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...Loi gi6i thiéu: Toan hoc 13 mot nganh khoa hoc ma hang triéu con ngudi dam mé theo dudi. Pai s 1a
mot trong ba nhanh 16n cua cay dai thu toan hoc. Ma trén do, da thirc 12 mot canh quan trong. Pa thirc noéi
chung va da thirc hé sb nguyén noi riéng c6 nhiing tinh chat li thii dep d& va nhiéu ing dung.

Chuyén dé nay chiing t6i trinh bay vé da thirc hé sb nguyén. Kién thirc trong chuyén dé nay 1a
nhiing gi don gian va rat d& hiéu. Noi dung bao gé)m cac dinh nghia, dinh 1i va bai tdp dugc trinh bay cu
thé nhu sau :

I) Kién thirc cAn nhé.
I)Bai toan vi dy.
[I)Bai tap ap dung.

Céc ban dam mé toan hoc dic biét 1a vé da thirc c6 thé xem day 1a tai liéu bo ich dé tham khao.
Du d3 nd luc hét sirc nhung khong thé tranh dugc nhitng sai sé6t. Nhom chung t6i rit mong nhan duoc
nhirng ¥ kién dong gop cua cac ban.
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I) Kién thirc can nhé :

1)Khai niém :
O Néudathuc f(x)=a x"+a,_Xx"'+..+ax+a,a, #0 cocachésd a el,i=0,n thitanéi fix)la

02> *n

da thtc hé s6 nguyén.
0 Taki hiéu tap hop céc da thire hé sé nguyén 1a Z [x].

2)Cac dinh i :
O Pinh li 1: Néu da thic f(x) c6 nghiém nguyén x = thi f(x)=(x—a).g(x)voi g(x) la da thirc hé so
nguyeén.

O3 Pinh Iy 2: Cho f(x) 12 da thirc hé sb nguyén:
f(x)=ax"+a_X"+..+ax+a, (a €l;i=0,1,2,..,n) a,b 12 hai s6 nguyén khac nhau. Khi d6
f(a)— f(b):(a—b).

Chirng minh:
Taco: f(a)=a,a"+a, @"+..+aa+a,
f(b)y=a,b"+a, b"+..+ab+a,

Suyra f(a)-f(b)=a_ (a"-b" +anl(a”1—b”1 +.. +a(a b)
—b*:(a—b), Vkreulé‘nen% f()(a b) (pcmPr-l-.I

O Binh Iy 3: Cho da thirc hé s6 nguyén f(x)= > ax',a, #0. Néu x _P (p,q) =1, q # 013 nghiém cia
i=0 q
f(x)thi pla, va q|a,.
Chirng minh:
Gia str phan sd t6i gian ]31 la nghiém cua da thirc f(x). Khi d6 ta co6 :

p p" p"! p
fl=|=a,—+a, ,—+..+a—+3,=0
(qj q fqr! 'q

=a p'=-q(a_p" ' +..+aq" p+a,q"") (1)

=—p(a,p" +a_, p"q+..+a,q"") (2)

Tur (1) suy ra a_p" chia hét g ma (p",q)=1 nén a, chia hét q.
Tur (2) suy ra a,q" chia hét pma (p",q)=1nén a, chia hét q. Suy ra dpem.
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IT) Bai tap vidu :

1) Dang 1: Bai toan lién quan dén tinh chia hét:

Bai todn 1: [Vinh Long 2010] Tén tai hay khong mot da thirc voi hé sé nguyén ma f(26) =1931 va
f(3)=19957?

Giai
Gia sir ton tai mot da thirc voi hé sé nguyén thoa dﬁl_hén dé bai.
Taludn co : f(26)— (3):(26—3)=23
Nhung f(26)— f(3)=1931-1995=—-64723.
Do d6 khong ton tai da thirc hé sé nguyén thoa mén dé bai (dpcm).

Bai todn 2: Cho f(x), g(x) 12 hai da thirc v6i hé s6 nguyén thoa didu kién F(x) = f(x*)+xg(x’) chia hét
cho da thitc x* + x + 1. Chimg minh rang f(x), g(x) cting chia hét cho (x —1).

Giai
Taco: F() = f(x)— () |+ x[ g0 -9 |+ f (1) +xg()
oS TAER=HIT Yo ) IT)
g(x* )= g’ =1y (¢ #X¥ D)
Theo gia thiét, F(X): x> +x+1 nén tir (2.1) suyra f(1)+xg(1): x> +x+1.Ma f(1)+xg(1) c6 bac bé hon
hodc bang 1 nén f(1)+xg(1)=0=> f(1)=g(1)=0. Theo dinh 1y Bezout suy ra f(X):(Xx—1) va

g(X):(x—=1).

»  Nhan xét : Dé hai da thirc f(x), g(x) cung chia hét cho X—1, theo dinh 1y Bezout thi ta can chimg
minh X; =1 1a nghiém cua f(x) va g(x), tac 1a f (1) = g(1) = 0 .Mot cach tu nhién ta thém bét (1), g(1) vao

va ap dung dinh Iy 2 dé di dén két qua.

2.1)

Bai ton 3 : Cho hai da thirc f(x)=ax’ +bx> +cx+d va g(x)=dx’ +cx> +bx+aco hé sd ab,c.d
nguyén va d khong chia hét cho 5. Gia sir f(m) chia hét cho 5, mel] . Ching minh ring c6 thé tim duoc
n, Ne€ll, sao cho g(n) chia hét cho 5.

Giai
Ta co:
f(m)=am’+bm*+cm+d:5 vad/5=>m/5
Do d6 ton tai sd nguyén n sao cho mn =1 (mod5)
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Taco: N’ f(m)—g(n)=n’(am’ +bm*+cm+d)—(dn’ +cn’ +bn+a)
=a(m’n’ —1)+bn(m’n* —1)+cn’*(mn—1): (mn—1)
= g(n):(mn-1):5
Vay s6 nguyén n théa mn =1 (mod 5) thi g(n):5.

» Nhéan xét: Taco: f(m)—g(n)=am’+bm? +cm+d —(dn®+cn® +bn+a). Ta can 1am mét hé sd tu do
(a hodc d) dé xuét hién nhén tr chung. Nhan f(m) v6i n* 1di trir cho g(n), ta co n* f (m)—g(n):mn—1. Lai

c6 m/5 nén tdn tai s6 nguyén n & mn =1 (mod 5). Tir d6 di dén dpem.

Bai toan 4 : Cho da thirc P(x) voi cac hé s6 nguyén, chia hét cho 3 khi x iy céc gia tri nguyén k,k+1,k+2.
Chtng minh rang:
P(m):3,Vmell

V61 hai s0 nguyén m va n phan biét ta co:

P(m)—P(n):(m—n)
Ta co:
Cac sb6 P(m)—P(k),P(m)—P(k +1) va P(m)—P(k +2) theo th tu chia hét cho
m—k,m—(k+1),m—(k+2) voimoim g {k.k +1,k+2}.Vi m—k,m—(k +1),m—(k +2) 1a ba s6 nguyén
lién tiép nén trong d6 6 mot sochiclidteho 3— VI .. COrmM
Do d6 mot trong cac sd P(m) PK),P(M), =Pk +1),va P(m)~ Pk +2),c6.mdt s6 chia hét cho 3. Mt
khac, theo gia thiét, cac s6 P(k), P(k +1), P(k +2) déu chia hét cho 3.

Vay : P(m):3,Vmell.

Bai toin 5: Cho P(x) va Q(x) 1a hai da thirc hé s6 nguyén thoa man diéu kién:
P(x)+XQ(X*): x> +X+1.
Goi d 1a UCLN cua hai s6 P(2007) va Q(2007). Chimg minh rang d:2006.

Ta co
P(X)+xQ(x) =[ P(x*) = P(1) |+ X[ Q(x") —Q() |+ xQ(1) + P(1) (5.1)
RO rang P(X’)—P(1):x’ —1: x> +x+1 (5.2)
Q(X)—-Q):x’ =11 x> +x+1 (5.3)
T (5.1), (5.2), (5.3) va tir gia thiét suy ra
xQ(1)+ P(1) i x* + x+1 (5.4)

Ta cé deg[xQ(1)+P(1)] <1, deg(x*+x+1)=2, vi thé tir (5.4) suyra xQ(1)+P(1)=0, hay
P(1)=Q(1)=0.
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1t A . . {P(X)=(X—1)R1(X) .. ‘ . A
Vi X=1 la nghiém cta P(x) va Q(X) nén vé1 R (X) va R,(X) 1a hai da thirc h¢
Q(X) = (x=1).R,(x)
s6 nguyén. Thay X=2007 ta c6
{P(2007) =(2006).R,(2007) 5.5)
Q(2007) =(2006).R,(2007)
Do R,(2007) va R,(2007) la cac sd nguyén nén tir (5.5) suy ra P(2007):2006 va Q(2007):2006.
Diéu d6 chimg to rang
d =(P(2007),Q(2007)):2006 (dpcm).

» Nhén xét: Tuong tur bai toan 2, ta thém b6t P(1), Q(1) vao dé ap dung dinh 1y 2. Ngoai ra, bai toan
trén con c6 ap dung dinh 1y 1 dé duoc R (X) va R,(x) 1a hai da thirc hé s6 nguyén. Pay 1a mot bai toan
kha hay c6 ap dung nhiéu dinh ly.

Bai toan 6: Cho da thure P(x) bac 4 c6 cac hé s‘(”') nguyén va P(x) chia hét cho 7 véi moi x nguyén.
Chtng minh rang céc hé so6 cua da thire P(x) déu chia hét cho 7.

Giai
Xem da thic : P(x)=ax* +bx’ +cx* +dx+e , véi a,b,c,d,ecl], a=0.
Tacd: P(x):7 Vxel.Doldh: | =1=M"V T 1.0

mathen IPCO)7 :>e7tl rs n' (61)
P()=a+b+c+d+e:7 (6.2)
P(-1)=a-b+c—d+e:7 (6.3)
= P()+P(-1)=2a+2b+2e:7=a+c:7 (6.4)
= P(1)-P(-1)=2b+2d:7=b+d:7 (6.5)
P(2)=16a+8b+4c+2d +e:7
=2a+b+4c+2d:7
—2c+d:7 (6.6)
P(-2)=16a—8b+4c—-2d +e:7
= P(2)+P(-2)=32a+8c+2e:7=4a+c:7 (6.7)
Ma a+c:7
Do dé: 3ai7=ai7 (6.8)
T (6.4) va (6.8)=>¢:7 (6.9)

(6.5)
T1‘I(6.6)Vé(6.9);>d57:>b57 i
Vay:  Cac hé so a,b,c,d,e thdoa yéu cau cua bai toan.

» Nhan xét:
1)Néu bac cia P(x) lon hon 4 thi két luan cua bai toan khong ding nira.
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Chéng han:
QX)) =(X+1D)(X+2)..(x+7):7, Vxell
va H(X)=x"—xi7, Vxell.

2)Vay néu bac cia P(x) bé hon 4 thi két luan d6 c6 ding khong? Cau tra 16 1a ¢6. Khi
deg P(x)=1,2,3,4, P(X):7 v&i moi x nguyén ludn ludn kéo theo cac hé sé ciia P(x) chia hét cho
7.

3)S§ 71asb nguyén t6. Néu ta thay 7 boi mot s6 nguyén t6 khac thi s& c6 duoc két qua gi?
Cho s6 nguyén t0 p 16n hon hodc bang 5 va da thtrc:

f(x)=ax’ +bx’ +ox* +dx+e el [x], f(x)ip, vxel

thi a,b,c,d,e:p
Ta s& xét bai toan ndy & phan bai tap rén luyén.

2) Dang 2: Bai toan xac dinh da thire:

Bai todn 1: Tim a, b sao cho da thire P(x) = 2% + 8x? + 5x + a chia hét cho da thirc
x*+ 3x+ b,

Giai
Viét lai da thure P(x) dudi dangpaur——1—_|—"V I 1 .C_COrm
P(x)=x+8x*+5x+a fath:

=x(x?+3x+b)+5(x? +3x+bj—(b—|—1l]]x+a:—5b

=(x*+3x+b)(x+5) —(b+10)x+ a— 5b. (1.1)
ViP(x)ix? +3x+bva(x®+3x+b)(x+5) ix?+ 3x+ bnéntir (1.1) suy ra da thirc bat nhat
R(x) = —(b + 10)x + a — 5b chia hét cho da thirc Q(X) = x*> +3x+b.

Do degQ(x) =2, con deg R(x) <1, nén tir R(X):Q(X) suy ra R(x) =0, hay:
b+10=0 b=-10
=
a-5h=0 a=-50
Vay hai da thirc can tim la: P(X) = x* +8x> +5x—50 va Q(X) = x*+3x-10.

» Nhan xét: o 7

1)Bai toan trén str dung tinh chat vé bac cua da thue dé c6 duge R(x)=0.

2) P(x) 1a da thirc c6 bac nho (deg P = 3) nén ta c6 thé gidi bai toan nay bang phuong phép dong nhat
hé sb. Gia sit P(x)= (x> +3x+b)(X+¢). Qua cac budc nhan, rat gon rdi dong nhit hé sb ta van duoc
a=-50,b=-10 (c=9).

Bai toin 2 : Tim da thirc f(x)khong dong nhat 0 véi hé s6 nguyén nhan sb a= %/5 +%/Z lam nghiém.

Taco a=3/§+%/2
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a’=6+632+6Y4
= 6+6(/2 +3/4)
=6+6a
hay a’-6a-6=0.
R& rang a 1a nghiém cia da thirc f(x) =X’ —6x—6. Vay f(x) la da thirc can tim.

»  Nhan xét:

1) Ta lap phuong s6 a dé 1am mat can. Viéc liy thira sb a c6 thé phai thuc hién nhiéu lan. O bai toan
sau ta s€ dung phuong phap khac.

2) Ta ¢ thé mo rong thanh bai toan xac dinh mot s6 a 1a s§ vo ti hay sb hiru ti. Ta thyuc hién theo cac
budc:
Budre 1: Lap mot da thirc voi hé s6 nguyén nhan x =a lam nghiém.
Bude 2: Chirng minh rang hoic 13 da thire tim dugc khong co nghiém nguyén, hoic 13 trong sb tat ca cac
nghiém nguyén co thé c6 cua da thirc khéng c6 nghiém nao bang a.

Vi du: S6 a=3/2+3/4 1a 56 vo ti hay hiru ti?

Giai. Theo bai toan 2 ta ¢6 a 1a nghiém cta da thie f(X) =%’ —6x-6.

Theo dinh 1y 3, néu f (x) c6 nghiém hiru ti thi nghiém d6 phai thudc tap hop {£1,42,43,%6}

Bang cach thir tryc tiép ta thdy +1,+2,+3,+6 khong phai 1a nghiém cta da thie f (x) . Do a 1a nghiém ciia

f(x) nénalasovo ti. MY T oM
Ta s€ xét nhirng bai toan tuong tu 0 phan bal tap ren luyen e - !

Bai toan 3: Hay tim da thirc khong dong nhat 0 véi hé sé nguyén nhan sd V2 +33 1am nghi¢m.

Giai
Pa thirc Q(X) = X—~/2—3/3 nhan x, =+/2 +3/3 1a nghiém.
Xét da thirc R(x) xac dinh nhu sau: R(X) = Q(X)[(X—\/E)2 +(X—\/§)2 %/5-1-3/5}

=[(x—ﬁ)—%][(x—ﬁ)z+(x_ﬁ)2%+%}
=(X—ﬁ)3 —3=x%—3/2X +6x—-22 -3

Ta thdy X, =2+33 cling 1a nghiém cua da thuc R(x).

Xét da thiue P(x) dugc xac dinh boi: P(x) = R(x)[(x3 +6x—3)+\/§(3x2+2)]
= [(€+6x=3)=v2 (35 +2) | (x> + 6x=3)+2 (3x" +2)]
= (¥ +6x-3) ~2(3x +2)
=x°—6x* —6X’ +12x* =36X +1
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Vay P(x) = x° —6x* —6X° +12x> —36x+1 1a da thirc khong ddng nhét 0 v6i hé sé nguyén nhan /2 +3/3
lam mot nghiém.

> Nhan xét : » 7 ,

1)Trong bai toan trén, ta nhan cac bi€u thuc lién hi€p thich hop vao da thuc dé lam mat can bac hai,
can bac ba.

2) Da thie P(x) tim dugc c6 phai 1a da thirc hé s6 nguyén c6 bac nhé nhét nhan nhén\/z + %/3 lam
nghi¢m khong? ,

Gia sir c6 mdt da thirc c6 bac khong 16n hon 5 véi hé s6 nguyén

G(x)=a,x’ +a,x' +a,x’ +a,x’ +a,x+a,

cling nhan V2 +331am nghiém. Ta co:

GHW2+33)=0
o a,(V2+B) +a4(\/§+%/§)4+a3(\/§+%/§)3+a2(\/§+%/§)2+a1(\/§+%/§)+a0 =0 (3.1)

Thyc hién khai trién va rit gon (3.1) ta ¢6: b, +b,v/2 +b,3/3 +0,3/9 +b,+/23/3 +b,+/23/9 . (3.2)
Trong do:

b, =&, +2a, +3a, +4a, +50a,

b, =a, +2a, +12a, +4a,

b, =&, +6a, +3a, +20a,
M a+ 3.
nathenatiy = a, v 8a 158 o

b, =3a, +20a,

(3.3)

Viag ell,Vie 0,5 nén suy ra b, ciing 1a sb nguyén, Vie 0,5. Tr (3.2) suy ra b =0,Vie 0,5. Do
vay tur (3.3) suy ra h¢ phuong trinh sau:
a, +2a, +3a,+4a, +50a, =0
a, +2a,+12a,+4a, =0
a, +6a,+3a,+20a,=0
3a, +12a,+3a, =0
2a,+8a,+15a,=0
3a,+20a,=0

Giai hé phuong trinh trén ta duge a, =0, Vi€ 0,5. Vay moi da thirc khong dong nhat 0 véi hé sb
nguyén c6 bac bé hon hodc bing 5 khong thé nhin V2433,

Tém lai, P(X) = X° —6x* —6x> +12x* 36X +1 1 da thirc hé s nguyén c6 bac nhé nhit nhan ~/2 +3/3
lam nghiém.

Bai to4n 4 : Tim da thirc bac 3 dang f (X) = x> +ax® +bx+¢ sao cho f(x) chia hétcho (x—2)va f(x)
chia cho x* —1 thi du 2X.
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Vi f(x) chia hétchox-2nén f(2)=8+4a+2b+c=0

Do f(x) chiacho x> —1 thi dur 2X nén g(x)= f(x)—2x chia hét cho (x> -1).

Suyra g(1)=1+a+(b-2)+c=0 hay a+b+c=1va g(-1)=-1+a-b+2+c=0 hay a—b+c=-1.
4a+2b+c=-8 a=-10

Ta ¢6 hé phuong trinh ya+b+c=1 <b=-
a-b+c=-1 c=-10

Vay da thirc can tim ¢ dang :
f(x)=x>=10x*-19x-10

» Nhan xét: Bai toan trén ap dung dinh 1y Bezout vé nghiém cua da thirc. Lan luot thay cic nghiém vao
da thtre ta c6 hé phuong trinh roi suy ra a,b,c.

Bai toan S : Xac dinh da thuc f (x) dang :
f(x)=x"=3x*+2x’ +ax> +bx+c
Biét ring no chia hét cho da thire (x —1)(x +1)(x - 2).
Mmoo dal ) Orm

Tacod f(x) chia hét cho (x —y(x&d)(x=2):khi va-chilkhi = lent
f()=a+b+c=0
f(-)=a-b+c-6=0
f(2Q)=4a+2b+c=0

Giai hé phuong trinh nay ta thu dugc a=1,b=-3,c=2

Viy da thirc ra can tim 13 : f(X) = x* —=3x* +2x° + x> =3x+2

»  Nhan xét:

1) D6i v6i 16p bai toan xac dinh cac hé s6 dé duoc mot da thirc nhur trén, cac hé s6 tim dugc c6 thé
khong 1a sé nguyén.

2) Khi can xac dinh n hé sb chua biét, thong thuong, ta can n dir kién. Trong bai toan trén, can x4c
dinh ba hé s a,b,c, ta thiy ngay ba dir khién dé bai.

3) Cac dang khac :

Bai toan 1 : Cho P(x) 1a mot da thire bac 6 sao cho :
P(1)=P(-1),P(2)=P(=2),P(3) = P(-3)
Ching minh rang : P(X) = P(=X), VX Giai
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Taco:
P(x)=a,x’ +ax’ +a,x* +a,x’ +a,x’ +a,x+a,
Véi a, #0,8 el,(i=0,1,..,6)
Xem da thuc f(X)=P(x)—P(=x),taco
f(x)=2a,x" +2a,x’ +2ax
= deg f(X)<5
Taco: f(1)=0,f(2)=0,f(3)=0, f(-1)=0, f(-2)=0, f(-3)=0
Pa thitc f(x) co deg f(x) <5 va co 6 nghiém sd. Do do f(x)=0
Vay : P(x) = P(-=x),Vx

%  Chii y: Ap dung dinh 1y vé& nghiém cua da thirc: Néu f(x) ¢ bac khong qua n va c¢6 qua n nghiém thi
f(x) 1a da thirc khong.

Bai toan 2: Chirng minh rang f (X) = ax® +bx +¢ nhén cac gia tri nguyén voi moi x nguyén khi va
chi khi 2a, a+b va cla cac sd nguyén.

Giai
Taco: f(Xx)=ax’—ax+ax+bx+c
—a(x’ —xX)+ (@A = "V T . O

1) Gia st f(X) nhan cac gia tri nguyén vdi moi X nguyén.

Lf?:ty X=0= C nguyén.

Lay x=1= f(X)=a+b+c=a-+b nguyén.

Liy x=2= f(x)=4a+2b+c=2a+2(a+b)+c= 2a nguyén.
X(x—1

i) Pao lai, gia sir 2a,a+b,cell thitr (2.1) va )eD taco f(x)ell, Vxell.

Vay di€u kién can va du da dugc chung minh.

Bai toan 3 : Cho da thirc P(X) = x> + px+0; p,q nguyén.Ching minh rang ton tai k nguyén sao cho
P(k) = P(2005).P(2006) .

Giai
Taco:
P(P(x)+x) =(P(x)+x).2 +p.(P(x)+x)+q

:(x2+px+q+x)2+p.(x2+px+q+x)+q
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2

:(x +px+q)2+2.(x2+px+q)x+x2 +p(x2+px+q)+xp+q
(x +px+q) (x2 +px+q+2x+p+1)

:(x2 +px+q).((x+l)2 +p(x+1)+q)

:P(x).P(x+l).
Dit k =P(2005)+2005. Vi p,q nguyén suy ra P(x) la da thirc hé s6 nguyén. Do d6 k 1a s6 nguyén. Suy ra
P(k) = P(2005).P(2006) . (dpcm)

» Nhan xét: Phan tich dpem ta thay: P(2005).P(2006) = P(2005).P(2005 +1) c6 dang P(x).(x+1).
Lai tiép tuc phan tich ngugc thi P(x).(x+1)= (x> + px+q)| (x+1) + p(x+1)+q | = P[P(x)+x]. Tr

do6 ta co di€u can chung minh dé di dén két qua.

Bai toan 4 : Cho phuong trinh bac hai sau day c6 nghiém hiru ti :
ax’ +bx+c=0 voi cac h¢ s6 nguyén. Chtig minh rang biét s6 A ctia phuong trinh khong thé bang
1994 va cling khong thé bang 1995 .

Giai
Néu phuong trinh ax® +bx + mmvr& M"ﬂ'ﬂn nghiém do6 nguyén. Do do
A 1a s6 chinh phuong. Tathematics 4 aoh
a)Néu A=1994=A=2 (mod 4), vo ly
b) Néu A=1995=>A=3 (mod 4), vd Iy
Suy ra dpcm.

Bai todn 5: Cho da thirc P(x) v&i hé s6 nguyén. Chimg minh rang khong ton tai ba s6 phan biét
a,b,c saocho P(a)=b, P(b)=c, P(c)=a.

Giai
Pa thiic ¢6 dang P(x) =a x"+a _X""'+..+ax+a,,a #0. Gia si ton tai ba s6 nguyén a, b, ¢ d6i mot
khéc nhau thoa diéu kién dé bai.
Vi P(a)-P(b):a-b va P(a)-P(b)=b-c=b-c:a-b

= |b—c|>]a-b| (5.1)
Tuong tu, ta co: |a— b| > |C - a| (5.2)
lc—a|=|b—¢| (5.3)

T (5.1), (5.2), (5.3) suy ra |a—b| =|b—c|=|c—a|. Vi a, b, c d6i mot khac nhau nén tir d6 ta suy ra:
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a-b=b-c a=2b-c
o =2b-c=2c-b<sb=c,voly.
b-c=c-a a=2c-b

Vay gia thiét 1a sai suy ra dpcm.

P

Bai toan 6: Chung minh rang néu phan s t6i gian — 1a nghiém cta da thirc v6i hé sé nguyén

f(x)=ax"+a X" +..+ax+a,
thi p—mq la udc cua f(m) voi m nguyén.

Giai
Phan tich f(x) theo cac liy thira ctia (X—m) ta dugc
f(x)=a,(x-m)"+b _ (x=m)"" +...+b (x—m)+b, =g(x—m)

Vim la sd nguyénnén b, i =0,n 1a cac sé nguyén. Ta co: f(m)=h,
Thay x boi - ta duoc f(ﬁjzg(ﬁ_mjzg(wjzo
q q q q
Do d6 —— P=M9 15 nghiém ctia g(x). Ap dung dinh Iy 3 thi p—mq 1a u6c ctia b, = f(m) (dpcm).

rmoae Y I 1. COorm
III) Bai tap ap dung;

teachers n

Bai toan 1: Cho da thitc P(X) = X’ —9x* +24x—-97

Chtrng minh rang véi mbi s ty nhién n ludn ton tai s6 nguyén a, sao cho P(a,) chia hét cho 3,
Huéng din: Vxel P@GBx+1)=27Q(x). Véi Q(X)=x’ —2x* +x-3

27Q(B3Xx)=P(Ox+1) = POx+1)=81R(x)

Véi R(X)=9x* —6x* +x—1

Vi 9:3,6:3,1/3=R(b,):3"

POb" +1)=81R(b,);a, =9b" +1

P(a,)=81R(b,):3""

(dpcm).

Bai toan 2: Cho P(x) 1a da thirc voi he s6 nguyén. Chimg minh ring néu cac s6 P(0),P(1),...,P(m-1) déu
khong chia hét cho m (m 1a s6 nguyén duong) thi da thirc P(x) khong c6 nghiém nguyén.

Hudng dan : Cm phan chung :

P(x) = (x=¢)Q(x)

Tinh P(0); P()...= P(m-1)=(m-1-¢c)Q(m-1)

0-c,1-c,...,m-1-c 1a n s6 nguyén lién tiép.

= 3k(0<k<m-1) thoda k—c:m

= P(k):m mau thuan suy ra dpcm.
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Bai toan 3 : Cho da thirc P(x) bac 3 c6 cac h¢ sélnguyén va P(x) chia hét cho 7 véi moi x nguyén. Chimg
minh rang cac h¢ so cua da thirc P(x) d€u chia hét cho 7.
Huodng dan: Lam tuong tu bai toan 6 (dang 1)

Bai toan 4 : Cho da thuc ¢6 dang :

P(x)= x> +x*—9x’ +ax’ +bx+c.
Biét rang P(x) chia hét cho (x—2)(x + 2)(x +3) . Hay tim da thic P(x) 4y.
Huéng din : P(2) = P(-2) = P(-3) = 0 (dinh ly Bezout)
Papsd: a=-1;b=20;c=-12

Bai todn 5 : Tim da thic P(x) dudi dang
P(x)=2x*+ax> +bx+c,
Biét rang P(x) chia hét cho da thirc x+2, nhung khi chia cho da thirc x*> —1 thi duoc phan du 12 x.

Huéng dan :
P(=2)=0;Q(x) = P(x)—xix* -1
QM =Q(-1)=0

22

Pap s6 : az—ﬁgbzl;c:_
3 3

rmcie—
Bai toan 6 : Cho P(x) la da thuc V01 he so nguyen k hong am va khong 16n h0'n 8. Gia sur P(9)=32078. Hay
tim da thire P(x). eere e
Papsé: P(X)=4x"+8x° +2

Bai toan 7 : Tim da thirc hé sd nguyén bac nho nhat nhan 1+ JE +\/§ lam mot trong cac nghiém cua no.
Papsé: P(X)=x*'-4x—4x* +16x-8

Bii toan 8 : Tim moi da thitc P(x) # 0, thoa méan diéu kién
XP(x—=1) = (x=3)P(X), VX.
Huéng dan :
P(0)=P(1)=P(2)=0
P(X) = x(x=1)(x=2).Q(x) o
= Q(x-1)=Q(x) :Ham s0 tuan hoan.
Papsé:  P(x)=x(x—1)(x—2)

Bai todn 9 : Xéc dinh xem s6 a dugc xac dinh nhu sau 1a so hiru ti hay vo ti.

Jg /9+12_5_J_3 ly, 125
7 7

Huéng dan :
a’+5a-6=0<a=1ell
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Bai todn 10 : [Pé thi vao 16p 10 chuyén toan TP.HCM nam 1982]

- — . 1 .
bat x= i/a+aT+1 8a3 1 +§/a—aT+l 8a3 ! . Chtrmng mkinh rang véi moi a = 3 thi x 13 sO tu nhién.

Huéng dan: Liy thira s6 x ta co (X—1)(x> + X+2a)=0. Bién luAn dé c6 x=1.

Bai toan 11 : Lap mot da thue voi hé¢ ) nguyén nhan a = JE + \/5 lam nghiém.
Pap s6: f(x)=x*—10x* +1

Bai todn 12 : Cho n 1a s6 tu nhién. Xéc dinh da thic P(X) = x*" + X" +1, biét rang P(X): x> + X +1
Huéng dan: Xét ba truong hop n=3k,n=3k+1,n=3k+2 (ke ). Dap an: n/3.

Bai toan 13 : Chimg minh rang néu phan s6 tdi gian P 1a nghiém cua da thirc hé sé nguyén

f(x)=a,x"+a, X" +..+ax+a,
thi p—q laudc cua f(l) va p+q langhiém cua f(-1).
Huéng dan: Cmtt bai toan..... V&i m=1 va m=-1

Bai toan 14: Da thire P(x) bac 4 co h¢ s6 bac cao nhit 1a 1 va thoa man diéu kién P(1)=3, P(3)=11 va
P(5)=27. Chirng minh rang P(Q)_IW}E:LLI_\ v I 1.,C.Oorm

Huéng dan : Xét f(x)= x> +2; fi(D=3; f(3) 2 11,:6(5) =27 =
Q(X) =P(x)— f(x); degQ(x) =deg P(x) =4
Heé s6 bac cao nhét clia P(x) = Q(X) ciing 1a 1
Q) =QEB)=Q(B)=0= Q(x) = (x=D)(X=3)(x=5)(x k)
Vi k 1a hang s6
P(-2)=216+105k
P(6) =128 -15k = dpcm. Pap s6: 1112

Bai todn 15 : Cho da thuc : P(x) = x* +ax’ + bx> + cx+d
Biét P(1)=10, P(2)=20, P(3)=30. Chimg minh ring:
P(12)+ P(-8)
10

+22=2006

Huéng dan : Xét

Q(x) = P(x)—10x;deg P(x) = degQ(x) = 4

Q) =Q(2)=Q(B3) =0=Q(x) =(x=1)(x=2)(x=3)R(X)
= R(X) = X=X, = P(X) = (X=1)(X=2)(X=3)(X—X,)
Tinh P(12) va P(-8) suy ra dpcm.
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Bai toan 16: Gia sir P(x) 1a da thirc bac 1991 v6i hé s6 nguyén. Xét da thire Q(X) = P2(X)—9. Ching minh
rang s6 nghiém nguyén cua da thirc Q(x) khong vuot qua 1995,
Huéng dan : Chirng minh phan chimg nghiém Q(x) <1996

Bai toan 17: Cho P(x) 14 da thirc v&i hé sé nguyén. Chimg minh ring néu cac sé P(0),P(1),...,P(m-1) déu
khong chia hét cho m (m 1a sé nguyén duong) thi da thirc P(x) khong c6 nghiém nguyén.

Huéng dan : Cm phan chung :

P(X) = (x-¢)Q(x)

Tinh P(0); P(1)...= P(m-1)=(m-1-¢).Q(m-1)

0-c,1-c,...,m-1-c 1a n s6 nguyén lién tiép.

= 3k(0<k<m-1) thod k—c:m

= P(k):m mau thuan suy ra dpcm.

Tai liéu tham khao:

- Chuyén dé bdi dudng hoc sinh gioi toan trung hoc co sé: Pa thirc. [Phan Huy Khai]

- Chuyén d bdi dudng hoc sinh giodi toan trung hoc co s6: S6 hoc. [Nguyén Vii Thanh]

- Tuyén tap 216 bai toan s6 hoc chon loc. [VO Dai Mau]

- Mot s bai toan vé da thirc va phan thirc. [Nguyén Vin Mau]

- Tuyén tip 5 ndm toan hoc tudi tré.
rmcae v 1 C.Ooorm
mathematics 4 “HET" rs n' Studentcs
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