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VE BAT DANG THU’C KARAMATA VA I’NG DUNG
ON THE KARAMATA'S INEQUALITY AND ITS APPLICATIONS

CAO VAN NUOI - NGUYEN QUANG THI
Truong Pai hoc Su pham, Pai hoc Da Ncing

TOM TAT

Binh |i Karamata va céc tinh chét ctia ham 16i Ia mot phan quan trong va khé clia cac
b4t dng thirc. Dwa vao dinh |i Karamata, ngwdi ta chirng minh duwoc cac bat dang
thire: T. Popoviciu, bat dang thirc A. Lupas va bat dang thirc Vasile Cirtoaje 2.1.[2]. Cac
bat dang thirc nay da cé nhirng tng dung trong viéc giai mot sé bai toan khé. Va ching
t6i thAy réng: viéc xay dung cac bat dang thirc mai 1a rat can thiét. Trong bai bao nay,
ching t6i xay dwng hai dinh i m&i va nhirtng (rng dung cla chung. Bai bao trinh bay hai
bat déng thirc m&i ma phwong phap chirng minh clia né dwa vao dinh li Karamata va
céc tinh chét ctia ham 16i.

ABSTRACT

Karamata's theorem and properties of the convex function are important and difficult
part of inequalities.Base on Karamata's theorem, it proved the inequalities: T.
Popoviciu's inequality, A. Lupas inequality’'s and Vasile Cirtoaje’s inequality 2.1.[2].
These inequalities have application in solving difficult problems. And we see that:
building of inequalities are very necessary. In this paper, we built two new theorems and
their applications. We present two new inequalities which are that their demonstration
method based on the Karamata's theorem and properties of the convex function.

1. Mé dau
Ta ki hiéu 1(a,b) la mot tap hop c6 mot trong 4 dang sau day: [a,b], (a,b), [a,b) va

(a,b].

Pinh nghia (Cac b trdi). Cho (X,,X,,...,X,) Va (Y1, Y,,.-.,Y, ) 12 hai b9 sé thuc. Ta

n6i rang day (X, X,,...,X,) troi hon (Y,,Y,,....Y,) hay ddy (y.,¥,.....V,) duoc lam

troi boi day (X, X,,...,X, ) Vataviét (X, X,,....X, )= (Y1, Y,,-.., ¥, ), Néu céc diéu kién

sau thoa man:

1)
)
(3)

X, 2 X, 22X, VA Y, 2Y, 22y, .

Xi+X,++ X, 2y, +Y, +-+Y;, vi=1n-1.

X, + Xyt X, =Y, +Y, + Y,

Pinh nghia (Ham 16i)

Ham $ f(x) dugc goi la 16i trén tap I(a,b) néu nod xéac dinh trén I(a,b), wi moi
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X;, X, € 1(@,b) va véi moi cap s khong am o, B cOtong a+P =1, ta déu co

f(ox, +PBx, ) <af (x,)+Bf(x,) (1.1)
Néu dang thirc trong (1.1) xay ra khi va chi khi x, = x, thi f dugc goi 14 16i that sy trén
I(a,b).
Ham s f(x) duoc goi 1a 16m trén tap 1(a,b) néu né x4c dinh trén 1(a,b), véi moi
X,, X, € 1(@,b) va véi moi cap s khong am o, B cOtong a+P =1, ta déu co

f(ox, +PBx, ) = af (x,)+Bf(x,) (1.2)
Néu dang thirc trong (1.2) xay ra khi va chi khi x, = x, thi f duogc goi 12 16m that sy
trén I(a,b).
Pinh li. Néu f kha vi bdc hai trén I(a,b) thi ham f(X) 16i trén I(a,b) néu va chi néu
f"(x)>0 véimoi xel(a,b).
Pinh 1i (Karamata). Cho haigbsé thuc (X, %,....X,) V& (Yi.YssYn),
(x,,y; €1(a,b)) thod man diéu kién (X;,X,.....%, )= (Y1:Yore- Y, ). Khi d6, 6i moi
ham f(x) 16i thdt si trén 1(a,b) (f"(x)>0), taludn co

;f (Xi)ZiZ_:,f(yi)
Bdng thirc xdy ra khi va chi khi X, =y,, Vi =1In.
2. Céc két qua
2.1. Chitng minh Dinh li Karamata
Trudce hét, chung t6i gidi thiéu cach chimg minh Dinh 1i Karamata duoc trinh bay trong 0.
Chuing minh (Dinh Ii Karamata). Ta c6 f(x)—f(y)>(x-y)f'(y), vx,yel(a,b) véi
moi ham f(x) 16i that sy trén 1(a,b). That vay, do f"(x)>0 nén f'(x) Ia ham $
tang trén 1(a,b). Xét 3 trudng hop sau:
+ Néu x =y thi bt dang thtc hién nhién dung.

()-F0) g

Yy >f'(y), ¢, e(y,x).

+ Néu x>y thi
+ Néu x<ythiwzf'(c2)<f'(y),cze(x,y).
Khido f(x,)—-f(y;)=(x,—y;)f'(y;), vx,y;€l(a,b), i=Ln.Va
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SLF(6)-F (]2 06 % F ()

1

(Xl ) ( ) ( _yz)f (y2)+'--+(Xn—yn)f'(yn)

(x, -y [f y) = (¥o) [+ (%, =Y, =Y, ) [ F(Y,)—F'(ys) ]+
(%

(

H(X X+ X yl_yz_"'_yn—l)[fI(yn—l)_fl(yn)]

(X X, + X =Y =Y, ==Y, ) (Y, )20

Do d6 Zn:f(xi)zzn:f(yi). Ding thirc xay ra khi va chi khi x, =y,, Vi=1n.

i=1
2.2. V& hai bat ding thirc
Pinh li 1. Cho ham & f(x) 16i rén [-a,a], trong d6 a>0. Néu (X, X,,...,X,) V&
(yl, yz,...,yn) 1a hai bé 56 thuc thod man cac diéu kién sau:
{xi,yi e[0,a],vi=1Ln
(X1 X500 X ) = (Y Yaro 0 Vi)
thi
DE(x)+ D F(yi=x) =D f(y)+n
i=1 i=1 i=1

Chitng minh. Ta co

X, >y, 05y, -
X1+X22yl+y2 02( X)+( —Xz)

......... —

X, + X, o+ X, 1_y1+y2+ +Y. 02( —X )+( _X2)+“'+(yn—1_xn—1)
Xy Xtk X, S Y Y, Y, 0=(=x)+ (Y2 =)+ o4 (¥o =)

* *

Pit t, =y, -x,,Vi=1n. Goi (kl,k2 ..... k;n) la b5 gdm 2n sb nhan dugc tir cac bo

t,t t

nty Fl1E210001

(X1 X5, X, ) VA (t,t,,...,t,) bang cach sdp xép cdc sO X, X,,...,X
theo thir tu giam dén.
Theo tinh chét cia bo troi, ta suy ra

(k]_ykz’ yk ) (ylyyzl !ynyo’---)o)
That vay, gia sirton tai te N va 1<t<n-1 sao cho
K>k, >-->k >k ,>--->k  , >0>k’

n+l = n+t+l

Hién nhién

Ky + K+t Ky 2 X+ X+ 4 X, 2y, +Y, +-+ Y, Vp=1in
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K, +K, +- +kn+q>x1+x2+--~+xn2y1+y2+-~-+yn+0+-~-+O,Vq:1;t
q s0

va

Ky + Ko+ K K K+ K K e K, =

n+q+1

=y, +y,+-+y,+0+---+0,vVqg=t+1Ln-1

q so

Tu Pinh li Karamata, ta suy ra

if(k)>zn:f )+nf (0)

Zf(xi)+2f(yi -%)= 2 f(y))+n 0)
i i=1 i=1

Két luan: Pinh li dugc chimg minh. Pang thirc xay ra khi va chi khi k} =y,, i=1n va
ki=0,i=n+12n.

Sau day ta img dung Pinh 1i 1 dé giai mot s6 bai toan.

Bai toan 1. Cho AABC thoa man gz A>B>C 2%. Chimng minh rang;
T T T
cos(A—EJ+cos(B—Zj+cos(C—ZjScosA+cosB+cosC+3—\/§

Loi gidi. Xét hamébs f(x)=—cosx trén {—gg} Ta c6 f"(x)=cosx>0,

vxe|l-LE Vay,hamsof( )Iéitrén _rr
2'2 2 2
Do E>A>B>C>E néntace:
2 4

LN
2
ZiZn-Isrc-A+B=|Z L] (ABC)
2 4 4 2 4 4
T ZiI-A+B+C
2 4 4

Ap dung Pinh i 1, ta c6

—COSE—COSE—COSE—COS A—E —CO0sS B—E —CO0sS C—E
2 4 4 2 4 4

>—-cosA—-cosB-cosC—-3cos0
Hay
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cos(A—gj+cos(B—§j+cos(C—gj < coS A +cos B+cosC+3—\/§
Ping thirc Xay ra khi va chi khi AABC vudng can tai A.

Bai toan 2. Cho x,y,z la cac s6 thuc thoa mén cac diéu kién:

2>X2y>z2>1
X+y+z=4

Chting minh ring:

JA+(x=2) A+ (y=1) +\a+(2-1) +242+25-6

2\/4+x +\/4+y +\/4+Z

Loi gidi.

Nhdn xét.

Ping thirc xdy ra néu va chi néu x =2,y =z =1. Tur diéu kién bai toan, d& dang ta co
2>X
2+1>4-72=X+Yy
2+1+1=X+y+z

Khi do, xét ham s6 f (x)=+v4+x* trén [-2,2].
4
(4+x2)m

do6, ap dung Pinh li 1, ta thu duoc
f(2)+f(1)+f(1)+F(x-2)+Ff(y-1)+f(z-1)>f(x)+f(y)+f(z)+3f(0)

Do f*(x)=

>0, Vxe[-2,2] nén ham & f(x) 16i trén [-2,2]. Khi

Hay

242 + 25 4[4+ (x—=2)" + A+ (y—1) +\4+(2-1)

2\/4+X +\/4+y +\/4+z +6

Két luan: Bat dang thic dugc chimg minh.
Chung téi da chirng minh dugc dinh 1i sau day:
Pinh 1i 2. Néu ham s6 f(x) 16i trén 1(a,b) va x,y,ze(a,b) thi

f(x)+f(y)+f(z)+f(x+§+zJ

23 f(2x+yj+f(2y+x}rf(2y+zj+f(22+yj+f[2x+zjf(22+xj
3 3 3 3 3 3 3

Chirng minh. Dat
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d=X+y+Z,a1:2X+y,a2=2y+X
3 3 3
_2X+z . 2Z+X c _2y+z c _2z+y

b, b,

3 3 ' 3 ' 3
Khong mét tinh tong quat, gia str rang: X >y >z. Xét 2 truong hop sau:
Truong hop 1: 2y >x+z.Déthdy x> x>x>y>y>y>d>d>d>z>z>7
vaa, >a >a,>a,>b >b,>c,>c,>b,>b, >c, >c,.
Ta sé chung minh
(x,x,%,y,y,y.d,d,d,z,,2) > (a,,8,,a,,a,,b;,b;,¢,,¢,,b,,b,,C,,C, ) (1.3)

That vay,
X—a, = X;yzo,Zx—Zalz 2()(3_y)20,3x—2a1—a2 :Mzo
3x+y-2a, - 2a, :x—y20,3x+2y—2a1—2a2—bl:%zo
3x+3y—2al—2a2—2bl=3y_§_22 =(2y_x_?+(y_z) >0
3x+3y+d—2a, ~2a, ~2b, —c,= 22 s g
3x+3y+2d—2a, —2a, —2b, —2c, = XY =22 1
3 x3y+3d-2a,—2a,-2b,—2c, b, =%zo
3x+3y+3d+2-2a, - 2a, — 2b, - 2¢, — 2b, = Z(yB_Z) >0
3x-+3y+3d+ 2728, - 2a, — 2b, 26, ~2b, ¢, = Y2 5 0

Va

3x+3y+3d+3z—-2a, —2a,—-2b, —2c,-2b,-2c, =0
Suy ra (1.3) ding. Theo Pinh li Karamata, ta c6 bat dang thirc ding.
Trueong hop 2: 2y <X+z.Tuongty,tacé x>x=>x>d>d>d>y>y>y>z>z>z
vaa >a >b,>b >a,>a,>b,>bh,>c >c, >c, >c,. D¢ dang, ta co
(x,x,x,d,d,d,y,y,y,z,z,z) > (a,,a,,b;,b,,a,,a,,b,,b,,¢,,c,,C;,C, )
Theo Pinh li Karamata, ta c6 bat dang thirc ding.
Dinh li dugc ching minh. Dang thirc xay ra khi va chikhi x=y=z.
Chung ta c6 mét tmg dung ctia Pinh li 2 trong bai toan sau day:
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Bai toan 3. Choa,b,c > 0. Chimg minh ring:
a3+b3+c3+i(a+b+c)32
27
2
a((2a+b)3+(2b+a)3+(2b+c)3+(2c+ b)3+(2a+c)3+(20+a)3)

Loi gidi. Xét ham & f(x)=x> trén (0,+x). Do f"(x)=6x>0 nén f(x) 16i trén

(0, +oo). Bt dang thirc dugc viét lai nhu sau:

f(a)+f(b)+f(c)+f(a+:+cJ

23 f(2a+bj+f(2b+a]+f(2b+cJ+f(2c+bJ+f(2a+cj+f(2c+aj
3 3 3 3 3 3 3

Khong mét tinh tong quat, ta gia st a>b>c. Tir 46, ta d& dang 4p dung Pinh li 2, ta
suy ra bat dang thirc diing.

Nhdn xét.

Ching ta c6 cach gii khac cho bai toan nay dua vao bat dang thic Muirhead va bat
dang thirc Schur 0.

That vay, bat ding thirc can chirng minh tuvong dwong voi:

1 2
ELZS(& +b? +c3)+32a2b+6ach > 3.7(18@3 +b+ c3)+182 azbJ

sym sym

<:>16(a3 +b° +c3)+6abc >9>"a%

sym
& 7[Za3 —Zazb]+2£a3 +b*+c® +3ab C—ZazbJ >0
sym sym sym
Tir bat dang thirc Muirhead va bat ding thire Schur, ta suy ra bat dang thire cudi cing la
dung.
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