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Problem 1 Let f: R — R be differentiable on R. Prove that there exists x € [0, 1] such that

L) - 1) = (1 + 22) 1 (x).

™

[10 points]

Solution Consider differentiable function v(x) = ¢(tanx) on [0, §]. In accordance with the Lagrange theorem,

there exists ¢ € [0, §] such that

Correspondingly,

Taking z = tan &, one obtains the result.
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Problem 2 Consider the infinite chessboard whose rows and columns are indexed by positive integers. Is it
possible to put a single positive rational number into each cell of the chessboard so that each positive rational
number appears exactly once and the sum of every row and of every column is finite? [10 points]

Solution Yes, it is possible. Let A = {1/,1/2,1/4,1/8,...}, B = Q4 \ A. Write elements of B on diagonal,
and elements of A in other squares. O
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Problem 3 Let P(z) = 22915 — 2229 1 1 and Q(z) = 22915 — 222014 _ 1. Determine for each of the polynomials
P and @Q whether it is a divisor of some nonzero polynomial cq + cix + - -+ + ¢,x™ whose coefficients c; are all
in the set {1,—1}. [10 points]
Solution Answer. The polynomial P(z) is a factor of such a polynomial and the polynomial Q(z) isn’t.

Let n > 2 be an integer. Multiplying P, (z) = 2" — 22" 1 +1 by F,(x) =1+ 2+ -+ 2" !, we obtain the

polynomial
2n—2

n—2
P, (2)F,(z) = F,(z) — 22" 'F, () + 2" F,(2) = Z zt— Z zt 4 2?n
i=0

i=n—1

which has the required form.
Assume that Q,(z) = 2™ — 22"~ — 1 divides some G(x) = Zj‘l:o g;x?, where d > n and g; € {—1,1} for

j=0,...,d. Since @Q,(2) = —1 < 0, the polynomial @,, has a real root a > 2. Then G(a) = Zj:o gjad = 0.
This yields
d—1 "
d_ i i
a®=|— o
-x2

which is a contradiction. O

d—1 O[df]_

< o = <a? -1
Y-t ,
]:
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Problem 4 Let m be a positive integer and let p be a prime divisor of m. Suppose that the complex polynomial
ap + a1z + ... + apa” with n < SE5o(m) and a, # 0 is divisible by the cyclotomic polynomial ®,,,(z). Prove
that there are at least p nonzero coefficients a;.

The cyclotomic polynomial ®,,(x) is the monic polynomial whose roots are the m-th primitive complex
roots of unity. Euler’s totient function ¢(m) denotes the number of positive integers less than or equal to m
which are coprime to m. [10 points]
Solution In view of the identity ®,25(x) = ®pi(2P) we can assume that p® does not divide m. Assume m = pk
where p does not divide k.

Take an arbitrary residue class r modulo p; we will show that there is an index ¢ such that ¢ = r (mod p)
and ag # 0. Then the statement will follow.

Let ¢ = e2™/™ and ¢ = e2™/P = ¢k,

Since deg f(z) < ;Ey¢(m) = p- (k) = deg ®x(a?), there is a root w of @ (2”) which is not a root of f(z).
The roots of ®;(2?) have multiplicative orders k and pk = m. On the other hand, all unit complex numbers
with order m are roots of ®,,(x) and thus they are roots of f(x). So, the order of w must be k; we can see that
w = ¢° with some integer s satisfying ged(s, m) = p.

Now consider the sum .
—
S = Zs_jrkf(Ejk+s).
=0

The exponents k + s,2k + s,...,(p — 1)k + s are co-prime to k. Moreover, since p divides s and p does not
divide k, the numbers k+s,2k+s,...,(p—1)k+ s are not divide by p. Hence, k+s,2k+s,...,(p—1)k+ s are
all co-prime to pk = m. Then ebts g2kts  (P—Dk+s gre all primitive mth roots of unity, so they are roots
of f(z). Therefore,

p—1 p—1
S = SR = (o) + 30 eI M) = flw) £ 0. M)
7=0 j=1 hnrand
On the other hand, exchanging the sums,
p—1 p—1 n n p—1 n p—1
S = ngjrkf(sjk%s) _ Z&:*jrk Zagg(ijrs)é _ Zazssz Zsjk(éfr) _ Zaegsﬁ Z RGN
§=0 j=0 £=0 £=0 j=0 £=0 §=0

It is well-known that for every integer t,

—1 .
pg: gt=p i plt;
— 0 otherwise.

<

So,

n p—1
S = Z age™ Z P = Z age"p. (2)
£=0 j=0

{=r (mod p)

Comparing (1) and (2) we can see that there must be an index ¢ = r (mod p) such that a, # 0. O



