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Kién thitc co ban

1.1 Ty sb don, ty sb kép ctia bd cac diém thing hang

Dinh nghia 1.1.1. Cho ba diém A, B, C thing hang. Khi dé tyj sé don cta ching ldy theo thit tu
¢ . PN N 2 X OA
dé, ky hieu (AB,C), la tyg so =5
Dinh 1y 1.1.1. Cho hai diém A, B phan biét va sé thuc k # 1. Khi dé ton tei duy nhat diém C
sao cho (AB,C) =k
Dinh nghia 1.1.2. Cho bon diém A, B,C,D thing hang. Khi dé tij sé kép ciia ching lay theo
CA DA

thit tw do, ky hieu (ABCD), la tj $6 = : =—
CB DB

Nhan xét. Néu (ABCD) = a thi

1. (ABCD) = (BCDA) = (CDAB) = (DABC) = a = (DCBA) = (CBAD) = (BADC) =

(ADCB)
2. ipepy = & = (BACD) = (ABDC) néu a # 0

3. (ABCD) =1 — (ACBD) = 1 — (DBCA)

Dinh nghia 1.1.3. Cho duong thing d va diém S & d. Anh za bién méi diém M cia mat phing
thanh mot diéem M’ la giao diém cia duong thaing SM vdi d dude goi la phép chiéu zuyén tam
(tam chiéu S) len dudong thing d.

Dinh Iy 1.1.2. Phép chiéu zuyén tam bdo toan t sé kép ciia bo bon diém thing hang

Chiing minh. Cho hai duong thing d,d’ va cac diém A,B,C,D € d;S ¢ d,d’. Goi A’,B’,C", D’
theo thit tu 1a giao diém ctia SA, SB, SC, SD véi duong thang d’.
Ta sé ching minh (ABCD) = (A'B'C'D’).
Qua B ké dudng théng song song véi SA, cit SC,SD tai M, N va qua B’ ké dudng thing song
song véi SA cat SC,SD tai M’, N'. Khi d6, theo dinh 1y Thales ta cé

CA SA _ DA SA
CB MB DB NB



Suy ra (ABCD) =

S

N'B’
Tuong ty, ciing ¢6 (A’B'C'D’) = TE (2)
NB N'B
Nhung do dinh 1y Thales, — = —— (3)
MB M'B’

T (1),(2),(3) suy ra diéu phai chiing minh.

1.2 Hang diém diéu hoa

Bo bon diém thing hang A, B,C, D dugc goi la lap thanh mot hang diém diéu hoa, néu
(ABCD) = —1. Khi d6, cip diém A, B chia diéu hoa cip diém C, D hay cap diém A, B lien hop
didu hoa déi véi cap diém C, D.

Dinh 1y 1.2.1. Cho A, B,C, D thing hang. Khi dé

(ABCD) = -1 <— ; = ; + ; (Hé thic Descartes)
AB AC AD

<= JA>=1IB?>=1C-ID (Hé thicc Newton)
<= CI-CD=CA-CB (Hé thic Mc Laurint)

vdi I 1o trung diém doan thding AB

Chiing minh. Trén duong théng AB véi goc O, dat OA = a,OB = b,0C = ¢ va OD = d. Khi d6
CA=a—-c¢,CB=b—c,DA=a—d,DB=b—d

Do do6
CA DA a—c a—d

— =8 — = ——
CB DB b—c b—d
S (a—c)b—d)y=—(a—d)(b—c) < 2(ab+cd) = (a+b)(c+d) (%)

(ABCD) = -1 &

+ Chon O = A ta dugec a = 0, do d6 (%) trd thanh

+

Q-

2 1



2 1 1

h = = fr—
“IE Ac  AD
+ Chon O = I ta dugc b = —a va do d6 (x) trd thanh 2(—a? + cd) = 0 <= cd = a® hay

IA2=1IB?>=1C-ID
+ Chon O = C ta dugc ¢ = 0. Dé ¥ réing a + b = 2i, (%) trd thanh 2ab = 2id <= ab = id hay
CI-CD=CA-CB

1.3 Chum diéu hoa

Trong mit phing, tap hop céc duong thing déng quy tai mot diém S, duge goi la mot chiim
dudng thang tam S.
MG rong. Tap hop cac dusng thing doi mot song song ciing duge goi 1a mot chium dudng thing

c6 tam tai diem xa vo tan.

Dinh 1y 1.3.1. Cho cham bon duong thing a,b,c,d. Mot duong thing A bat ky cdt a,b, e, d tai
A, B,C, D theo thi ty dé. Khi d6 (ABCD) khong phu thudc vao vi tri clia A

Gia tri khong déi ctia ty s6 kép (ABCD) dugc goi la ty s6 kép cia chiim bén duong thing,
ky hieu (abed) hay S(abed) khi can quan tam dén tam ctia chuim.
Khi (abed) = —1 ta néi rang chim bén duong thing a, b, ¢, d lap thanh mot chiim diéu hoa.

Khi d6, cap duong thang a, b lien hgp diéu hoa d6i véi cip ¢, d.

Dinh 1y 1.3.2. Cham bén dudong thing a,b, c,d lap thanh mot chum diéu hoa khi va chi khi moi
duong thing song song vdi mot trong bén duong thding, bi ba duong con lai chia thanh hai doan

bing nhau.

Dinh 1y 1.3.3. Trong moét chum diéu hoa, cip duong lién hop vuong géc khi va chi khi ching la

phan gidc cia goc tao bdi cap con lai.

1.4 T giac toan phan

Hinh hop béi bén dutng thing, doi mot cit nhau, khong c6 ba dudng ndo déng quy, dudce
goi 1a hinh ti canh toan phdan hay hinh t¢ gidc toan phan. Mdi mot dudng thing, duge goi 1a mot
canh, giao diém clia hai canh goi la dinh, cip dinh khong chung canh goi la cip dinh déi dien,

doan thing ndi cip dinh d6i dien goi 1a dudng chéo.

Dinh 1y 1.4.1 (Vé dudng thang Gauss). Trong mot hinh tit canh toan phan, trung diém ba duong

chéo cang ndm trén mot duong thing.

Dinh 1y 1.4.2. Trong hinh td canh toan phan, moéi duong chéo bi hai duong chéo kia chia diéu

hoa.

Chitng minh. Cho tit giac toan phan ABCA'B'C’. Goi M = AA'NBB',N = BB'NnCC',P =



AA’' N CC'. Ta phéi chiing minh

(AA'PM) = (BB'MN) = (CC'NP) = —1

A

N C P
Ta co

(AA'PM) = B(AA'PM) = B'(AA'PM)
= B/(C'CPN) = B(C'CPN)

— B(A'APM) = (A’ APM) — (AA}—PM)

Suy ra (AA’PM) = 1 hodc (AA’PM) = 1. Nhung néu (AA’PM) = 1 thi (AA’, P) = (AA", M)
tic 1a M = P, vo ly. Diéu d6 chitng té6 (AA’PM) = —1.
Cac ty s6 kép con lai ching minh tuong ty.

1.5 Ta giac dieu hoa

Pinh 1y 1.5.1. Cho trudc bon diém A, B,C,D € (O) va mot diém M thay doi cia (O). Khi dé
tyj 56 kép M(ABCD) khong phu phudc vao M.

Chitng minh. Khong mat tinh tdng quat, coi dudng tron (O) c6 ban kinh bang 1. Duong thing AD
cat MB,MC tai B’,C’. Khi dé6
C'A DA

Dat ((Y‘, (TZI) =z, ((ﬁ,(ﬁ) =y, ((ﬁ,(ﬁ) =z, (O?,O?) =t, ky hieu [XY Z] dé chi dién tich

dai sb ctia tam giac XY Z.



Ta co

C’A  [0C'A]  OC'-OA-sinz  sinz
C’'B’ [0C'B'] OC'-OB’'-siny OB’ -siny
DA  [ODA]  OD-OA-sinz sin z

DB’ [ODB'] OD-OB' sint " OB’ -sint

Suy ra

C'A DA sinx sin z sinx sinz "
—_—  —— = : = : — cons
C'B’ DB’ OB'-siny OB’ -sint siny sint

Gia tri khong déi clia t§ s6 kép d6 dudc goi la tyj s6 kép ciia bo bon diem dong vien A, B, C, D,
khi khong s¢ nham 1an, chiing ta ciing ky hiéu (ABCD).

Véi tit giac ABC'D noi tiép trong dudng tron (O), néu (ABCD) = —1 thi ta néi t gidc noi
tiép ABCD la mot t¢ giac diéu hoa'.

V6i mbi diém M € (O), ky hieu (M M) la dé chi dudng tiép tuyén ctia (O) tai M.
Dinh 1y 1.5.2. Cho tit giac ABCD noi tiép trong duong tron (O). Khi dé

Tt giGe ABCD diéu hoa <= (ABCD) = —1
= (AA)N(CC) = P € (BD)
s (BB)N (DD) = Q € (AC)
< AB-CD =BC-DA

Dinh ly 1.5.3. Tu gidc ABCD ngi tiép trong duong tron (O) va (AA)N(CC) = P € (BD), (AC)N
(BD) = Q. Khi dé

PQ=7—""7

2
PR T PD

1C4ac két qua chi tiét vé ti giac didu hoa, xem them Tai liéu gido khoa chuyén toan Hinh hoc 10, trang 146-165



Ung dung giai toan

1. Cho tam giac ABC véi duong cao AH. Xét M € AH,CM N AB = Cy,BM N AC = B;.
Chitng minh rdng /M HB, = /MHC,
Lai giai.
Duong théng qua A, song song véi C, c,
BC, cit HBy, HC, tai By, Cs. Theo
tinh chat clia t¢ gidc toan phan, c6
H(BAC:B;) = —1. Suy ra ABy =
ACyvadodé /B1HC = ZC1HB suy
ra dpcm
Nhan xét rang HB, HA 1a cip

H
tia lién hgp ctia chum, nén HA 1 HB < HA, H B la phan gidc cla cac goéc tao béi HBq, HC,.
bPCM

Chi y. Bing cach ké duong thing qua A, song song v6i BC' (hinh vé), ap dung dinh ly
Thales, dat duge AC, = ABs,, 16i ciing suy ra dpcm.

2. (Hé thitc Descartes) Cho tam giac ABC véi trong tam G. Mot dudng thing A qua G, cit
cac duong thing BC,CA, AB theo thit tuy tai X,Y, Z.

1 1

ox’' oy’ oz c¢6 mot dai lugng bang tong hai

(a) Chitng minh ring trong ba dai lugng
dai luong con lai.
(b) Céac duong thing qua A theo thi ty song song véi GB, GC cit A tai N, P. Chting minh
1 1

X' GN' CP c6 mot dai lugng bang téng hai dai lugng con

rang trong ba dai lugng

lai.



Lai giai. (a) Goi M 1a trung diém BC va

J la gia diém ctia dudng thing qua A song
song v6i BC véi A. Do (BCMoo) = —1
nén (ZYGJ) = —1. T d6, theo hé thic

Descartes ta co

1+1
Gy GZ

&

Mit khéc, do G la trong tam tam giac, nen GJ = —2GX. Suy ra dpcm
(b) Cac dudng thing qua A, song song véi GB, GC cat BC tai R, S. Khidé Vi : AARS —

AGBCsuyraCﬁ:X)?—Cﬁ, 0?220?—0? YO

A

Suy ra CT‘X—I—C%—I—C% = CT‘X—I—O?—}—O? = 30?. Do d6 G la trong tam tam giac ARS. Ap
dung két qua phan (a) c6 ngay dpcm.

. (Hé thatc Newton) Cho diém M & bén trong tam giac ABC. Goi Ay, B1,C) theo thit tu
la giao diém ciia cac cip duong thang (M A; BC), (M B;CA), (MC; AB). Cac duong thang
BC, B1C, cit nhau tai Ao, goi As la trung didm A; As. Céc diém Bs, Cs, Bs, Cs duge xéc
dinh tuong tu. Goi O, H theo thit tu la tam dudng tron ngoai tiép clia tam gidac ABC' va truc
tam ciia tam giac Ay B1C;. Chitng minh ring As, Bz, Cs cling ndm trén mot dudng thing
vuong goc véi OH




Ky hieu wy(As; Ry), wy(Bs; Rp) vaw(Cs; Re) theo thi ty 1a dudng tron duong kinh Ay Ao, By Bs
va 0102. GOI Aq s B4 ) C{ l1a hinh Chiéu cla Al, Bl, Cl trén BlCl, ClAl, A1B1 theo thu tu do.

Khi d6, do HA, - HA} = HBy - HB, = HC, - HC/, nén H nim trén truc ding phuong ctia

We VA& Wy, clla Wy VA We, clla W, VA Wy (1)

Mit khac tit (BCA;Ay) = —1 va Az la trung diém A; As, nén

R =34, = A3B - A3C = Py, o) = OA] — R? = Py (,,.) = OA2 — R2 = R?

Hoan toan tuong ty, cling ¢6 Po/(w,) = R? = Po/(w.) Suy ra O ndm trén tryc ding phuong

clla Wy VA& Wp, cla Wy VA We, Cla We VA Wq (2)

Tu (1) va (2) suy ra diéu phai chitng minh.

. (He thiic Newton) Cho dudng tron (O) va hai diém B, C' ¢6 dinh trén dudng tron sao cho BC
khong phai dusng kinh. Lay A la mot diém trén dudng tron khong trung véi B, C. AD, AE
la cac duong phan gidc trong va ngoai ctia goc ZBAC. I 1 trung diém ctia DE. Qua truc
tam tam giac ABC ké dudng thing vuong goéc véi Al cit AD, AE tai M, N.

(a) Chitng minh ring dudng thing M N luon di qua mot diém cd dinh.

(b) Xac dinh vi tri hinh hoc clia diém A sao cho dién tich clia tam gidac AMN la 16n nhét.

(VMO 2010)
Lai giai.
1. Do AD, AFE lan lugt 1a phan gidc trong, phan gidc ngoai clia géc ZBAC nén (BCDE) =
—1. T d6, do hai duong tron tryc giao véi nhau khi va chi khi dudng kinh ctia dudng tron nay
bi dudng tron kia chia diéu hoa, nén dudng tron dudng kinh DE tric giao v6i dudng tron (O).
Suy ra IA 1 AO

Do d6 MN || OA (3.1)
Goi O, la diém dbéi xing véi O qua BC. Khi d6, dé dang chitng minh duge OO0, || AH va
00, = AH. Suy ra tit gisc AHO,O la hinh binh hanh. Do d6 HO, || OA (3.2)

Tu (3.1) va (3.2) suy ra M N di qua O, c6 dinh.



2. Dé v ring AO,AH dbi xing v6i nhau qua TN

phan giac AD nén AD la phan gidc trong clia géc :,/f \\
/ZDAO. Tu dé,do AE | AD nén AFE la phan giac /1 )
ngoai ctia goc LDAO. Do d6 A(OHDE) = —1. /M
Theo chting minh trén, M N || AO, theo tinh chat E i < ¢ C,
ciia chiim diéu hoa thi MN bi ba tia AE, AH, AD / V N
chia thanh hai doan bing nhau, suy ra H la trung . ”[ 5 M
diém MN.
Va do dé

SAaaMN = 25aaun = HA-HN -sin/NHA (33)

Do tam gidc M AN vuong tai A, H 1a trung diém M N nén

HN = HA =2Rcos A khong déi

tit d6 va (3.3) suy ra Saapn 16n nhat khi va chi khi M N || BC. Diéu nay x4y ra khi va chi
khi ZAOO, = % do d6, c6 hai vi trf clia diém A (hai dau mit ctia dudng kinh song song véi

BC) trén duong tron (O) sao cho Sa apn 16n nhat, va gia tri 16n nhat ay bang 4R? cos? A

Nhan xét.

(a)

(c)

Day la bai toan c6 do khé & mic trung binh. Tuy nhién, nhiéu hoc sinh khong thé lay
dugce diém t61 da & bai toan nay. Chd dé méat diém nhéat 1a khong ching minh AH = OO0,
va khong xét hét duge cac trudng hgp ciia hinh vé khi 151 giai phai phu thudc vho hinh

vé.
Trong 15i giai treén da sit dung kién thiic vé hang diém diéu hoa, chim diéu hoa dé giai,
diéu d6 lam cho 151 giai gon gang hon. Tuy nhién, ciing khong nhat thiét phai sit dung
dén nhitng kién thitc d6. Nhung khi d6 doi hdi phai xét hét cac trudng hgp, cac thé clia
hinh vé.

O phan 1, ciing ¢6 thé sit dung hé thitc Newton déi véi hang didm didu hoa trong viéc
chi ra T A tiép xtc véi dusng tron (O). Khi d6, khong can phai st dung dén kién thic

vé duong tron truce giao.

. (Hé thite Maclaurin)Cho dudng tron (O) va diém S & ngoai. Ké hai tiép tuyén SA, SB véi
dudng tron (A, B la tiép diém). Dudng thing A qua S, cit (O) tai M, N,ABN SO = H.
Chitng minh ring /MHA = /NHA

Lai giai.



Do (SPMN)=—1nén H(SPMN) = —1. Nhung HS | HP, nén HS, HP la phan giac cta
céc goc tao béi HM, HN (DPCM)

. (Hé thiic Maclaurin) Goi M, N la trung diém cac canh AB,CD clia tit giac noi tiép ABCD.
Duong tron (ABN) cit lai (CD) tai P va dudng tron (CDM) cit lai (AB) tai Q. Goi
O = AC N BD. Ching minh ring P, Q, O théng hang.
L&i giai 1. Néu AB | CD thi P= N,Q = M va M,0O, N thing hang. DPCM
Néu ABNCD = F, do cac bo bén diém (A, B, N, P),(C,D,M,Q), (A, B,C, D) dong vien,
nén

FN.-FP=FA.-FB=FC -FD (1)
va

FM-FQ=FC-FD=FA-FB (2)
T (1) suy ra (FPCD) = —1 va tit (2) suy ra (FQAB) = —1 (Do hé thic Maclaurint). Tu
d6, do phép chiéu xuyén tam (tam O) bao toan ty sd kép, nén P, O, Q thang hang. DPCM.
L&i giai 2.Néu AB || CD hoic AD || BC thi két luan clia bai toan la hién nhién.
Goi E, F va P’ theo thit tu la giao diém ciia cac cip duong thing (AD; BC), (AB;CD) va
(EO;CD)
Trong hinh ti gidc toan phan EBCODA, dudng chéo C'D bi hai dudng chéo EO, BA chia
diéu hoa, do d6 (CDP'F) = —1

Theo hé thic Mc Laurint, ta ¢6 FP'- FN = FD - FC (1)
Mit khéc, do tit gidc ABCD nai tiép, nen FD - FC = FA-FB (2)
Tit (1),(2) suy ra FP'- FN = FA- FB hay P’ € (ABNP) tic 1a P’ = P. Vay P € (EO).
Tuong tu, cling ching minh duge @ € (EO).

10



7. (Hé thic Maclaurin) Cho tam gidac ABC khong can véi ba duong cao AD, BE, CF. Duong
thang (A) di qua D, song song véi EF, cit cac dudng thing AB, AC tai M, N, cac dudng
thang EF, BC cit nhau tai P. Chitng minh rang dudng tron ngoai tiép tam giac MNP di
qua trung diém BC
Ldi giai. Theo tinh chat cla t gidc toan phan, ta ¢6 (BCDP) = —1. Khi d6, néu goi Q 1a
trung diém BC, theo heé thitic McLaurint ta c6

DQ.DP—=DB-DC (1)

Mat khac, do tt gihc BCEF noi tiép (duong tron dudng kinh BC) va M N || EF nén
(NC;NM) = (EC; EF) (mod )
= (BC;BF) (mod )
= (BC;BM) (mod )
Suy ra bén diém B,C, M, N cing ndm trén mot dudng tron. Do d6
DB-DC = DM - DN (2)
Tu (1) va (2) suy ra
DQ-DP =DM -DN

ttc 1a bén diém P,Q, M, N cling ndm trén mot dudng tron.

11



8. (He¢ thite Maclaurin) Cho tam gidc ABC (AB # AC) noi tiép trong dudng tron tam O va
ngoai tiép quanh dudng tron I. Dudng tron (I) tiép xtc BC tai D. Gia sit rang OI 1 AD,
chitng minh rang AD la duong dbi trung clia tam giéc.

Loi giai.
Trude hét, xin phat bidu va khong ching minh mot két qua quen thuoc sau

B dé. Dudng tron noi tiép (I) ciia tam giac khong can ABC tiép xic véi BC, C A va AB tai
D, E va F theo thtt ty d6. Duong thing EF cit duong thing BC tai P. Khi d6 IP 1L AD.

Goi P la giao diém ciia cac dudng thang EF va BC, khi d6, theo bd dé ta c6

IP L AD = O € (IP)va OP L AD (1)

Goi D' 1a giao diém thit hai ctia AD vé6i dudng tron (1) va A’ la giao diém thit hai ctia AD

v6i duong tron (O). Theo tinh chat cia ti gidc toan phan,

o

-
—

= A

thi (BCPD) = —1, tit d6 va do OP L AD nén dudng thang AD la duong déi cyc ctia P déi
véi duong tron (O). Béi vay, PA, PA’ tiép xtc véi (O).

12



Nhung vi (BCPD) = —1, theo dinh Iy 2, ta dugc D 1a chan dudng d6i trung ké tir A. Diéu
phéi chiing minh.

Nhan xét. Ta c6 thé st dung hé thic Maclaurin dé giai don gian hon, ma khong phai sit

dung dén khai niem cuc va déi cuc, nhu sau

Goi J, K theo tht tiy I trung diém BC' va giao diém ctia OI v6i AD, gia sit duong thing PA
cat duong tron (O) tai hai diém A, A”.
Khi d6, do (BCPD) = —1 nén theo hée thitc Maclaurin ta c6

PJ-PD=PB-PC (1)
Nhung do OK 1 KD va OJ L JD nén t giac OK D.J noi tiép. Do d6
PK-PO=PJ-PD (2)

T (1) va (2) suy ra PK - PO = PB - PC = Pp;g) = PA- PA”. Tt d6, néu A” # A thi
bén diém A, A”,0, K ciing nim trén mot dudng tron . Do OK 1 KA nén OA” 1 AA” hay
OA” L PA”. Suy ra PA” tiép xic véi (O) va A” = A (hinh vé).

Vay PA tiép xtc véi (O). Nhung vi (BCPD) = —1, theo dinh 1y 2, ta duge D la chan dudng
déi trung ké tit A. Diéu phai ching minh.

. (Hé thitc Maclaurin) Trong mit phéng cho trude hai diém A, B ¢b dinh. Xét diém C' thay
ddi trong cting mat phéng sao cho ZBCA = a vé6i a € (0;7) cho trude. Dudng tron noi tiép
(I) clia tam giac ABC tiép xic véi AB, BC va CA tai D, E va F theo thit ty d6. Cac dudng
thang AI, BI lan lugt cit dudng thang EF tai M N. Chtng minh ring

(a) Doan thing M N c6 do dai khong doi.

(b) Dudng tron ngoai tiép tam gidc DM N luon di qua mot diém cd dinh.

(VMO 2009)

Loi giai.
1. Ta sé chitng minh ZAMB = ZANB = §
That vay, ta cb

(NF;NI)= (EF;NI) (mod )
= (EF;FI) + (FI;ID) + (ID; NI) (mod )
= 7+ (DE; DF) + (AF; AD) + = + (BD; BI)  (mod )
— (AF; AI) + (AL, AD) + (BD; BI) + (DE; DF) (mod )
— (AF; AI) + (DE; DF) + (DF; DE) = (AF; AI) (mod )

Do d6 N € (AIF) ma ZAFI = 3 nén ZANB = ZANI =%
Tuong tu, ciing ¢6 LZAMB = ZIMB = 5

13



Tt dé, tid giac ABM N noi tiép dudng tron dudng kinh AB. Theo dinh 1y sine, ta cé

MN:AB-sinAMAN:AB~sin4IAN:AB-sinAIFM:AB~sin% — khong ddi

2. Goi P la trung diém AB, khi d6 P ¢6 dinh. Ta sé ching minh P ndm trén dudng tron
(DMN).

That vay, néu tam giac CAB can tai C thi D = P do d6 dudng tron (DMN) di qua P. Néu
CA # CB thi goi S 1a giao diém ctia EF véi AB, dé ¥ rang CD, AE, BF ddng quy, ta cb
bén diém S, D, A, B theo thtt ty d6 lap thanh mot hang diém diéu hoa. Suy ra

SP.SD=SA-SB (Hg thitc Mc Laurint)
Nhung
SA-SB=SM-SN (Do tit giac ABMN nai tiép)
Vay SP-SD = SM - SN suy ra P € (MND) (DPCM)
Nhan xét.
(a) Day la bai todn hinh hoc kha hay, dugc phat trién tit mot tinh chat clia tam giac ngoai
tiép duong tron (/ZAMB = ZANB = 90°).Vé co ban, day Ia bai toan thudc chuong

trinh Hinh hoc 9, tuy nhién, néu khong c6 cac kién thitc vé huéng, hang diém diéu hoa,

... thi 16i giai sé kha cong kénh va phai phu thudc vao hinh vé rat nhiéu.

(b) O phan 1 ctia bai toan viéc sit dung géc dinh huéng 1a can thiét va lam cho 18i gidi gon
gang hon. Néu khong, can phai xem xét dén trudng hop M, N & trong hay & ngoai doan
FEF.
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(c) Phan 2, tat nhién c6 thé sit dung tinh chat P la tam ctia dudng tron (ABMN) dé chi
ra /MPN =2/MBI =2/IAN = /MDN.

10. Cho ttt gidc ABCD. Goi P = ACNBD,Q = AD N BC, va R la mot diém tuy ¥ trong mat
phang, khong nim trén cac dudng thang AB, BC,CD, DA, AC, BD. Ching minh ring

(RA; RD) = (RC;RB) (mod 7) & (RB; RP) = (RQ; RA) (mod 7)

Loi giai.
X
C
b
p I
{ .
— R
q ‘
d
A
a D
A/

Goi ¢ 1a phan giac cia ZARB. Ky higu x := RX, VX va goi p’ = D(q).
Ta c6

(abcq) = (A'BCQ)
= (MBPD) (chiéu tam xuyén tam, tam chiéu A)
= (abpd) = (badp)

Néu (a;d) = (¢;b) (mod 7), do tinh ddi xting ta c6
(badp") = (abegq) = (badp)

Suy ra p’ = p hay (RB; RP) = (RQ; RA) (mod )

Chiéu ngugc lai ching minh tuong tuy
11. Cho tit gidc 16i ABCD c6 AB || CD. Gia sit ¢6 diém P € AD va diém Q € BC sao cho
/APB =/CPD,/AQB = /ZCQD

Chitng minh rang OP = OQ, trong d6 O = AC N BD.
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Loi giai.

+ Truong hop 1. AD [fCD (Hinh 1) Goi S la giao diém ctia AD va BC.

Phan gidc ctia goc ZAQD cat AD tai T. Khi d6 (ADST) = —1 (1)
Phan gidc clia goc ZBPC cat BC tai R. Khi d6 (CBSR) = —1 (2)
Tit (1) va (2), do phép chiéu xuyén tam bao toan ty sb6 kép, suy ra 7,0, R thang hang. Do
ZRPT = ZRQT = 90° nén P,Q ndm trén dudng tron dudng kinh TR. Ta chi can ching
minh O la trung diém TR la du.

Hinh 1

Do PR, PS theo thi ty la phan gidc trong va phan giac ngoai ctia goc ZBPC nén

RB SB
RC ~ SO (3)

Do QT, @S theo thi ty la phan giac trong va phan gidc ngoai cia géc LAQD nén

SA TA
5D~ TD ()
T ds do SA_SB _EB_TA
rdo, do e =5 ™ R = TD
Theo dinh 1y Thales ta cé

suy ra AB,TR,CD d6i mot song song.

DO BO
OT—ﬁ.AB,OR—E'CD

Do dé

OB AB

OD CD

Theo dinh ly Thales, ddng thic cudi ciing luon ding, do d6 OT = OR, diéu phai ching

OI'=0OR< AB-DO=CD -BO &

minh

+ Truong hop 2. Néu AD || BC hay ABCD la hinh binh hanh (Hinh 2).
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12.

Hinh 2

Phan giac ciia géc ZAQD cat AD tai T va phan giac clia géc ZBPC cit BC tai R.

Do P(ARBD) = —1 va BC || PA nén R la trung diém BC. Tuong tu, T la trung diém cta
AD.

Do AD | BC va PR 1. AD,QT L BC nén P,Q, R,T la dinh clia mot hinh chi nhat ¢6 tam
O, suy ra OP = OQ = OT = OR, diéu phai ching minh

Cho tit gidc ABC'D noi tiép trong duong tron (O). Goi E, F, G theo tht ti 1a gido diém ciia
cac cip dudng thing AB va CD, BC va DA, AC va BD. Cac dudng tron (DAE), (DCF)
cit nhau tai diém thtt hai H. Phan giac clia géc ZAHB cit AB tai I, phan giac ciia géc
/DHC cit CD tai J. Chiing minh ring I, G, J thing hang.

Lai giai 1. Tu gia thiét suy ra (HD; HE) = (AD; AE) = (AD; AB) = (CD;CB) =
(CD;CF) = (HD;HF) (mod 7) do d6 H, D, F thing hang.

Ap dung b6 dé Mi-ken cho tam giac BEC, ta dugc cac duong tron (BAF), (CFD) va (DEA)
cing di qua mot diém (khac D). Do d6 bén dudng tron (BAF), (CFD), (DEA), (EAB) ciing
di qua H.

Vay
(HA;HD) = (EA; ED) = (EB; EC) = (HB; HC) (mod =)

va

(CB;CH) = (CB;CD)+ (CD;CH) (mod =)
= (AB;AD) + (FD;FH) (mod 7)
= (EA;EH) (mod w) =(DA;DH) (mod )

Suy ra AHCB v« AHDA. Vi vay 49 = 8B _ LG

10 _go

. IB_ JC _ HC _ BC _ GC _ GB ID  GD
Tacd I3 =55 =Hp=Da=dp—c¢Aa—\ 1B CB
IA ~ GA



Suy ra GI,GJ la phan giac ciia géc LZAGB, ZCGD theo thi tu d6 va vi vay, I, G, J thing
hang.

Loi giai 2.

T gid thiét, suy ra (HD; HE) = (AD; AE) = (AD;AB) = (CD;CB) = (CD;CF) =
(HD; HF) (mod 7). Suy ra E, H, F thang hang.
Ap dung bd dé Mi-ken cho tam giac BEC ta dugc cac dudng tron (BAF), (CFD) va (EDA)
cting di qua mot diém (khac D) va do dé, bén dusng tron (EDA), (FCD), (FAB), (EBC)
cung di qua H.
Mat khac
JD HD-sin(HE;HD) HDsin(HJ;HD)
JC  HCsin(HE;HC) " HEsin(HJ;HE)

 sin(AD; AB)

~ sin(BC; BA)

(D,C,E,J) = 2 :
EC

va tuong tu (B, A, E,I) = % T d6, va do phép chiéu xuyén tam (tam G) bao toan

ty s6 kép, suy ra G, I, J thing hang.

13. Cho ti giac 16i ABCD. Cac tia BA,CD cét nhau tai P, cac tia BC, DA cit nhau tai Q.
Goi H 13 hinh chiéu ctia D trén PQ. Chitng minh ring ti gidc ABCD ngoai tiép dudc mot
dudng tron khi v chi khi dudng tron nai tiép ciia cac tam giac ADP, CDQ duge nhin tit H
duéi cac gbéc bing nhau.

(Russia 2008 - Grade 11)
Loi giai.

Goi (O1;71), (O2;7r2) theo thit tir 1a dudng tron noi tiép cac tam giac QCD, PAD.
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Gié st S 1a giao diém ctia PQ va O10. Khi d6 H nhin cac dudng tron (O1), (O2) dusi ciing

mot goc khi va chi khi gg; =1 diéu nay tuong duong véi gg; = 8;5 (vi D la tam vi tu

trong clia (01), (O2)) hay tuong duong véi HD la phan giac cia Z01HOs.
N

Dé y ring HD | HS, nén H nhin cac dudng tron (O1), (O2) dudi ciing mot géc khi va chi
khi (0O102DS) = —1 khi va chi khi S 1a tam vi ty ngoai ctia (O1), (O2).
Néu tit giac ABCD ngoai tiép dudng tron (O;r) thi theo dinh 1y vé truc vi tu clia ba dudng
tron , S, P,Q thing hang. T d6, theo lap luan trén, H nhin cac dudng tron (Oy), (O2) dudi
cung moét géc a.
Ngugc lai, gia st H nhin cédc duong tron (Oq), (O2) dudi cing mot goc a. Goi (O;r) la dudng
tron bang tiép trong géc P clia tam giac PAD
Ta c6
V(S;:2) V(Pii)

(O1;71) ——— (O2;19) ———— (O; 1)
Vay V(Q; = = V(P; £) o V(S; 2) bién (Oy) thanh (0), do d6 (O) la dudng tron bang tiép
trong géc @ cua tam giac QCD
Nhan xét. Néu 010 || PQ thi két luan ctia bai toan 14 hién nhien.

14. Cho tam giac ABC nhon, khéng can. Trung truc cidc canh AB, AC cét trung tuyén AM tai
D, E. Céac duong thing BD, CE cit nhau tai F. Ching minh ring A, P, N, F cling nim trén
mot dudng tron (& day N, P theo thit ty la trung diém céc canh CA, AB).

(USAMO 2008)

Lai giai 1.
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J—

Lay diém I tren DE sao cho /EAC = /FECA = /ICB. Khi d6 ZFCB = /ICA va
ANACM ~ ACIM, suy ra

AM  BM

2— . 2: . _
MC* =AM -IM = MB~ =AM IM:>BM a0

do d6 AABM «~ ABIM suy ra ZIBM = /MAB = /DAB = /FBA. Tu d6 I, F la cap
diém lien hgp ding gidc clia tam giac ABC.

Khi d6 Z/PAF = /BAF = /IAC = /BCI suy ra AABF «~ ACBI suy ra ANAPF -
ACMI. Tu d6

/PFA=/MIC =/IAC+ /ICA=/BCA=/PNA
do dé ti gidc APFN noi tiép, didu phai chitng minh
Lai giai 2. Do cach xac dinh diém F ta c6
/BFC =2/BAC = Z/BOC

suy ra tit gidc BCOF noi tiép trong dudng tron w. Goi S 1a giao diém ctia OF véi tiép tuyén
ctia (O) tai A va S’ la giao diém ctia OF véi BC.

Lay diém I tren DE sao cho /EAC = /FECA = /ICB. Khi d6 ZFCB = /ICA va
NACM ~ ANCIM, suy ra

AM  BM

2 _ ) 2 _ i 28 2
MC*=AM-IM — MB AM IM:>BM i

do d6 AABM «~ ABIM suy ra ZIBM = /MAB = /DAB = /ZFBA. Tw d6 I, F la cip
diém lien hgp déng giac clia tam gidac ABC, do AM la trung tuyén nén AF la duong déi
trung cla tam giac ABC.

Tiép tuyén tai B, C ctia (O) cit nhau tai L. Khi d6, do AF la dudng doi trung clia tam giac
ABC nén A, F, L thing hang. Do cac tit gisc BCOF, BLCO noi tiép nén L € (BCOF) va
L la diém chinh gitta cung BEC’ va do d6 FL la phan giac gébc /BFC
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15.

Goi K la giao diém thtt hai ciia AL véi (O), khi d6 tit giac ABKC' la tii giac diéu hoa. Tit
do, véi Q = AL N BC, suy ra
(KQLA) = —1 (1)

Do tit gidc OF BC' noi tiép, nén
/BFK = /BOK = /BAC = /KBC = /KBQ
Suy ra AKBQ «~ AKFB. T do
KL-KA=KB =KF-KQ
Suy ra
KL -KA=KF-KQ (2)

Tit (1) va (2) suy ra F la trung diém ctia AL (do hé thitfc Maclaurin). Do d6 OF 1 FA, suy
ra F' € (ANOP), diéu phéi ching minh

Nhan xét. Ta ciing c6 thé ching minh S, F, O thing hang, tit dé suy ra
SF-50 =S5A°
va thu duge SO 1. AF
Cho diém A & ngoai dudng tron (0). Xét B,C € (O) sao cho AB # AC va AO la duong
d6i trung ctia tam gidc ABC. Chitng minh ring tam duong tron (ABC) luén nim trén mot

duong théng ¢6 dinh. (Chiing minh ring dudng tron ngoai tiép tam giac ABC luon di qua
mot diém c6 dinh khac A)

Lai giai.

Goi (I) 1a duong tron ngoai tiép clia tam gidac ABC. Goi D la giao diém ciia tiép tuyén tai
B, C ctia dusng tron (I), khi d6 D nim trén dudng doi trung ctia tam giac ABC ké tiur A.
Ngoai ra OB = OC,DB = DC
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Néu D # O, thi dudng thing OD la dudng trung trycc ciia doan BC. Tt d6, do gia thiét A
thuoc vao trung tryc ciia BC hay AB = AC (mau thudn véi gia thiét). Vay D = O.

Do OB,OC la tiép tuyén ctia (I) nén (I) L (O). Duong thing AO cit dudng tron (O) tai
K, H va cat lai duong tron (I) tai L. Do A, (O) ¢6 dinh nén K, H ¢6 dinh. Do (I) L (O) nén
(ALKH) = —1 tit d6 L cb dinh.
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Bai tap tu giai

1. Cho tt gidc ABCD nai tiép trong mot dudng tron . Cac dudng thang AB, C'D cit nhau tai
X, cac dudng thing AD, BC cét nhau tai Y. Cac duong thing AC, BD cét dudng thang XY
tai P, Q. Goi E, F theo thit ti la trung diém AC, BD. Chitng minh ring P, Q, £, F' dong vien.

Hint. Goi Z = AC N BD. Khi d6 (ACZP) = (BDZQ) = —1

2. Cho tit giac 16i ABCD ¢6 ADNBC = E,ABNCD =F. Xét G,H € EF,M € AD,N ¢
BC. Goi I,J la giao diém hai dudng chéo ciia cac ti gisc ADHG, BCGH. Ching minh
rang EF, M1, NJ ddng quy khi va chi khi AB,CD, MN déng quy.

3. Cho tam gidc ABC ¢6 ZCAB < 90° noi tiép trong duong tron (O). Tiép tuyén cia (O) tai
B, C cit nhau § P. Doan PO cit (O) tai N va cit BC tai M. Chting minh ring /M AN =
/PAN

(Dudng thing AP la dudng doi trung clia tam giac ABC)

4. Tt giac ABCD noi tiép trong dudng tron. Goi M, N theo tht tu 1a trung diém AC, BD.
Chitng minh ring ZAMB = /AMD <= /BNA = /BNC
Hint. Cung tuong duong véi ti gidc ABCD dicu hoa.

5. Tt giac ABCD nai tiép trong dudng tron (O). ABNCD = S,ACNBD =1,ADNBC =
J. Qua S, k& hai tiép tuyén SM,SN t6i duong tron (M, N la tiép diém). Chitng minh
rang M, N, I,.J thing hang.

6. Tt giac ABCD ngoai tiép dudng tron (O). Goi H 1a hinh chiéu ctia O trén AC. Chiing minh
ring /BHA =/DHA
Hint. Goi X, Y, Z, T theo thtt tu 1a tiép diém ciia (O) véi AB, BC,CD, DA. Khid6 XT,YZ,BD,OH
dong quy tai S va (BDSP) = —1, 6 day P = AC N BD.

7. Tt giac ABCD c¢6 hai dudng chéo cit nhau tai O. Mot dusng thing A qua O, cit cac
dudng thing AB, BC,CD va DA tai M,Q, N va P theo thtt tu d6. Goi X,Y, Z,T lan lugt 1a
giao diém ciia cac cap duong thing (CM; AN), (AQ; CP),(DM; BN), (DQ; BP) tuong tng.
Chitng minh ring X,Y, Z, T théng hang.

Hint. Goi K = ABNCD,L = ADNBC,H = KON BC. Khi d6 (LHBC) = —1. St dung
tinh chat phép chiéu xuyén tam, chitng minh X,Y, Z,T € KL.
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10.

11.

12.

13.

14.

15.

16.

17.

Cho tam gidc ABC nhon. Tit A ké cac tiép tuyén AA;, AAs t6i duong tron dusng kinh
BC (A1, Ay la tiép diém). Cac diém By, Bo,C;,Cs duge xac dinh tuong tir. Chiing minh
rang A;, B;, Cy,1 = 1,2 dong vien.

Hint. 4, Ao, H thing hang.

Cho tam giac ABC. Lay cac canh BC,CA, AB lam day, dung ra ngoai cidc hinh vuéng cé
tam lan lugt 1a A’, B/, C’. Chiing minh rang tam dudng tron Euler clia tam gidac A’B'C’ 1a

tam ding phuong ctia dudng tron noi tiép cac hinh vudng.

Cho hai dudng tron (O1), (O2) cit nhau tai hai diém phan biet A, B. Tiép tuyén tai A, B
ctia (O1) cit nhau ¢ Q. Xét diém M trén dudng tron (O;). Cac dudng thang AM, BM cit
lai (O) tai N, P theo tht tu d6. Chiing minh ring duong thing M Q luon di qua trung diém
NP

Tt giac ABCD ngoai tiép dudng tron (O). Goi M, N la tiép diém ctia (O) véi AB,CD. Goi
A’, B’, M’ 1a hinh chiéu cia A, B, M trén CD, va D’,C’, N’ l1a hinh chiéu ctia D,C, N trén
AB theo tht ty d6. Ching minh rang B’D’, A’C’, M'N' ddéng quy.

Goi M, N la trung diém cac canh AB,CD ctia tt giac noi tiép ABCD. Duong tron (ABN)
cat lai (CD) tai P va duong tron (CDM) cit lai (AB) tai Q. Goi O = AC N BC. Ching
minh réing P, Q, O thing hang.

Cho tam giac ABC vuodng tai A, dudng cao AH. Ké phan giac HBy, HC; cla cac gbc
/AHC,/AHB (C; € AB,B; € AC). Goi I, J 1a tam dudng tron noi tiép clia cdc tam giac
AHB, AHC va By, C5 theo thit tu 1a giao diém ctia cac cap dudng thang (BBy; 1.J), (CCy; 1.).
Tinh géc £ZBsHCsy

Dudng tron noi tiép (I) clia tam gidc ABC tiép xtc v6i CA, AB tai E,F. Goi M la trung

diém canh BC va N la giao diém ctia AM v6i EF. Dudng tron dudng kinh BC lan lugt cit

. NX AC
lai BI,C1I tai X,Y theo thit ty d6. Ching minh réang NV - 4B

(Romania TST 2007)
Cho tam gidc ABC vuodng tai A va diém D trén canh CA. Goi E la diém déi xtng véi A

qua dudng thang BD va F la giao diém ctia CE véi duong thing di qua D va vudng géc véi
BC. Ching minh ring cac duong thing AF, DE cit nhau tai mot diém ndm trén BC.

(Romania JBMO TST 2007)

Cho tt giac 16i ABCD. Goi E=ABNCDF =DANBC va P=ACNBD. Goi O la hinh
chiéu ctia P trén EF. Ching minh ring Z/BOC = ZAOD

(Chinese TST 2002)

Duong tron noi tiép (I) clia tam giac ABC' tiép xtc véi cdc canh BC,CA, AB tai D, E, F

the thit ty d6. Dudng thing AD cit lai (1) tai M, duong tron (CDM) cit lai DF tai N va
dudng thang CN cit duong théng AB tai G. Chiing minh ring CD = 3FG.

24



18.

19.

20.

21.

Cho ttt gidc 161 ABC'D c6 hai dudng chéo cit nhau tai O. Ching minh ring néu BO la dudng
déi trung clia tam giac ABC va DO la dudng dbi trung cia tam giac ADC thi AO 1a dudng
déi trung ctia tam giac BAD

Cho tit giac ABCD ngoai tiép dugc quanh mot dudng tron.Veé phia ngoai cia ti giac dung
cac dudng tron (O1), (02), (03), (04) sao cho

e (01),(03) theo thit ty tiép xic v6i canh AB,CD tai K, L va tiép xic v6i cac dudng
thing AD, BC

e (02),(04) theo thtt ty tiép xtc v6i canh AD, BC tai M, N va tiép xtc véi cdc dudng
thing AB,CD.

Goi P la giao diém clia cic dudng thing AD, BC va @ la giao diém clia cac dudng thdng AB, CD.

Chitng minh ring P, K, L thdng hang khi va chi khi @, M, N théng hang.

Cho tam giac ABC nboi tiép trong dudng tron (O), ba dudng cao AA;, BBy, CC} cit nhau
tai H. Goi By la trung diém CA, P la giao diém ctia BO va CA, Q la giao diém clia C; 4,
va BB;. Chitng minh rang HBy || PQ

(Russia 2008 - Grade 10)
Hint. Goi D la giao diém thit hai ctia BO vé6i (O). Khi d6 By la trung diém HD. Ching
minh P(BHQB,) = —1.
Cho tam giac ABC (AB # AC) noi tiép trong dudng tron tam O va ngoai tiép quanh
duong tron I. Dudng tron (I) tiép xtc BC tai D. Gia sit rang OI 1. AD, chitng minh ring
AD la dudng dbi trung clia tam giac.

Hint. Goi P la giao diém ciia OI vi BC. Chiing minh PA tiép xtc véi (O).
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