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Tém tit ndi dung
Trong bai nay, chiing ta sé& gi6i thieu mot cach chitng minh'bing phép don
bién cb dién cho bat ding thic sau
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Bat ding thitc nay dugc tac gia Jack Garfunkel dé nghi trén tap chi Crux
Magazine nam-1991 (bai toan 1490). Day la mot bai toan hay va khé mic du
hién nay da nhan dugc nhiéu 15i gidi cho né nhung mot 15i gidi bing phép don
bién thuan tiy thi dén nay van chua nhan dugc.

va+b+ec

Trude hét ching ta can c¢6 két qué sau lam bo dé phu trg cho ching minh bat déng
thic Jack Garfunkel

Bai toan 1 Cho cdc s6 khong.am a,b, c, tat cd khong dong thoi bang 0. Chiing minh
rdang
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(Pham Kim Hung)

Lo1 GIAL. Chuan hoéa cho a + b+ ¢ = 3, khi dé bat dang thtic trd thanh
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< a?b+ b2c+ Pa+abc < 4

Khong mét tinh téng quat, gia st b 1a s6 hang nim gitta a va ¢, thé thi ta c6
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Bét déng thitc duge ching minh xong. Déng thitc x4y ra khi va chi khi a = b = ¢
hoac (a,b,c) ~ (2,1,0).

Nhan xét 1 Day la mot bo dé khd chat va cé thé duge dung dé gidi nhiéu bai todn
khdc, cdc ban hay ghi nhd né nhé! Ngoai ra, ching ta cé thé lam manh bo dé nhu sau

1
a®b+b*c + c*a + abe + iabc(S —ab —bc — ca) < 4

(Vo Quéc Ba Can)

]
Bay gio chiing ta sé di dén gidi quyét bai todn chinh

Bai toan 2 Cho cdc.s6 khong am a,b, ¢, khong cé 2 s6 nao dong thoi bang 0. Chitng
minh ring
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(Jack Garfunkel)

LO1 c1A1. Ta xét 2 truong hop
Truong hop 1. ¢ > b> a, khi d6 st dung bat ding thitc Cauchy Schwarz, ta c6
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Truong hop 2. a > b > c.



i Truong hop 2.1. 15—113 > a, khi dé sit dung bat ding thitc Cauchy Schwarz, ta c6
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Nén ta chi can chitng minh dudc
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& (11a® +6ab — 5b)c + (ab + ¢2)(11b — 5a) > 0 (dtng)
Truong hop 2.2. a > 15—11), dat f(a,b,c) = \/;Trb + \/lir—c + \/cc+7a Vi bai toan nay co

déng thiic xay ra tai a = 3,b = 1,c = 0 nén ¥ tudng ciia ching ta sé 1la don 1 bién vé
0, titc la ching minh

f(a,b,c) < f(al’blao)

véia; +by=a+b+ec

Viéc lam nay néi c6 vé rat don gian nhung khi thyce hién, ban sé thay rat kho vi cac
biéu thitc trong cin rat kho cho ta dé danh gia ching, va néu ching ta cit "cb chap"
mot gia tri ai,b; hoai khi don bién thi ciing rat khé ma ta phai linh dong hon, tiy
theo nhiing trudng hop cu thé ma chon aq, b1 thich hgp tng véi nhitng trudng hop ay.
Ching ta sé xét nhitng trudng hgp nho nhu sau

Truong hop 2.2.1. a > 3b, khi d6 ta sé chitng minh
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Do a > 3b nén ta chi can chiing minh duge
b b+ 3
\/b—i-c \/3b+c
- b? L 2 . 2bc <b+c
b+c 3b+ec (b+c)Bb+e) ~ 2
- 2 L 2bc <f_|_ be
3b+c (b+c)Bb+c) ~ 2 bte
c 2b b 1

= —+ < + =
3b+c (b+c)(3b+e¢)  b+c 2

Do b > cnén 3b+ ¢ > 2(b+ c¢), suy ra
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Tit day, ta di dén
f(abc)<f(a+ b—|— )

Truong hop 2.2.2.3b > a > 5b, khi d6, ta sé ching minh
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! Tuong ty nhu trén, ta chi cAn ching minh dugc

b n c 5
vb+e \/C+gb_ 8

A
>
+
3

b2 c? 2bc 5
+ <b+ gC

& + 5
bte gbte Sty (3b+o)

& - <
5 —
sbte Jo+0)(Bhbe) PFC

Do b > ¢ nén
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Truong hgp 2.2.3. gb >a> 15—1b, khi d6 ta sé ching minh
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! Twong ty nhu trén, ta chi can ching minh dugc
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Nhu vay, ta chi can xét bai toan trong truong hop cé 1 bién bang 0 1 di. Khong méat
tinh téng quat, gia sit ¢ = 0. Khi d6 bat ding thtic tré thanh
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S a++/bla+b) < —(a+D)
& 44/bla+b) < a+5b
& (Vatb- 2\/13)2 > 0 (diing).

Bai toan duge gidi quyét xong.
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! Nhan xét 2 Trong loi gidi trén, mac du khong st dung mdy tinh phu tro nhung tai
sao ta lai chia dugc truong hop cé so lé g? Cau tra 101 zin duge danh cho cdc ban.
Day la mot loi gidi das va khd phic tap nhung né goi md cho ching ta nhiéu diéu
trong viéc st dung phép don bién. T zua dén nay, ching ta thuong "co hiu" chi khu
khw mot s6 kiéu don bién, chdng han nhu
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fa,b.) < fa+e,b,0)
f(a,b,0) < f (a+ 5,64 5,0}

Nhung nhiing diéu nay khong phdi lic nao ciing luon cé ma chi cé trong mot sé rat it
truong hop. Vi thé, ching ta can linh dong hon nita trong phép don bién, chding han
trong bai nay

f(aa ba C) < f(alyblvo)

vdia; +bp =a+b+ec
Day la mot i tudng doc ddo va khd thid vj.

]
Phan cubi cing ctia bai viét, ching t6i xin dudc gidi thieu cting cidc ban mot sd ching
minh khic ma chiing t6i dugc biét cho bai toan dep nay.
LOI GIAI 2. 'Dat b+c=22%,c+a=19y%a+b= 2% v6i x,y,z > 0, tit day ta dugc
e g2 22 42?2 22—

>0, b= >0, c=——F—2>0
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Bét ding thitc da cho dugc viét lai thanh
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Tit day, khong mat tinh téng quat, ta cé thé gid st z > z > 2, khi d6 sit dung bét
déng thiic Cauchy Schwarz, ta cé

2@+ y?2+22) > v+ y? + 22
Nén ta chi can ching minh duge
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4(z —y)t® —t2yz + (43,/3 + 4%z + 4y2? — 42° — Byz/y? + 22> t
+yz(2? —y?) <0

Néu y = z thi ta c6
f@) = —ay* @ =)+ (5v2=T) y| <0
Néu z >y, ta c6

lim f(t) =—o0, f(0)=4dys(z®~y*) >0/ lim f(t) = oc

t——o0
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f (\/m) = 2yz (4y\/m — 5y — 22) = —2yz (\/m— 2y)2 <0

Ta suy ra duge f(t) c6 3 nghiem thuc, cu thé, 1 nghiem am, 1 nghiem thuoc (0, z)
vA mot nghiém thuoc [\/m, oo) . Mat khac, f(¢) 14 mot ham da thitc bac 3 véi
he s6 thyc nen n6 c6 t6i da 3 nghiem. T day, ta suy ra duge f(t) c¢6 dung 3 nghiem:
to < 0,t; € (0,2),t2 € [\/W, oo) . T day, bang cach lap bang xét dau, ta thiy

f(t) <0 Vi <t <ty
Ma ta c6
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Bét ding thic duge ching minh xong.

nén hién nhien ta c6

Nhan xét 3 Dady la mot ching minh hay va ddc sdc dya trén tinh chat vé ddu cia
ham da thitc bac 3 nhung dé nghi dén dugc dieu nay qud that khong phdi dé...



! LOT GIAT 3. 3Stt dung bat déng thitc Cauchy Schwarz, ta c6

(Z h) < [Z a(5a + b+ 9c)
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Ta can chiing minh
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Nhung bat déng thitc nay hién nhién diing vi
5 a A+ B
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trong do6
A = " abla+b)(a+9b)(a—3b)* >0
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B = 243) a®0’c+835) a’bPc+232) a'be + 1230a°b7c” > 0
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C = 16(a+b)(b+ c)(c+a)(5a + b+ 9¢)(5b + ¢ + 9a)(5¢c + a + 9b) > 0.

Déng thitc xay ra khi va chi khi 5= % = § hodc cac hoan vi tuong ting. ]
Chiing ta con c6 3 13i gidi khac cho bai toan nay, 1 bang don bién toan mién, 1 bang
don bién-khéo sat ham s6, 1 bing k§ thuat pgr nhung trén quan niém ca nhan, ching
toi cho rdng nhitng 18i gidi Ay déu khong mang nét dic sic riéng nén ching t6i sé
khong gidi thiéu ching & day.

Chiing t6i xin duge két thiic bai viét & day. Xin cdm on cac ban da theo déi bai viét
nay!

Regards
V6 Quéc Ba Can

3By V6 Quéc Ba Can, due to CYH techniques





