10

Bai 11: Gii phuong trinh (42° 4+ 1)z + (y — 3)v/5 — 2y = 0

Giai

ot

Diéu kieén y < 3

Dit a = 2z va b= +/5 —2y (b > 0) ta ¢6 phuong trinh viét lai thanh
a+a —(O+0b)
+
2 2
Hay 22 =5 -2y &2 =

=0 a=0b

5 — 49? 5 — 4y?
y.\/ayx: Y

la nghiém cua phuong trinh.

Nhan xét. Mot 10i gidi that dep phai khong ! Chic cic ban sé thic mic rang lam sao ma ta lai c6
thé dat duogc an phu nhu trén.

_b2 _b2 1
Trlr(’jctiéntasédat\/5—2y:b:>y—3:5 5 —3:%
— —(*+1)b
a(a®+1)

Bay gio ta muén (4% + 1)z =
= 42+ 1) 2z =0a>+a

=8 +2r=at4+a=a=2
Tt d6 ta c6 dude cach dit an phu nhu 6 16i giai O

2

>
Bai 12: Gidi phuong trinh ,/% 1= 3@ -39+ {9z —3)

Giai
3427

Dieu kien x > —2 Dat t = /9 (x — 3) thi ta c6 z = 5

z+2 t* 445 s
\/2 _\/ Ve =g

Phuong trinh da cho tré thanh

t3 445 12
\/ —1=—+t
18 3+

3+ 45
J; =t +3t+3 (1)

3\* 3
Ta co t*> + 3t +3 = <t + —) + 1 > 0 nén phuong trinh (1) tuong duong véi

2
3 + 45
T (t* + 3t + 3)?

& 2t1 + 1143 4 30t% + 36t — 27 =0
(2t —1)(t+3)(t*+3t+9)=0
t=-3

et =
27

1 8497 217
Git— - thiz— !

o VoIt =g thiz 9 72
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TRAN TRI QUOC THPT NGUYEN HUE PHU YEN

3+ 27

9
Cac nghiém trén thoéa man diéu kién ctia bai todn. Vay phuong trinh c6 hai nghiem z = 0 va
217

20
72
Bai 13: Giai phuong trinh 5/x/x + 3v/zJ/x = 8

e VGit=—-3thiz= =0

Tr =

Giai

Phuong trinh da cho tuong duong véi: 5v/ vz + 3v vt = 8
&5 Vab+3 Vat =8

Dat:y = Va2 véi y > 0 ta co:

5y° +3y> —8 =10

< (y—1)5By*+8y+8) =0

Sy—1=0y=1

Dodbtaco: Val=1o12=1o ==+l

Vay: tap nghiém ctia phuong trinh da cho 1a:S = {—1; 1} O.

7 6
Bai 14: Giai phuong trinh vzt — 7 + ~= 0

Giai

DK x # 0. Ta c¢6 phuong trinh da cho tuong duong véi

6
5 pd _ — 9 7 3 —
vt W+5x5_0<:>\/:? 7V 4 6 = 0(x)
Dit:y = v/x3, y # 0, phuong trinh (*) tré thanh:
Y —Ty+6=0s(y—1)(y* +y—6)=0

y=1 Vi =1 r=1
sly=2 o | Vid=2 o |z=2V4
y=-3 Va3 = —3 r=-3V9

Vay tap nghiém ctua phuong trinh da cho la {1; 2v/4; —3\‘7’/5} O

Bai 15: Giai phuong trinh 4z — 1+ V422 — 1 =1

Giai

1
422 —-1>0 2
Binh phuong hai vé phuong trinh da cho, ta co:
4z — 1)+ (42 — 1) +2¢/(4z — 1)(4a2 — 1) =11
&2 /(4r —1) (422 —1) =3 —42® — 4z =4 — (20 + 1)
Dity=22+1=4r—1=2y—3, 42> —1=9% -2y
Phuong trinh tré thanh
2(/(2y=3)(y—2) =4 ¢
4—y2>0
42y = 3)(y — 2y = (4 — ¢*)°

Ay — 1>
DK{x 20 L
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PHU YEN

(—2<y<2

& _y—2:O

([ 42y =3y = (y+2)*(y - 2)

(—2<y<2

el y=2 Sy=2

([ ¥°— 6y +8y—8=0

Ham s6 G(y) = y® — 6y + 8y — 8 lay gia tri am trén toan mién [—2; 2]

—_

Dodétaco2x+1=22=—

\)

. 1
Vay phuong trinh c¢6 nghiém duy nhat z = §D

Bai 16: Giai phuong trinh v/2r — 1+ 22 — 3z + 1 = 0| (D-2006)

Giai
?+1
batt=vV2x—1=2x= ;
PT e t*—42+4t—-1=0
S (E—1)2%(t2+2t—-1)=0
*Voit=1=ax=1
*NVoit=v2—1=12=2—+20

Bai 17: Giai phuong trinh 222 — 62 — 1 = /42 + 5

Giai

3—+v11 3+ 411
DK z < 5 Tx > +2

> -5

batt=+vVdxr+5=z=
PTe ¢4 — 2202 —8t+2T=0& (2 + 2t = 7)(t* — 2t — 11) =0

Déi chiéu diéu kien ta tim duge nghiém ciia phuong trinh z = 1 — v/2;2 = 2 + /30

Nhan xét: Doi v6i nhiing bai c6 dang vaxr + b+cz?+dr+e = 0 thi cch gii la ddt vaz + b = {,
sau dé dua vé phuong trinh bac 4, ding dong nhat thic dé phan tich nhan tit. Nhung c6 1 s6 bai

khong giai dude bang cach dé, ta sé nhac lai van dé nay ¢ phan sau.

Bai 18: Giai phuong trinh (z + 3v/z + 2)(z + 9v/z + 18) = 168z

D6i v6i nhitng bai ma khi phan tich thanh céc nhi thic hodc tam thic ta thuong nham dugc

nghiém hitu ty kha dep, vay con doi v6i nhiing nghiem vo ty?

Ta xét bai toan sau:

Bai 19: Giai phuong trinh (z —2)vz — 1 — V22 +2=0

Nhan xét: Ta thiy trong can c6 v/z — 1, nén ta sé co6 gang them bét va tach sé duge mot phuong

trinh theo an mdi

Giai
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Dit Vo —1=1tt>0

Ta bién ddi phuong trinh nhw sau : [(x — 1) — 1]y/z — 1 —V2[(x — 1) —=v2] —v/2 =10

St —V2 —t+2-2=0

Phuong trinh nay ta bAm mAay khong c6 nghiém hitu ty, nhung ban ndo tinh ¥ mot ty sé thay
t=04142.....7

Nhin vao s6 nay kha quen nhi, n6 chinh 1a v/2 — 1

Ap dung so d6 Horner, ta phan tich duge nhu sau :(t +1 — v/2)(12 —t —/2) =0

*THI Vit =vV2—1=Vr—1=vV2—-1=2=4—22

*TH2 t> —t — /2 =0, va chi nhan ¢ > 0

2
_LeVieave (1+\/1+4\/§> 1o
B 2 2

Tacot =

ITI- Pit an phu dua vé phuong trinh ding cip bac hai, bac ba.

Bai 20: Gidi phuong trinh 2(z2 + 2) = 5v/z3 + 1| (Dé nghi Olympic 30,/4/2007)
D61 v6i bai toan nay dau tien ta phan tich nhan ti trong cin 2® + 1= (z + 1)(2®> — 2 + 1) 16i ¢6 ¥
bién d6i vé trai thanh tong hodc hiéu ctia hai thita s6 trong can.

Giai
Ta bién d6i nhu sau 2(2% +2) = 2(2? — 2 + 1) +2(x + 1)

Tadat Va2 —z+1=a;vVx+1=0
PT < 2a% 4 2b* = 5ab

Dén day giai ra dugc 2 nghiem t =
5+ V 37D
2

;t:2véit:(%)

N —

Vay x =

Sau day 13 mot s6 bai tap tuong tu
Giai PT
1/2(z* — 3z +2) =3Va3 + 8
2/22% +5r — 1 =Ty — 1
3/10vx3 + 8 = 3(2% — x + 6)
4/10v/2% + 1 = 3(2* + 2)

Ngoai ra céc ban van c6 thé sang tao thém cac PT bing cac ding thitc toi da néu & trén sé rat
thi vi day, dé c6 mot phuong trinh dep ta phai chon hé s6 a,b, ¢ sao cho PT at? +bt + ¢ = 0 c6
"nghiém dep" 1a duge, ban hay thit xem.

Vi du bai nay ching han 422 — 22z +4 = V24 + 1
Cung thit stic v6i bai todn sau nhé, bai nay khé hon so véi cac vi du to6i da néu & trén

Bai 21: Giai phuong trinh /522 — 142 + 9 — v22 — x — 20 = 5v/x + 1| (HSG Quéang Ngai 2012)

Giai
DK > 5, chuyén vé binh phuong ta c6 :
202 — 5z + 2 =5/(22 — 2 — 20)(z + 1)

Dén day lai gip 1 van dé nita d6 1a ta khong thé tim duge hai s6 a, 3 sao cho
a(z? —x —20) + B(z + 1) = 222 — 5z + 2 nén ta khong the dit a = Va2 — 2 — 20;b = /o + 1 nhu
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TRAN TRI QUOC THPT NGUYEN HUE PHU YEN

cac vi du trén duge.

Nhung lai thay x? — 2 — 20 = (x — 5)(z + 4)
PT & 222 — 52 +2 = /(22 — 4o — 5)(z + 4)
Ta thtt lai lan nita va tim dudc «, 8 thoa méan, ta bién ddi lai PT nhu sau
& 2(2? — 4z —5) + 3(x 4+ 4) =5/ (22 — 4z — 5)(x + 4)
Dita=+va2 -4 —-5b=+x+4
PT < 24 + 3b* = 5ab
T do6 ta dudge a = b;a = §b

5+ v61
Véia:b:>x:+T(a:25)
3 7
Véiazéb:%x:&x:—z
. R . 54+ v61
Daoi chieu véi dieu kién ta nhan xz = 8;x = +T la nghiém cua phuong trinh.O
BAI TAP
Giai cac phuong trinh sau:
23 £ /341
1/ \/$2—|—x—6—|—3\/x—1—\/3x2—6x—|—19:0DS:x:T
21 +£+/161
2/ 3vVa2+4x — 5+ —3 — 1122 + 252 +2 =0 DS: =

61 + /11137
3/ VTr2 +252+19— V22— 22— 35 =7z +2DS: S = {+T;3+2\/7}

6
Bai 22: Giai phuong trinh 322 — 20 — 2 = ——V/a3 + 322 + 4o + 2
P g 30
Nhan xét:Bai nay hoi khac mot chit so v6i nhitng bai & trén dé la biéu thic trong can khong
c6 dang hang ding thiic, vi vay ta xem nhu mot phuong trinh hitu ty va nham nghiém.

17 14+V7
3 ;T >

DK32?2-2r—-2>0& 2 < 3
D8 y: 2® + 322 +dr +2 = (z+ 1)* + (x +1) = (z + 1)(2® + 220 +2)

Giai
. 6
Ta viét lai PT nhu sau 3(z% +22 +2) —8(z + 1) = ﬁ\/(x +1)(2? + 22 + 2)

Dén day dé roi, ta dat a = Va2 + 22 + 2;b = /o + 1 nén PT viét lai nhu sau
6
3a? — 8b? = ——ab
2
Dap s6 : z = —§D
Bai 23: Giai phuong trinh (22 — 6z + 11)va?2 —z + 1 =2(2* — 4o + 7)v/z — 2

Giai

Loi giai: DK z > 2
bat Va2 —z+1=a;v/x —2=0bv6ia,b>0
Ta biéu dién cac biéu thic ngoai can theo a v b nhu sau

2 — 6z + 11 = a(vVa? —x+ 1) + B(Vz — 2)?
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2 —dr+T7=a(Vr2—z+1)*+ Bz —2)?
St dung dong nhat thic ta giai dude
2?2 — 62 + 11 = a® — 5b* va 2? — 4o + 7 = a® — 3b*

Phuong trinh da cho tuong duong véi
(a* — 5b)a = 2(a* — 3b%)b
& a® — 2a%b — 5ab® + 603 =0
®t3—2t2—5t~|—6:0v6it:%:>t20
St-1D){t-3)(t+2)=0
TH Véit=1=a=b=Va2—x+1=+x—2(VN)
THy V6it=3=a=2b= V2 —z+1=3/z -2
= r = 5+ +/6 (Théa man DK)
TH;3 V6i t = —2 < 0 nén phuong trinh vo nghiém.

Vay S = {5+ 6;5—+6} 0

Nhan xét: Cai khé ¢ dang bai nay 1a ta phai bién ddi biéu thiic trong cin sao cho phit hop véi
bén ngoai dé tim dude a, 8 thich hop, cac ban ciing ¢6 thé tu sang tao cac PT kiéu nay bang cach
lam ngudc lai 1a tit PT bac 2 nghiém dep roi chon cic tam thie va nhi thidc thich hgp sé c6 duge
mot bai toan hay.

IV-An phu khéng triét dé
D6i v6i nhiéu PT vo ty, khi khong biéu dién hoan toan dude theo an phu thi c6 mot cach la xem
bién méi 1a an, bién cit 1a tham s6.Dang toan nay goi la an phu khong hoan toan.

*Noi dung phuong phap
Dua phuong trinh da cho vé dang phuong trinh bac hai v6i an l1a an phu hay la an ciia phuong trinh
da cho.
Dua phuong trinh vé dang sau v/ f(z)Q(x) = f(z) + P(x)z khi do:
Dat v/ f(z) = t;¢t > 0. Phuong trinh viét lai thanh ¢* — t.Q(x) + P(z) =0
Dén day ching ta gidi ¢ theo x. Cudi cling la gidi quyét phuong trinh / f(z) = ¢ sau khi da don gian
hoa va két luan.

Ta xét vi du sau dé hiéu ro hon.

Bai 24: Giai phuong trinh 22 4+ 3z + 1 = (z + 3)v2? + 1| (DHQG-2001)

Nhan xét: Ta thay trong can c6 22 + 1, ta dat t = Va2 + 1. Ta sé khong 1t = theo ¢t ma coi x
la tham s6. That vay
PT&t*—(x+3)t+32=0
Ta co A = (x4 3)? — 122 = (x — 3)?
=>VA=zr—-3=t=3t=x+3
TH1t=x+ 3 (VN)
TH2 t =3 = 2 = £21/20

Bai 25: Giai phuong trinh 2% + (3 — V22 +2) z = 1 4+ 2V/2% + 2

Giai
Phuong trinh tuong duong vé6i
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TRAN TRI QUOC THPT NGUYEN HUE PHU YEN

2+ (B3-Vat+2)r=1+2Va>+2

Sr?+3r—1—(x+2)vVa2+2=0

Dit t = v/22 + 2; (t > +/2), phuong trinh viét lai thanh

22— (z4+2)t+3r—-3=0c6 A= (z—4)°

Nén phuong trinh c6 2 nghiém la
>1

et=x—-1lsVi*+2=0—-1%& x2_ 120 hé nay vo nghiém.
—21 — —

eli=4dsVi2+2=4c =14 =214
Vay phuong trinh ¢6 hai nghiém la z = /14 va x = —/140

. 3
Bai 26: Giai phuong trinh (3z + 1) v/222 — 1 = 5z* + 37~ 3

Giai

Dat t = v222 —1;(t > 0)

. 3
Phuong trinh viét lai thanh 2¢2 — (3z + 1)t + 2 + 3%~ 1=0
A = (z — 3)” suy ra phuong trinh c6 hai nghiem la

>
ot=2r—1e\27 —1=20—-1&{ =2 sr=1
2 —-2x+1=0

Tz > —2

Sr=—-1Lrz=95
22 —4r—-5=0

ot:x+2<:>\/2$2—1=x+2<:>{
Vay S ={-1;5;1}0
Nhan xét: Thong thuong sau khi dat an phu thi ta viét phuong trinh da cho lai thanh
3 )
2 — Bz + 1)t +32% + §x — 2;:nhung bai toan nay lai c6 sy khac biét la ta sé viet phuong trinh nay

3 )
lai thanh 2t* — 3z + 1)t + 2* + i 1. Ching ta quan tam t6i lieu he s6 trude 2 c6 “dep” tiic ta

mong muén A phai la binh phuong ctia mot s6 hodic mot biéu thic, vi diéu nay sé quyét dinh téi 161
giai sé ngdn gon hay phtic tap. Dé c¢6 thé diéu chinh duge hé s trude t? sao cho A dep cac ban c6

) 3
the lam nhu’saumt?—(3x+1)t—|—(5—2m)x2+§x+m—3:0cé.

3
A = (3z+1)°—4m | (5 — 2m) 2% + ST tm=3|= (8m? — 20m + 9) 224-(6 — 6m) x+(—4m> + 12m + 1)

Ta xét tiép A ciia A bang cach giai phuong trinh sau

24/(8m2 —20m +9) (—4m2 + 12m + 1) = 6 — 6m < m = 2
D6 chinh 1a hé s6 ma ta can tim.

Bai 27: Giai phuong trinh 3 (v222 +1—1) = 2 (1 + 3z + 8v/222 4 1)

Giai

Phuong trinh tuong duong véi 3 (vV222+1—1) =z (1 + 3z + 8v222 + 1)
S3°+x+3+8r—3)vV222+1=0
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Dat v/222 +1 =1t (t > 1), phuong trinh viét lai thanh
324+ 8z —2)t — 32> —x =0 c6 A = (10z — 3)°
Nén phuong trinh ¢6 hai nghiém
>0
sl=rv&V2l+l=0& 00 4 1 72 hé nay vo nghiém.
x -
9

oet=1-3xr=V2r2+1=1=32

Vay phuong trinh ¢6 nghiém la x = 00.

Bai 28: Giai phuong trinh 323 — 132% 4+ 30z — 4 = /(62 + 2)(3z — 1)3

Giai

4 1
DK z > g;x < -3
Ta bién ddi nhu sau 323 — 1322 + 30z — 4 = (22 — 32 + 2)(3z — 4) + 2(6x + 2)

) 1
Néu s < —3 VI<0<VP (VN)

. 4 . 4
Neu z > 3 chia 2 vé cho 3z —4 viz = 3 khong 1a nghiém ctia phuong trinh.

6x + 2 6x + 2
2 —(3x—4 23 2=0
3z —4 (I ) 3x—4+x T
6 2
<:>2t2—(3x—4)t+x2—3x+2:0Véit: 3x+4>0
:Z‘_
A=z>nént=x—1hoac 2t =2 —2
4
6 9 T > —
e Viit=2x—-1< T =r—1<& 6 32 Sr=3
3r—4 x+ 2
=(z—-1)
3r —4

Véi ¢ x—2<:> 6x + 2 x—2<:> Tz > 2
[ ] 1 = e
2 \ 3z —4 2 323 — 1622 + 4z — 24 = 0(%)

Giai phuong trinh (*) ta c6 nghiém gan ding = ~ 5,36278, cidc ban c6 thé sit dung phuong phap
Cardano dé tinh chinh xac nhung né qué dai va phtic tap nén ta khong dé cap.
Vay phuong trinh da cho ¢6 2 nghiém x = 3V z =~ 5,362780

Bai tap Giai cac PT sau:
1/62% — 10z + 5 — (4 — 1)v/622 — 62 +5 =0
2/(z + 3)v10 — 22 = 2? — x — 12 (DH Duogc-1999)
3/2(1 — x)Va? 4 22 — 1 = 2* — 2z — 1 (DH Dugc 1997)
4/ —1)Va2+1 =22+ 2z +1
5/2(1l —x)Val+ o +1=2? -3z —1
6/(z +1)v22 — 2z +3 =12+ 1 (Chi § them b6t dé c¢6 A chinh phuong).
7/(4r — 1)Vad +1 =22+ 22+ 1
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Bai 29: Giai phuong trinh 222 + 4+ 4v/2 — 2 = v/922 + 16

Bai nay thoat nhin thi cha c¢6 dang diéu giéng mot phuong trinh dua vé an phu khong hoan toan.
Nhung né chinh 1a mot phuong phap giai quyét rat hay cho bai toan nay.

Giai

Loi giai: DK |z] <2

Binh phuong 2 vé ta c6 :

4(2x +4) +164/2(4 — 22?) +16(2 — x) = 922 + 16
& 8(4 — %) +164/2(4 — 22) = 2* + 8«

Dén day ban nao tinh ¥, sé quan sat dudc ca 2 vé c6 dang hiing dang thic, va cb dua vé a? = b?
That vay them 16 vao 2 vé ta duge (24/2(4 — 22) + 4)* = (z + 4)?, dén day thi rat dé dang roi nhi,
nhung muc dich ctia ta la dua vé an phu khong hoan toan.

Ta viét lai PT 8(4 — 2?) 4+ 16+/2(4 — 22) = 2> + 8z, dat t = \/2(4 — 22)
= 4t* + 16t — 2> — 8z =0

Giai phuong trinh trén theo an t ta dudc ¢, = g; ty = - 4
Vi DK |z| < 2 nén ¢, khong thoa diéu kien.
x x
V6i t = = thi \/2(4 — 22) = =
i 5 thi (4 — 2?) 5

42
-3

=z (Théa méan DK) O

Bai 30: Giai phuong trinh (3z + 2)v/2x —3 = 22% + 32 — 6

Giai
et t2r TR 1en 3
Loi giai: Dieu kién x > 5
Ditt =122 -3;t>0=t>+3=2x
Ta sé them b6t theo an phu dé dua vé phuong trinh theo ¢ v x 1a tham sb.
PT < ?—(Br+2)t+22°+x—-3=0
Taco A =922+ 120 +4 — 422> + v — 3) = (v + 4)*
Nén ta giai dugc t =2xr +3 hodict =x — 1
TH, V6it=2x+3=+2x—3=2x+3(VN)
THy Vit=x—1=+\2r—3=x—1(z>1)
= x = 2 (Thoa DK)
Vay phuong trinh c6 nghiém duy nhat x = 20

Bai 31: Giai phuong trinh 4v/z +1 -1 =32 +2V1 — 2+ V1 — 22

Nhan xét: M6i dau khi gap bai toan nay toi thay né kha dé béi thay sy xuat hién ctia o + 1
va /1 — x, nén toi dat an phu dé dua vé hé phuong trinh nhung khi nhin ki lai thi 3z khong thé
biéu dién hoan toan theo an phu dudc = bé tic.

Giai
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Ta giai bai nay nhu sau: dat /1 —xz =t

PT < 32— (2+vVI—a)t+4(vVa+1-1)=0
Ta tinh A = (2++/1 —2)? —48(v/z + 1 — 1), ta thay A khong c6 dang chinh phuong, mau chét bai
toan nay nam & cho 3.
Ta sé tim « va [ sao cho:
3z +1=a(v1—12)*+ B(V1+x)? st dung dong nhat he s6 ta dé dang tim duge a = —1; 5 = 2
PTe?—2+Ve+1)t—2x+1)+4/x+1=0
Tac6 A=92+13—-12y/x+1=9(xz+1)—-12Ve +1+4 =3V +1—2)?
Phan tiép theo xin danh cho ban doc.O
Bai toan nay khong dé mot chit nao déi véi nhitng ai khong nim ki cach giai ciing nhu bién déi,
van dé & day la phai tinh ¥ tach 3z thanh hai dang cé biéu thiic nhu trong cin, dén day bai toan
méi thue sy duge giai quyét.

Bai 32: Giai phuong trinh 2(2v/1 + 22 — V1 —22) — V1 — 2t =322 + 1

Giai

Loi giai: Dicu kien —1 <z <1

Dat a =vV1+2%b=+v1—22= 322+ 1=2(1+2?) — (1 — 2?) = 2a* — V?
Khi d6 phuong trinh tré thanh

2(2a —b) —ab=2a> —bv* < 2a* +a(b—4) +2b— > =0

Ta c6 A, = (b—4)? —8(20 — b*) = (3b — 4)?

Néntasuyraazihoaca:2—b

b
TH, Véia:§<:>2\/1+x2:\/1—a:2 (VN)

THy V6ia=2—-b&s Vat+1=2—+1— 22
SVe2+14+V1I—a2=224+2V/1 -2t =4
=x=0

Vay S = {0} 0O

St dung hé sé6 bat dinh

Bai 33: Giai phuong trinh 222 — 11z + 21 — 3v/42 — 4 = 0| (Hoc sinh gidi quoc gia -1995, bang

A)

Bai nay c6 cach giai rat hay va gon bang Bat dang thitc Cauchy, mot cach giai bang an phu ciing
rat sang tao.

Loi giai: Ta can tim a, b, ¢ sao cho:

222 — 11z + 21 = a(4x — 4)? + b(4x — 4) + ¢

& 222 — 11z + 21 = 16ax? + (4b — 32a)x + (16a — 4b + )

R . . 1
Dong nhat hé so ta thu duge a = §;b = —Zl;c =12

Ta viét lai PT nhu sau:

%(4x—4)2—£(4x—4)+12—€/mz0

Dat uw = v/4x — 4, khi d6 PT tré thanh

uS — 14u — 24u + 96 = 0 & (u — 2)?(u' + 4y + 18u + 24) = 0
D& thay u® + 4y° + 18u + 24 = 0 (VN) vi:

*Néu u < 0 thi ub — 14u® — 24u + 96 > 0

*Néu u > 0 thi u? + 49> + 18u + 24 > 0

Vay u =2 =z =30
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Bai 34: Giai phuong trinh 2¢/1 — 2 — Vo +1+3V1 —a22 =3 —x

PK -1<2<1

Ta tim «; 8 sao cho —z + 3 = a(v/1 — z)? + B(Vx + 1)?

S -—r+3=P-a)r+a+p

Gidirata dugca=2;=1

Ta viét lai phuong trinh thanh 1+ 2 +2(1 —2) = 2y/1 —2+Vz +1-3V1 —22 =0
Dat u =1+ z;v =1 — 2 va u,v <0, phuong trinh tré thanh

u? +20% —2v+u — 3uv =0

S ul+ (1 —3v)u+ 20> —2v=0

A= (1-3v)*—4(20* —20) = (v+1)?

Nén u =2v hodicu=v—1

5
su=2v=>vVr+1=2 1—x<:>x:§

1
—1<e< —=
cu=v—-1& =T 2
472 =3
) 3
Nén phuong trinh c6 2 nghiém z = g;x = —£

VayS:{5 —ﬁ}m

32
Tuy nhién phuong phap dung hé s6 bat dinh nay chi gidi quyét dude mot s6 16p bai vi trong
phuong trinh vo ty dang bai nay ciing khong nhiéu, ta ciing xét 2 vi du thoat dau nhin thi ciing
tuong tu nhung khong thé giai quyét bing cach nhu trén dugce, phan nay ctia dang dua vé phuong
trinh tich nhung t6i mubn dua ra & day dé gitp ta linh hoat khi giai toan chit khong phai cai méy nhé.

Bai 35: Giai phuong trinh 4v/1 —2 =2 +6 —3V1 — 22 + 51 + x

Ta sé& lam cach nhu trén nhé, biéu dién = + 6 = a(v/1 — )2 + B(V/x + 1)?

Giai ra ta dugec o = %; B = ;, thay vao PT dau nhung ta khong nhan dugc A chinh phuong.
Loi giai: bat a =vV1+zvab=+v1—-2

PTo2r4+2+1—24+5/1+2-3V1—-22—4/1—2+3=0

&= 20>+ b —3ab+5a —4b+3 =0

Bay gio ta sé ¢6 ¥ nhém sao cho dit duge nhan ti chung, thuong 1a nhom vé dang a = b

< (a—0b)(2a—b)+3(a—b)+(2a—b)+3=0

& (a—b+1)(2a—b+3)=0

THla+1=b
SVr+l+l=y1—-x
1
<:>2\/x+1:—(2x—|—1);x§—§
V3

TrE Ty
TH2 2a + 3 = b (PTVN)

Vi du tuong tu sau xin danh cho ban doc
Bai 36: Giai phuong trinh 4 +2v/1 — 2 = -3z + 5V + 1+ 1 — a2
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"257 2
Dit an phu dua vé hé phuong trinh.

Dap s6: Phuong trinh c6 3 nghiem S = {

24[}

Ta sé tiép tuc véi 1 phuong phap lam dé la dat an phu dua vé he, ch dé nay kha "dai hoi" vi
nhiéu bai toan sé dude gidi quyét rat gon bang phuong phap nay

Dang 1. Phuong trinh c6 dang 2" 4+ a = bv/bx — a
Cach gidi: Dat y = v/bx — a khi d6 ta c6 hé doi xing loai 11

" —by+a=0
y'—br+a=0

Ta xét bai toan sau

Bai 37: Giai phuong trinh % + 1 = 227 — 1| (DH Dugc-1996)

Giai
Dity=+v2r —1=19> =221

31 _
Ta c6 he PT sau {x3+1—2y
v+ 1=2x
Day 1a he dbi xiing loai II, trit vé theo vé ta co:
2’ —y’ =2(y —z)
& (@—y) @ty +ay+2)=0
r=y=>V2r—l=r&r*-2r+1=0@-1)(*+z-1)=0

—1£+v5
Vayle;x:T\/_
oo y\? | 3y°
Ta c6 2+ vy —|—:By+2:<a:—|—§> +T+2>O,Va:,y

Vay PT da cho ¢6 3 nghiem O.

Phuong trinh ¢6 dang:

Va—flz)+ R/b+ fz) =
Cach giai: Dat v = {/a — f(z);v = b+ f(x)

u+v=c
"+ o™ =a-+b

Bai 38: Giai phuong trinh vz +8+ vz —7=3

Ta c6 hé sau

Giai
Dat :495 820(:)u =r+8=>zr=u*-8
= O=>vi=0-T=a2=0v"47
u+v= v=3—-u
Ta c6 hé:} u, S (=)W +0?) =15
u? = u,v >0
v=3—u v=3—-u
SC(u—v)(utv)(u*+0v*)=15 & 0<u<3
u,v >0 (u—v)(u*+0v*) =5
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0<u<3 0<u<3
Tleu-3) [+ B-w]=5 " |Qu-3)(2—6u+9) =5

0<u<3 0<u<3
= =
4u? — 18u? + 36u — 32 =0 u=2

v 8§=2 8§ =16
= T = v S =38
Ver—T7=1 r—T7=1

Vay phuong trinh da cho c¢6 nghiém duy nhat z = 80.

Bai tap Giai phuong trinh
1/vVex+34—~/zr—3=14
2/VIT—x+ Jr =5
3/Vr+2+Vr+1=3
4/V18 —x +v/x —1=3
5/V1T — a8 — 2% —1=1

Bai 39: Giai phuong trinh 2v/3x — 2 + 3v/6 — bx = 8| (A-2009)

Giai
Dat u = v/3x — 2;v =6 —5x >0

u? = 3x — 2

v =6 —b5x

= 5u3 + 3v? = 5(3x — 2) + 3(6 — 52) = 8(1)
Mt khéc ta lai ¢6 2u + 3v — 8 = 0(2)

T (1) va (2) ta ¢6 heé sau:

{5u3 + 302 =8

=

2u+ 3v =28

8 —2u\?
:>5u3—|—3< 3“> — 38

& 15u® +4u? —32u+40=0
Phuong trinh c6 nghiém duy nhat v = —2

Nén V/3rxr —2 = -2 =1 = —20

Bai 40: Giai phuong trinh /1 + /1 — 22 [\/(1 + )3 — /(1 — m)?’} =2+ /1 — 2% |(Olympic 30/4/201

Nhan xét: Bai toan nay nhin vio c¢6 vé kha phiic tap nhung dé y (v/1+z)? + (V1 — )2 = 2.

Giai
Loi gidi: DK -1 <z <1
bat Vi+z=a;v/1—2=0bv6ia,b>0
=a?+ b =2 (%)
Ta c6 hé sau
a® +b* = 2(1) 5
{\/1—|—ab(a3—b3) :2+ab( )

1 1
Tacol+ab= 5(2 + 2ab) = §(a2 + 0% + 2ab) do (¥)

1
=+vV1+ab=—(a+0b)via,b>0

V2
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Vay tu PT(2) ta c6
1
—(a+0b)(a—0b)(a*+b*+ab) =2+ ab

V2
o (@) =1

V2

Két hop v6i (1) ta c6 he sau {

a2—b2:\/§

a4+ b =2
Cong vé ta c6 2a® = 2+ /2

(:)6L2—1+L
\/51
s14+rx=1+—
: V2
=x=——0
V2

Nhan xét: O bai toan nay ¥ tudng ciia ta la thay he sb bing an tit phuong trinh thi nhét ciia he
c6 thé gidi quyét bai toan duge dé dang hon. Sau day 1a mot vi du nhé tuong tu.

Bai 40b: Giai phuong trinh vz + 1+ 2+ 3 = V1 — 2 + 31 — 22

Dit {“
v

Phuong trinh da cho tré thanh {

Giai

0
0

iE

(AVARVS

u? +u+2=v+ 3uw

u? +0v? =2

Thay 2 = u? 4+ v? vao phuong trinh dau ta ¢6 2u? 4+ u+v? = v+ 3uww < 2u* 4+ (1 = 3v)u+v?* —v =0
Ta c6 A = (v + 1)% Dén day cac ban c6 thé giai quyét dé dang O.

Bai 41: Giai phuong trinh (z +5)vVe+1+1=v3x+4

Giai

Loi giai: DK =z > —1
Data=+vVx+1;b=+/3x+4

=zr=a>2—1va3a®?+1=0

Thay vao phuong trinh ta c¢6 hé sau
(@*+4)a+1=b
3a2+1=10°

Cong vé theo vé ta c6 a® +3a* +4a+2=0>+b
Dén day quan sat ki mot chit, ta bién déi nhu sau
S(a+1P+(a+1)=b0+0b
Xét ham s6 dac trung f(t) =3 + ¢
Ta c6 f'(t) = 3t> + 1 > 0, vay ham s6 dong bién.
= fla+1) = f(b)

nvr+1+1=+/3z+4
batu=+vz+1;v=+v3x+4

Ta c6 hé sau
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u+1=wv u=v—1
{v3—3u2:1 = {'03—3u2:1
St dung phép thé ta c6 v3 —3(v —1)2 =1
S0P -3 +6v—4=0
Sw-—10*-v+4)=0
Phuong trinh c6 nghiém duy nhat v = 1
> V3r+4d=1=z2=-1
Vay phuong trinh c¢6 nghiém duy nhat x = —10
Phuong trinh dang vazr +b = cx? +dx +e
Ta da gip cac dang bai toan nhu vax +b = cx + d va mot s6 vi du da néu & trén bang cach binh
phuong bac 4 va dong nhat hée sé dé tim dude nghiém, nhung déi v6i nhitng bai toan khong ding
duge phuong phap do thi sao? Ching ta cling lam ro van de.

Xét vi du sau

Bai 42: Giai phuong trinh 222 — 62 — 1 = /42 +5

Giai
.o ens 5
Loi giai: DK x > —1
Ta bién ddi phuong trinh nhu sau
422 =120 —2=24r + 5 & (22— 3)° =24z + 5 + 11
Dat 2y — 3 = v/4x + 5 ta duge hé phuong trinh sau:
2z —3)° =4y +5
(2y —3)° =4z +5
= (r—y)(r+y—1)=0

Véiz=y=2r—-3=Vizr+5=2=2++3.
Véiz+y—1=0=y=1—az=>z=1—+20

Nhan xét: Chic cac ban dang ngac nhien vi khong biét tai sao ta c¢é thé dat nhu vay, dé khong
phai 1a doan mo dau. Phuong phap nay rat hitu dung véi ai da hoc qua dao ham 1a c6 thé dé dang
dat duoc.

Bai toan c¢6 dang nhu sau

Dang 1: Var +b=ca® +de+e,(a #0,c #0,a # %)
Xét f(z) = ca? +dr+e= f'(x) =2cx +d

Giai PT f/(x) = 0, khi d6 bang phép dat Vax + b = 2cy + d, ta s¢ dua duge vé he dbi xing loai 11
trit mot s6 truong hop dac biét.

C6 thé thay 16 rang qua vi du tren, ta xét vi du tiép theo

‘Béi 43: Giai phuong trinh 22 — 42 — 3 = v/z +5 ‘
Lam nhap: Xét f(x) =2® — 4z — 3 = f/(z) =2z — 4
Giai f'(x) =0=>2 =2

Giai

Loi giai: DK © < 272 > 24+ 7
Dit Ve +5=y—2=(y—2)2=z+5
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Ta bién d6i phuong trinh dau lai vz +5 = (z —2)* -7
Thay y — 2 vao PT dau ta thu duge hé sau
(r—2)2=y+5
(y—22=z+5

Trit vé theo vé ta c6 (z —y)(x+y—3) =0
THy, :z=y&Vr+d=x—2;0>2
@_m—%(ﬁ)-i—\/_)

= 16- v

1-—

_TH =vr+or<1
o r=—1
=4

P . N 1
Ddi chiéu véi dieu kién ta nhan z = —1;2 = 5(5 +/29)

1
Vay PT da cho ¢6 nghiem S = {—1; 5(5 + \/2_9)}

Bai 44: Giai phuong trinh 22 +5 + /32 + 1 = 13z

Nhan xét. Lam tuong tuy ta viét lai phuong trinh nhu sau

V3r+1=—42? + 13z — 5 va dit f(z) = —42®> + 132 —5

Ta ¢6 f'(x) = —8z + 13 néu ta gidi ra va dat bang phuong phap tuong ty nhu trén sé khong thu
duge he dbi xing loai I1.

Giai
v ens 1
Loi giai. DKmZ—g
Dat v3z+1=—(2y — 3);y <
2 —3)2=2y+az+1
)

(
(2y—3)2=3zr+1
Trit vé theo vé ta c6 (z —y)(2z +2y — 5) =0

15 — /97

lew

Ta ¢6 hé phuong trinh sau

\]

e Viir=y=2=

11+ 73
8

e V6i2x+2y —5=0=2=

8 ’ 8

Ngoai cach nay, cic ban van c6 thé dit /3z + 1 = ¢, rdi bién ddi phuong trinh thanh

402 =10z —t*+t+6=0c6 A = (2t — 1)?

Nhan xét. Ta thay cich giai bai toan nay khéc so véi vi du trén vi dua vé hé "gan déi xing" loai
IT nhung van gidi duge mot cach dé dang. Dang todn nay ¢6 dang nhu sau:

u=ar+d

v="br+e

wy +v=r(ur+v)®+dr+e

ar + b= (uy + v)*

Ta viét lai phuong trinh trén nhu sau 3z + 1+ (22 — 3)2 — z — 4 = 0. D& dang ta kiém tra dugc

cac hé s6 deu théa man, nhung khi dit +/3x +1 = 2y — 3 thi ta thu dugc hé phuong trinh khong
dé dang dé gidi mot chit nao. Ta chuyén vé va doi dau sé dua vé hé gan ddi xiing giai duge nhu bai

Vay tap nghiém ctia phuong trinh 1a S = {

15—JWJ1+J%}D

vax + b =r(ux + v)? + dx + e va thoa méan

Cach giai. Diat uy +v = vax + b khi d6 ta c¢6 he {

Page 21



TRAN TRI QUOC THPT NGUYEN HUE PHU YEN

toan trén. Chic cac ban dang thic mic 1a khi nao thi dung dao ham khi nao thi ding cach toi via
néu. That su 1a két hop ca 2 cach day. Dao ham ap dung dugc khi hé s6 d = 0, céc ban c6 thé dé
dang kiém tra, con néu khong duge thi diing cach them bét nhu tren.

Bai tap: Giai cac phuong trinh sau

1/V2r —1+2>-3x+1=0

2/v/2% + 15 = 3222 + 32 — 20

3/Vr—1+a*—2—-3=0

4/2* — r — 20044/1 + 16032z = 2004 (HSG Bic Giang 2003-2004)
5/v9r —5 =322+ 21 + 3

6/2> =2 —x+2

1 2
Dang 2: Var + b= —2? + cx + d(a # 0) | va théa man b+ ad = % <1+§>
a

. 1 2 )
Cach giai: Xét ham s6 f(x) = —2’+cx+d= f(z)=-"r+c=0<=>z= —% ta dua vé he doi
a a

xing quen thuoc.

Vi du: Giai phuong trinh 322 + 2 — % = %

29 1
Lamnhép:f(x):?)xQ—{—x—g:>f’(:1:):6:£—|—1:0(:)$:—6

Giai

g J2TEOL 11 126l 1]
a _— — —_— _— — — -_
YV T 36 YT6Y="% 36 Y r3¥ T3

120 +61 =362+ 12y + 1< 3> +y=a+5

\ 29 1
Mat khac tit phuong trinh dau ta c6 322 + x — 5 =VTs S3P+r=y+5

322 +x=y+5

Nén ta c6 hé sau
3 +y=x+5

3xr + 2
3

Trit vé theo vé ta c6 (z —y)(3z +3y+2) =0 r=yVy=—

1

5
oVéix—y:>3y2—5:>x—y—\/;;y2_6

3 2 3 2
oVéiy:—x; =32+ = :E;_ +5 92 +2-13=0
-3+ V126
ém:T

T day tim duge y va két luan nghiem O

1
Dang 3: Vaxr +b=cx® +dz* +ex+m,(a#0,c#0,a = —)
c

Cach giai: Xét ham s6 ca® + da® + ex + m, ta giadi phuong trinh dao ham cap hai bang khong.

f"(x)z6c:17—|—2d=0¢x:—3i.
c

N , d N .
Sau do6 bang phép dat vVar +b =y + 3 ta dua duge vé hé ddi xing.
c

63 53
Vi du 1: Giai phuong trinh {/3z — 3= % — §x2 + i




TRAN TRI QUOC THPT NGUYEN HUE PHU YEN

3
Lam nhap: Ta c6 f”(x):2x—3:0=>m=§

Giai
63 3 63 9, 27 27
Dit \[3r — = =y—g=dv—F=y oy +y— o & 120 - 18 =4y’ — 18" + 27y

Mat khac tit phuong trinh dau ta c6 dude 12y — 18 = 4a® — 1822 + 27z, ta c¢6 hé sau
120 — 18 = 43° — 18y% + 27y
12y — 18 = 42® — 1822 + 27x

Giai hé nay khong con khé khanO.

1
Dang 4: vax +b=cx® +dr* + ex +m,(a # 0,c # 0,a # —)
c

Cach giai: Ciing tuong tu nhu trén : Xét ham s6 f(z) = cx® + dx? + ex + m, gidi phuong trinh

d
f/l(;p) :0:>6Cl'+2d:():>x: _3_‘
c
Khi d6 ciing bang cach dat vax + b = 3cy + d, ta dua vé he d6i xing.

Vi du 2: Giai phuong trinh /81z — 8 = 23 — 222 + %w — 2| (THTT T6/2001)
2
Lam nhap: Ta ¢6 f"(x) =6x —4 =z = 3
Giai
4 ) ,

Diat /8lz —8 =3y —2 =3z =% — 29> + 3Y bién doi tuong tu nhu trén ta c6 hé

3y =a® — 22 + 3u ) ) 13

= (@—-y)lz*+zy+y —2x—-2y+ —- =0

{3x:y3_2y2+%y (= y)( y+y vt

13 1 1 1 1
Vi (932+xy+y2—2$—2y+§=§($+y)2+§($—2)2+§(y—2)2+§>0

Neén x = y thay vao phuong trinh ta giai tiép tucO.

Nhan xét: Tuy dang bai nay van gidi dudce cach ding ham s, nhung day ciing 14 mot cach rat hitu
hieu dé giai quyét dang toan nay. Ta ciing dén véi mot sd bai toan tuong tur xuat hién trong cac ki
thi.

Giai cac phuong trinh sau:

1/2% + 322 — 3932 15 = 1 — 3z (D& nghi Olympic 30/4,/2009)

2/x3 — 152% + 78z — 141 = 52z — 9 (Olympic 30/4/2011)

3/8x% —dx — 1 = /b6x + 1

1
Bai 45: Giai phuong trinh V2 — 1 — 2 + /z = 7

7
Giai
Ditu kien 0 < 2 < /2 — 1
VVv2—1—z= <u< 2—1
Dit V2 Tr=u - 0_u_4\/_
YV =vw 0<v<vVVv2-1
1 1
u+v=—= Y=an Y
Nhu vay ta c6 hé 2 s 1 2
wHvt=v2-1 (\4/__ ) +ot=v2-1
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1 2 1
Tt phuong trinh thi hai ta cé: 112—1-12:(——1—@) s —v4+1——=0
p g ( ) 7 7
1+ 4 3 1+ 1 3
4 4
@v:fﬂ(ThéaDK).Nénx: f\/ﬁ O
9 2
Bai 46: Giai phuong trinh /1 — 22 = (g—\/})
Giai
Dieu kién
1—22>0 -1<z<1
- - <z <
{ 2 >0 (:){ >0 0<z<1
y 2 » 2
Datu:\/i,vzg— xvdluzo,vgg
Ta ¢6 hé phuong trinh
1—22=1—-u*
9 2
e
3
Do d6 ta c6 hé
2 2 n 2 u+v—2
U+U—§ PN U+U—§ PN UZU—B PN —32
V1—ut=1? ut + 0t =1 (u? +v?)” = 2u%0? =1 [(u+v)” —2uw] =1
- 9
u+v=-
5 3
utv=g u+v=2 UUZS_— V194
3 3 :
VN 2 & 16 65 | 18,
4 2.2 2u? — —uv— — =0
5—21“) —2utv =1 9 ]1 u—{—v:g
8+ 1194
Uy = ———
|\ 18
Nén u, v la nghiém ctia phuong trinh
2 8 — 194
v -3yt g =0
2 8+ v194
2_Z —— =0(b
AT (0)
Chi ¢6 (a) 1a c6 nghiém nén
1
yzé(Qi 2(2\/14—6))
Do dé
U1=ylv Uz = Y2
U1 = Y2 V2 =1

1
Vi u > 0 nén ta chon u = 6 (2 +1/2(2v/194 — 6))

;xﬁ:é(%r 2(2\/ﬂ—6))

Vay phuong trinh c6 nghiém duy nhat
1 / 197
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Nhan xét: Bai nay thuc su la kho, phiic tap khong chi doi hoi syt sang tao linh hoat trong cach
dit an phu ma khi ta giai cac phuong trinh bac 2 méy tinh khong bam ra s6 duge ma doi héi ta phai
viing ki ndng tinh todn chit khong phai lic nao cling dya vao méay tinh.

Bai 47: Giai phuong trinh 422 — 11z 4+ 10 = (z — 1)v/222 — 6z + 2

Nhan xét: Bai nay khi doc dé ta nghi ngay dén cach giai bing an phu khong hoan toan bing
cach dat v/222 — 6x + 2, roi them bét VT nhung ta khong nhan duge A chinh phuong, ta giai bai
nay bang cach dua vé hé phuong trinh an phu khong hoan toan.

Giai
PTe 22 —-32+a+1=(z—-1)/(z-1)2z—-3)—z—1
Ditu=2r-3; v=4/(z—1)(2x-3)—z -1
wtr+1l=(zx—1w
vi+r+1=(z—1u
Trit vé theo vé taco u> — v = (x — (v —u) & (u—v)(u+v+z—1)=0
ceu=v=ul+r+l=(2-Nus 2r-3>2+z+1=(z—1)2z—3)
& 222 — 62 + 7 = 0 phuong trinh vo nghiém.
ou+v+a:—1:O<:>2x—3+\/2x24—6x+2+x—1:0

Ta ¢6 hé phuong trinh {

S V22 —6r+2=4-3r< xgg hé nay vo nghiém.
Tx? —18x 4+ 14 =0
Vay phuong trinh da cho vo nghiém.O
Nhan xét: Cach giai ctia bai toan nay phat trién lén tit 1 cach lam da néu & tren
fM(x)+b=a/af(x) —b, trong d6 a,b € R
Ta du dodn f(z) = (22 + ¢)?. Dén day ta dong nhét he s6 dé tim ¢
4a? +dex + A+ (-1l —de)x + 10 — 2 = (z — 1)/(z — 1)(2z + ¢) — (=11 — 4c)x — 10 + 2
b= (11 — 4¢)z + 10 — ¢*. Ddi chiéu véi bai toan dong nhat he s6 suy ra r = —3

Ta xét tiép vi du sau, do khé nhinh hon 1 chut

Giai phuong trinh 323 — 62% — 3z — 17 = 3¢/9(—322 + 21z + 5)
Nhan xét: Ciing giéng nhu bai toan trén nhin vao biéu thic ta c6 thé dy doan f(z) = (3z +¢) V
f(z)z + c. O day ta chon f(z) =3z + ¢

PT « 272° — 5422 — 27z + 153 = 273/9(—32% + 21z + b)

Tuy nhién dén day néu ta 4p dung cach can bang hé sb thi c6 1& phiic tap. Ta hdy cha § dén néu
chiing ta tim ra biéu thic f () phu hgp thi biéu thitc b can tim sé c6 bac cao nhat 1a 2. Va dic
biét hon khi ta 4p dung af(x) — b cho biéu thitc trong can thi hé s6 bac 2 trong bicu thic b giit
nguyén chi thay ddi bac nhat va hang tit ty do. Vi af(x) = a(3z + ¢) chi cho cac hang tit bac nhat
3az va hé s6 tu do ac . Ta thay 2722 sé chic chin c¢é trong biéu thitc b. Vay biéu thic bac 2 trong
f(r) = —81x%. Mit khac khi khai trién f(x) thi he s6 ctia hang tt bac 2 1a 272%¢c, vay ¢ = —3. Hay
ta du doan f(z) =3z —3

Ta phan tich kiém tra

(3z — 3)3 + (272% — 108z — 126) = 273/9(—322 + 12z + 5) = 27¢/27(3x — 3) — (2722 — 108z — 126)

Ta dat u = 3z — 3;v = /27(3z — 3) — (2722 — 108z — 126)
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3 2 _

Ta c6 hé phuong trinh sau {u3 + (272" — 108z — 126) = 27v

v® + (2722 — 108z — 126) = 2Tu
Phan tiép theo xin danh cho ban doc.O
Ciing bang cach tuong tu nhu trén ban doc ciing c¢6 thé giai quyét bai toan tuong tit nhu sau
Bai tap: Giai phuong trinh
1/ 2% — 2% — 100 — 2 = V722 + 232 + 12
2/72% — 13z + 8 = 22%/x(1 + 3z — 32?)

1\ .
3/82% —13x+7 = (x + —) v3x2 —2
T

Phuong phap lugng giac hoéa.

e Néu bai toan chita v/a? — 22 c¢6 thé
T Vs .
Dat x = |a|sint véi —§ <t< §hoacx =lalcost v6i 0 <t <7

e Néu bai toan chita V22 — a2 ¢6 thé

bat x = l |t voi t € [—— —]\{0}
lal 7T

Hodc 2 = L véi t € [0: {—}

ofc = —— VO [0; 7] \ 5 -
e Néu bai todn chita Va2 + 22 ¢6 thé: Dat:x = |a|tant v6it € <—§7 5)
Ho#ic © = |a| cott véi t € (0; 7).
a+théC a—=x

a— a+x
e Néu bai todn chitay/(z — a) (b — ) ¢6 thé dit © = a + (b — a) sin?t.

c6 thé: datz = a cos 2t.

e Néu bai toan chiia

Loi thé ctia phuong phép nay la dua phuong trinh ban dau vé mot phuong trinh lugng giac co
ban da biét cach giai nhu phuong trinh déng cap, déi xting ... Va diéu kién nhan hoic loai nghiem
ciing dé dang hon rat nhiéu. Vi lugng gidc 1a ham tuan hoan nén ta chu y dit diéu kién cac biéu
thitc luong giac sao cho khi khai can khong c6 dau tri tuyet doi, c6 nghia 1a luon duong.

Bai 48: Giai phuong trinh z3 4+ /(1 — 22)3 = z1/2(1 — 22)

PK -1<z<1
Tit didu kien ctia bai toan ta dat an phu 2 = cost, khi d6 v/1 — 22 = |sin |
Chi can chon p ma 0 < ¢ < 7 khi d6 —1 < cosp =x <1 vasing > 0 va [sinp| = sinyp
PT da cho bién doi dude vé dang :
cos®p + sin®p = v/2cospsing
& (cosyp + sing) (1 — cospsing) = v/2cospsing
Dat u = cosy + singp = \/_sin (gp + %)
om

Do0<z<m= — < < —

0 r<T 1 % —I- 17

V2

1
:>—7§sin<<p+£>gl,tadu’oc—§§u§\/§

Phuong trinh dai s6 véi an u c6 dang :
u? —1 u?—1
1 — 2
(1-57) -5
S +V2u2—3u—v2=0
<:>(u—\/§)(u2+2\/§u+1):0
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u=/2
& u:—\/§+1
u=—2-1< -2
e THI1 : - - -
u:\/ﬁsin<<p+z>:\/§<:>sin<cp+z>:1<:><pzz+k27r,kez
e TH2 : 2
u:\/isin(go—{—%)zl—ﬂvacosgasinap:u2_ =1-+2

Khi do6 cosy , sing la nghiém cta phuong trinh

1= V24 4/ (V2-1) (V2 +3)

XP-(1-V2)X+1-V2=0& X =
1—\/’—\/ 2-1) f+3)

Do sin ¢ > 0 cho nén cosp =

1-VZ— (V2 1) f+3) Va2,
2 Ty

Vay pt ¢6 nghiém : x =

Bai 49: Giai phuong trinh 222 + /1 — 2+ 22v/1 — 22 = 1

Giai

DK z € [-1;1]
Dit x = cost, t € [0; 7]

t
Phuong trinh tuong duong 2 cos? t + v/2sin 3 + 2sintcost =1

t
& cos2t 4+ sin2t = —\/§sin§

T t
2t__>—_ in—
cos( sin

2
= (275 ) LI
coS — =) =cos| =+ =
2 2
B t
ot -2 =212 4 por
= 4 2 2
=T LT
LTy T Ty g
. T n kdm
T2 3
= b _ s n kdr
L 10 5
Dua vao dieu kién nghiém ctia phuong trinh ta nhan 2 nghiém la
7

s
T = COS —, T = COS —

2’ . 10
T
Vay S = —0p0
ay S {00810,0}

Bai 50: Giai phuong trinh 1+ 1 — 22 = z(1 4+ 2v/1 — 2?)

Giai
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Dicu kien:1 — 22 >0 —-1<z <1
bat x =sint véi t € [—z; E]
22
Khi d6 phuong trinh ¢6 dang:\/l + /1 —sin’t = sint <1 +2v1— sin2t> < /1 +cost =sint (14 2cost)
t t 3t t
& 20085:sint+sin2t<:>\/§cos§:2Sin—cos§

2
t 3t
< V2c08 — (1—\/581115) =0

2
t - 1
COS§:O t_6 =3
- sinﬁ—\/—§ - r
2 2 t=35 z=1

. 1
Vay tap nghiém ctia phuong trinh da cho la S = {5, 1} ]

> +1 (2 +1)
20 2x(1 —2?)

Bai 51: Giai phuong trinh V22 4+ 1 4+

Giai
N +1
Diéu kién T
x#0
T T
Dit « = tant; ¢ (—_; _> {i_; 0}
at x ant:t € 5 5 \ 1
Khi d6 22 +1 =tan’t+1 = = = 24+1=
cos“t cost
. 2tant 2 :>x2+1 1
sin 2t = = -
1+tan’t 2241 2x sin 2t
1 —tan?t 1—2? . 27 (1 — 2?)
cos 2t = 5 = = sin 2t.cos 2t = ———~
14+ tan’t 22+1 (2 + 1)
4z (1 — 22 2 21 1)?
o sin 4f = (=) _ (@41

RN —
(22 +1) sin 4t 2x (1 — 2?)
Khi d6 phuong trinh duge bién ddi vé dang
1 1 2

+ - = -
cost sin 2t  sin 4t
& 2sint.cos 2t = 1 — cos 2t < 2sint. cos 2t = 2sin*t < (cos 2t — sint)sint = 0

& (1 —2sin’t — sint) sint = 0 < (sint + 1) (2sint — 1) sint = 0
1

< 4sint.cos 2t +2cos 2t = 2

T
<:>Sint:§<:>t:—<:>x:—

6 V3. X

Vay nghiém duy nhat ctia phuong trinh da cho la:r = —0O.

V3

Bai 52: Giai phuong trinh 5 + 3v/1 — 22 = 82° + 8(1 — 22)?

Giai

Diéu kién x € [—1;1]
: 7r s
Datx:smt;—g <t< 5
Phuong trinh da cho tuong duong v6i 5 + 3v/1 — 22 = 8 (25 + (1 — 2%)?)

2 L . 5 3
& 54 3cost = 8(sin® ¢ + cosbt) D& ¥ sin®t + cosb t = gt écoslhf
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k27
t .

< cosdt = cost & . k’%ﬁ
5

) Coaex 1 .21
Keét hop véi dieu kién cua ¢, ta giai dugec x =0V x = £5sin ?D

MOT SO BAI TOAN CHON LOC

Bai 1: Giai phuong trinh /72 +1 — Va2 —2 -8+ Va2 -8z +1=2

Giai
Data= Tz +1;b=8+z—22c= V22 -8z +1
a+b+c=2 (a+b+c)*=38
Ta c6 hé sa L& = (a+b)(b+ +a)=0
> sall B+ 3 =8 {a3+b3+c3:8 (@a+b)(b+c)(c+a)

ea=-b=>r=—-1Ver=9

eb=—-—c=ax=1

ec=—a=cr=0Ver=1

Vay phuong trinh ¢6 nghiéem S = {—1;1;0;9} O

Bai tap tuong tng v/3z+ 1+ /5 —2+ v2x —9— Vdx —3=0

f 15
Bai 2: Giai phuong trinh ?(30m2 — 4x) = 2004(1/30060x + 1 + 1)

Gii
PT < (3022 — 4z) = 4008(v/30060z + 1 + 1)

/300607 1+ 1
Diit y = f; T 15y — 1= /300607 T 1

& 15y? + 2y = 2004x

Mt khéc tit phuong trinh dau ta c6 302% — 4z = 4008y < 1522 — 22 = 2004y
1522 — 22 = 2004y

15¢% + 2y = 2004z

Trit vé theo vé ta c6 (z — y)(15(x + y) + 2002) = 0

e V6ix =y = 1bxr — 1 =+/30060z + 1
2006
Sr=0Ver=—
x x B

V6i x = 0 thi phuong trinh dau vo nghiem.

Ta ¢6 hé phuong trinh {

V300607 FT+1 _ 1
o V6i 15(2 + y) + 2002 = 0. Ta ¢6 30060z +1 > 0 = y — f; il >

11
Né > 45

MTEY 30060 T 15
Vay 15(z + y) 4+ 2002 = 0 v6 nghiém0.

Bai 3: Giai phuong trinh 4y/1 —2x =2 +3 +3v1 — 2 + 1 — 22

Giai
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Dat x = cost;t € [0; 7]
PT& 44/1 + cost = cost + 3 + 3v/1 — cost +smt

t t t
<:>4\/§cos§ = cost+3+3\/§sm§ +251n§cos§

t t t t
<:>4\/§COS§ :4—251n2§+3\/§Sin§+281n§cos§

<:>2cos— 2\/§—s1n— + 2sin? 5—3\/581115—4—0

@2008—(2\/5—sm ) (sin%—Qﬂ) (zsm%Jr\/ﬁ) —

sin£—2\/§ 23in£—2cos£+\/§ =
2 2 2
t
o Véi sin 5 = 2v/2 (PTVN)

t t
.Véizsin§—2cos§+\/§:o

o g t t 1
sin— —cos — = ———=
2 2 V2
- t 7 1
n({-—-—1]=-—-
27y 2
t m ™
LT t= —
5 1 + k27 G
< < 17
t mw Ir
T ) t=—mn(l
2 % 6 T 5™
£ « £ e I oA o N L . P T \/5
Dai chieu véi dieu kién cta ¢, phuong trinh ¢6 nghiém duy nhat x = cos 6= 9

Bai 4: Giai phuong trinh (z® — 3z + 1)v22 + 21 + 2% — 322 + 2 =21
(Trich bai viét ctia anh Lé Phuc Lit)

Giai
Datt =+v224+21>0
& (22 +21)— (2 =3x+1)Va2+ 21— (2 — 222 +2) =0 > — (2® =3+ 1)t — (2 — 222 +2) = 0
A= —-3z+1)0+4.(z" — 222 +2) =2 — 22"+ 223 + 22 — 20 + 1 = (2% —x + 1)?
Suy ra phuong trinh c6 2 nghiém la:

:t_:v3—3a:+1)i(a:3—x+1): t=—z(1)
B 2 t=a%— 21+ 1(2)
T o7 — 2 _ 2
2 =—z o ! F2l=u Phuong trinh nay vo nghiém.
x <0 x <0
2)eVet+2l=—-2z+1 Va2 +21-5=2%—-22z—4
22— 4 T =2
s——=(r-2)(2*+22+2) & x+ 2 5
2 ——— ="+ 2+ 2(3
Va2 +21 45 Vi +21+5 (3)

Xét (3) VT < |VT| <

2
%‘ < 2%+ 2r+ 2= VP Suy ra (3) vo nghiem.

Vay phuong trinh c6 nghiém duy nhat x = 20

1— 22

(THTT T5/354)

Bai 5: Giai phuong trinh z* + 223 + 222 — 22 + 1 = (2® + 2)
T
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Giai

Ta thay z* + 22% +22% — 22 + 1 = 2%(x + 1)* + (1 — )® > 0Vz. Neén ta suy ra dugc diéu kien xac
dinhla0 <z <1

PT & (z(x+1)*+ (x —2)? = (2 + 1)z + 1)(1 —z) (2)

Dat u =x(zx +1);v =1 — 2 (véi u,v>0) thi u+ v = 22 + 1. Ta c¢6 thé viét (2) dudi dang

u? + 02 = (u+v)yuv & (Vu— o) (u+v+uv) =0

Su=v (Viu+v+uv>0)

Véiu=v=a(r+1)=1—2c 2>+2r—1=0PT cé 2 nghiem » = —1 £ /2. Déi chiéu diéu kien
chi ¢6 = —1 + /2 thoa man.

Vay phuong trinh c6 nghieém duy nhat z = —1 + /20.

Bai 6: Giai phuong trinh 102? 4+ 3z + 1 = (6z + 1)v22 + 3

Giai

Dat u=6x+ 1;v=+va2+3

2 ~ 2 ]- 9
Ma ta bieu dién VT theo an phu duge nhu sau 10$2+3$—|—1:1(6I+1)2+<I2+3)—Z
. 1 9
Vay ta viet lai phuong trinh 1u2+02—1:uv<:>(u—2v)2:9<:>u—21)::|:9
" 3r—1>0
e Viiu—-20=3=14+6r—Vr*’+3=3&3r-1=Vvri+3&< | , ©r=1
r*+3=3x—-1)
3r—22>0 7—3
o Viiu—2v=-3=3r+2=var2+3& X = @xz\/_
Bz +2)2=22+3 4
7T—3
Vay phuong trinh ¢6 2 nghiém lax =1V = \/_4 O

PHEP DAT AN PHU GIAI HE PHUONG TRIiNH

Bai toan 1 Giai hé phuong trinh

{\/i(w—y)(1+4xy)=\/§ (1)

?4+y*=1 (2)

Giai

T =sino
Y = COS

Khi d6, phuong trinh (2) théa man véi moi a.
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Phuong trinh (1) tuong duong véi phuong trinh
V2(sina — cos a)(1 + 2sin 2a) = V3
1
&v/2.4/2sin(a — 45°).2 <§ + sin 2a> =3

o4sin(a — 45°)(sin 2 + sin 30°) = v/3
&8sin(a — 45°). sin(a + 15°) cos(a — 15°) = v/3
&4 cos(a — 15%)[cos 60° — cos(2a — 30°)] = V3

)
&2 cos(a — 15%) — 4 cos(ar — 15°). cos(2a — 30°) = V3
& —2cos(3a —45%) = V3

{ a = 65° + k120°

o — 350 4 1200 (B 1EZ)

o o B [ 2, =sin65°
Vay hé da cho c¢6 sau nghiém nhu sau: { Yy = cos 65

{ xo = sin 185°

1o = cos 185°
x5 = sin 305°
y3 = cos 305"

x4 = sin 85°

ys = cos 859
x5 = —sin 35
Y5 = cos 35°

x¢ = sin 205° 0

yg = cos 205°

Bai 2 Giai hé phuong trinh:

r+y+a?+y?=38
zy(z+1)(y+1) =12

Giai
Bién do6i hé tré thanh

{ rlx+1)+yly+1) =8
z(x+1)yly+1) =12

{u::c((aH—l)

v=yly+1)
Khi doé, hé da cho tré thanh:

I
NI e NI

{u—i—v:8:

U

v
uv =12 U
v

Nk
{

Truong hgp 1

u=2 241 -2=0 (1;2), (1;—3)
{ = ﬁ{y2+y—6=0 (:}{(—2;2),(—2;—3)
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Trucong hgp 2

u="06 ?+r—-6=0 o (2;1), (—=3;1) -
v =2 Y +y—2=0 (2;-2), (=3;-2)

Bai 3 Giai hé phuong trinh
(r—y)(®—y*) =3
(x+y) (2?2 +9y*) =15
Giai
Bién d6i hé da cho ta thu duge

? +yP —ay(r +y) =3
¥ 4+ yP +ay(r +y) =15

w =18 4y
v=uxy(r+y)

u+v=15 u=29
{u—v:3 <:>{v:6

Hé da cho trg thanh

Khi do, ta co:

r=1

2+ =9 r+y=3 y =2
O

{xy(m+y):6 xy =2 < x=2

y=1

Bai 4 Giai hé phuong trinh

(2z +y)* = 5(42® — y?) +6(2x —y)* =0

2r+y+ =3
20 —y
Giai
Diéu kién: 22 —y # 0
bat
u=2r+y
v=2r—y
Hé da cho trg thanh
- u
~ =3
vy U =2
u? — 5uv + 6v? =0 ut+-=3 U= 9 — v=1
v _
u—|—1:3 < Yy ©{2v2—3v+1:0 < u-%
v v _ 1
1 v—2
u+-—-=23
- v
Trucng hgp 1
3
2 = r=7
20 —y =1 y==
2
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Trucong hgp 2

P 31 31
Dap s0: | (z;) = (1;5), (é;i) 0

Bai 5 Giai hé phuong trinh

2r+y+-—=38
\
Giai
Dieu kien
y#?
r+—-2>0 (%)
)
r+y—32>0

Bién déi he da cho tré thanh

1
,/x%—&—l—W:iﬁ
1

T+-+x+y—3=5
y

Dat
1
U=t Véi{uZO (k)
Y >
v=+r+y—3 v20
Khi d6 he da cho tré thanh
{u—2
ut+v=3= u+v=3 =1 ) -
{ W — 5 { o — 2 & " théa man ()
v =2
Truong hgp 1
=2 +1—1 xil
{u:l =TTy T, & v= thoa man (x)
v r+y—3=1 v X

Truong hgp 2

{ {x=4—vm
u=1 = $+§:1 & y=3+v1 théa man (x)
= a r=4++v10
r+y—3=4
y=3—+10

Dap s0: (z;9) = (3;1), (5, —1), (4 = V10;3 + V10), (4 +V10;3 — v10)O
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Bai 6 Giai hé phuong trinh
4logs(@y) — 2 4 (gy)loes?
22 +y? -3z — 3y =12

Giai
Dieu kién: zy > 0

Dat: u = logs(zy) < zy = 34
Khi do, hé da cho tré thanh

Ty =3
4y =3 +y) =12

- Ty =3
(z+y)?—3@x+y)—18=0

_{x+y:6
Ty =3

< r+y=-3
| ry=3

_{1523—1—\/6
y=3-+0

< r=3-6
| ly=3+6

(vo nghiem)

Dap s6: | (z;9) = (34+V6;3 —V6), (3—v6;3+V6) O

Bai 7 Giai hé phuong trinh

?+yit+rt+y=4
rr4+y+1)+yly+1) =2
Giai

Hé da cho tuong duong v6i hé sau

Py +aet+y=4

PPt ety try=2=ay=—2
Dat S=x+y; P=a2y(S? >4P) = S? =22 +y* + 22y = 2® + y? = S? — 2P
Vay
P=-2

S?—2P+S=4 - S0
S?—P+4+5=2 {S:_l

Truong hgp 1

{:H—y:() - {5:\—/_?/5

Truong hop 2
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Dip s6: | (z;9) = (V2 —V2), (—vV2,V2), (1;-2), (-2 1)

Bai 8 Giai hé phuong trinh sau

{x2+y2+xy=4y—1
Y
= 2
rT+y x2+1+
Giai
Hé da cho tuong duong véi
22 +1
t+trt+y=4=
)
= 2
rT+y x2—|—1+
72
Dat u = , v =x +y. Hé phuong trinh c6 dang
{u—l—v:4
1
v=—+2
u
Giai hé trén ta thu dugc u =1, v = 3.
u—1 x+1 gil
le{@:?) = v — 9
x+
y:
Dap s6: | (x;y) = (1;2), (=2;5) 0
Bai 9 Giai hé phuong trinh
3 2y_1
24+y2—-1
9 , 2
74y — =
)
Giai
Dicu kien: zy # 0
Data:x2+y2—1,bzzvéiab7é0
Y
Hé da cho tré thanh
a=1
s,z [ {Zh
a b g _9
a—2b=3 a=
b=3
Truong hgp 1
xr =
a=1 y=-—1
{b:—l = r=-—1
y:

Trucong hgp 2
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Dap s6: | (z3y) = (1;-1), (=1;1), (3;1), (=3; -1)|0
Bai 10 Giai hé phuong trinh sau

P +ry—3r+y=0
2t +32%y — 522 + 42 =0

Giai
Xét © = 0=y =0. Vay (0;0) 1a mot nghiém ctia he.

Xét x # 0, chia hai vé clia phuong trinh dau cho x, hai vé ctia phuong trinh thit hai cho 22, ta dugdc
hé phuong trinh sau

x+g+y=3 (x—f—y)—f—y:?)
$y2 = %2
?+ = +3y=5 <:c+—> +y=5
x x
Datz:x—i-y,ta thu dugce hé
x
z+y=3
2+y=5

Giai hé nay, ta c6: z =2,y =1 hodic z = —1, y = 4.

Giai truong hop dau duge x = y = 1, truong hgp thit hai vo nghiém.
Dép so: | (z;y) = (0;0), (1;1) 0
Bai 11 Giai hé phuong trinh sau

z\/B3r+y+br+4y=>5
12¢/5x +4y +x — 2y =35

Giai

Diéu kién 3z +y > 0, 5z + 4y > 0.

Dat u =3z + 4y; v =/5x + 4y. Suy ra z — 2y = 2(3x + y) — (bx + 4y) = 2u* — v2.
Hé da cho trg thanh

u+v=>5 N U=95—v N Uu=95—"v

120 4+ 2u? —v? =35 =0 2(6—0v)2 =02 +120-35=0 2 —8uv+15=0
v=23 N br+4y =9 N r=1
u=2 3r+y=4 y=1

v=>5 S5x + 4y = 25 =7
{u:O {Bx—l—y:() Y,

Truong hgp 1

Truong hgp 2

. 2
Dip 5 (s19) = (1), (-2 7)o

Bai 12 Giai hé phuong trinh

22y +222+3y—15=0
oty —222 —4y—-5=0

Giai
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Hé phuong trinh da cho tuong duong véi hé sau

{ (22 =1)(y—2)+4(=*—1)+4(y—2)=5
(22 =12+ (y—2)*=10

Ditu=22-1,v=9y—2
Hé tré thanh

u? + 02 =10 (u+v)?* — 2uv = 10 o uv = 45
w+4(u+v)=5 w +4(u+v)=5 {u—i—v:2

Truong hgp 1

Khi d6, c6 hai nghiém cta hé la: (z;y) = (2;1) va (x;y) = (—2; 1)
Truong hgp 2

Khi d6, hé ¢6 nghiem la: (z;y) = (0;5).
Dép s0: | (z;y) = (2;1), (=2;1), (0;5) D
Bai 13 Giai hé phuong trinh sau

V2r—1—y(1+222—-1) =-8
y?+yv2r — 1+ 2z =13

Giai
Dat t = /22 — 1 véi t > 0. Hé phuong trinh tré thanh

Dieu kieén: x >

t—y(1+2t)=-8 o t—y—2ty = -8 (1)
Y2yt + 12 =12 (t—y)’ +3ty=12 (2)

3

Tu (1) va (2), suy ra: 2(t—y)2—|—3(t—y):0<:>t—y:0t—y:—§
5
Vé6i t =y, ta c6: t =y = 2. Khi doé: \/2x—1:2<:>x:§.

5
Vay hé c6 nghiém la (5, 2).

3 -3+ 61
Véiy:t+§,cé4t2+6t—13:()<:>t=+(dotZO).Khidé:
3  —34++/61 3+ V61
t—_3+\/61:> y=ot—Q1 — - y="—""7
- 4 -3+ /61 43 — 3V/61
\/23:—1:—+ rT=——"F"7
4 16
. 5 43 — 3v61 3+ /61
Dap s6: | (z;y) = ( =32 : O
Bai 14 Giai hé phuong trinh sau
3
x—\/y+2:§
7
y+2(x—2) x+2:_1
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Giai

Diéu kién: z > -2, y > —2

Datu=+vzr+2,v=y+2véiu,v>0(x)

Hé da cho tré thanh

T (1) va (2), thu duge:
A 3 1
U 3 +2u® — 8u = —
sSut+2ud —Tu? —8u+12=0
& (u—1)(u—2) (W’ +5u—+6) =0
Su=1Vu=2
5
Véi u = 1 thay vao (1) cév:—é,khéng thoa ().
1
Voi u = 2 thay vao (1) c6 v = 2 thoa ().

7

Vay hé c6 nghiem la (z;y) = (2; Z) a.
Bai 15 Giai hé phuong trinh

202 —x(y — 1) +y* = 3y

22 +ay -3y =ax—2

Giai
Xéty=0=2=0.
Xéty #0. bat t = T or= ty. Hé da cho tré thanh
Y

{ yr(2t2 —t+1) = y(3 —t) (1)
Yt +t—3) = y(t —2) (2)

T (1) va (2) duge:
—1

¢
35 T 3t 4 T7=0e | U=
¢

1
7
3

Heé da cho ¢6 nghiem | (z;y) = (0;0), (1;1), (—1;1), (%7 %) O

Bai 16 Giai hé phuong trinh
1+x+4+2y=>5y
1+ 2?%y? = 5y?
Giai

Vé6i y = 0, hé vo nghiém.
V6i y # 0, hé c6 dang
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1 1 ‘
bat ¢ + — = u va x.— = v, hé tré thanh:
Yy Yy

w—2v=>5
ut+v=>5

Véi 1
u= -5 Tt =9
= 1y Hé vo nghiém
v =10
z.— =10
Y
Véi
1 $:2
_ 1 And r=1
v=2 T.— =2 { 1
Y y—§

) 1
Dap s0: | (z;9) = (2;1), (1;5) O

?+1+yly+z)=4y (1) )
(@ +1)(y+z—-2)=y (2)

Cau 17: Giai hé phuong trinh: {

Giai
r? 41
+yt+taor=4
+) Do y = 0 khong la nghiém ctia hé nén: (/) & $2Z—1
(y+z-2)=1
Y
z? +1
+)bat{ ‘T Ty . He trd thanh:
v=x+Yy
2 =
ut+v=4 o u=4—v o u:1:> $+1:1<:> Yy =
u(v—2)=1 (4—v)(v—2)=1 v=3 Y =2
r+y=3 y=5

Vay hé da cho c¢6 2 nghiem: (1;2), (—=2;5)0

_ 2,4 2 __ .4 — _ _ 2
Cau 18: Giai he phuong trinh: { 2 Vatyt 2ot —yt+1=203-V2-a)y’ ()

Ve—y2+a=3 (2)

Giai

5 _ o r <3
+) (2) & Vr—y* =3 xﬁ{x2+y2—7x+9:0

HDe2— @2+ +1) (@2 -y +1)=23-V2—1)y’
<:>\/(xy2—|—y2—|—1)(:vy2—y2+1):2[1—(3—\/§)y2+xy2} (%)
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a2
+) Dat { v a:Qy 1 . Phuong trinh (*) tré thanh:
v=y

Vw+o) (u—v)=2u— (3-+v2)v]
~(3=Vv2)v>0
u2—v2:4[u—(3—\/§)v}2

u—(3-v2)v>0
17
<:>{3u2—8(3—\/§)uv+(45—24\/_) 0 (%) (I7)
e Ta thay v = 0 khong la nghiém ctia hé (/1) nen:
u ry? 41
u\ 2 Ja) /3 —=3 5/2 =3
() 3(=) —8(B- VD) -+ (15-24v2) =0 & b, s = w1
v 3 20T
2
zy +1
" :3(Dou2(3—\/§)v)
o +1=3< (x—3)y* +1=0 (xxx)
e T (1) ta c6: y* = —2* + Tz — 9 thay vao (***) ta dugc:
T =2
(x—3) (=2 + T2 —9)+1=0& —2%+ 102> - 302 +28 =0 < | = =4+ v/2(loai)
x:4—\/§
e Viir=2=y =1=y==+1
e Voiz=4—V2=9y=1+V2=>y=+V1+V2
Vay hé phuong trinh da cho c6 4 nghiém
(wy) = {2 1):2-1); (4= v2VI+V2); (1-v2—V1++2) } O
3
4oy + 4 (2% +y?) + s ="7(1)
Cau 19: Giai hé phuong trinh: 1 (@+y) (I)
2z + =3 (2)
rT+y
Giai
+) Diéu kien: x +y # 0
3 1 \?
3z +y)’+ (x—y)’+ 5 =1 3(a:+y+—) +(z—y)’ =13
1)) & ) (x +vy) = r+y
r+y+——+zr—y=3 — —y=3
Y Tty Y x+y+x+y+x Y

1 2 12 _
+) Data:x—l—y—i—m (la| >2);b=x —y ta duge he: { 2a+;rig 13((2))
e T (4) ta c6: b= 3 — a thay vao (3):
a =
36+ (3—a)?!=134d>—6a—4=0%

a = — (loai)

l\DIn—ll\D

e V6ia=2=>b=1tudb taco hé:

w+y+x+y—2 - r+y=1 o r=1
r—y=1 r—y=1 y=20

+) Vay he da cho c¢6 nghiém duy nhat 1a (1; 0)O
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¥4y’ = (1)
Cau 20: Giai hé phuong trinh: 57 I)
4a% + 3w — 3 = —y(3z+1) (2)
Giai
10
522 +y?) =1 2(x%+y?) = —
+) (1) < 9 AT & 25 47
47

47
+) Taco: 20% = 2¢° 4+ 3w + 3uy +y = 5= & (20 —y) (v +2y) + (22 —y) + (0 +2y) =

+) Dt 22 —y = a,2x + y = b ta ¢6 he:
a?+ b =1 (a+b)* —2ab=1
7 94

4
b i _
ab+a+ o 2_@19—1—2(&—1—6) o
( 7
a—l—sz
) 12 (*)
2ab:(a+b) —1 ab:2—5
144 <
(a+b—|—1)2:§ >a—|—b:—g
,_ 132 25 (xx)
I

) 34 4 3
+) Ta thay hé (**) vo nghiém, con hé (*) c6 hai nghiém la: (a;b) = (g, g) : (g, 3)

/ , 2 1\ (11 2
Tuong tung ta c6: (z;y) = REI R

2 1 11 2
Vay hé da cho ¢6 hai nghiem: (z;y) = ( =; = — =
i i - (212 (22)
. ) .. 4yt =1 . .
Nhan xét: Bai nay xuat phat tit hé doi xing 47 - Sau khi thay z,y tuong tng bdi
TY+T+yY =3
2z — 1,22 + y thi bai todn tré nén phitc tap doi héi ngusi gidi phai ¢6 nhitng bién doi khéo léo dé

dude két qua nhu trén.

4 Oy — 4 1
Cau 21: Giai hé phuong trinh: { "&2 B ;2)3 i ; y((Q)) )

Giai
_a+b
o _ . _ _ 3 o 2
+)Datzr+y=a,r—y=5b3=c= a b
Y= 9
+) Tit (2) ta c6: (ab)® = A < ab = ¢
a+b\> a—>b\> ab
+) Taco: 2 —y* = (z —y) (z +y) (2% + y?) = ab ( 5 ) —|—< 5 ) :§(a2+b2)

—b 3b 3b
+)Mz§tkhéc:2x—y:a+b—a :a—i— :a~|—c
) 2 23b 2

+) Khi d6 (1) tré thanh: %(a2+b2) _ et Sc(@d®+b*) =a+c’b
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cl@®*+v*)=a+cb

+) T d6 ta cb he: {
ab=c

(1)
2, C c* 4, 3 3 4 3_ 3
=cla+ 5 ) =a+—<Eca" +c=a+ac & (ca—1)(a° =) =0&
a a

1
Suy ra hé (/1) c6 hai nghiém la: (a;b) = (¢; 1), (E’ 02>

Q@ 2

c+1 V3+1
.le{bzl = 9B
Yy = B
1/1 1 3 2
o=l x:§<_+02): —21—0 =5
i = - c c
° Vai $ = 1/1 |- 1
b:CQ y:— ——02 = = ——
2 \c 2c Y3
V3+1 v3—-1 2 1
+) Vay hé da cho ¢6 hai nghiém: (a:;y):<\/_2+ ,\/_2 >’(3—3,—3—3)D
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