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Let n be a positive integer. Determine all entire functions f
that satisfy, for all complex s and ¢, the functional equation
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Here, ™ denotes the mth derivative of f.

Answer: [t is clear that f = 0 is a solution for all n. Let
us suppose therefore that f(s) does not vanish identically.

We have

of(s+t) Of(s+t)
9 = g = f'(s+1).

Thus, on differentiating the functional equation with respect
to s and t, and equating,
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e, cancelling common terms,

F(&)F™(t) = [ (s) £ (D).

*Solutions should be submitted by 31 October



Hence

where ¢ is constant.

If ¢ = 0 then f"™)(s) vanishes identically, ie f(s) is a poly-
nomial of degree m < n. Suppose

f(s) = aps™ + - - ap.

If m <n—1 then f™V(t) =0, and there is no term on
the right-hand side of (1) in s™. Hence m =n — 1.

By Taylor’s Theorem,
Fls+t) = fO>) D (s)t4f P ()2 /214 -+ F ()™ /ml.

By degree arguments, the polynomials fO(s), fM(s),---, f0™(s)
are linearly independent. It follows, by comparison with (1),
that

F=D () =t /4]
fori=0,1,...,m. In particular
ft) =" ml,
from which the other equations follow.

It follows that, for each n > 1,

is a solution of (1).

Now suppose ¢ # 0. Then
F(s) = cf(s).

Hence

f(S) _ Zbie)\isa
i
where \; runs over the roots of

t" = c.



If we 1solate one of the summands

then all terms involving e**e’t on both sides of (1) arise
from this summand, and hence the summand itself will also
be a solution to (1).

So let us consider
f(s) = be™.
We have
f(k)(s) — bAFes,
so (1) gives
be)\(s—l—t) _ an)\n—le)\(S-l-t).

Thus the equation will hold provided
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where ¢ = \".

Finally, we must consider if a sum of such solutions, with
different \;, can satisfy (1).

Let
f(s) = Z bie®

where the \; are distinct roots of t" — ¢ and each summand
satisfies (1).

On the left-hand side of (1) we have
Z bie)\i(s+t)
and on the right
D b RN e
gk
(s+t)

For i = 5 we get b?n)\?_le)‘i , as previously, which fits
(1), and for i # j, the terms cancel:
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because the sum can be written
ATy (/) =
k
1= (G/A)"
L— X/ N

l—c/c
1— XN/ N

n—1
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At 0.

We conclude that the only solutions are:

1. any of the 2" combinations
1
= — )\Z AiS ;
F6) = 2o (o xe

where the \; are some or all of the distinct roots of
AN =¢;

2. f(s)=s""1/(n—1)! for eachn > 1.



